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CrossMark
Abstract
We describe a new method to solve coupled equations, that arises from the
coupled-channel formalism applied to nuclear reactions involving the elastic
and inelastic scattering processes. The new technique is faster and presents bet-
ter numerical convergence than other usual methods. To illustrate the method,
in the present paper we have analyzed data for the “He + 2%Pb system at
Ei. = 120 and 139 MeV, including thousands of inelastic states with excita-
tion energies up to 80 MeV. However, as a limitation, the method can be used
only in the case of couplings connecting directly the inelastic channels to the
elastic one, without couplings among the inelastic states.

Keywords: nuclear reactions, coupled-channel formalism, elastic scattering

(Some figures may appear in colour only in the online journal)
1. Introduction

Many different processes are usually present in nuclear reactions involving heavy nuclei, such
as: elastic scattering, Coulomb and nuclear excitation of inelastic states, transfer of nucleons
and clusters, fusion, break-up, etc. This complicated problem is many times approached in
the context of the coupled-channel (CC) formalism (see e.g. references [1, 2]). In this case,
generally the elastic scattering with a few peripheral reaction channels are explicitly included
in coupled equations (CE), while the absorption of flux due to the other channels, mainly fusion,
is simulated through an imaginary part included in the optical potential.

Some numerical method must be assumed to solve the CE. Three of the methods frequently
used are briefly presented in appendix A. Numerical problems can occur in some cases, and
the convergence of the solution can not be reached depending on the number of coupled states
involved in the calculations and on the characteristics of these couplings. Some computational
codes have thus been developed to perform CC calculations through different methods (see e.g
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ECIS [3, 4], FRESCO [5] and R-matrix package [6] codes). Even so, difficulties to obtain the
numerical convergence of the solution of the CE can still be found in several cases even using
these powerful codes. In addition, the inclusion of many states in the calculations, increasing
thus the number of CE, can make the time of computation prohibitive.

The elastic scattering process has been studied for many systems in a very wide energy
range. Optical model (OM) analyses assuming a single-channel Schrédinger equation, have
been largely employed to fit the experimental cross sections, with determination of the respec-
tive optical potentials (OP) that describe the data. An important energy-dependence of these
phenomenological OP has been reported [7]. Based on this fact, several theoretical models have
been proposed to explain this energy-dependence, which has been associated to the effective
nucleon—nucleon interaction (see e.g. references [8—10]). However, in a recent paper [11] we
studied the effect on the elastic scattering process of couplings to inelastic states at high exci-
tation energies. As an example, we have chosen the case of *He + 2®Pb in near-barrier and
intermediate energies. We demonstrated that a significant part of the energy-dependence of the
phenomenological OP could be in fact related to these inelastic couplings. Nevertheless, there
is a huge amount of 28 Pb excited states that might be contributing to this effect, with excitation
energies that can reach many tens of MeV. In reference [11], we did not have a computational
code to perform this type of CC calculations and, thus, we simulated the effect of a large num-
ber of states through the coupling of only six states (with large values for the deformation
parameters). With the purpose of improving the calculations, we have found a new method
capable to solve CE involving a very large number of inelastic states with quite high excitation
energies.

In this paper, we present a computationally efficient method to solve CE suitable for large-
scale CC calculations. The new method is faster and presents a lesser degree of problems with
numerical convergence than the usual ones. However, the method has an important limitation:
it is appropriate to treat couplings only in first order, in which the inelastic states are directly
coupled to the elastic channel (there is no coupling among the inelastic states). As an example
of application of the method, we analyze elastic and inelastic scattering data for *He + 2%Pb
at Epp. = 120 and 139 MeV. We also present tests simulating couplings that involve more than
ten thousand CE, to states of high excitation energies that reach up to 80 MeV.

2. The new method

Let us consider the following set of M + 1 CE:

M
Hy fo(r) + > Vir) fir) = E fo(r), (1)
i=1
Hy, (1) + Vi (1) fo(r) = (E — E)) fi(r), (2)
where
. R d> L(L+ 1)k? .
HL:—Z@+7+VC(F)+VN(")+IW(”)- (3)

We adopt the sub-index i = 0 in equation (1) for the elastic channel, and i = 1 to M for the
inelastic states according to (2). It is implied that the orbital angular momentum L depends
on the state i through the L; symbol. Let us restrict ourselves to the case where all inelastic
channels are open, i.e. with excitation energies E; < E.
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The wave-functions must obey the following boundary conditions:

for=0)=by '™y fi(r—0) = birt “)

Folr = 00) = % (Hy — SoHF) (5)

filr = 00) = —ési H, (6)
where

H (r) = Gi(r) + Fy(r). (7

G and F are the Coulomb functions (which depend on E — E; and L;), and b; are complex con-
stants. The present method can be generalized to closed channels, involving then the Whitaker
functions in the boundary conditions instead of the Coulomb ones. Since the inelastic cou-
plings, V;(r) in equation (2), are assumed as the complex conjugate of the elastic couplings,
Vi(r) in equation (1), the flux conservation is guaranteed (as defined ahead).

The CC problem is reduced to obtain the solutions of the CE, i.e.: the respective wave-
functions f,(r) and corresponding S matrix. Usually, this problem is solved considering a
certain matching radius Ry, in which the effects of the couplings and of the nuclear force
are negligible. We also adopt this procedure here, assuming that equations (5) and (6) are valid
for r = Ryx. As previously mentioned, we present a brief review of three methods often used
to solve CE in appendix A.

