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Abstract We present covariant quantization rules for non-
singular finite-dimensional classical theories with flat and
curved configuration spaces. In the beginning, we construct
a family of covariant quantizations in flat spaces and Carte-
sian coordinates. This family is parametrized by a function
w(0),0 € (1, 0), which describes an ambiguity of the quanti-
zation. We generalize this construction presenting covariant
quantizations of theories with flat configuration spaces but
already with arbitrary curvilinear coordinates. Then we con-
struct a so-called minimal family of covariant quantizations
for theories with curved configuration spaces. This family
of quantizations is parametrized by the same function w(0).
Finally, we describe a more wide family of covariant quanti-
zations in curved spaces. This family is already parametrized
by two functions, the previous one w (#) and by an additional
function @ (x, &). The above mentioned minimal family is
a part at ® = 1 of the wide family of quantizations. We
study constructed quantizations in detail, proving their con-
sistency and covariance. As a physical application, we con-
sider a quantization of a non-relativistic particle moving in
a curved space, discussing the problem of a quantum poten-
tial. Applying the covariant quantizations in flat spaces to an
old problem of constructing quantum Hamiltonian in polar
coordinates, we directly obtain a correct result.
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1 Introduction
1.1 Quantization

In general, for a physicist, quantization means constructing
a quantum theory (QT) of a given physical system. In the
case when a classical Hamiltonian theory of the physical sys-
tem does exist, quantization means constructing a QT of the
physical system on the basis of such already existing classical
theory. Here, one may speak of a quantum deformation of the
classical theory. Such a quantization must obey a correspon-
dence principle, which means that the QT has to reproduce
predictions of the classical theory in a classical limit (big
masses, macroscopic scales, smooth potentials, and so on).
The quantization problem usually does not have an unique
solution. The only criterion whether an adequate QT is con-
structed remains the coincidence of its predictions with the
experiment. Even if a classical theory of a physical system
does exist, it is difficult to formulate quantization rules in the
general case. However, an experience in the quantization of
simple systems as a free particle, a harmonic oscillator, and a
non-relativistic particle in potential fields, was used to formu-
late a consistent scheme of operator quantization of classical
Hamiltonian systems with finite degrees of freedom, without
constraints, and with a flat phase space [1]. Such a scheme
is called the operator canonical quantization. If points in the
phase space of the classical theory are labeled by coordinates
x = (x*)andmomenta p = (pg), a = 1,2, ..., D, thenthe
operator canonical quantization is often formulated as some
rules of constructing quantum operators F that correspond
to classical functions F(x, p) describing physical functions
of the system.! All such operators F act in a Hilbert space 9
of vectors that represent possible quantum states of the phys-
ical system under consideration. The above mentioned cor-
respondence F(x, p) — F is denoted as the Q-operation,
F = Q(F), and is often called simply quantization. The
quantization Q(F’) should obey some properties listed here
[4-T7]:

(i) The operation Q(F) is linear and injective,

QaFy + BFy) = aQ(F1) + O(F2),

1 Since there are no constraints in the phase space, any real classical
function in the phase space F(x, p) is physical [2,3].

@ Springer

Fi # F, = Q(F) # Q(F), «a,peC. (1)
(i) If F(x, p) is areal function then
(Q(F) = Q(F), F*=F, 2)

which implies that any quantization Q(F') assigns a self-
adjoint operator to a real function F(x, p).
If F(x, p) is a complex function and property, (1) holds
then (Q(F))" = Q (F*).
Quantizations that satisfy condition (2) are called hermi-
tian quantizations” in what follows.

(iii) A quantization Q (F) that obeys the correspondence prin-
ciple, must satisfy the following relations?

[Q(F), Q(G)] = ihQ({F, G}) + O (), 3

for any two physical functions F and G, where {F, G}
are Poisson brackets,*

oF oG 0F 0G

{F.G} = — .
0x? dp,  Opg 0x4

“

It is convenient to formulate the correspondence principle
in terms of operator symbols and their star products. We recall
that a function F(p) is called a symbol of the operator F with
respect to a quantization Q if Q(F(g)) = F,

F(p) is Q-symbol of F'if Q(F(g)) = F. 5)

Let Q(F) and Q'(F) be two different quantizations, and
let F(p) and F(¢r be Q-symbol and Q’-symbol of the same
operator F, then we have a trivial, in a sense, equality

Q' (Fo) = 2 (Fo)- (6)

Let F(p) and G(g) be Q-symbols of operators Fand G.
Then the star product F(g) * G(p) is the Q-symbol of the
operator F'G, namely, O(F)*xGo)) = FG, for detail see
e.g. [7,9]. A quantization Q(F’) satisfies the correspondence
principle if

2 We do not discuss here peculiarities connected to the difference
between hermiticity and self-adjointness; see [8].

3 If there are constraints in the classical Hamiltonian formulation of
the system under consideration, then these commutation relations are
modified as follows:

[Q(F), Q(G)] = ihQ({F, G}Ip()) + O (1%,

where {F, G}|p () are Dirac brackets and @ (x, p) = 0 is a complete
set of second-class constraints, including gauge-fixing complementary
conditions; see [3].

4 The summation convention over repeated sub- and superscripts is
assumed throughout, unless otherwise explicitly stated.
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Fo) G = Fp)Go) + O),
(Fg) * Gg) — Gg) * Fg)) = ih{F(g). G(g)} + O(h*).
(7)

Quantizations that satisfy properties (i)—(iii), we call con-
ditionally consistent quantizations.

If state vectors in the Hilbert space §) are chosen in the
coordinate representation (as functions 1 (x)) then we have to
find a coordinate realization or representation for all possible
operators F = Q(F) that satisfy the above listed properties.
First of all, we have to fix the right hand side of Eq. (3) (to
fix in a way the term 0(h2)) and then to find a quantization
that satisfies these equations and the above listed properties.

Which difficulties can be met in the course of the
realization of the above program? One of these difficul-
ties is known as the ordering problem. It can easily be
seen in the case when the phase space is flat and coor-
dinates of the configuration space are Cartesian. In such
a case, usually, for basic operators x¢, p,, and for con-
stant numbers & = Q(«), commutation relations (3) are
chosen as

(@, 2%1 = [, pp] = [2, £°] = [pa, Pp] = O,
[an,ﬁb]zl'h(Sab, a’bzlr"'aDv (8)

and their corresponding realization as

& =al, O(x") =x* =x,
A . d .
O(pa) = pa = —i oxd = —i0,. 9)

Then one has to find a realization for all the operators F=
Q(F). A naive rule (ordering rule) F = Q(F) = F(&, D)
formally obeys Eq. (3) but contains an ambiguity since the
operators x and p do not commute. For example, one can con-
sider, xp or px orderings, the Weyl ordering, and soon [7,10].
In spite of the fact that there exist some natural mathematical
and physical restrictions on possible forms of quantum oper-
ators F = Q(F) = F(X, p) (such as the operator bounded-
ness from above, self-adjointness, the absence of anomalies,
and so on), they do not remove completely the above men-
tioned ambiguity in the general case. In fact, such ambiguities
reflect the above mentioned possibility to exist distinct quan-
tum theories having one and the same classical limit. One
cannot a priori advocate a given operator ordering, in princi-
ple, only an experiment as a final arbitrator may help in choos-
ing an adequate quantum version of a given classical theory,
and, thus, to provide arguments in favor of a certain operator
ordering.

Quantization of a non-relativistic particle Hamiltonian

1
H(x,p) = ﬁg’”(ﬂpum (10)

in a curved space has a long story. A direct construction of a
quantum operator that corresponds to classical function (10)

in the general case meets an ordering problem, which cre-
ates ambiguities in the final result. These ambiguities affect
the energy spectrum of the particle, which explains attempts
to remove or to reduce these ambiguities applying different
theoretical considerations. The first important work in this
direction was done by DeWitt [11] who derived a covariant?
quantum Hamiltonian (using a path-integral approach) in the
following form:

N K2 K2
H=——g123,g"%¢", + —R =—,
8 8 78" 0y + - (x), »x v

(11)

where the kinetic operator is proportional to the Laplace—
Beltrami operator and an additional term proportional to
the scalar curvature R(x) appeared. In subsequent works
that used the same path-integral approach the same [12]
or slightly different forms for H were obtained, they dif-
fer by values of the dimensionless constant x, e.g. »x = %
in Ref. [13] and = { in Refs. [14,15]. One has to men-
tion attempts to quantize the particle motion in curved space
canonically considering it as a motion on a hypersurface
embedded in an Euclidean space [16—18]. To this end, they
used a machinery elaborated for quantizing constraint sys-
tems [2,3]. In such a way, the authors of Refs. [16,17] derived
the operator (11) with » = %, whereas according to the
conclusion of the work [18] the constrained systems the-
ory does not contribute to an unambiguous description of
the quantum dynamics of non-relativistic particles in curved
spaces.

Covariant canonical quantization of relativistic particles
in flat and curved spaces meets additional difficulties due
to the gauge nature of the corresponding actions and already
discussed ambiguities related to ordering problems; see Refs.
[19-23].

One ought to say that quantization in arbitrary (curvilin-
ear) coordinates in flat spaces or in general coordinates in
curved spaces reveals more problems, in particular, the prob-
lem of fixing the right hand side of Eq. (3), the problem of
a realization of the commutation relations for the operators
X and p and the above mentioned ordering problem. The
quantization in arbitrary coordinate system in a configura-
tion space attracted attention already in early days of quantum
mechanics [10,24] and until present is regularly discussed in
the literature; see e.g. Refs. [25-34].

To illustrate the problem, the case of a massive particle
moving in a spherically symmetric field is usually consid-
ered. The corresponding classical and quantum Hamiltonians
written in Cartesian coordinates are

> We do not mention work in which noncovariant quantum Hamiltoni-
ans were derived.

@ Springer
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2 2
. h
Hc(r,p):p—+U(r):>HC=—%V2+U(r).

2m
(12)

However, taking into account the field symmetry, the use of
polar coordinates is preferable. Being transformed to these
coordinates (x'', x’2, x"3) = (r,0, ¢), the quantum Hamil-
tonian (12) takes the form

NG

where g“/”/ and g’ = | det g“/"/| are the metric tensor and its
determinant in polar coordinates. Its kinetic part is propor-
tional to the Laplace—Beltrami operator. On the other side,
we could start with the classical Hamiltonian, written from
the beginning in polar coordinates,

. o1 '
HY = ———=0,y/¢'e"V oy + U, (13)

1
—&""V puwpy +U)

HY(r, 0,
(r,0,9) o

1 -
— %[pf +r72(pg + pysin 2 O)] 4+ U ().
(14)

Then there appears the first question: how do we transform
the classical function H?(r, 6, ¢), given by Eq. (14), into
the corresponding quantum operator? If we make the naive
replacement 1,0, ¢ — r,0, ¢, and p, — —ihd,, py —
—ihdg, py — —ihdy, in this, we obtain an operator, which
obviously differs from HP given by Eq. (13). Moreover, since
the classical Hamiltonian H (r, 6, ¢) is an essentially nontriv-
ial function of noncommuting operators in polar coordinates
and their momenta, an ordering problem appears real. Histor-
ically, Schrodinger [35,36] and Eckart [37] chose the Hamil-
tonian for the hydrogen atom in the Cartesian coordinates in
the form (12) and then obtained (13) as done above. Then
Dirac [38] in agreement with Pauli [39] derived Hamiltonian
(13) quantizing classical function (14) under special assump-
tions. Afterwards, the same result was obtained in different
ways in many publications; see e.g. [24].

Quantizations in curved spaces meet additional difficul-
ties in the realization of the above program and impose addi-
tional restrictions on the ordering rules. Namely, the general
covariance has to be maintained on the quantum level. And
here one meets a serious problem with all the known order-
ings that were formulated in plane spaces and in Cartesian
coordinates.

Our article represents an attempt to treat all the above
mentioned problems from a unique point of view.® It is sup-
posed that a Hamiltonian formulation of the classical theory
of the physical system under consideration does exist and

6 1t should be noted that a part of the results presented below are a
compilation of the contents of the Ph.D. dissertation [40], written by
J. L. M. Assirati under D. Gitman’s supervision.

@ Springer

there are no constraints in the phase space. To start with, we
construct a family of covariant quantizations in flat spaces
and Cartesian coordinates. This family is parametrized by
a function w(#), 8 € (1, 0). Then we represent a minimal
covariant generalization of the quantizations in flat spaces
to curved spaces. This generalization is parametrized by the
same function w(6). Then we construct an extended fam-
ily of covariant quantizations in curved space. This family is
already parametrized by two functions, the previous one w ()
and by an additional function ® (x, &£). The minimal gener-
alization represents a part of the extended family of quanti-
zations and corresponds to the extended quantizations with
® = 1. We study constructed quantizations in detail, proving
their consistency, covariance and classical limit. As physical
applications, we consider the above mentioned old problem
of constructing a quantum Hamiltonian in polar coordinates
and a quantization of a non-relativistic particle moving in a
curved space.

1.2 Covariance of a quantization

Let a physical system in a reference frame K is described by
coordinates x = (x“, a =1, ..., D) and its classical theory
be given by a nonsingular Lagrangian’ L(x, x, t). Then the
corresponding momenta are p = (p, = 9L /9x%). In arefer-

ence frame K with coordinates x’ = (x?, b =1, ..., D),
related to the coordinates x by an arbitrary invertible time-
independent coordinate transformation x> = ¢”(x), the

same system is described classically by the Lagrangian
L'(x', X', t), which is related to the Lagrangian L(x, X, t)

as a scalar,
ax
(x/) ra .
a

0x
(15)

L'(x',%',t)=L(x,%,t) =L ((p_l(x’),

The momenta p) = dL'/9x" b are related to the momenta p,
as pj, = padx®/dx".
Transformations

o

0x
W:Wm,%=ma#m (16)

are called point-like canonical transformations, they form a
subgroup of all time-independent canonical transformations
[25]. Classical functions F’(x’, p’), which describe physical
quantities in K/, are related to classical functions F(x, p),
which describe the same physical quantities in K, as scalars,
F'(x', p') = F(x, p).

Let, in an arbitrary reference frame K,, a quantization
0 be constructed and a transformation law be given, which
allows one to restore a quantization Q’ in any other (different

7 In particular, systems with nonsingular Lagrangians do not have con-
straints in Hamiltonian formulation; see [3].



Eur. Phys. J. C (2017) 77:476

Page 5 of 38 476

from K,) arbitrary reference frame K. Let $ and £’ be
Hilbert spaces corresponding to the quantizations Q and Q’.
Then if vectors |v/') € £’ and vectors |y) € ) that represent
the same physical states are related by a unitary operator U,
ie., |¥') = U|¥) and quantizations Q and Q’ of the same
physical quantities F and F’ are related as

Q'(Fy=UQ(F)U", (17)

then the quantum theories generated by the quantizations Q
and Q' are equivalent and we say that the quantizationQ is
covariant under transformations (16).

It follows from Eq. (16) that a quantization Q from a
covariant set and a unitary operator U from Eq. (17) are
related by the conditions

~la __ a T N 3xa +
A =U0@ UL py=UQ | pagzp(x) J UL (18)

Moreover, Eq. (18) determines the operator U uniquely
up to a phase factor. Indeed, let us suppose that there exists
another unitary operator V : $ — $’ which also satis-
fies Eq. (18). Multiplying the first equation of (18) by UV T
from the right and inserting an identity V'V, we obtain
FeUVT = UVIVQ(e*(x)VT = UV, and there-
fore [U v, X’“] = 0. In the same manner, we can derive
[wvt, p,]1 = 0 from the second Eq. (18). But the Hilbert
space $)’ must be irreducible with respect to the canonical
operators x** and p,,. Therefore, UVT = A, or U = AV.
As both operators are unitary, V = e/?U.

Let, the configuration space of a physical system is a plane
D-dimensional pseudo-Euclidean space, which allows one
to introduce a Cartesian coordinate system8 KXC, where the
metric tensor g, takes the form,

g =diag | 1,1,...,1,=1,—1,...,—1]. (19)

r N

There exist an infinite number of Cartesian coordinates x’
(coordinate systems KXC,), and the corresponding coordinate
transformations between them x’® = M%,x” form orthog-

onal (s = 0) or pseudo-orthogonal (s # 0) group O(r, s),

o, . .
K¢ 26 Kxc,. Matrix elements M} satisfy the well-known

conditions M%,gqug M By, = gab, Which means invariance of
the metric tensor (19) under the transformations from the
group O(r, s). In a coordinate system Kf,, the same system
is described by the Lagrangian L'(x’, ") which is related to
the Lagrangian in K xc as a scalar,

L'(x',x)=L(x, %)= LM 'x', M~ 'x%)). (20)
Momenta p/, = 9L/’ in KXC, are related to momenta

pp = 0L/3x% in K, as L= p;,(M_l)Z. The transforma-

8 Here and in what follows, we denote a Cartesian coordinate system
by an superscript C.

tions
o __ MY b /o Mfl b 21
X - b-x ’ pg - pb( )aa ( )

of the phase-space variables form a subgroup of the group of
the point-like canonical transformations (16).

