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Abstract

In this paper, we focus on studying the quantitative stability of the nonlocal Sobolev inequality given by

€
2
* *
SHL / (e~ Ju P Pedx | < f \Vul?dx, VueDW2RY),
RN RN
where * denotes the convolution of functions, 2;1 = 211\,\[:; and Sp are positive constants that depends

solely on N and p. For N >3 and 0 < 0 < N, it is well-known that, up to translation and scaling, the
nonlocal Sobolev inequality possesses a unique extremal function W[&, 1] that is positive and radially
symmetric.

Our research consists of three main parts. Firstly, we prove a result that provides quantitative stability of
the nonlocal Sobolev inequality with the level of gradients. Secondly, we establish the stability of profile
decomposition in relation to the Euler-Lagrange equation of the aforementioned inequality for nonnegative
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functions. Lastly, we investigate the quantitative stability of the nonlocal Sobolev inequality in the following
form:

K
1 2% 2% -2
Hvu _ ;vw[gi,,\i] 2= CHAu + <_|X|/‘ * |ul u) |u|"n MH(/DI‘Z(RN))_I’
1=

where the parameter region satisfies k > 2,3 <N <6 — u, u € (0, N) with 0 < <4, or in the case of
dimension N >3 andk =1, u € (0, N) with 0 < pu < 4.

© 2024 Elsevier Inc. All rights are reserved, including those for text and data mining, Al training, and
similar technologies.
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1. Introduction and main results

The goal of the present paper is to study quantitative profile decomposition and stability
related to the nonlocal Soblev inequality, i.e., an improved functional inequality involving the
classical Sobolev and Hardy-Littlewood-Sobolev inequalities.

The classical Hardy-Littlewood-Sobolev (HLS) inequality was initially introduced by Hardy
and Littlewood [18] in the context of R, and subsequently extended to RV by Sobolev [24]. It
can be formulated as follows:

/ / Flx =y g()dxdy < C(N,r t, )| fllz-glee (1.1)
RN RN

with u € (0, N), 1 <r,t < 00 and % + % + % = 2. Through the process of rearrangement and
symmetrization, the problem of optimality is reduced to a class of simple functions, such as radial
functions. This strategy was effectively employed by Lieb in [21] to establish the existence of the
extremal function for the HLS inequality with its sharp constant. More precisely, in the general

diagonal case t =r = 5 f,lf e the best constant has the following form

C(N,r,t,n) =C(N, 1)

:nu/2r((N_“)/2)( I'(N) )11\/’ (1.2)

T(N —1/2) \T(N/2)
where classified the extremal function of HLS inequality is given by

2N—
1 =t

f(x)=cgx) =a(m>

for some a € C, A € R\{0} and xq € R".

Remark 1.1. Inequality (1.1) is equivalent to the following Riesz potential estimate for all f €
L™ (RY),
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| ) 1
< C(N,rt, s ith —+—==14+—. 1.3
[ £ scvinnw £l with S+ =14 (13)

Consequently, a natural question arises as to whether a remainder term can be incorporated
into the left-hand side of inequalities (1.1). This question was answered in the case t =r = 5 ]%,IX m
by Carlen in [6]: there exists some constant Ky, dependent only on N and u such that for any

2N
u € L™= (RV), there holds

C(N,M)||f||i o

2N—n

~ / FOfO)

. 2
— dydx ZKHL’“ge/\l/Ill;EL.M If =gl 2n .

L2N—n
RN RN

where My, denotes the manifold of all optimal functions,

1 2N—u }

MHLJ'L::{D('X)ZC(m) 2, A>0, XOERN,CGR

We remark that Ky, of Carlen’s result or even its lower bound is still unknown. Recently,
Chen et al. in [7] made significant progress on the quantitative stability of Hardy-Littlewood-
Sobolev inequality by giving an explicit lower bound of Ky ,, which are important progress in
the quantitative stability of geometric inequality.

Using differentiation under integral sign, for any N-dimensional unit vector w, one has

f(x):—/aa—rf(x+a)r)dr, for any feCCI(RN).
0

Integrating on the unit sphere SV ! yields

(x —y)-Vf(y)d
WN—-1 lx — y|V
]RN

flx)=

’

and so

1 \%
00l = VIO e, 17 < C|x= V7.
waIRN |x — ¥l

As a result, the HLS inequality (1.3) tells us that the classical Sobolev inequality holds

|| % <Sp.N)|Vf|,, forall 1<p<N, and p*=Np/(N—p) (1.4)
LN-p

for every function f from the homogeneous Sobolev space DLP(RN) of functions f € L? “(RN)
such that V f € L”(R"). The classical Sobolev inequality with exponent 2 states that, for any
N > 3, there exists a dimensional constant S = S(/N) > 0 such that

IVull7, > Slull? ., VueD2RY). (1.5)
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It is well known that the Euler-Lagrange equation associated to (1.5) is given by
Au+u¥2u=0 in RV, (1.6)

The best constant S in the Sobolev inequality is achieved by the Aubin-Talenti bubbles [26]
u = UIE, A](x) defined by

A N2—2
_ , AeRT, eRVN.
1+k2|x—5|2) §

N=2
ULE, 1100 =[NV = 2)1°% (
In fact, Caffarelli et al. [5] and Gidas et al. [17] proved that all the positive solutions to equation
(1.6) are the Aubin-Talenti bubbles. In other words, the smooth manifold of extremal function in

(1.5)
M:={cU[E,A]: ceR, £ eRY, x>0}

consists of all nonnegative solutions to equation (1.6). Later on, in [4], Brezis and Lieb raised
the question of stability for Sobolev inequality, whether a remainder term proportional to the
quadratic distance between a function u and the manifold M can be added to the right hand side
of (1.5). This question was first answered by Bianchi and Egnell [3] (see also [1]), that is,

inf
ceR, £eRN, reR+

2
V(u—cutg )|, =can(|Vulj. = s ul ).

A natural and more challenging problem is to consider the stability question for Euler-
Lagrange equation (1.6). Roughly speaking, this amounts to determining whether a function u
that almost solves (1.6) must be quantitatively close to Aubin-Talenti bubbles. In fact, a seminal
work of Struwe [25] proved the well-known stability of profile decompositions of (1.6), that is u
sufficiently close to a sum of weakly-interacting bubbles even if we restrict to nonnegative func-
tions. Starting with Struwe [25], an alternative approach has been developed to study the stability
of critical functional inequalities in DLZ(RN). Several notable contributions have been made in
this area, including works by Aryan [2], Ciraolo et al. [9], Figalli and Glaudo [14], Wei and Wu
[27], and Deng, Sun and Wei [10]. It is important to highlight the pioneering work of Ciraolo
et al. [9], who obtained the first quantitative stability estimate for equation (1.6) in the case of a
single bubble and N > 3. Subsequently, Figalli and Glaudo [14] established the stability of the
Sobolev inequality in a critical point setting for any finite number of bubbles. However, they also
constructed counterexamples that demonstrate that when N > 6 and there are ¥ > 2 bubbles, the
DL2(RN)-distance between u and the manifold composed of sums of Aubin-Talenti bubbles can
be significantly larger than the right side of equation (1.6), that is,

(21,2 RN (DI2RN)-1

K
2 .
inf V=Y wig )|, > | w2
Ao >0 i=l
1

Furthermore, in their work, they put forth conjectures regarding the case of higher dimensions
(N > 6). Notably, Deng et al. provided a significant advancement in this direction by proving
sharp quantitative estimates of Struwe’s decomposition for the Sobolev inequality (1.5) in their
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recent publication [10]. Their approach utilizes the finite-dimensional reduction method, leading
to a comprehensive solution for the remaining dimension N > 6.

On the other hand, the classical Sobolev inequality and HLS inequality are dual inequalities.
There exists S(N, s) > 0 such that the fractional Sobolev inequality can be stated as:

s o|? 2 75 (N
||, 2SNl f[favw s forall fe B ®Y). (1.7)

Inequality (1.7) holds for all function f in the homogeneous Sobolev space H*(RY) consisting
of tempered distributions whose Fourier transform f satisfies:

feLl®) and |a)is|

2
25| £12
o= [ PR <oc.
RN

In particular, by duality it is straightforward to check that inequality (1.1) corresponding to
Sobolev inequality (1.5) is given by, for u =N —2 and r =1,

1 1 T(N) \%y .2
/ f(=D)"f =< JTN(N—2)<F(N/2)) Hf||L2N/(N+2)' (1.8)
RN

It is interesting to study the question of stability for the Sobolev inequality (1.7), or (1.8). Encour-
agingly, Chen, Frank, and Weth addressed this query affirmatively in their work [8], specifically
regarding the stability of inequality (1.7). They established the following stability result:

H(—A)%fuiz—3<N,s>Hin,zKN,sgiﬂrzf |(=2)3(f —9)|;> forall se(,N/2),
eMIN S

(1.9)
where My _s represents the manifold of all optimal functions. This manifold is generated from
v(x) = (1 +x2)@~M/2 through operations such as multiplication by a constant, translations,
and scalings. Furthermore, explicit stability results for the HLS inequality are obtained as direct
consequences of the duality approach. These results are presented in [12,19] and are based on
flow methods.