2.1. Optical and irregular functions

We define the optical function, f°(r), as the solution of the following single-channel
Schrodinger equation and boundary conditions:

H, f{°(r) = (E — E)) £ ("), (8)
F0 % Ruw) = 5 (7 = ST HT) ©)
£ —0) = ¢; rHt (10)

The irregular function, f(r), also obeys (8), but now with the following boundary
condition:

FI(r & Ruay) = Hi". (11)

Equation (8) is uncoupled and, therefore, it can easily be integrated using the Cowell’s
method [12, 13]. In the case of the optical function, the integration is performed from » = 0 to
Ruax, using equation (10), while for the irregular function the integration starts at Ry,y, through
equation (11), and is performed towards the inner region.

2.2. The Green equations

We define:

ki=—+\/2n (E — E}). (12)
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Through the Green method, we have the following pseudo-solutions (see e.g. reference [4]):

0] k 0] < / u / / /
for) = ") = 5 {fo"(r) / S Vi) £ir)] dr
r i=1

r M
+fo(r) /0 TPON> Vi) )] dr’}, (13)
i=1
kz 0] < / Y / / irr " 0] / * ] / /
fir) = — kAOE [fi °(r) / FEOVEE) fo(r)dr' + f7(r) /0 PGV fo(rHdr |
(14)
The S matrix is obtained from:
ko [ M
So = Sg™* — 2i EO /0 f(;’P(r’)Z (Vi) fi(r)] a7, (15)
i=1
S;=—2i K / h FEREWVEE) fo(r)dr (16)
’ KE J, A '

Actually, equations (13) and (14) are not solutions of the CE since the wave-functions are found
on both the left and right sides of the equations.

2.3. Rearranging equations

Inserting (14) in (13), we obtain:

fo(r) = fP(r) + (), (17)
with
ko ? op > irr, / / / /
fo={%) 1% (r)/ oy [1(7) + ()] dr
+ () /0 FP() L) + L)) dr'}, (18)
where
M k o
Lthy=>" ;‘? Vi(r') £°(7) / FImG V") forydr, (19)
i=1 7
M k /
L) = ; ;" Vi) £ () /0 RV folr")dr. (20)

Notice that equations (17) to (20) involve only one unknown wave-function, the elastic one
fo(r), since the optical and irregular functions in these equations can easily be obtained (as
explained in section 2.1). Thus, if one solves (17) to (20) obtaining f(r), the CC problem is
solved. In fact, with f(r) the inelastic wave-functions can be obtained from (14) and the S
matrix can be calculated using (15) and (16).
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The method presented here is based on the solution of (17) to (20) that, as already men-
tioned, have only f,(r) as unknown wave-function. These equations were obtained inserting
(14) in (13), and could be derived just because the right side of equation (14) does not contain
any wave-function of inelastic states (it involves only f,(r)). This characteristic is related to
equation (2), which does not include any coupling among inelastic states (it only couples the
inelastic state to the elastic channel). Therefore, our method is valid only within this condition:
no direct coupling among the inelastic states.

Taking into account the boundary conditions (4) and (5), we must have:

f(r=20)=0, 21
i

2SHO+, (22)

f(}" ~ Rmax) =
where the S matrix element relative to the elastic channel is related to S by:
So =S¥ + S. (23)

Indeed, equation (22) (with r = Ry,x) is equivalent to the two following equations (with r =
Rmax):

Fr = Ruwe) = —%SHJ, (24)

F10r = Row) = —%SH”, (25)

where f’ and H' represent derivatives in relation to . Combining (24) and (25), we obtain a
constraint equation:

[le - Hf/] r=Rmax 0. (26)

If f(r) were known, it would be possible to obtain the wave-function f,(r) for the elastic
channel from (17), and thus solving the CC problem. However, f(r) depends on f (r) through
equations (18) to (20). Thus, we should rearrange a few more equations to move forward with
our method.

In view of (17), (19) and (20) can be rewritten as:

L) = IP() + Tu(r), 27)

L(r) = L'() + Ta(r), (28)

where I{*(r') and I;7(#) are still calculated with equations (19) and (20), but now with f;*(r)
in these equations instead of f,(r). We define:

M

k O] / > irr g/ * o M 7 /!
T = Y 2V £ L FEVIG FGT (29)
i=1
M k _ / .
Tor) =D 22 Vi) £ /0 FREVIE FG dr (30)

i=1

That is, T1(') and T, (') are also calculated with equations (19) and (20), but this time with
f(r) instead of f(r). With this, the calculation of 1;"(+') and I;"(+') can be performed without
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knowing f ((r). Thus, in order to obtain f(r) from equation (18), using (27) and (28), only the
T1(r") and T, (+") terms are unknown a priori, since they are obtained from equations (29) and
(30) that involve the f(r) itself.

2.4. The new method

The method proposed here is similar to that used in R-matrix calculations [6], discussed in
appendix A. The function f(r) is expanded in the region 0 < r < Ry, in the following form:

N
)R anu(r). 31)
n=1

Given a certain basis of known ¢,(r) functions, the solution of the CC problem is obtained
with the determination of the set of the N complex constants a,. Considering the boundary
condition (21) and the constraint (26), we must have:

On(r=0)=0, (32)
N

S a [qan’O* - ¢;Hﬂ I (33)

—1 max

Taking (18) and (27)—(31) into account, we obtain the following equation:

N
D anlén(r) = gu(r] ~ h(r), (34)

n=1

where
_ ko : op > i,/ op, s op, s /
h(r) = z P [ f¢ R + LR dr

+ 1570 /0 SR 6 + 1) dr’} : 33

k : 0] > i / / / /
8ulr) = (E") {fo"(r) | sy [+ 136 o

+ £ () /0 S0 [T + 190 dr’} , (36)
M k o
T = Vi £ / I GOVAGOENGOYI (37)
i=1 r
M k . 7
Té")(r/) — Z ?0 Vi(l’/) fim(r/)/o fiop(r//)vi*(r//) ¢n(r//) dr”. (38)
i=1

Different from 7(#') and T»(¢'), Tf”)(r’ ) and Té”)(r’ ) can be obtained even without knowing
f(r), since they are related through (37) and (38) to the basis ¢,,(r) adopted in the calculations.

