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A B S T R A C T

We examine the Einstein–Cartan (EC) theory in first-order form, which has a diffeomorphism as
well as a local Lorentz invariance. We study the renormalizability of this theory in the frame-
work of the Batalin–Vilkovisky formalism, which allows for a gauge invariant renormalization.
Using the background field method, we discuss the gauge invariance of the background effective
action and analyze the Ward identities which reflect the symmetries of the EC theory. As an
application, we compute, in a general background gauge, the self-energy of the tetrad field at
one-loop order.

. Introduction

The EC theory is an extension of general relativity that describes a spacetime with curvature and torsion, arising from the spin
f elementary particles. Due to this feature, the EC theory may solve the Big Bang singularity problem that occurs in cosmological
odels based on general relativity (GR) [1,2]. In GR, the fundamental entity is the metric 𝑔𝜇𝜈 (𝑥) [3]. The EC theory differs from
R by being formulated in a Riemann–Cartan geometry that encodes, in addition to diffeomorphism, local Lorentz symmetry. It
ay be regarded as a gauge theory consisting of local translations and local Lorentz transformations [4–6]. The first-order form

f the EC theory involves a tetrad field 𝑒𝑎𝜇(𝑥) as well as an independent spin-connection field 𝜔𝜇𝑎𝑏(𝑥). These are gauge fields that
mplement the diffeomorphism and the local Lorentz invariance of this theory. In a previous paper, the quantization of the EC theory
n first-order form has been systematically discussed [7]. It was shown that the gauge algebra for both these gauge transformations
s closed, and the BRST invariance of this theory was established.

The purpose of this paper is to show that this theory is renormalizable in the sense that the ultraviolet divergences are controlled
y the gauge symmetries, so that there are counterterms available to cancel all such divergences. To this end, we will employ the
atalin–Vilkovisky (BV) formalism [8,9], which is useful for maintaining gauge invariance during the renormalization process. We
hall also use the background field method [10–15], which is convenient for preserving the gauge symmetries of the divergent part
f the effective action of the EC theory in first-order form.

The paper is organized as follows. In Section 2, we reproduce some properties of the EC theory in first-order form together
ith the background field method. In Section 3, we formulate this theory in the framework of the BV formalism. In Section 4,
e apply this approach to derive the Zinn-Justin equation [16] for the effective action and to provide a recursive proof of the

enormalizability of this theory. Using this approach, all subdivergences at any order of the perturbative expansion are eliminated
hrough the renormalization procedure. In Section 5, we examine the gauge invariance of the background effective action, which
s applied to study the ultraviolet divergences of the tetrad and spin connection self-energies at one-loop order. A brief discussion
f the results is presented in Section 6. Some relevant details of the calculations are given in the Appendices.
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2. EC theory in the background field gauge

In this section, we will review some results obtained in the first order form of the EC theory [7], but will omit, for simplicity,
he matter fields. The pure EC action involves the tetrad field 𝑒𝑎𝜇 that is related to the metric as

𝑔𝜇𝜈 (𝑥) = 𝜂𝑎𝑏𝑒
𝑎
𝜇(𝑥)𝑒

𝑏
𝜈 (𝑥); (𝜂𝑎𝑏 = diag(+ − −−)) (2.1)

s well as the spin-connection field 𝜔𝜇𝑎𝑏. It may be written in the form

𝑆EC = − 1
𝜅2 ∫ 𝑑4𝑥𝑒𝑅(𝑒, 𝜔), (2.2)

here 𝜅2 = 16𝜋𝐺 (𝐺 is Newton’s constant), 𝑒 ≡ det 𝑒𝑎𝜇 =
√

−det 𝑔𝜇𝜈 and

𝑅(𝑒, 𝜔) = 𝑒𝑎𝜇𝑒𝑏𝜈𝑅𝜇𝜈𝑎𝑏(𝜔) (2.3)

ith

𝑅𝜇𝜈𝑎𝑏(𝜔) = 𝜔𝜈𝑎𝑏,𝜇 − 𝜔𝜇𝑎𝑏,𝜈 + 𝜔𝜇𝑎𝑝𝜔
𝑝
𝜈 𝑏 − 𝜔𝜈𝑎𝑝𝜔

𝑝
𝜇 𝑏. (2.4)

In the above equations, 𝑒𝑎𝜇 and 𝜔𝜇𝑎𝑏 are treated as independent fields. One can show that the solution to the classical equation
f motion for 𝜔𝜇𝑎𝑏 that follows from Eq. (2.2) results in [17]

𝜔𝜇𝑎𝑏 =
1
2
𝑒 𝜈
𝑎
(

𝑒𝑏𝜈,𝜇 − 𝑒𝑏𝜇,𝜈
)

+ 1
4
𝑒 𝜎
𝑎 𝑒 𝜆

𝑏
(

𝑒𝑐𝜎,𝜆 − 𝑒𝑐𝜆,𝜎
)

𝑒𝑐𝜇 − (𝑎 ↔ 𝑏) +𝐾𝜇𝑎𝑏, (2.5)

here 𝐾𝜇𝑎𝑏 is the contorsion tensor. Because the torsion does not affect the renormalizability of the EC theory, it will be disregarded,
or simplicity, in the following discussion.

We assume the metricity condition 𝑔𝜇𝜈;𝜆 = 0, which requires the tetrad to satisfy the compatibility condition

𝑒𝑎𝜇;𝜆 = 𝑒𝑎𝜇;𝜆 + 𝜔 𝑎
𝜆 𝑏𝑒

𝑏
𝜇 = 𝑒𝑎𝜇,𝜆 − 𝛤 𝜎

𝜆𝜇 𝑒𝑎𝜎 + 𝜔 𝑎
𝜆 𝑏𝑒

𝑏
𝜇 = 0 (2.6)

where comma denotes partial derivatives, semicolon denotes the usual covariant derivatives and bar denotes the total covariant
derivative. Eq. (2.5) can also be derived from Eq. (2.6).

The action (2.2) is invariant under the diffeomorphism and local Lorentz transformations

𝛿𝑒𝑎𝜇 = − 𝜅𝜖𝛼𝑒𝑎𝜇,𝛼 − 𝜅𝑒𝑎𝛼𝜖
𝛼
,𝜇 + 𝜆𝑎𝑏𝑒

𝑏
𝜇 (2.7a)

and

𝛿𝜔𝜇𝑎𝑏 = − 𝜅𝜖𝛼𝜔𝜇𝑎𝑏,𝛼 − 𝜅𝜔𝛼𝑎𝑏𝜖
𝛼
,𝜇 − 𝜆𝑎𝑏,𝜇 + 𝜆 𝑝

𝑎 𝜔𝜇𝑝𝑏 + 𝜆 𝑝
𝑏 𝜔𝜇𝑎𝑝, (2.7b)

where 𝜖𝜇(𝑥) and 𝜆𝑎𝑏(𝑥) are arbitrary (infinitesimal) functions.
In the background field method1, the tetrad and spin-connection fields are replaced by the sums

𝑒𝑎𝜇 = 𝑒𝑎𝜇 + 𝜅𝑞𝑎𝜇 = 𝛿𝑎𝜇 + 𝜅𝑞𝑎𝜇 + 𝜅𝑞𝑎𝜇 and 𝜔𝜇𝑎𝑏 = 𝜔̄𝜇𝑎𝑏 + 𝜅𝑄𝜇𝑎𝑏, (2.8)

where 𝑞𝑎𝜇 (𝑒𝑎𝜇) and 𝜔̄𝜇𝑎𝑏 are the background fields, while 𝑞𝑎𝜇 and 𝑄𝜇𝑎𝑏 denote the quantum fields.
We will next choose gauge-fixing terms that respect the symmetries of Eqs. (2.7) for the background fields 𝑒𝑎𝜇 and 𝜔̄𝜇𝑎𝑏, but

break the symmetries

𝛿𝑒𝑎𝜇 = 0, (2.9a)

𝛿𝑞𝑎𝜇 = − 𝜖𝛼𝑒𝑎𝜇,𝛼 − 𝑒𝑎𝛼𝜖
𝛼
,𝜇 + 1

𝜅
𝜆𝑎𝑏𝑒

𝑏
𝜇 (2.9b)

and

𝛿𝜔̄𝜇𝑎𝑏 = 0, (2.10a)

𝛿𝑄𝜇𝑎𝑏 = − 𝜖𝛼𝜔𝜇𝑎𝑏,𝛼 − 𝜔𝛼𝑎𝑏𝜖
𝛼
,𝜇 − 1

𝜅
𝜆𝑎𝑏,𝜇 + 1

𝜅
𝜆 𝑝
𝑎 𝜔𝜇𝑝𝑏 +

1
𝜅
𝜆 𝑝
𝑏 𝜔𝜇𝑎𝑝. (2.10b)

To fix the gauge transformations of Eqs. (2.9) and (2.10), we choose the gauge-fixing Lagrangian

gf =
𝜉
2
𝑏𝜈𝑏𝜈 − 𝑏𝜈𝜂𝑎𝑏[(𝑒𝑎𝜇𝑞

𝑏
𝜈 + 𝑞𝑎𝜇𝑒

𝑏
𝜈 )

;𝜇̄ − 2𝜎(𝑒𝑏𝛼𝑞𝑎𝛼 );𝜈̄] +
𝜁
2
𝐵𝑎𝑏𝐵𝑎𝑏 − 𝐵𝑎𝑏𝑄 ;𝜇̄

𝜇𝑎𝑏 , (2.11)

here 𝑏𝜈 and 𝐵𝑎𝑏 are the Nakanishi–Lautrup auxiliary fields [19,20]. In the above equation, 𝜎 denotes a general parameter such
hat for 𝜎 = 1∕2 we recover the linear part in the quantum fields 𝑞𝑎𝜇 of the de Donder gauge [21] (gauge fixings involving quadratic

1 Note that, the background field method requires an invertible background metric (det 𝑔̄𝜇𝜈 ≠ 0) [7]. However, it is interesting to mention that the first order

formalism contains another phase with a non-invertible metric, which was first studied in Ref. [18].

2 



F.T. Brandt et al.

W

a

3

t
t
(

a

M

w

c

Annals of Physics 470 (2024) 169801 
quantum fields may hinder the renormalizability of the theory [22,23]). With these choices, we do not break the diffeomorphism
invariance in the background fields provided the indices are raised and lowered using 𝑔̄𝜇𝜈 = 𝜂𝑎𝑏𝑒𝑎𝜇𝑒

𝑏
𝜈 .

After some calculations, the corresponding ghost Lagrangian is found to be [7]

gh = 𝑐⋆𝜈𝜂𝑎𝑏
{

[

𝑒𝑎𝜇
(

−𝑐𝛼𝑒𝑏𝜈;𝛼̄ − 𝑒𝑏𝛼𝑐
𝛼
;𝜈̄

)

+ 𝑒𝑏𝜈
(

−𝑐𝛼𝑒𝑎𝜇;𝛼̄ − 𝑒𝑎𝛼𝑐
𝛼
;𝜇̄

)];𝜇̄
− 2𝜎[𝑒𝑎𝜇(−𝑐𝛼𝑒𝑏𝜇;𝛼̄ − 𝑒𝑏𝛼𝑐

𝛼
;𝜇̄)];𝜈̄

}

+ 1
𝜅
𝑐⋆𝜈𝜂𝑎𝑏

{

[

𝑒𝑎𝜇
(

𝐶𝑏
𝑝 𝑒

𝑝
𝜈

)

+ 𝑒𝑏𝜈
(

𝐶𝑎
𝑝 𝑒

𝑝
𝜇

)];𝜇̄
− 2𝜎

[

𝑒𝑎𝜇
(

𝐶𝑏
𝑝 𝑒

𝑝
𝜇

)]

;𝜈̄

}

+ 𝜅𝐶⋆𝑎𝑏
(

−𝑐𝛼𝜔𝜇𝑎𝑏;𝛼̄ − 𝜔𝛼𝑎𝑏𝑐
𝛼
;𝜇̄

);𝜇̄

+ 𝐶⋆𝑎𝑏 [−𝐶𝑎𝑏;𝜇̄ + 𝐶 𝑝
𝑎 𝜔𝜇𝑝𝑏 + 𝐶 𝑝

𝑏 𝜔𝜇𝑎𝑝
];𝜇̄ .

(2.12)

e note that the two pairs of ghosts, (𝑐𝜇 , 𝑐⋆𝜇 ) and (𝐶𝑎𝑏, 𝐶⋆
𝑎𝑏), associated respectively with the diffeomorphisms and local Lorentz

transformations, generally couple among themselves. However, for the terms quadratic in the ghost fields, the two types of ghosts
decouple. Moreover, as shown in the Appendices, there occurs a significant simplification of the calculations for 𝜎 = 1∕2.

Setting 𝜖𝜇 = 𝑐𝜇𝜂 and 𝜆𝑎𝑏 = 𝐶𝑎𝑏𝜂, where 𝜂 is an infinitesimal Grassmann quantity with ghost number −1, one may verify that the
Faddeev–Popov Lagrangian

FP = EC + 𝑒gf + 𝑒gh (2.13)

is invariant under the BRST transformations given in Eqs. (2.9) and (2.10) together with

𝛿𝑏𝜇 = 𝛿𝐵𝑎𝑏 = 0, (2.14)

𝛿𝑐⋆𝜇 = −𝑏𝜇𝜂, 𝛿𝐶⋆
𝑎𝑏 = − 1

𝜅
𝐵𝑎𝑏𝜂; (2.15)

nd

𝛿𝑐𝜇 = 𝜅𝑐𝛼𝑐𝜇,𝛼𝜂, 𝛿𝐶𝑎𝑏 = (−𝐶 𝑘
𝑎 𝐶𝑘𝑏 + 𝜅𝑐𝛼𝐶𝑎𝑏,𝛼)𝜂. (2.16)

It has been shown in Ref. [7] that the full BRST generator

𝛿 = 𝛿diff + 𝛿LL, (2.17)

where 𝛿diff and 𝛿LL generate respectively diffeomorphisms and local Lorentz transformations, is nilpotent due to the nilpotency of
these generators as well as to the anticommutation relation

{𝛿diff, 𝛿LL} = 0. (2.18)

It is usual to define the BRST transformations of a functional 𝐹 of the quantum fields by

𝛿𝐹 = (𝑠𝐹 )𝜂, (2.19)

where 𝑠 is the BRST generator. We will use the notation gh(𝐹 ) for the ghost number of 𝐹 . Since gh(𝜂) = −1, it follows that the BRST
generator 𝑠 increases the ghost number of 𝐹 by one unit, that is, gh(𝑠𝐹 ) = gh(𝐹 ) + 1.

. BV formalism for the EC theory in the first-order form

The purpose of the BV formalism is to control gauge invariance during the perturbative renormalization of gauge theories. In
he present case, such an approach must be adapted due the fact that we are dealing with two distinct gauge transformations. To
his end, it is convenient to use a compact notation where we denote the quantum fields (𝑒𝑎𝜇 , 𝜔𝜇𝑎𝑏) by (𝜙𝑖, 𝛷𝐼 ), (𝑏𝜇 , 𝐵𝑎𝑏) by (𝑏𝑖, 𝐵𝐼 ),
𝑐𝜇 , 𝑐⋆𝜇 , 𝐶𝑎𝑏, 𝐶⋆

𝑎𝑏) by (𝑐𝑖, 𝑐⋆𝑖 , 𝐶𝐼 , 𝐶⋆
𝐼 ), and the BRST transformations following from the gauge transformations (2.9b) and (2.10b) by

𝑠𝜙𝑖 = 𝑟𝑖𝑗 (𝜙)𝑐𝑗 + 𝑟𝑖𝐽 (𝜙)𝐶𝐽 (3.1)

nd

𝑠𝛷𝐼 = 𝑅𝐼𝑗 (𝛷)𝑐𝑗 + 𝑅𝐼𝐽 (𝛷)𝐶𝐽 . (3.2)

oreover, we have that gh(𝜙𝑖, 𝛷𝐼 ) = gh(𝑏𝑖, 𝐵𝐼 ) = 0, gh(𝑐𝑖, 𝐶𝐼 ) = −gh(𝑐⋆𝑖 , 𝐶
⋆
𝐼 ) = 1.

We will next introduce a fermionic potential 𝛹 , which is a local functional of the quantum fields, with ghost number −1, as

𝛹 = ∫ 𝑑4𝑥𝑒
[

𝑐⋆𝑖

(

𝑓𝑖𝑗𝜙𝑗 −
𝜉
2
𝑏𝑖

)

+ 𝐶⋆
𝐼

(

𝐹𝐼𝐽𝛷𝐽 −
𝜁
2
𝐵𝑖

)]

, (3.3)

here the gauge-fixing functions 𝑓𝑖𝑗 and 𝐹𝐼𝐽 may be identified with the corresponding functions given in Eq. (2.11).
Then, using the relations (3.1)–(3.3) together with the Eqs. (2.14), (2.15), (2.16), one may verify that the Faddeev–Popov action

orresponding to (2.13), may be written in the simple form

𝑆FP = 𝑆EC + 𝑠𝛹

= 𝑆EC + ∫ 𝑑4𝑥𝑒
{

− 𝑏𝑖

(

𝑓𝑖𝑗𝜙𝑗 −
𝜉
2
𝑏𝑖

)

− 𝐵𝐼

(

𝐹𝐼𝐽𝛷𝐽 −
𝜁
2
𝐵𝐼

)

+ 𝑐⋆𝑖 𝑓𝑖𝑗
[

𝑟𝑗𝑘(𝜙)𝑐𝑘 + 𝑟𝑗𝐾 (𝜙)𝐶𝐾
]

+ 𝐶⋆
𝐼 𝐹𝐼𝐽

]

𝑅𝐽𝑘(𝛷)𝑐𝑘 + 𝑅𝐽𝐾 (𝛷)𝐶𝐾
]

}

,

(3.4)

which is equivalent to the one arising from the Eq. (2.2) and from the integration ∫ 𝑑4𝑥𝑒 of Eqs. (2.11) and (2.12).
3 
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In the BV-formalism, it turns out to be convenient to introduce as well gauge-invariant antifields associated with all quantum
ields of the theory [24]. Thus, if we denote the quantum fields in our theory: 𝜙𝑖, 𝛷𝐼 , 𝑏𝑖, 𝐵𝐼 , 𝑐𝑖, 𝑐⋆𝑖 , 𝐶𝐼 , 𝐶⋆

𝐼 collectively by 𝜒𝑛, one adds
new gauge-invariant action (due to the nilpotency of the BRST generator 𝑠) given by

∫ 𝑑4𝑥𝜒‡
𝑛 𝑠𝜒𝑛 (3.5)

hich should have a zero ghost number. To ensure this, the antifield 𝜒‡
𝑛 must have a ghost number equal to −gh(𝜒𝑛) − 1 because

the BRST generator 𝑠 increases the ghost number by one unit. These antifields act as sources for the BRST transformations and are
important to maintain the gauge invariance during renormalization.