Let N >3 and i € (0, N). We define the Coulomb space Q*4(R") as the vector space of
measurable functions u : RN — R such that

1
lullona = (/ (o™ = uq)uqu) < 0.
RN

It is easy to see that for every measurable function u € Q*4(R™N) if and only if |u|? € Q"1 (RN).
By the HLS inequality we find

2N
/(|x|—“*bﬂ)quc( |u|ﬁ)

RN RN

2N—un
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2N
and thus LT—qﬂ (RN) c Q*4(RN). It is not difficult to see that the Coulomb space Q"9 (RV) is
a Banach space under the norm || - || gu.e. See [22]. The HLS inequality tells us that

ff|u(x)|q|x|—“|v<y)|"dydx

RN RN

is well-defined for u € L9'(RM) satisfying % + % = 2. Hence, for u € H'(RY), the continuous

Sobolev embedding H'(RV) < LY (RN) for every y € [2, %] implies that QN — pu)/N <
q < (2N — u)/(N —2). Hence we may call ZNN_ £ the low critical exponent and 211\,\/__5‘ =: 2:1
the upper critical exponent due to the HLS inequality. Consider the upper critical case, we are

concerned with the following nonlocal Sobolev inequality

1

2%
/|Vu|2deSHL /(|x|—“*|u|2i)|u|2idx , ueDV2RN), (1.10)
RN RN

for some positive constant S depending only on N and u, where N >3, 0 <u < N. Itis
well-know that the optimal constant in (1.10) is given by

Vu|?dx
SHL = inf fRN | |
ueD'2(RN)\{0} (

-
%
S Q1= i P )

What’s more, the equality is achieved in (1.10) if and only if by

W=@=N) 2N N-2
WE, Al(x) = § W= [C(N, W)]PN=r2 [N(N —2)] +

A =R
, AeRT, £ eRY, 1.11
X<1+/\2|x—g|2) § (11D

which satisfies the Euler-Lagrange equation of (1.10)
Au+ (x| * Ju)u)®2u=0 in RV, (1.12)

See [13,16] for details.

To the best of our knowledge, there are limited findings regarding the stability of the nonlocal
Sobolev inequality, making it a compelling subject for investigation. Recently, Deng et al. [11]
made an important contribution by presenting the first result on the gradient-type remainder term
of inequality (1.10), which can be expressed as follows:

L
E3
2M

Bodist(u, M)* > / |Vu|?dx — Sy 1 /(|x|7“>k|u|2;)|u|2/idx > By dist(u, M)?,

RN RN
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where
M={cW[g,Al: ceR, £eRY, >0}

is an (N + 2)-dimensional manifold, and dist(u, /\7) = inf lu —cWIE, Allpr2wyy.
ceR,A>0,zeRN
We first establish the following quantitative estimate for (1.10) at the level of gradients.

Theorem 1.2. Fix N > 3 and n € (0, N). There exist constants K, L > 0, depending only on N
and ., such that for all u € DV2(RN) and for any v € M with ||”||Qu,zj; = ||v||Q,L_2;;,

IV = Voll3, < K(N, )8 @) + LN, ) lull gy, Il — vl

QM,Zjl .

om?

1

Here 5(u) := [ |Vu2dx — Sy (fRN (| |u|272)|u|27idx)E and

o
-5

_ /2
Sp = S|:F((N 1)/ ( T(N) )

Q=N)/@N—p)
DN —u/2) I'(N/2) }

Inspired by the spirit of Struwe in [25], a nonlocal version of the stability of profile decompo-
sitions to (1.12) for nonnegative functions can be formulated as follows:

Theorem 1.3. Let N > 3 and k > 1 be positive integers. Let (Um)meN S DL2(RY) be a se-
quence of nonnegative functions such that

N 1
(ke — E)SHL "< Hum ”DI,Z(RN) <+ E)SHL :

with Sgr = Sgr (N, p) as in (1.10), and assume that

1 2 22
Aup + | — % lum|™ ) |um| ™ “u H —0 as m— oo.
| A ( ] )| T

|x|#
Then, there exist k-tuples of points (51(’”), .. ,gK(’"))mEN in RN and «k-tuples of positive real
numbers ()»gm), ‘e ,A,((m))mEN such that

7 = S Wi 247)

Remark 1.4. Note that,

—0 as m— oo.
L2

| A + Ll ) f 22 H 0
u — Xk U n u " u —> as m — 00,
ST " "l D12y

is equivalent to saying that u,, is Palais-Smale sequence for the function Eq corresponding to
(1.12)
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/ /u u(x)u u(y) ueHol(IRN).

lx — y|#
]RN]RN

Eo(u: RN): Vul? —
o(u; /IMI 221

Studying the stability of the nonlocal Sobolev inequality through the Euler-Lagrange equation
(1.12) poses a significantly greater challenge. In this paper, our primary objective is to investigate
the stability of the nonlocal Sobolev equality and make an initial attempt to estimate the stability
of the nonlocal Sobolev inequality using the Euler-Lagrange equation (1.12) inthe case 3 < N <
6 — u.

To facilitate our discussion and understanding of the results, it is essential to introduce the
concept of the interaction of Talenti bubbles.

Definition 1.5 (//0,14]). Let W[§;, A;] and W[§;, A ;] be two bubbles. Define the interaction of
them by

N-2
2

(M A 2\
Q(ghgj,)»i,)\j):mm(k_+T+Aikj|§i =&l )
1

J
Let (W[&;, Ai]1<i<« be a family of Talenti bubbles. We say that the family is é-interacting if
max { Q& &j, A Aj) i j=1,-+ k) <. (1.13)
Our main result is in the following:
Theorem 1.6. For any dimension 3 <N <6 — pu and k > 2, u € (0, N) satisfying 0 < u <4,

there exist a small constant 5 = §(N, k) > 0 and a large constant C = C(N, k) > 0 such that the
following statement holds. Let u € D">(RN) be a function such that

| vu - XK:VW[&, ;
i=1

where ( [&, A ]) l<i<« is a 8-interacting family of Talenti bubbles. Then there exist k Talenti
bubbles (W&, M1], -+, W&, Ac]) such that

1 2% 2% 2
dlst'Dl 2(u M < CHAM + <—M * |M| /") |1/l| H ”H(Dll(RN))*l’

where
K
- {ZW[gi,xi]: g RN, A >o}.
i=1

As a direct consequence of Theorem 1.6, we derive the following two corollaries.
Corollary 1.7. For dimensions 3 < N <6 — u, n € (0, N) satisfying 0 < u <4, and «k € N,
there exists a positive constant C = C(N, k) such that the following statement holds. For any

nonnegative function u € DV2(RN) satisfying
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1 2N—p
SN+27;/.
5) HL >

Nﬁ{ﬂu 2
( ——>S = lulpro@y, = (e +

there exist k Talenti bubbles (W[&(, A1), -+, W[&c, A1) such that

1 2% 2% _1n
dlSlDIZ(M M < CHAM + (— * |M| H) |Lt| o uH(fDI,Z(RN))—I'

Moreover, for any i # j, the interaction between the bubbles can be estimated as

! 2 25-1
R{ (o * Wt 7)) W2 g, W 2]

1 *
= | At (el ) :
||M ('DI.2(RN))—]

Corollary 1.8. For dimensions N >3 and k = 1, u € (0, N) satisfying 0 < u < 4, there exists
a large constant C = C(N, k) such that the following statement holds. Let u € D"*(R") be a
nonnegative function satisfying

1 N+277p. 3 1\%\:2 Mu
ESHL < ||u||D12(RN) < 25 ) (1.14)
Then there exists a Talenti bubble W&, A] such that
~ 1 * *
: 1 2% 2% 2
dlSlD1,2(M,M0) < CH Au + <|x|“ * |u | > [u|“r MH(DLZ(RN))—I’ (1.15)

where My = [W[&,1]: & e RV, 2 > 0}.