2 Covariant quantizations in flat spaces and Cartesian
coordinates

2.1 Covariant Q, quantizations

In this section, it is supposed that a classical theory, which we
are going to quantize, is described by coordinates x gener-
ated by a Cartesian coordinate system K xc in a flat space. Here
and in what follows, the upper script C means that the corre-
sponding quantity belongs to a Cartesian coordinate system.

Let a function F (x, p) describing a physical quantity that
can be presented by the Fourier integral,

F(x.p) = / Fn, £)ei 009 dnde,

Fn &) = m) 2P / Flx, p)e i+ r)dxdp,  (22)

where 7 = (7,), 5 = (59), Tx = 1x", ps = pus“, and
F(z, s) is a double Fourier transform of F (x, p) with respect
to x and p.

In this case, defining a quantization Qc(ei("””g)), we,
due to the linearity of Q€, define the quantization Q€ for all
the functions F(x, p) of the form (22),

Q%(F) = [ Fp. §) Q% (1579 dnde (23)

In the general case, there are an infinite number of differ-
ent quantizations Q°(e!™+P8)). Let us consider a family of
quantizations Q' that are parametrized by a weight function
2, &, o, B) of real variables 7, &, «, and B as follows:

0@ 9) = [ 2.6 e P dadp. ()
Then

0% (F) = / F(n, £)2(n, &, a, B0 dadBdnde.
25)

However, the correspondence principle imposes restric-
tions on possible weight functions £2 (1, &, «, B). [t musthave
the form, see Sect. 2.1.1,

& a,p) =820, 8- —8). (26)

Additional restrictions follow from covariance consid-
erations; see Sect. 2.1.2. Namely, functions £2(n, £) must
depend on their arguments 7 and & via the scalar product
o = n§ = n.&° only, namely, £2(n, §) = 2(k), k = hng,

@ Springer
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and satisfy the initial condition £2(0) = 1. Thus, any quan-
tization

0% (F) = / Fn, )2(ne)e 09 ands, 2(0) = 1,
@7)

satisfies the correspondence principle and is covariant with
respect to the group O(r, s).

2.1.1 Restrictions form the correspondence principle

I. Let us consider quantization (25). One can easily verify
that conditions (we call them Heisenberg conditions)

sa C . c oF
[2, Qo (F)] =inQyg (m),

oF
[pa Q@ (F)] = =il Qg ( )

dx4

(28)

provide the classical limit of the Heisenberg equations with
the Hamiltonian H = Q' (H),

oo (MY 5 _ e (2H
x4 = , = - .
2 \opa ) 7 2 \oxa

Using the fact that the Fourier transform (22) satisfies the
relation

(29)

~
~

oF e
a—(n,$)=l%‘“F(n,§), (30)
Pa
we can write the first equation of (29) as follows:
[, 05(P] = =1 [ € F 0@ (1.6..5)
x e/ @ PP qod Bdndé. (31)

On the other side, it follows from the first equation of (28)
that

[£9, 0% (F)] = —h[ﬂ“?(n, £20n. £ o, p)

x e/ @ PP god Bdndé. (32)

Since F is, in a sense, an arbitrary function, we obtain
B*—EYYL2 (M, & a,8) = 0. In the same manner, we
obtain (o, — 14) £ (1, &, o, B) = 0. These equations imply
that @ (1,6, @, B) = 20, £)8 (B —£) 5 (a — 1), justify-
ing Eq. (26).

Usually the following initial conditions for the weight

function 2 (n, &) are assumed
21,0 =2(0,&=1. (33)

Their fulfillment guarantees the so-called von Neumann
properties of a quantization [1],

Q9 (F() =F (%), Qg (G(p)=G(p), (34)

@ Springer

and, in particular, conditions (9). To be more precise, the
operators F (£) and G (p) in Eq. (34) are understood as fol-
lows:

)= f F(e™dn, F )= Q0" / Fx)e dx,

G(p) = / F (¢)ePdn, G (€)= (2m)~" / G (p)e "¥rdx,
(35)

where partial Fourier transforms F(n) and G (&) are denoted
by only one tilde above.

It should be noted that here exist more general conditions
than von Neumann ones (34), which have to be fulfilled for
any quantization Q¢,. Indeed, let for a given index a the clas-
sical Hamiltonian H (x, p) does not depend on both canoni-
cal variables x% and p,, i.e., 0 H/dx* = 0H/dp, = 0. Then
it is natural to suppose that the quantization Q' must sat-
isfy the following generalized conditions (we call them the
generalized von Neumann conditions):

09 (F (x*) H(x, p)) = F (%) Qo (H) = QG (H)F (%),
0% (G (pa) H(x, p)) = G (pa) Q% (H) = 0% (H)G (pa) .
(36)

It is easily to see that the latter conditions, together with the
property Qg (1) = I, imply Eq. (34).

However, the initial conditions (33) on weight functions
2(n, &) are already not sufficient to provide Eq. (36). The
adequate generalization of conditions (33) reads

d
[20,8)y,=0] = = [20, E)lgazo] =0,

Cl3s 9Ma

20,0 =1. 37
2.1.2 Restrictions from the covariance

Let us consider a function E(x, p) = ¢!™+P8) In terms
of transformed by (21) phase-space variables x’ and p/,
this function reads E(x, p) = E' (', p') = el (1 +p'E)
where 1, = n, (M_l)ﬂ « and £ = M*, &M, According to
Egs. (24) and (26),

0% (E) = 2 (1.8 /0¥ 7€)
—Q (n/’ 5/) Uei(n/MHﬁM*lg’)UT
—U [sz(nM”, Mg)e”"“ﬁ@] Ut
On the other side, see definition (17), quantizations Q' and

Q' are equivalent if M~ M&) = 21, £). Because &,
nand M € O(r, s) are arbitrary, the function £2 must depend

9 When F and G are polynomials this definition is reduced to a simple
substitution x — x and p — p in F(x) and G (p), respectively.
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on the invariants 11 (§) = gup%€%, I () = g*°nanp and
I3(n,§) = na§® = n& only,

.8 =fUi1 &), Lm), 1 8§)). (38)
For functions of the form (38), two first conditions (37) imply
af af aof aof
VE g €9 — =n,—— =0 —=——=0. (39
§%1a 2§ a1l naalz = a1 dl 39

Thus, for Q% to be covariant with respect to the group
transformations O (r, s), £ (n, &) must be a function of the
invariant combination I3(n, §) = n,&“ = n& only,

R, &) = $2(k),

One can easily verify that initial condition (37) for the func-
tion £2 (n, £) holds when the initial condition §2(0) = 1 holds
for the function £2 (k).

Thus, the final statement of Sect. 2.1 is proved.

k = hné. (40)

2.2 Basic quantizations

Let a weight function §2 (k) have the form
2(k) = 2y (k) = &'%* = /"5

. o ¢ _ e
It defines a covariant quantization Q Q0 = Q(Q),

Q) (F) = / F(n, §)eiM07 &l (055 e, (41)

In what follows, we call (41) the basic quantizations.
The basic quantization Q?@) can be written in a more sym-
metric form. To this end, we use the relation

ol (F+PE) _ o—ihong el’(%“’)ﬁéemfei (%—e)ﬁs’ 42)
which can be obtained from the Baker—Campbell-Hausdorff
formula eAt8 = ei%['&é]e‘&eé. Thus,
o = [ Fa £re ()3 eini o (00 ae (a3)
The basic quantizations Qfg) (F) are covariant for any 6.

However, the basic quantizations are hermitian only for
0 = 0. Indeed, using the formal hermiticity of the operators

% and p and the property (F(n, £))* = I::*(—n, —&) of the
double Fourier transforms, we obtain the relation

[0, (F)] = f F* (=, —&)e 00 =1 (15+58) 4 e

_ f F* (. £)e =076 o (1345€) g g = 0, (F¥).,
(44)

which proves the above assertion.
The importance of the basic quantizations is stressed by
the following assertion: Any covariant with respect to a group

O (r, s) quantization Q% (F) can be presented as an integral
over basic quantizations.

To demonstrate this fact, we introduce the Fourier trans-
form w(0), 8 € R of a weight function £2 (k),

+o0
k) = / w(©)e*?do,

N +o00 )
ke %% dk. (45)

—00

1
() = -~

Weight functions that define covariant quantizations satisfy
initial condition (41). As a consequence, Fourier transforms
of such weight functions are normalized,

+00
9(0):1:>f w(0)do = 1. (46)

In other words, Fourier transforms of weight functions that

define covariant quantizations can be treated as complex mea-

sures w(6) of the total weight 1 on the real line.
Substituting £2 (k) from Eq. (45) into Eq. (27), we obtain

+00 ~ A
0% (F) = / / F(n, &)l 1459 dndz o (6)d6

+00
= Qo) (Fw(0)d0 = O, (F). (47)

Thus, any covariant quantization with a weight function
£2(k), can be represented either by Eq. (27) or by Egs. (47)
and (46) via the Fourier transform of the weight function
£2 (k). In the latter case, we denote the corresponding quan-
tization as wa](F ).

If w (0) is the Fourier transform of a weight function £2 (k),
then there is the following correspondence between the intro-
duced notation, wa](F) = 0% (F).

It follows from Eq. (47) that any quantization wa](F )
with w* (—0) = w(0) is hermitian,

¢ _ [T° e
Q[w](F) = f—oo (9)(F)w(9)d9} - [wa](F)]Jr

o* (—0) = w(0)
= 05, (F). @)
It follows from Eq. (47) that

Qo1 (P 0y —s6—01 = Qo (F)- (49)

2.3 Quantizations of homogeneous polynomials

Consider functions F'(x, p) of the phase-space variables that
have the following form:

F(x,p)= Ta1n (x)Pal ©t Pays (50)

where x-dependent coefficients 7¢!""%(x) are symmetric
under any change of the indices a; - - - a,,. We call such func-
tions homogeneous polynomials in what follows. One can

@ Springer



476 Page 8 of 38

Eur. Phys. J. C (2017) 77:476

see that the Fourier transform F (1, £) of a homogeneous
polynomial (50) can be written as

078 (615 - 5)

;, () = JT L an (m JEAL ... gEm

(S

Substituting the latter representation for F (&, n) into Eq. (43),
we obtain the basic quantization of F(x, p) in the following
form:

. [0S (EDED £ (146 pe
Q@) (F) =i / dEA ... gEan e( +)P

x (/ Taran (n)ef"fdr,> e"@“’)ﬁfdg

an [ei(;w)pETal “”(x)e( )p§:|
EAL ... gEan

= (—i)" .
£=0
(52)

Using a generalization of the Leibnitz formula (see Appendix
A.2), we can write

" |:ei(5+9>ﬁ$Tal..‘an ) ei(;e)ﬁs]

JEAI ... 9Em
_ 0" expi (5 +6) PE | ua
Z()[ JEAI ... JEak :|T )
n 1 ~
5 |:8 expi (5 6)p§:|'

Q&M+ ... 9Ean (53)

Then it follows from (52) that the basic quantization Q?@)
of a homogeneous polynomial has the form

(9)(F) Z Ck (9)17&1 T ﬁak T ()E) ﬁak-H T ﬁan’
54
where
cr o) = ")(1 ek 1 eH
ClH(—0) = C"_,(0). (55)

According to Eq. (47) the quantization wa] of the homo-
geneous polynomial reads

(F) Zwkpfll o Pa TN (“Q) Pasy "+ Pay»

(56)

where

+00
Wl = / ClH(O)w(6)db. (57)

—00

The sum ) ;_, C}(0) is reduced to a unit according to the
binomial theorem,

@ Springer

1 n
Zc (9)_[( +9> (5—9>] =1. (58)
Together with the normalization (46) this implies that
+oo "
Za)k = / > GO0 (B)do = 1. (59)
X k=0

For a hermitian quantization wa]
ficients wj have the properties

(see Eq. (48)) the coef-

+00
(o) =/ CrO)w (—6)do

+o0
=/ Cl(=0)w(0)do = ! _,. (60)

—00

2.4 Factorization property of covariant quantizations

In the previous sections, we have considered Heisenberg
conditions (28), the generalized von Neumann conditions
(36), and conditions that provide the covariance and self-
adjointness of a quantization. However, it is possible to
require some additional properties for a quantization and
derive corresponding formal conditions that provide these
properties. Let us consider some of them.

Let a function F(x, p) be represented as a product of two

functions G(xl, Ply--- , xk, pr) and H(xk+1, DPk+15s - - .xP,
PD),
F(x,p)=G&!, pr,.... x5 poHGE,

Pit1s---xP, pp). (61)

It is easily to verify that any quantization Q ) (F) given by
the rules (47) produces, in this case, commutmg operators
wa](G) and wa](H ). Then we ask the question: which
quantizations satisfies the following property:

Q°(F) = Q°(G)Q°(H),

which we call the factorization property in what follows.
Let us derive the corresponding formal conditions on func-
tions w (0) that provide the latter property.
First, taking the structure of the functions G, H, and F
into account, we find that their Fourier transforms have the
forms

(62)

G.&) =G, &', ... e €98(mq)
~ X 8ET ...50p)sEP),
H(n, &) = HOpeyr, €1, onp, €2)8(m)
. X 8D . 8(m)BED),
F(n.&) =G, &' ... .n. £
< H(err, €71 onp &P, (63)

Then we consider the basic quantization Q?e) of functions
(61). It is easily to verify that it satisfies the property
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- . k a vk sa_ A sa
05 () = [ GemTheinst g Kkt

k
% [ dnade® / Fei0 X Mt o S (a4 u®)

a=1

D
x [ dnade® = 05,)(G) Q5 (H).

a=k+1

(64)

Thus, any basic quantization Qfe) satisfies the factorization
property.

Moreover, one can see that among quantizations QF,,
which can be represented by Eq. (47) as wa] (F), only basic
quantization Qfe) satisfies the factorization property. Indeed,
due to property (62) the quantization Q[Cw](F ) of functions
F given by Eq. (61) can be represented as

05, (F) = / 0% (G) 0y (H)wo (0)d6

= / 0%,/(G) 0%y, (H)w (61)8 (6 — 61)d6; dbs.
On the other side,
05,)(G) 0, (H) = / 0%,)(G) Sy, (H)w (B1)0(62)d61d6

Equation (54) implies that functions G and H can be chosen
in such a way that the operator Q?el)(G) Qfgz)(H ) turns out
to be a polynomial (with operator coefficients) in 61 and 6, of
any given degree. Thus, condition (62) can be satisfied only
if w(0))w(0) = w(61)5(6>» — 61). Then, since the relation
f(01)6(02—61) = f(02)8(62—61) holds true for any function
f(6), we obtain

FEDwEDw(62) = f(02)w@1)w62).

Integrating this relation in 6, and taking into account Eq. (46),
we obtain

o0

FODw0 1) = ko @), k=/ F@)w®)do.

—00

The latter equality holds for any f(6) only if w(0) = 6(6 —
A). Then k = f(X) and wa](F) = ka)(F), which proves
the statement.

2.5 Commonly discussed quantizations

I. The basic quantizations QCjE | ) (F) with 6 = j:% are, in
2

fact, the well-known px and xp quantizations, in other
words they produce px and xp ordered operators; see
e.g. [7]. Indeed, using Eq. (43), in particular, Eq. (54),

one can see that the quantization Q9 | (F) = QP*(F)
2
acting on classical functions F(x, p) substitutes all x by

the operators x, and all p by the operators p, placing at
the same time all p on the left of all X. The quantization

IL.

III.

0 ( \ (F) = Q*(F) acts similarly, placing all ¥ on the
-2

left of all p.
Using Eq. (43), we obtain

Qfy (P = 0" = [ Fonereieeinian
: . o (65)
0 )= ") = / F(n, £)eimei P dnde.

_1
2

These quantizations are covariant and satisfy the factor-
ization property. However, using Eq. (44), one can see
that (Q*P(F))" = QPX(F), which means that the quan-
tizations Q*P and QP* are not hermitian in the general
case.