Observe that all terms involved in equation (34) are known (calculable) except the a,, coeffi-
cients. Thus, we solve the CC problem by obtaining the set of a,, values that is an approximate

6
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solution of equation (34) in the region 0 < r < Ryax, considering the constraints (32) and (33).
With the a,, values, one obtains f(r) with (31), S with (24) and S, with (23).

2.5. The basis

‘We must choose an appropriate basis of ¢,(r) functions to be used in expansion (31), with the
constraint (32). In this paper, we assume the Lagrange functions (see e.g. [6]):

Pr(2r/Rmax — 1
ou(r) = (—DF 1 "Ry LR R = D
Ruax X5 r — Riax X,

, (39)
where Pk(x) is the Legendre polynomial of degree K and x,, are the solutions of the equation:
Px(2x, — 1) =0. (40)

There are K x,, values in the region of interest (between 0 and 1). It follows some properties of
the Lagrange functions that we use in our calculations.
We define the ¢, values by:

€, = 2x, — 1, (41)
and thus Pk(e,) = 0. The weights W,, are given by:
2

AT LY “
Tt is possible to show that:

61 R = \/% S 43)

On(Rna) = (—1)””m, (44)

B pyeon KE S DR = 1) = 1] T )

? Fn(Rmax — rn)2

where r, = x,Rmax.

2.6. Numerical calculations

Let us consider a Legendre polynomial of degree K. With this, the number of ¢, functions (and
a, parameters) is N = K. However, the constraint (33) reduces the number of free parameters
toN, =N — 1.

We choose a set of discrete 7; values, with j =1, 2, ..., N,, in the region 0 < 7 < Ryax.
Applying equation (34) to these r; values, we obtain a set of j =1 to N, equations for the
(Xjus yj) values, with unknown @, parameters, given by:

N
Z Xjn Qn = Yj, (46)
n=1

where
Xjn = O(ry) — gn(r)), 47
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¥ = h(r). (48)

The parameters are constrained by:

N
> aw, =0, (49)
n=1
v = @S — S H | (50)

Note that equations (46) and (49) are equivalent to (34) and (33), respectively. Thus, the x;,, Y
and v, values are known, and we need to obtain the values of the coefficients a,. The (xj,, yj)
values can be named as the set of ‘experimental’ points, that should be fitted as well as possible
through equation (46), considering a finite number of adjustable a,, parameters.

The solution of equation (46) with the constraint (49) can be obtained by using the following
matrices:

A= (&2))

P (52)
w,
G = (1)1’1)2 .. .vN) (53)

X11 X12 XIN

X21 X22 . XoN
X=1 . ) : ) (54)

xN,,l erqz . erN
With this, we must solve the matricial equation given by:
XxA=Y. (55)

With this purpose, first we obtain the auxiliary matrices:

H=X'xX, (56)
B=H"'xG, (57)
C=-GxB, (58)
Vi=H '+BxC'xBl, (59)

and the solution for the parameters is then obtained from [14]:

8
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A=V, x X xv. (60)

V4 is the covariance matrix of the adjusted parameters. Thus, the CC problem is solved.

For the set of the r; values, we have assumed r; = j x Ar, j=1,2,...,N,, with Ar =
Runax /N, Typically, we have used Ar = 0.02 fm. The degree K of the Legendre polynomial
should be varied in order to check the convergence of the results. We have used 60 < K < 200.

After obtaining the solution for the set of @, parameters, we check the numerical precision
resulting for the constraint (49), by comparing the value obtained for |> _ a,v,| with the average
value of the set of all |a,v,| involved in the summation. Normally, we have obtained a precision
(1> anvnl/|aqvy)) better than 0.1%.

As a further check of the numerical convergence of the calculations, we verify the balance
of flux involved in the reaction. For each total angular momentum J, the partial reaction cross
section is given by:

s
o) = P(2J+ D (1—So). (61)
0

Still for each J, the (angle integrated) inelastic cross section for each excited state is obtained
from:

ki
o = S @I+ D ISP (62)
0

l

We calculate the partial J contribution for the fusion process as [15]:

M Rmax
47
o 2
o =———2J+1) / W(r) | fi(r)|~dr. (63)
= pp@ ey 70
The flux conservation implies that:
M
o= +3 6. (64)
i=1

We test this relation for all J values, and typically we have obtained precision better than 1%
(in the comparison between the values obtained for both sides of this equation).