Here we note that in the case that N < 6 — u, the method in [10] is ineffective in proving
Theorem 1.6 due to the appearance of nonlocal interaction parts. Later, we will analyze the
stability of the solution using a finite dimensional reduction method in [10] for every dimension
N > 6 — w. To prove the main results in Theorem 1.6 and Corollaries 1.7-1.8, the arguments

rely heavily on the nondegeneracy property of positive solutions of equation (1.12), which can
be summarized as follows:

Proposition 1.9. Assume N >3, 0 < < N withO < u <4. Let W&, A] be as in (1.11). Then
the linearized operator of equation (1.12) at W&, A] defined by

LIg1i=—A¢ =25, (|7 (W[, 119)) W[, = 2}, = 1)
x (X7« W21g, 21) W18, 21
only admits solutions in DV2(RN) of the form
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¢p=aD,W[§, Al +b-VW[E, A],
where a e R, be RN.

The topic of non-degeneracy of the ground state solution to the nonlinear Hartree equation
has generated considerable interest in recent years. It is a key ingredient in the stability anal-
ysis of functional inequalities and the Lyapunov-Schmidt reduction method for constructing
blow-up solutions of the equation. Du and Yang [13] established the nondegeneracy of W[§, A]
defined in (1.11) for u close to N with N =3 or 4. They proved that solutions of the lin-
earized equation of (1.12) for x € RN and ¢ € DL2(RN) (linear combinations of functions
NT_ZW[& Al 4+ x - VW[E, A] and ijW[S, Al, j=1,..., N) satisfy the nondegeneracy condi-
tion. However, investigating the expansion of the nonlocal term by spherical harmonics becomes
challenging when the working space is D!">(R¥) for the critical case. Therefore, alternative
approaches are required to analyze the nondegeneracy property for the critical problem. In this
context, Gao et al. [15] demonstrated the nondegeneracy result at W[&, A] for (1.12) when N =6
and p = 4, but the remaining range of N and p is still an open problem. Recently, Li et al.
[20] provided a comprehensive description of the nondegeneracy property by using the spherical
harmonic decomposition and the Funk-Hecke formula of the spherical harmonic functions.

The paper is organized as follows. In Section 2, we prove Theorem 1.2. We start by estab-
lishing the stability of profile decompositions and then complete the proof of Theorem 1.3 in
Section 4. In Section 4, we provide a detailed proof of Theorem 1.6 and Corollaries 1.7-1.8.
The proof of Theorem 1.6 relies on several crucial propositions, which we present and prove in
Section 5.

Notations. In this paper, we use the symbols C and C to represent different positive constants.
The specific values of these constants may vary from one occurrence to another, but they are
always chosen to be positive. We use the notation a < b to indicate that a is less than or equal
to Cb, where C is one of these positive constants. Similarly, @ ~ b means that « < b and a 2 b,
implying that a is bounded both above and below by a multiple of b.

2. Quantitative estimate for nonlocal Sobolev inequality

In this section, we prove Theorem 1.2 using a version of Clarkson’s inequality for vector-
valued functions [23], which we recall here:

Proposition 2.1. Let X, Y : RN — RN with |X|, |Y| € L>(RN). Then

X+Y)2 X-Y
|51+ 11,

P E{ AT 14N

The proof of Theorem 1.2. Applying the Clarkson’s inequality in Proposition with X = Vu
and Y = Vv, we have

HVu—Vv 2

Vu—i—Vv‘Z
2

2 L2

VulZa+ 31 vol - |

55
Combining u, v satisfy the nonlocal Sobolev inequality (1.10), we find
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[Vol7s < [Vul
and

m
2 * *
[Vt o]z San | [ (7 o of
RN

Hence we obtain

2

u-+v
2

H Vu — Vo
2

Zi)
By the semigroup property of the Riesz potential, we omit the coefficients of for convenience

and we find that
u+v 2\ |u+v|2 _ Ntn 25, 2
) = |x| 2 %

/(M_M* 2 2

RN R¥
B

/<|x|7u*‘u—v Zﬁ:/ |x,1\12j*‘u—v
2 2 2

RN RN

2 2 u-+v

_ -

N e N R
RN

u-+v
2

and

2
2:1)

Combining Minkowski’s inequality, then we have

2 +v —v 2
| _ o w7
New | T T Niu e
oy =y oy =y T ey
u+v u—v 2.2
<(; i )
= N+ N+ :
v —y| 2 L v —y| 2l
By Minkowski’s inequality again, we find that
1
2-272 1
_N+n 2%\ 2 _Nbe g 4w || 28
[ (o5 i) | =
2 L2
RN
N 5
_ N+up u—Uv* ZM
- 2

N ek

L2

Therefore, we get
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u—+vi|?
2

[ e

RN

> (Jul guas — |52 o)

Furthermore, by the convexity of the function f(x) = Ix|2, f(x+y)> f(x)+ f'(x)y, and so

Uu—v 2 2 u—v
(Il s = | 5] gz )™ = Delgeas = 2l guas | 5] -
These two inequalities imply:
Vu — Vv U—"v
[ = 9l = sl s+ 28me bl s |52 g

and the conclusion follows. O

3. Spectrum of the linear operator

For the simplicity of notations, we write W instead of W[, 1] defined in (1.11). Firstly, we

study the following eigenvalue problem
— Ao+ (x| W)W = a[(|x|*“ * (sz*f‘w))WTf"1
+ <|x|_“ * Wzﬁ)sz_zw],
w € DV2(RY). By a straightforward computation, for all @ € D'"?(R"), we get that

D

_ *_ % Z(Z*L—
/ (|x| o (W2 ‘w))w% o <CIN, IWI " ol < llolipiagw,-

RN
Similarly, we have that
- 25 \yy2h -2 2 2
/(|x| Ky W “)W L w §||CU||DL2(RN)~
RN

Therefore, one could consider the eigenvalues of problem (3.1) defined as follows:

Definition 3.1. The Rayleigh quotient characterization of first eigenvalue implies

Jan IV + [pn (1x]7F % W2)o?

V] = inf

veDI2RM\ (0] Jrn (x17# 5 (WET o)) W2 o 4 fou (Ix] 71 % W2)w?

In addition, for any / € N the eigenvalues can be characterized as follows:

. Jrw IV + [ (x| 74 % W2)a?
Ve Wi \(0) Jrv (xI7# 5 (WHET o) W2 o 4 fon (x| % W2’

V41 =

75

3.1

(3.2)

(3.3)

(3.4)
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where

Wigg = weD1~2(RN):/Vw-Vv,-=0, forall j=1,...,1.}, (3.6)
]RN

and v; is the corresponding eigenfunction to v;.
We have the following discrete spectral information of operator L[u] (see (3.7)).

Proposition 3.2. Let v;, j = 1,2, ..., denote the eigenvalues of (3.1) in increasing order as in
Definition 3.1. Then operator L[u] from (3.7) has a discrete spectrum {v;}{°, with 0 < vj < V1
forall j, and

vi=1, X1 =span {W},

- N -2
i s

Dy =2%, Xg:span{axlw,...,axNW, x-VW—i—TW

where X j denotes the eigenfunction space corresponding to v;.

Proof. The result follows from the non-degeneracy of Talenti bubbles for linearized equation of
(1.12) at W[, A]. Here we omit the details. O

K
Let p =u — o where 0 = Y_ o; W[§;, A;] be the linear combination of Talenti bubbles that is
i=1
closet to u in the DV2-norm, such that,

K
Vu—Vol|,,= min Vu-—V & WIE, hil
[ Volpa=, min, [vu-v(Lawic )]
él ~~~~~ éKERN> =
Xl ,,,,, X,(E]R
Here we note that the family together with the coefficients «q, ---, o € R is §-interacting if

(1.13) holds, and we have that

max |o; — 1] <34.
1<i<k

Moreover, for any 1 <i <k, p also satisfies the following orthogonality conditions:

oWIE, il

0,
oA

/VPVW[&',M]=0, /V/OV
RN RN
IWIE;, A
/wv%:o forany 1<i<N.
i

RN
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In the sequel, we write W; instead of W[§;, A;] for simplicity. In view of the eigenvalue problem,
we know that the functions W;, % and 3 E'i are eigenfunctions for the eigenvalue problem

Llu] =vR[u], in RV,
3.7
u e DV2(RV),
where we denote
LA )
C[u]::—Au+<|x|_“*Wi )W" "
and
251 2% —1 25\ 2%)
Rlu] := <|x|7“*(Wi” u))Wl." +(|x|7“*Wi“)Wi" u.
Then the orthogonal conditions are equivalent to the following
_ 2% —1 2%
/(le o (W p))Wi‘ -0, (3.8)
RN
_ 2% —1 10W; 2 22 0W;
2;/(|x|”*(Wi” ))W“ - —1)/ e W )W’“‘ o=
RN RN
(3.9
and
2% — —-10W; 2% 2x 20 W;
* - iz nw * I " —
ZM/(|x| x (W, ))Wl 2 T 1)/ x| W, )W 6P =0
RN
(3.10)

forany 1 <i < N.
The following inequality is an immediate consequence of Proposition 3.2, which will be used
in the proof of Proposition 4.2.