The basic quantization with § = 0 <— 2 = 1 <—
w(0) = 5(0) is, in fact, the Weyl quantization [41], which
is here denoted by QY (F),

0"(F) = 0iy/(F) = O5(F) = [ Fun. o) 0% anas.
(66)

As follows from the above consideration, the Weyl quan-
tization is covariant, satisfies the factorization property, is
hermitian and produces symmetric in X and p operators.
As follows from Egs. (43) and (54) the Weyl quantization
of homogeneous polynomials reads

QW (Tal---an (x)pal e pan)
1 < (n
k=0
(67)

It should be noted that the Weyl quantization (the Weyl
ordering) plays an important role in quantum mechanical
applications. There is a convenient formula for the Weyl
quantization,

QY (F) = e it PE F (1,5) (68)
t

=s=0

In the article [10], Born and Jordan introduce a specific
ordering, which is now called the Born—Jordan ordering
or the Born—Jordan quantization. In terms of the intro-
duced above constructions, the many-dimensional gen-
eralization of the Born-Jordan quantization QBJ (F) can
be written as

+1 +00
OQ¥(F)= | = Q) (F)do = f 05, (Fw(0)do
.l e
1, e <
= () = {O, " Z; = Q(k)

@ Springer
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+oo : 2 k
= / w(©)e*?do = = sin <—)
s k 2

— QBJ<F)=fF(n s)—ssl (hf>

x e/ P8 qpde. (69)

The Born—Jordan quantization is covariant and hermitian
but does not satisfy the factorization property. However,
for two functions of the form F = F(x) and G = G(p)
the following exact result holds:

(0¥ (F), 0B'(G)1 = ino® ({F, G))
_iho¥ <B_F§> . (70)

To verify Eq. (23), we use a relation, which holds for the
double Fourier transform of the product F G,

<8F G

oxa ) (1, &) = = 1.E“(FG)~ (0, §). (71)
x4 0pa

Here and in what follows, we often use the following notation

for the double Fourier transform (Z) (n, &) of a function
A(x, p):

A) (1.6) = (A~ (7. 8)

Then, taking into account the definition of the basic quanti-
zation, we can write

o 0F 0G|
©) Ax< dp, -

= hae%( G). (72)

Using Eq. (72) in (70), we obtain

B / (FzG)nasaeinQnEei(17)?+ﬁ$)dnd%-

oF 0G 1
0" (i) = oo - oo
1
= L [F().6 ()], 73

which proves the validity of Eq. (70).
The Born—Jordan quantization of homogeneous polyno-
mials is given by Eq. (56) where

+l k n—k
- n 2 l l_ _ 1
wk_(k)/_l (2+9) (2 v) =

2

Thus,
QBJ (Ta|maﬂ (_x)pal - pa,,)
1 : iy ~ “ee A A A
:n—|-] ];)pal"'pﬂkTal a”(x)Pak+1"'pa,l~ (74)

@ Springer

2.6 Operator symbols and classical limit

For the Weyl ordering, we have £2 = 1, such that the cor-
responding quantization is given by Eq. (66). Comparing it
with the general formula (27), we see that

0%(F) = 0%(G), G.&) = QUunE)Em.&).  (75)

One can see from definition (22) that

2 (—hIT) F(x, p) = / 2 (hng) F(n, &)el 9 dyde,

where

D

. 76
Z xuapﬂ (76)
Thus, we have

2 (7ng) F (. €) = [2 (—hIT) FIF = Q% (F)
= Q% (2 (=hIT) F). (77)

We note that if F'(x, p) is a polynomial in x or in p, there
exists anumbern < ocosuchthat A”F = 0,and 2 (—AIT) F
always exist for such functions F(x, p).

The operator £2 (—h1~7 ) has an inverse one. Ingeed, it fol-

lows from the relation F (17, £) = [2 (hin€)]~' G(n, £) that
= [2 (—=hIT)]!

Now we turn to operator symbols. Their notion in the gen-
eral case was defined in Sect. 1.1. Here we slightly change
the notation introduced there, namely, F(p,)(x, p) =
Fo(x, p). A function Fg (x, p) will be called an £2-symbol
of an operator Fif F = Qo (Fg). Then the star product

Fo x G is the £2-symbol of the operator FG, namely,

Qo (Fo+Ggo)=FG = Qg (Fo) 00 (Gg). (78)

Similarly, we define w-symbols (Weyl-symbols) F¥ by
the relation £ = OY (FY), and the star product (FV x GY)
with respect to the Weyl quantization as follows FG =
OV (FY % GY).

The star product of w-symbols can be expressed via the
corresponding w-symbols as follows:

(F™ % G (x. p) ih [ 9? 32
X, p) =exp|— —
b P12 \ox dp2  9x2dp;

x PG, pGY G, po)

)C_X =X
p1=p2=p

ih
= FY(x, p)G¥(x, p) + —{F", G¥}(x, p) + O(1?).
(79)
Expressing the quantization QF, (F) in terms of the Weyl

quantization Q% (F) with account taken (66) and (78), we
obtain
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QY (R(—hIT)(Fg x Gg))
= Q"(R(-hI)Fg) Q" (2(~hIT1)Gg)
= OY(Q(—hIT)FY x Q(—hIT)G"). (80)

The equality (80) of operators implies the equality of the
corresponding symbols,

(FoxGgo) = .Q’l(—hl'[)(Q(—hH)FW * Q(—hIT)GY).
According to initial condition (27), we have

Q(—hI) = 1 — ahIl + O(h?),
Q7Y (=hIT) =1+ ahA + O(R>),

where a = d§2(k)/dk|=0.
Then, using expansion (79), we obtain

ih
(Fo+xGgo)=FaGgo + ?{FQ, Gol

er| i 1Fg 3Go | ¥Go IFg
dk |- = axH 9py axH dpy
+0(n?), (81)

which implies the relation
(Fo xGgo) — (Gg x FQ) = il{Fq, Go} + O(h?).  (82)

The two last equations are just conditions (7) that justify
the fulfillment of the correspondence principle for the quan-
tization Q, (F).

3 Covariant quantizations in flat spaces in general
coordinates

Our aim here is to generalize quantizations Qfg)(F ) (43),
and Q% (F) (27) or wa](F) (47), formulated in flat spaces
in Cartesian coordinate systems and covariant with respect
to the group O (r, s) transformations, to quantizations for-
mulated also in flat spaces but already in arbitrary coordinate
systems and covariant under arbitrary coordinate transforma-
tions.

3.1 Alternative forms of covariant quantizations in flat
spaces in Cartesian coordinates

To construct the above mentioned generalizations of quan-
tizations in flat spaces in Cartesian coordinates, we first are
going to avoid using expansions of coordinate parts of clas-
sical functions in Fourier integrals. The reason is simple, not
all the coordinate systems allow such expansions. Thus, we
consider now a partial Fourier transform F(x, &) of a func-

tion F(x, p) with respect to the momenta p only,'?

F(x,&) = Qrh)~P / F(x, pei"dp,
F(x, p) =/F(x,g)e%1’5dg. (83)

To express the basic quantization Q?@) (F) in terms of the

partial transform F(x, &), we can start with Eq. (43), written
as

Qfe)(l")=/ei(;+9)’35 (/ Ig(n,é)e""’edn> ei(%_‘))’agds.
(84)

Then we have express the integral in brackets containing
F(n, £€) in terms of F(x, &). To this end, we write

[ Foroman = o [ Fapeiiap
= hPF (x, he). (85)
In what follows, we will use a supposition that there exist

eigenvectors!! |x) of the operators £* with the following
properties:

x) =M x)y, (xly) =8 (x — ), /|x><x|dx=i,
. L0

<x|pu=—1hax—u<x|,

f(®) = / £ x) (x[dx V£ (x). (86)

This allows us to rewrite Eq. (85) as
/ . )emdn = hPF (3. 1g)
=hD/ﬁ(x,hg) Ix) (x| dx. (87)

Substituting spectral decomposition (87) into representation
(84), we obtain

05, (F) = / e, eyeh 0 gy (e (308 g e
(88)

Using in (88) coordinate representation (86) of the momen-
tum operators and relations

10 Ty minimize occurrences of 7 in the following formulas, we intro-
duce this constant in the complex exponential.

I Of course they are generalized vectors which do not belong to the
Hilbert space.
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(xle%(%_g)ﬁg = e(%_g)gua%“ (x| = <x + (l - )5‘ ,
T
+

e'(%w)ﬁé ) = <<x|e;(§+9)ﬁ§> _

>~

(89)
we finally obtain
- 1
0%, (F) = / Fx,8) |x - (5 +9> s>
X <x + (% - 9) &|dxdé. (90)

Representation (90) for the basic quantization Qfe) (F)
does not contain a Fourier transform of the function F (x, p)
with respect to the coordinates x, itis expressed via the partial
Fourier transform of the function F (x, p) with respect to the
momenta only. Equation (90) can be interpreted as a spectral
decomposition of the operator Qfg) (F) into the operators

(e (3o

which are operators of a projection with a subsequent rota-
tion.

Using Eq. (90) in Eq. (47), we construct the following
representation for the quantization wa] (F):

; €2y

0y (F) = [ Fer.)Dr. &, ondnde. ©2)

1 1
x — (5+9)$><x+ (5 —9)§’w(9)d0-

93)

where

ﬁmamzf

In the case, when F'(x, p) is a polynomial in p, the partial
Fourier transform F'(x, &) can be written as

Fx,8) = (Znh)_DF(x,ihaS)/e—%ﬁ%‘dp
— F(x,ihde)5(6), ©4)
such that

05, (F) = f F(x, —ihde)D(x, £, w)‘g:o dx. 95)

3.2 Spectral representations of covariant quantizations in
flat spaces in arbitrary coordinate systems

3.2.1 General construction

We start with a covariant consistent (hermitian in particu-
lar) quantization Q[Cw] (F) which is formulated in a Cartesian
coordinate system KxC with coordinates x and produces a
quantum theory in a Hilbert space $). Let us try to construct
a quantization Qf,, (F’) in the same flat space but in an

@ Springer

arbitrary coordinate system K, with coordinates x’ = ¢(x).
Quantization wa] (F ! ) must produce an equivalent quantum
theory in a Hilbert space §)’, in particular, QE ol (F ! ) must also
be a consistent quantization. We suppose that both quantum

. . U .
theories are related by a unitary operator U : $§ — $’ in the
spirit of Sect. 1.2. Equation (18) define this unitary operator,
which depends, in the general case, on w. Thus, the quanti-
zation Q/[ ] in K, is related to the quantization Qp,) in K f
as

Ol (F') = U Quu(FU",

which coincides by the construction with quantization (47)
if coordinates x’ are Cartesian.

One can demonstrate that the quantization Q/[ «) can be for-
mulated in terms of intrinsic elements inherent to the coordi-
nate system K, and, thus, is independent on the quantization
wa] (F) formulated in the Cartesian coordinate system Kf.

Using Eq. (34), we obtain

0, (9" () = ¢ (2) = & = Ugp" (}) U™

On the other side, using Egs. (54), (55), and (57), we obtain

(96)

o7)

Ol p"‘ax_w = w(‘)ax_wp“ + 60(+)Paax—,ﬂ,
oo /1 1
oy = - —0 0)d0 = - +iw,
rm [ (v
oo /1 1
a)(+)=/_oo (E +0>w(9)d9=§—iw,
+00 de
w:i/ O ()0 = —| |
oo dk |,
5)67 ax¢ R
i = g @ (E)- (98)
Therefore,
e\ (T G
Qo | P axr ) = 2\ oxmPe + Pa ox'H
[ e
—iw | Pu, | (99)

The commutator in the right hand side of Eq. (99) can be
found from Heisenberg conditions (28),

R W . c ox“ .
[”“’ a—} = [0t (G )]

1 O° 0 0x“*
~Qar \ g g )

On the other side, taking into account the relation

(100)

3 [ 9x” 3%x®  x" » ,
— — =T =r
axe \ 9x'# IX'HIx"V Ix ap w
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where I, are Christoffel symbols, we obtain

p""ax_w = —thFM (q) (x)), (101)
such that finally
) ax®\ 1 [0x@ . 9w
QLo ( Pa oxw ) = 2\ gxmPe + Pa ax'H
— hwl“li (¢ (%)). (102)

Obviously the left hand side of Eq. (102) can be considered
as a self-adjoint operator if o is real, which, in turn, provides
the hermiticity of the quantization Q’[w]. At the same time,
real @ provides the hermiticity of the quantization Q‘fw]. In
what follows, we suppose that quantizations wa] are hermi-
tian.

It follows from Eq. (101) that

0x¢ ﬁ . i R
Ot (rags) = aca =1 (540 ) 1L 0 0).

(103)
Then, taking into account Eq. (97), we obtain
EIC ax“ 3 ax“

(- o o a1
Uax/p,U _Uax/u ((p(x))U - dx' (x)’
Ur, (¢ (®)U' =1, (%). (104)
Thus, Eq. (18) takes the form
N ax* ., A i e
Pu= 5o (X)UpU" =1 St@ r,(&). (105

Equations (97) and (105) determine the unitary transfor-
mation U up to a global phase.

Let |x) are eigenvectors defined by Eq. (86). They are
generalized states related to the Hilbert space $. Then the
generalized states

|x) = lpx)) = U Ix)

are related to the Hilbert space $’. Taking into account
N .

Eq. (97), one can see that |x ) are eigenvectors of the oper-

ators x'*. Indeed,

(106)

() = Ug* (%) U lp(x)) = UgpH (%) Ix)
=" (U |x) = " (x) lp(x)) = " |x/>/ = x* |x’)/.
(107)

These vectors satisfy the orthonormalization and complete-
ness relations

(") = xlUTU |y) = (x]y) =8 (x — y)
8 (x/ _ y/)

= |det (0x/0x")| (108)

§ (x/ _ y/)
Ve o
/ ’x’)’ (x’|/\/g’ (xydx' =1.

= ') =
(109)

Here <x’ ]' are bra-vectors associated to the ket-vectors ‘x’ )/ ,
g’ = |detg, (x") |, and we have used the well-known prop-
erty 8 (f (x)) = 8(x' — ) [3f/3x'| " of the 5-function,
where f (x') = ¢! (x')—¢~! (') (the equation f (x') = 0
has only one root since ¢ (x) is a bijection).

Using Eq. (105) and the relations

Wl o VU = 7 () ] VT
= ;jﬂ () (xl pa*
= i () gy 1V
= i () ol
- ajw e

we derive a coordinate representation of the momentum oper-
ator l% ,

. . 0 L.
"Bl = —ih [ax_w + (5 - lw) T, (X’)} Wl o

The state |) = U |¥) in § corresponds to any given
state [Y) € $. Using Eq. (106), we see that wave functions
are scalars under the coordinate transformations x’ = ¢(x),

Y () = (| ¥) = x| UTU |y) = (x|y) = ¢ (). (111)

(v’

Now we can construct a quantization wa] in an arbitrary
reference frame K,/ according to definition (96), using rep-
resentation (92) for the quantization Q‘fw] in a Cartesian ref-

erence frame K€,
Qlu) (F') = U0}, (PUT

= f F(x,&)UD (x, &, ) UTdxdg. (112)

In the integral in the right side of Eq. (112), we perform a
variable change,

ax’
X =ekx), &= P
X

dxdé = |det (ax/0x) " dv'de’ = ¢/ (') dx'dg’.  (113)

We note that g = ‘det (gw)| = 1 since Kf is a Carte-
sian reference frame. Next, we need a transformation law for
F(x, &). Using the relations

ax”

/ I / /
F,p)=F (' p'). pl=prog
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already discussed in Sect. 1.2, and definition (83) of F (x, &),
we obtain

~ 1 ox\ _i
F(xf):W/F/ (x/,PW>e P8 dp
1 _ i /Lx/
N (2nh)D/F/ (x, pl)e i s
[}/(x/’%_/)

NCACO R

g ()= |det (8x/8x’)| .

x |det (3x'/9x)|dp’ =
(114)
Next, we have to calculate the operator U D x, &, 0)U T,
which we denote by D’ (x, &', w). Using Egs. (93) and

(106), we derive for it the following representation:

D' (x',&,0) =UD (x,&,0) U’

:/U x - <%+9>§><x+ (%—9>g'U*w(e)de
T (o))

e o))

w(6)d6.
Using the definition of the exponential function in the
general coordinate system K, its transformation law and its

form in the Cartesian reference frame K f, see Egs. (269),
and (272) in Appendix A.3, we obtain

()b ()
(oG

Thus, the quantization Q| (F’) has the following form:

(115)

/

/

(116)

Ol (F') =/ﬁ/ (', &) D' (x', &, w) Vg (x')dx'dé,
A 1 /
i o))

< ((3-)¢)

w(9)de.

It follows from (117) that the quantization Qi o] (F ! ) ,
defined originally by Eq. (96), is, in fact, formulated in terms
of the intrinsic characteristics (g;w and FOZ" ) of the coordinate
system K/, and does not depend on the Cartesian reference
frame K< at all.

Now we are going to formulate once again the quantiza-
tions Q|4 (F) in arbitrary coordinate systems K, with coor-
dinates x (in contrast to the previous consideration now by x

(117)

@ Springer

we denote already arbitrary coordinates) without any refer-
ence to a quantization in a Cartesian reference frame.