Itis important to discuss another characteristic of the calculation. We also test the adherence
of the solution as a function of the distance r;. This adherence is evaluated as follows. With the
resulting A matrix, we obtain the ‘theoretical’ Y., matrix given by:

Yieo = X X A. (65)

Then, we compare the elements of this Y, matrix with all the ‘experimental’ yexp(rj) obtained
with (48), through:

|))exp(rj) - ))teo(rj)|
Ay, =2 x . (66)
Y ‘yexp(rj)‘ + ‘yteo(rj)‘

Thus, ij represents the relative precision with which each y(r;) of (48) has been reproduced
by the solution obtained from the matricial equation. On the one hand, we have obtained a
precision better than 5%, except at the region of internal distances in the case of large J val-
ues. This is expected due to the large centrifugal repulsion between the nuclei related to large
angular momenta. On the other hand, this deviation at inner distances is, in fact, not much

9
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important, except when it affects the cross sections. As already commented, we always test
the flux conservation through (64), which involves the wave-functions in the complete range
of distances according to (63).

To finalise this section, we comment that, in many cases, we have successfully checked the
results of our CC calculations performed with the new method, through the comparison with
those obtained with an usual method to solve CE (the traditional method discussed in appendix
A). We provide examples of this in section 4. The new method provides convergent results even
in cases where the traditional one fails. In the cases where both methods work, the new method
is still useful since its computing time is reduced when dealing with a very large number of
coupled states.

3. The coupling model and the polarization potential

We emphasise that the essence of our method was already described in the last section, and
it does not depend on further details of the coupling model. In this section, we describe the
model that we have assumed to analyze the data in the present work.

We deal with a nuclear reaction in which both target and projectile are even—even nuclei
with spin zero. We label with S the (integer) spin of a particular excited state. For each J value,
there are at most S + 1 CE associated to this state, with coupling potentials given by:

OVn(r) 3Z1Z,RE!

s
V,'(V) = —C ' _5N

Van 000 or +dc 25+ 1 verm| (67)
ST for r > RC
Cou| r
Ve =4 ") (68)
5SFT forr < RC
RC

where 0y and dc¢ are the respective nuclear and Coulomb deformations for this state. The

Clebsch—Gordan coefficients in the coupling potentials guarantee the total angular momentum

conservation. For a given J value, the orbital angular momentum for the i coupling is restricted

to the region |[J — S| < L; < J + S, with the condition that J + L; 4+ S is even. We have not

included Coulomb contributions in the couplings for S = 0, assuming éc = 0 in these cases.
Equation (1) can be rewritten as:

R &> JJ+ DR?

. ) (o (@)
_Z@"’W"’VC(”)“‘VN(")‘F’W(”)“‘Upol(r’E) Sfo ()

=E f5"(r), (69)
where we defined the trivially local-equivalent polarization (TLEP) potential as

, S Vi) )
U[(){,)l(r, E)= —lféj)(r) .

The super index ¢ is now included in the wave-functions just to avoid confusion. Equation (69)
has the form of a single-channel Schrodinger equation for the elastic scattering, where the
effect of the explicit couplings of (1) where exchanged in (69) by the TLEP. The TLEP is
complex and clearly dependent on J and E. In reference [17], it was numerically demonstrated
the connection between the energy dependence of the OP with CC effects for '°0 + 2%*Pb at

(70)

10
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Coulomb energies. This connection has theoretically been demonstrated within the Feshbach
projection formalism. As proposed in [17], we perform an average over J and define the mean-
polarization potential (MPP) at a certain energy E as:

S el v E)
Upol(r) = Vpol(r) + inol(r) = 5 > (71
S il o)
=)+ 1) (1 - \sg”f). (72)

In the next section, we use the TLEP and the MPP to evaluate the effect of the inelastic
couplings on the OP for the elastic channel.

4. Data analyses

From the figures of reference [18], we have obtained experimental angular distributions of
elastic scattering and excitation of the first 2®Pb 3~ state (E* = 2.614 MeV), for “He + 2%*Pb
at Ej,p = 139 MeV. We have also obtained data for the same system, but at Ej,, = 120 MeV,
from reference [19]. In the latter case, the angular distributions were taken in a significantly
smaller angular region, but the data set comprises many excited states of 2°*Pb up to the giant
resonances region. Furthermore, information about the continuum in inelastic scattering (up
to 80 MeV excitation energy) was also extracted from the double-differential cross sections
reported in reference [19].

The elastic scattering angular distribution at 139 MeV was very well adjusted in reference
[18] within the context of the single-channel OM. For the OP, the authors of that reference
assumed a Woods-Saxon shape, with the following parameter values: Vy = 155 MeV, Ry =
7.596 fm, a = 0.677 fm, Wy = 23.26 MeV, R; = 8.757 fm, a; = 0.733 fm. We adopt the same
OP for Vn(r) + iW(r) in equations (1) and (2). In figure 1, we show elastic scattering data and
theoretical single-channel OM cross sections at Ej,, = 120 and 139 MeV. The OM calculations
with this OP provides a good data description in both energies. If the effect of the couplings
is small, the theoretical elastic scattering cross sections calculated within OM and CC are
expected to be very similar. We will see that this is not true at all.

