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1. Introduction

Orthogonal polynomials on the real line (OPRL) play a central role in analysis, mathematical physics,
and approximation theory. In recent years, there has been growing interest in generalizing this concept
to higher-dimensional and more complex settings, particularly to functions defined on compact Riemann
surfaces. Among these, elliptic orthogonal functions, defined on tori (genus one Riemann surfaces), provide
a rich and tractable class of objects that bridge classical analysis with algebraic geometry.

A foundational approach to such generalizations was developed by Bertola [1], who introduced orthogonal
sections: meromorphic functions on compact Riemann surfaces satisfying orthogonality relations defined
via generalized Cauchy kernels and Weyl-Stieltjes transforms. These constructions, although technically
involved, are intimately connected with Padé approximation and enable the formulation of Riemann—Hilbert
problems suitable for asymptotic analysis [2].
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In this work, we focus on the simplest nontrivial case: the genus g = 1 setting of elliptic curves, or
equivalently, tori. We define a natural analogue of orthogonal polynomials on these surfaces, which we call
elliptic orthogonal a-polynomials (abbreviated as a-EOPs). These are meromorphic functions on the torus
with prescribed poles at two points: the “point at infinity” and a fixed “anchor point” a (which is the
parameter a in the acronym a-EOPs). They satisfy orthogonality conditions with respect to a complex
weight on a closed contour I' on the torus, and form a basis in appropriate function spaces.

In 1937, J. Dunham [11] studied orthogonal polynomials on a planar algebraic curve. Much more recent
is the work of Spicer, Nijhoff, and Kamp [17], where they considered the orthogonalization of the sequence

Lz, y, 22 xy, 2, 3y, ot oty 25, 2%y, ...
subject to the constraint that  and y are related by the elliptic equation
y® = 4a® — gox — g3;

they called the corresponding orthogonal sequence the two-variable elliptic orthogonal polynomials.

In another direction, Fasondini, Olver and Xu also developed many bivariate orthogonal polynomials in
planar algebraic curves of form y™ = p(x) where m = 1,2 and p is a polynomial, and quadratic surfaces of
revolution [8,9,14-16].

The most recent and similar construction to ours appeared in Desiraju, Latimer and Roffelsen [4], where
they consider elliptic orthogonal polynomials without the “anchor point” a (which forces them to skip the
“polynomials” of degree 1). See also [3] for an investigation on their corresponding recurrence relations and
Christoffel-Darboux formula.

Our main contributions are threefold:

¢ We provide a simplified construction of a-EOPs, establish their structural properties, and derive recur-
rence relations and a Christoffel-Darboux formula tailored to the elliptic setting.

o We investigate the case of real-valued orthogonality, proving that under natural symmetry and positivity
assumptions, the zeros of a-EOPs are simple and interlace, thus mirroring classical results from the
theory of OPRL.

e We develop a lifting mechanism from OPRL to the elliptic setting, and a decomposition framework
that expresses a-EOPs in terms of multiple orthogonality conditions on the real line. This leads to
novel interlacing results for rationally modified OPRL families, including examples involving Jacobi
polynomials.

The paper is organized as follows. In Section 2, we recall the basic theory of elliptic functions and define
the relevant function spaces. Section 3 introduces non-Hermitian orthogonality on the torus and derives
foundational results. In Section 4, we analyze the real-valued setting, proving zero interlacing theorems.
Section 5 is devoted to establishing connections between a-EOPs and classical OPRL, with explicit examples
and a general decomposition theorem.

2. Polynomials on a torus
Elliptic functions are doubly-periodic meromorphic functions on C. If we denote' their periods by 2w,

and 2ws, with the standard assumption that they are R-linearly independent, then they can be regarded as
meromorphic functions on a torus 7 defined as the quotient space of C by the integer lattice of periods:

! We are following the notation of [6].



V. Alves, A. Martinez-Finkelshtein / J. Math. Anal. Appl. 559 (2026) 130461 3

T = (:/A7 A= 2w1Z + QWQZ. (21)

It is known that 7 can be endowed with a complex structure, becoming a compact Riemann surface of
genus 1. We can establish a one-to-one correspondence between T and the fundamental parallelogram

= 2wy [0,1) 4 2ws[0,1) (2.2)

by identifying the opposite edges. The set L£(n - 0) of elliptic functions holomorphic on Q\ {0} with a pole
at 0 of order < n € Z>¢ := N U {0} is a vector space. By a well-known property of elliptic functions, the
set £(1-0) contains only constant functions.

Since a polynomial of degree < n € Zx is a meromorphic function on the Riemann sphere C := C U{oc}
with its only pole of degree at most n, at oo, the set £(n - 0) is a natural analogue on 7T of polynomials of
degree < n.

A well-know representative of elliptic functions is the Weierstrass o function

1 1 1
o) =5+ D <72——2)’
T aeavyo (z=22 A

which is even, and its only poles are double poles at A (so that p € £(2-0)), with

The function p satisfies a first-order differential equation [6, §23.3]

(¢'(2))? = 4(p(2) — e1)(p(2) — e2)(p(2) — e3) = 4(p(2))° — g2 (=) — g (2.4)

with constants

e1=pw), e2=p(w tws), e=p(ws), (2.5)

and the Weierstrass invariants

1 1
g2 =60 > o 93 =140 > G (2.6)
xeA\{o} AeA\{0}

Function p, and hence, the lattice A, do not uniquely determine the half-periods wy, wy. However, by (2.4)
and (2.6), for each p, the values ey, eq, e3 and the Weierstrass invariants are unique, and we can write p(-; A)
or p(+; g2,93) when we need to specify the parameters.

Periods w1, ws and constants e; in (2.5) are related by

€2

7 du du
2M!\/(U—el)(U—ez)(u—es) e/\/(el—u)(@—u)(u—%)’

3

’ du K du
2w3 =1 =1 ,
’ e[ Vier —u) (u—e2) (u—es) _Zo V(e —u) (e2 —u) (es — u)

see [6].
Equation (2.4) allows the identification of 7 with an elliptic (cubic) plane curve C, the compact Riemann
surface of
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y? =4a2® — gz — gs.