Thus, the complete action

𝑆𝛹 (𝜒̄ , 𝜒, 𝜒‡) = 𝑆EC + 𝑠𝛹 + ∫ 𝑑4𝑥𝜒‡
𝑛 𝑠𝜒𝑛, (3.6)

here the 𝜒̄ denotes background fields 𝑒𝑎𝜇 and 𝜔̄𝜇𝑎𝑏, will be invariant under the BRST transformations. This invariance may be
expressed in the form

∫ 𝑑4𝑥
𝛿𝑟𝑆𝛹
𝛿𝜒𝑛

𝛿𝑙𝑆𝛹

𝛿𝜒‡
𝑛

= ∫ 𝑑4𝑥
𝛿𝑟𝑆𝛹
𝛿𝜒𝑛

𝑠𝜒𝑛 = 0, (3.7)

here the 𝑟/𝑙 superscripts on the functional derivatives denote that these are taken from the right or the left, respectively.
A main element in the BV formalism is the introduction of an antibracket defined for two general functionals 𝐹 and 𝐺 as

(𝐹 ,𝐺) ≡ ∫ 𝑑4𝑥

(

𝛿𝑟𝐹
𝛿𝜒𝑛

𝛿𝑙𝐺

𝛿𝜒‡
𝑛
−

𝛿𝑟𝐹

𝛿𝜒‡
𝑛

𝛿𝑙𝐺
𝛿𝜒𝑛

)

. (3.8)

eplacing the functionals 𝐹 and 𝐺 by the bosonic action 𝑆𝛹 , one can easily verify that

∫ 𝑑4𝑥
𝛿𝑟𝑆𝛹
𝛿𝜒𝑛

𝛿𝑙𝑆𝛹

𝛿𝜒‡
𝑛

= 1
2
(𝑆𝛹 , 𝑆𝛹 ). (3.9)

hus, using the relation (3.7), one can see that this action satisfies the master equation

(𝑆𝛹 , 𝑆𝛹 ) = 0 (3.10)

hich expresses the BRST invariance of the action 𝑆𝛹 (𝜒̄ , 𝜒, 𝜒‡). It is important to mention that since the EC theory is of Yang–Mills
ype, the Faddeev–Popov gauge-fixed action coincides with the BV action.

. Gauge-invariant renormalization of EC theory

BRST invariance of the action leads to relations between the Green functions which are more directly expressed in terms of
enerating functionals. To this end we start from the functional:

𝑍(𝐽 , 𝜒̄ , 𝜒‡) = ∫ 𝜒 exp 𝑖
(

𝑆𝛹 (𝜒̄ , 𝜒, 𝜒‡) + ∫ 𝑑4𝑥𝐽𝑛𝜒𝑛

)

. (4.1)

aking a gauge transformation of the fields and using the gauge invariance of 𝑍, leads to

𝐽𝑚 ∫ 𝜒𝑠𝜒𝑚 exp 𝑖
(

𝑆𝛹 (𝜒̄ , 𝜒, 𝜒‡) + ∫ 𝑑4𝑥𝐽𝑛𝜒𝑛

)

= 𝐽𝑚 ⟨𝑠𝜒𝑚⟩ |𝜒‡ ,𝐽 = 0. (4.2)

ne now defines a generating functional for connected Green functions by

exp 𝑖𝑊 (𝐽 , 𝜒̄ , 𝜒‡) =
𝑍(𝐽 , 𝜒̄ , 𝜒‡)
𝑍(0, 0)

. (4.3)

hen, the relation (4.2) can be written as

𝐽𝑚
𝛿𝑙𝑊

𝛿𝜒‡
𝑚

= 0. (4.4)

Next, one performs a Legendre transformation with respect to 𝐽

𝜒𝑛 ≡ ⟨𝜒𝑛⟩𝐽 ,𝜒‡ =
𝛿𝑙𝑊
𝛿𝐽𝑛

(4.5)

nd define the quantum effective action for one-particle irreducible Green functions as

𝛤 (𝜒̄ , 𝜒, 𝜒‡) = 𝑊 (𝐽 , 𝜒̄ , 𝜒‡) − ∫ 𝑑4𝑥𝐽𝑛𝜒𝑛, (4.6)

here we dropped, for simplicity of notation, the tilde denoting the mean fields and antifields. The fact that the effective action is
efined by a Legendre transform implies the relations

𝛿𝑟𝛤 = −𝐽𝑛,
𝛿𝑙𝛤

‡
=

𝛿𝑙𝑊
‡
. (4.7)
𝛿𝜒𝑛 𝛿𝜒𝑛 𝛿𝜒𝑛
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Then, in terms of the effective action 𝛤 , the identity (4.4) takes the form

∫ 𝑑4𝑥
𝛿𝑟𝛤
𝛿𝜒𝑛

𝛿𝑙𝛤

𝛿𝜒‡
𝑛
= 1

2
(𝛤 , 𝛤 )𝜒,𝜒‡ = 0. (4.8)

This important relation is called the Zinn-Justin master equation [16].
We now remark that the master equations (3.10) and (4.8) are given in terms of unrenormalized quantities. In the framework

of BV approach, one must show that a similar result may be obtained if we replace them by renormalized quantities. Thus, the
required equations take the form

(𝑆R, 𝑆R) = 0, (𝛤R, 𝛤R) = 0. (4.9)

BRST invariance is encoded in the above master equations. These are crucial to prove, order by order in a loop expansion, the
renormalizability of the EC theory in first-order form. We note that BRST quantization involves local gauge transformations. Thus,
in order to implement a BRST invariant renormalization, the counterterms must be local functions. Such a program works because the
ultraviolet divergences, which occurs at very short distances, can be described by local functionals. To evaluate these divergences, we
will use dimensional regularization which preserves gauge invariance and henceforth follow the thorough discussion given in [25]
(for the renormalization of a gauge-affine gravity, see Ref. [26]).

Let us first consider the one-loop approximation for the effective action, which may be written as

𝛤 = 𝛤 (1) + 𝑂(ℏ2) = 𝑆 + ℏ[𝛤 (1)
div + 𝛤 (1)

fin ] + 𝑂(ℏ2), (4.10)

where ℏ keeps track of the loop order in a perturbative expansion. Here, 𝑆 = 𝑆𝛹 (𝜒̄ , 𝜒, 𝜒‡) is the tree level action given in Eq. (3.6),
and 𝛤 (1)

div, 𝛤 (1)
fin are respectively the divergent and finite parts of 𝛤 in the one-loop approximation. This divergence fixes the form of

the counterterm of the one-loop renormalized action 𝑆1R, such that

𝑆1R = 𝑆 − ℏ𝛤 (1)
div. (4.11)

Let us now consider

(𝑆1R, 𝑆1R) = (𝑆, 𝑆) − 2ℏ(𝑆, 𝛤 (1)
div) + ℏ2(𝛤 (1)

div, 𝛤
(1)
div). (4.12)

To evaluate this quantity, we substitute the expression (4.10) in the Eq. (4.8), which yields

(𝛤 , 𝛤 ) = (𝑆, 𝑆) + 2ℏ(𝑆, 𝛤 (1)
div) + 2ℏ(𝑆, 𝛤 (1)

fin ) + 𝑂(ℏ2)

= 2ℏ(𝑆, 𝛤 (1)
div) + 2ℏ(𝑆, 𝛤 (1)

fin ) + 𝑂(ℏ2) = 0,
(4.13)

where we used the master equation (3.10). To first order in ℏ, we have a sum of two terms which must vanish independently, since
one of them is infinite. Thus, we get

(𝑆, 𝛤 (1)
div) = 0. (4.14)

Using this result in Eq. (4.12), together with Eq. (3.10), we obtain

(𝑆1R, 𝑆1R) = ℏ2(𝛤 (1)
div, 𝛤

(1)
div). (4.15)

Thus, we have shown that the renormalized action 𝑆1𝑅 satisfies the master equation (4.9) up to terms of order ℏ2.
The renormalized effective action to one loop order 𝛤1R can now be constructed by replacing in Eq. (4.10), 𝑆 by 𝑆1R, which

leads to the relation

𝛤1R = 𝑆1R + ℏ[𝛤 (1)
div + 𝛤 (1)

fin ] = 𝑆 + ℏ𝛤 (1)
fin . (4.16)

Thus, 𝛤1R is finite at one-loop order and satisfies, by using Eq. (4.15), the relation

(𝛤1R, 𝛤1R) = ℏ2(𝛤 (1)
div, 𝛤

(1)
div). (4.17)

Let us now proceed by considering the two loop renormalized action 𝑆2R defined by

𝑆2R = 𝑆1R − ℏ2𝛤 (2)
1,div = 𝑆 − ℏ𝛤 (1)

div − ℏ2𝛤 (2)
1,div, (4.18)

where 𝛤 (2)
1,div is the divergent part at two-loop order constructed on the basis 𝑆1R. One can verify that this obeys the equation

(𝑆, 𝛤 (2)
1,div) =

1
2
(𝛤 (1)

div, 𝛤
(1)
div). (4.19)

Using this relation, we find that 𝑆2R satisfies, up to terms of order ℏ3, the master equation

(𝑆2R, 𝑆2R) = 2ℎ3(𝛤 (1)
div, 𝛤

(2)
1,div) + 𝑂(ℏ4). (4.20)

The effective action 𝛤2R is obtained from 𝑆2R by a similar procedure to that used earlier (compare with Eq. (4.16))

𝛤2R = 𝑆2R + ℏ[𝛤 (1)
div + 𝛤 (1)

fin ] + ℏ2[𝛤 (2)
1,div + 𝛤 (2)

1,fin]
(1) 2 (2) (4.21)
= 𝑆 + ℏ𝛤fin + ℏ 𝛤1,fin

5 
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and satisfies the equation

(𝛤2R, 𝛤2R) = 2ℎ3(𝛤 (1)
div, 𝛤

(2)
1,div) + 𝑂(ℏ4). (4.22)

Using mathematical induction, we assume that the effective action 𝛤𝑚−1R constructed on the basis 𝑆𝑚−1R is finite up to terms of
rder ℏ𝑚−1. Then, one finds that the full renormalized action 𝑆R given by

𝑆R = 𝑆 −
∞
∑

𝑚=1
ℏ𝑚𝛤 (𝑚)

𝑚−1,div (4.23)

atisfies exactly the master equation (4.9). Moreover, the renormalized effective action 𝛤R is finite to each order in perturbation
heory:

𝛤R = 𝑆 +
∞
∑

𝑚=1
ℏ𝑚𝛤 (𝑚)

𝑚−1,fin (4.24)

nd satisfies as well the master equation (4.9).
Thus, we have shown that the theory is renormalizable in the sense that all infinites can be eliminated by an appropriate

enormalization procedure. The renormalized action 𝑆R and the effective action 𝛤R preserve the BRST gauge invariance to all orders
n the loop expansion.

. Gauge invariance of the background effective action

Of special interest is the background effective action 𝛤 (𝜒̄) defined as the effective action 𝛤 (𝜒̄ , 𝜒, 𝜒‡) evaluated for vanishing
ean quantum fields and antifields. The Ward identities satisfied by this action may be obtained in a similar way to that used in

ection 4, by starting with the generating functional 𝑍̄(𝐽 , 𝜒̄)

𝑍̄(𝐽 , 𝜒̄) = ∫ 𝜒 exp 𝑖
(

𝑆FP(𝜒, 𝜒̄) + ∫ 𝑑4𝑥𝐽𝑛𝜒𝑛

)

, (5.1)

here 𝜒̄ denotes the background fields 𝑞𝑎𝜇 and 𝜔̄𝜇𝑎𝑏 (see Eq. (2.8)) and 𝜒 denotes the quantum fields.
Making the background gauge transformations

𝛥𝑞𝑎𝜇 = − 𝜅𝜖𝛼𝑞𝑎𝜇,𝛼 − 𝜅𝑞𝑎𝛼 𝜖
𝛼
,𝜇 + 𝜆𝑎𝑏𝑞

𝑏
𝜇 (5.2a)

nd

𝛥𝜔̄𝜇𝑎𝑏 = − 𝜅𝜖𝛼𝜔̄𝜇𝑎𝑏,𝛼 − 𝜔̄𝛼𝑎𝑏𝜖
𝛼
,𝜇 − 𝜅𝜆𝑎𝑏,𝜇 + 𝜆 𝑝

𝑎 𝜔̄𝜇𝑝𝑏 + 𝜆 𝑝
𝑏 𝜔̄𝜇𝑎𝑝, (5.2b)

nd using the gauge invariance of 𝑍̄(𝐽 , 𝜒̄) and of 𝑆FP(𝜒, 𝜒̄), we obtain that

𝐽𝑚 ∫ 𝜒𝛥𝜒𝑚 exp 𝑖
(

𝑆FP(𝜒, 𝜒̄) + ∫ 𝑑4𝑥𝐽𝑛𝜒𝑛

)

= 0, (5.3)

here 𝛥𝜒𝑚 denote the corresponding background gauge transformations of the quantum fields. For example,

𝛥𝑞𝑎𝜇 = − 𝜅𝜖𝛼𝑞𝑎𝜇,𝛼 − 𝜅𝑞𝑎𝛼 𝜖
𝛼
,𝜇 + 𝜆𝑎𝑏𝑞

𝑏
𝜇 (5.4)

nd

𝛥𝑄𝜇𝑎𝑏 = − 𝜅𝜖𝛼𝑄𝜇𝑎𝑏,𝛼 − 𝜅𝑄𝛼𝑎𝑏𝜖
𝛼
,𝜇 + 𝜆 𝑝

𝑎 𝑄𝜇𝑝𝑏 + 𝜆 𝑝
𝑏 𝑄𝜇𝑎𝑝. (5.5)

It is now convenient to write the field transformations (5.2) in the compact form used in Section 3, as 𝛥𝜒𝑚 = 𝑚𝑙(𝜒)𝜃𝑙, where
𝜃1 = 𝜖𝜇 and 𝜃2 = 𝜆𝑎𝑏. Then, in terms of the generating functional 𝑊̄ (𝐽 , 𝜒̄) defined in Eq. (4.3), the Eq. (5.3) becomes

𝐽𝑚𝑚𝑙

( 𝛿
𝛿𝐽

)

𝑊̄ (𝐽 , 𝜒̄)𝜃𝑙 = 0. (5.6)

The background effective action 𝛤 (𝜒̄) is obtained in the standard way, by using a Legendre transform like that given in Eq. (4.6).
roceeding in a similar manner to that used previously, we get the result

𝛥𝛤 (𝜒̄) = 𝛥𝜒̄𝑚
𝛿𝛤
𝛿𝜒̄𝑚

= 0 (5.7)

hich exhibits the diffeomorphism invariance of the background effective action 𝛤 (𝜒̄) under the background gauge transformations
of the background fields 𝑞𝑎𝜇 and 𝜔̄𝜇𝑎𝑏.

This relation leads to Ward identities that reflect the background gauge symmetry of this action. Such identities are obtained by
taking functional derivatives of Eq. (5.7) with respect to the background fields 𝑞𝑎𝜇 and 𝜔̄𝜇𝑎𝑏, evaluated at vanishing values of these
fields. But taking just a single functional derivative and using the transformations (5.2) of these fields, one gets trivial identities
because the tadpoles 𝛿𝛤∕𝛿𝑞𝑎 and 𝛿𝛤∕𝛿𝜔̄ vanish in our theory.
𝜇 𝜇𝑎𝑏

6 
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Fig. 1. One-loop contributions to the self-energy 𝛱̄𝜇𝜈
𝑎𝑏 (𝑘). The curly lines denote the background tetrad field, while the wavy and double wavy lines are associated,

espectively, with the quantum fields 𝑞𝑎𝜇 and 𝑄𝜇𝑎𝑏. The ghost fields 𝑐⋆𝜇 , 𝑐𝜇 and 𝐶⋆
𝑎𝑏, 𝐶𝑎𝑏 are denoted by dotted and double dotted lines. Diagrams like (1T) vanish

n dimensional regularization.

On the other hand, by taking two functional derivatives of Eq. (5.7) with respect to the background tetrad or spin connection
ields, one obtains non-trivial relations which should be satisfied by the corresponding Green functions. For instance, taking two
erivatives with respect to the tetrad fields, it is straightforward to derive the following equations

𝜕𝛼
𝛿2𝛤

𝛿𝑞𝑎𝛼𝛿𝑞𝑏𝜈

|

|

|

|𝑞=𝜔̄=0
= 0, (5.8)

here we have used the fact that 𝜖𝜇 is an arbitrary independent parameter. The Ward identity (5.8) implies that the background
etrad self-energy should be a transverse function.

The Feynman diagrams contributing at one loop to the tetrad self-energy are shown in Fig. 1. The Feynman rules of the first-order
orm of the EC theory are derived in any space–time 𝐷 in Appendix A. As shown in Appendix C (Eqs. (C.8) and (C.9)), in 𝐷 = 4−2𝜖
imensions, the divergent part of this function has the transverse form

𝑖𝜅2𝑘2

16𝜋2𝜖

[

𝐶1

(

𝛿𝜇𝑎 −
𝑘𝑎𝑘𝜇

𝑘2

)(

𝛿𝜈𝑏 −
𝑘𝑏𝑘𝜈

𝑘2

)

+ 𝐶2

(

𝛿𝜈𝑎 −
𝑘𝑎𝑘𝜈

𝑘2

)(

𝛿𝜇𝑏 −
𝑘𝑏𝑘𝜇

𝑘2

)

+
(

𝐶3𝜂𝑎𝑏 + 𝐶5
𝑘𝑎𝑘𝑏
𝑘2

)(

𝜂𝜇𝜈 − 𝑘𝜇𝑘𝜈

𝑘2

)]

, (5.9)

where 𝐶𝑖 are linear functions of the gauge parameters 𝜉 and 𝜁 introduced in (2.11).
Similarly, the spin connection self-energy is also ultraviolet divergent. It may be verified that this obeys the Ward identity

𝜕𝜇
𝛿2𝛤

𝛿𝜔̄𝜇𝑎𝑏𝛿𝜔̄𝜈𝑐𝑑

|

|

|

|𝑞=𝜔̄=0
= 0. (5.10)

which shows that the spin connection self-energy is also a transverse function.

