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A time-invariant fiat system always
admits a time-invariant fiat output *

Paulo Sergio Pereira da Silva t Pierre Rouchont

July 18, 2003

Abstraet

It is proved that if the analytic timeinvariant control system éz =
/(r, a) with dim u = 2 and dim zarbitrary admits an analytic eat output
y = h( 3, 1) depending on time 1, it admits also anothu 6at output Y,
independent of t, of the form Y = H(r, a), where /1 is analytic too. This
means that, for timeinvariant systems with two controls, the notion of
aatn«s based on Cartan absolute equi%lence coincides with the original
definition.

1 Introduction
In [7] , Murray and ceworkers propose a definition of Bat systems based on
Cartan’s absolute equi%lence, that is slightly different than the original one due
to Fliw8 and ceworkers [3, 4, 5]. The difference between the two definitions
mainly reli« on the fact that a timüinvariant system is 8at, in the original
setting, if it adrnits a timbin%riant âat;-output wherea8 in the second setting
the ãat output map could also depend on time. In this paper, we prove that,
in the analytic case for simplicity sake, both settings coincide for timeinvariant
systems with two input;s. In last section devoted to discussions of the proof, we
provide arguments showing clearly that the same rwult holds true in the Cm
case, on open and dense subset.

2 Main result

Theorem 1. Assume that a time-inuariant anatytic system with two controls
is fIat, with an analytic fiat output map depending e#ectiuely on time. Then the

+The authors are partially supported by CAPE$COFECUB.
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tE:cole dn Min« de Pari8, Centre Automatique et Systêm«, GO Bd Saint-Michel, 75272
Paris cedex 06, FRANCE. Email: pierre.rouchar©er»mp.h
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same system admits also a fIat output that does-not depends on time, i.e., as
the system itself is time-invoriant.

Proof. Up to classical prolongations and state dynamic extensions, we can al-
ways assume that our analytic system read8

with a timedepend Bat output

91 = hI (a, t), y2 = á2(=Jf)
h 1 and hz being analytic functions of r and t. Denote by a2 the relative order
of y2 . Then the new üat output

81 = gl + YSa’)1 92 = Y2
reads

iI = hl(a, u, t), 82 = h2(8, 1)

where the analytic function Ã1 depends effectively on 8. According to theorem 2
proved here below, the system is eat with a fiat output depending on a and

011

Theorem 2. :FaAe a time-inuariant control system with n > 2 states a and 2
controls a,

(1)

with 1 an analytic function of = and u on some open domain of IRn xlR2. Assume
that it is Pat with a fIat output 9 = (yI , 92) ,

91 = hl(a, u,t) , 92 = à2(2, u,f), (2)

with hl and 112 anaJytic functions of =, u and t with o\hã It4 of rank 1. Then it
admits another fIat output Y = (Vl , Y2)

Yr = a1 (a, a), Y2 = 112(8 , u), (3)

with HI and 112 analytic fWIctions of = and u_

Proof. The main idea of the proof is to replace t in the expr«sion of g by an
arbitrary analytic function 0 dep€nding on gl and y2. This means that we are
looking for a timoin%riant âat output Y defined imphcitly by the expr«sion:

Y = h(z, u, 0(Y)).
In fut we will prove that for 0 generic, such Y is wen defined and is also
automatically a Rat output independent of t .
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Let us use the Singh inversion algoritbm [6l: elimination of u between gr
and 92 yieldg the following writing (up to a permutation between gl and w):

91 = hl(8, u, t) , y2 = doCa,gl,t),

with éo analytic. Since g is a Bat output we know that

92

dl)
= éo(a:, y1, t)
= é1(elg{1)t)

éa-1 (=1 d”-1)t) (4)

#1 (a 1 u) dn) ) f )
hr(=, a, t)

where dÊ) stands for (y1 , . . . , gF)) and the ék’s are analytic functions. Moreover
we have

e the generic rank of %3 is 2.

e th, g,,„i, ,,nk ,f 'V ’-;:'-') i, n = dim(,).
We will now pel:form similar computations but replacing the variable t by

the variable 0. The timederivation of order ! of 0 will be denoted by g(i) . In
this proc%s, 0 is considered as a function of Y.

Vl = hl(2, u, 0), Y2 = doCa,Yl, 0).