Indeed,

o @)= (96T o) = i) 28)

is a biholomorphic map ( Weierstrass’ parametrization) from T onto C.
Addressing the lack of non-constant functions in £(1 - 0), we could use a formal primitive of p. Recall
that the Weierstrass zeta function is defined as

1 1 1 1 1 z
5 AEAV(0}

where the path of integration in C does not intersect A\ {0}. It is easy to verify that ¢ is an odd function,
with a simple pole at z = 0,

C(z)==+0(2), z—0,

that satisfies that ¢/ = —p. However, it is no longer doubly periodic (and, thus, not an elliptic function).
The following identities are well-known (e.g., [6, §23.2]):

C(z+2w;)=¢(z) + 2, ze€C, where n =((w;), i=1,3.

Since the additive increments do not depend on z, a difference of two zeta functions is elliptic, so that for
any a € Q\ {0},

¢(z) = ¢(z — a) + const

is an elliptic function with two simple poles in Q: one at z = 0 and another one, at z = a.
The previous discussion motivates the following notion:

Definition 2.1. Let a € 2\ {0}. For n € Z>(, £(n -0+ a) denotes the vector space of elliptic functions with
periods (2.1), holomorphic in Q2 \ {0,a}, with a possible pole at 0 of order < n, and at most a simple pole
at a. Elements of L(n -0+ a) are elliptic a-polynomials on T.

Moreover, if for f € L(n -0+ a),

1
FO =540 (G5 ). 220 ceC\{o),
we say that n is the polynomial degree of f, and c is its leading coefficient. When ¢ = 1, f is said to be
monic.

Remark 2.2. By Definition 2.1, the number of poles of f on 7T, counted with multiplicity, can exceed at
most in 1 its polynomial degree; these values actually match if and only if f is holomorphic at a.

Notice also that the limit case @ — 0 implies excluding the functions with polynomial degree 1 from our
construction, building a theory that resembles that of the exceptional orthogonal polynomials on C. This
construction was considered in [3,4], where the authors study elliptic orthogonal functions with poles at 0
only.
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Clearly,

1¢'(2) +9'(a)
2 p(z) — p(a) ’

form a monic basis of £(0 + a), see [1]; function by is an analogue of the Cauchy kernel on 7T, see [4], and
the alternative expression for b; follows from the addition theorem for the ¢ function, [6, formula (23.10.2)].

bo(z) =1, bi(za) = ((2) = ((z —a) = ((a) = (2.9)

We can complement these functions with

1

boi(2) == 0"(2), bawy1(z) == —2

2@’(;z)pk_1(z)7 keN, (2.10)

so that b; € £(j - 0), j > 2. Obviously, {b;};>0 forms a basis of L(cc -0+ a) = ;50 L(j -0+ a).

Remark 2.3. Another option is to use the derivatives of the p function, and complete by and by in (2.9) with
crp#=2(z), where ¢, are some normalizing constants. Identities [6, §23.3]

1

0"(2) = 69°(2) = 592, 9"(2) = 120(2)¢'(2)

show that these two choices are equivalent, and that we can restrict our attention to the set {b;};>0.
3. Non-Hermitian orthogonality on a torus

We want to address the notion of orthogonality on 7 with respect to a weight. The ingredients are a
closed contour I" on the torus 7 and a weight function W defined on I'. The only assumptions on I" and
W so far are that all the integrals below are well-defined and finite; in what follows, we also impose that
ae€ N\ {0}, aé¢l.

Given n € Zxq, an elliptic a-polynomial F,, € L(n -0+ a) is orthogonal with respect to W (shortly,
a-EOP) if

/FR(S)Q(S)W(S) ds =0 (3.1)

for any @Q € L((n — 1) - 0 + a). Notice that this is a non-hermitian orthogonality, which implies that the
existence of F,, # 0 is not guaranteed a priori, and that T" in the integral is freely deformable on Q\ {0,a}.
From the general theory,

Ho,0 Ho,1 T Ho,n—1 Ho,n
H1,0 H1,1 ce H1n—-1 Hin
F,(z) = det : : : : , (3.2)
Mn—1,0 HMHn—1,10 *°° Hn—1n—1 Mn—1n
bo(z) bi(z) - bn-1(2) bn(2)

where the bi-moments p; ; are given by integrals of products of elements of the basis (2.9)-(2.10),

o= [ Bl (W) ds.

r

Moreover, the existence of F), of the polynomial degree exactly n is guaranteed if all minors

Dy = Dk(a) = det (Nz’,j)f;;:lo 7& 0, keN.
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An equivalent expression for Dy, is Andréief’s integration formula [18, Eq. (2.1.10)],

k
1 k 2
Dk: = E / .. / (det [bj—l(xi)]i,jzl) HW(J%) d:I,‘l e d],‘k, (33)
e i=1
In the case when all Dy # 0, we can introduce also the “orthonormal” a-polynomial
1
fn(2) = —==Fn(2) € L(n-0+a), (3.4)

V anan

where we choose any branch of the square root.
An analogue of the well-known three-term recurrence relation satisfied for non-Hermitian orthonormal
polynomials on the complex plane is the following result:

Lemma 3.1. Under the assumption that D, # 0 for all n € Z>q, for each k > 0, there exist constants
Ay, By, C, € C such that

©(2) fe(2) = Apfrre(2) + Befer1(2) + Crfr(2) + Br—1fr—1(2) + Ar—2fr—2(2), (3.5)

where f_1 = f_o = 0. Moreover,

A= [ o)) fraa(W (2) d,
T

B = [ o)) fnr (W (2) 56)
I

Cio= [ o)W (2) .

Proof. Since pfi € L((k+2) -0+ a) and (2.9)—(2.10) is a basis of L(co -0+ a), we can write
k42

o) fi(2) = S Nafs(2), A = / o(2) ful2) [ (W (2)dz, j=0.1,... k+2.
=0

r

For j <k —2, pf; € L((k—1) -0+ a), and by orthogonality of f; to L((k—1)-0+ a), \jr = 0. Clearly,
Njke = Ai,j for k—2 <j <k+2and (3.5) follows. O

The function
n—1
Kn(z,u) =) _ fi(2)f;(w)
§=0
is the reproducing kernel for £((n — 1) - 0 + a). Indeed, for Q = Z?:_()l Aifi € L((n—1)-0+a),

[ Qe wWidn = 3 Aiie) [ @ @W = Y Asi(e) = Q)
r T i=0

4,5=0
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As in the classical case, the existence of a finite recurrence relation implies the existence of a simplified
expression for the kernel (the Christoffel-Darbouz formula®):