6. Discussion

We have examined the renormalizability of the EC theory in the first-order form, where the basic elements are the independent
tetrad and spin connection fields. This theory possesses two BRST symmetries, namely, diffeomorphism and local Lorentz invariance.
To this end, we used the BV formalism in conjunction with the background field method, which preserves gauge invariance during
perturbative renormalization. We have argued that the EC theory in the first-order form is renormalizable, meaning that all the
ultraviolet divergences can be subtracted in a gauge-invariant way by local covariant counterterms.
7 
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We have studied the background effective action obtained after switching off the quantum fields and antifields. It is important
hat the background field transformations do not change the form of the gauge-fixing terms for the quantum fields nor that of the
host terms, which appear in the Faddeev–Popov action. The invariances of the background effective action lead to Ward identities
hat reflect the gauge symmetries of the first-order form of the EC theory. Such Ward identities relate the Green’s functions and
re very useful for simplifying perturbative calculations in this theory (exemplified in the Appendices), which are generally quite
nvolved. As an illustration, we have computed the divergent part of the background tetrad self-energy at one-loop order. Apart
rom the tetrad self-energy, there also occurs a divergent spin-connection as well as mixed tetrad-spin connection self-energy. Upon
iagonalizing such a matrix, one would obtain a diagonal self-energy matrix whose elements correspond to the tetrad and spin
onnection normal modes of the EC theory. This is currently under consideration.

In previous works, it was shown, by using a Lagrange multiplier field that ensures the classical equations of motion, that all
ontributions beyond one-loop order may be eliminated in quantum gravity. It has also been argued that this important feature
eads to a renormalizable and unitary theory [27,28]. It may be worth considering an extension of such an approach to the EC
heory, particularly in the formalism recently formulated in [29,30].
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ppendix A. Feynman rules

In this appendix, we will derive the propagators of the EC theory in first-order form that comes from the action (2.13). We will
lso present the vertices which are relevant to the computation of the background self-energy of the tetrad field at one-loop order.
hroughout the Appendices we have used FeynCalc [31,32].

.1. Propagators

Using Eq. (2.8) in Eq. (2.2), we can collect the bilinear terms in the quantum fields obtaining

1
2

(

𝑞𝑎𝜇 𝑄𝜎𝑐𝑑

)

(

𝐴𝜇𝜈
𝑎𝑏 𝐵𝜇 𝜌𝑙𝑚

𝑎
𝐶𝜎𝑐𝑑 𝜈
𝑏 𝐷𝜎𝑐𝑑 𝜌𝑙𝑚

)

(

𝑞𝑏𝜈
𝑄𝜌𝑙𝑚.

)

(A.1)

We will also include the gauge fixing terms due to the gauges:

𝐹𝜈 (𝑞) ≡ 𝜂𝑎𝑏[(𝑒𝑎𝜇𝑞
𝑏
𝜈 + 𝑞𝑎𝜇𝑒

𝑏
𝜈 )

;𝜇̄ − 2𝜎(𝑒𝑏𝛼𝑞
𝑎 𝛼);𝜈̄ ] = 0 (A.2a)

𝐹𝑎𝑏(𝑄) ≡ 𝑄 ;𝜇̄
𝜇𝑎𝑏 = 0. (A.2b)

When 𝜎 = 1∕2, the gauge in Eq. (A.2a) is equal to the linear part of the de Donder gauge ℎ;𝜇̄𝜇𝜈 −
1
2ℎ;𝜈̄ , where

ℎ𝜇𝜈 (𝑥) = 𝜂𝑎𝑏
[

(𝜂 + 𝑞)𝑎𝜇𝑞
𝑏
𝜈 + (𝜂 + 𝑞)𝑏𝜈𝑞

𝑎
𝜇 + 𝜅𝑞𝑎𝜇𝑞

𝑏
𝜈

]

, (A.3)

in the quantum field 𝑞𝑎𝜇 .
Integrating out the Nakanishi–Lautrup fields in Eq. (2.11) leads to

gf = − 1 𝐹 𝜇𝐹𝜇 − 1 𝐹 𝑎𝑏𝐹𝑎𝑏. (A.4)

2𝜉 2𝜁

8 
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Thus, we obtain that, in momentum space (𝜕 → +𝑖𝑝),

𝐴𝜇𝜈
𝑎𝑏 = −

4𝜎2𝑝2𝛿𝜇𝑎 𝛿𝜈𝑏
𝜉

+
4𝜎𝑝𝑎𝑝𝜇𝛿𝜈𝑏

𝜉
−

(

4𝜎𝑝𝑏𝑝𝜈𝛿
𝜇
𝑎

𝜉
+

𝑝𝑎𝑝𝑏𝛿𝜇𝜈

𝜉
+

𝑝𝑏𝑝𝜇𝛿𝜈𝑎
𝜉

+
𝑝𝑎𝑝𝜈𝛿

𝜇
𝑏

𝜉
+

𝑝𝜇𝑝𝜈𝜂𝑎𝑏
𝜉

)

, (A.5a)

𝐵𝜇 𝜌𝑙𝑚
𝑎 = − 𝑖(𝑝𝑙𝛿𝜇𝑎 𝜂

𝑚𝜌 − 𝑝𝑎𝜂
𝑙𝜇𝜂𝑚𝜌 − 𝑝𝑚𝛿𝜇𝑎 𝜂

𝑙𝜌 − 𝑝𝑙𝜂𝑚𝜇𝛿𝜌𝑎 + 𝑝𝑚𝜂𝑙𝜇𝛿𝜌𝑎 + 𝑝𝑎𝜂
𝑚𝜇𝜂𝑙𝜌), (A.5b)

𝐶𝜎𝑐𝑑 𝜈
𝑏 = − 𝐵𝜈 𝜎𝑐𝑑

𝑏 , (A.5c)

𝐷𝜎𝑐𝑑 𝜌𝑙𝑚 = − 2𝐼𝑎𝑏𝜎𝜌(𝐼 𝑐𝑑
𝑎𝑝 𝐼𝑝 𝑙𝑚

𝑏 − 𝐼 𝑙𝑚
𝑎𝑝 𝐼𝑝 𝑐𝑑

𝑏 ) − 1
𝜁
𝑝𝜎𝑝𝜌𝐼𝑐𝑑𝑙𝑚, (A.5d)

where 𝐼𝑎𝑏𝑐𝑑 = (𝜂𝑎𝑐𝜂𝑏𝑑 − 𝜂𝑎𝑑𝜂𝑏𝑐 )∕2.

In order to derive the propagator, we will invert the 2 × 2 matrix in Eq. (A.1) using
(

𝑨 𝑩
𝑪 𝑫

)−1

=
(

𝑿−1 −𝑿−1𝑩𝑫−1

−𝑫−1𝑪𝑿−1 𝑫−1 +𝑫−1𝑪𝑿𝑩𝑫−1

)

, (A.6)

where 𝑿 = 𝑨 − 𝑩𝑫−1𝑪 is the Schur complement.
First, we will compute the inverse of 𝑫. We introduce the tensor basis:

(𝑇 (1)
𝑄𝑄)

𝜇𝑎𝑏 𝜈𝑐𝑑 = 1
2
𝜂𝑎𝑐𝜂𝑏𝑑𝜂𝜇𝜈 − 1

2
𝜂𝑎𝑑𝜂𝑏𝑐𝜂𝜇𝜈 = 𝐼𝜇𝑎𝑏 𝜈𝑐𝑑 , (A.7a)

(𝑇 (2)
𝑄𝑄)

𝜇𝑎𝑏 𝜈𝑐𝑑 = 1
4
𝜂𝑎𝜇𝜂𝑏𝑑𝜂𝑐𝜈 − 1

4
𝜂𝑎𝑑𝜂𝑏𝜇𝜂𝑐𝜈 − 1

4
𝜂𝑎𝜇𝜂𝑏𝑐𝜂𝑑𝜈 + 1

4
𝜂𝑎𝑐𝜂𝑏𝜇𝜂𝑑𝜈 , (A.7b)

(𝑇 (3)
𝑄𝑄)

𝜇𝑎𝑏 𝜈𝑐𝑑 = 1
4
𝜂𝑎𝜈𝜂𝑏𝑑𝜂𝑐𝜇 − 1

4
𝜂𝑎𝑑𝜂𝑏𝜈𝜂𝑐𝜇 − 1

4
𝜂𝑎𝜈𝜂𝑏𝑐𝜂𝑑𝜇 + 1

4
𝜂𝑎𝑐𝜂𝑏𝜈𝜂𝑑𝜇 , (A.7c)

(𝑇 (4)
𝑄𝑄)

𝜇𝑎𝑏 𝜈𝑐𝑑 =
𝑝𝜇𝑝𝜈𝜂𝑎𝑐𝜂𝑏𝑑

2𝑝2
−

𝑝𝜇𝑝𝜈𝜂𝑎𝑑𝜂𝑏𝑐

2𝑝2
, (A.7d)

(𝑇 (5)
𝑄𝑄)

𝜇𝑎𝑏 𝜈𝑐𝑑 = −
𝑝𝑐𝑝𝜇𝜂𝑎𝜈𝜂𝑏𝑑

4𝑝2
+

𝑝𝑐𝑝𝜇𝜂𝑎𝑑𝜂𝑏𝜈

4𝑝2
−

𝑝𝑑𝑝𝜇𝜂𝑎𝜈𝜂𝑏𝑐

4𝑝2
+

𝑝𝑑𝑝𝜇𝜂𝑎𝑐𝜂𝑏𝜈

4𝑝2
(A.7e)

−
𝑝𝑎𝑝𝜈𝑔𝑏𝑑𝑔𝑐𝜇

4𝑝2
+

𝑝𝑏𝑝𝜈𝑔𝑎𝑑𝑔𝑐𝜇

4𝑝2
+

𝑝𝑎𝑝𝜈𝑔𝑏𝑐𝑔𝑑𝜇

4𝑝2
−

𝑝𝑏𝑝𝜈𝑔𝑎𝑐𝑔𝑑𝜇

4𝑝2
, (A.7f)

(𝑇 (6)
𝑄𝑄)

𝜇𝑎𝑏 𝜈𝑐𝑑 = −
𝑝𝑐𝑝𝜈𝜂𝑎𝜇𝜂𝑏𝑑

4𝑝2
+

𝑝𝑐𝑝𝜈𝜂𝑎𝑑𝜂𝑏𝜇

4𝑝2
−

𝑝𝑑𝑝𝜈𝜂𝑎𝜇𝜂𝑏𝑐

4𝑝2
+

𝑝𝑑𝑝𝜈𝜂𝑎𝑐𝜂𝑏𝜇

4𝑝2
, (A.7g)

(𝑇 (7)
𝑄𝑄)

𝜇𝑎𝑏 𝜈𝑐𝑑 =
𝑝𝑎𝑝𝑐𝜂𝑏𝜈𝜂𝑑𝜇

4𝑝2
−

𝑝𝑏𝑝𝑐𝜂𝑎𝜈𝜂𝑑𝜇

4𝑝2
−

𝑝𝑎𝑝𝑑𝜂𝑏𝜈𝜂𝑐𝜇

4𝑝2
+

𝑝𝑏𝑝𝑑𝜂𝑎𝜈𝜂𝑐𝜇

4𝑝2
, (A.7h)

(𝑇 (8)
𝑄𝑄)

𝜇𝑎𝑏 𝜈𝑐𝑑 =
𝑝𝑎𝑝𝑐𝜂𝑏𝜇𝜂𝑑𝜈

4𝑝2
−

𝑝𝑏𝑝𝑐𝜂𝑎𝜇𝜂𝑑𝜈

4𝑝2
−

𝑝𝑎𝑝𝑑𝜂𝑏𝜇𝜂𝑐𝜈

4𝑝2
+

𝑝𝑏𝑝𝑑𝜂𝑎𝜇𝜂𝑐𝜈

4𝑝2
, (A.7i)

(𝑇 (9)
𝑄𝑄)

𝜇𝑎𝑏 𝜈𝑐𝑑 =
𝑝𝑎𝑝𝑐𝑔𝑏𝑑𝑔𝜇𝜈

4𝑝2
−

𝑝𝑏𝑝𝑐𝑔𝑎𝑑𝑔𝜇𝜈

4𝑝2
−

𝑝𝑎𝑝𝑑𝑔𝑏𝑐𝑔𝜇𝜈

4𝑝2
+

𝑝𝑏𝑝𝑑𝑔𝑎𝑐𝑔𝜇𝜈

4𝑝2
, (A.7j)

(𝑇 (10)
𝑄𝑄 )𝜇𝑎𝑏 𝜈𝑐𝑑 =

𝑝𝑎𝑝𝑐𝑝𝜇𝑝𝜈𝜂𝑏𝑑

4𝑝4
−

𝑝𝑏𝑝𝑐𝑝𝜇𝑝𝜈𝜂𝑎𝑑

4𝑝4
−

𝑝𝑎𝑝𝑑𝑝𝜇𝑝𝜈𝜂𝑏𝑐

4𝑝4
+

𝑝𝑏𝑝𝑑𝑝𝜇𝑝𝜈𝜂𝑎𝑐

4𝑝4
. (A.7k)

We obtain

(𝐷−1)𝜎𝑐𝑑 𝜌𝑙𝑚 =
10
∑

𝑖=1
𝑦(𝑖)(𝑇

(𝑖)
𝑄𝑄)

𝜎𝑐𝑑 𝜌𝑙𝑚, (A.8)

where

𝑦(1) = −1
2

𝑦(2) =
2
(

𝜁 + 𝑝2
)

(𝐷 − 2)𝜁 + (𝐷 − 3)𝑝2
(A.9a)

𝑦(3) = −1 𝑦(4) =
1
2
−

𝜁
2𝜁 + 𝑝2

(A.9b)

𝑦(5) =
2𝜁

2𝜁 + 𝑝2
− 1 𝑦(6) =

2𝑝2

(𝐷 − 2)𝜁 + (𝐷 − 3)𝑝2
(A.9c)

𝑦(7) =
2𝜁

2𝜁 + 𝑝2
− 1 𝑦(8) = −

2𝑝2

(𝐷 − 2)
(

(𝐷 − 2)𝜁 + (𝐷 − 3)𝑝2
) (A.9d)

𝑦(9) = 1 −
2𝜁

2𝜁 + 𝑝2
𝑦(10) = −

2(𝐷 − 4)𝑝4
(

2𝜁 + 𝑝2
) (

(𝐷 − 2)𝜁 + (𝐷 − 3)𝑝2
) (A.9e)

and 𝐷 is the spacetime dimension.
9 
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Then, using Eq. (A.5) and the result in Eq. (A.8), we obtain the Schur complement (for simplicity, in 𝐷 = 4):

𝑋𝑎𝜇 𝑏𝜈 = 𝐴𝑎𝜇 𝑏𝜈 − 𝐵𝑎𝜇
𝜎𝑐𝑑 (𝐷

−1)𝜎𝑐𝑑𝜌𝑙𝑚𝐶 𝑏𝜈
𝜌𝑙𝑚

= −
4𝜎2𝑝2𝜂𝑎𝜇𝜂𝑏𝜈

𝜉
+

4𝜎𝑝𝑎𝑝𝜇𝜂𝑏𝜈

𝜉
+

4𝜎𝑝𝑏𝑝𝜈𝜂𝑎𝜇

𝜉
−

𝑝𝑎𝑝𝜈𝜂𝑏𝜇

𝜉
−

𝑝𝑎𝑝𝑏𝜂𝜇𝜈

𝜉
−

𝑝𝑏𝑝𝜇𝜂𝑎𝜈

𝜉
−

𝑝𝜇𝑝𝜈𝜂𝑎𝑏

𝜉
+ 3𝑝𝑎𝑝𝑏𝜂𝜇𝜈 − 𝑝𝑎𝑝𝜈𝜂𝑏𝜇 − 𝑝𝑎𝑝𝜇𝜂𝑏𝜈 − 𝑝𝑏𝑝𝜈𝜂𝑎𝜇 − 𝑝𝑏𝑝𝜇𝜂𝑎𝜈 + 𝑝2𝜂𝑎𝜈𝜂𝑏𝜇 + 𝑝2𝜂𝑎𝜇𝜂𝑏𝜈

+
5𝑝𝑎𝑝𝑏𝑝𝜇𝑝𝜈

𝑝2 + 2𝜁
+

2𝜁𝑝𝑎𝑝𝑏𝑝𝜇𝑝𝜈

𝑝2
(

𝑝2 + 2𝜁
) −

𝑝𝑎𝑝𝑏𝑝𝜇𝑝𝜈

𝑝2
6𝜁𝑝𝑎𝑝𝜇𝜂𝑏𝜈

𝑝2 + 2𝜁
−

8𝜁𝑝𝑎𝑝𝑏𝜂𝜇𝜈

𝑝2 + 2𝜁
+

6𝜁𝑝𝑏𝑝𝜈𝜂𝑎𝜇

𝑝2 + 2𝜁

−
2𝜁𝑝𝜇𝑝𝜈𝜂𝑎𝑏

𝑝2 + 2𝜁
+

𝑝4𝜂𝑎𝜈𝜂𝑏𝜇

𝑝2 + 2𝜁
−

3𝑝4𝜂𝑎𝜇𝜂𝑏𝜈

𝑝2 + 2𝜁
+

3𝑝2𝑝𝑎𝑝𝜇𝜂𝑏𝜈

𝑝2 + 2𝜁
+

3𝑝2𝑝𝑏𝑝𝜈𝜂𝑎𝜇

𝑝2 + 2𝜁
+

2𝜁𝑝2𝜂𝑎𝑏𝜂𝜇𝜈

𝑝2 + 2𝜁

−
𝑝2𝑝𝑎𝑝𝜈𝜂𝑏𝜇

𝑝2 + 2𝜁
−

𝑝2𝑝𝑏𝑝𝜇𝜂𝑎𝜈

𝑝2 + 2𝜁
−

6𝜁𝑝2𝜂𝑎𝜇𝜂𝑏𝜈

𝑝2 + 2𝜁
−

7𝑝2𝑝𝑎𝑝𝑏𝜂𝜇𝜈

𝑝2 + 2𝜁
.