Given that the OP assumed in our calculations provides a very good description of the
elastic scattering data (within the context of the OM—without couplings), we have obtained
the deformation parameter values for the inelastic states through the corresponding data fit,
making use of the distorted wave Born approximation (DWBA—see appendix A.2). With
this procedure, we consider that the values obtained for the deformations are realistic. We
have assumed R¢ = 6.73 for the radius involved in the Coulomb coupling of equations (67)
and (68). However, we verified that the Coulomb couplings provide negligible contribution
to the cross sections and, therefore, the data fit is not sensitive to the dc values. Thus, we
have assumed §¢c = dy for all states with S > 0, except for the giant resonances for which we
adopted §c = 0. Table 1 presents the values of the coupling parameters corresponding to the
discrete 2°8Pb states considered in the present work. In figure 2, we illustrate the fit to the data
for four states chosen as example, including a wide angular distribution for the first 3~ state
(measured at Ej,,. = 139 MeV), and a giant resonance (measured at E},,, = 120 MeV) at the
excitation energy of E* = 13.9 MeV. Clearly, the theoretical DWBA cross sections are in good
agreement with the data.
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Figure 1. Data and theoretical single-channel OM cross sections for the elastic scattering
at two energies for “He + 28Pb.
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Figure 2. Data and theoretical DWBA cross sections for the inelastic excitation of four
208pp states.

4.1. The continuum in inelastic scattering

In figures 1 and 2 from reference [19], that present excitation-energy spectra for measurements
at Ey,p. = 120 MeV, one can see several peaks corresponding to the inelastic excitation of dis-
crete states of low excitation energies (those of table 1), and a continuum that comes from
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Table 1. Parameter values for some discrete excited states of 2°8Pb.

State E*(MeV) Spin On(fm)
1 2.62 3~ 0.90
2 3.20 5 0.45
3 3.71 5 0.30
4 4.09 2+ 0.51
5 4.32 4+ 0.55
6 4.42 6+ 0.45
7 4.70 3~ 0.28
8 4.83 1~ 0.25
9 4.95 3~ 0.25
10 5.14 2+ 0.17
11 5.35 3~ 0.31
12 5.58 3~ 0.51
13 5.82 4+ 0.36
14 6.20 2+ 0.19
15 6.37 2+ 0.26
16 6.58 2+ 0.15
17 6.81 5 0.28
18 7.29 2+ 0.15
19 7.52 2+ 0.26
20 8.34 4+ 0.26
21 10.9 2+ 0.83
22 13.9 0t 0.51

different reaction mechanisms. The continuum in “*He + 2°®Pb begins at about E* = 10 MeV
and has a wide range that reaches at least up to E* = 80 MeV (it is not possible to see the
end, since there is a threshold in the spectra probably due to electronics). The yield of the con-
tinuum decreases quite slowly with the increasing of the excitation energy. For instance, the
yield at E* = 50 MeV is only about 20% smaller than that at E* = 10 MeV. Thus, in addi-
tion to the contribution of the discrete states of table 1, we also want to estimate the effect on
the elastic channel of the couplings to the nuclear reactions involved in this continuum. Such
nuclear reactions are, of course, not only related to inelastic scattering, but also include many
other components like transfer reactions and multistep processes [20]. In fact, we believe that
the yield in the region of the continuum might also have a small contribution of instrumental
background due to beam halo or multiple scattering in the target. As we intend only an estimate
of the effect of the physical continuum on the elastic, we simulate its contribution by consid-
ering inelastic couplings to a large number of discrete states with excitation energies up to
80 MeV. In what follows, we explain how we have done these calculations, which were per-
formed mostly at Ej,, = 120 MeV, for which we have experimental information about the
continuum plus background (CPB).

First of all, we studied what is the density of discrete states that simulates with appropriated
precision an uniform continuum. We adopted a bin of excitation energy in the region: 10 <
E* < 20 MeV, and performed calculations considering different spins for the states. Then, we
varied the number of states and obtained the corresponding total angular distribution (the sum
of cross sections for all states). We observed that different sets of states provide quite similar
(total) cross sections, when their values of deformation parameters and excitation energies are
related by the following expressions:
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Figure 3. Total (sum over all states) angular distributions obtained for different spins,
considering three sets of discrete states in the range 10 < E* < 20 MeV.

N, Ny
=Y. (73)
i=1 j=1

I N
S ES =) E, (74)
i=1 j=1
where N| and N, are the numbers of states of both sets. Figure 3 illustrates this characteristic,
presenting results obtained for different spins, and considering three sets of values for dy and
E*: i) one hundred states with oy = 0.1 fm, spaced in regular steps of 0.1 MeV; ii) 16 states
with éy = 0.25 fm in steps of 0.625 MeV; and iii) only one state with dy = 1 fm at E* =
15 MeV. For all spins, the cross sections obtained with the three different sets are very similar
at the forward angular region. Significant differences are observed in the backward region,
being these differences smaller for larger spins. Except in the case of 0T states, the use of
only one state at E* = 15 MeV can simulate quite well a uniform continuous in the region
10 < E* < 20 MeV.

The density of states necessary to simulate the continuum depends on the region of excita-
tion energy considered. This is illustrated in figure 4, where panels (a) and (b) correspond to
spin 0™ and panels (c) and (d) to spin 2. For the O™ spin, just one state provides already the
same result as 100 states in the region 20 < E* < 30 MeV (see figure 4(a)). This is in contrast
with the behavior at the region of 10 < E* < 20 MeV (figure 3), where not even 16 0T states
are enough to simulate the results of 100 07 states. Thus, the density of states (necessary to sim-
ulate the continuum) is smaller for higher regions of E*. Of course, the density also depends on
the range of the excitation energy region. For instance, 16 states are necessary to reproduce the
same cross sections of 100 states in the case of 0T at 20 < E* < 80 (see figure 4(b)). Similar
results are obtained for other spin values (see figures 4(c) and (d)).