In the coordinate system K, the metric tensor is g, (x),
and Christoffel symbols I' Oﬁfg (x) are expressed via g, (x)
according to Eq. (252), the exponential function y (x, &) is
defined via Fa’g (x); see Appendix A.3. Canonical variables
x and p are represented in quantum theory by operators x*
and p, that act in the corresponding Hilbert space $). We
define a complete set |x),, in $) of generalized eigenvectors
of the operators x#, which satisfy the following relations:

o (X1 Ve =g 208 (x —y),
1
o (x| py = —ih [au + (E — iw) FM(X{| = (x]. (118)

X X) gy = 2P X) g

The vectors |x),, are related to the vectors |x) as
%)y = e IVEE 1), (119)

which can be checked (taking into account Eq. (257)) by the
following calculations:

. N . 1
(i/h) '™ MVEW o (x| p, = /7 InVEW [au + Erﬂoc)] 0 (x|

. . 1 .
— |:ezwln\/g(x)auefzwlm/g(x) + EFM(X)] etwln«/g()c) 0 (x|

- [au—i-(%—iw) Fu(x)} el INVE) iy (120)

In terms of vectors |x),, we construct an operator
D (x, &, ) by analogy with (115), and we define the quan-
tization Q|,)(F) in K, by the equations

Qo) (F) = / Fx, £)D (x. £, ) /g dxde,
st o (o))
X o <y (x, (% — 0) S)’w(@)d@.

If F(x, p) are homogeneous polynomials in p, we use
Eq. (121) to obtain an analog of representation (95),

(121)

Ol (F) = f F(x.—ihds) D (x. &, a))‘gzox/g(x)dx.
(122)

3.2.2 Covariance and correspondence principle

I. One can demonstrate that, in an arbitrary coordinate sys-

tem K, (different from K, and K,/), the quantization

Tl (F") = VQu)(F)VT, where the unitary operator

V relates Hilbert spaces $ and $”, and the quantization

/ / _ T
01, (F') are related as Q[ (F") = WQj,, (F)W

with a unitary operator W = VUT. Since coordinate

systems K, and K,» are arbitrary and there exists a

unitary equivalence between the corresponding quantum
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theories, the quantization Qp,)(F) given by Eq. (121)
is covariant according to the definition formulated in
Sect. 1.2.

II. In an arbitrary coordinate system K,/ the quantization
QEw] (F/) given by Eq. (96) or Eq. (117) satisfies the
correspondence principle. To prove this statement, we
can write, see Eq. (5),

Ol (Flo) * Gl) = Qo (Flu)) Ol (Glay)
= U" Qo] (Fiw) Qo) (Glwl) U
= U" Qo) (Flo) * Glw]) U

= Qju) ((F[w] * G[w])/> 7 (123)

where F{,) is [w]-symbol of the operator F ,l.e., F =
O(w] (Flo) and so on. It follows from Eq. (123) that

Flyy % Glyy = (Fio) % Gl1) = [FluiGwl + O]
= Fu)Gjo) + O (),
i / / !

Flo) * Glo) = Glop * Flo)

o)

= (Flo) * G1) — (Glo) * Flw))'
/
- [ih {Flo, Gol) + O(Fzz)]

=il {Fl,. Gl,} + 0, (124)

where {, } and {, } are Poisson brackets in coordinates
(x, p)and (x’, p’), respectively. The fact that the equality
{F,G} = {F’, G’}/ holds true for any functions F and G
was also used, since the phase-space variables (x, p) and
(x/ P ) are related by a time-independent point canonical
transformation.

Equation (124) proves that the quantization Q{,)(F) sat-
isfies the correspondence principle.

3.3 Coordinate representation

Let a covariant quantization Q|,,(F) be formulated in arbi-
trary coordinate systems K with coordinates x. This quanti-
zation defines a quantum theory in a Hilbert space . Canon-
ical variables x and p are represented in the quantum theory
by operators x* and p,. And let |x), be a complete set
in §) of generalized eigenvectors of the operators X* with
properties (118). These eigenvectors define a coordinate rep-
resentation of state vectors |1) (wave functions v (x)) in the
Hilbert space $) as follows:

V) = o x|¥) =¥ ). (125)

One can easily verify, by the analogy with the derivation of
Eq. (111) that the wave functions v (x) are scalars under the
general coordinate transformation x” = ¢(x).

If we define a coordinate representation Ay of an operator
A as Axw(x) = (x| A [+4) , then we can derive a transforma-
tion law for the operators [Q[w] (F )]x as

[Q1r (F)], ¥ () = & (x| Oy (F') 19
= o (U QL (FYU W) = & (x] Quy(F) 1¥)
=[Q(F)], ¥ (x).
Namely in this sense, we interpret operators [Q[w] (F )]x as
scalars.
This fact can be used in calculating the coordinate rep-

resentation for the quantization Qj,)(F) of homogeneous
polynomials (50). Namely, we calculate first QEU](F ) in a

(126)

Cartesian coordinate systems KXC with coordinates x, where
Iy = 0and (py), = —ihdy. Using the latter operators in
Eq. (56), we obtain

I:QF‘”] (TMI"'Mn (x)pu1 L. pﬂn)]x

Z 3 3
— (—iHK\" n M1 Mn
= (—ih) ];)wk TR

a 0
0x Mk+1 o 0xMn :
In an arbitrary coordinate system K, with coordinates x, the
corresponding scalar operator can be obtained from Eq. (127)

by substituting ordinary derivatives by covariant ones (253),
0, — V. Thus,

[Q[w] (TMMM" () Py -+ Pun)]x

X (x)

(127)

n
= (—in)" Y @}V, .V TV - Vi,
k=0
(128)

Now, using the obtained results, we present quantizations
of some frequently encountered functions in arbitrary curvi-
linear coordinates:

L. Let F(x, p) = F(x).
In this case F(x, &) = F(x)8 (¢). It follows from the
second equation (121), with account taken of the prop-
erty y (x,0) = x, that D (x,0,w) = |x) (x|. Using
these facts in the first equation of (121), we obtain

Qo] (F(x)) = / F(x) |x) (x| y/g(x)dx = F (%).
(129)
In the coordinate representation, this quantization reads

[Qre) (F(x)], = F(x). (130)
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II. Let F(x, p) = T*(x)pqy-
In this case, using Eq. (98) in Eq. (128) we obtain

[t (T* (N pe)], = =il [0 T* Ve + @) VaT?]
= —ih [0 T + o) 0o + To) T

= —ih B (T%0q + 0a T + I, T%)
—iw (3, T —|—FaT°‘)] (131)

III. A coordinate representation for the momentum operator
follows from (131) when T% = 8,"1,

(000 ()], = (), = =in |+ (3 - 1w ) 1.

(132)
which is consistent with Eq. (118).
Using the substitution
d i, | n N
Frring ﬁp“_(z_lw)FM(x)’ xt — 3,
(133)

we always can pass from the coordinate representation
to a representation in terms of abstract operators X and
Pu- Doing this in Eq. (131), we obtain

1 N A L A .
O] (T*(X)po) = 3 [T (%) o + PaT* (£)]
—hwd, T (%). (134)

IV. Let F(x, p) = g"’(x)pupy = p*. In fact, we deal
here with a free particle Hamiltonian written in arbitrary
coordinates.

We can use Eq. (128) to find a coordinate representation,

[0t (" @) pup)], = 12 (0F8" 1Y, Vi,

+ w%vmgmmvm + “)gvul Vuzgmm>

= _p? (a)é + a)% + w%) g‘lﬂaﬂgl/zg’”av.

Since the covariant derivative of the metric tensor is
zero, we obtain
guvvuvv = Vp,vvglw

= V"'V, = g7 28,820, (135)
where, in the rhs of Eq. (135), we recognize the Laplace—
Beltrami operator. Then, taking into account property

(59) of the coefficients wj, we finally obtain the follow-
ing result:

@ Springer

. Let F(x,p) = T"pup, with TH

[Qro) (8" @) pupy)], = 128 %0,8' g0y,
(136)

which is independent of the function w(#). Thus, the
covariant quantization of the free particle Hamiltonian
in the coordinate representation is unique and, therefore,
is also unique in the abstract representation.

Using the relation I, = 9,1In (ﬁ) , see (252),
Eq. (132) can be rewritten as

(bu), = —ing~ e g, g hemime” (137
which implies the inverse relation

I 12 . _ 12
Ou =g 1T (p), g7 T (138)

Substituting this relation into (136) together with the
trivial substitution x* — X, we obtain a quantization of
the function g"”(x) p, pv in terms of abstract operators
X and pg,

Olw) (8" (¥) pupv)
= e ime P l/Ap 1/2gmv 5 o1/Agime!? - (130)

5 (s
+5§8(‘;) ,ie, F = papg.

Let us consider cases when functions w (@) are real. In
particular, the Weyl and Born—Jordan orderings belong
to such cases. For real w (), coefficients wj (57) satisty
the relation v} = w,_,. Thus,

[Qto1 (Papp)], = (i (R TV, ¥,
+ 2V, TV, +w§vﬂvuTﬂ”)
— (—ih)? [wg (THV, Y, + V,,V, TH)

+w%vﬂT“”vv], 202 + 0 = 1. (140)

Operators that contain covariant derivatives are calcu-
lated separately here:

TH'V,Vy = 349 — T30,
1
VTV, = 3,08 + 3 (g + Ipda) ,

ViV T = 849 + 8y Ly + Tp Ly + Tulp
+ 0y + (Twdp + Tpde) - (141)

Here we have taken into account that 9, I's = dg 1.
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Substituting (141) into (140), we obtain

1
[Q01 (Papp)], = -1 [%Bﬂ + 5 (Tadp + Tp)

+mﬂ%m+%qyuw%+m@ﬂ.uu)

To obtain a representation for Qo) (papp) in terms of
abstract operators x and p,, we have to use substitutions
(133) into (142), taking into account that @ = 0 since w(0)
is real in the case under consideration. Thus,

N 1
Ol (Potpﬁ) :Papﬁ_h _Eaﬂra_zrarﬁ
+ @} (aﬂra + Tl + ol + Farﬂ)] .
(143)

For the Weyl quantization, a)g = 4—1‘, and the latter expres-
sion takes a simple form:

N &
0" (papp) = babp — (Raﬁ + F&Cz‘})
hz

‘o _ o o
where the Ricci tensor Rog = 05175 — 0gla + I'pl 5 —
gl I“E‘p was set to zero since the configuration space is a
plane in the case under consideration.

4 Covariant quantizations in curved spaces

4.1 A minimal generalization of quantizations in flat spaces
to curved spaces

In this section, we construct a class of covariant quantizations
already in curved spaces. For simplicity we consider Rieman-
nian spaces which can be covered by a unique coordinate
systems K, that generate coordinate x with metric tensors
guv(x). First, in this section, we construct a class of quan-
tizations Q) (F), which is, in fact, a direct generalization
of the quantizations Q| (F’) to the curved space case. Such
a generalization can be called minimal and is parametrized
by the same function w(6). We prove its consistency and
covariance under general coordinate transformations. Then
in Sect. 4, we construct an extended class Qy,, o1 (F) of quan-
tizations in a curved space, which is already parametrized by
the function w(0) and a new function @ (x, &). This class
is a generalization of the quantizations Qy,(F’) and incudes
these quantizations as a particular case at ® = 1. We present
a rather nontrivial prove of the consistency and covariance
of this class of quantizations under general coordinate trans-
formations.

We note that consideration and definitions of Sect. 1.2 are
fully applicable to the case under consideration. We use also
definitions (118) and (121) literally in the case of a curved
space with corresponding connections Fof; (x).

One can easily verify the construction (121) is consis-

tently defined for arbitrary metric even for any curved space
metric. In particular, the important ingredient part of this
construction, is the exponential function, which is defined in
Appendix A.3 in arbitrary Riemannian space. Thus, we may
suppose that a covariant quantization in any curved space is
given by Eq. (121) with the metric tensor and all the ingre-
dient constructions corresponding to such a space. To justify
this supposition, we have to verify the consistency and the
covariance of such a quantization. For definiteness, we write
this quantization explicitly,
Qiu(F) = / Fx.§)D (x, &, w) V/g(x)dxde, (145)
where D (x, &, w) is given by Eq. (121). In fact, as in the
plane space case, Eq. (145) represents a family of operators
parametrized by a normalized function w(9) (see Eq. (46)),
introduced in Sect. 2.2.

Similar to the plane space case, one can verify that quan-
tization (145) is hermitian if w () = w* (—0).

In the same manner as in the plane space case (see
Sect. 2.1.1), one can verify that quantization (145) satisfies
the properties

Qi (D =1, Qo) (F(x) = F (%),

Let us consider the quantization Qe (F (x, p)), where
F(x,p) = TH*"M(X)pu, -+ pu, is homogeneous poly-
nomial. We assume that the quantization (145) satisfies
Eq. (122). Therefore, we have to calculate derivatives in & of
the quantity D (x, &, w),

g (o (3)o)

Tl‘vl"‘lln ..
8&#1 aé',un

()9

Ly N (1
=3 ()
k=0
0 0 1
X[asm " ogm V<x’_<5+9)5>>}
0 0 1 P
) [asw«ﬂ " g <V <x’ (5 B )’5)’]

Using Eqgs. (247) and (276) from Appendix A.3, we obtain

b (o= (b))

agm o 3,§M
1 k
:(_Uk<§-+9) Vi - Vi 1%)

(146)

(147)
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d a

1
(=-0
Q&M+ gEHn <y <x (2 )S)Hszo

1 n—k
= (5 — 9) Vs - Vi) (X1

Then, taking into account the properties of coefficients (55),
and the total symmetry of 7#!" "/ in the upper indices, we
represent the quantity (147) as follows:

(148)

THI B Z (—l)k CL () (Vll«l Vi |x))

k=0
X (Vg - Vi, (x1). (149)
Using definition (57) of coefficients a),'(', we find
0 -
THU B~ ., D(x,é,a))
8;;:#1 3§U-n £=0
n
= THIHn Z (D% (Vyy - Vi 1))
k=0
X (VMkJrl Vi, (xl). (150)

The above results allow us to write
Q) (Tm---un () Puy - ’Pun)

:f F(x,—ihag)[)(x,é,w)L_O 2(x)dx
= (=i Y (~ 1) of / TR () (V- Vg 1))
k=0

X (Vigsy « - Vi, (x]) /g (x)dx.
In the coordinate representation, we have
[Q[w] (Tulwun (X)Ppuy - pun)]y
= (Y| Q[a)] (Tﬂlmﬂn (X)P;u e p,un) |1/f>

= (—il)" Y (=Dr e} / I(x,)gx)dx,

k=0

(151)

I (x,y) = THHn(x) [vm Vi

XVier - Vi ¥ (x).

The quantity / (x, y) can be written as

I(x,y) =V, [(vﬂz . ..vﬂkw
V8g(x)
X Viger - Vi ¥ ()]
§(x—y)
— <v,i2 Vi, Vol
X Vieor -+ Vi U (x).

The first term in the right hand side of (153) is a covariant
divergence which vanishes at infinity due to the presence of
a delta function. Thus, the integral in the right hand side of

§(x — y)}
Vg (x)
(152)

) THU B (x)

) Vﬂl TR Hn x)
(153)
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Eq. (152) is zero. Similarly, we can transform the second
term in the right hand side of (153) and so on. Finally, we
obtain

[Q[w] (T:ul"'ﬂn (X) Py - pMn)]X
n
= (—in)" Y &}V, oV TV V.
k=0

(154)

A coordinate representation for the momentum operator fol-
lows from (154) when T% = &7,

0 1
Qi = (5, = =it 55+ (3 =10 ) ]
(155)

This result is similar to the one (132) in the case of a flat
space.

Comparing (155) with Eq. (118), which, as was mentioned
above, holds true in any curved space, we obtain

Q[a)] (pa) = ﬁav (156)

where p, is the momentum operator in the abstract represen-
tation.

4.1.1 Verification of the covariance

Let us consider a coordinate change x” = ¢(x). Due to the
property Qo) (F(x)) = F ()E) , firstequation of (18) remains
equal to Eq. (97),

P =Ugpt (2) U™ (157)

Equation (134) follows only from Eq. (154) and definition
(118), which still holds true in curved spaces. Taking into
account the commutation relations between x* and ﬁu’ it
can be written as

A\ A I, R aT* .
Quot (T%pa) = T (8) Po + 5 [P T* (§)] = v o (£)
A\ A L (1. aT*
=T (x) Do — il (2 — zw) e (x) . (158)

Setting 7% = % (¢(x)), we obtain

Ix% Ix* RN L1
Qu (rai ) = 3 (0 0 o =it (3 i)
82x¢ ox’

Thus, taking into account (97), the second equation (18) takes
the form

dxY . 1 82x¢
A~/ A/ A~ . . N
b= g @) URUT =it (5 =i ) o (8)
8x/l/

(160)

" oxa (‘0_1 ()2/))'
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Let us suppose that vectors |x) € $) satisfy conditions
(118), which are necessary for the definition of the quan-
tity D (x,&, w) by (121), and the consider vectors |x’>/ =
U |x) € 9. Following the same method as used in Egs. (107)
and (108), one can demonstrate that Eq. (97) and the unitarity
of U guarantee that Eq. (118) holds true for |x/ )/. Indeed, one
can write

ax“ . . ax* o
W[ oo () UpaU” = o= () (| Ul
0x* R
= a;w (x") (x| poUT

. ax* i 1—' '

= i () [axa " (2 lw) F“(X)] e
8 o 8 1

haj:/u (') [axa + (2 - iw) Fa(x)] ool

=it (3) G (R €] T

(161)

Using (160), we may write

ad 1
/AN . . ’( /
(x| B, =—in |:_8x’ﬂ + (5 - tw) Iy (x )j| (x

0x% _1
I () = 3 () T (7' (1))

82 x® AoxXY

+ ax'Hax’v (x ) ox® ((p (x )) ’
where Fli (x’ ) =T, [;’Z is the contraction of the Levi-Civita
connections in the reference frame K /.