(A.10)

A.2. Propagator 𝑞𝑞

The propagator (𝑃𝑞𝑞)𝑎𝑏𝜇𝜈 ≡ ⟨0|𝑇 𝑒𝑎𝜇𝑒
𝑏
𝜈 |0⟩ of the tetrad field is given by 𝑖(𝑿−1)𝑎𝑏𝜇𝜈 . To invert 𝑿, we use the basis:

(𝑇 (1)
𝑞𝑞 )𝑎𝜇 𝑏𝜈 = 𝜂𝑎𝜇𝜂𝑏𝜈 , (A.11a)

(𝑇 (2)
𝑞𝑞 )𝑎𝜇 𝑏𝜈 = 𝜂𝑎𝜈𝜂𝑏𝜇 , (A.11b)

(𝑇 (3)
𝑞𝑞 )𝑎𝜇 𝑏𝜈 = 𝜂𝑎𝑏𝜂𝜇𝜈 ≡ 𝐼𝑎𝜇𝑏𝜈 , (A.11c)

(𝑇 (4)
𝑞𝑞 )𝑎𝜇 𝑏𝜈 =

𝑝𝜇𝑝𝜈𝜂𝑎𝑏

𝑝2
, (A.11d)

(𝑇 (5)
𝑞𝑞 )𝑎𝜇 𝑏𝜈 =

𝑝𝑎𝑝𝑏𝜂𝜇𝜈

𝑝2
, (A.11e)

(𝑇 (6)
𝑞𝑞 )𝑎𝜇 𝑏𝜈 =

𝑝𝑎𝑝𝜇𝜂𝑏𝜈

𝑝2
+

𝑝𝑏𝑝𝜈𝜂𝑎𝜇

𝑝2
, (A.11f)

(𝑇 (7)
𝑞𝑞 )𝑎𝜇 𝑏𝜈 =

𝑝𝑎𝑝𝜈𝜂𝑏𝜇

𝑝2
+

𝑝𝑏𝑝𝜇𝜂𝑎𝜈

𝑝2
, (A.11g)

(𝑇 (8)
𝑞𝑞 )𝑎𝜇 𝑏𝜈 =

𝑝𝑎𝑝𝑏𝑝𝜇𝑝𝜈

𝑝4
. (A.11h)

One can verify that

(𝑿−1)𝑎𝜇 𝑏𝜈 = −
8
∑

𝑖=1
𝑥(𝑖)(𝑇 (𝑖)

𝑞𝑞 )
𝑎𝜇 𝑏𝜈 , (A.12)

where

𝑥(1) =
1

2(𝐷 − 2)𝑝2
𝑥(2) = −

𝜁 + 𝑝2

2𝑝4
(A.13a)

𝑥(3) =
𝜁
2𝑝4

𝑥(4) =
−4𝜉 +𝐷(2𝜉 + 1) − 3

2(𝐷 − 2)𝑝2
(A.13b)

𝑥(5) =
𝐷 − 3

2(𝐷 − 2)𝑝2
𝑥(6) =

1 − 2𝜎
2(𝐷 − 2)𝑝2(𝜎 − 1)

(A.13c)

𝑥(7) =
1

2(𝐷 − 2)𝑝2
𝑥(8) =

(1 − 2𝜎)(𝐷(𝜉(2𝜎 − 3) − 2) + 2(𝜉 + 1)(2𝜎 − 3))
4(𝐷 − 2)𝑝2(𝜎 − 1)2

. (A.13d)

We have a pole when 𝜎 = 1 which is associated to the vanishing of the Faddeev–Popov determinant [21]. The gauge (A.2a) and the
de Donder gauge are equivalent in the lowest order in 𝜅. Thus, the propagators in either gauge should be the same.

A.3. Propagators 𝑄𝑄, 𝑄𝑞 and 𝑞𝑄

We proceed, and compute the 𝑄𝑄 propagator 𝑃𝑄𝑄 which is given by 𝑖(𝑫−1 +𝑫−1𝑪𝑿𝑩𝑫−1). We obtain that

(𝑃𝑄𝑄)𝜇𝑎𝑏 𝜈𝑐𝑑 = 𝑖
10
∑

𝑖=1
𝑧(𝑖)(𝑇

(𝑖)
𝑄𝑄)𝜇𝑎𝑏 𝜈𝑐𝑑 , (A.14)

where

𝑧(1) = − 1
2

𝑧(2) =
2

𝐷 − 2
𝑧(3) = − 1 𝑧(4) =

1
2
−

𝜁
𝑝2

𝑧(5) = − 1 (A.15a)

𝑧 = 2 𝑧 = 1 𝑧 = − 2 𝑧 = 1 𝑧 = −
2(𝐷 − 3)

. (A.15b)
(6) 𝐷 − 2 (7) (8) 𝐷 − 2 (9) (10) 𝐷 − 2

10 
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To compute the mixed propagators, we introduce another basis:

(𝑇 (1)
𝑄𝑞 )

𝜇𝑎𝑏 𝑐𝜈 =
𝑝𝑏𝜂𝑎𝑐𝜂𝜇𝜈

2𝑝2
−

𝑝𝑎𝜂𝑏𝑐𝜂𝜇𝜈

2𝑝2
, (A.16a)

(𝑇 (2)
𝑄𝑞 )

𝜇𝑎𝑏 𝑐𝜈 =
𝑝𝑏𝜂𝑎𝜈𝜂𝑐𝜇

2𝑝2
−

𝑝𝑎𝜂𝑏𝜈𝜂𝑐𝜇

2𝑝2
, (A.16b)

(𝑇 (3)
𝑄𝑞 )

𝜇𝑎𝑏 𝑐𝜈 =
𝑝𝑏𝜂𝑎𝜇𝜂𝑐𝜈

2𝑝2
−

𝑝𝑎𝜂𝑏𝜇𝜂𝑐𝜈

2𝑝2
, (A.16c)

(𝑇 (4)
𝑄𝑞 )

𝜇𝑎𝑏 𝑐𝜈 =
𝑝𝜈𝜂𝑎𝜇𝜂𝑏𝑐

2𝑝2
−

𝑝𝜈𝜂𝑎𝑐𝜂𝑏𝜇

2𝑝2
, (A.16d)

(𝑇 (5)
𝑄𝑞 )

𝜇𝑎𝑏 𝑐𝜈 =
𝑝𝜇𝜂𝑎𝜈𝜂𝑏𝑐

2𝑝2
−

𝑝𝜇𝜂𝑎𝑐𝜂𝑏𝜈

2𝑝2
, (A.16e)

(𝑇 (6)
𝑄𝑞 )

𝜇𝑎𝑏 𝑐𝜈 =
𝑝𝑐𝜂𝑎𝜇𝜂𝑏𝜈

2𝑝2
−

𝑝𝑐𝜂𝑎𝜈𝜂𝑏𝜇

2𝑝2
, (A.16f)

(𝑇 (7)
𝑄𝑞 )

𝜇𝑎𝑏 𝑐𝜈 =
𝑝𝑎𝑝𝑐𝑝𝜇𝜂𝑏𝜈

2𝑝2
−

𝑝𝑏𝑝𝑐𝑝𝜇𝜂𝑎𝜈

2𝑝2
, (A.16g)

(𝑇 (8)
𝑄𝑞 )

𝜇𝑎𝑏 𝑐𝜈 =
𝑝𝑎𝑝𝑐𝑝𝜈𝜂𝑏𝜇

2𝑝2
−

𝑝𝑏𝑝𝑐𝑝𝜈𝜂𝑎𝜇

2𝑝2
, (A.16h)

(𝑇 (9)
𝑄𝑞 )

𝜇𝑎𝑏 𝑐𝜈 =
𝑝𝑎𝑝𝜇𝑝𝜈𝜂𝑏𝑐

2𝑝2
−

𝑝𝑏𝑝𝜇𝑝𝜈𝜂𝑎𝑐

2𝑝2
. (A.16i)

The 𝑄𝑞 propagator 𝑃𝑄𝑞 is given by −𝑖𝑫−1𝑪𝑿−1. Computing and projecting it in basis (A.16) yields

(𝑃𝑄𝑞)𝜇𝑎𝑏 𝑐𝜈 = −𝑖
9
∑

𝑖=1
𝑤(𝑖)(𝑇

(𝑖)
𝑄𝑞)𝜇𝑎𝑏 𝑐𝜈 , (A.17)

where

𝑤(1) = 0 𝑤(2) = 1 𝑤(3) =
1

2 −𝐷
(A.18a)

𝑤(4) =
1

2 −𝐷
𝑤(5) = −

𝜁
𝑝2

𝑤(6) =
1

𝐷 − 2
(A.18b)

𝑤(7) =
𝐷 − 3

(𝐷 − 2)𝑝2
𝑤(8) =

1 − 2𝜎
(𝐷 − 2)(𝜎 − 1)𝑝2

𝑤(9) =
1

(𝐷 − 2)𝑝2
(A.18c)

One can verify that (𝑃𝑞𝑄)𝑐𝜈 𝜇𝑎𝑏 = −(𝑃𝑄𝑞)𝜇𝑎𝑏 𝑐𝜈 . Note that, the propagators 𝑄𝑄, 𝑄𝑞 and 𝑞𝑄 have no dependency on the gauge
arameter 𝜉 because

𝑪𝑿−1𝑨 = 0. (A.19)

A.4. Ghost sector

The bilinear terms in 𝑐⋆𝜇 , 𝑐𝜇 and 𝐶⋆
𝑎𝑏, 𝐶𝑎𝑏 from the ghost Lagrangian (2.12) reads

− 𝑐⋆𝜈𝜂𝑎𝑏
{

[

𝛿𝑎𝜇
(

𝛿𝑏𝛼𝑐
𝛼
,𝜈̄

)

+ 𝛿𝑏𝜈
(

𝛿𝑎𝛼𝑐
𝛼
,𝜇̄

)],𝜇̄
− 2𝜎[𝛿𝑎𝜇(𝛿

𝑏
𝛼𝑐

𝛼,𝜇̄)],𝜈̄
}

+ 𝑐⋆𝜈
{

𝜂𝑎𝑏
[

𝛿𝑎𝜇
(

𝐶𝑏
𝑝 𝛿

𝑝
𝜈

)

+ 𝛿𝑏𝜈
(

𝐶𝑎
𝑝 𝛿

𝑝
𝜇

)],𝜇̄
− 2𝜎

[

𝛿𝑎𝜇
(

𝐶𝑏
𝑝 𝑒

𝑝 𝜇
)]

,𝜈̄

}

− 𝐶⋆𝑎𝑏𝐶 ,𝜇̄
𝑎𝑏,𝜇 .

(A.20)

However, note that the second term in above equation can be simplified to

𝑐⋆𝜈
{

[

𝛿𝑎𝜇
(

𝐶𝑎𝑝 𝛿
𝑝
𝜈

)

+ 𝛿𝑏𝜈
(

𝐶𝑏𝑝 𝛿
𝑝
𝜇

)],𝜇̄
− 2𝜎

[

𝛿𝑎𝜇
(

𝐶𝑎𝑝 𝑒
𝑝 𝜇

)]

,𝜈̄

}

= 𝑐⋆𝜈 (𝐶 ,𝜇
𝜇𝜈 + 𝐶 ,𝜇

𝜈𝜇 − 2𝜎𝐶 𝜇
𝜇 ,𝜈 ) (A.21)

which vanishes, since 𝐶𝑎𝑏 = −𝐶𝑏𝑎. Then, we see that, in this order, the ghost fields decouple. There is no mixed ghost propagators.
Using Eq. (A.21) in Eq. (A.20), we have

− 𝑐⋆𝜈
[

𝜂𝜇𝜈𝜕
𝜋𝜕𝜋 + (1 − 2𝜎)𝜕𝜈𝜕𝜇

]

𝑐𝜇 − 𝐶⋆𝑎𝑏𝜕𝜋𝜕
𝜋𝐼𝑎𝑏𝑙𝑚𝐶

𝑙𝑚. (A.22)

The propagator (𝑃𝐶⋆𝐶 )𝑎𝑏𝑙𝑚 ≡
⟨

𝐶⋆
𝑎𝑏𝐶𝑙𝑚

⟩

of the ghost field 𝐶𝑎𝑏 is simply given by

− 𝑖
𝑝2

𝐼𝑎𝑏𝑙𝑚. (A.23)

While the propagator (𝑃𝑐⋆𝑐 )𝜇𝜈 ≡
⟨

𝑐⋆𝜇 𝑐𝜈
⟩

is

− 𝑖
𝑝2

(

𝜂𝜇𝜈 +
1
2
1 − 2𝜎
𝜎 − 1

𝑝𝜇𝑝𝜈
𝑝2

)

. (A.24)

When 𝜎 = 1∕2 (in de Donder-like gauge), it simplifies to −𝑖𝜂 ∕𝑝2.
𝜇𝜈
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A.5. Vertices

To derive the vertices, we need to consider the expansion (2.8) in several terms. In the determinant 𝑒, we obtain that

𝑒 = 𝑒
[

1 + 𝜅
2
ℎ 𝜈
𝜈 + 𝑂(𝜅2)

]

, (A.25)

where

ℎ 𝜈
𝜈 = ℎ𝜇𝜈 𝑔̄

𝜇𝜈 = 𝜂𝑎𝑏(𝑒𝑎𝜇𝑞
𝑏
𝜈 + 𝑒𝑏𝜈𝑞

𝑎
𝜇 + 𝜅𝑞𝑎𝜇𝑞

𝑏
𝜈 )(𝜂

𝜇𝜈 − 𝜅ℎ̄𝜇𝜈 + 𝑂(𝜅2)). (A.26)

Thus,

𝑒 = 𝑒
[

1 + 𝜅𝜂𝑎𝑏𝑒
𝑎
𝜇𝑞

𝑏
𝜈 𝑔̄

𝜇𝜈 + 𝑂(𝜅2)
]

= 1 + 𝜅𝜂𝑎𝑏𝛿
𝑎
𝜇𝑞

𝑏𝜇 + 𝜅𝜂𝑎𝑏𝛿
𝑎
𝜇𝑞

𝑏
𝜈 𝜂

𝜇𝜈 − 𝜅2

2
𝜂𝑎𝑏(𝛿𝑎𝑐 𝑞

𝑏
𝜈 𝑞

𝜈 𝑐 + 𝛿𝑎𝜇𝛿
𝜈
𝑐 𝑞

𝜇 𝑐𝑞𝑏𝜈 + 𝛿𝑏𝜈𝛿
𝜇
𝑐 𝑞

𝑎
𝜇𝑞

𝜈 𝑐 + 𝛿𝑏𝑐 𝑞
𝑎
𝜇𝑞

𝜇 𝑐)

+ 𝜅2

2
𝜂𝑎𝑏𝜂

𝜇𝜈 (𝑞𝑎𝜇𝑞
𝑏
𝜈 + 𝑞𝑏𝜈 𝑞

𝑎
𝜇 ) +

𝜅2

4
𝜂𝑎𝑏𝜂𝑐𝑑𝜂

𝜇𝜈𝜂𝛼𝛽 (𝑞𝑎𝜇𝛿
𝑏
𝜈 + 𝑞𝑏𝜈 𝛿

𝑎
𝜇)(𝛿

𝑐
𝛼𝑞

𝑑
𝛽 + 𝛿𝑑𝛽𝑞

𝑐
𝛼 ) + 𝑂(𝜅3).

(A.27)

e have omitted nonlinear terms on the quantum field 𝑞𝑎𝜇 .
Moreover, using the relation 𝑒𝑎𝜇𝑒

𝜈
𝑎 = 𝛿𝜈𝜇 , we find that the inverse tetrad 𝑒 𝜇

𝑎 is given by

𝑒 𝜇
𝑎 = 𝑒 𝜇

𝑎 − 𝜅𝑞𝜇𝑎 +⋯ = 𝛿𝜇𝑎 − 𝜅𝑞𝜇𝑎 − 𝜅𝑞𝜈𝑎𝜂
𝜇𝜈 + 𝜅2(𝑞 + 𝑞)𝜇𝛾 (𝑞 + 𝑞)𝛾𝑎 + 𝑂(𝜅3), (A.28)

hich appears in the action (2.3).
In the following derivation, we assume that all the external momenta are inward. We also remember that curly lines represents

he background tetrad field 𝑞. The wavy and double wave lines represent respectively the quantum fields 𝑞 and 𝑄. The ghost fields
, 𝐶 by dotted and double dotted lines.

.5.1. Vertex 𝑞𝑞𝑞
Using Eq. (A.27), we obtain the first contribution to the vertex 𝑞𝑞𝑞 that comes from the gauge fixing term

−𝑒 𝜅
2𝜉

𝑔̄𝜈𝛽𝜂𝑎𝑏𝜂𝑐𝑑 𝑔̄
𝜇𝛾 𝑔̄𝛼𝜔[(𝑒𝑎𝜇𝑞

𝑏
𝜈 + 𝑞𝑎𝜇𝑒

𝑏
𝜈 );𝛾̄ − 2𝜎(𝑒𝑏𝛾𝑞

𝑎
𝜇 );𝜈̄ ][(𝑒

𝑐
𝛼𝑞

𝑑
𝛽 + 𝑞𝑐𝛼𝑒

𝑑
𝛽 );𝜔̄ − 2𝜎(𝑒𝑑𝜔𝑞

𝑐
𝛼 );𝛽 ], (A.29)

which is

− 𝜅
2𝜉

𝜂𝑢𝑣𝛿
𝑢
𝜋𝑞

𝑣 𝜋𝜂𝜈𝛽𝜂𝑎𝑏[(𝛿𝑎𝜇𝑞
𝑏
𝜈 + 𝑞𝑎𝜇𝛿

𝑏
𝜈 )

,𝜇 − (𝛿𝑏𝜏𝑞
𝑎
𝜆𝜂

𝜆𝜏 ),𝜈 ]𝜂𝑐𝑑 [(𝛿𝑐𝛼𝑞
𝑑
𝛽 + 𝑞𝑐𝛼𝛿

𝑑
𝛽 )

,𝛼 − (𝛿𝑑𝜋𝑞
𝑐
𝜔𝜂

𝜔𝜋 ),𝛽 ], (A.30)

where we have set 𝜎 = 1∕2.
Now, let us consider the contributions due to the expansion (2.8) in

(1)
111̄

= − 𝜅
2𝜉

𝑔̄𝜈𝛽𝜂𝑎𝑏𝜂𝑐𝑑 𝑔̄
𝜇𝛾 𝑔̄𝛼𝜔[(𝑒𝑎𝜇𝑞

𝑏
𝜈 + 𝑞𝑎𝜇𝑒

𝑏
𝜈 ),𝛾̄ − 2𝜎(𝑒𝑏𝛾𝑞

𝑎
𝜇 ),𝜈̄ ][(𝑒

𝑐
𝛼𝑞

𝑑
𝛽 + 𝑞𝑐𝛼𝑒

𝑑
𝛽 ),𝜔̄ − 2𝜎(𝑒𝑑𝜔𝑞

𝑐
𝛼 ),𝛽 ]

= − 1
2𝜉

𝜂𝑎𝑏𝜂𝑐𝑑𝜂
𝜈𝛽 [𝑒𝑎 ,𝜇

𝜇 𝑞𝑏𝜈 + 𝑒𝑎𝜇𝑞
𝑏 ,𝜇
𝜈 + 𝑞𝑎 ,𝜇

𝜇 𝑒𝑏𝜈 + 𝑞𝑎𝜇𝑒
𝑏 ,𝜇
𝜈 − 𝑒𝑎𝜏 ,𝜈𝑞

𝑏 𝜏 − 𝑒𝑎𝜏𝑞
𝑏 𝜏
,𝜈 ]