Lemma 3.2. If 22 # u?, the reproducing kernel satisfies the identity

Jne1(2) foo1(w) = fag1(w)fn1(2)
p(z) —

Kn(Z,’U,) = An—l

N

°®
P

S
~— — =

(3.7)
fn(z)fn72(u) fn U fn 2( ) fn(z)fnfl(u) - fn(u)fn71<z)
e o) — (W) b o(2) — o) |
with Ay’s and By ’s given in (3.6).
If z € Q\ {w1,wa, w3},
Kn(z,+2) = Ans ’f/L-‘rl(Z)fn—l(Z) - fn+1(z)f’r/L—1(Z)
©'(z) (3.8)
RPN AC T B ACT NG I A0 e C Ry AC V)
'(2) ¢'(2)
Finally, if z € {wy,ws,ws},
Koz, +2) = Anilf’r/:+1(z)fn*1(z) — fns1(2) f7_1(2)
0"(2) (3.9)
s a O ) LG | B~ hE )
0"(2) 0" (2)

Proof. Let G, 1(z,u) = fry;(2) fr(w) — fot;(w) fi(2). We multiply equation (3.5) by fi(u) and subtract the
corresponding identity with the roles of z and u exchanged to obtain

[0(2) = p(u)] fr(2) fe(u) = ApGa k(2 u) + BrG1x(2,u) — Br-1G1p—1(2,u) — Ap—2Gap—2(2, u).
A summation of the identities above from k& = 0 to n — 1 gives us

B 1Gin-1(z,u) + Ano1Gapn1(z,u) + An—2Fo no(2,u)
p(2) — p(u)

K, (z,u) =

equivalent to (3.7). Equations (3.8) and (3.9) are obtained from (3.7) taking limits as u — +z. O
4. Real-valued orthogonality on a torus

The non-Hermitian orthogonality on the complex plane reduces to the Hermitian one when the path of
integration belongs to R and the weight function is real-valued and positive. In this case, the behavior of
zeros of the orthogonal polynomials is well known.

In analogy with these considerations, we can assume that I' C T is a contour on which both the elements
of the basis {b;} and the weight W are real-valued, and W > 0. Andréief’s integration formula (3.3) shows
that D,, > 0 for all n € Z>(, which, as we have seen, implies the existence of the orthonormal basis {f,}
(34), fn e Ln-0+a).

By (2.9)-(2.10), for the real-valuedness of the basis {b;} it is sufficient to assume that p(a) € R and that
o and g’ are real-valued on I'. By (3.2), in this case f; are real-valued on T

2 See the recent work [3] containing a similar result.
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0@

Fig. 1. Contours v; and 2 on Q.

A natural choice of T is the analogue of the real line on T, namely, the interval [0,2w;) € €. Since the
Weierstrass functions take real values on the real axis if and only if the invariants go, g3 € R, it is natural
to impose this condition. As a consequence of (2.5), e; € R. For simplicity, we consider the case when all
three values e; are real and distinct. This is the case of the discriminant

A= g3 — 2793 =16 (e2 — e3)” (e3 — e1)? (e1 — e2)” > 0,
and
ez < ey <ep, e3<0<ey, (41)

see [6, §23.9]. By (2.7), w1, 7 := w3/i > 0, and ) is a rectangle. Properties of the Weierstrass functions show
that both p and g’ are real-valued on I when I" = ;, 7 = 1,2, with

Y1 = [0,2&)1), Y2 = W3 +’71 =T +’71 = [iT, iT+2w1), (42)

defined on € and lifted to 7. These will be the two contours of orthogonality (as well as equivalent contours
freely deformable on 2\ {0, a} into y; or v2) that we consider henceforth, see Fig. 1. Additionally, we assume
that a € (71 U~2) \ T, and that the leading coefficient of each f,, in (3.4) is strictly positive. Notice that
with these settings, all b; are real-valued on v; U 7.

One of the main features of orthogonal polynomials on the real line (OPRL) is the property of their
zeros: they are real, simple, and interlace with polynomials of the lower degree. In the rest of this section,
we discuss the corresponding analogues. When discussing the interlacing of zeros of elliptic functions (i.e.,
meromorphic functions on T, we restrict our attention to the zeros in the fundamental parallelogram ().
This convention also applies to statements about the order of the zeros on a contour of 7.

Definition 4.1 (Interlacing). Let F,G be functions defined on the curve v C C, and let zj,..., 2, and
W1, ..., W, be the zeros of F' and G in 7, respectively, with account of their multiplicity. We say that G
interlaces F' in v and denote it F' < G in 7, if
m=n and Rez; <Rew; <Rezy <Rews <---<Rez, <Rew,, (4.3)
or if
m=n—1 and Rez; <Rew; <Rezp <---<Rez,_1 <Rew,_1 <Rez,. (4.4)

Furthermore, we use the notation F' < in v when all inequalities in (4.3) or (4.4) are strict.

The following theorem states that the zeros of the a-EOPs mirror the properties of the zeros of OPRL.
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Theorem 4.2. Let W be a weight function on T' € {y1,72}, @ € (y1 U2) \ T, and (f,) be the sequence of
elliptic orthogonal a-polynomials associated to W .

(i) For T =1, fn has exactly n simple zeros on 7,. Additionally, it has a simple zero at v2 if, and only
if, it has a pole at a. Moreover, fni1 < fn in 1.
(i) For T'= y:
e if n is even, f, has exactly n simple zeros on 7. Additionally, it has a (simple) zero on vy if, and
only if, it has a pole at a;
e ifn is odd, f, has exactly n+ 1 simple zeros on va, and fr, < fant1 0 Y2 or fny1 < fn in y2.

In particular, the zeros of f, are analytic functions of the parameter a.

Remark 4.3. Theorem 4.2 is an extension of [2, Theorem 2.3], where only the case I' = 5 was considered.
However, the interlacing property in this case is new.

The rest of this section is devoted to the proof of Theorem 4.2. We start by studying the amount of zeros
of f,, on the support of orthogonality.
The next lemma and proposition are a simple generalization of [2, Theorem 2.3]:

Lemma 4.4. Let ® € L(n-0+a) for somen € N be such that ®(z) € R for x € y1 \ {a}. Then, the amount
of zeros of ® on o, with account of multiplicity, is

(i) even, if a € y1 or if a € vo but D is analytic at z = a;
(ii) odd, if a € vo and ® has a pole at z = a.