Proposition 3.3. For every ¢ € (g)L is almost orthogonal to the functions W;, ;X and %‘g’ , we
have that

J L T o)Wl g (s w ) w7

RN
1 2 -2
<ol [1ver+ [ (mmew w2,
RN RN

where h > 27, is the least eigenvalue of %’ﬂ

to eigenvalues of 7%[['1‘)
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4. Stability through Euler-Lagrange equation
In this section we prove Theorems 1.3 and 1.6.
4.1. A stability of profile decompositions

Building upon the renowned profile decomposition results of Struwe in [25] for the equation
(1.6), we draw inspiration and leverage these findings to establish a profile decomposition for
nonnegative solutions of the nonlocal Hartree-type equation (1.12).

Proof the Theorem 1.3. We define the concentration function by

Since

1 2 2 1 i
(ke — E)SHL "< wm HDLZ(RN) =+ E)SHL .

for some k € N, we choose r;;; > 0, and y,, € R¥ such that

2 1 et

N

On(r) = / | Wi | =ﬁsm g
Brm(ym)

where L g, is the number such that the ball By, (0) is covered by L g, balls of radius R.. Let

- rm\(V=2)/2 I'm
s e = () (2
R

such that

~ 1 2N—p
Om(Re) := sup / Vi, > = f Vi |> = ——Spn1° " 4.1)
yeRN 2L,

Bre(») BRe (' Reym)

By invariance of the D'2(R") norms under translation and dilation, we get that

||1I)m||Dl,2(RN) = ||wm||Dl,2(RN)

and

- 2%~ 2% 2% 2%
/ [ Wi (X) |7 | Wy (y) |7 _/ [ Wy (X7 [wim (¥) |7
lx — y[# lx — y[#
RN RN RN RN
Hence we may assume that there exists w9 e DL2(RY) such that
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W — w?, weakly in € DLZRYY as m — oo.

For any y € RV, let ¥, be given by
Ym = (W — wo)é,
where £ € cx with € =1 forx € Bgr. () and £ =0 in BERE (y). Then we have

1Wm 1P 2 vy < Cllbm = w3y gy +C / | —w’* < C

Bagre ()\BRre ()

and

|11)m—w0|2—>0 as m — o0.

Bare )\BRre ()

Combining D Eg(wy,; RN) — 0 in (DV2(RN))~! as m — oo, DEg(w®; RN) = 0, the Brezis-
Lieb lemma and HLS inequality, we deduce that

om(1) = (Y€, DEo(ibm; RY) = DEo(w’ RY)

= / V(@ — w)V (k)

_// |wm<y>|2f‘i|wm<x>|2?lwm§_|w°(y>|2i|w°<x)|2?3lwmé]

lx — y[# lx — y[*
RN RN
| — wO) )| (o — wO) () P52 0 2 4.2)
/|wm| e . " 4 o, (1)
RN RN
_ 2 | (@ — wO) [ (D — w0 () P52 (Y 2 1
= ”wm”'DI,Z(RN) |x — y|“ +0m( )
BR6
Y () [P Y () [P
> [V 2 gny — f f n |x—y|rZ + om(1)
RN RN
as m — 0o. Moreover, HLS and Sobolev inequalities give that
2*
) |1/fm<y)| W () P ) - —ut2)
||Wm||p|,2(RN) - / / Y = ”Wm ”’Dl,Z(RN)(l Hlﬂm ”Dl 2(RN))

RN RN
4.3)
On the other hand, we note that
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/Ww2 /|V<wm—w°>| +om(1) < / |V |2

Bog,

It follows from (4.1), (4.2) and (4.3) that v¥,, — 0 in DV2(RY), that is, @, — w® in
DY2(Bg,(y)) for any y € RY. Hence by standard covering argument, we obtain i, — w® in
Dl 2(]RN ) as m — oo. Clearly, we have that

loc
012 1 2N—p
N+2—n
f e
Bp, (x)

hence w® = 0. Since w9 > 0, we have w(x) = W&, A](x), which means that

o ()" ()

€

in € D"2(RV) as m — oo. Hence for some r,,,| > and €] > 0, we have that
N 2

ou s () W)+ () T wis (L)

weakly in € DLZRYN) as m — oo. In view of W is the unique nonnegative solution of (1.12)
and iterating the above process « times, then the result easily follows. O

4.2. A quantitative version of the stability result

The proof of Theorem 1.6 is based on several crucial propositions. However, for clarity and
coherence, the proofs of Propositions 4.2 and 4.3 will be deferred and presented in Section 5.

Proposition 4.1. Let N > 3, W[§;, A;] and W&}, X ;] be two bubbles. Then, for any fixed ¢ > 0
and any nonnegative exponents such that p + q = 2*, it holds that

QmNPD,if |p—qlze,

W&, LIPWIE L1 ~
{ 5 2l WES 2] {QNNZlog(é), if p=4,

where the quantity
(AP A N
0= 0. &, 2 ) =min (- + =+ 2iajle — &) 7.
A A
Proof. It is similar to that of Proposition B.2 in [14], so is omitted. O

Proposition 4.2. Let N > 3 and k € N. There exists a positive constant 6 = §(N, k) > 0 such
that if o = Z o; W; is a linear combination of 8-interacting Talenti bubbles and p € DV?(RN)

satisfies (3. 8) (3 9) and (3.10). Then we have that
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0l [y
_ 1 * K
+27, Z i | 2 ! / <W * (azuflp))Wl.z“ l,o < v/ Vo2,

RN RN

where v is a constant strictly less than 1 which depends only on N and k.

Proposition 4.3. Let N > 3 and k € N. For any € > 0 there exists § = §(N,«,€) > 0 such
K
that the following statement holds. Let u = Y_ o; W; + p, where the family (o, Wi)1<i<i IS 8-

i=1
interacting, and p satisfies both the orthogonality conditions satisfies (3.8), (3.9), (3.10) and the
bound ||V pll;2 < 1. Then, for any 1 <i <k, it holds that

< 2% _n min ( N[;Srz)
i — 11 S €| Vol 2+ HAu+(—| 2l k] R A7 I ,
4.4
and for any pair of indices i # j it holds
1 25N 2% —1 21-2,

RN

N*[l,+2
min (2, =5557)

+ Vol
Now, we are ready to prove the main results.
4.3. Proof of Theorem 1.6

First, we assume Propositions 4.2 and 4.3 and proceed to prove Theorem 1.6. Proposition 4.3
provides important insights indicating that the optimal coefficients in the linear combination of
Talenti bubbles approach 1. Let us define

/%:{ZW[&,A,-]:&,-GRN,A,->0}.

i=1

It follows from distpi2(u, M) <8 that ||V pl| 2 <.

Moreover, as (VT/[&, Ail)1<i<k constitutes a §-interacting family of Talenti bubbles, we can
choose § < § such that (WI&, AiD1<i<« forms a S-interacting family of Talenti bubbles.

Now, our objective is to estimate the left-hand side of (1.12) in the (D"2(R"))~!-norm,
which should provide control over the DLZ(RN)-distance between u and the manifold composed
of sums of Talenti bubbles. Taking into account the orthogonality condition, we obtain:

1 . 1 .
/|vp|2=/va=/<w*|u| ﬂ)|u|2ﬂ Zup—/[Au+(W*|u| >|u|2u zu]p
RN RN RN RN
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1 * *
o |u|2u) ul2up + | Vol

Au

+ (—lel* s |ul !)|u| ; ”H(DI.2<RN>)—1' (4.5)

Calculating the first term on the right-hand side, we know

1 * 1 * * _ *
P ) P up < [ (el = 10 P [l - 1020 |
|x|# x|

RN RN
1 * 5 - 252 - 22 22
+/<—u* |u|2ﬂ—|o|2/‘> ’Z%‘Wi : ZoliWi—Z|Oli " Wi Walp

RN x| i=1 i=1 i=1

1 - %« 20 . .