× [𝑒𝑐 ,𝛼
𝛼 𝑞𝑑𝛽 + 𝑒𝑐𝛼𝑞

𝑑 ,𝛼
𝛽 + 𝑞𝑐 ,𝛼

𝛼 𝑒𝑑𝛽 + 𝑞𝑐𝛼𝑒
𝑑 ,𝛼
𝛽 − 𝑒𝑐𝜋 ,𝛽𝑞

𝑑 𝜋 − 𝑒𝑐𝜋𝑞
𝑑 𝜋
,𝛽 ]

+ 𝜅
2𝜉

𝜂𝑎𝑏𝜂𝑐𝑑𝜂𝑒𝑓 𝜂
𝜇𝛾𝜂𝛼𝜔[𝛿𝑒𝜈𝑞𝛽𝑓 + 𝛿𝑓𝛽𝑞𝜈𝑒][(𝛿𝑎𝜇𝑞

𝑏
𝜈 + 𝑞𝑎𝜇𝛿

𝑏
𝜈 ),𝛾 − (𝛿𝑏𝛾𝑞

𝑎
𝜇 ),𝜈 ][(𝛿

𝑐
𝛼𝑞

𝑑
𝛽 + 𝑞𝑐𝛼𝛿

𝑑
𝛽 ),𝜔 − (𝛿𝑑𝜔𝑞

𝑐
𝛼 ),𝛽 ]

+ 𝜅
2𝜉

𝜂𝑎𝑏𝜂𝑐𝑑𝜂𝑒𝑓 𝜂
𝜈𝛽𝜂𝛼𝜔[𝛿𝑒𝜇𝑞𝛾𝑓 + 𝛿𝑓𝛾𝑞𝜇𝑒][(𝛿𝑎𝜇𝑞

𝑏
𝜈 + 𝑞𝑎𝜇𝛿

𝑏
𝜈 ),𝛾 − (𝛿𝑏𝛾𝑞

𝑎
𝜇 ),𝜈 ][(𝛿

𝑐
𝛼𝑞

𝑑
𝛽 + 𝑞𝑐𝛼𝛿

𝑑
𝛽 ),𝜔 − (𝛿𝑑𝜔𝑞

𝑐
𝛼 ),𝛽 ]

+ 𝜅
2𝜉

𝜂𝑎𝑏𝜂𝑐𝑑𝜂𝑒𝑓 𝜂
𝜈𝛽𝜂𝜇𝛾 [𝛿𝑒𝛼𝑞𝜔𝑓 + 𝛿𝑓𝜔𝑞𝛼𝑒][(𝛿𝑎𝜇𝑞

𝑏
𝜈 + 𝑞𝑎𝜇𝛿

𝑏
𝜈 ),𝛾 − (𝛿𝑏𝛾𝑞

𝑎
𝜇 ),𝜈 ][(𝛿

𝑐
𝛼𝑞

𝑑
𝛽 + 𝑞𝑐𝛼𝛿

𝑑
𝛽 ),𝜔 − (𝛿𝑑𝜔𝑞

𝑐
𝛼 ),𝛽 ].

(A.31)

The part of the vertex 𝑞𝑞𝑞 coming from Eq. (A.31) is given by

− 1
2𝜉

𝜂𝑎𝑏𝜂𝑐𝑑𝜂
𝜈𝛽

𝛿3(1)
111̄

𝛿𝑞𝑙𝜌 (𝑥1)𝛿𝑞𝑚𝛾 (𝑥2)𝛿𝑞𝑣 𝜃(𝑥3)
|

|

|𝑞=𝑞=0
, (A.32)

which, in momentum space, becomes
𝜅
2𝜉

𝜂𝑎𝑏𝜂𝑐𝑑𝜂
𝜈𝛽{[𝑝𝜇3 𝜂𝜃𝜇𝛿

𝑎
𝑣𝛿

𝛾
𝜈 𝛿

𝑏
𝑚 + 𝑝𝜇2 𝜂𝜇𝜃𝛿

𝑎
𝑣𝛿

𝛾
𝜈 𝛿

𝑏
𝑚 + 𝑝𝜇2 𝛿

𝛾
𝜇𝛿

𝑎
𝑚𝛿

𝑏
𝑣𝛿𝜈𝜃 + 𝑝𝜇3 𝛿

𝛾
𝜇𝛿

𝑎
𝑚𝛿

𝑏
𝑣𝜂𝜈𝜃 − 𝑝3𝜈𝜂𝜏𝜃𝛿

𝑎
𝑣𝛿

𝑏
𝑚𝜂

𝜏𝛾 − 𝑝2𝜈𝛿
𝑎
𝑣𝜂𝜏𝜃𝛿

𝑏
𝑚𝜂

𝜏𝛾 ]

× [𝑝𝛼1𝛿
𝑐
𝛼𝛿

𝜌
𝛽𝛿

𝑑
𝑙 + 𝑝𝛼1𝛿

𝜌
𝛼𝛿

𝑐
𝑙 𝛿

𝑑
𝛽 − 𝑝1𝛽𝛿

𝑐
𝜋𝛿

𝑑
𝑙 𝜂

𝜋𝜌] + [𝑝𝜇2 𝛿
𝑎
𝜇𝛿

𝛾
𝜈 𝛿

𝑏
𝑚 + 𝑝𝜇2 𝛿

𝛾
𝜇𝛿

𝑎
𝑚𝛿

𝑏
𝜈 − 𝑝2𝜈𝛿

𝑎
𝜏 𝛿

𝑏
𝑚𝜂

𝜏𝛾 ]

× [𝑝𝛼3𝛿
𝑐
𝑣𝜂𝛼𝜃𝛿

𝜌
𝛽𝛿

𝑑
𝑙 + 𝑝𝛼1𝛿

𝑐
𝑣𝜂𝛼𝜃𝛿

𝜌
𝛽𝛿

𝑑
𝑙 + 𝑝𝛼1𝛿

𝜌
𝛼𝛿

𝑐
𝑙 𝛿

𝑑
𝑣 𝜂𝛽𝜃 + 𝑝𝛼3𝛿

𝜌
𝛼𝛿

𝑐
𝑙 𝛿

𝑑
𝑣 𝜂𝛽𝜃 − 𝑝3𝛽𝛿

𝑐
𝑣𝜂𝜋𝜃𝛿

𝑑
𝑙 𝜂

𝜋𝜌 − 𝑝1𝛽𝛿
𝑐
𝑣𝜂𝜋𝜃𝛿

𝑑
𝑙 𝜂

𝜋𝜌]}

− 𝜅
2𝜉

𝜂𝑎𝑏𝜂𝑐𝑑𝜂𝑒𝑓 {[𝛿𝑒𝜈𝛿𝛽𝑣 𝛿
𝑓
𝜃 + 𝛿𝑓𝛽𝛿𝜈𝑣𝛿

𝑒
𝜃][𝑝

𝛼
1𝛿

𝑐
𝛼𝛿

𝜌
𝛽𝛿

𝑑
𝑙 + 𝑝𝛼1𝛿

𝜌
𝛼𝛿

𝑐
𝑙 𝛿

𝑑
𝛽 − 𝑝1𝛽𝛿

𝑐
𝜋𝛿

𝑑
𝑙 𝜂

𝜋𝜌][𝑝𝜇2 𝛿
𝑎
𝜇𝛿

𝛾
𝜈 𝛿

𝑏
𝑚 + 𝑝𝜇2 𝛿

𝛾
𝜇𝛿

𝑎
𝑚𝛿

𝑏
𝜈 − 𝑝2𝜈𝛿

𝑎
𝜏 𝛿

𝑏
𝑚𝜂

𝜏𝛾 ]

+ 𝜂𝜈𝛽𝜂𝛼𝜔(𝛿𝑒𝜇𝛿𝛾𝑣𝛿
𝑓
𝜃 + 𝛿𝑓𝛾𝛿𝜇𝑣 𝛿

𝑒
𝜃)[𝑝

𝛼
1 (𝛿

𝑐
𝛼𝛿

𝑑
𝑙 𝛿

𝜌
𝛽 + 𝛿𝑐𝑙 𝛿

𝜌
𝛼𝛿

𝑑
𝛽 ) − 𝑝1𝛽𝛿

𝑑
𝜋𝛿

𝑐
𝑙 𝜂

𝜋𝜌][𝑝𝜇2 (𝛿
𝑎
𝜇𝛿

𝑏
𝑚𝛿

𝛾
𝜈 + 𝛿𝑎𝑚𝛿

𝛾
𝜇𝛿

𝑏
𝜈 ) − 𝑝2𝜈𝛿

𝑏
𝜏𝛿

𝑎
𝑚𝜂

𝜏𝛾 ]

+ 𝜂𝜈𝛽𝜂𝜇𝛾 (𝛿𝑒𝛼𝛿𝜔𝑣 𝛿
𝑓
𝜃 + 𝛿𝑓𝜔𝛿𝛼𝑣 𝛿

𝑒
𝜃)[𝑝

𝛼
1 (𝛿

𝑐
𝛼𝛿

𝑑
𝑙 𝛿

𝜌
𝛽 + 𝛿𝑐𝑙 𝛿

𝜌
𝛼𝛿

𝑑
𝛽 ) − 𝑝1𝛽𝛿

𝑑
𝜋𝛿

𝑐
𝑙 𝜂

𝜋𝜌][𝑝𝜇2 (𝛿
𝑎
𝜇𝛿

𝑏
𝑚𝛿

𝛾
𝜈 + 𝛿𝑎𝑚𝛿

𝛾
𝜇𝛿

𝑏
𝜈 ) − 𝑝2𝜈𝛿

𝑏
𝜏𝛿

𝑎
𝑚𝜂

𝜏𝛾 ]}

(A.33)
+ (𝑝1, 𝑙, 𝜌) ↔ (𝑝2, 𝑚, 𝛾).
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Finally, we have the interactions terms coming from the background covariant derivatives

𝑉 𝑎
𝛼;𝜇̄ = 𝑉 𝑎

𝛼,𝜇 − 𝜅𝑒 𝛽
𝑢 𝜕𝜇𝑞

𝑢
𝛼𝑉

𝑎
𝛽 − 𝑒 𝛽

𝑢 𝑒𝑣𝛼𝜔̄
𝑢

𝜇 𝑣𝑉
𝑎
𝛽 (A.34)

which lead to the contributions to the vertices:

− 1
2𝜉

𝜂𝑎𝑏𝜂𝑐𝑑𝜂
𝜈𝛽 𝛿3

𝛿𝑞𝑙𝜌 (𝑥1)𝛿𝑞𝑚𝛾 (𝑥2)𝛿𝑞𝑣 𝜃(𝑥3)
[𝛿𝑎 ;𝜇𝜇 𝑞𝑏𝜈 + 𝑒𝑎𝜇𝑞

𝑏 ∶𝜇
𝜈 + 𝑞𝑎 ∶𝜇

𝜇 𝑒𝑏𝜈 + 𝑞𝑎𝜇𝛿
𝑏 ;𝜇
𝜈 − 𝛿𝑎𝜏 ;𝜈𝑞

𝑏 𝜏 − 𝑒𝑎𝜏𝑞𝑏𝜏∶𝜈 ]

× [𝑒𝑐 ,𝛼
𝛼 𝑞𝑑𝛽 + 𝑒𝑐𝛼𝑞

𝑑 ,𝛼
𝛽 + 𝑞𝑐 ,𝛼

𝛼 𝑒𝑑𝛽 + 𝑞𝑐𝛼𝑒
𝑑 ,𝛼
𝛽 − 𝑒𝑐𝜋 ,𝛽𝑞

𝑑 𝜋 − 𝑒𝑐𝜋𝑞
𝑑 𝜋
,𝛽 ]||

|𝑞=𝑞=0

− 1
2𝜉

𝜂𝑎𝑏𝜂𝑐𝑑𝜂
𝜈𝛽 𝛿3

𝛿𝑞𝑙𝜌 (𝑥1)𝛿𝑞𝑚𝛾 (𝑥2)𝛿𝑞𝑣 𝜃(𝑥3)
[𝑒𝑎 ,𝜇

𝜇 𝑞𝑏𝜈 + 𝑒𝑎𝜇𝑞
𝑏 ,𝜇
𝜈 + 𝑞𝑎 ,𝜇

𝜇 𝑒𝑏𝜈 + 𝑞𝑎𝜇𝑒
𝑏 ,𝜇
𝜈 − 𝑒𝑎𝜏 ,𝜈𝑞

𝑏 𝜏 − 𝑒𝑎𝜏𝑞
𝑏 𝜏
,𝜈 ]

× [𝛿𝑐 ;𝛼𝛼 𝑞𝑑𝛽 + 𝑒𝑐𝛼𝑞
𝑑 ∶𝛼
𝛽 + 𝑞𝑐 ∶𝛼

𝛼 𝑒𝑑𝛽 + 𝑞𝑐𝛼𝛿
𝑑 ;𝛼
𝛽 − 𝛿𝑐𝜋 ;𝛽𝑞

𝑑 𝜋 − 𝑒𝑐𝜋𝑞𝑑𝜋∶𝛽 ]
|

|

|𝑞=𝑞=0
.

(A.35)

here 𝑞∶𝜇 ≡ 𝑞;𝜇 − 𝑞,𝜇 . Note that, 𝛿𝑎𝛼;𝜇 does not vanishes. By omitting 𝜔̄𝜇𝑎𝑏 and taking the linear part in 𝑞𝑎𝜇 , it is given by
−𝜅𝛿𝛽𝑢 𝜕𝜇𝑞𝑢𝛼𝛿

𝑎
𝛽 = −𝜅𝜕𝜇𝑞𝑎𝛼 . Using the same conditions, we get that 𝑞𝑎𝛼∶𝜇 = −𝜅𝛿𝜆𝑢 𝜕𝜇𝑞

𝑢
𝛼𝑞

𝑎
𝜆.

The contributions in Eq. (A.35), in momentum space, reads

− 𝜅
2𝜉

𝜂𝑎𝑏𝜂𝑐𝑑𝜂
𝜈𝛽{[𝑝𝜇3 𝛿

𝑎
𝑣𝜂𝜇𝜃𝛿

𝛾
𝜈 𝛿

𝑏
𝑚 + 𝑝𝜇3 𝛿

𝑎
𝜇𝛿

𝜆
𝑢 𝜂𝜇𝜃𝛿

𝑢
𝑣𝛿

𝛾
𝜆𝛿

𝑏
𝑚 + 𝑝𝜇3 𝛿

𝜆
𝑢 𝛿

𝑢
𝑣𝜂𝜈𝜃𝛿

𝑎
𝑚𝛿

𝛾
𝜆𝛿

𝑏
𝜈 + 𝑝𝜇3 𝛿

𝛾
𝜇𝛿

𝑎
𝑚𝛿

𝑏
𝑣𝜂𝜈𝜃

− 𝑝3𝜈𝛿
𝑎
𝑣𝜂𝜏𝜃𝛿

𝑏
𝑚𝜂

𝜏𝛾 − 𝑝3𝜈𝛿
𝑎
𝜏 𝛿

𝜏
𝑢𝛿

𝑢
𝑣𝜂𝜆𝜃𝛿

𝑎
𝑚𝜂

𝜆𝛾 ][𝑝𝛼1𝛿
𝑐
𝛼𝛿

𝜌
𝛽𝛿

𝑑
𝑙 + 𝑝𝛼1𝛿

𝜌
𝛼𝛿

𝑐
𝑙 𝛿

𝑑
𝛽 − 𝑝1𝛽𝛿

𝑐
𝜋𝛿

𝑑
𝑙 𝜂

𝜋𝜌]

+ [𝑝𝜇2 𝛿
𝑎
𝜇𝛿

𝛾
𝜈 𝛿

𝑏
𝑚 + 𝑝𝜇2 𝛿

𝛾
𝜇𝛿

𝑎
𝑚𝛿

𝑏
𝜈 − 𝑝2𝜈𝛿

𝑎
𝜏 𝛿

𝑏
𝑚𝜂

𝜏𝛾 ][𝑝𝛼3𝛿
𝑐
𝑣𝜂𝛼𝜃𝛿

𝜌
𝛽𝛿

𝑑
𝑙 + 𝑝𝛼3𝛿

𝑐
𝛼𝛿

𝜆
𝑢 𝛿

𝑢
𝑣𝜂𝛽𝜃𝛿

𝑑
𝑙 𝛿

𝜌
𝜆 + 𝑝𝛼3𝛿

𝜆
𝑢 𝛿

𝑢
𝑣𝜂𝛼𝜃𝛿

𝜌
𝜆𝛿

𝑐
𝑙 𝛿

𝑑
𝛽 + 𝑝𝛼3𝛿

𝜌
𝛼𝛿

𝑐
𝑙 𝛿

𝑑
𝑣 𝜂𝛽𝜃

− 𝑝3𝛽𝛿
𝑐
𝑣𝜂𝜋𝜃𝛿

𝑑
𝑙 𝜂

𝜋𝜌 − 𝑝3𝛽𝛿
𝑐
𝜋𝛿

𝜋
𝑢 𝛿

𝑢
𝑣𝜂𝜆𝜃𝛿

𝑑
𝑙 𝜂

𝜆𝜌]}

+ (𝑝1, 𝑙, 𝜌) ↔ (𝑝2, 𝑚, 𝛾).