Proof. Recall that for any elliptic function ® with periods 2w; > 0 and 2ws = 2iT, 7 > 0, we have that

Z D= Z z, mod A (4.5)

B(p)=c  ®(2)=0
peN z€Q)

(meaning that the difference of the left and right-hand sides belongs to the lattice A), where all zeros and
poles are enumerated with account of multiplicity. Taking the imaginary part, this identity is reduced to

Z Im(p) = Z Im(z), mod 27. (4.6)
@(p)=00 P(2)=0
pEQ z€Q

If € L(n-0+a), then

Z Tm(p) 0 mod 27, if a € v; or if ® analytic at a,
m(p) =
7 mod 27, if a € 5 and ® has a pole at a.

®(p)=00
PEQ
Note that z,w € Q are such that w = Z mod A, then z # w mod A if and only if z,w ¢ 1 U~s. In

addition, for such a pair z, w, by assumption on ®, ®(z) = 0 if and only if ®(w) = 0. However, zeros of ®
on 71, or pairs of zeros (z,w) not on vy, U~ do not contribute to the sum in

> Im(2),

P(z)=0
z€Q
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so that

Z Im(z) = Z Im(z).

P(z)=0 P(z)=0
z€Q) ZE€72

This yields that

0 mod 27, ifa € v or ® analytic at a,
Z Im(z) =

®(2)=0 7 mod 27, if a € v and ® has a pole at a,

ZEY2

which is equivalent to the statement of the lemma. O

We now investigate the location of the zeros. In the following statement, we denote by [] the integer part
of a real number.

Proposition 4.5. Let f,, be the n-th orthogonal elliptic a-polynomial with respect to W, as in (3.4).

(i) If T =74 and a € y1 then all zeros of f, are simple, and 2[(n+ 1)/2] of them belong to v2. Moreover,
e if n is odd, then f, has no other zeros on ) and has a pole at a.
e if n is even, f, can have at most one additional zero, which is simple and on 1, if and only if it
has a pole at a.
(i) If T =~ and a € v then all zeros of f, are simple, and n of them belong to v1. In addition, f, has
a zero on yo if and only if it has a pole at a.

Proof. The proof mimics the classical arguments for OPRL but needs an additional fact about the existence
of a particular elliptic function. Let us prove (%); the statement of (i) is established in the same fashion.

Assume that I' = v5, a € 71, and let zq,..., 2, be the distinct zeros of f,, on v with odd multiplicities.
Since f,, € L(n -0+ a), we have that m < n + 1. Inspired by (4.5), let y € Q be such that

m
y—i—sz:a:m-O—Fa mod A.
k=1

By Lemma 4.4, m is even, which shows that y € ;. By Abel’s Theorem [13, Chapter V, Theorem 2.8],
there exists an elliptic function ® with simple zeros at z1,..., 2z, and at y, a simple pole at a, and a pole
of multiplicity m at 0. Moreover, ®(z) € R for z € v; U 2. Indeed, since ® € L(m -0 + a), we can write
o = ZT:O A;bj, and it is sufficient to show that all A; € R. The vector AT = (Aq,...,\,,) is a non-trivial
solution of the homogeneous system A\ = 0, with A = (b;(2i)); j—o.1. m € Rm+Dx(m+1) “and thus, we
can always choose A € R™.

Since the product ®f,, is real-valued and has constant sign on ~s, the positivity of W implies that

/ B(2) i (2)W (2)dz £ 0.

V2

This contradicts the orthogonality of f,, unless m > n. Thus, n < m < n+ 1. Since m is even, we conclude
that m is equal to the only even integer in the set {n,n + 1}. In other words, if n is odd, then m = n+1; it
means that all zeros z1, ..., z,, are simple and that f,, must have a pole at z = a. On the other hand, if n
is even, then m = n. Once again, all zeros z1, ..., z,, must be simple, but f,, still can have another (simple)
zero, this time on ~1, which occurs if and only if f,, has a pole at z =a. O
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Remark 4.6. On Section 5 we present choices of W and a for which the sequence f5,, never have a pole at a.

To finish the proof of Theorem 4.2, it only remains to verify the interlacing property. The lack of the
three-term recurrence relation satisfied by {f,} impedes the application of the standard arguments based
on the Christoffel-Darboux kernel (see, e.g., [10, Theorem 2.2.3]).

Proposition 4.7. Let f,,, n > 1, be the n-th orthogonal elliptic a-polynomial with respect to W, as in (3.4).

(i) If T =~ and a € o, then fni1 < fn iny1;
(i) If T =, a €71 and n is odd, then fn, < fny1 in Y2 oF fay1 < fn in Ya.

Proof. Consider a linear combination G = Af, + Bf,y1, with A, B € R, A% + B2 # 0. Since G € L((n +
1) - 0 + a), the total number of its zeros in €, with the account of multiplicity, is < n + 2. Moreover, by
equation (4.5),

Z z =¢ea, mod A, (4.7)

where ¢ = 1 if G has a pole at a, and € = 0 otherwise.

We address the case (%) first. By Lemma 4.4, (4), the number of zeros of G in {2 is exactly n + 2 if and
only if G has a pole at a, meaning that e = 1 in (4.7). This shows that all zeros of G' cannot be on ~;, and
thus, the number of zeros on I', with account of multiplicity, is < n + 1.

Let z1,..., z;, be the distinct zeros of odd order of G = Af,, + B f,+1 on I'. Reasoning as in the proof of
Proposition 4.5, taking y € 2 such that

m
y-l—sz:a:m-O—i—a mod A, (4.8)

k=1

and invoking Abel’s Theorem, we can claim the existence of an elliptic function ® € £(m -0+ a) with simple

zeros at z1,...,2, and at y, a simple pole at a, and a pole of multiplicity m at 0. Moreover, y € v, ® is
real-valued on I', and zq, ..., 2, are the only (simple) zeros of ® on I'. Thus,

/(I)(Z)G(Z)W(Z) dz #£0.

r

Since G is orthogonal to L((n — 1) - 0 + a), we conclude that m > n. This implies that all zeros of G on T’
are simple (otherwise, the total number of zeros would be at least n + 2).

We aim at a similar conclusion in the case (7). Now Lemma 4.4, (i), yields that G must have an even
number of zeros of G on 79, and hence, there are at most n+ 1 on I'. Moreover, if 21, ..., z,, are the distinct
zeros of odd multiplicity of G = Af,, + Bfn,+1 on I', then m is even, since otherwise the total amount of
zeroes of G on T would be odd. We take y € Q satisfying (4.8) and construct ® as above, except that now
y € 7. Thus, 21, ..., 2z, are the only (simple) zeros of ® on I'. Reasoning as above, we conclude that m > n,
and once again, all zeros of G on I' are simple.