+/ e | i = 3 e Wi | ) [ 1o P

RN i=1 i=l

1 l P o o « 22 K
A b D IR SIETR) D oCH e ot
RN i=1 i=1 i=1 i=1
al *
-2 27 =2
—Z|Oli’“ Oli|Wi|“ Wilp
i=1
+ZK: L 2 _ 2 | .|2th2 ‘|W‘|2;72W'
o x| * (|ul lo| o o | Wi iP
=
RN
< 1 - N2 2 22 22
20 ) g # (1o = e PPl ) e i i
i=Ign i=1 i=1
K
1 2 _ _
w3 | (| 7 e ) 2 — o i 20|
X
i=1
RN
X 1 2 - %2 - 2% _2 2% 2
+> e Wi ‘Z%’Wi DW= | ey | Wi Wi p
i=lgy i=1 i=1 i=1
K K
S ww Y o[22 Wi 2w,
|x|u l 1 1 l l l
i=1 i=1
RN

We divide our argument into several cases.
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Case 1. The exponents p and N satisfy

N=3, ne(,N),
N=4, ne,2],
N>5, ue(,N) and pe(0,1].

Thus we have that

[l — 1o % | < 28102 ol + Ci(10 P20 + o), for 2522, (46)

and

1452 — o %20 | < @}, = DIo P20l + Co(lo 1o + o5 7),  for 25 —122.

4.7
Combining the elementary inequalities
= 2% 2%
=D e P w3 e ey, “8)
i=1 I<i#j=«
and
- %2 ¢ 2 22
“ZaiWi) ZO[,’W,‘—Z}O{,'\“ Oll'|Wl‘|“ w;| < Z |Ot,'|“ OlJ|W| s
i=1 i=1 i=1 I<i#j<k
(4.9)

then we can evaluate separately the following various terms by using the basic inequalities. We
first have that

1
/(—*(|o| “l) o P o < o Pt ol g (1o P o] o

|x[#
RN

<ol Z Iol> < [Volia

We similarly compute and get

1 22, 12 2 22, 2 4 At
/(W * (o1 1ol + || “))lﬁl 2olP S| Vel + Vel S
RN

and

|x[#

1 _ * * — *
/[—*(w% "ol + lo 2|p|2+|p|2ﬂ)}(|a|2u Yol + 1p/%)
RN

—p— 4N—
S L L o L A L P L s ) s

2
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By a direct computation, we find that

/(W o |l — o )“Zaiw
RN i=1
S 2 /L 7 (1o % oL+ 1o P20 + 1P )}W “wjlol (4.10)

2 = 2% -2 2% -2
ZaiW:‘—Z|ai|“ ai|Wi|“ Wilp
i=1 i=1

1<t7$]<f(
2
S (||V0||L2+IIVpIILz+||VP||L )IIW” il 2y =: ().
1<i#j<k
Similar to the calculation of (4.10), we also get that
/(|x|“ Zal Z’ )‘|“| |0|22_20‘P
RN
S X (||Vp||Lz+IIVp||L2+||VpH )HW" Wil e = (1),
I<i#j<k
~ 1 . .
2 (W* ‘Z“’ Z} )‘“i|2” Yo | Wil Wap
l:lR i=1
~ 1 2% 1
<6 ¥ [ = (wa! )]ZW" ez 3 el W Wl e
SIFJSKRpN i#j<k
=:(3),
« 1 2\ || 22 & = 22 252
Z m a; W; Z%‘Wi ZaiWi_Z|ai| Oéi|Wi| Wilp
l:l]RN |x| i=1 i=1 i=1
<C4Z/ S W) Y wERwies Y Vel WEW e
| | I<i#j<k I<i#j<k L +
1 (1)
and

1 K
[ (e
v i=1

)
<Y ||Vp||Lz||W,»” Wi NngIIW“ WJII =: (I5).
I<i#j<x

84



P. Piccione, M. Yang and S. Zhao Journal of Differential Equations 417 (2025) 64—104

By straight computations show that

K 1 P
E — 3k )a,- W,’

: |x[#

t:lRN

K
§Z|di|2u/< m |Wl
i=I RN Il

.
u) ‘mlz;_zu B |0|2;;—20‘p

(@ = DloB21pP + Ca(lo 310 + o))

~ 3 g 2 22, 12
=S (190l 4 1901 ) 0 =D Sl [ (w0

RN

and analogously
i — o %
2 [ (el
=)
2* 1 1 ~ * _ * 2% —1
<Z|al /[ i+ (2o P 1+ 8 1o P 2|p|2+|p|2#))}wi“ 1

RN
1 2% 1
h /(W*(mﬂ o) )W lol.

<& (Ivols + 190l 7T )+2*Z|o~
]RN

) |ai|2;_2ai‘Wi‘2Z_2Wip

Using (3.8) we have

Z/ e Zalw,) Yle e Wi 2 Wi = 0.

i=1 ]RN
Substituting these estimates into the first term on the right-hand side of (4.5), we have that

1 * K *
/(W*M )|u|2“_2u/0§(2:1—1)2|05i|2“/<| m * | Wi | “>|o|2 2 p?
=1

RN = RN

1 *_ ~
+2*Z|al /<W # (0P 1) )W Lol + Cxt (IVol2 + [ 9ol 3 + [V 3
RN

—pU— —pU— —2n
Hol 190, Vol A7 4+ Vol 1Y )

+Cy a2 () + () + (Iy) + () + (1))
@11

85



P. Piccione, M. Yang and S. Zhao Journal of Differential Equations 417 (2025) 64—104

We consider (7). For any i # j, 3 < N < 6 — u, by Proposition 4.1, it is clear that

2N @2}-2) N—p+2
”W e W H /W N=u¥2 py N= [l+2) TN
LN— [L+2
(,\ Aj 1 )sz—/W”lw, (4.12)
S e g T
RN
Combining this estimate we obtain
2 3 e 21
5 X (19l + 190+ 191,75 ) [ 27w, s
I<i#j=<«k RN
and
s Y Vel [wiw,
1<i#j<k RN
Similar to the above argument, for any i # j, it holds that
2,-1 N 2~y
|w:" w; 1 ~/Wi i @.14)
RN
So
5 Y (1ol + 19l + 1901 1 / wEw,
I<i#j=<k
and
s Y Vel [wEw,
I<i#j=<k RN
Then, we find from (4.12) and (4.14) that
; 2
195 Y Vel [ wFtw)
I<i#j=k RN
Now note that the identity
1 ( 1 )N*y ()( 1 )V 0 ﬁ 4.15)
| =P TP SAVERTTEY |
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where
+
I( ) HTF(N_Zzy thF( ) /OO y—1 —x g 0
V) =—7F7—— Wl Y)= X e X, Yy =Y,
(N —y)
0
then we get
” ~ DF D
x| H % Wi “—/ (y)d =W, "),
lx — y|#
where

~ (N=1)(2—N) 2-N N-2
Q=1(y)S * &= [C(N, p)]* M=+ [N(N —2)] +

Therefore, by applying the Proposition 4.3 implies that

) 3 2N—p 3N—p—2 2]
> (190l 190l 4 19015 + 191,77 ) [ witw,

I<i#j<k RN

2 2 3 S
+( Vel + Vel +IVel 2

Se( 19015 + 190l + 1900, + 91,7

3N—u—2 1 min ( M)
N % 2% 19 N-=-2
+|vel,; )HAu—i— <—|X|“ * |ul M)Iul " MH(DLZ(RN)) 1 H P‘
m1n(5 4NN__M2_4) n HV/O’ min(4N]\7f_4 w,\_,i + HV ’mln(SNjH72’4N}\—]i;§+4)’
L2
using also that
2%—1 2
> Vel wi'w;)
I<i#j=<k RN
1
< 2 3 L G —2
SO 7 PR A P PR (e D [T

3IN—2u42
min (5, =x=27)

k]

#|vel.;

and
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> Vel [ w2 W,

I<i#j=<x RN

1 .
Au+ (— s |u|? )|u|2u—2

5EHWHZ+HWHL2 -

H ('DI,Z(]RN))—I

2N —
min (3, 55=£)

+]vel..