(A.36)

Thus, collecting all contributions, one can find that the vertex 𝑞𝑞𝑞 is given by

𝑖[𝑉111̄]
𝜌 𝛾
𝑙 𝑚 𝑣𝜃(𝑝1, 𝑝2, 𝑝3), (A.37)

where
[𝑉111̄]

𝜌 𝛾
𝑙 𝑚 𝑣𝜃(𝑝1, 𝑝2, 𝑝3) =

𝜅
𝜉
[−𝑝1𝑙𝑝2𝑚𝛿𝜌𝑣𝛿

𝛾
𝜃 − 𝑝3𝑙𝑝2𝑚𝛿

𝜌
𝑣𝛿

𝛾
𝜃 + 𝛿𝜌𝑙 𝑝2𝑚𝑝1𝑣𝛿

𝛾
𝜃 − 𝑝1𝑙𝛿

𝜌
𝑚𝑝2𝑣𝛿

𝛾
𝜃

+ 𝛿𝜌𝑙 𝑝1𝑚𝑝2𝑣𝛿
𝛾𝜃 − 𝛿𝑙𝑚𝑝2𝑣𝑝1

𝜌𝛿𝛾𝜃 + 𝑝1𝑙𝑝2𝑚𝜂𝑣𝜃𝜂
𝛾𝜌 − 𝛿𝑙𝜃𝑝2𝑚𝑝1𝑣𝜂

𝛾𝜌 − 𝑝1𝑙𝛿𝑚𝜃𝑝2𝑣𝜂
𝛾𝜌

− 𝛿𝜌𝑙 𝑝2𝑚𝜂𝑣𝜃𝑝1
𝛾 + 𝛿𝑙𝜃𝑝2𝑚𝛿

𝜌
𝑣𝑝1

𝛾 + 𝛿𝜌𝑙 𝛿𝑚𝜃𝑝2𝑣𝑝1
𝛾 + 𝑝1𝑙𝛿

𝜌
𝑚𝜂𝑣𝜃𝑝2

𝛾 − 𝛿𝜌𝑙 𝑝1𝑚𝜂𝑣𝜃𝑝2
𝛾

− 𝑝1𝑙𝛿𝑚𝜃𝛿
𝜌
𝑣𝑝2

𝛾 − 𝑝3𝑙𝛿𝑚𝜃𝛿
𝜌
𝑣𝑝2

𝛾 + 𝛿𝑙𝜃𝑝1𝑚𝛿
𝜌
𝑣𝑝2

𝛾 + 𝛿𝑙𝜃𝑝3𝑚𝛿
𝜌
𝑣𝑝2

𝛾 + 𝛿𝜌𝑙 𝛿𝑚𝜃𝑝1𝑣𝑝2
𝛾

− 𝛿𝑙𝜃𝛿
𝜌
𝑚𝑝1𝑣𝑝2

𝛾 + 𝛿𝑙𝜃𝑝2𝑚𝛿
𝜌
𝑣𝑝3

𝛾 − 𝑝1𝑙𝑝2𝑚𝛿
𝛾
𝑣𝛿

𝜌
𝜃 − 𝑝1𝑙𝑝3𝑚𝛿

𝛾
𝑣𝛿

𝜌
𝜃 + 𝑝2𝑙𝛿

𝛾
𝑚𝑝1𝑣𝛿

𝜌
𝜃

− 𝛿𝛾𝑙 𝑝2𝑚𝑝1𝑣𝛿
𝜃𝜌 + 𝑝1𝑙𝛿

𝛾
𝑚𝑝2𝑣𝛿

𝜌
𝜃 − 𝛿𝑙𝑚𝑝1𝑣𝑝2

𝛾𝛿𝜌𝜃 + 𝛿𝜌𝑙 𝑝2𝑚𝛿
𝛾
𝑣𝑝1𝜃 + 𝛿𝜌𝑙 𝑝3𝑚𝛿

𝛾
𝑣𝑝1𝜃

+ 𝑝2𝑙𝛿
𝛾
𝑚𝛿

𝜌
𝑣𝑝1

𝜃 − 𝛿𝛾𝑙 𝑝2𝑚𝛿
𝜌
𝑣𝑝1𝜃 − 𝛿𝜌𝑙 𝛿

𝛾
𝑚𝑝2𝑣𝑝1𝜃 − 𝛿𝑙𝑚𝛿𝜌𝑣𝑝2

𝛾𝑝1𝜃 − 𝑝1𝑙𝛿
𝜌
𝑚𝛿

𝛾
𝑣𝑝2𝜃

+ 𝛿𝜌𝑙 𝑝1𝑚𝛿
𝛾
𝑣𝑝2

𝜃 + 𝑝1𝑙𝛿
𝛾
𝑚𝛿

𝜌
𝑣𝑝2𝜃 + 𝑝3𝑙𝛿

𝛾
𝑚𝛿

𝜌
𝑣𝑝2𝜃 − 𝛿𝜌𝑙 𝛿

𝛾
𝑚𝑝1𝑣𝑝2𝜃 − 𝑝1𝑙𝛿

𝜌
𝑚𝛿

𝛾
𝑣𝑝3𝜃

+ 𝛿𝜌𝑙 𝑝1𝑚𝛿
𝛾
𝑣𝑝3

𝜃 + 𝑝2𝑙𝛿
𝛾
𝑚𝛿

𝜌
𝑣𝑝3𝜃 − 𝛿𝛾𝑙 𝑝2𝑚𝛿

𝜌
𝑣𝑝3𝜃 − 𝛿𝑙𝑚𝛿𝜌𝑣𝑝2

𝛾𝑝3𝜃 + 𝑝2𝑙𝛿𝑚𝜃𝛿
𝛾
𝑣𝑝1

𝜌

+ 𝑝3𝑙𝛿𝑚𝜃𝛿
𝛾
𝑣𝑝1

𝜌 − 𝛿𝑙𝜃𝑝2𝑚𝛿
𝛾
𝑣𝑝1

𝜌 − 𝛿𝑙𝜃𝑝3𝑚𝛿
𝛾
𝑣𝑝1

𝜌 − 𝑝2𝑙𝛿
𝛾
𝑚𝜂𝑣𝜃𝑝1

𝜌 + 𝛿𝛾𝑙 𝑝2𝑚𝜂𝑣𝜃𝑝1
𝜌

+ 𝛿𝑙𝜃𝛿
𝛾
𝑚𝑝2𝑣𝑝1

𝜌 − 𝛿𝛾𝑙 𝛿𝑚𝜃𝑝2𝑣𝑝1
𝜌 + 𝛿𝑙𝑚𝜂𝑣𝜃𝑝2

𝛾𝑝1
𝜌 − 𝛿𝑙𝑚𝛿𝛾𝑣𝑝2𝜃𝑝1

𝜌 − 𝛿𝑙𝑚𝛿𝛾𝑣𝑝3𝜃𝑝1
𝜌

+ 𝑝1𝑙𝛿𝑚𝜃𝛿
𝛾
𝑣𝑝2

𝜌 − 𝑝1𝑙𝛿
𝛾
𝑚𝜂𝑣𝜃𝑝2

𝜌 + 𝛿𝑙𝜃𝛿
𝛾
𝑚𝑝1𝑣𝑝2

𝜌 + 𝑝1𝑙𝛿𝑚𝜃𝛿
𝛾
𝑣𝑝3

𝜌 − 𝛿𝜌𝑙 𝛿𝑚𝜃𝛿
𝛾
𝑣
(

𝑝1 ⋅ 𝑝2
)

+ 𝛿𝜌𝑙 𝛿
𝛾
𝑚𝜂𝑣𝜃

(

𝑝1 ⋅ 𝑝2
)

− 𝛿𝑙𝜃𝛿
𝛾
𝑚𝛿

𝜌
𝑣
(

𝑝1 ⋅ 𝑝2
)

− 𝛿𝜌𝑙 𝛿𝑚𝜃𝛿
𝛾
𝑣
(

𝑝1 ⋅ 𝑝3
)

− 𝛿𝑙𝜃𝛿
𝛾
𝑚𝛿

𝜌
𝑣
(

𝑝2 ⋅ 𝑝3
)

],

(A.38)

where 𝑝 ⋅ 𝑞 ≡ 𝑝𝜇𝑞𝜇 .

A.5.2. Vertex 𝑄𝑞𝑞
Using Eq. (A.27), we can obtain the contribution to the vertex 𝑄𝑞𝑞 which comes from the determinant:

𝜅
2
𝜂𝑎𝑏(𝛿𝑎𝑢𝑞

𝑏
𝜈 𝑞

𝜈𝑢 + 𝛿𝑎𝜇𝛿
𝜈
𝑢𝑞

𝜇𝑢𝑞𝑏𝜈 + 𝛿𝑏𝜈𝛿
𝜇
𝑢 𝑞

𝑎
𝜇𝑞

𝜈𝑢 + 𝛿𝑏𝑢𝑞
𝑎
𝜇𝑞

𝜇𝑢)(𝛿𝑐𝛼𝛿𝑑𝛽 − 𝛿𝑐𝛽𝛿𝑑𝛼)𝑄𝛽𝑐𝑑,𝛼

− 𝜅 [𝜂 𝜂𝛾𝜈 (𝑞𝑙 𝑞𝑏 + 𝑞𝑏 𝑞𝑙 ) + 1 𝜂 𝜂 𝜂𝛾𝜈𝜂𝜆𝜔(𝑞𝑙 𝛿𝑏 + 𝑞𝑏 𝛿𝑙 )(𝛿𝑐 𝑞𝑑 + 𝛿𝑑 𝑞𝑐 )](𝛿𝑢𝛼𝛿𝑣𝛽 − 𝛿𝑢𝛽𝛿𝑣𝛼)𝑄 .
(A.39)
2 𝑙𝑏 𝛾 𝜈 𝜈 𝛾 2 𝑙𝑏 𝑐𝑑 𝛾 𝜈 𝜈 𝛾 𝜆 𝜔 𝜔 𝜆 𝛽𝑢𝑣,𝛼
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Now, using Eq. (A.28), we obtain the following interaction terms

− 𝜅𝑞𝜆𝑐𝑞 𝑏
𝜎 𝜂𝜎𝜈 (𝑄𝜈𝑐𝑏,𝜆 −𝑄𝜆𝑐𝑏,𝜈 ) + 𝜅𝑞 𝑐

𝜋 𝜂𝜋𝜆𝑞𝜈𝑏(𝑄𝜈𝑐𝑏,𝜆 −𝑄𝜆𝑐𝑏,𝜈 )

− 𝜅𝛿𝑏𝜈 (𝑞𝜆𝑢𝑞 𝑐
𝑢 − 𝑞𝜆𝑢𝑞 𝑐

𝑢 )(𝑄𝜈𝑐𝑏,𝜆 −𝑄𝜆𝑐𝑏,𝜈 ) + 𝜅𝛿𝑐𝜈 (𝑞𝜈𝑢𝑞 𝑏
𝑢 − 𝑞𝜈𝑢𝑞 𝑏

𝑢 )(𝑄𝜈𝑐𝑏,𝜆 −𝑄𝜆𝑐𝑏,𝜈 )
(A.40)

which yields the following vertex contribution

− 1
𝜅

𝛿3

𝛿𝑄𝜌𝑙𝑚(𝑥1)𝛿𝑞𝑎𝜇 (𝑥2)𝑞𝑣𝜋 (𝑥3)
[𝛿𝑐𝜆 − 𝜅𝑞𝜆 𝑐 − 𝜅𝑞 𝑐

𝜋 𝜂𝜆𝜋 + 𝜅2(𝑞 + 𝑞)𝜆 𝑢(𝑞 + 𝑞) 𝑐
𝑢 ]

× [𝛿𝑏𝜈 − 𝜅𝑞𝜈 𝑏 − 𝜅𝑞 𝑏
𝜎 𝜂𝜎𝜈 + 𝜅2(𝑞 + 𝑞)𝜈 𝑢(𝑞 + 𝑞) 𝑏

𝑢 ](𝑄𝜈𝑐𝑏,𝜆 −𝑄𝜆𝑐𝑏,𝜈 )
|

|

|𝑞=𝑞=𝑄=0
.

(A.41)

n momentum space, it becomes

− 𝑖𝜅(𝑝1𝜆𝛿𝜌𝜈 − 𝑝1𝜈𝛿
𝜌
𝜆)𝐼

𝑙𝑚
𝑐𝑏

× [𝛿𝜆𝑣𝛿
𝑐
𝜋𝛿

𝜈
𝑎𝜂

𝜇𝑏 + 𝛿𝜆𝑎𝜂
𝜇𝑐𝛿𝜈𝑣𝛿

𝑏
𝜋 + 𝛿𝑏𝜈

(

𝛿𝜆𝑣𝛿
𝑢
𝜋𝜂𝑎𝑢𝜂

𝑐𝜇 + 𝜂𝑣𝑢𝜂𝑐𝜋𝛿
𝜆
𝑎𝜂

𝑐𝜇) + 𝛿𝑐𝜆
(

𝛿𝜈𝑣𝛿
𝑢
𝜋𝜂𝑎𝑢𝜂

𝑏𝜇 + 𝜂𝑣𝑢𝛿
𝑏
𝜋𝛿

𝜈
𝑎𝜂

𝑢𝜇)].
(A.42)

We also have the following interactions terms due to the expansion in EC action and the determinant:

−[𝜂𝑢𝑗𝛿𝑢𝜏𝑞
𝑗 𝜏 + 𝜂𝑢𝑗𝛿

𝑢
𝜏𝜂

𝜏𝛾𝑞𝑗𝛾 ][𝛿
𝑐𝜆 − 𝜅𝑞𝜆 𝑐 − 𝜅𝑞 𝑐

𝜋 𝜂𝜆𝜋 ][𝛿𝑏𝜈 − 𝜅𝑞𝜈 𝑏 − 𝜅𝑞 𝑏
𝜎 𝜂𝜎𝜈 ](𝑄𝜈𝑐𝑏,𝜆 −𝑄𝜆𝑐𝑏,𝜈 ). (A.43)

he terms that contributes to the 𝑄𝑞𝑞 vertex are

𝜅𝜂𝑢𝑗𝛿
𝑢
𝑟 𝑞

𝑗𝜏 (𝛿𝑐𝜆𝑞 𝑏
𝜎 𝜂𝜎𝜈 + 𝛿𝑏𝜈𝑞 𝑐

𝜋 𝜂𝜋𝜆)(𝑄𝜈𝑐𝑏,𝜆 −𝑄𝜆𝑐𝑏,𝜈 ) + 𝜅𝜂𝑢𝑗𝛿
𝑢
𝜏𝜂

𝜏𝛾𝑞𝑗𝛾 (𝛿
𝑐𝜆𝑞𝜈𝑏 + 𝛿𝑏𝜈𝑞𝜆𝑐 )(𝑄𝜈𝑐𝑏,𝜆 −𝑄𝜆𝑐𝑏,𝜈 ) (A.44)

hich leads to the contribution, in momentum space,

𝑖𝜅(𝑝1𝜆𝛿𝜌𝜈 − 𝑝1𝜈𝛿
𝜌
𝜆)𝐼

𝑙𝑚
𝑐𝑏 [𝜂𝑢𝑗𝛿𝑢𝜏𝛿

𝑗
𝑣𝛿

𝜏
𝜋 (𝛿

𝜆
𝑎𝜂

𝜇𝑐𝛿𝑏𝜈 + 𝛿𝑐𝜆𝛿𝜈𝑎𝜂
𝜇𝑏) + 𝜂𝑢𝑗𝛿

𝑢
𝜏𝜂

𝜏𝛾𝛿𝑗𝑎𝛿
𝜇
𝛾 (𝛿

𝑐𝜆𝛿𝜈𝑣𝛿
𝑏
𝜋 + 𝛿𝜆𝑣𝛿

𝑐
𝜋𝛿

𝑏𝜈 )]. (A.45)

Collecting all the interaction terms above, in momentum space (𝜕 → +𝑖𝑝), we get

𝑖[𝑉211̄]
𝜌𝑙𝑚 𝜇

𝑎 𝑣𝜋 (𝑝1, 𝑝2, 𝑝3), (A.46)

where
[𝑉211̄]

𝜌𝑙𝑚 𝜇
𝑎 𝑣𝜋 (𝑝1, 𝑝2, 𝑝3) = 𝑖𝜅𝜂𝑑𝑏(𝛿𝑑𝑐 𝛿

𝜇
𝜈 𝛿

𝑏
𝑎𝛿

𝜈
𝑣𝛿

𝑐
𝜋 + 𝛿𝑑𝛽 𝛿

𝜈
𝑐 𝛿

𝜇
𝜈 𝛿

𝑏
𝑎𝛿

𝛽
𝑣 𝛿

𝑐
𝜋 + 𝛿𝑏𝜈𝛿

𝛽
𝑐 𝛿

𝜇
𝛽 𝛿

𝑑
𝑎 𝛿

𝜈
𝑣𝛿

𝑐
𝜋 + 𝛿𝑏𝑐 𝛿

𝜇
𝛽 𝛿

𝑑
𝑎 𝛿

𝛽
𝑣 𝛿

𝑐
𝜋 )𝐼

𝑙𝑚𝛼𝜌𝑝1𝛼
− 𝑖𝜅𝑝1𝛼𝐼

𝑐𝑑𝛼𝛽𝛿𝜌𝛽𝐼
𝑙𝑚

𝑐𝑑 [𝜂𝑢𝑏𝜂𝛾𝜈 (𝛿𝑢𝑣𝜂𝜋𝛾𝛿
𝜇
𝜈 𝛿

𝑏
𝑎 + 𝛿𝑏𝑣𝜂𝜋𝜈𝛿

𝑢
𝑎𝛿

𝜇
𝛾 )

−
𝜂𝑢𝑏𝜂𝑐𝑑

2
𝜂𝛾𝜈𝜂𝜆𝜔(𝛿𝑢𝑣𝜂𝛾𝜋𝛿

𝑏
𝜈 + 𝛿𝑏𝑣𝜂𝜈𝜋𝛿

𝑢
𝛾 )(𝛿

𝑐
𝜆𝛿

𝑑
𝑎 𝛿

𝜇
𝜔 + 𝛿𝑑𝜔𝛿

𝑐
𝑎𝛿

𝜇
𝜆 )]

+ 𝑖𝜅(𝑝1𝜆𝛿𝜌𝜈 − 𝑝1𝜈𝛿
𝜌
𝜆)𝐼

𝑙𝑚
𝑐𝑏

× [𝛿𝜆𝑣𝛿
𝑐
𝜋𝛿

𝜈
𝑎𝜂

𝜇𝑏 + 𝛿𝜆𝑎𝜂
𝜇𝑐𝛿𝜈𝑣𝛿

𝑏
𝜋 − 𝛿𝑏𝜈

(

𝛿𝜆𝑣𝛿
𝑢
𝜋𝜂𝑎𝑢𝜂

𝑐𝜇 + 𝜂𝑣𝑢𝜂𝑐𝜋𝛿
𝜆
𝑎𝜂

𝑐𝜇)

− 𝛿𝑐𝜆
(

𝛿𝜈𝑣𝛿
𝑢
𝜋𝜂𝑎𝑢𝜂

𝑏𝜇 + 𝜂𝑣𝑢𝛿
𝑏
𝜋𝛿

𝜈
𝑎𝜂

𝑢𝜇) − 𝜂𝑢𝑗𝛿
𝑢
𝜏𝛿

𝑗
𝑣𝛿

𝜏
𝜋 (𝛿

𝜆
𝑎𝜂

𝜇𝑐𝛿𝑏𝜈 + 𝛿𝑐𝜆𝛿𝜈𝑎𝜂
𝜇𝑏)

+ 𝜂𝑢𝑗𝛿
𝑢
𝜏𝜂

𝜏𝛾𝛿𝑗𝑎𝛿
𝜇
𝛾 (𝛿

𝑐𝜆𝛿𝜈𝑣𝛿
𝑏
𝜋 + 𝛿𝜆𝑣𝛿

𝑐
𝜋𝛿

𝑏𝜈 )].