In both cases (4) and (i), we have shown that G has either n or n+ 1 zeros on T', all simple. This implies
that the linear system
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admits only the trivial solution for A = B = 0. Thus, the determinant of the matrix is non-vanishing:

frn1(2)fa(2) = fu(2) g1 (2) #0, z €T (4.9)

In particular, the left-hand side does not change sign on I'.

Finally, we can proceed with the proof of interlacing. Let x and y be two consecutive zeros of f, on I'. All
the zeros of f,, are simple (Proposition 4.5), and thus f/,(z) f/, (y) < 0. From (4.9), fn+1(2) fn+1(y) < 0, which
implies that there is a zero of f,1+1 on (x,y). This proves the interlacing result: f,, < frn41 or frne1 < fa.

In the case (), when 0 € ', we can take z — 0 to conclude that

far1(2) 1 (2) = fal2) frya(2) >0, 2 €T\ {0}.

Let = be the left-most zero of f,, on ~;; since the leading coefficient of f,, is strictly positive, f;(z) < 0,
and equation (4.9) shows that fn,41(z) < 0. As lim, ,o+ fn+1(2) = +oo, there exists ' < x such that
fnt1(x) = 0. A similar argument shows that if y is the right-most zero of f,, then there exists y' > y such
that fr4+1(y’) = 0. This finishes the proof for (7). O

5. A correspondence between OPRL and EOP

In this section, we explore the possible correspondence between the orthogonal a-polynomials on 7, and
families of OPRL.

5.1. A totally symmetric case

Starting with a positive weight function w on a compact interval of the real-line, we discuss next how
to lift its corresponding family of orthogonal polynomials to a family of orthogonal elliptic a-polynomials,
corresponding to a specific torus T, for which the orthogonality weight W is an even function and a is a
half-period. This corresponds to the maximum amount of symmetry possible over W and a. We do it with
the goal of illustrating the procedure in the simplest situation.

Given two real numbers e, e3 satisfying

e3 <0, e3<ey<les|/2, (5.1)
define e; = —es — e3; notice that with our assumptions, the relation
e3 < ez <eq
holds. Let w be a weight that is > 0 almost everywhere on the real interval [es, e2], and let

o) = EmD@ =D g,

x € [es, e2] (5.2)
be its rational modification. We denote by P, (-;w) and P,(-;w) the algebraic monic polynomial of degree
n, orthogonal on [es, e5] with respect to w and w, respectively.

By formula (2.4), the triplet (e, e, e3) determines uniquely the Weierstrass function g = p(+; A), where
the lattice A is rectangular, meaning that we can take the half-periods w; > 0 and ws = i7, 7 > 0 (see

(2.7)).

Theorem 5.1. Under the assumptions above, let a = wy € v1. Then the function F,, € L(n-0+a), n € Z>q,
defined by
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300 -
-3.284

-3.286

2001 -3.288

150 - -3.290

100 - -3.292

-3.294

a p(twr), 0 <t <2 b p(ws + twy), 0 < ¢ < 2.

Fig. 2. Plots of p(z) € R for 2w; = 1 and 2w3 = 37/2 on the contours ~; (left) and 2 (right). Here e; = 6.57974, ex =~ —3.29624,
and e3 ~ —3.2835.

Pi(p(z);w), n=2j, j>0,

—————P; ] =27+1,757>0
2@(2)761 ](p(2>,’UJ), n .7+ aj_ 9

is the (monic) a-polynomial of the polynomial degree n on the torus T = C/A, orthogonal with respect to
the even weight W on o, uniquely defined by

1 , _
W(Z) — 5 w(@(z))p (Z)a zZ=ws+ tha te [07 1]’ (5.3)
W (2ws — 2), z=ws+twy, te]l,2].

Notice that F}, has a pole at « if, and only if, n is odd. When n is even, F,, coincide with the even elliptic
polynomials with symmetric orthogonality weight constructed in [4].

Proof. Under our assumptions on the periods, function gp(ws + tw;) is strictly increasing on ¢ € (0,1),
taking all values in the interval (es, e2), see e.g., [12, §22]. By symmetry, p(ws + twy) is strictly decreasing
ont € (1,2); see Fig. 2, right.

In a similar fashion, p(tw;) is strictly decreasing on ¢ € (0,1), taking all values in the interval (e, +00).
By symmetry, p(twq) is strictly increasing on ¢ € (1,2) (see Fig. 2, left).

Additionally, since p (w;) = e; and g’ (w;) = 0 (see Equations (2.4) and (2.5)), in this case b; from (2.9)
is an odd function that takes the form

¢'(2)

1
S RNETOETY

(5.4)

It is straightforward to check that F}, is a monic elliptic a-polynomial of degree n. We only need to verify
the orthogonality conditions. Note that F), is an even (resp. odd) function if, and only if, n is even (resp.

odd).

Since W is an even weight, for n,m € Z>o,

/an(z)F2m+1(Z)W(Z) dz = 0.
r

For n=2j € Z>o, m =2l € Z>o, m # n,
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w3twi
/ Fo(2) Fon (2) W (2) dz = 2 / Py(p(2);:w) Pu(p(2); w)W(2) dz
I w3
w3tw1

= Pj(p(2); w)Pi(p(2); w)w(p(2))e' (2) dz

w3

= /Pj(:c;w)Pl(x;w)w(x) dz =0.

e3
Analogously, using (2.4) we get that forn=2j+1€ N, m=2l+1€ N, m #n,

7 x —eg)(xz —e3)

/Fn(z)Fm(z)W(z) dz = i/Pj(x;fﬁ)B(x;ﬂ?)( @ —e1)

r es

w(z)de=0. O
Theorem 5.1 shows how to lift the orthogonal polynomials from the real line to a torus 7, corresponding
to a rectangular lattice. The obtained construction had the feature that
W is an even function on I' = g, a = wy (half period). (5.5)

Note that for every positive even weight function W defined on 72, equation (5.3) holds with

W(p~'(z))
V(er —x)(eg — x) (2 — e3)

therefore Theorem 5.1 can be applied to w, characterizing the sequence of a-EOP with respect to W in

w(z) = >0, e3<x<es,

terms of P,(z,w) and P, (x,w), where

. . (z —e3)(e2 — ) ~1(y
w<x>—¢—(€1_$)3 W(p™ (@)).