Now we are in a position to prove Theorem 1.6. To this end, choosing € > 0 such that

V(N, k) + €5N‘35N,5 + GCNTN,45N,5 <1,

we are able to conclude that

1 . ~  ~ ~  ~ 2
f (W*Iul )|u|2u 2up < [v(N, &) +Cx 3Cxs + eCnalis | [Vl
RN

+ (J1) + (J2) + (J3) + (Js) + (J5) + (J6) + (J7),

where

(J1) = 5N,6HV)0||L2

Au+ ( s« |u|? )|u|21‘f2

‘| ’
| | (D1,2(RN))—1

Au (—*uﬂ)uﬂZ” )
+ | [ue]“r ) ue] (DI2®N )1

(J3) 1= 5N,8(HVP 72+ HVpHiz) | A+ <W o ) 52

. 2 1
(J) = cN,9(||Vp||L + ||V,0||L )H Au+ (W o % Y 2””(731,2(RN))-1’

(J2):=Cn7 Vel ;-

H (DI2RN))-1

—p—

—p—
(Js):=C, lo(HVﬁHLz+ Vol + Vol + 9ol + 9ol 2 +[vo] 1

2N—p
9ol ),

~ min (. 3N1;3’§+2) min(4,3N1\7f;2) min ( 4N1\ff{4)
(J6):=CN,11<‘ p‘ +HVp L2 H p‘
min (5, —3NI\_/2_’§+2)
+ HV'O’LZ )
i B oD g o )
7) -— LN, 12

As a consequence, together with (4.5) and ||V p ||L2 «1,
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~ o~ ~ o~ 2
[1= vV, ) = ey 3Crs = eCnalis || Vol

u+ (L ol ) 52|
e DI2®Y)-!

+ (Jg) + (Js) + (Jo) + (J7).

Combining this inequality with ||V p H 12 < 1yields the conclusion

||V,o||L2§HAu+(W*|u| i

On the other hand, by (4.4) of the Proposition 4.3, the conclusion follows.

H (DL2RNy)-1

Case 2. The exponents u and N satisfy

N=4, ne2,N),
N=>5, ue(0,N) and ue(l,4].

We find the elementary inequality
ulu 72 — ol %72 < @) = Dl B2l + CalpPi!, for 1<2;—1<2

The argument of the statement is identical to the proof of case 1. Combining this equality with
(4.6) yields the conclusion. 0O

Remark 4.4. In the proof of Theorem 1.6, it is pointed out that the evaluations when N > 6 — u
is not sufficient to obtain the desired conclusion. In fact, for N > 6 — u, we have that

INE@E-2) Nept2
w7 | /W )
LN— }L+2
% /W2 _IW >>/W2 ;.

For N =6 — p, we get that
8—u

38—
e (/ WiZ*_le) 27 log</ Wiz*_le> V) >>/W2 —IW/
RN

RN RN

[w " w;]

Proof of Corollary 1.7. We can now prove Corollary 1.7 by using Theorems 1.6 and 1.3. In
view of Theorem 1.3 there exists € > 0 such that

Au e |u® ) Ju H <e.
H +<I | ul? )' ™ (DI2RN))~1 —

Then, for any 6§ > 0, we have that
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o
L2~

| vu— XK:VW[EZ-, 2l
i=1

where (W[&;, X;])1<i<« 1S a §-interacting family of Talenti bubbles. Combining Theorem 1.6 and
the conclusion follows. O

Proof of Corollary 1.8. For dimension N > 3 and a single bubble case, combining the argu-
ments of Theorem 1.6 and Corollary 1.7, the result easily follows. O

5. Proofs of Propositions 4.2 and 4.3

We conclude the proof of Theorem 1.6 by establishing Propositions 4.2 and 4.3. The subse-
quent propositions serve as analogs to Lemmas 3.8 and 3.9 of [14], playing a crucial role in our
subsequent analysis.

Proposition 5.1. Ler N > 1. Given a point X € RY and two radii 0 < r < R, there exists a
Lipschitz bump function = Yz » g : RN — [0, 1] such that = 1 in B,(X), ¥ = in Bg(%), and

f|wf|Nslog(§)l_N.

RN

Proposition 5.2. For any N > 3, k € N, and € > 0, there exists § = (N, «, €) > 0 such that if
(W&, MiD1<i<k is a 8-interacting family of Talenti bubbles. Then for any 1 <i < k there exists
a Lipschitz bump function W; : RN — [0, 1] such that the following hold:

*

2% 2
(1) Almost all mass 0f(|x|_" * W, ")Wi " is in the region {¥; = 1}, that is
26N 2%~ (N-w)@-N) .~ (N @-N)
f (hel Wi YW = Gy o / WE > Go(1 — )8 i Y,
{Wi=1} {Wi=1}

where

N=2

3o = I(WICIN, W™ w3 [N(N —2)]"F,

Iy)=——2 ~ I( ):/xy_le_xdx, vy >0,
14 T(N —y) 14 J Y

C(N, ) is the sharp constant of HLS inequality given as in (1.2).
(2) In the region {W; > 0} it holds eW; > W; for any j #1i.
(3) The LN -norm of the gradient is small, that is

V] <.
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(4) Forany j #1i such that Aj < A;, it holds that

S.up{qf,->0} W; “lie
infiw;~o0p W;
Proof. The proof of this proposition closely resembles that of Lemma 3.9 in [14]. Thus, we will
provide a brief sketch of the proof for part (1). Without loss of generality, we consider a single
index, denoted by W = W,..
Suppose there exists j € 1,---,k — 1 such that A; > 1 and |§;| < 2r. Let r; € (0, 00) be the
unique positive real number satisfying:

( 1 )N—Z ( A )Lf
€ = .
1+r2) 2 1+ 230r 2

Then § is sufficiently small to tell us that r; < €2 for any j € {l,---,k — 1}. Notice that

* we—
x| W () e = O 0 W),
where

n_%l—-(NEZy)
(N —v)

Oo = I(MICIN, W™ w3 [N(N —2)]"T with 1(y) =

Then we denote W = W, and imply that

(N=)Q=N) (N—)(2—N) "
f (|x| I W2/L>W2p, — QOS 4(N =) / w2 (x) < QOS proe u+2> / w2
(<) (<) BS(0)

~ WN-w@=N)

SONELEZEEY / w2
J Bé—|,/_(§j)

~  (N-pe-N)
< OpeS Wy TN

by e is sufficient small and choosing r = r(¢) large enough. Thus we find that

/ (lxlfl‘ * Wz*)qu = éoS%Nmf“[)V) / w?
{v=1} {v=1}
> 3ps WD / w2 4 Gos i ([ w —esV).
{(w=1} {(W<1}

The conclusion follows. O
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5.1. Proof of Proposition 4.2
Proposition 5.2-(2) can be used to deduce that for choosing € = o(1),

K
* 1 2% *
. Z 2 W 25-2 2
(2M_1)' 1|al|M/<|x|“*W-/ )Gﬂ P
i=

RN

K 1 K * *_
s(1+o(1))(2;‘1—1)2/ (W*(Z W)W i)
i=1gy j=1

K
1 20\ 25—2 2
+@,-DY / (W*Wj“>0u 02,

=iy wi<y

In virtue of Proposition 5.2-(2), we get that

K
1 25\ 252 1 25\ 252
Z/(W*Wlu)wiu (\.pl-p)25(1+0(1))/(W*W1M>W11 (W1 p)2,
i=1
RN

RN

)

2%

K
1 2* 2*72 1 2*72
Zf (W*W)w,.“ <qf,-p)25(1+o(1))f(W*WK“)W (W p)?.
i=1
RN

RN

Hence we are able to conclude that

K 1 K « .
(1+o(1))(2;§—1)2/(W*(Zwﬂ))wfﬂ LW p)?
=gy Jj=1

K 1 * * _
5(1+o(1))(2;—1)2/ <W*W,'2“)Wi2“ 2 (W )2,
i:lRN

Then, we similarly compute and get

K

(1~|—0(1))2ZZ/(ﬁ*(Wizﬁ_llhip))(zwj-z;_l)%p

1=1RN j=1

K 1 .
<(1+o)2; / <W 5 (W
i:lRN

1 2:;—1
i) )W, Wip

Thus application of Proposition 5.2-(2) ensures that
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—1 1 * _ 2% —1
| (e o)wis

K
2 el
j=1

RN
< (14 o() Z/ RO « (W, 2 l\pl_p))WiZ’L—l\I—'ip
i=1 RN
+Z / / T oW )W) p(x)
=y G-
=RV (>0, <1)
K 27;_1 2;_1
+Z /Wl. O () p)W " (Mp()
lx — y|#
(C W <1} R¥
‘ o oW @)p(x)
+ ’ '
Z |x — y|#

=g <y (v <1)

Combined with Proposition 5.2-(1), we compute and get

> [ (e ([wn) T [ )il

=l g, <1y j= W <1) (54)
<o()|Vo| %,

and

K 2%

> )W W)

lx — y|#

=Ry iy e <1y

() [ ) T
i=1

RN X wi<l}
<o)][V5 |2
Similar arguments give that
251 21
i / W )W @e@W " (e () < o[Vo]? .
i=1 |x—y|” - L (5-6)
=<1} RN
and
« 251
: B pMHW " ()P k) 2
<o()||V .
Z T <o()| Vel (5.7)

