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A time-invariant flat system always
admits a time-invariant flat output *

Paulo Sergio Pereira da Silva t Pierre Rouchon?

July 18, 2003

Abstract

It is proved that if the analytic time-invariant control system 4z =
f(z,u) with dim u = 2 and dim = arbitrary admits an analytic flat output
= h(z,t) depending on time ¢, it admits also another flat output Y,
independent of ¢, of the form ¥ = H (z,u), where H is analytic too. This
means that, for time-invariant systems with two controls, the notion of
flatness based on Cartan absolute equivalence coincides with the original
definition.

1 Introduction

In [7], Murray and co-workers propose a definition of flat systems based on
Cartan’s absolute equivalence, that is slightly different than the original one due
to Fliess and co-workers [3, 4, 5]. The difference between the two definitions
mainly relies on the fact that a time-invariant system is flat, in the original
setting, if it admits a time-invariant flat-output whereas in the second setting
the flat output map could also depend on time. In this paper, we prove that,
in the analytic case for simplicity sake, both settings coincide for time-invariant
systems with two inputs. In last section devoted to discussions of the proof, we
provide arguments showing clearly that the same result holds true in the Cc*
case, on open and dense subset.

2 Main result

Theorem 1. Assume that a time-invariant analytic system with two controls
is flat, with an analytic flat output map depending effectively on time. Then the
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same system admits also a flat output that does-not depends on time, i.e., as
the system itself is time-invariant.

Proof. Up to classical prolongations and state dynamic extensions, we can al-
ways assume that our analytic system reads

d
Et*:\‘.‘ = f(::, u)
with a time-depend flat output
v = hi(z,t), ¥2 = ha(z,t)

hy and kg being analytic functions of = and t. Denote by as the relative order
of yo. Then the new flat output

h=un +y£m}, Y=

reads -
g1 = hi(z,u,t), T2 = ho(z,1)

where the analytic function h; depends effectively on u. According to theorem 2
proved here below, the system is flat with a flat output depending on z and
u. O

Theorem 2. Take a time-invariant control system with n > 2 states z and 2
controls u,

22 = flz,v) M

with f an analytic function of z and u on some open domain of R™ xR?. Assume
that it is flat with a flat output y = (y1,¥2),

n =h1($,ﬂ,t), Y2 =h2(£su:t)r (2)

with hy and hy andlytic functions of z, u and t with ﬂ%l of rank 1. Then it
admits another flat output Y = (Y1,Y2)

Y: = Hi(z,u), Y2 = Ha(z,u), (3)
with H; and Ho analytic functions of z and u.

Proof. The main idea of the proof is to replace in the expression of y by an
arbitrary analytic function f depending on ¥ and y». This means that we are
looking for a time-invariant flat output ¥ defined implicitly by the expression:

Y = h(z,4,6(Y))-

In fact we will prove that for @ generic, such Y is well defined and is also
automatically a flat output independent of ¢.



Let us use the Singh inversion algorithm [6]: elimination of u between y;
and g yields the following writing (up to a permutation between ¥ and yo):

n =h1(2,ﬂ,t), y2=¢u(z:ylrt),
with ¢° analytic. Since y is a flat output we know that

yz — ¢D(zl yl;t)
i = ¢z,

W = gri(e, gty @
B = ¢z, 1)
n = hi(z,ut)
where jfk) stands for (y, ..., yik)) and the ¢*’s are analytic functions. Moreover
we have
e the generic rank of 2 “"f’n is 2.

0 =1
e the generic rank of 3("%,;‘;1 is n = dim(z).

We will now perform similar computations but replacing the variable ¢ by
the variable §. The time-derivation of order i of § will be denoted by (). In
this process, @ is considered as a function of ¥

Y’l = k]{.’t, u, 9); }r2 = ¢0($}}31 9)'

Then 8 (4°
quj = ‘351(3: }—,1{1)’8) 2 ('9(1) - 1)—3:_)(:,Y1’€).