Then

•]|ErJ 1 ) = é 1 ( a ) lPl( 1 ) 1 0 ) + ( 0 ( 1 ) 1 ) W ( a ) l1|6lo ) +
Let us prove that, more generally, we have, for É = 1, . . . , n – 1,

1|14 1 k ) = é k ( z ) •l1171 1 k ) 1 e ) 1F i g ][][{ j ( 0 ( 1 ) ) e + TIg ( & ) ) dJFfi ) ( a 7 pln 10 )
i=o j =1

where the 1#J are polynomials with II{j (1, 0, . . , , O) = 0. Let us assume that
the above relation is valid for 1 < k < n– 2. We will prove the formula for É+ 1
by computing the tia30derivative of the formula for &:

dk+1) = #'1(,,?r+u , o) + (o(1} _ 1)W(,,y1(k), e)

Po2;) (,, pln,o)
Au 1 An{ 8

*E:é (a,j'“”,...,“*'))
A-1 A-i

+ ::E:nl(o(1),
i=o j=1



We have

é(T.,'=';’,',) W(') r,(;)) o) ft'. „)
+ É A ( 8 1 Pl( 1 ) : 0 ) l1||rrfH r + 1 )
+ NIF=jf?') (., pl({), o)

+ 8;1:If') (, IP,A, 8) (o(1) – 1).

Since f is independent of t we have

U(' , vf) , o) Jt. , «) + g =(,, p,('), o) y,(’+1) + W(', y,(i), o) =
/(,, „) + É P(z, P,m, o) y,(’+1) + 9(,, p,(;) , o)] .

Since, by definition,

T(,,VF) . o) ft' . „)+É g(z) qi), o) y,(’+1)+W(') 80) , o) = é;+1 (,) 8({+1), o)

we have

V(,, P,('+1), e)+(o(1)–1) W(a, p,(;), o)-

Putting this relation into the formula giving Yfk+1) , we have the following
recurrence relation, 1 = 0, . . . , É and j = 1, . . . k + 1 – i,

1#;= = é (11f„) + r#–,, + q,-,(,(” - 1)

where we have set to 0 the Hf i appeaúng in this formula when á dou not belong
to [0, & – 1] and j to [1, & – iI. In particular we have always

IIi:11 = (0(1) – 1)'

Such recurrence imph% that nf;1 is a wlynomial function of (0<1), . . . , 0@+1>)

and also shows that Il{;1(1, 0, . . . , 0) = 0. Similar computations give for 72(-)
the following relation:

y2(-) = r (.1 u,?}") ,o) + E:%(o(1) , . - . , o(")) Pá?;) (,, p,(;), o).
i=o 3 =1
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To summarize, we have the following n + 2 equations where P(”) and d(n)
are known and 8 and u are unknown:

Y2 = éo(r, Vl,0)

dn-1 (eT pl(n- 1>7 0)

+ E;=-,2 E;3-i IT.i1(o(1), . . . , o(-–1)) W (,, p,(;), o)(E)

y1

%(")
hl(a , a, e)
é” (a, „, F,(”), 0)
+ E 3 E;:i 117,j(o(v, . . - , o(-)) W(,, r,(;), o).

This system admits a triangular structure: the first n equations depend only on
a and their generic rank with respect to a is maximum because, when Õ(”) =
(1, 0, . . . , 0), the J,,,bi,n m,t,ix „,d, qU „,d it,,ank i, „. Simil„ly,
the generic rank versus a of the last two equations is 2. This impli« that, for
a generic choice of 0 as an analytic function of (Y1 , Y2), the generic rank of
the above n + 2 equations versus 2 and u is equal to n + 2. We can assume
additionally, that for 0 generic, the two equations

rl = Al(e) uJo(y1) y2))) y2 = 112 (2 ) a) O(yll y2))

define implicitly Vl and Y2 as functions of (e, u):

Y1 = Hr(= , u) , Y2 = 112(a, u)

with a1 and Hz analytic.
0

3 Discussion of the proof of theorem 2
3.1 lmplicitly defined time-invariant flat output
Instrumental in the proof of theorem 2 is the replacing off by 8. A first naive
idea is the following: finding a possible time-invariant output map just consbts
in &eezing time, that is getting 1 to an arbitrary constant a. But this gjmp 1e idea
dow not always provide a 8at output simply because getting 0 to a arbitra€y
constant a dom not ensure that the generic rank in (z, u) of (E) is n + 2. There
exist examp1% where this generic rank is sttictiy lw than n + 2, where the
comWnent8 of Y = A(a, a, a) are not independent and so Y cannot be a ãat
output. The following example i8 instructive. Take