Thus, vectors |x/>/ = U |x) € § satisfy Eq. (118), which

define these vectors up to a global phase and, therefore, define
the operator D' (x', §’, w) in §)' as follows:

s [l (o ()0
e o)

w(6)deo.
According to property (269) of the exponential function

(see Appendix A.3), we have
, ax’ \\
vo\e&), =8
X

A i ax’
— UD (x,§,0)U' =D <<p(x), Eé,w) .

/

3

Uly(,8) =le(y(x. &) =

Using definition (145), the variable changes x’ = ¢(x)
and £ = %ixf;‘, and the transformation law for the Fourier
transform (114), we can calculate the operator U Q) (F)U l
to be

8 . ax’'
UQ[w](F)UTZ/F(x,S)D/ (w(X), %€,w>\/g(x)dxd€

- N J 4
=me9UGmx§£w%@mM@

:/I:"’ (x', &) D' (x', & w) Vg (x")dx'dg’

= Qi (). 1)

The latter formula demonstrates the covariance of the quan-
tization Qg (F).

4.1.2 Matrix elements and symbols of operators

Results of this section will be used in proving the validity
of the correspondence principle for general class of quan-
tizations in curved space constructed in Sect. 5. Since the
quantizations Q) (F) represent a part of this general class,
the correspondence principle will be proved for the quanti-
zation Qg (F) as well.

First we calculate matrix elements of operators Qe (F)
with respect to the basis |x), which is defined by Eq. (118).
To this end, we have to calculate matrix elements of the oper-
ator D (x, &, w) given by Eq. (121),

wmbmawmw=/QMg@P”
< (v (=~ (7+5)¢) =)

*(r (v (e-3)5) )
x8” (v (v (6-5)8) —2) @,

The product of delta functions under the integral sign in the
right hand side of (163) can be written as

o))
oo o-37) )

=8P (Pp(x, &) — (v, 2)),

(163)

(164)

where (y, z) € R?P and the function @y : R?P? — R2P
reads

1 1
winilo (o (+2)0) o (- )))
(165)
Using composition law (267), we find

1 B B +8 (x, —0&)
V(x»—<9i§>§)—y<)/(x’ 95),—29 )

(166)

Function (165) can be expressed via the geodesic flux
T_g(x, &) (265) as follows:
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Fig. 1 The middle point and
tangent vector

Py (x,8) =P (T-6(x,8)),

oenm(o3) (10

This allows one to represent matrix elements (163) of the
operator D (x, &, ®) in the form

(¥l D (x, s ®) ) o
/ 8P (@ (T_g(x, &) — (y,2)) @(0)db.
(168)

(167)

\/g (y) g(2)

Let us use a well-known property of the delta function,

S(f) =Y |det (af/ox],—y)| " 8 (x — 1)

k

where ry are roots of the equation f(x) = 0, in the case
under consideration, we need to find roots of the equation
D (T—p(x,&)) = (y,2). We note that the latter equation is
equivalent to the set

@ (x,&) = T_g(x,8) = (¥, §).

Due to the property (266), the second equation of this set has
immediate solution (x,&) = Ty (¥, &) (Fig. 1). Solutions
of the first equation are in one-to-one correspondence with
geodesic lines which relate points y and z. Indeed, let K (1)
be a geodesic line with K (0) = y and K (1) = z. Therefore
y (y,¢) =zwith¢ = K (0), and the length of the vector ¢
is equal to the length (255) of the line K i.e., g, () £H¢V =
S[K]. If we choose X = y (y,¢/2) and & = 2B (y, ¢/2),
then, according to the composition law (267), we obtain

(,25)—V(V(y t/2).B(».C/2) =y (.0) Z}
(x, FE) =y (v (0. ¢/2). =B, L/2) =y (,0) =y

= @ (%,&)=(0,2).

2, (169)

Thus, X is the middle point of the geodesic line K, and £ is
a tangent vector to K in the point X in the z-direction (see
Fig. 2 in Appendix A.3).

According to Eq. (261), g, (X)E*E” = S[K]. On
the other side, if @ (¥,&) = (y,z), we define { =
—2B (¥, 5-&). For the geodesic line K (t) = y (v, 7¢) , we
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have K (0) = y (v, 0) = y and according to the composition
law (267),

—1- —1-
=Y (i’ %é) =2,

which means that the geodesic line K (7) relates points y and
z. Thus, if there exist n geodesic lines K1y, ..., Ky (with
middle points X(1), . . . , %(») and tangent vectors &1y, . . . , En))
that relate points y and z, then there exist n solutions
To ()2(1), 5(1)) s Iy ()E(n), é(n)) of the equation @
(T—g(x,8)) = (¥, 2).

Then we need to calculate a Jacobian of the composed
function @ (T_g(x, §)) — (v, z). Since (y, z) is constant, the
determinant reads

00 (T_o(r.6)\ . [ 00
det( 9(x. £) )_det(< g Tt E”)

xdet( 0T )—det( 0o (T—p(x 5)))
ax.6)) SR

y g(x)
g (y (x, —08))
In these calculations, we have used a Jacobian of the geodesic

flux found in Appendix A.5. Thus, taking into account the
relations

T (To (¥ Em)) = Ty Ean)) -

g(x) _ g (v (Fw. 9€w))
g (v (x, —0§)) ,8)=Ty (Fay-E)) 8 (i(k)) ’
we obtain
8P (D (T_4(x,£)) — (y.2))
Ve (y)g @)
b8P (. 8) — Ty (R )

_ A 05®)) (170)
= A (ZwsEw) 8 (v (s 08w)))

where a function .# (x, &) is introduced,

o= ()6 ()

X det(é%( B ‘5))’

We recall that
_ -1
g =gly|*xw, 75(1() ,
_ 1.
gx)=¢g <V (x(k), Ef(k))) Vk.

171)
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Using (170) in Eq. (168), we obtain

- 1
,; VAR
y / 820 (. 8) = T (Fw- §w))
g (v (Feo- 0€a0)))
According to definition (145), we calculate matrix ele-
ments of Q) (F) taking into account Eq. (172) and the rela-
tion

V&)

Finally, we obtain

w (VD (& w)[2)y =

w(6)do. (172)

= Yo, hOEw))).
(0. 6)=Ths (¥ £y \/g (v Gy, 10Ew)))

o (Y1 Qe (F) |2)
Rt e ,; M (X, S(k))

/ b (), &)
V& (v (Fwy. 0€w))

4.1.3 Polynomial functions

w(6)do. (173)

The general formula (173), which is valid for any function
F(x, p), turns out to be simple enough if F(x, p) is a poly-
nomial in p. In this case,

= a
F(xv“;:) =F <x lhg)a (Ealéaz ...saﬂ)

is a distribution with the support £ = 0. Then

F(Ty (X, Ewy)) = F <J’ (¥ 05w) - 5B (X<k),9€<k>))

is always zero unless the equation

1 i
o8 (o, 65w) =0 & §@y =0

is possible. Between all the geodesic lines that relate y and z,
the only minimal geodesic line C, satisfies this property (see
Sect. A.4) when y — z. Thus, if F is a polynomial, the sum
in (173) is reduced to one unique term, which corresponds
to the minimal geodesic line, and we obtain

(yIQw](F) 12)

><|

/ (%.£))
V8 (v (x,0€))
where ¥ = ¥ (y, z) and £ = & (y, z) are a middle point and
a tangent vector of the minimal geodesic line C;.

Let us consider only functions that are polynomials in p.

Taking into account that the Fourier transformation F — F
acts on the variable p only, Eq. (174) can be written as

w(6)de, (174)

o (V1 Qo) (F) 12) &

- m/@l/zF)N(TQ (%.8))w(@)do. (175

Here, and in what follows, we often use the following nota-
tion for the partial Fourier transform A(x, &) of a function
A(x, p):
A, &) = (A7 (x,6).

If we set w(0) = 6(0) in Q[u)(F), we obtain a minimal
generalization of the Weyl quantization to the curved space
case,

Qi (F) )50y = Q¥ (F). (176)
In this case @ = 0, according to Eq. (98). Then, taking into
account that for the geodesic flux the relation 7y ()E & ) =
()E, & ) holds true, the matrix elements of the minimal gener-
alization of the Weyl quantization to the curved space case
has the form

w _ 1 127\ (= £
oWIQM P ko = e (¢7°F) (5.9)

= & 177)
M (%, E) Vg (D)

According to Sect. 2.6, a function Fg(x, p) is the £2-
symbol of the operator Fif F = Q0o (Fg), see Eq. (5).
Following this notational logic, the function Fj,)(x, p) is
[w]-symbol of the operator is F, if F = Qo1 (Fiw1)- Equa-
tions (175) and (177) relate matrix elements of an operator
F with its [w]-symbols and its w-symbols FV as

o (Y F12)e
= ; —-1)2 ~ o
B //(x@f(g F[w]) Ty (%, &) w(0)do
0V Flz)o= (x.6) 178

M (%.E) Vg D)’

where ¥ = ¥ (y, z) and &€ = & (y, z) are a middle point and
a tangent vector of the minimal geodesic line that connects
y and z. It follows from Eq. (119) that

_ eiw(]n Vg —In/g(@)

w (VI F2) 5 oI Flz). (179)

Taking into account that y = y ()‘c _715) andz =y ()E, %é)
we obtain a relation between [w]-symbols and w-symbols,

F¥(x,8) = Ay (x, £)Y/g(x)

x/(g*l/zF[w])N Ty (x. €)w(6)d6, (180)
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where

I — )
)

= exp [iwé“]"u(x) 10 (53)] = 1+ imE T (x)

e @]’ + o (),

and the expansion of In,/g (y (x, :l:%f)) was derived with

the help of Eq. (278).

Below, we decompose the latter quantity (181) in a power
series with respect to the Planck constant 7. To this end,
we consider a partial Fourier transform A(x, &) (given by
Eq. (83)) of afunction A(x, p). Using Eq. (264), we calculate
the derivative

dA (Ty . £)) = A (xp, £9) = DA (xg, &) &)

(181)

_ 9 e s (x) ESEL .

Ve (182)

According to Eq. (83), the multiplication of A by &/ is equiv-
alent to the action of the derivative —ifi5 — a Takmg this into

account, we can represent the term BMA (xe, &) 59 as fol-
lows:

A (xo, 80) EY = (9,4) (0. &) &)

32A
—ih
(axﬂap#

Similarly, the action of the derivative agiu on A corresponds

~

) (x0, &9) .

to a multiplication A by — % pu- Therefore, the next term can
be written as

- (xe £0) Ty (xp) E0E)

agu

= —;; (PuA)” (x9. &)

_ _;1_ [Fal%puA]N (X0, £9) ESED

2* (puA) |
= h|: aﬁﬁ] (x6,%0) .

Thus, the derivative (182) can be rewritten as

Il (xo) E0€)

A (Ty(x.8)) = [~inI'A]” (Ty(x.)) . (183)
where the operator [T’ is defined as follows:
M'A(x,p) = ” + 21 9
= dxHdp, * 9pa
Iz 0?
r’,——— ) A(x, p). 184
+Pu “ﬂapaapﬁ> (x, p) (184)
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Since the derivative in Eq. (183) is a function of Ty (x, &), we
obtain

d . Nnn ~

dG”A (To(x, &) = [(—inIl)" A] (To(x.§)).,

~ o gn .

A(Ty(x, £)) = [Zm(—mn/) A:| (x, E). (185)
n=0 "

Now we study the Qy)-symbols (180). To this end, using
the relation 9,8~/ = —g=!/2I,(x), which follows from
Eq. (252), we write

m (g_l/zF(x, p)) = [(%g—”z +2¢712r,

_ a a
+g8 I/ZP/LFO(I;}@) o } F(x, p)

=g '*MF(x, p) = (IT')" (g”/zF(x, p))
— g—l/2HnF(x’ p)’
where

82 2

3
+ Ty— 4 pul g ——.
aapa whap 3Pa317/3

— 186
dxHapy, (186)

With the help of Eq. (185), we derive the expansion

—1/2 1\~ _,-1/2 @i6)" )
(¢7'7F) To(x,$)=¢ [Z (R F] (x, 8),

k=0

which allows one to obtain a power series with respect to the
Planck constant 7 for the w-symbols (180),

F¥(x,8) = Ay (x, £) [Z—( —hIT)" F[w] (x, )

k=0
o . (x,—ihi)z‘”—"< A Flop | (5, 8),
ap k=0
(187)
where

l‘l

W' = / (i0)" w(6)do = e OF (188)

dk”"

see Eq. (45). Due to the fact that the partial Fourier transform
is invertible, Eq. (187) implies

3\ = 0"
(x,—ih—)zw—( RID)" Fio)(x. p).
3p n=0

FY(x,p) = Ay

(189)

We note that the exponent (181) is an even function
because an analytical extension of A, to imaginary argu-
ment & is real. Thus, Eq. (189) can be written as follows:

FY(x,p) = Ay (x, —ih;) 2 (=hII) Fi,)(x, p). (190)

4



Eur. Phys. J. C (2017) 77:476

Page 23 of 38 476

The normalization condition @® = 1 implies that £2 (0) =
1, similarly to the plane space case. The operator IT is a
generalization of the operator (76) to the plane space.

4.2 An extended family of covariant quantizations in
curved space

4.2.1 Definition of the general quantization

It follows from Eq. (175) and from the fact that .Z (x, &) = 1
in the plane space case, that in such a case

o Q1P 12 | ogane space = @ V] Clol(F) [2)5

= / (& V2P Ty, E)w(0)do. (191)

Thus, we can suppose that a possible generalization of the
quantization Qy,) (and of the quantization Qj,) as well)
to a curved space case is a correspondence F'(x, p) — F
which has the same property (191) of its matrix elements.
As a candidate for such a correspondence, we offer the one
Q(o,01(F), which is already parametrized not only by the
previously introduced function w(0), but by a new function
O(x, ). We define this correspondence by its matrix ele-
ments as

o (Y Qu,01(F)(F) |2)
@(’Eé)/ 122\ (1. (= £
=— 7 F) (Ty (%, 0)do, 192
YiER) (s7'2F) (1 (2. 8)) w(@)de,  (192)
where the function ® (x, £) must have the following proper-
ties:

®(x, &) = 1 in the plane space case;

® is transformed as a scalar under transformations (291);
O x,0=1;

O(x, &) is real and even with respect to the variable &

Ox,8) =06 (x, =§)).

LN

Property 1. provides the first equality (191), which means
that the quantization Qy, ©](F) is a generalization of the
quantization Qf,(F). Property 2. is necessary to guaran-
tee the covariance of Qy, 0](F) under general coordinate
transformations. Properties 3. and 4. provide the consistency
(in particular, the correct classical limit (the correspondence
principle)) of the quantization Q[ 0 (F).

Using Eq. (118), we can restore an operator Qy,, o1(F)
which corresponds to matrix elements (192),

Quu.o)(F) = f o 1 Quoe1(F) 2 (¥ o (1)
x /g (y) g (z)dydz.

In what follows, we call the quantization (193) the general
covariant quantization.

(193)

One can see that the quantization Q,)(F) is a particu-
lar case of the general covariant quantization Qy,, o(F) for
O, &) =1,

Qw1 (F) = Qo,11(F).

We define Weyl versions of the general covariant quantiza-
tion, setting @ (#) = 6(0), similarly to Eq. (177), Q(s),0] =
QL)

(194)

O (x, & ~
O(Y|QF/@](F) |z)o = %(g_l/zl*") ()E,E)
= @(i_’ g-) F(i’_é). (195)
M(%,E) Vg X)

Thus, the general covariant quantization creates already a
family (parametrized by the function &) of the corresponding
Weyl quantizations.

Similar to the definitions introduced before, we say that
Fl»,01(x, p) is the [w, @]-symbol of the operator is 1:", if
F = Qu.0) (Fiw.01). and F% (x, p) is the [w, ©]-symbol
of the operator is F if F = QE’V@] (F["(Z)]) .