Reference [19] provides data for the double differential cross sections d2o /dQdE*, rel-
ative to the CPB at the region of excitation energies underneath the observed giant reso-
nances (from E* = 10 to about 15 MeV). Since, as already commented, the cross section
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Figure 4. The same as figure 3, for other regions of excitation energies.
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Figure 5. Data and theoretical cross sections for the CPB at the region of excitation
energy 10 < E* < 20 MeV.

decreases very slowly with the excitation energy, we consider that the same double differ-
ential cross sections are also valid for 10 < E* < 20 MeV. The corresponding angular distri-
bution for the CPB was thus obtained by: do /dQ2 = AE* x d*c/dQdE* with AE* = 10 MeV,
and is presented in figure 5. No structure is observed in this experimental angular distribu-
tion. Thus, we have simulated the CPB by the sum of cross sections for inelastic states with
spins varying from O to 7. We have assumed only one state for each spin (with E* = 15
MeV) and the same dy value for all states. The fit to the data resulted in oy = 1.2 fm.
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Table 2. The table presents information related to the couplings corresponding to the
continuum, as a function of bins of excitation energy. The (5Nl) values represent the
deformation parameters that result in a total cross section of 25 mb in each bin, when
considering only one state for each spin. The N values represent the number of states
with o = 0.1 fm, for each spin and within each bin, that provides the same total inelastic
cross section of 25 mb/bin. 6;]2) are the deformation values assumed in the CC calcula-
tions when considering only one state for each bin and spin. N, 5;3 ) and AE* are the
number of states, the deformation value and the step of excitation energy assumed in
other CC calculations (see text for details).

E*MeV) & (fm)  NOD 50 (fm) Ny 0y (fm) AE*(MeV)
101020 081 66 081 16 0202  0.625
20t030 117 137 117 30 0213 0333
30t040 221 488 221 100 0.221 0.1
401050 638 4.1x10° 638 150 0521 0.0667
50t060 281 79x10* 12 36 2 0.278
601070  98.6 9.7x10° 12 36 2 0.278
701080 217 47x10° 12 36 2 0.278

Figure 5 presents the cross sections for each state and also the corresponding sum. Consid-
ering that we deal only with a simulation, the agreement between data and theoretical results is
satisfactory.

The sum of the (angle integrated) cross sections for the discrete inelastic states of table 1
corresponds to about 27 mb. This value is quite realistic and is related to a region of low
excitation energies: 2.6 < E* < 13.9 MeV, whose range is about 11 MeV. In contrast, the CPB
discussed above in the region 10 < E* < 20 MeV results in an angle integrated cross section
of 57 mb. This value is more than double that for the discrete states. Thus, probably part of this
CPB does not arise from peripheral reaction channels. Besides the instrumental background,
the CPB can also include the contribution of particles that come from the compound nucleus
evaporation associated to the fusion process.

Taking into account all these results, we consider that the effect of the physical continuum on
the elastic channel can be roughly simulated by assuming bins of 10 MeV, from E* = 10 MeV
to 80 MeV. In each bin, we included only one state for each spin, ranging from 0O to 7, with the
same nuclear deformation value for these 8 states (we assumed dc = O for the background).
The excitation energies for these states are adopted according to the mean value of the corre-
sponding bin. The dy value for each bin was adjusted to provide a corresponding total integrated
cross section of 25 mb. Table 2 lists the 4y values obtained with this procedure as a function
of the corresponding bins.

Very large 51(\11) values were obtained for high excitation energies. As discussed above and
according to expressions (73) and (74), we could obtain the same cross sections by exchanging
each single state with this large dn value by a number N of states with smaller deformation val-
ues as, for instance, 6y = 0.1 fm. These NV values are included in table 2 and are presented
in figure 6 as a function of the excitation energy. The number of states increases exponentially
with the excitation energy. This behavior is already expected since it is well known that the
energy levels of heavy nuclei have similar exponential behavior [21].

4.2. The effect of the couplings on the elastic channel

We turn now to the elastic scattering angular distribution at E},,, = 139 MeV, measured in a
wide angular range, that is presented in logarithmic (a) and linear (b) scales in figure 7. As
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Figure 6. Number of states with dx = 0.1 fm (for each spin and each bin), that results
in a continuum cross section of 25 mb/bin, as a function of the excitation energy.
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Figure 7. Experimental and theoretical elastic scattering angular distributions in (a) log-
arithmic and (b) linear scales. The lines correspond to single-channel OM cross sections
and to CC results considering: i) only the discrete states of table 1; and ii) the couplings
of these states plus those to the continuum, considering two different sets of states to
represent the continuum.

already mentioned, the theoretical single-channel OM cross sections (solid red lines in the
figure) describe quite well the data. We assume the same OP in the CC calculations in order to
evaluate the effect of the inelastic couplings on the elastic scattering cross sections. The short-
dashed black lines in figure 7 represent the results of CC calculations, in which only the 22
discrete states of table 1 were coupled. The effect of these couplings on the elastic is negligible
at forward angles but it is quite significant at the backward region, particularly in the region
of the nuclear rainbow. This result, obtained with realistic calculations with this particular
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set of states, already demonstrates the importance of the inelastic couplings for the elastic
channel.

We tried to include the couplings to the continuum in the CC calculations, assuming one
state for each bin and spin, with deformation values according to 5&1) of table 2. Nevertheless,
we could not obtain a satisfactory numerical convergence in this case. In order to overcome
this problem, we had to decrease the deformations related to the three last bins, according
to the 5;? values of table 2. The dash-dotted blue lines (continuum 1) in figure 7 repre-
sent the calculations including couplings to the continuum and also to the discrete states of
table 1. Now, the effect on the cross sections is much larger, affecting also the forward angular
region.