21 = 817 82 = 112

with
91 = ul + t 112 1 Ua = al + tu2 + ar + t=2,
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ag Bat output since the rank in (a, u) of

92 = yr + 21 + fr2
gEl) = gjl) + gl + 22

gf) = yj2) + gjl) + u2
yl = 211 +{u2

is 4. With
71 = ul + au2i Y2 = ul + au2 + =1 + a 22

the rank of

Y2 =Y1 + el + a=2

%(1) = X(1) + Vl
y2(2) = y1(2) + Vl(1)

Y1 = ul + au2

decreases to 2; Y1 and Y2 are not differentially independent. This small example
give us the key of the proof of theorem 2 and suggnts us to replace ! by 0 an
arbitrary function of 91 and 92 . For example, if we take 0 = Y1, we have Y1 and
Y2 defined implicitly by

71 = ul +Ylu2i Y2 = ul +Yru2 + r1 + Yr92-

The generic rank of

Y2=Yr+zr+Ylz2
4(1) = yI(1) + Vl +yl(1)z2

)'32) = Vl(2) + y1(1) + Yg 22 + y1(1)u2

yI = ul + ylu2

is 4 and prova that following timeinvaúant out;puts

y2 = ul + e(112 + a) + al
are ãat output;s.

3.2 The genericitD' arguments
Let us consider the (;'x’-case where Bat-systems are defined on dineti« [7,
5]_ Let Co = (to, go, ao, ão, ...) be a point on the dinety a«ociated to áz =
/(a, a) . Then the succwive derivativ« y €h) of y = à(z, u, t) are functions of
(r, u, _., u(h),f). We derrote by yi its value at ( ao, ua, ._, uf) , to). Since

á1) = %(', „If)/(,, „) + %(' 1 „, t)„(1) + %(',„,t)
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we cannot have y{1) – % = 0 in any open set around (ao, ue, to). Otherwise,
this will imply that the function 7(2, a) = hr(2, u, to) is a first integral. Since
the system is Bat, such first integral is automatically a constant function, i.e.,
l is independent of a and u, yr will be just a time function and this cannot
hoid8 [2]. So, genericaHy yÍ1) – % is different from zero.

Take Co such that

• the first component y{lo of yê is different from zero;

• the rank at fo of '(4) with r%pect to (a, u) is n + 2;

• yi,o – 9(a:oT uol to) + 0.
Let us consider now the choice of Yr o 0(Y1). Since Y1 = hl(a, u, #(Y1)), we
may use the wlwomials II{j to get the following relations:

71( k ) = y { k ) ( z 7 à ( A ) ) 0 ) + !H: E 14 j ( 0 ( 1 ) ) e e 9 70 ( k ) ) + ( = ) ã ( i ) 18 )
i=o j =1

Firstiy we impose that 0(yrto) = to. Then we can also impose that

0(1)(gl,o1 d,o) = 1

by sett@ g(gl,o) = 1/yi,o. Since d,o – %(ao, uD,to) # o, the output 71 is
well defined around Co by the implicit equation YI = hl (a, u, 0(Yl)). Standard
computations based on the fact that y! o # 0 show that we can always take 0
such that 0(Ã:) (91 ,o , y}lo, ._, do) = 0 for & = 2, _., n. Since nf,j (1, o, . . . , o) = o,
the valu% of the derivatives of Yr up order n coincide at Co with the derivatives
of 91 . Similarly, the Jacobian of (E) at Co with r«pect to (r, u) is the same as
the Jacobian of (4): its rank at Co is n + 2,

4 Concluding remarks
The «sence of this proof is algebraic and can certainly be simpbfied in the
differential-algebraic setting. The above discussion shows that the analytic rb
striction is not a severe one: the proof of theorem 2 could be adapted to the
Cm case. We guns also that the use of arbitrary functions defining implicitly
the üatoutput could be an inter«ting idea to prove that dynamic feedback lin-
earization, as fintly stated in [1], and 6atn«s coincide around generic points.
The general case when the number of controls exceeds two will be tackled with
similar technia in future works.
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