Comparing Egs. (192) and (195) with (175) and (177), we
see that a relation between the symbols Fi,, o) and Fg, is
the same as a relation between the symbols Fj,j and FV,i.e.,

e}

0 "
Fi(x. p) = Ags <x, —lh%> > — (SR Fio,0)(x, p)
n=0 "

= Ay (x, —ih%) Q2 (—hIT) Fiy 0)(x, p). (196)
)4

Moreover, Egs. (177) and (195) imply the following rela-
tions:

Fo(x.6) = 0. §)Flp,(x. §)

L0
= FV(x,p) =06 (x, —1h%> Fioy(x, p). (197)
Thus, the symbol F'V can be expressed via the symbol Fy,, o1
as follows:

0 a
FY(x,p)=06 (x, —ih—) Ay (x, —ih—) 2 (—hIT)
ap ap

x Flo,01(x, p). (198)

Equation (190) allows us to express the symbol Fj,, via
the symbol Fj, o1,

Fioj(x, p) = [ (—hID]™' O (x, —ihi>
ap

x §2 (=hIl) Fiy,e1(x, p). (199)

According to Eq. (6), we have the equality Q(o, 0] (Flw,01)
= Q] (Flw]) . which allows us to relate the quantizations
Q[w’@] and Q[w] as
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0
Qw,01(F) = Q[u) ([.Q (—hID]™ ' ® <x, —in%)

X §2 (—hIT) F> . (200)

We use this relation to verify the basic properties of the
quantization Qy,,0](F).

The operator £2 (—AII) is real, therefore IT is real as well.
Then Eqs. (48) and (45) imply that the function $2(k) is
real. Since @ (x, &) is even in the variable &, the operator
Ox, —ih %) is real as well. Moreover, if F is real then
the function [£2(—AIT)]~'O (x, —ih%)ﬂ(—hH)F is also
real. Then it follows from Eq. (200) and from the hermitic-
ity of the quantization Q[ that the operator Q. o(F) is
self-adjoint which means, in our terminology, that the quan-
tization Q. @1(F) is hermitian.

Let us consider a function F = F(x). Then I1F =
0, according to definition (186). Taking into account that
£2 (0) = 1, see Eq. (46), and the property ® (x,0) = 1, we
have

[2 (=A™} (x —zhi>9(—hH)F
ap
=[20)] 'O x,0)2(0)F =F. (201)
Then, as follows from Eq. (200),
Qw,01 (F(x)) = Qpu) (F(x)) = F (&)
= Q.01 () =1, Q.o (x") =" (202)

Let us consider a polynomial 7#(x)p,,. Then it follows
from Eq. (186) that £2 (—AII) (T”(x)p,t) is a polynomial
of the same structure. Due to the properties of the function
O(x, &), ithastheform® (x, &) = 140 (52),Whichimplies
the relation

[£2 (—hH)]_1 e (x, —ih;) Q(—hI) TH(x)py
P
= TM(x)pM.

Then it follows from Eq. (200) that

Qw01 (T" () pu) = Quop (TH (X)) py) - (203)
In particular,
Q.01 (Pr) = P = [Qo.01 (Pu)],

— —ih [au + (% - izzr) FM} . (204)

4.2.2 Verification of the covariance
Taking into account definition (192) of the quantization

Q(o,01(F) and definition (265 ) of the geodesic flux, we
can write

@ Springer

_ @(ié) -172 -\~
o (91 Qo) (F) )y = — (x,é)/(g F)

_ 1 _
X <y (x,08), 5/8 (x, 95)) w(6)do,
where X = ¥ (v, z) and £ = £ (y, z) are a middle point and

a tangent vector of the minimal geodesic line that connects
y and z. Using the transformation (114), we can write

_ @(725) /( H/zF/)”
BACTAS
oo ox TR R
. <<p (v (7.68)). 2 (y (v.08)) 1 . 05)) (6)d6.
Then taking into account transformation properties (269) and
(270) of the exponential function, and the fact that ® is a

scalar, we obtain
( )/ =172 2\~
VACRD (s77F)
_ 1 _
X (y/ (X', 08", 5,3/ (x', 95’)) w(6)deo
_ONEE) [T
_%/(i’,é/)/(g ")

o (¥l Q[w,@] |Z>w

o (V| Qw,0112) =

(205)

where ¥’ = ¢ (¥) and E 3" (x) &. According to (269),

[ = _l‘/ _ = __l‘ _ o
V(x,7:§>—<p(y<x, 25))—<p(y)—y,
y' (i/, %?) =9 <y (x %é)) =) =7,

and, therefore, x’ and é " are a middle point and a tangent
vector of the minimal geodesic line that connects y” and z’
in the reference frame K,,. One can see that the last term
in Eq. (205) is the matrix element (192) in such a reference
frame. Thus, we have the equality

w ()’| Q[w,@](F) |Z>w = w (y/}/Q/[a),@] (F/) |Z/>;—y

Now we have to determine which form Eq. (18) takes
for the general quantization Q. o). We recall that these
equations define a linear transformation U : § — $’. The
property Qjo,01 (F(x)) = F (), derived in the previous
section, shows that the first equation of (18) has the same
form as (157). It follows from Eq. (203) that (160) holds
true for the second equation of (18). As in Sect. 4.2, this fact
means that if vectors |x) € 9 satisfy Eq. (118), then vectors
|x/>/ = |p(x)) = U |x) € & will satisfy similar equations
in the reference frame K.

Now we calculate the operator UQq,01(F)U T using
Eq. (193) and the relation U |x) = |p(x))’,
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UQu.01(F)U’

=/ (Y1 Qu.01(F) 12)% 1o (M) (¢ 2 Vg () g (2)dydz
/( ' Quoy (F) ), 1), o (@] Ve )8 @)dy'd

_Q[wﬂ]( ) (206)

In the course of this calculation, we have used the variable
change y' = ¢ (y) and 2’ = ¢ (2') and the equality /gdx =
\/(? dx’. Equation (206) justifies the covariance of the general
quantization Qy,, e (F).

4.2.3 Correspondence principle

According to definition (195), a matrix element of an oper-
ator F = Q[W,///] (F[W//[]) is related to his [w, .Z]-symbol

F[‘f//] as
0O F 1)y = [¢7F (F(,9.80.9)]
The [w, .# ]-star product satisfies the relation
Qpw..#] (Fﬁv//[] * GE"%]) = FG, which implies
0 (v FG Iz}
[ (<ot )] G00.80.9)

It follows from the completeness of the states |x), see
(118), that

0yl FG |Z>o=/ 0 (vl Flw)y o (wl| G |z) Vg (w)dw.

Therefore, we can obtain the following relation:
[g*”“ (Fiioy GEV@])] (X (v.2).& (y.2)
= [[e2r o Eow)]
x[¢712G (2w, ), E . 2)] Vg w)dw.

Let us find an expansion of the [w, ®]-star product in
powers of h. If x = %(y,2) and & = £(y,z), then
y = y(x, 5¢) and z = y (x, 3&). According to expan-
sion (278), we have
i 4 H

2

(207)

ct =

1
= xt — 8 Mm(x)é:mguz + 0 (E )
(208)
lM:ZM IJ« — Eu+ 18 ;Lmzug(x)smgﬂzélB + [0) (S )
(209)

If A(x, p) is an arbitrary function, then it follows from
Eq. (208) that

A A 1 1 g M2 9A "
z‘\()c,é‘§)=z4(6‘,$)+8 L, (0EME Fy (¢, &)

+ 0"
= A(c, &) — h2 [ ., (x )83—A}N(c &)
M2 apulapuzaxu ’
+ OohY. (210)

Equation (209) between [* and & can be inverted,

Ly ()[R s 4 0(15)

48 Mluzln

and used in Eq. (210),

- 1 A\~
A(c,&) = A(e,l) — R N €9 Vsl <8§-‘7/‘> (c,])

+0(°)
N 72 33 (p, A -
B SIS L 7L
48 M2 M43 apm apm 8p#3
+omh).

Thus, we obtain

A(X(3.2).E00.2)

=A<yjz,z—y)+0(h2).

Taking into account definitions (208) and (209), we rewrite
Eq. (207) as

[ Fe0)] o
Sl ()i
<x+ 2 )de+0(h) 211)

In terms of new variables n = w—y, ¢ = z—w, the integrand
in (211) can be written as

(58 (=) (70) (4 2)
= [(g*”zF)N (x.m) —

X |:(g71/2G>N (x,0)+ %

12 ~
o (2F) @+ 0(;2>]

0 (¢26) .o+ 0(772)] :
(212)

Then using the equalities

~ G\~
-1/2 _ —-1/2
¢ (s7%G) o) = zh(g _ap,) (. ),

_ ~ . 1 OF N\
1" (s7F) (x,n)=—zh<g ‘/23—) (.,
Pu

and the equation 8,,(g~'/?F) = ¢g~1/2(8, F — I', F), which
can be derived from Eq. (252), we transform the Lh.s. of
Eq. (212) to the following form:
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() (= 50) (7 (5

=g 'F,nGx,0)

ihg™" [ OF §v 9F G
5 {7( my - (x:)——(xn)

(x )

+F(x)|:(x m G (x,0) — F (x, 77) (x C):“
+ 0.

Thus, integral (211) can be represented as a sum of three
integrals,

[ 2F+6)] o) =n+ b+ B+ 0w,

I =g*‘/ﬁ<x,n>é<x,;)/g,Tw>dw,

o ihg™! aF 3G
=1 /(W< D)
—E( )—( ) ) Veg(w)d
o, X, Sk X, ¢ g(w)dw,
ihg™! aF ~
13 = Fﬂ(x)f[a_(xi W)G(x’ é‘)
Pu

(213)

8 FYe
— F(x, n>5(x,;>} Vew)dw.
"

One can see that all integrals in (213) have the same structure,

/F(x, MG (x, £)/g(w)dw

= / F(x,w—y)G(x,z — w)y/g(w)dw. (214)

Now we calculate the first terms of the expansion of the typi-
calintegral (214) in powers of 7. For simplicity, let us suppose
that we deal with polynomial functions in their arguments.
Then one can write

3

~ d
F(x,w—y):F(x ih— >8(w—y+k)
k=0

such that

/ F(x, mG(x, 0)y/g(w)dw
= (x thakl) (x zha )5(5 + ki + ko)
X |g <x + k2 ;]q)
From Eq. (252) one can derive the following relations:
s (550 = s (4 25

0 (=1)* ky — ky
X(Bkﬁl TFM(X+ 5 )) s=1,2,

@ Springer

215)

k1=ky=0

which, being used in Eq. (215), result in the representation

[F<x,n>5<x,;> g (w)dw

.0 in ko — ki
:g1/2F<x,1h3—kl—?Fﬂ<x+ 2 ))

) ih ko —k
><G<x ih— +l I‘“<x+ 2 1))5(5+k1+k2)

2

ki=kr=0

(216)

Decompositions of operators in the r.h.s. of (216) in a power
series with respect to 7 have the form

0 ih ky — ky
F Jih— — —1T,
(x’akl 2 "(x+ 2 ))
d ih ky — ky
=F\|x,ih— ) — —T,
(xz 8k1> 2 u(x—i— > )

0 ih ko — ky
Glx,ih— + —1T,
(xz 8k2+2 M<x+ 5 ))

Gxin )+ 0p, (x4 2=k
= X, 1 — X
ko 2K 2

3G 9
x <x zh—) + 01h?).
Opu ko

(217)
Then, taking into account that
ih ko — ki
h I
<x’ak>[2“<+ 2 )}
e (e =R e (i) + o)
= — X —_—
2 2 ok ’

we obtain

/F(x,rné(x,c) g (wydw = g2 (FG)™ (x, £)

96 _ a—FG) (x, &) + O ().

+g“2ﬂmx) (F
2 opy  dpu

218)

Using this result, we obtain decompositions of integrals
(213) in powers of & up to second power terms,
- ing='/?
=g "A(FG) (x.6) + =%

F//.(x)

x< ﬁ—a—FG> 5, E) + O,

opy  9py
x )2
h="8 " (F G (.6 + 00, (219)
e 12
L [ )(aF G — FE) (x, &) + O(h?).
2 op Pu
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Finally, we get

gVP(FxG)” (x,8) =g 2(FG)™ (x, )
ing=1/2

{F,G)™(x,&) + 0(h?)
(FG)(x, p)
+ S F, Glx, p) + O ().

+
= (FxG)(x,p)=
(220)

Equation (220) implies that the [w, @] -star product sat-
isfies two conditions,

(F*G)(x,p)=FG)(x,p)+ O(h),
(FxG — G« F)(x, p) =ih{F,G}(x, p) + O,
(221)

which means that for the quantization Q[w, ) the correspon-

dence principle holds true; see Eq. (7).
It follows from Eqgs. (197) that

0
d
=4 <x, IFt%) F[‘i“///](x,i-‘).
Therefore,

=%< lh—) [///](x &),

AE 1 s )
Yo ) =g =1 z%,sms £+ 0 (s )
(222)

FY(x,8) =

FY(x,§)

with ,4(x) = 94 (x). The form of the decomposition of
the function ¢ (x, &) stems from the fact that .# and ® have
the same structure. The latter relation is useful to transform
the [w, ©@]-star products.

Let F()]’ F[ Vil GF‘;)], and G‘[‘i///] be the corresponding

symbols of Fand G operators, then

—q (x, —ih%) (Fr'n*Gl )

We have the inverse relations

a
_ -1 :
allowing us to find
w w . 8

x [(%*F)EV//[] « (%_IG)Z%J .

w w
Fioy* Gle)

Using expansion (222) for 4 (x, £), we obtain
Fip) * Glo) = F[W//[] * G‘[V///]
h? a2 w w

2 w
— <ga/3 o F ) k GEV///]
3padpp ) [ 7

w aZG " 4

Substituting approximation (220) in this equation, we obtain

0F 0G
2 3 2
gaﬂa a%ﬁ-O(fl )= [///]*G[///]'FO(E ).

Therefore,

Fiy * Glo) = FloyGiey + 5 {Fo) Gloy} + 0.
Thus, the [w, ®@]-star product satisfies properties (221),
which means that the correspondence principle holds true
for the quantization Qqw,e(F).

Equation (196) can be written as
w . 0
As follows from Eq. (188), the function §2(k) has the

expansion 2(k) = 1 + wk + O (k*). Then Egs. (186) and
(181) imply

82 2
0=1-ho | —— Ity O(h?),
w(axﬂapﬂer“ aﬂ(X)apaﬁpﬂ)+ 7)
1 82 " 2 2
oV =14+n r oh?).
- w<8xuapﬂ+Pu aﬂ<x)apaapﬁ>+ (%)
(223)

Now we can relate [w, @]- and [w, ®]-star product in the
same manner as the related w -star product and [w, @ ]-star
product,

07 [(OF) % (0G)].-

With the help of representations (223), we rewrite (224) as

Fiw.01*% Glo,0] = (224)

Fiw.01* Glw.0) = Fig) * Glg)

9? P
tho || ———— 4 pulig——
[(fﬁ“apu Pulap 8pa8p5>
3*F u O°F

x (Fiéoy * Gloy) = <—8x“8pﬂ TPulap g0 ) *Glo)
2 2

-G -G
FY, — rt—— 0 (h?).
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In this formula, we use the approximation

Fio) * Glo) = Flo)Glo) + O(h)

to obtain
ih
Flw,01* Glw,0] = Flo,01 * Glw,0] + > {Flo.01. Glo,01}
0F 0G oF 0G
a’[5¥5552 Iy dxt
+pulyg <££ - EE)} + 0(h?). (225)
dpa Opp  Opp Opa

The quantity in the square brackets in the r.h.s. of Eq. (225) is
symmetric with respect to the permutation of F e G. There-
fore [w, @]-star products of [w, @] -symbols satisfy condi-
tions (7), which proves the correspondence principle for all
the family of quantizations Qy,, ©1(F), in particular, for the
quantizations Q[w](F) = Q[wyl](F).

5 Some physical applications

5.1 Quantization of a particle in a spherically symmetric
field

Let us start with the classical Hamiltonian of a particle mov-
ing in a spherically symmetric field, written from the begin-
ning in polar coordinates (x’l L x2, x’3) = (r,0,¢),

P _ l M/V/
H (r,9,q0)—%g (r,0,9)pwpy +U)

1 _ _
:ﬁ[pf—l-r 2(pg + pEsinT2 )]+ U(r),

¢ = diag(1, r 2, r 2sin"20). (226)

According to Eq. (136), the quantization Qj,) of the
homogeneous polynomial H (r, 8, ¢) does not contain any
ambiguity and reads

Q1w (HY (r,0, ) = HY

h2
=——g 128,828, + U). (227)

2m

This is just Hamiltonian (13). As was already said, its
kinetic part is proportional to the Laplace—Beltrami operator,
—1/2 ) 1/2 ;v P
g n8 78" Ov.

5.2 Quantization of a non-relativistic particle in curved
space

Consider here a quantization Q¢ (H ) of the non-relativistic
particle Hamiltonian H

[
H =~ 8" () pupy (228)

@ Springer

in a curved space with a metric tensor g""(x) — see the dis-
cussion in Sect. 1.

This quantization can be done according to Eq. (200). We
now present the corresponding calculations.

It turns out that the operator IT (186) annihilates the clas-
sical function H,

HH—I 92 or a+ o 92 o
=5 9xrdp), aapa Dud op ¥y 8" PpPo

p
Z" (8Mg”“ + g, + Fjﬂg“ﬁ) =0.