The following identities also hold true for the monic orthogonal polynomials associated to w and @ defined
by (5.2),

e —

Pj(z,w) = Fyj(p~ ' (z)), Pj(z,w) = \/szjﬂ(@l(ﬂi))a z € [es, ea],

where F), is the n-th monic a-EOP associated to W, with a = wy.
In other words, the construction of Theorem 5.1 is reversible, and establishes a bijection between a-EOPs
with respect to the weight W satisfying (5.5), and two related sequences of OPRL.

Example 5.2. Consider the torus T defined by the square lattice
327
!
I (3)

for which the constants (2.5) can be found explicitly, see [6, §23.5(iii)]:

A =27+ 2inZ, w =

b

BQZO, 61212—63,
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as well as the Weierstrass invariants,
_ —6 _
g2 =4w;”, g3 =0.

We illustrate the application of Theorem 5.1 by an explicit construction of elliptic orthogonal a-
polynomials with respect to a weight on 7 in terms of the Jacobi family of OPRL.
Let p(2) = p(z; A), and consider the weight

1

lp(2)|*T2 (p(2) +1)PT5 (1 — p(2))

=

>0, z€ 79, (5.6)

where «, 8 > —1.
If Pj(a’ﬁ) denotes the j-th monic Jacobi polynomial, then

Pj(z;w) = 277 P{P) (22 + 1),
is the monic polynomial of degree j, orthogonal on [—1,0] with respect to the weight
w(@) = [2°(1 + )",
According to Theorem 5.1, for even values of n,
Fu(z) = e PP 20(2) +1), n=2j

is the n-th elliptic orthogonal a-polynomial, a = wy, with respect to the weight (5.6).
On the other hand, the corresponding w function defined in (5.2) is

_ |$|a+1(x+ 1)6+1
- 1—=x

() -

, xe[-1,0]
which is a rational deformation of a Jacobi weight on [—1,0]. Define

1
P£a+1,ﬁ+1) (S)

b = [

-1

(1—s)t(1 4 5) T ds. (5.7)

It is easy to directly check (see e.g. [10, Theorem 2.7.2]) that in this case,

~ 1 « o
Py (,@) = 53— [Aj,le( T (g 4 1) - NPT (20 1)] .
i

Therefore, by Theorem 5.1, for odd values of n,

1 o' (2)

Fl(2) =—
B = oy, T ()

x (X1 PRI 20(2) 4 1) — NPT (20(2) + 1)} . ifn=2j+1

is the n-th elliptic a-orthogonal polynomial with respect to W in (5.6).
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Example 5.3. Let 7 be the torus of Example 5.2, but instead of the weight W as in (5.6), we consider
a=3 B-3 3
Viz) =lp(2)|" 2 (p(2) +1)"72(1 = p(2))>, 2 € e (5.8)
Take
v() =1 -z)1+2) 2"t a,8>0, z€[-1,0]
and the corresponding weight v (see (5.2)),
o(x) = |2|*(1 4+ 2)°, = €[-1,0].

Note that v is a polynomial (Christoffel) deformation of the Jacobi weight on [—1, 0] with parameters § — 1
and a — 1.
Then, by Theorem 5.1, for odd values of n,

1 /(2 o .
Gnl(2) = 57 %PJ( D2p(z)+1), n=2j+1,

is the n-th elliptic orthogonal a-polynomial, a = wy, with respect to the weight (5.8).
On the other hand, [10, Theorem 2.7.1] and direct computation shows that

KD (20 41, 3)

P
21 P11 (3)

j(mvv) =

)

where K ;a’ﬂ ) is the (scaled) Christoffel-Darboux kernel,

P @ P ) - P ) P @)

(a,B) —

By Theorem 5.1, for even values of n,

K77 (20(2) +1,3)

Gn(Z) = 2jP~(a_1’ﬁ_1)(3)
J

) n:2j7

is the n-th elliptic orthogonal a-polynomial associated to the weight V.

Interestingly, the interlacing of the a-EOPs obtained in Theorem 4.2 has a consequence for the OPRL
sequence with respect to w and @. This is not expected, as no such result holds for general rational defor-
mations of measures.

Corollary 5.4. Set 73 = {ws + twy;t € [0,1]}. Then, with the notations of Definition 4.1 and Theorem 5.1,
F,, < Fy2 in7s. Additionally, for the orthogonal polynomials with respect to w and its rational deformation
w as in (5.2), the following interlacing property holds:

P,(-,w) < Pp_1(-, W) in [es, ea].

(n) (n)

Proof. Assume that n = 2m and let 2, ’,...,2z,m be the zeros of F,, on 75. By Theorem 5.1

© (zgn)) N (z,(cn)) are the zeros of P, (-, w). Since Ppt1(-,w) < Pp(-,w) in [e2,e3] and p is mono-

)

tone on 73, we see that
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(n+2)

Z§n+2) < (n) (n+2) < e < Z§YZL+2) < 2’7(:) < Zm41 s

z1 7 < Zy
which establishes that F,, < Fj, 1o in 75 in this case. The proof for n = 2m + 1 is analogous, by identifying
the zeros of f,, with those of P, (-, ).
Similarly, the interlacing of P, (-, w) and P,,_1(-,w) in [es, e3] is consequence of the identification of their
zeros with the zeros of fo,_1 and fao,, and their corresponding interlacing given by Proposition 4.7. O

Applying Corollary 5.4 to the construction of Examples 5.2 and 5.3 we obtain some interlacing properties
for Jacobi polynomials:

Corollary 5.5. Let P be the n-th monic Jacobi polynomial, K](»Q’B) defined by (5.9) and A\, = \p(a, B)
defined by (5.7). The polynomials

Roi(z) = P @)\, — POEHPD ()N,

n—1

-1,8-1
Sule) = K557 (@,3),
satisfy the following interlacing properties:

S, < PP in [-1,1], «a,B >0,
PP <R,y in [-1,1], o, 8> —1.

Remark 5.6. Let us briefly put Corollary 5.5 into the context of the literature on classical orthogonal
polynomials.