=< (D<)
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We claim that there exists a constant v(N, «) less than 1 such that

) 2 1 2 -1 2% —1
(2*_1)f T W, ))Wi“ (Vip) +2;/(W*(Wiu \IJi,o)>Wi/‘ ip
N
K (5.8)
sv(zv,x)/ IV(Wip) > + oD Vol
RN

To verify (5.8), our goal is to show that W; p almost satisfies the orthogonality conditions. Let us
first define f : RN — R be, up to scaling, the functions W;. Then

[l o] [ v )

1 2 252 5.9
| [ Gy
(w; <1}
<o(IVpllL2,

by the orthogonality conditions (3.8). Now, we define g : RN — R be, up to scaling, the functions
%. We have that

1 2% 1 2% 2 2% 2
ZZf(W*(W,-“ \IJ,-p))Wi“ g+<2*—1)/ W*W W“ ?g\lf,-p‘
]RN
1 2% —1 25 —1_ 25\ 252
=2Z/<W*(Wi“ p(l—\I-’i)))Wi‘ g+(2;—1)/<W*WZ.“)Wi“ ap(1 —
RN RN
<o()[IVpll 2,

(5.10)

by the orthogonality conditions (3.9). Analogously, let RN = R be, up to scaling, the func-
tions aav;,- . Then we clearly have that

1 1 2% —1~ 1 2% g
2 [ (e 0 o)) R [ (W)W e
RN RN

=o(DIIVpllzz,

5.11)

by the orthogonality condltlons (3 10). As a consequence, (5.9), (5.10) and (5.11) tell us that ¥; p
almost orthogonal to f g and 1, as desired.
Combmmg Proposition 3.3 and the fact that an orthogonal basis of the eigenfunctions space

of ”] composed of the functions W;, 3;;\/’ and 3312/’ , so that we get that
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1 25\ 252 1 251 25 —1
/(—*W.‘)Wi’ (\IJip)2~|—/(—*(Wi’ Wip) )W, Wip

x|t x|
RN RN
1 1 2* 2% 2
SE[/W(WM%[(W *Wi“)W,-“ <wip>2}+o<1>||v/)||iz.
RN RN
This yields
1 26N\ 2%-2 1 21 *—1
/[(2;—1)(W*Wi’)wi‘ (wip)2+2;;(w*(wi‘ ‘-IJi,o))Wl.“ \IJ,-,O:|
RN
5v/ V)P
RN

+o()IVpl?,,

yielding the result.
Now, combining Holder and Sobolev inequalities, one can infer from Proposition 5.2 that

2

K K K
Zf |V(wl~p)|2szf Vo7 + > IVWil2 ol
i=lpn i=lpy i=1

v
+ ) IVl Wil ol 2+ 1V ol 2 (5.12)

i=1

< f V12 + oIVl
RN

Therefore, putting (5.1)-(5.12) together it follows that

X * 1 * * X * 1 * *—
Q=X feil [ (e W) w2 el [ ()W
i=1 j=1

e
RN RN

K 1 * * _
5(1 +0(1)) |:(2:1 — 1)2 / (W * Wizu)W?;L 2(‘1’1',0)2
i:lRN

*

K
1 2% -1 2 -1 5
+2;2;/(W*(Wi“ Wip) )W, \If,»p]+o(1>||Vp||L2
1= RN

<v(N, k) / IVpl?.
]RN

Hence the result easily follows. 0O
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5.2. Proof of Proposition 4.3

To simplify notation, we denote W; as W, «; as o, and Y « iW; as Z. We also introduce
J#i
W = ; as the bump function from Proposition 5.2, assuming there is no ambiguity.
We start by establishing the following identity:

(a _az.zl’;f])( 1 *Wzﬁ)wzﬁq —2*0:2(2/”*1)( 1 *Wzl’;flz)wzj;fl
|x[# a x|

_ (2* _ 1)(12(2”*71)(L % W2Z)w2i—22
a | x|

1 o 2% _o 1 2% 2% -1
=+ | = = (P | = S (s

T

|x|# x|

I l * * 1 * *
+ (—>x<|a+p|2#)|o+p|2#_2(a+p)— (— *azﬂ)azu_l
LN [ |x|#

i 1 * * 1 * *
[ 2 ) ) (o))

1 * * 1 * *
* 2% —1 2% —1 * 2% 2% =2
+ _2M<W k ((7 " ,0))0 " —+ (ZIL — 1)<W kO F )U " pi|

[ 20 () i ) ) ) |

+ (# * (W + z)zﬁ)(aw L) (# . (OlW)zf‘)(aW)zfl_l}

* 1 * * * 1 * *
+ __2”<W # (@) 2) @)% - (2 - 1)<W # (@) @)% 2.
(5.13)

Now let’s evaluate some terms on the right-hand side of equation (5.13). Utilizing Proposi-
tion 5.2-(2), we can obtain the following expression in the region ¥ > 0:

1 2% 2% 1 1 * «
Saj (o w W)W =0 (o W W22,
S\ e m ) NG

By a straightforward computation
¥ (L « (02;1—1'0))02;;—1 _ (L « ((aw)zz—lp))(aw)z;—l
HLN e x|

" 1 * . _ 1 2% 2%
+(2ﬂ — 1)|:(W *ozxt>02u 2p— (W * (OlW) ! )(otW) ! ,oi|
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:o[(# « (0% |p|))w2,’11} +0[(ﬁ . (W2751|p|))W273‘]

1 * * 1 * *
+0|:(— *azﬂ)Wzﬂ_zp} +0|:(— * Wzﬂ)qu_zlm],

x| |x|#

and
(# * (aW + Z)zl*t)(on + Z)z’t_l — (# * (on)zf‘)(on)z’*‘_l

e o)~ - {2

P\ [x|# x|

:[# " ((aw+ 25— (@W)h — 2Z(aW)2zlz)}(aW+ Z)z’t*]

1 2’1 * _ - . .
+ <W * (OlW) L )[(aW + Z)Zu r_ (O[W)zll 1 _ (zﬂ _ 1)(0”/\})2“ ZZ]

1 * * * *
+25 (W # (@71 2) ) [@W + 257" = @) P - @) - W2z

%k 1 * 25,2
+ 2428 — 1)(W « (@)% ‘z))(aw) z

_ 1 2% 21 1 25\ A2 —2
—o|:<|x|ﬂ * (WH2) )i } —|—0|:<|x|ﬂ S W W z}.

Furthermore, by applying an elementary inequality, we have that

1 2% 2% -2 1 2% 2% —1 1 2% —1 2% —1
— x|o + u>o+ " (o + —(—*ou)aﬂ —2*(—* o )0#
(W o+ P )lo +pPi 0 + ) = (1 A (R )

1 * *
* 2 2% -2
_(2 _1)(W*a ﬂ)o—u P

1 2\ 2% 1 A 1 2\ 2%_3
o ) (o) (e )o %

|x|# x|

1 * (02’&—2,02))02?1—210 + (L * pzﬁ)UZﬁ—3p2 n ( 1 . (021’;—2102))02;—3102
|x|# |x|»

1 *(Gzzfzpz))pz;qu( 1 *p2;>az;71+( 1 *pzz)azzfzp

N ( L (02;1_1p))02;;—2p N (L . (023‘1;)))0271‘3;)2 + (L . (Uz;—1p))p2;;—1
( |

|x[#

Therefore, combining (5.13) and the preceding estimates, we obtain the estimate
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2201y (1 25 \ 2% 22, —1) 1 21 21
(o — a?2% )(W*WM)WM — (2102 +0(1))(| o 2))wi

_((2:1 1)a 2025 — 1)+0(1))(W*W2 )Wz 22 _ Ap

—[—Au—(#ﬂul N)|u| u]
—o (ﬁ % ((@W) 5~ ))(aw)zﬁ‘1 — (25 - 1)(# « (aW)zZ)(aW)z‘t_zp

STp) +0[<# * (azi*1|p|))w22*1] +0[(ﬁ " (W2271|p|))w2z—1]

ol (g o 5ol (1 0% 5 0]