Let us prove that, more generally, we have, for &k = 1, . coan=1,

(k) k. (k) Zk_l Z‘H‘ k (p(1) (k) & (‘i’i) (1)
Y? :¢' (z,}"l :6)+ IIQ,J(Q :'-‘:9 .) i (21}’1 39)
i=0 j=1

where the IIf ; are polynomials with ITf;(1,0,...,0) = 0. Let us assume that
the above relation is valid for 1 < k < n—2. We will prove the formula for k+ 1
by computing the time-derivative of the formula for k:

_ 8 (¢* _
YEH) = ghti (g, gk g 4 (g0) _ 1)—%‘—:—)(::,1/1"", 8)

k—=1k—i d 3-7 i i
+ Z E EE (II?,j(a(n: Yoo g(k))) _é%f_)(zs Y:I,( J’g)
=0 j=1
k—1k—g i
+ 300, ... o) 2 (%fl(z, 7, e))
i=0 j=1




We have

Ozdti

2 (aJ (¢)( Yf‘),e)) _ -+1[¢.")(z’171(5}’g] Flz,u)

FHHe) . o) (r+1)
+ , Y7, 0) Y,
ga&’f”aﬁ ( 1 )  f
&t (¢')
gti+l
at (¢)
ati+1

Since f is independent of ¢ we have

+ (z, 7, 0)

z,¥%,,6) (00 -1).

FH ) o) 4") o) o et L P oo g
o @Y 10 Sz, qua}’f"&( 70,0) Y 4 — (2, 11, 0) =
r"-*{!

Since, by definition,

W) Yf",é‘)fxu)+z (,)( 79,0 7128 0, 70 6) = (2, 740, 0)

we have

i . & (o1 — . i+ i
& (&a({f)( ,n"},e)):——(gﬁj ) (2, 759, 04002 HLIS )

Putting this relation into the formula giving YEU‘M), we have the following
recurrence relation, i =0,...,kand j=1,...k+1—1,

mi = D () + Ty, + T, (00 - 1)

where we have set to 0 the IT¥ . appearing in this formula when 7 does not belong
to [0,k —1] and j to [1,k — ']7 In particular we have always

mtt = (0 —1).

Such recurrence implies that IT¥}* is a polynomial function of (6, ..., atk+1)
and also shows that 1'[""'1(1, 0,...,0) = 0. Similar computations give for Y( n)
the following relation:

n—1ln-—i

Y2{n) =¢"(z,u, ?f“}s ) + Z Z n:',,j(a(l) B(n)) 6’ ( )( Yi{‘},ﬂ)

i=0 j=1



To summarize, we have the following n + 2 equations where Y(*) and §(")
are known and z and u are unknown:

f Y. = ¢%,1,0)

YD = grmie, 7Y, g) -

)1 P SIS ,... 00) 28 6, 70,
Y, = hi(z,u,6)

'\ﬁ“ (:r ur?l(ﬂ)’g) For

FEmi sy e, em) 28 70 g).

i=0 el 8t7

o3,
=
|

This system admits a triangular structure: the first n equations depend only on
z and their generic rank with respect to z is maximum because, when gtn) =
(1,0,...,0), the Jacobian matrix reads ﬂ%)- and its rank is n. Similarly,
the generic rank versus u of the last two equations is 2. This implies that, for
a generic choice of § as an analytic function of (¥3,Y3), the generic rank of
the above n + 2 equations versus z and u is equal to n + 2. We can assume
additionally, that for @ generic, the two equations

Y = hi(z,u,0(Y1,Y2)), Yo = ho(z,u,8(Y1,Ya))
define implicitly Y7 and Y; as functions of (z, u):
Y1 = Hi(z,u), Yo = Ho(z,u)
with H; and H, analytic.