(A.47)

.5.3. Vertex 𝑄𝑄𝑞
The first contribution comes from the gauge fixing term

−𝑒 1
2𝜁

𝑄 ;𝜇̄
𝜇𝑎𝑏 𝑄 𝑎𝑏;𝜈̄

𝜈 . (A.48)

Using Eq. (A.27), we get the following contribution to the vertex 𝑄𝑄𝑞

− 𝜅
2𝜁

𝜂𝑢𝑣𝛿
𝑢
𝛼𝑞

𝑣 𝛼𝜕𝜇𝑄𝜇𝑎𝑏𝜕𝜈𝑄
𝜈𝑎𝑏. (A.49)

We also have one from the EC action:

− 𝜅𝜂𝑢𝑣𝛿
𝑢
𝜋𝑞

𝑣 𝜋𝛿𝑎𝜇𝛿𝑏𝜈 (𝑄𝜇𝑎𝑝𝑄
𝑝
𝜈 𝑏 −𝑄𝜈𝑎𝑝𝑄

𝑝
𝜇 𝑏). (A.50)

Now, we will consider the interaction terms coming from the covariant derivatives

𝑉 𝑎𝑏 = 𝑉 𝑎𝑏 − 𝜅𝑒 𝛽𝜕 𝑞𝑢 𝑉 𝑎𝑏 − 𝑒 𝛽𝑒𝑣 𝜔̄ 𝑢 𝑉 𝑎𝑏. (A.51)
𝛼;𝜇̄ 𝛼,𝜇 𝑢 𝜇 𝛼 𝛽 𝑢 𝛼 𝜇 𝑣 𝛽
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Using Eq. (A.51), we have that

𝑄 𝑎𝑏;𝜈̄
𝜈 = 𝑄 𝑎𝑏

𝜈 ,𝜔[𝜂
𝜔𝜈 − 𝜅𝜂𝑒𝑓 (𝛿𝑒𝜔𝑞𝜈𝑓 + 𝛿𝑓𝜈𝑞𝜔𝑒)] − 𝛿𝛼𝑙 𝜕

𝜈𝑞𝑙𝜈𝑄
𝑎𝑏

𝛼 − 𝑒 𝛼
𝑙 𝑒𝑚𝜈𝜔̄

𝜈𝑙
𝑚𝑄

𝑎𝑏
𝛼 + 𝑂(𝑞2). (A.52)

his leads to the following interaction terms
𝜅
2𝜁

𝛿𝛼𝑙 𝜕
𝜇𝑞𝑙𝜇𝑄

𝑎𝑏
𝛼 𝑄 𝑎𝑏

𝜈 ,𝜈 +
𝜅
2𝜁

𝑄 𝑎𝑏,𝜇
𝜇 𝛿𝛼𝑙 𝜕

𝜈𝑞𝑙𝜈𝑄
𝑎𝑏

𝛼

+ 𝜅
2𝜁

𝑄,𝜋
𝜋𝑎𝑏𝑄

𝑎𝑏
𝜏 ,𝛾𝜂𝑒𝑓 (𝛿

𝑒𝛾𝑞𝜏𝑓 + 𝛿𝑓𝜏𝑞𝛾𝑒) + 𝜅
2𝜁

𝑄𝜋𝑎𝑏 ,𝛾𝑄
𝑎𝑏,𝜏

𝜏 𝜂𝑒𝑓 (𝛿𝑒𝛾𝑞𝜋𝑓 + 𝛿𝑓𝜋𝑞𝛾𝑒).
(A.53)

The remaining contribution comes from the following term in the action 𝑆EC (without 𝑒):

+ 𝜅(𝛿𝑎𝜇𝑞𝜈 𝑏 + 𝛿𝑏𝜈𝑞𝜈 𝑎)(𝑄𝜇𝑎𝑝𝑄
𝑝
𝜈 𝑏 −𝑄𝜈𝑎𝑝𝑄

𝑝
𝜇 𝑏). (A.54)

Summing all the interaction terms 𝑄𝑄𝑞, we obtain

− 𝜅𝜂𝑢𝑣𝛿
𝑢
𝜋𝑞

𝑣 𝜋𝛿𝑎𝜇𝛿𝑏𝜈 (𝑄𝜇𝑎𝑝𝑄
𝑝
𝜈 𝑏 −𝑄𝜈𝑎𝑝𝑄

𝑝
𝜇 𝑏) + 2𝜅𝛿𝑎𝜇𝑞𝜈 𝑏(𝑄𝜇𝑎𝑝𝑄

𝑝
𝜈 𝑏 −𝑄𝜈𝑎𝑝𝑄

𝑝
𝜇 𝑏)

+ 𝜅
2𝜁

𝛿𝛼𝑙 𝜕
𝜇𝑞𝑙𝜇𝑄

𝑎𝑏
𝛼 𝑄 𝑎𝑏,𝜈

𝜈 + 𝜅
2𝜁

𝑄 𝑎𝑏,𝜇
𝜇 𝛿𝛼𝑙 𝜕

𝜈𝑞𝑙𝜈𝑄
𝑎𝑏

𝛼 + 𝜅
2𝜁

𝑄,𝜋
𝜋𝑎𝑏𝑄

𝑎𝑏
𝜏 ,𝛾𝜂𝑒𝑓 (𝛿

𝑒𝛾𝑞𝜏𝑓 + 𝛿𝑓𝜏𝑞𝛾𝑒)

+ 𝜅
2𝜁

𝑄𝜋𝑎𝑏 ,𝛾𝑄
𝑎𝑏,𝜏

𝜏 𝜂𝑒𝑓 (𝛿𝑒𝛾𝑞𝜋𝑓 + 𝛿𝑓𝜋𝑞𝛾𝑒) − 𝜅
2𝜁

𝜂𝑢𝑣𝛿
𝑢
𝛼𝑞

𝑣 𝛼𝜕𝜇𝑄𝜇𝑎𝑏𝜕𝜈𝑄
𝜈𝑎𝑏

(A.55)

which, in momentum space 𝜕 → −𝑖𝑝, gives us the vertex:

𝑖[𝑉221̄]
𝑣𝜃

𝜇𝑎𝑏,𝜈𝑐𝑑 (𝑝1, 𝑝2, 𝑝3), (A.56)

where
[𝑉221̄]

𝑣𝜃
𝜇𝑎𝑏,𝜈𝑐𝑑 (𝑝1, 𝑝2, 𝑝3) = − 𝜅𝛿𝑣 𝜃𝛿𝑙𝜇𝛿

𝑚
𝜈 (𝐼𝑙𝑝𝑎𝑏 𝐼

𝑝
𝑚𝑐𝑑 − 𝐼𝑙𝑝𝑐𝑑 𝐼

𝑝
𝑚𝑎𝑏 ) + 2𝜅𝛿𝑙𝜇𝜂

𝑣
𝜈 𝜂

𝜃𝑚(𝐼𝑙𝑝𝑎𝑏 𝐼
𝑝
𝑚𝑐𝑑 − 𝐼𝑙𝑝𝑐𝑑 𝐼

𝑝
𝑚𝑎𝑏 )

− 𝜅
2𝜁

𝐼𝑎𝑏𝑐𝑑
(

𝑝𝜃3𝑝2𝜈𝛿
𝑣
𝜇 + 𝑝𝜃3𝑝1𝜇𝛿

𝑣
𝜈

)

− 𝜅
2𝜁

𝜂𝑙𝑚𝑝
𝜋
2𝑝1𝛾𝐼𝑎𝑏𝑐𝑑𝜂𝜇𝜋𝜂𝜈𝜏 (𝛿

𝑙𝛾𝜂𝜃𝑚𝜂𝑣𝜏 + 𝛿𝑚𝜏𝜂𝑙𝜃𝜂𝛾𝑣)

− 𝜅
2𝜁

𝐼𝑎𝑏𝑐𝑑𝜂𝑙𝑚𝑝2𝛾𝑝
𝜏
1𝜂𝜋𝜇𝜂𝜏𝜈 (𝛿

𝑙𝛾𝜂𝑚𝜃𝜂𝜋𝑣 + 𝛿𝑚𝜋𝛿𝑙𝜃𝛿𝑣𝛾 ) + 𝜅
2𝜁

𝐼𝑎𝑏𝑐𝑑𝜂
𝑣𝜃𝑝1𝜇𝑝2𝜈

+ (𝑝1, 𝜇𝑎𝑏) ↔ (𝑝2, 𝜈𝑐𝑑).

(A.57)

A.5.4. Vertices 𝐶⋆𝐶𝑞 and 𝑐⋆𝑐𝑞
Consider the 𝐶⋆

𝑎𝑏 ghost Lagrangian

𝑒𝐶⋆𝑎𝑏 [−𝐶𝑎𝑏;𝜇̄ + 𝐶 𝑝
𝑎 𝜔𝜇𝑝𝑏 + 𝐶 𝑝

𝑏 𝜔𝜇𝑎𝑝
]

;𝜈̄ 𝑔̄
𝜈𝜇 . (A.58)

Using the expansion (2.8) in the determinant yields

−𝜅𝐼𝑎𝑏𝑙𝑚𝜂𝑢𝑣𝛿𝑢𝛼𝑞
𝑣 𝛼𝐶⋆𝑎𝑏𝜕𝜋𝜕

𝜋𝐶 𝑙𝑚, (A.59)

and the expansion in 𝑔̄𝜈𝜇 :

+ 𝜅𝐶⋆𝑎𝑏 [−𝐶𝑎𝑏,𝜇𝜈
]

𝜂𝑒𝑓 (𝛿𝑒𝜇𝑞𝜈𝑓 + 𝛿𝜈𝑓 𝑞𝜇𝑒). (A.60)

We also have a interaction term (at order 𝜅) due to the covariant derivative

𝐶𝑎𝑏;𝜇̄;𝜈̄ = 𝐶𝑎𝑏,𝜇𝜈 − 𝜅𝑒 𝛽
𝑎 𝜕𝜈𝑞

𝑎
𝜇𝐶𝑎𝑏,𝛽 − 𝑒 𝛽

𝑢 𝑒𝑣𝜇𝜔̄
𝑢

𝜈 𝑣𝐶𝑎𝑏,𝛽 , (A.61)

which reads

𝜅𝜂𝜇𝜈𝐶⋆𝑎𝑏𝛿𝛽𝑎 𝜕𝜈𝑞
𝑎
𝜇𝐶𝑎𝑏,𝛽 . (A.62)

Therefore, the interaction terms 𝐶⋆𝐶𝑞 are given by

−𝜅𝐼𝑎𝑏𝑙𝑚𝜂𝑢𝑣𝛿𝑢𝛼𝑞
𝑣 𝛼𝐶⋆𝑎𝑏𝜕𝜋𝜕

𝜋𝐶 𝑙𝑚 + 𝜅𝐶⋆𝑎𝑏 [−𝐶𝑎𝑏,𝜇𝜈
]

𝜂𝑒𝑓 (𝛿𝑒𝜇𝑞𝜈𝑓 + 𝛿𝜈𝑓 𝑞𝜇𝑒) + 𝜅𝜂𝜇𝜈𝐶⋆𝑎𝑏𝛿𝛽𝑎 𝛿𝜈𝑞
𝑎
𝜇𝐶𝑎𝑏,𝛽 . (A.63)

Now, we have the 𝑐⋆𝜇 ghost Lagrangian

𝑒𝑐⋆𝜈 𝑔̄𝜇𝛾𝜂𝑎𝑏

{

[

𝑒𝑎𝜇
(

−𝑐𝛼𝑒𝑏𝜈,𝛼 − 𝑒𝑏𝛼𝑐
𝛼
,𝜈

)

+ 𝑒𝑏𝜈
(

−𝑐𝛼𝑒𝑎𝜇,𝛼 − 𝑒𝑎𝛼𝑐
𝛼
,𝜇

)]

;𝛾̄
− [𝑒𝑎𝛾 (−𝑐

𝛼𝑒𝑏𝜇,𝛼 − 𝑒𝑏𝛼𝑐
𝛼
,𝜇)];𝜈̄

}

(A.64)

in which linear terms in the quantum tetrad field 𝑞 were omitted.
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From Eq. (A.25), we obtain the first interaction term

− 𝜅𝜂𝜇𝜈𝜂𝑢𝑣𝛿
𝑢
𝛼𝑞

𝑣 𝛼𝑐⋆𝜈𝜕𝜋𝜕𝜋𝑐
𝜇 (A.65)

Now, we have the terms coming from 𝑔̄𝜇𝜆:

− 𝜅𝑐⋆𝜈𝜂𝑎𝑏𝜂𝑐𝑑 (𝛿𝑐𝛾𝑞𝜇𝑑 + 𝛿𝑑𝜇𝑞𝛾𝑐 ){
[

𝛿𝑎𝜇
(

−𝛿𝑏𝛼𝑐
𝛼
,𝜈

)

+ 𝛿𝑏𝜈
(

−𝛿𝑎𝛼𝑐
𝛼
,𝜇

)]

,𝛾
− [𝛿𝑎𝛾 𝛿

𝑏
𝛼𝑐

𝛼
,𝜇],𝜈}. (A.66)

Moreover, the covariant derivatives 𝛿𝑎𝜇∶𝛼 = −𝜅𝜕𝛼𝑞𝑎𝜇 + 𝑂(𝜔̄) and

(𝑐𝛼𝑒𝑏𝜈,𝛼 + 𝑒𝑏𝛼𝑐
𝛼
,𝜈 )∶𝛾̄ = −𝜅𝑒 𝛽

𝑢 𝜕𝛾𝑞
𝑢
𝜈 (𝑐

𝛼𝑒𝑏𝛽,𝛼 + 𝑒𝑏𝛼𝑐
𝛼
,𝛽 ) + 𝑂(𝜔̄) (A.67)

also lead to interaction terms
𝜅𝑐⋆𝜈𝜂𝜇𝛾𝜂𝑎𝑏[𝜕𝛾𝑞𝑎𝜇𝛿

𝑏
𝛼𝑐

𝛼
,𝜈 + 𝜕𝛾𝑞

𝑏
𝜈 𝛿

𝑎
𝛼𝑐

𝛼
,𝜇 − 𝜕𝜈𝑞

𝑎
𝛾 𝛿

𝑏
𝛼𝑐

𝛼
,𝜇]

+ 𝜅𝑐⋆𝜈𝜂𝜇𝛾𝜂𝑎𝑏(𝛿𝑎𝜇𝛿
𝛽
𝑢 𝜕𝛾𝑞

𝑢
𝜈 𝛿

𝑏
𝛼𝑐

𝛼
,𝛽 + 𝛿𝑏𝜈𝛿

𝛽
𝑢 𝜕𝛾𝑞

𝑢
𝜇𝛿

𝑎
𝛼𝑐

𝛼
,𝛽 − 𝛿𝑎𝛾 𝛿

𝛽
𝑢 𝜕𝜈𝑞

𝑢
𝜇𝛿

𝑎
𝛼𝑐

𝛼
,𝛽 ).

(A.68)

The remaining interactions terms arises from the expansion (2.8) in

𝑐⋆𝜈𝜂𝑎𝑏

{

[

𝑒𝑎𝜇
(

−𝑐𝛼𝑒𝑏𝜈,𝛼 − 𝑒𝑏𝛼𝑐
𝛼
,𝜈

)

+ 𝑒𝑏𝜈
(

−𝑐𝛼𝑒𝑎𝜇,𝛼 − 𝑒𝑎𝛼𝑐
𝛼
,𝜇

)]

,𝛾
− [𝑒𝑎𝛾 (−𝑐

𝛼𝑒𝑏𝜇,𝛼 − 𝑒𝑏𝛼𝑐
𝛼
,𝜇)],𝜈̄

}

(A.69)

hich reads

𝜅𝑐⋆𝜈𝜂𝑎𝑏
[

𝛿𝑎𝜇
(

−𝑐𝛼𝑞𝑏𝜈,𝛼 − 𝑞𝑏𝛼 𝑐
𝛼
,𝜈

)

+ 𝛿𝑏𝜈
(

−𝑐𝛼𝑞𝑎𝜇,𝛼 − 𝑞𝑎𝛼 𝑐
𝛼
,𝜇

)],𝜇
− 𝜅𝑐⋆𝜈𝜂𝑎𝑏[𝛿𝑎𝜇(−𝑐𝛼𝑞𝑏𝜇,𝛼 − 𝑞𝑏𝛼 𝑐

𝛼
,𝜇)],𝜈

+ 𝜅𝑐⋆𝜈𝜂𝑎𝑏
[

𝑞𝑎𝜇
(

−𝛿𝑏𝛼𝑐
𝛼
,𝜈

)

+ 𝑞𝑏𝜈
(

−𝛿𝑎𝛼𝑐
𝛼
,𝜇

)],𝜇
− 𝜅𝑐⋆𝜈𝜂𝑎𝑏[𝑞𝑎𝜇(−𝛿𝑏𝛼𝑐

𝛼
,𝜇)],𝜈 .