Note that R,_; and S,, are polynomials of degree n — 1 and n, respectively, orthogonal with respect to
the weights

(z — 1)t (2 + 1)
3—x ’

w(z) = Sx)=B-2)1+2) M z—-1)*" ze[-1,1].
Theorem 2.3 in [7] establishes the following interlacing between Jacobi polynomials of different degrees,

Péa,ﬂ) < PTSOiTt’ﬁth/)’ t, t/ S (0,2]; aaﬂ > -1

We can see the Jacobi weight with parameters (o + 1,8 + 1) as a Christoffel deformation of w(z) and
therefore Theorem 2 of [5] gives the interlacing

pletlAt o po 1.
Corollary 5.5 establishes that the chain of interlacing
pled < pettAtl 2 p oy
is transitive, fact that apparently is new.
Similarly, we can see w as a Christoffel deformation of the Jacobi weight with parameters (o — 1,5 — 1)

and, by Theorem 2 from [5] to w,

S, (x) < P10 (g),
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The simultaneous increase or decrease of parameters a and [ can break the interlacing between Jacobi

polynomials of the same degree, so there is no expected interlacing between Py(Lafl’B D and P}La’ﬁ ). Corol-

P'r(za“B) Péafl,ﬁfl)

lary 5.5 establishes that S,, is a common interlacing polynomial to both and , something

that we could not find explicitly stated in the literature.
5.2. Decomposition of EOPs and orthogonality

In Subsection 5.1, we proved that when W is an even weight and a is a half-period, the sequence of

a-EOPs splits into two sequences of orthogonal polynomials on the real-line given in terms of the weight

w(z) = |ZZ((§))| where x = p(z). We now drop the symmetries assumed on W and a.

We start with a general decomposition lemma holding for any a-polynomial and show that, in the case
of F,, the polynomials involved satisfy certain orthogonality conditions.

Lemma 5.7. Let f € L(n-0+a) be an elliptic a-polynomial of polynomial degree exactly n. There exist unique
n—1

5 J, such that f can be written in

algebraic polynomials py 1 and py, o, with degp,1 < ng, degpp,2 < L
the form

' (a)
2

. Pn,2(7) — pn2(p(a))
Pn3(9(2)), pns(a) = 7 — pla)

f(2) = pna(p(2) + b1(2) pn2(p(2)) + ; (5.10)

where by (z) = —%%, as defined in (2.9).

Proof. Let n = 2m and write f(z) = Z;’L:O Ajbi(2), An # 0. Using that the second expression for the
function by in (2.9) is equivalent to the identity

¢'(2) = =201 (2)[p(2) — p(a)] = ¢'(a)

and the definition of b; in (2.10), one gets (5.10) with

m m—2 m—2
Dn,i(T) = Z Aojw?,  puo(z) =M + Z Aojrsle — p(a)la?, pns(z) = Z A2j437? .
j=0 j=0 Jj=

The proof for n = 2m + 1 is analogous. O

Recall that the Weierstrass p function maps 2 twice on the interval [es, e2]; more precisely, p(ws + 2t)
is a strictly increasing function on [0, 1], mapping [0, 1] onto [es, e2]. It is strictly decreasing on [1, 2], taking
all values from e to e as t transitions from 1 to 2. In this subsection, we denote by z = p~!(z) the inverse

1

of ™" on the first half of the interval 5. In particular, —z equals the inverse of p restricted to the second

half of ~5. Moreover,

[T (2 — ) + 5 [T (e —e) — 42
bi(z) = — Py . bi(—z2) = T o) , (5.11)
3
bo(2) = 2, borys(z) = —a! (x —€;). (5.12)

3

1

Let F), be the n-th monic elliptic orthogonal a-polynomial with respect to a general weight W on 7, and
a € v1. We preserve the notation of p, 1 and p, » when applying Lemma 5.7 to F,,. Additionally, define
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00(x) = P (@) (pla) — 2) + LD p, o 0@, (5.13)

as well as, for j € {—1,0, 1}, the following real valued weight functions,

3
H(m —e)

T € [es, ea]. (5.14)

—

Theorem 5.8. Forn € Z>q, let m = L%J and k =n—2m € {0,1}. With the notation above, the polynomials

Dn,2 and g, satisfy the orthogonality conditions

/ [gn (2)wh (2) + pro(z)wy (z)] 2'dz =0, 0<I<m+ g; (5.15)

€3

€2

/ (gn(2)wg (2) + pro2(z)wi (x)] 2t dz =0, 0<I<m—2; (5.16)

[ @ (5@ + St s@) 4 poata) (v @)+ Sug @) oS =00 )

a)—x

€3

Remark 5.9. The results of Theorem 5.8 hold even in the general case of a € T\ {71 U2}, when the weights
wji are generally complex-valued.
Equations (5.15)-(5.17) define type IT multiple orthogonality conditions satisfied by the vector of polyno-

mials (gn,Pn,2), see, e.g., [10, §23].

Proof. The change of variable z = p(z) and the definitions (5.11) give us

w3+w1 w3+2wq

0= ! Fu(2)by (=)W (2) dz = w/ fn(z)bj(z)W(z)dz—l—w' L Fu(2)by (2)W (2) dz
)i '(a) by ()W (2) + bj(—2)W(—2)
= [ |pua(@) + 2% ps ()| |2 : do (5.18)
/ [ 2 } 2Ty (2 — )

€2

b1 (2)bj (2)W (2) + b1 (=2)b;(—2)W (—2)
+ n,2(T) dzx.
es/p 2\/ Hle(a:fei)

Using again (5.11) with j = 21 < n, we get

€2 €2

[ st + E2 )| fot0) = aluts @120 = = [ pastoret |5 0+ L0t )] a.

€3 €3

By the definition of g, (5.13) and the fact that ps ,(x) = W, we can rewrite the above as

€2 €2

/qn(x)xlwi'l(z) =— /pn,g(x):vlwo_(x), 0<2l <n,

€3 €3
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which is exactly (5.15).
On the other hand, (5.11) with j = 2l + 3 < n shows that (5.18) takes the form

€2 , ¢z ’
a _ a) _
~ [ [t + 5o alta) ~ alui @) s = [ puatoi [t @)+ L @] a
€3 €3
Similarly to the previous case, we rewrite the identity above as

[2) €2
/qn(x)xlwg (x)dx = — /pmg(x)xlwf'(x) dz, 0<2l+3<n,
es3 €3

which is (5.16).
Finally, for j = 1, (5.18) becomes

€2

[ (poa@+ E20,@)) a0+ L0, )] a

€3

- / Pn2(z) [wf(z) + @y @)+ (72 2 ww)] da.

pla) —

€3

This is equivalent to

7%@){ in) | ¢/lo) wh(o ] [ st wi(@) | ¢'la) wj) |

pla) —z

€3

that is, equation (5.17). This finishes the proof of Theorem 5.8. O

Notice that when W is even, functions w; = 0, and equations (5.15)-(5.17) specialize to

€2

/qn(x)xlwi'l(z) de=0, 0<l<m+ g, (5.19)
/pn,g(x)xlwf'(x) dr=0, 0<I<m-2, (5.20)

7 "(a ”LU+ xT u}+ €T
[qn(x)@; )W(—)w +pn72(x)w(_)l‘] dz = 0. (5.21)

€3

Equation (5.19) defines orthogonality of g, with respect to w™,(z). By Lemma 5.7,
e if n = 2m then g, has degree m + 1 and orthogonality conditions in (5.19) are up to degree m — 1. In
other words, ¢, is quasi-orthogonal with respect to wfl(x)

o if n = 2m + 1, then g, has degree < m + 1 and (5.19) corresponds to orthogonality up to degree m.
Now, if the degree is exactly m + 1, then g, is orthogonal with respect to w™,(x). Otherwise, ¢, = 0.