In these calculations, we have used Eq. (252) for the Christof-
fel symbols. Thus, taking into account initial condition (27),

we obtain
Q(—hIIH =2 (0)H = H. (229)

According to properties assumed for the function ©® (x, &)
(see Sect. 4.2), its expansion in powers of £ has the form

1
@@£>=1+§@wum%ﬁ+0@ﬁ,

Oup(x) = 82—@' (230)
o 08 9EP |,y
This expansion implies the following exact result:
® <x, —ihi) H
ap
_ b 1_h_2@ (x) 92 m(
=5 ( 5 Oap apaapﬁ) 8" () pupy
_ 1 v n? af
=558 pPupy = 5 Oup(x) g™ (x)
= Lg’”(x)p pv+ h—zR(X) (231)
2m OV 6m ’

where R(x) is the scalar curvature.

Taking into account that IT (@qp(x)g*# (x)) = 0, since
Oup(x) g"‘ﬂ (x) does not depend on p, we finally calculate
Q(o.01(H) via Q[ (H) using definition (200):

9
Qv.01(H) = Qo] (9—1 (—hIT) © (x, —ih$> Q (—hID) H)

= Qpu] (.Q" (—=hIl) © (x, —ihi> H)
ap

h2
= Qv <H - ﬂ@aﬁ (x)g*f (x)> . (232)
Since Qju] (F(x)) = F (£), we finally obtain
_ _h_z —1/2 v
[Q[w,@](H)]x = 2mg a/L\/gg 0y
,,—l2
— 25— Oup(1)8" (x). (233)
m

Thus, applying the general covariant quantization (200) to the
non-relativistic particle Hamiltonian, we obtain the Laplace—
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Beltrami operator as the kinetic part of the quantum Hamil-
tonian and the quantum potential term
h2
— Oup(x) g% (x),
o ap (X)87" (x)
which is as arbitrary as the tensor Gyg(x). Equation (234)
represents possible ambiguities in the quantization of the
non-relativistic particle Hamiltonian.

If we choose ® = ., where the function .# is given by
its expansion (304), we obtain the quantum potential in one
of its particular forms

Ux)=-— (234)

h2
Ulx) = 6_mR(x)’

where R(x) is the scalar curvature.
One can demonstrate that for any quantum potential of the
form
hz
Ux) = —f(RX),

m

(235)

where the function f (R) is almost arbitrary, there exists
a covariant quantization Q. @1(H), which produces this
potential, i.e.,

h2

o
[Quo.o1()], = =587 20,8' 28" 0, + — [ (R(x)) .

(236)

Indeed, the result (236) of the quantization corresponds to
any O of the form

J(R(x))

@(x,é)zl-l‘w

Rop(x) + -+ . (237)

The only natural restriction of the function f(R) reads

lim f(R)/R < oo. (238)
R—0

We interpret the existence of the above ambiguity in the
following way: The mathematical analysis shows that in prin-
ciple there exist infinite possibilities to quantize a classical
theory without violating the correspondence principle. The
choice of a concrete quantization has to be made by a physi-
cist on the basis of experimental observations.

6 Summary

1. We have constructed a class wa](F ) of quantizations
in flat spaces and Cartesian coordinates parametrized by
a function w(#), 6 € R. We have proved their consis-
tence (which includes, in particular, verification of the
correct classical limit-correspondence principle) and a
covariance under coordinate transformations from the
group O (r,s). We have demonstrated that commonly
discussed quantizations, such that px and xp quantiza-
tions, the Weyl quantization and the Born—Jordan quan-

tization, are particular cases of the constructed class for
a specific choice of the function w ().

2. Then we have generalized quantizations wa] (F) formu-
lated in flat spaces in Cartesian coordinate systems to
quantizations Q| (F’) formulated also in flat spaces but
already in arbitrary coordinate systems. We have proved
that the latter quantizations are consistent and covariant
under arbitrary coordinate transformations. Applying this
quantization to the old problem of constructing quantum
Hamiltonian in polar coordinates, we directly obtain a
correct result.

3. We have derived a coordinate representation for the quan-
tization Q[,)(F). Noteworthy are the following applica-
tions of these quantizations:

(i) Quantization of the coordinate x*:

[Qror (+)], = (#), = *". (239)
(ii) Quantization of the momentum p,,:
[Q[w] (pﬂ«)]x = (pA/L)x = —ih [aﬂv + ¢F/L] )
+00
¢ = / 0+ 1/2) w(6)do. (240)

(iii) Quantization of the free non-relativistic particle
Hamiltonian H = ﬁg“”(x)pﬂpv in a flat space:

no
[Qun(H)], = =5 -g7 20,820, (241)

The latter result, (241), is independent of the function
w(#) and is therefore unique in any flat space.

4. We have constructed a class of quantizations Q[e(F),
which is, in fact, a direct generalization of the quantiza-
tions Q| (F) to the curved space case. Such a general-
ization can be called minimal and is parametrized by the
same function w(0). We have proved its consistency and
covariance under general coordinate transformations.

5. Then we have constructed an extended class Qg 01(F)
of quantizations in a curved space, which is already
parametrized by the function @ () and a new function
O (x, ). This class is a generalization of the quantiza-
tions Qe (F) and includes the latter quantizations as a
particular case at @ = 1. We have presented a rather
nontrivial proof of their consistency and their covariance
under general coordinate transformations.

6. In particular, it was interesting to apply the quantiza-
tions Qy,, 0] (F) to the coordinate x*, to the momentum
Pu, and to a free non-relativistic particle Hamiltonian
H = ﬁg’”(x)pﬂpv in a curved space in order to find
a difference with the quantizations of the same physical
quantities in a flat space; see item 3. It turns out that the
quantizations Q[ 01 (x*), and Q. 0] (Pu)x lead to the
same results (239) and (240),
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[Q[‘”»@] (xﬂ)]x (ﬁu)x = xu’
[Qu.01 (Pu)], = —ifi [0, +¢T3] .

+00
¢ = / 0+ 1/2) w(6)do,

whereas the course of the quantization of the free non-
relativistic particle H.amiltonian. H = ﬁ g* (x)pupyin
a curved space contains an ambiguity. A quantum poten-
tial U appears in a sum with the Laplace—Beltrami oper-
ator,

h2
[Qu.o1(H)], = =5 -&7'20,/28" 0 + U ),
n? " CRIC)
—— B ® -
Ux)= o Oup (X)€" (x), Oyp(x)= PYCETL L:o'
The ambiguity of U is due to the ambiguity of the ten-

sor @y (x). One can demonstrate that, for any quantum
potential of the form

h2
U(x) = _f (R(x)) )
m

where the function f (R) is almost arbitrary, there exists
a covariant quantization Qy,, o1(H ), which produces this
potential.

7. In subsequent publications, we plan to generalize the
obtained results to quantize classical theories with con-
straints and consider a covariant path-integral quantiza-
tion.
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A Appendix

A.1 The operator ¢! (13+5%) and its matrix elements

I. Using the Baker—Campbell-Hausdorff formula eA+h —

—1[A iz] P oA .
e ? e4eB | we can obtain

@ Springer

o (13+pE) _ o= 18 i PE gint (242)

II. Representation (242) allows us to calculate commuta-
tion relations between e/ (7*17%) and canonical opera-
tors X* and p,,

LA A ih AN LA
[)gu, ez(nx+p§)] — o onE [)gu’ ezpé] oin

_ _héuei(ﬂf‘i'ﬁg)’
[ﬁw ei(n2+ﬁ§)] — o 2k ik [1;”’ einf]

hnuei(n)2+ﬁ$).

(243)
III. Using successively the Baker—Campbell-Hausdorff for-
mula, we obtain a generalization of Eq. (242)
ei(n}?—i—ﬁ%‘) — ei[(n}?+aﬁ$)+(l—a)ﬁi§]
— i1 nk g (ni+aps) oi (1-a) p§

_ e_ih(a—%)néeiaﬁsein)?ei(l—“)ﬁg. (244)

IV. Using representation (242) and a complete set of gener-
alized eigenvectors {|x)} of the operator x, with proper-
ties (86), we calculate the matrix element
(x| el (15+5%) |y) as follows:

als ; i .
(] 0599 |y = ) gy i 1)
in(y—1
— )5 ne
— ¢S (x + hE — y)
= Pl s (g - %) . (245)
V. Any operator F defined in the Hilbert space $) can be

represented as an integral over operators el (1E47€) a5
follows:

F= / c(n, £)e' P8 dnde,
i \P ol

The validity of Eq. (246) can be justified as follows:

h )
x+ 5“;‘>e”’xdx.
(246)

(x| / e, £) ) dnde [y)

=i [ e e s (s = ;") dnds
(1)’ 1

=(a) [-30-»

_ 1
—/G—E@—n

+y R
xs<x2’ —z)dzz(xlFly).

F

7+ % (y — x)> em<#_z)dzdn

F

Z+%()’—X)>



http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

Eur. Phys. J. C (2017) 77:476

Page 31 of 38 476

A.2 A generalization of the Leibnitz formula

Let f(x) and g(x) be two x-dependent functions (x =
(xl,x2, .. .xD)) and THUHn(x) are x-dependent coeffi-
cients completely antisymmetric in the indices (g - - - iy,.
One can prove that the following generalization of the well-

known Leibnitz formula!? holds true:

n

n
THIHng .. g — THI
M1 Mn fg Z <k)

k=0
X (aﬂl T aukf) (aMk+1 tU aung) .

The above statement can be proved by induction. It is
obviously true for n = 1. Under the supposition that (247)
holds true for n, we then will prove that it holds true for n + 1
as well.

Let us consider the left hand side of (247) at n + 1,

(247)

M1 n Mn+1 — T M1 Hnln+l
T e aﬂl : '.aﬂnaﬂnﬁ—lfg =T e

< {0y, Oy [ (O £) 8 + 8 (B )]}

Since TH1Hntntl jg symmetric in all the indices, it is also
symmetric in the subgroup i1 - - - i, of all the indices. Then
we can use Eq. (247) to calculate the terms in the curled
brackets. Thus, we obtain

(248)

n n
TH = Hnktnsl |:Z <k> (aul o '8Mkauu+1f) (auk+1 o 'aung)

k=0
+ Z (Z) (alu T all«k f) (altk+1 e aun a/tn+1g):| - (249)
k=0

Due to the complete symmetry of 7#1#ntntl the first term
in the RHS of Eq. (249) can be written as

n

ee n
T M 1 Z <k> (3m R 3un+1f) (8”“ .. .Bﬂng)

k=0
n+1

= e Z (k _ 1) (BHI e aMkf) (aﬂk+1 e 8#n+1g) :

k=1

Thus,

Tﬂl.nﬂnﬂnJrl alll . a,un alln+1 fg — T,ul'”ll«nMIH»l
" n n
X +
k=1
12 The many-dimensional Leibnitz formula has the following form:

dn " m\dkfdrkg (n n!
a8 = kzo (k)@dx"*k’ (k) R ICESI

X (am e auk f) (auk+1 e 8Mn+1g)

+<g) Oy -+ Bpupr f) 8 + (Z)f (3 -~-8un+1g)} -

(250)
Then, using properties of the binomial coefficients,
n n n _(n+1
k k—1)  \ k )
1 1
D (MY ("2 (") =1, @
0 0 n+1 n

we justify Eq. (247) forn + 1.

A.3 Exponential function

In constructions of the present article, an exponential func-
tion (exponential map) in a Riemannian space is used. Now
we recall its definition and some properties [42].

Let M be a Riemannian space and x € M. An affine con-
nection on M allows one to define the notion of a geodesic
through the point x. In the case considered in the present arti-
cle, we have Christoffel symbols Foﬁ;s (x) as the connection,
they and their contraction I, (x) = ik 1 (x) are expressed via
the metric tensor,

1 08pa agp,B agotﬂ
Jales — _oMp 4 _ ,
ap () = 38 (axﬁ axe | 9xr
-1
Iu(x) = (V&) 9av/g =0aIn(yg), g=|detgul.
(252)

Christoffel symbols define covariant derivatives V, of a
tensor 7,1,/ as follows:

V, (TMI"'M) = dy (TMI"'MA')

V-evp VeV

+F#1TX"'MX+,,,+Fﬂx TH1%

st vgv, sl vpv,
_rx MiMs . x 1 s
r v10!TJt~~v, ! r vra TU]‘.A,, S, (253)

Then curved lines x* (t) = C* (7) (parametrized by the
proper time ), satisfying the equations

CH=—T}(C)CCP, guCHC" =C*=1, (254)

are geodesic lines. The geodesic lines provide the minimum
(extremum) of the action

S[C]= /,/gw(x)c'uc'var (255)
under the gauge condition

d . -

i [\/g;w (C@)Cr(r)cy (T)] =0, (256)

which fixes the nature of the parameter 7.
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C(D=y(x.8)

C)=y(x,8)

Fig. 2 The exponential function

There exists a unique geodesic C¢ (7) satisfying the initial
conditions

Ce(0)=x, C:(0)=E¢, (257)

where £ is the tangent vector to the geodesicat t = 0, £ €
T M.

Using the introduced geodesic C¢ (7) , we can define two
vector functions

yHn§) =Cf (1) and B*(x,§) =CL (D).

The corresponding exponential map § — M is defined
by the vector function y#(x, £), which is called the expo-
nential function, as follows: exp, (§) = y(x, &).

The point y*(x, &) is a translation of the point x along
a geodesic from 7 = 0 to T = 1 with an initial velocity &;
and B(x, &) is a result of the parallel translation of & from
the initial point x to the final point y (x, &) (from 7 = 0 to
T = 1) (see Fig. 2).

The exponential function satisfies the condition

(258)

yH(x,0) = xH, (259)

which follows from the fact that the constant function
C (tr) = x is a solution of Eq. (254) with the initial con-
ditions

C)y=x, C(@0)=0. (260)

The second equation of (254) implies that vectors C() =
B(x, &) and C(0) = & have the same length,

gp.v(x)‘i:uév = guv(y(x, ENBH(x,6)B" (x, £).

Let C¢ (1) be asolution of Eq. (254) with initial conditions
(257), then one can easily verify that Cs (A1) = Cy¢ (7).
Thus, the solution Cg (7) can be expressed via the function
y(x, ). Indeed,

C:AM)=Ce (1) =y (x,28) = Cs (1) =y (x,7§).
(262)

(261)

Then

oyt
g«

d
B (x,§) = d—y“ (x,78)| = (x, §)&%. (263)

T =1
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Let us consider the differential equation (254) in a non-
canonical phase space (x, £) € R?P. It describes a propa-
gation of initial data (257) by the geodesic flux 77 (x, §) =
(C (v), C (r)) . Coordinates of the geodesic flux 77 (x, §) =
(x7(x, &), & (x, §)) satisty first order equations

M= El E = Ty () §7EL (264)

Equation (262) represents an explicit form for x} , namely,
xr(x, &) =y (x, t&€). It follows from Eqgs. (264), (262) and
(263) that &;(x, &) = 1P (x,7£). Thus, the geodesic flux
T, : R?2D 5 R2D jg
1

Ii(x,8) = (V (x,78), ;ﬁ (x, fé))- (265)

The geodesic flux as a flux of any differential equation rep-
resents a diffeomorphism, which has the commutative group

property

T (To.(x,6) = Tepa(x,6), T;' =T, (266)

where T;l (x, &) is an inverse function to the one 77 (x, £).
Setting A = 1 in the latter equations and considering the first
component only, we find the composition law

Yy, +0)8) =y (¥, §),18x.8)).

The set of Egs. (255) and (256) is equivalent to Eq. (254)
and is invariant under a general coordinate transformation
x" = @(x), where ¢ is an arbitrary diffeomorphism. There-
fore, if C () is a solution of Eq. ( 254) in a coordinate system
K, with coordinates x with the initial conditions (260), then
C’ (1) = ¢ (C (1)) is a solution of Eq. (254) in a new coordi-
nate system K,/ with coordinates x” (with new connections

(267)

Fag ) and with the initial conditions

CM () =x" =g'(x), C"(O0)=¢"= :C—:(X)*E“.
(268)

In a coordinate system K, the exponential function
¥/ (x', &) is defined by the connections Fag. One can find
relations between y’ (x’, §’) and y (x, §) as follows:

Y (X E)=C" (1) =9 (C() =gy, )

ax’
= o, &)=y <§0(X), g(X)E) ~ (269)
Velocities related to a geodesic line in coordinate systems
K, and K, are related as C'"* = 9,¢0" (C)C*. AtT = 1,
we obtain a transformation law for 3,

B (&) =B <¢<x), aa—’)“:(x)s)

ax’

"
(v (x,8) B*(x,§).

ax%

(270)
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It follows that 8% (x, &) is not a vector field, since the trans-
. . /) . . .
formation matrix zz;jc—s is taken in the point y (x, &) but not

in the point x. With the help of Egs. (269) and (270), we
find a transformation law of the geodesic flux 77 (x,§) =

(xr(x,8), 80 (x,8)),

0x

(xr.80) = (050 B 008

X

Q271)

We note that in the case of a flat space with Cartesian
coordinates all the connections are zero, such that Eq. (254)
reads C* = 0. Its solutions with initial conditions (257) are
C(t)=x+rt&suchthaty(x,&) =x+&and B(x,&) =§.
Then the exponential function in an arbitrary coordinate sys-
tem K,/ is represented by Cartesian coordinates x as follows:

a /
v (&) =y (w(x), %(ﬂé) =p(x+§). (272)

With the help of the exponential function, one can write a
covariant Taylor formula,

EML L EHn
T Ve

e¢]

Fly(x.6) =)

n=0

Vo Fx),  (273)

where indices inside the brackets are totally symmetrized.
Equation (273) is a generalization of the well-known formula
F (x +&) =exp(£§*0,) - F(x) in a flat space.