(5.14)
Now by letting 7 be either W or 2V, we see that
/Van:O,
- 1 . ) (5.15)
% / (W * (Wt ))W2 Q- l)f W*Wz )W%‘znpzo,
RV RN

by orthogonality conditions. By testing (5.14) with nW, we obtain

oo (L N\ o2l k2025 1) B 2% 21
‘/I:(a o2 )<|X|M*W/>Wf (25> +o(1))(|x|ﬂ*(W/ ) )W

— (25 = 1)a* @ 0(1))<L * Wzﬁ)wzﬁzv]n\y‘

x|~
<‘/F(p)n\l’)+)/V0V(n‘lj)‘ U W*Iul )Iul2f‘_2u]n\l"
| / (#*(W%’Z—l ))Wz w2 _1)/ W*WZ )sz_zpnw'
RN
+o[/ (#*(0 = |p|))wzii‘1|n|\y]+o[/ (ﬁ*(wzﬁ‘lmn)wzﬁ—lmw]
RN RN
+0[/ (# *02;)W2/§72|p||n|11/]+0[/ (ﬁ*W%)szfﬂpHm\D].
RN RN

(5.16)

Let us estimate each term of the right hand side of (5.16).
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(/vamlm\z\/VpV(n(w—1>)\s IVol 2|92 = 1] 2.
RN

— Au — —>l<|u| )|u|232u]n‘l"
‘/ x|

<A ! 2y V¥
—H “+(W*|u| >|u| H(Dll(RN»*‘H )2

Combining (5.15) with HLS and Sobolev inequalities, we get that

22/(%*(”/2 - ))W2 '+ (2, —1)f W*Wz )Wz‘j_zpn‘lf‘
By 2
N— [L N IN—u
NHW”Lz* |Vp||L2< / (W2 |’7|)2N M) N
{w<1}
+HW”L2* |V,O||L2( / (WZ,L—ZMDA_M“) ,
{w<1}
1 . .
/(W*( |)0|))W2 1|n|\y<H ||L2* ||W2# 1’7||L%”V,0||L2,
RN
1 . .
\/(W*(qu 1|IO|)) |U|‘I’<HW”L2* ||W2u 1n||L21%171XM”Vp”L2’
RN
! s
/(W*Gzﬂ) Zleline s o ”Lz* i
RN

1 *
/(—*W2 )W2 2ol S ”W”Lz* HW2 -

|x[#

RN

It remains to estimate ‘ f]R N I‘(p)r]\I/‘. Then by applying HLS inequality and Sobolev inequality
to all terms, we have that

1 2
( *pzﬂ)w ] 19027 Il

||
G [ oo
]RN
Lol 19,7 Il + 1o 1,2 19012l
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. 1 " 1 *
U e p)o%i 0+ (0% )0 ’

)
| W*p“) ' ”]"q"
213 242 21 22 241
~”0”L2* Vol s "l e + ol Vol Sl e + o ol Vel Il e

2% —1 2% =2 2% —1 2% 2% —1 2% —1
‘/ lxlf* (o%n p))ff 2 p+(| m * (o7 p))U “p +(| T * (o7 p))p " ]an‘

<lol 25 |9elaln)

gt o 5

Vol ol + o], &

o HVPH 5 )

L>
* * 1 * *
2 -2 2% -2 2% =2 2% —

‘ / |X|M )02))0 wp 4 <| o (O' w pz))o- w 3p2

1 2% =2 2 2% —1
()
T ) el U

2(2;,-2) 2:2% -5 2% +1
= e 7 S P P e Y Y O P o A A

Moreover, by Proposition 5.2 and |n| < W, we get that

L2

[V =D 2 =0, VoW 23

2 N—p
Lz—( / (sz’i“lnl)%) =01,

{w<1}

2N N—u+2
WIAE( [ v i) 7 o0,

{W<1}

Jof 5 IIsz“lnllL%SL w2

s ||W2’*‘_1'7||L% St

Jo 5 w2

lwm<Luwu*Wﬁ%uNH5L
wuﬁerum*wmﬁNL o], Jal - S1.
ol 27 Tnll e St ol 25 Inl S1. o um*nnm;*sl,
ol 2l St ol 5l S10 o], 25 [l S 1.
and
oI35l <1 o2l S0 ol e S 1.

Therefore, combining (5.16) and the above all estimates, we eventually have
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(Wz;;—lz))Wz;Q—l

— %

/ [(“ —e?7) <ﬁ WP = (2020 o) (1

]RN
* 1 * *
= (@ = 1)22ED o)) ( +WE W22 [w
" |_x|M
1 2 min (2, 7745)
So[Ve| 2+ ”A”+ <|x|u * Ju M)'”' " ”H(D'~2<RN>) Vel '
(5.17)

Let us denote Z = Z) + 2, where 2, :=) _j < iajWjand Z; ;= Sj> io; Wi
By applying induction, we can assume that the statement of the proposition holds for all j < i

Now, we aim to show that the proposition also holds for all j > i

By noting that

1 2* * 2% —1
(| e W" ‘= | vw,vw, = W” Wi,
X
]RN
then we get that
1 * * 1
/(—*Wzﬂ)qu_231|77|\I’§/(—*W2M> v
x| ||
B RV (5.18)
1 2:\ |, 252 min (2. %523%)
§6”V’OHL2+HA“+<W*M M)MM “H(DLZ(RN))I 1vels: ’

by [n] <W. Now we can proceed to prove (4.4) of Proposition 4.3. If « = 1, the proof is com-

plete. T_herefore, we will consider the case where o # 1
Let us begin by examining the left-hand side of inequality (5.17). Notice that, according to

Proposition 5.2-(4), we have the following result:

1 * * A
[ |G syt = (14000 (W W2
RN
5.19
1 2\ W2 25\ 252 &1
RN
where
RO a2 (0)
§:= 2251 :

o—«o

Furthermore, choosing n = W and n = 9, WV, respectively, we have that
S (s WA )W o (e oWV g
Sian (e s WA WAL o (e W)W 20,
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where we have used the fact that

—x W )W W= | VWV W =0.
<|x|ﬂ )
RN RN

By a straight computation,

/(#*w%)w%—mw: z*é_1%‘x_1(ﬁ/wﬂ[0’ 1) #0.

RN RN

The preceding arguments indicate that the equality (5.19) cannot be arbitrarily small and can
be maximized by choosing an appropriate value for 5. Consequently, taking into account the
fact that Zp (x)W(x) = (1 + 0(1)) 22 (0)W(x), along with Proposition 5.2-(2) and the inequalities
(5.17)-(5.18), we obtain the following implication:

.*7
‘a—a“u 1‘

/ [(# W)W (14 0(1))5(# . Wz:;>Wz:;z],7xy

RN

<

~

2.2% —1 1 2% 2% —1
/|:(Ol—0[ " )(W*W“)W“

RN

- (2;;0(2(22?—1) + 0(1)) (ﬁ s (WEY o Wj))wzi—l
j#i
(5.20)

- ((2; — 1) +0(1)>(# * WZTL>W271‘2Z};\IJ

* 1 * *
RN

S0 Vo] o+ |Au+ (L Y

2
|x|ll H('DI,Z(RN))—I

min (2, 7752)

+[vely

Hence, the first conclusion of Proposition 4.3 follows directly from the inequalities (5.19) and
(5.20).

Now, we are ready to finalize the proof of the second conclusion of Proposition 4.3. By apply-
ing Lemma 5.2-(2) and setting € = o(1), we can deduce from (5.17), with n = W, the following
inequality for j #£i:
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(a—oﬂ'z’ﬂ—l)/(w FWHWhw —0(1)[ W*Wz Wi

RN
_ ((z* — 1)o@ +0(1)> / (L *Wzﬁ)wzﬁ—lzup (5.21)
iz |x |1
RN
N—;H—Z
2 72 min (2, ~55-)
50(1)||VP||L2+HA”JF(W*M )Iul H(D1~2(RN)) 1ol '
Then from the first conclusion of Proposition 4.3 and (5.21) imply that, for j # i,
1 2%\ 3 225 —1
(_ W M)W A
|x|#
RN (5.22)
1 min (2, Y5£42)
So[Vel .+ HA”+ (W *lul ”>|"| " ”H(DWRN» IV p”LZ '
Combining the estimate from [14],
/Wf *1W1=/Wf R / W forany j#1,
RN RN B(0,1)
then we get that
1 Wz’*‘ W2;71W‘— 1 Wz;; szﬁlw‘
(W* i) i j= <_|x|“* j) i ’
RN RN
1 2 22 min 2, %5£3%)
SoM| Vel .+ HMJF(W *lul M)M ”H(DLZ(RN)) Vel ’

for any j # i and imply the second conclusion of Proposition 4.3 holds for all j > i. Hence the
conclusion can be deduced by the induction. O
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