Similarly, equation (5.20) means that,
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o when n =2m + 1, p, 2 has degree m. Thus, p,, 2 is quasi-orthogonal with respect to wga);

o when n = 2m, p, 2 has degree < m — 1. If it is exactly m — 1, then p, o is orthogonal with respect to
wga), otherwise it must be identically equal to O.

In summary,

Corollary 5.10. Let W be an even weight on 2. For eachn € Z>g, m = L%J and k =n—2m € {0,1}, there
exist constants k,,v, € C such that

Qn(x) = _60,krpm+l(x7wt1) + Han+k(xawt1)7 pn,2(x) = 617kPm<x7 wii_) + Van—l(mva)a

where g, and py o are given by Lemma 5.8 and equation (5.13), and &,y is the Kronecker delta.

Remark 5.11. Further assuming that a = wy, one can show that x, = v, = 0, and the decomposition from
Lemma 5.7 for F,, reduces to the one given by Theorem 5.1.

5.8. General decomposition of EOPs

Now we generalize the construction of Section 5.1. Our goal here is to lift the family of orthogonal
polynomial with respect to a generic weight w defined on an interval [es, e3] to a family of a-EOP with
respect to an even weight W on v, for a suitable torus 7, for a general a € ~;.

We assume that es, e3 satisfy the conditions (5.1) and define e; = —ey — e3, so that

ez < ez <ej.
As in Section 5.1, the triplet es, es, €1 determines uniquely the Weierstrass elliptic function p = g(-, A) for
a rectangular lattice A, with corresponding half-periods w; > 0 and w3 = i7, 7 > 0.

Given a weight function w(z) supported on [es3, 2] with finite moments and a € 1, consider the weight
function

(5.22)

Set n = 2m. By Lemma 5.7, the n-th a-EOP with respect to W is

' (a)
2

P3.n(9(2)),

Fn(2) = pna(p(2) 4 b1(2)pn.2(0(2)) +
where p,, 1 has degree m and p,, » has degree < m — 1 and, for g, as in (5.13),
Qn(x) = _Pm—&-l('r)w) + Kan(CC, w)7 pn,2(-77) = Vnpm—l(xa 72)\)7 K, Un € C.

Equation (5.13) implies that
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10(0@) = Lo (0(@) = ~Pruia (0(@) w) + o Pr(i(a), w),

which gives the following expression for &,

¢’ (a)pn2(p(a) + 2Pmi1(p(a), w)
2P (p(a), w)

Rp =

Similarly, we find v,, by evaluating ps ,, at p(a):

pn,2(@(a))
Prm—1(p(a), )’

VUp =

Equation (5.17) becomes

(@) [ [¢/(@pn(o(@)) + 2Ppr(p(a).w)] T Pl whula)
2 2P ((a), w) } / dr

[ Pan@wu) | peale@) [ Paa(@)ae)
e/ ola) o *Pm_1<p<a>,@>€/ o) w0

Solving for p, 2(p(a)) in the expression above we get

Pn2(p(a)) = L {Tml(a)— Pmﬂ(p(a%w)Tm(a)] ¢'(@*Tm(@) _ Tm-1(a) ]

2 Pr(p(a), w) AP (p(a),w)  Pn-i(p(a),w)
where
_ [P s P @)ae)
T, (a) '_e/ip(a)—x dz, Tl )._E/—Q(G)_x da. (5.23)

This formula, although cumbersome, is an explicit expression for p, 2(p(a)) given only in terms of the
sequences of monic OPRL with respect to w and @, and their Cauchy transforms evaluated at p(a).
The case n = 2m + 1 is similar:

QH(x) = Kan-‘rl(xa w), pn,Q(aj) = Pm($> ﬁ)\) + Vnpm—l(xa ﬁ)\)a

with

_ @pan(ola)  peale(@) — Pulo(a), @)
" 4Pp(pla),w)’ " Pra(p(a),w) 7

where

-1

pn,Q(p(a)) = Ma)aﬂi% ~

Sl [#@ D@ Tin-1(a)
mel(p(a), )Tm—l( ) Tm( ):| [ +

4 Pnp(pla),w)  Pmoa(p(a),®)

The following theorem summarizes the results of this subsection; it is convenient to remind the reader
that P, (-, w) denotes the n-th monic orthogonal polynomial with respect to the weight w(z) dz.
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Theorem 5.12. Let T be a torus with Weierstrass invariants ez < ea < ey, p(z) its corresponding Weierstrass
elliptic function, w a positive weight on [es, es] with finite moments. The function

defines a positive weight on vs.
Letn € Z>o, m = L%J, and k = n —2m € {0,1}. Then the corresponding n-th monic orthogonal
a-polynomial is

' (a)

Fo(2) = pna(p(2)) + b1(2)pn2(p(2)) + 5 Pn3(0(2)),
where
=060,k Prt1 (2, 0) + K Py (7, w) — @cn

pn,l(x) = p(a) . ’

pn,2(x) = 51,kPm(x7 {U\) + l/an_l(l‘, '&\7)7

_ png(ﬂi) *pn,Z(p(a))
z—p(a)

pn,S(x) :

)

@ is given by (5.22), and Ty (a) and Tpn(a) as in (5.23).
The constants above are

J(@0)*Tu(a) | Tuaila) ] -

) 2 Pr(p(a), w) APn(p(a),w)  Pn-1(p(a), w)
Cp = ~ —1
Pr(p(a), W) ~ ] €@ Tnia(a) Trn—1(a) _ 1
Py o)~ Tt [ L Panlp@,w * Pm1<p<a>,@>1 S
o — p’(a)cn + 25k71Pm+1(p(a)a w) .y = Cn — 50J€Pm(@(a)a @)
" Pm+k(p(a)7w) ’ " Pm—l(p(a)v’@) .
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