To prove Eq. (273), we calculate successively derivatives
of F (C), reducing all the higher derivatives to the first one,
using Eq. (254). By induction, we can prove that

F(C)=CHry,F(C), F(C)=CHC"V,V,F(C),...,

n

g F(C)=CM...CFMVy, ..V, F(C),.... (274)
Using the initial condition (257), we obtain
n
177 F (C (1)) =M LEMY (V) F(x). (275)
=0

This result allows us to decompose a function F (C (7)) in a
power series with respect to 7. Setting T = 1 in such a series,
we obtain Eq. (273).

All the derivatives in £ have a simple representation,

a
RIS

F (y(x, 5))' =V - V) Fx).
£=0

(276)

’ QEHn

We list three first nonsymmetrized products of the operators
V.
"

Vi = 0y,
Vi Vi, = (31115/1122 - F/flzm) Ay,
Vier Via Vs = Q8383 = T8k — Tl i)
x (00,800 — L3, 05 (277)

Setting F(x) = x* in Eq. (273), we obtain a decomposi-
tion of the exponential function y# in powers of &,

1
yOrE) = Xl 8 — ST, (EM N

1
g Doy (OE 81261
_ v 7 Y
Fﬂfmzm - 2F(muz Fm)v F(umz,ua)' (278)

Using Eq. (263), we derive a similar decomposition for

B (x, ),

Bl(x,&) = £ — Tf, ()EMEM

ST OFHERE £ @19)
A.4 Normal coordinates and minimal geodesic line
Equation (278) implies
WE (280)
I P

This matrix is invertible; therefore, the function & +—
y (x0, &) for any x¢ represents a diffeomorphism in the vicin-
ity of the point & = 0. New coordinates x’ given by the
equation x = ¢~ (x’) = y (xo, x’) are called normal coor-
dinates around the point x¢. It follows from Eq. (259) that
the point x = x( corresponds to the point x" = 0. Property
(280) implies that g}f,’: (0) = 8%, and, therefore, a transition
to normal coordinates does not change tensors in the point
x=xp < x'=0.

The curves C'* (t) = & in normal coordinates x’ corre-
spond to the curves C* (t) = y* (xo, t€) in the coordinates
x. The latter curves are geodesic lines which pass through
the point x¢, according to Eq. (262). This means that in the
reference frame K,/ geodesic lines which pass through the
point x” = 0 are straight lines C'* () = t&*. Thus, as fol-
lows from the same Eq. (262), the exponent function in the
reference frame K,/ has the property

Y (0,8) =¢. (281)

As follows from the quadratic term of expansion (278),
we have
F,i’l‘m 0)y=0 (282)

in normal coordinates. From the cubic term of expansion
(278), we have

1
% _ % % o
F(sz,m) ) = 6 (Fumz,m + quw&z + Fuzm,m
i i /1L
+ Fuzmm + Fusul,uz + Fuwz,m)xf:o
=0.
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Contracting indices ¢ and p3 and using a symmetry of con-
nections in lower indices, we obtain the identity

/ /
Bt O+ T

i (0) + F;iz,m ©0) =0.

Using Eq. (252), we obtain F/”’M = Fliz,/xl’ which
implies an identity that holds true in the normal coordinates,

0) + 21“[1 0)=0. (283)

n
Ly )

With the help of Egs. (282) and (283), we can express the
Ricci tensor as follows:

R, (0)=1% (0)—1T,(0)==3I,(0)

_ 2 o).

5 Dav.p (284)

If a point x is in the region where y (xg, &) represents a
diffeomorphism, then points xp and x, can be related by a
geodesic line C (7). In this case, C (0) = xg and C (1) = x
and C (1) = y (x9, 7&); see Eq. (262). In the general case,
there exist more than one geodesic line which relates two
given points. Now, we define the so-called minimal geodesic
line.

Let us consider a vicinity of the point xo where the corre-
spondence & —> ¥ (xp, &) is a diffeomorphism. In addition,
we define a diffeomorphism & = ¢(x), where ¢! (§) =
y (X0, &) in this vicinity. Let us consider a D-dimensional
sphere E/ = &€ RP|£2 = g, (x0) EHEY < r2} which
is completely embedded in the above mentioned vicinity
(such a sphere exists with r > 0 because the vicinity
is an open manifold). Then we define the correspondence
E = ¢ ' (E’), which is also open since ¢ is a diffeo-
morphism. The function & +—— y (xg, &) is a diffeomor-
phism in E’, if for any point x € E there exists one
unique point & € E’ such that x = y (xo, &). Consider a
geodesic line Cyyx (T) = y (x0, T§) which relates xo with x.
This geodesic line is called a minimal geodesic line only if
x € E, as was constructed above. Its length is S [C X0, x] =
V&uv (x0) §#EY < r.Letus suppose that there exists another
geodesic line K (z) (different from Cy,,), which relates x¢
with x, i.e., K (0) = xo and K (1) = x. According to
the definition of the exponential line x = y (xq, £x) with
&k = K (0). Since the function & +—— y (xp, &) is a diffeo-
morphism, which represents a bijection in E’, we see that
¢k ¢ E’ as S[K] > r. Thus, a minimal geodesic line is a
geodesic line of a minimal length which relates xo with x.
The argument
r=r (g/w (x0) %51”()_1/2
is restricted, 0 < 77 < 1, because K (tf) = y (xo, T7ék) is
a point on the geodesic line. We have

Ve o) (z76x)" (eréx) = r.

@ Springer

if 7k ¢ E' and 178k € E’, where A is a closure (in the
topological sense) of the set A. Since & —— y (xp, &) isadif-
feomorphism, K (rf) =y (xo, rfEK) ¢ Eand K (rf) € E.
Thus, a minimal geodesic line is a unique geodesic line which
is entirely contained in E. Because ¢ is a diffeomorphism,
lim,_, x, § = 0 and, therefore,

lim S§[Cyy] =0.

X—>XxQ

(285)

Therefore, a minimal geodesic line is a unique geodesic line
between x¢ and x, which has the property (285).

A.5 Jacobian of the geodesic flux

The differential equation (254) is the Euler—Lagrange equa-
tion for the following nonsingular Lagrangian:

1
L(x,x)= Eg;w(x)xuxv-
Let us define a function G : RZP — R2D,

Gx.8) = ((x"). (gv@)")). (286)
which transforms a point (x, &) in anoncanonical phase space
into a point (x, p=0L/ox* = glw(x))'c“) of a canonical
phase space. The inverse function has the form
G, p) = ((x") (g () pv))- (287)
Using the introduced function, we can transform a tra-
jectory (C (t), P (7)), given in the canonical phase space,
into a trajectory (C (), P (1)) = G (C (r),C (r)) in the
noncanonical phase space. With the help of geodesic flux
(264), we can write (C (t), P (1)) = G (T;(x, &)), where
x = C(0) and £ = C (0) are initial conditions in the non-
canonical phase space. These initial conditions can be, in
turn, reformulated as initial conditions in the canonical phase
space with the help of the (x, p) = G~!(x, &), and choosing
p = P (0) as an initial condition for the momentum. Thus,
we have the relation (C (t), P (1)) = G (T; (G~ '(x, p))),
which defines the canonical geodesic flux
TC(x. p) = G(T: (G~ (x, p))). (288)
According to the Liouville theorem [43] the Jacobian of the
canonical geodesic flux is equal to 1. This fact implies

I(TS)  83(6) 3 (Ty)
= = Tr 3 ’
) o e T e
a(G—l)( )
X, .
o, p) P
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The Jacobians involved can easily be calculated,

0x* _ oa 0x“

9G) _ oo (57 =% 5 =0 _
Ty —det 08ay £v E - g(x)’
a(x, &) ax_ﬁf 8av 328 9eF = 8ap

-1 xY g 0x¥

(G )—d ox7 = 08 5p; =0 — ol
a— = det d v av BPU _ Olﬂ - g (.x).

(x, p) Sy 8gr =8

Finally we obtain

9 (T7)
9(x,§)

g(x)
gy (x,78)’

(x,8) = (289)

A.6 Properties of the function .#

Above we have expressed matrix elements of the operators
Qi) (F) via the function ./ (x, &) defined by Egs. (171) and
(167). Here we study this function in more detail. First, we
represent it as follows:

AM(x,§) = g_l(X)\/g (V-12(x. ) g (Y12(x. §)) f(x. &),

dy—12 dv-1p2
9® 2 D
det(a(x’%_))‘— det( p ip

Ix 9E

f(x,8) =

’

(290)

a _ (dva\ a_ (dva
ax axv ) e \sev )

From this representation, we see that .# (x, &) is a function

even in & since \/g (v=12(x, ) g (y1/2(x, §)) and f(x,&)

are even in &,

where

va'(x, §)=y" (x,af),

M(x,8) =M (x,—§).

In a new coordinate system K,/, we have

/ / 8(p/1' v — s /
¥ =), & =, x = (07)" (),

oxH
g = ax—,ué’”, (291)
such that
M (X/, Sl) = g_l(.X)\/g/ (Vil/z) I4 (V{/z)f/ (x’, é/) ,
aVil/z aVil/z
(o] =T ax’ A&’
I (x' €)= |det v v, || (292)
ox’ JE’
where
Yl (L E) =y (X, ag’) = @ (v (x,af))

= ¢! (va(x,§)),

according to transformation law (269). In addition we have

ya ot )<ay,, axf oy asﬁ>
a ]

ax’v  9xv axP axw Q&P 9xv

oy _ B¢t Ova 08P dgt oy dxf
9V T axe Qg 9w T axe YV BEh gxiv
Defining matrices
o oxH aEM
Agv = Fye (Ya) B, = FYTS cH, = Py

we express [’ (292) as a modulus of the determinant of the
following matrix:

0&
9y1/2 3)/1/2 91,2
1 3xB+A7 GEC A7 BEB

2

A% 0
0 A
2

dy—12 dy-1p2
o T T B O I 0
i dvip 0 B B-lc1)"
ax IE
Taking into account the transformation law /g’

JE& |det (8x /ox’ ) , some of the determinants
from (293),

A—Tl 0
det( "7, :’detA%detA%’
zlgmz)J £(2)
¢ (rap)n e (M)
BO\| , &) I 0| _
det(OB>‘_IdetB| P det(B_ICI>‘_1.

Thus, the quantity f” from Eq. (292) is related to f from
Eq. (290) as

A 37/—1/23_’_A7T 3)/—1/2C Af 3)/—1/23

Il
e~ }N“

(293)

g(v-12) | e(np) & (x)
g/(yll/z) g/(y{/z) &)

From Egs. (290) and (292) one can see that .Z is a scalar
under transformations (291),

— (¢, 8).
If the space is a plane, there exists a reference K, where

guv has the form (19) and F(Zg = 0. In such a reference
frame, g(x) = 1 and y(x, &) = x + &, such that

I —1/2\|
det(l 12 )'—1.
According to Eq. (295) .# (x, &) = 1 in any coordinate sys-
tem.

= f. (294)

M(x,E) (295)

M(x,8) = [f(x,§) =

@ Springer
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Let us consider the decompositions
(0.¢]
M E) =Y Mgy, (OEM L EP
n=0

L EMn, (296)

Comparing them, taking into account the transformation laws
(291) and (295), we obtain

axlvn
AxHn ’

axlvl
Ax M1

Mty () =m0, (X)) (297)
which means that coefficients m;,...,,, (x) are tensors. This
allows one to calculate the first terms of decompositions
(296) in a most simple coordinate system. To this aim, it is
most convenient to use the normal coordinates discussed in
Appendix A.4. Let x are normal coordinates. Then it follows
from Eq. (281) that

¥ (0,8) =& © v, (0,§) = aé. (298)

In turn, this relation implies

8)/“
? (0,8) = ash,

v "
T (0.6) £ 81

One can see that, in the normal coordinates, we have the
following result:

dy—12 9y-172
ax 9E
det v Iyip

ax 9E

[ (o) o (0 9)]

0,8 =

x=0

(299)
Using expansion (278), we obtain
1 1 1
|7 (m3) o (32))
=xt - éra’g(x)s"sﬁ +0@EY
— e g+ (e 19
=8k — éavra’;(x)sagﬁ + 0EY. (300)

Then with the help of equation det (/ + A) = 1 + trA +
O (A?), we obtain from (299) and (300)

1 1% agf 4
f©0,8)=1- gaufaﬁ 0§77 + 0(@7). (301)

@ Springer

It follows from Eq. (298) that

Ve (74 (0,8)) /g (0) = /g (a&) /g(x)
=1 +a&® g—l/zaagl/2‘

x=0
a? agB . —1/2 1/2 3
+5 67" g7 P0udpe?| |+ 0@,

Taking unto account Eq. (252) and the fact that the Levi-
Civita connections are zero in normal coordinates, we obtain

2
Ve e (0,8) /gx) =1+ %é“sﬁaarﬂ 0) + 0E>).

Thus, the following expansion holds true:

Ve ra120.6) 8 (12 0.9) /82()

1
=1+ 2850, I(0) + 0€Y. (302)

With the help of results (301) and (302), we find

_ 111 1 agp 4
M08 =1—7 [Eaﬂraﬁ (0) — 3, Ts (0)}5 £ 40 (g )
(303)

Equation (284) allows one to simplify the latter expression,

|
! wgh 4
M (0.8) =1 = = Rap (0) £ +0(s).

Since coefficients m,,, ..., (x) are tensors, see Eq. (297), the
above equation holds true in any reference frame. The point O,
in normal coordinates, corresponds to any point of the space.
That is why the formula below is valid in any reference frame
and at any point x,

1
M (x,8) = 1 = ZRyp(0)E"" + 0 (54) . (304)

Appendix B: Notation

— By R = (—o00, 00) the set of all real numbers is denoted.
— Derivatives in x* of a function A(x) are commonly
denoted as

dA/9x* =9, A, 3/90 = dp, and so on.

— Greek and Latin vector and tensor indices take on the val-
ues 1, ..., D unless otherwise specified; the convention
about summation over repeated indices is adopted unless
otherwise specified.

— By $ a Hilbert space is denoted.

- By [ an identical operator is denoted.

— By K, areference frame that generates coordinates x =
1, ..., Dis denoted; by K xc a Cartesian reference frame
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in a flat space that generates coordinates x = 1, ..., D
is denoted

— By f’(n, &) = [F(x, p)1¥(n, &) a double Fourier trans-

form of a function F(x, p) is denoted; see Eq. (22).

- By F(x, &) = [F(x, p)]” (x, &) a partial Fourier trans-

form of a function F'(x, p) with respect to momenta is
denoted; see Eq. (83).

- By Q@ (F(x,p)) = Qu(F(x, p)) we denote a fam-

ily of covariant quantizations in a flat space, which are
parametrized by a weight function £2 (k) or by its Fourier

transform o (0) = 5- j;o Q (ke % k.

— By Q@) (F(x, p)) we denote the so-called basic quanti-

zation, which is the quantization Q{,)(F) with w (9’ ) =
) (9’ — 9) or the quantization Q o (F'(x, p)) with 2(k) =
Q) (k) = e'%%, k = n&; see Eq. (49).

— By Qu,01(F(x, p)) we denote an a family of covari-

ant quantizations in a curved space parametrized by two
functions w(0) and ® (x, £). The corresponding [w, @ ]-
symbols are denoted by Fiy, o).

- By Qu)(F(x, p)) = Qo,11(F(x, p)) we denote a family

of covariant quantizations in a curved space parametrized
by a function w(#). The corresponding [w]-symbols are
denoted by Fj).

- By QF}_)] we denote a family of Weyl quantizations in a

curved space, parametrized by a function ® (x, £). The
corresponding [w, ®]-symbols are denoted by F[“é].

- By Q%(F )=Qﬁ] we denote a Weyl quantizations in a

curved space. The corresponding w-symbols are denoted
by FV.

- By T alf‘} (x) Christoffel symbols are denoted.
— Byavector function y*(x, £),x € M,& € T, M anexpo-

nential map & —> M (exponential function) is denoted.
Here M is a Riemannian space, and 7, M is a tangent
space to M.
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