With the purpose of testing a possible effect of the variation of the density of states, we
have performed another CC calculation with a different set of states for the continuum. N,
51(\? ) and AE* of table 2 are the number of states, the deformation value and the step of spacing
for the excitation energy values, in each bin and for each spin, assumed in this CC calculation.
According to expressions (73) and (74), this second set of states for the continuum would
be equivalent to the first one. Also the 22 discrete states of table 1 were included in these
calculations. We emphasise that, in this case, we have considered a total of 3254 excited states
with different spins, that resulted in 14 632 CE for each partial wave. The calculation took a
computing time of about 9 h. The corresponding results are included as dashed green lines
(continuum 2) in figure 7. The two different sets of states adopted for the continuum in fact
provide almost identical theoretical cross sections.

Since the OP assumed in our calculations already provides a good description of the data in
the context of the OM, the theoretical CC results are in disagreement with the experimen-
tal angular distribution. In order to improve the data description within the CC approach,
we should readjust the OP parameters to fit the data. This would demand a long time, tak-
ing into account that the OP has six free parameters and the search would involve many
interactions embracing CC calculations with a large number of couplings. Since the coupling
potentials are related to the derivative of the real part of the OP, also the deformation param-
eters would be adjustable parameters involving as well the fit to the experimental inelastic
cross sections in addition to the elastic ones. This study is beyond the scope of the present
work.

Moreover, with the present CC calculations we have already obtained the polarization poten-
tial associated to the inelastic couplings. Therefore, we can compare the polarization with
the OP used in our calculations. In figure 8, we show the real (panels a and b) and imag-
inary (panels ¢ and d) parts of the OP as solid black lines, and also the MPP (dotted red
lines) and the TLEP (dash-dotted blue lines) for the grazing angular momentum (J = 48) for
E,. = 139 MeV. These polarization potentials were obtained in the case of couplings only
to the discrete states of table 1. Panels (b) and (d) present the potentials in a wider scale
at the region of the s-wave barrier radius. Clearly, the polarization strengths are compara-
ble with those for the OP. Therefore, if we were to readjust the OP to fit the data in the CC
approach, the resulting OP probably would be quite different of that obtained within the OM
context.

4.3. Comparison between results of the traditional and new methods

To the best of our knowledge, heretofore the solution of CE involving thousands of states
could not be performed in practice. Even coupled discretised continuum channel calcula-
tions typically involve tens or a few hundred states (see e.g. references [22, 23]), considering
excitation energies that usually reach about 10 MeV. As already mentioned, with the new
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Figure 8. Real (panels a and b) and imaginary (panels ¢ and d) parts of the optical poten-
tial (OP), MPP and TLEP in the case of couplings only to the discrete excited states. The
arrows in the figure represent the approximate position of the s-wave barrier radius.
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Figure 9. Theoretical CC elastic scattering angular distributions obtained with the new
and traditional methods for solving CE, considering states that also include the bin corre-
sponding to 30 < E* < 40 MeV. The forward and backward angular regions are shown
in panels (a) and (b), respectively.

method we have solved CE involving 3254 excited states with excitation energies that reach
80 MeV.

In order to compare and check the results, in many cases we have performed calculations
with the new method for solving the CE and with the usual methods of appendix A. In this
section, we illustrate the results obtained in a small part of our tests with some examples.
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In these cases, we used the FRESCO code to solve the CE through the traditional method
described in appendix A. However, within the coupling model presented in section 3, our
version of the FRESCO code is prepared only for couplings to inelastic states with spins in
the region of 1 < § < 6. Thus, in the cases of the CC results presented in this sub-section, we
do not include states with § =0 and S = 7.

We performed CC calculations at Ej,,, = 139 MeV, with Ry = 20 fm, step size Ar =
0.02 fm and angular momenta up to Jyx = 100 (grazing corresponds to J = 48). In addition
to the set of discrete states of table 1, in these calculations we included, one at a time, the lowest
bins of table 2, with nuclear deformations given by 61(\,2) (for S = 1to 6). The theoretical elastic
scattering cross sections obtained with the traditional and new methods are identical in all tests
performed, until including the third bin (30 < E* < 40 MeV). The theoretical cross sections
(with the inclusion of the third bin) obtained with both methods are shown in figures 9(a) and
(b), in the forward and backward angular regions, respectively.

When we included more than 3 bins of table 2 in the CC calculations, the numerical results
of the traditional method obtained with the FRESCO code no longer converged. In this case,
we also tried the iterative method (with FRESCO) without success.

The FRESCO code can also be used within the context of the R-matrix calculations. As
mentioned in appendix A.3, the usual R-matrix method and the new one are equivalent in
terms of stability of the numerical convergence. On the one hand, the usual R-matrix method
has no limitation concerning the coupling model. On the other hand, our method has only
adjustable parameters related to the elastic wave-function, the a, values of equation (31), while
the usual R-matrix has a bidimensional spectrum of parameters related to all channels (the aj,
of equation (A.3)). The larger number of parameters can become a problem when dealing
with many CE, due to the amount of memory and computing time required to perform the
calculations. Indeed, using FRESCO with this option we obtained convergent results only in
the case of couplings to the 21 discrete states of table 1, with a computing time of about 15 h.
We tried to include more states but the time became prohibitive. The new method did the same
job with the 21 states in only 2.4 min.

5. Conclusion

We have presented a new method to solve CE that is faster and involves a less degree of
problems with numerical convergence in relation to other usual methods. However, the new
technique can be used only in the case of direct couplings of the inelastic states to the elastic
channel.