(A.70)

Collecting all contributions, in the momentum space, we have the vertices:

𝑖[𝑉3⋆31̄]𝜌,𝜎,𝑣𝜃(𝑝1, 𝑝2, 𝑝3) (A.71)

and

𝑖[𝑉4⋆41̄]𝑎𝑏,𝑐𝑑,𝑣𝜃(𝑝1, 𝑝2, 𝑝3), (A.72)

where
[𝑉3⋆31̄]

𝜌,𝜎,𝑣𝜃(𝑝1, 𝑝2, 𝑝3) = 𝜅[−2𝑝𝜃2𝑝
𝑣
2𝜂

𝜌𝜎 − 𝑝𝜃3𝑝
𝑣
2𝜂

𝜌𝜎 + 𝑝22𝜂
𝜌𝜎𝜂𝑣𝜃 + 𝑝𝜌1𝑝

𝑣
2𝜂

𝜃𝜎 + 𝑝𝜃2𝑝
𝜌
1𝜂

𝑣𝜎 − 𝑝𝜌2𝑝
𝑣
1𝜂

𝜃𝜎

− 𝑝𝜃1𝑝
𝜌
2𝜂

𝑣𝜎 − 𝑝𝜃3𝑝
𝜌
2𝜂

𝑣𝜎 + 𝑝𝜌3𝑝
𝑣
2𝜂

𝜃𝜎 + 𝑝𝜃2𝑝
𝜌
3𝜂

𝑣𝜎 − 𝑝𝜎3𝑝
𝑣
1𝜂

𝜃𝜌 − 𝑝𝜎3𝑝
𝑣
2𝜂

𝜃𝜌

− 𝑝𝜃1𝑝
𝜎
3𝜂

𝑣𝜌 + 𝑝𝜌1𝑝
𝜎
3𝜂

𝑣𝜃 −
(

𝑝1 ⋅ 𝑝2
)

𝜂𝜃𝜌𝜂𝑣𝜎 −
(

𝑝1 ⋅ 𝑝2
)

𝜂𝜃𝜎𝜂𝑣𝜌 −
(

𝑝2 ⋅ 𝑝3
)

𝜂𝜃𝜌𝜂𝑣𝜎 ]

(A.73)

and

[𝑉4⋆41̄]𝑎𝑏,𝑐𝑑,𝑣𝜃(𝑝1, 𝑝2, 𝑝3) = 𝜅𝐼𝑎𝑏𝑐𝑑𝜂𝑣𝜃𝑝
𝜋
2𝑝2𝜋 − 𝜅𝐼𝑎𝑏𝑐𝑑𝜂𝑒𝑓 𝑝2𝜈𝑝2𝜇(𝛿𝑒𝜇𝛿𝜈𝑣𝛿

𝑓
𝜃 + 𝛿𝜈𝑓 𝛿𝜇𝑣 𝛿

𝑒
𝜃) − 𝜅𝐼𝑎𝑏𝑐𝑑𝑝3𝜃𝑝2𝑣 (A.74)

Appendix B. Transversality of the tetrad self-energy

One can express the tetrad self-energy in terms of the basis (A.11) as follows

𝛱̄ 𝜇 𝜈
𝑎 𝑏 (𝑘) = 𝑐1𝛿

𝜇
𝑎 𝛿

𝜈
𝑏 + 𝑐2𝛿

𝜈
𝑎𝛿

𝜇
𝑏 + 𝑐3𝜂

𝜇𝜈𝜂𝑎𝑏 + 𝑐4𝜂𝑎𝑏
𝑘𝜇𝑘𝜈

𝑘2
+ 𝑐5𝜂

𝜇𝜈 𝑘𝑎𝑘𝑏
𝑘2

+ 𝑐6

(

𝛿𝜈𝑏
𝑘𝑎𝑘𝜇

𝑘2
+ 𝛿𝜇𝑎

𝑘𝑏𝑘𝜈

𝑘2

)

+ 𝑐7

(

𝛿𝜇𝑏
𝑘𝑎𝑘𝜈

𝑘2
+ 𝛿𝜈𝑎

𝑘𝑏𝑘𝜇

𝑘2

)

+ 𝑐8
𝑘𝑎𝑘𝑏𝑘𝜇𝑘𝜈

𝑘4
,

(B.1)

here 𝑐 are scalar functions with mass dimension 2.
𝑖
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The transversality condition (5.8) leads to the following constraints:

𝑐1 + 𝑐6 = 0, 𝑐2 + 𝑐7 = 0, 𝑐3 + 𝑐4 = 0 and 𝑐5 + 𝑐6 + 𝑐7 + 𝑐8 = 0. (B.2)

Using these relation in Eq. (B.1), we obtain the transverse expression

𝑐1(𝜉, 𝜁)
(

𝛿𝜇𝑎 −
𝑘𝑎𝑘𝜇

𝑘2

)(

𝛿𝜈𝑏 −
𝑘𝑏𝑘𝜈

𝑘2

)

+ 𝑐2(𝜉, 𝜁)
(

𝛿𝜈𝑎 −
𝑘𝑎𝑘𝜈

𝑘2

)(

𝛿𝜇𝑏 −
𝑘𝑏𝑘𝜇

𝑘2

)

+
(

𝑐3(𝜉, 𝜁)𝜂𝑎𝑏 + 𝑐5(𝜉, 𝜁)
𝑘𝑎𝑘𝑏
𝑘2

)(

𝜂𝜇𝜈 − 𝑘𝜇𝑘𝜈

𝑘2

)

,
(B.3)

where 𝜉 and 𝜁 are the gauge parameters introduced in Eq. (2.12).

ppendix C. Self-energy of the background tetrad field at one-loop order

To compute the diagrams in Fig. 1, we will use dimensional regularization and employ tensor decompositions as done in
efs. [33,34]. After the loop momentum integration, the diagram (I) will have the following tensorial structure

[𝛱̄ (I)] 𝜇 𝜈
𝑎 𝑏 (𝑘) =

8
∑

𝑚=1
𝐶 (I)
𝑚 (𝑇 (𝑚)

𝑞𝑞 ) 𝜇 𝜈
𝑎 𝑏 (𝑘), (C.1)

where (𝑇 (𝑚)
𝑞𝑞 ) 𝜇 𝜈

𝑎 𝑏 is the 𝑚th tensor of the basis (A.11) and I = a, b, c, d, e, f, g, h, i. We can obtain the coefficients 𝐶 (𝐼)
𝑚 by solving

the system of 8 linear equations:

(𝑇 (𝑛)
𝑞𝑞 )𝑎 𝑏

𝜇 𝜈 [𝛱̄
(I)] 𝜇 𝜈

𝑎 𝑏 =
8
∑

𝑚=1
𝐶 (I)
𝑚 (𝑇 (𝑚)

𝑞𝑞 ) 𝜇 𝜈
𝑎 𝑏 (𝑇 (𝑛)

𝑞𝑞 )𝑎 𝑏
𝜇 𝜈 , (C.2)

where 𝑛 = 1, 2,… , 8.
Now, we have to compute the scalar integrals (𝑇 (𝑛)

𝑞𝑞 )𝑎 𝑏
𝜇 𝜈 [𝛱̄

(I)] 𝜇 𝜈
𝑎 𝑏 , which have the following form

∫
𝑑𝐷𝑝
(2𝜋)𝐷

𝑠(I)(𝑝, 𝑞, 𝑘), (C.3)

here 𝑝 is taken to be the loop momentum, 𝑞 = 𝑝 + 𝑘, 𝑘 is the external momentum and 𝑠(I)(𝑝, 𝑞, 𝑘) are scalar functions of the 𝑝 ⋅ 𝑘,
𝑞 ⋅ 𝑘, 𝑝 ⋅ 𝑞, 𝑝2, 𝑞2 and 𝑘2. We can simplify these scalar functions using the relations

𝑝 ⋅ 𝑘 =
𝑞2 − 𝑝2 − 𝑘2

2
, (C.4a)

𝑞 ⋅ 𝑘 =
𝑞2 + 𝑘2 − 𝑝2

2
, (C.4b)

𝑝 ⋅ 𝑞 =
𝑝2 + 𝑞2 − 𝑘2

2
; (C.4c)

which reduces 𝑠(I)(𝑝, 𝑞, 𝑘) to combinations of powers of 𝑝2 and 𝑞2. In the end, the integrals in Eq. (C.3) becomes a combination of
he simple integrals [34]:

𝐼 𝑙𝑚 ≡ ∫
𝑑𝐷𝑝
(2𝜋)𝐷

1
(𝑝2)𝑙(𝑞2)𝑚

= 𝑖1+𝐷
(𝑘2)𝐷∕2−𝑙−𝑚

(4𝜋)𝐷∕2
𝛤 (𝑙 + 𝑚 −𝐷∕2)

𝛤 (𝑙)𝛤 (𝑚)
𝛤 (𝐷∕2 − 𝑚)𝛤 (𝐷∕2 − 𝑙)

𝛤 (𝐷 − 𝑚 − 𝑙)
. (C.5)

The only non-vanishing integrals are

𝐼11 = 𝑖1+𝐷
(𝑘2)𝐷∕2−2

(4𝜋)𝐷∕2
𝛤 (2 −𝐷∕2)𝛤 (𝐷∕2 − 1)2

𝛤 (𝐷 − 2)
, (C.6a)

𝐼12 = 𝐼21 =
3 −𝐷
𝑘2

𝐼11, (C.6b)

𝐼22 =
(3 −𝐷)(6 −𝐷)

𝑘4
𝐼11. (C.6c)

Other integrals comes from massless tadpole-like contributions that go to zero when dimensional regularization is used [35]. Note
that, in the massive case, these contributions may not vanish. The procedure described here for the massless case can be modified
accordingly to the massive case, which could be required to the diagonal formulation of the EC theory in first-order form.

In 𝐷 = 4 − 2𝜖 dimensions, the ultraviolet pole 1∕𝜖 part of the integral 𝐼11 is given by

𝐼UV = 𝑖
16𝜋2𝜖

. (C.7)

From Eq. (C.6), we see that if the UV pole of the integrals in Eq. (C.3) vanish, then the entire integrals vanish. This implies that, if
the background tetrad self-energy 𝛱̄𝑎𝑏 is finite, then it must vanish.
𝜇𝜈

17 
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Table 1
The coefficients 𝐶 (I)

𝑚 (see Eq. (C.1)), in units of 𝜅2𝑘4𝐼UV, for the divergent part of the diagrams in Fig. 1 decomposed in the basis
(A.11).

(I) (a) (b) (c) (d) (e) (f) (g) (h) (i)

𝐶 (I)
1

1
15

𝜉
24

+ 1
20

𝜁
6𝑘2

+ 33
64

− 43
480

0 1
4

𝜁
3𝑘2

+ 7
24

1
60

− 1
10

𝐶 (I)
2

1
15

𝜉
24

− 13
240

23
192

−
𝜁

12𝑘2
247
480

0 − 3
8

−
𝜁
6𝑘2

− 23
96

− 19
60

− 1
10

𝐶 (I)
3 − 1

10
−
𝜉
6
− 13

240
19
96

−
𝜁

12𝑘2
− 1
160

0 − 1
24

−
𝜁
6𝑘2

− 23
96

− 1
15

− 1
10

𝐶 (I)
4

1
10

𝜉
6
+ 7

60
𝜁

12𝑘2
− 1

16
19
240

0 1
24

𝜁
6𝑘2

− 1
32

1
15

1
10

𝐶 (I)
5 − 1

15
7𝜉
12

+ 7
60

5
96

−
𝜁
4𝑘2

3
80

0 7
24

𝜁
2𝑘2

− 25
96

37
30

− 2
5

𝐶 (I)
6 − 1

15
−

𝜉
24

− 11
120

𝜁
6𝑘2

− 61
192

1
60

0 − 1
4

−
2𝜁
3𝑘2

− 3
8

− 1
60

1
10

𝐶 (I)
7 − 1

15
7
60

−
𝜉
24

25
192

−
𝜁

12𝑘2
− 7
30

0 1
6

𝜁
3𝑘2

− 7
48

19
60

1
10

𝐶 (I)
8

1
5

−
𝜉
2
− 1

10
− 5
48

7
60

0 0 5
6

− 23
15

1
5

C.1. Results in 𝐷 = 4 − 2𝜖 dimensions

Using the method described above, we obtained the divergent part of the diagrams in Fig. 1 in 𝐷 = 4−2𝜖 dimensions which are
presented in Table 1 (for a general 𝜉 and 𝜁 -gauge).

Summing all the contributions of the diagrams in Fig. 1, we find that the divergent part of the background tetrad self-energy is
given by (see Eq. (5.9))

𝛱 𝜇 𝜈
𝑎 𝑏 = 𝜅2𝑘2𝐼UV

8
∑

𝑚=1
𝐶𝑚(𝑇 (𝑚)

𝑞𝑞 ) 𝜇 𝜈
𝑎 𝑏 , (C.8)

where

𝐶1 =
(

𝜉
24

+ 961
960

)

𝑘2 +
𝜁
2
,

𝐶2 =
(

𝜉
24

− 123
320

)

𝑘2 −
𝜁
4
,

𝐶3 = −
(

𝜉
6
+ 197

480

)

𝑘2 −
𝜁
4
,

𝐶4 = − 𝐶3,

𝐶5 =
(

7𝜉
12

+ 241
240

)

𝑘2 +
𝜁
4
,

𝐶6 = − 𝐶1,

𝐶7 = − 𝐶2,

𝐶8 = − 𝐶5 + 𝐶1 + 𝐶2.

(C.9)

The above relations between the coefficients 𝐶𝑚 are exactly the transversality conditions derived in Appendix B (see (B.2)).
The gauge parameter 𝜁 does not appear in the coefficient 𝐶8, since non-local terms, as

𝜁
𝑘𝑎𝑘𝑏𝑘𝜇𝑘𝜈

𝑘2
position
←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←→

space
𝜁
𝜕𝑎𝜕𝑏𝜕𝑚𝜕𝜈

𝜕2
, (C.10)

would arise. Such terms are forbidden due to the locality of gauge transformation and the corresponding BRST transformations.
Moreover, the following relation holds

𝑃𝑄𝑞(𝑝) ⋅ 𝑉𝑞𝑞𝑞(𝑝, 𝑞, 𝑘) ⋅ 𝑃𝑞𝑄(𝑞) = 0. (C.11)

This implies that the diagrams (e) must vanish at the integrand level, which is consistent with our computations.

Appendix D. Relations between the tetradic and the metric formulations

The metric ℎ𝜇𝜈 and the tetrad 𝑞𝑎𝜇 are related by

ℎ𝜇𝜈 = 𝜂𝑎𝑏
(

𝑒𝑎𝜇𝑞
𝑏
𝜈 + 𝑞𝑎𝜇𝑒

𝑏
𝜈 + 𝜅𝑞𝑎𝜇𝑞

𝑏
𝜈

)

. (D.1)

From the EH action, we can obtain the quadratic form

𝐵ℎℎ = 𝑑4𝑥ℎ𝜇𝜈𝑋
𝜇𝜈𝜌𝜎ℎ𝜌𝜎 . (D.2)
∫
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Using Eq. (D.1), we find that

𝐵ℎℎ = ∫ 𝑑4𝑥𝑞𝑎𝜇𝛿
𝜇
𝛼 𝜂𝛽𝑎

(

𝑋𝛼𝛽𝜌𝜎 +𝑋𝛽𝛼𝜌𝜎 +𝑋𝛼𝛽𝜎𝜌 +𝑋𝛽𝛼𝜎𝜌) 𝛿𝜈𝜌𝜂𝜎𝑏𝑞
𝑏
𝜈 + 𝑂(𝑞2). (D.3)

hus, we see that the quadratic terms in the tetrad would be equal to

𝐵𝑞𝑞 = 𝛿𝜇𝛼 𝜂𝛽𝑎𝛿
𝜈
𝜌𝜂𝜎𝑏

(

𝑋𝛼𝛽𝜌𝜎 +𝑋𝛽𝛼𝜌𝜎 +𝑋𝛼𝛽𝜎𝜌 +𝑋𝛽𝛼𝜎𝜌) . (D.4)

In the first-order formalism, we have contributions due to the spin connection gauge fixing term. When 𝜁 → ∞, we find that
A.10) is equal to (D.4). This allows us compare the propagators in the second order formalism. We may also use Eq. (D.1) to
ompute the graviton propagator using the tetrad propagator in the first-order formalism of the EC theory obtained in Appendix A.
hen, the graviton two-point Green’s function

⟨0|𝑇ℎ𝜇𝜈 (𝑥)ℎ𝜌𝜎 (𝑦)|0⟩, (D.5)

ields

𝜂𝑎𝑏𝜂𝑐𝑑
[

𝜂𝑎𝜇𝜂
𝑐
𝜌⟨0|𝑇 𝑞

𝑏
𝜈 (𝑥)𝑞

𝑑
𝜎 (𝑦)|0⟩ + 𝜂𝑎𝜇𝜂

𝑑
𝜎 ⟨0|𝑇 𝑞

𝑏
𝜈 (𝑥)𝑞

𝑐
𝜌 (𝑦)|0⟩ + 𝜂𝑏𝜈𝜂

𝑐
𝜌⟨0|𝑇 𝑞

𝑎
𝜇 (𝑥)𝑞

𝑑
𝜎 (𝑦)|0⟩ + 𝜂𝑏𝜈𝜂

𝑑
𝜎 ⟨0|𝑇 𝑞

𝑎
𝜇 (𝑥)𝑞

𝑐
𝜌 (𝑦)|0⟩

+ 𝜂𝑑𝜌 ⟨0|𝑇 𝑞
𝑎
𝜇 (𝑥)𝑞

𝑏
𝜈 (𝑦)𝑞

𝑐
𝜎 (𝑦)|0⟩ +⋯ ⟨0|𝑇 𝑞𝑎𝜇 (𝑥)𝑞

𝑏
𝜈 (𝑥)𝑞

𝑐
𝜌 (𝑦)𝑞

𝑑
𝜎 (𝑦)|0⟩ +⋯ + 𝜅𝜂𝑎𝜇⟨0|𝑇 𝑞

𝑏
𝜈 (𝑥)𝑞

𝑐
𝜌 (𝑦)𝑞

𝑑
𝜎 (𝑦)|0⟩

+⋯ + 𝜅⟨0|𝑇 𝑞𝑎𝜇 (𝑥)𝑞
𝑏
𝜈 (𝑥)𝑞

𝑐
𝜌 (𝑦)𝑞

𝑑
𝜎 (𝑦)|0⟩ + 𝜂𝑎𝑏𝜂𝑐𝑑𝜅

2
⟨0|𝑇 𝑞𝑎𝜈 (𝑥)𝑞

𝑏
𝜇 (𝑥)𝑞

𝑐
𝜌 (𝑦)𝑞

𝑑
𝜎 (𝑦)|0⟩

]

.

(D.6)

In lowest order, the two-point function (D.5) leads to the graviton propagator which correspond to

𝜂𝑎𝑏𝜂𝑐𝑑
(

𝜂𝑎𝜇𝜂
𝑐
𝜌⟨0|𝑇 𝑞

𝑏
𝜈 (𝑥)𝑞

𝑑
𝜎 (𝑦)|0⟩ + 𝜂𝑎𝜇𝜂

𝑑
𝜎 ⟨0|𝑇 𝑞

𝑏
𝜈 (𝑥)𝑞

𝑐
𝜌 (𝑦)|0⟩ + 𝜂𝑏𝜈𝜂

𝑐
𝜌⟨0|𝑇 𝑞

𝑎
𝜇 (𝑥)𝑞

𝑑
𝜎 (𝑦)|0⟩ + 𝜂𝑏𝜈𝜂

𝑑
𝜎 ⟨0|𝑇 𝑞

𝑎
𝜇 (𝑥)𝑞

𝑐
𝜌 (𝑦)|0⟩

)

(D.7)

n lowest order (𝜅0). Using the propagator computed in Eq. (A.12), Eq. (D.7) leads (in the de Donder-like gauge 𝜎 = 1∕2) to

− 𝑖
𝑝2

[

2𝜂𝜎𝜌𝜂𝜇𝜈
𝐷 − 2

− 𝜂𝜎𝜇𝜂𝜈𝜌 − 𝜂𝜎𝜈𝜂𝜇𝜌 + (1 + 𝜉)
𝑝𝜌

(

𝑝𝜈𝜂𝜎𝜇 + 𝑝𝜇𝜂𝜎𝜈
)

+ 𝑝𝜎
(

𝑝𝜈𝜂𝜇𝜌 + 𝑝𝜇𝜂𝜈𝜌
)

𝑝2

]

, (D.8)

hich is the graviton propagator in the de Donder gauge [15].
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