3 Discussion of the proof of theorem 2

3.1 Implicitly defined time-invariant flat output

Instrumental in the proof of theorem 2 is the replacing of ¢ by §. A first naive
idea is the following: finding a possible time-invariant output map just consists
in freezing time, that is setting ¢ to an arbitrary constant a. But this simple idea
does not always provide a flat output simply because setting @ to a arbitrary
constant @ does not ensure that the generic rank in (z, u) of (£) is n+2. There
exist examples where this generic rank is strictly less than n + 2, where the
components of ¥ = h(z,u,a) are not independent and so Y cannot be a flat
output. The following example is instructive. Take

I = u;, i‘z = uz

with
1 =uy+tuz, y2=u; +itus+z;+izs,




as flat output since the rank in (z, u) of

Y2=u+z1+1iz2
=Y+
2 2
82 =32 449+
¥ = up +tu

is 4. With
Y1 =u; +auz, Yz=wu+auz+z;+azr:

the rank of
Yo=Yi 42z +azs
W=v"+y
Y2(2) - 1(2) +Yl(1)
Yy = w1+ aus

decreases to 2; ¥; and Y> are not differentially independent. This small example
give us the key of the proof of theorem 2 and suggests us to replace ¢ by ¢ an
arbitrary function of y; and y». For example, if we take § = Y7, we have Y; and
Y, defined implicitly by

Yi=u1 +Yius, Yo=wu;+Yius+z;+Y172.
The generic rank of
Y=Y1+21+ Y122
W=yP v+ ¥V
Y2(2) =y 4 Yl(lJ + Y P2y + Y Muy
Y =41+ Yius

is 4 and proves that following time-invariant outputs

uy Uy

Y1=

3 Y2=ﬂ1+1

e _uz(ﬂ2+2z)+21

are flat outputs.

3.2 The genericity arguments

Let us consider the C®-case where flat-systems are defined on diffieties [7,
5]. Let & = (to, 2o, o, Uio, --.) be a point on the diffiety associated to £z =
f(z,u). Then the successive derivatives y*) of y = h(z,u,t) are functions of
(z,u,...,u*) t). We denote by g} its value at (2o, uo, ...,ul(]k),to). Since

) _ Ok

ohy W 4 O
\ 5 (z,u,t) f(z,u) + o (z,u,t)u') + B (z,u,t)

6



we cannot have yil) - %’- = 0 in any open set around (zq, uo,tg). Otherwise,
this will imply that the function +y(z,u) = hy(z,u,%0) is a first integral. Since
the system is flat, such first integral is automatically a constant function, i.e.,
~ is independent of z and u, y; will be just a time function and this cannot
holds [2]. So, generically yg” — 24 s different from zero.

Take &g such that

e the first component yj , of g is different from zero;
o the rank at & of (4) with respect to (z,u) is n +2;
o yl o — Zi(zo,u0,t0) #0.

Let us consider now the choice of ¥; — 6(Y1). Since Y1 = hi(z,u,0(Y1)), we
may use the polynomials IT¥ '; to get the following relations:

. . k=1k—i FY (y?’)) '
Y = o (e, a®,0) + > (0™, .., 6%) T(r,ﬁ"),ﬁ)
i=0 j=1

Firstly we impose that 6(y1,0) = to. Then we can also impose that
60 (91,0,91,0) = 1

. dd : :
by setting 5}7(91,0) = 1/yi o- Since yi o — ”@a"“?‘(zo, ug,to) # 0, the output Y; is

well defined around & by the implicit equation Y; = h;(z, u,8(Y7)). Standard
computations based on the fact that yi o # 0 show that we can always take #
such that 6*) (310,31 g, ..., 4% o) = 0 for k = 2,..., n. Since I¥ ;(1,0,...,0) =0,
the values of the derivatives of Y; up order n coincide at £ with the derivatives
of y1. Similarly, the Jacobian of () at & with respect to (z,u) is the same as
the Jacobian of (4): its rank at & is » + 2.

4 Concluding remarks

The essence of this proof is algebraic and can certainly be simplified in the
differential-algebraic setting. The above discussion shows that the analytic re-
striction is not a severe one: the proof of theorem 2 could be adapted to the
C* case. We guess also that the use of arbitrary functions defining implicitly
the flat-output could be an interesting idea to prove that dynamic feedback lin-
earization, as firstly stated in [1], and flatness coincide around generic points.
The general case when the number of controls exceeds two will be tackled with
similar technics in future works.
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