With this new method, we analyzed a wide data set containing experimental elastic and
inelastic scattering angular distributions for “He + 2%8Pb at energies about 35 MeV/nucleon.
We obtained realistic values for the deformation parameters of 22 2Pb discrete excited states
through DWBA calculations. We have also included a continuum of inelastic states in our
analyses within a quite schematic calculation. Different of the case of the discrete states, the
results concerning to the continuum should be considered just as a rough estimate of its effect.

We have demonstrated that the effect of the inelastic couplings on the theoretical elastic
scattering cross sections is quite significant, even in the case where only the discrete states
were explicitly coupled. The corresponding polarization potential has strengths comparable to
those of the OP. Therefore, at least part of the energy dependence observed for phenomenolog-
ical OP that describe experimental elastic scattering angular distributions within OM should
be related to couplings with states of high excitation energies. The effects of these inelastic
couplings should also be quite important at low energies, near the Coulomb barrier, as we have
demonstrated in earlier works [11, 24].
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There is room to expand studies on this topic, both from theoretical and experimental points
of view. Indeed, the continuum should be subject of new experiments, in order to measure the
charge and mass in addition to the energy of the particles, with the purpose of identification of
those events that actually arise from peripheral reactions.
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Appendix A. Usual methods to solve coupled equations

In this appendix, we describe briefly three usual methods do solve CE. The description is
adapted for the problem raised in the beginning of section 2.

A.1. The traditional method

The set of CE (1) and (2) can be integrated from r = 0 to r = Ryax using the Numerov method
[16]. Within this method, the r space is discretised in r; values, similarly to what we do in our
own method. If one knows the wave-function values for the first r;, the numerical integration
can be performed progressively towards r = Ry in steps Ar. However, we do not know the
values of the wave-functions at ry a priori.

In order to overcome this problem, we use the linearity of the set of CE. Using the Numerov
method, we solve the CE by integration M + 1 times. In each time, we use a different set
of wave-functions values at r;. For instance, all wave-functions are zero out, except one, for
which we set the value 1. This process is repeated progressively M + 1 times, resulting in a
set of M + 1 solutions (each solution is a set of wave-functions) linearly independent. Then,
we perform a linear combination with these M + 1 solutions, in order to obtain a behavior
at r = Ruax according to the boundary conditions (5) and (6). With this, we solve the CC
problem.

Note that the traditional method implies in solving M + 1 times a set of M + 1 CE. Thus,
the time of computation is nearly proportional to M2, becoming prohibitive for large M values
(many coupled states).

Due to numerical problems like, for instance, truncation, not always the resulting compu-
tational solution is in fact a true solution of the CC problem. A possible form the check the
convergence of the results is varying the Ry.x and Ar values. Another form to check the numer-
ical results is testing the flux conservation (as we have done in our method). Finally, there is
even other form to check the results. Having the final solution, one knows the values of all
wave-functions at . Then, one can input these values and run again the Numerov method up
to Rmax- This second solution of the CC problem should be equal to the first one, at least in the
region of large r values where the S matrix is obtained.

A.2. The iterative method

The iterative method involves the solution of equations (13) and (14) to find the wave-functions
and, with them, to obtain the S matrix with equations (15) and (16). According to its name, the
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method uses an iterative procedure, which is based on the following equations:

n o ki 0] > irrg X / n)e ./t /
50 = P - {fo"(r) / DY Vi) £ dr

. M
+ i) /0 R [v,-(r')f,»(")(r')] dr’}, (A.1)
i=1

L

)y
fi ") kiE

{fﬁ*’(r) / FEOVE) £ 0

+ fiirr(r)/o inP(r’)Vi*(r’)fé")(r')dr':| . (A2)

These equations are very similar to (13) and (14), except by the wave-functions which are now
labeled as £ or f"*" instead of f;.

In the first iteration, n = 0, we assume féo)(r) = fo¥(r) and £2@r) = 0. With this in
equations (A.1) and (A.2), we obtain fél)(r) and fi(l)(r). Observe that, at this stage, the elastic
wave-function is still equal to the optical one, fo(l)(r) = f,?(r), but the inelastic wave-functions
are not vanishing anymore. If we stop the method at this stage, the respective solutions are
named as the DWBA.

We can proceed with the iterations, increasing the n values up to a certain point, in which we
obtain: f,-("H)(r) = f,-(")(r) (within a required precision) for all states. If we obtain this, then the
CC problem is solved exactly. Alternatively, we may require that S,(»"“) = S,(-") (again within a
certain precision) to stop the iterations. There is no guarantee that the method will converge
and, in certain cases, it does not.

A.3. The R-matrix method

We recommend reference [6] for a detailed description of the R-matrix method. The method is
based on an expansion of the elastic and inelastic wave-functions:

N
fir) =) ain (). (A3)
n=1

With this, one search for the a;, coefficient values with a procedure similar to that applied
in our new method. The R-matrix method provides good numerical convergence (depending
on the number of base functions adopted). An advantage of this method in relation to the
new one of this work is that the R-matrix method can be used for any coupling model (our
method has a limitation for the coupling model, as already discussed). On the other hand, the
R-matrix method requires the use of bidimensional parameters, a;,, since it expands not only
the elastic wave-function (as in our method), but also the wave functions for all other states.
Thus, when the number of states is very large, the R-matrix method deals with the inversion of
a huge matrix, that can result, again, in difficult numerical problems or also in extremely long
computing time.
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