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Abstract

The modeling of personal accident insurance data has been a topic of high relevance
in the insurance literature. This type of data often exhibits positive skewness and heavy
tails. In this work, we propose a new quantile regression model based on the scale-mixture
Birnbaum-Saunders distribution for modeling personal accident insurance data. The maxi-
mum likelihood estimates of the model parameters are obtained via the EM algorithm. Two
Monte Carlo simulation studies are performed using the R software. The first study aims to
analyze the performances of the EM algorithm to obtain the maximum likelihood estimates,
and the randomized quantile and generalized Cox-Snell residuals. In the second simulation
study, the size and power of the Wald, likelihood ratio, score and gradient tests are evalu-
ated. The two simulation studies are conducted considering different quantiles of interest and
sample sizes. Finally, a real insurance data set is analyzed to illustrate the proposed approach.

Keywords Scale-mixture Birnbaum-Saunders distribution - EM algorithm - Hypothesis
tests - Monte Carlo simulation - Quantile regression

1 Introduction

Birnbaum-Saunders (BS) regression models have proven to be good alternatives in insurance
data modeling; see Leiva (2016) and Naderi et al. (2020). Usually, this kind of data shows
positive skewness and heavy tails. Paula et al. (2012), for example, used the BS-Student-
t-BS regression model to study how some explanatory variables (covariates) influence the
amount of paid money by an insurance policy. The Student-7-BS distribution is a special case
of the class of scale-mixture Birnbaum-Saunders (SBS) distributions, which was proposed
by Balakrishnan et al. (2009) and is based on the relationship between the class of scale
mixtures of normal (SMN) and BS distributions. The main advantage of the SBS distributions
over the classical BS distribution (Leiva (2016); Balakrishnan and Kundu (2019)) is their
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capability to make robust estimation of parameters in a way similar to that of SMN models, in
addition to facilitating the implementation of an expectation maximization (EM) algorithm;
see Balakrishnan et al. (2009). Recently, Lachos et al. (2017) proposed a Bayesian regression
model based on the SBS distributions for censored data.

The class of SMN distributions comprises a family of symmetric distributions studied
initially by Andrews and Mallows (1974). These distributions have been gaining considerable
attention with the publication of some works, as can be seen in Efron and Olshen (1978), West
(1987), Lange and Sinsheimer (1993), Gneiting (1997), Taylor and Verbyla (2004), Walker
and Gutiérrez-Pefia (2007) and Lachos and Labra (2007). This family of distributions has
as special cases flexible distributions with heavy-tails, which are often employed for robust
estimation; see Lange et al. (1989) and Lucas (1997).

Quantile regression models emerged as a broader proposal in the analysis of the rela-
tionship between the response variable and the respective covariates of a regression model.
These models were initially studied by Koenker and Bassett (1978) and have since been
increasingly used in regression analysis; see Koenker and Hallock (2001), Yu and Moyeed
(2001) and Koenker (2004). Quantile regression models are robust alternatives in relation to
the regression models for mean because the process of estimating parameters of the quantile
regression model is not subject to the influence of outliers as in the case of linear regression.
Moreover, these models are capable of showing different effects of covariates on the response
along the quantiles of response variable.

In this work, we propose a new parametric quantile regression model for strictly positive
data based on a reparameterization of the SBS distributions. We first introduce a reparame-
terization of the SBS model by inserting a quantile parameter, and then develop the new SBS
quantile regression model. In addition to the quantile approach, another advantage in relation
to the regression approach developed in Lachos et al. (2017) is the modeling of dependent
variable without the need of applying the logarithm transformation, which can cause prob-
lems with regard to interpretation and loss in power of the study; see Huang and Qu (2006)
for an explanation. We illustrate the proposed methodology by using the insurance data set
studied by Paula et al. (2012). The results show that a quantile approach provides a richer
characterization of the effects of covariates on the dependent variable.

The rest of this paper is organized as follows. In Sect. 2, we describe the usual SBS distribu-
tion and propose a reparameterization of this distribution in terms of a quantile parameter. In
this section, we also discuss some mathematical properties of the proposed reparameterized
model. In Sect. 3, we introduce the SBS quantile regression model. In this section, we also
describe the steps o the EM algorithm (Dempster et al. (1977)) for maximum likelihood (ML)
estimation of the model parameters, the standard error calculation, hypothesis tests, model
selection criteria and residuals. In Sect. 4, we carry out two Monte Carlo simulation studies.
In the first simulation study, we evaluate the performance of the EM algorithm through the
calculated biases, mean square errors (MSEs) and coverage probabilities of the asymptotic
confidence intervals. We also evaluate the performances of residuals, such as the generalized
Cox-Snell -GCS- (Cox and Snell (1968)) and randomized quantile —-RQ- residuals (Dunn
and Smyth (1996)), for assessing the goodness-of-fit and identifying any departure from
model assumptions. In the second simulation study, we assess the performances of formal
test procedures such as the likelihood ratio test, score test, Wald test and gradient test. In
Sect. 5, we apply the SBS quantile regression model to a real insurance data set. Finally, in
Sect. 6, we make some concluding remarks and discuss potential future research problems.
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2 Preliminaries

In this section, we first present the SBS distribution. Then, we present the proposed quantile-
based SBS distribution, which we call as QSBS distribution. Some properties and special
cases of the QSBS distribution are also discussed.

2.1 SBS distribution

Let Y be a random variable (RV) whose stochastic representation can be written as follows:
Y=p+gW)- X, ey

where  is alocation parameter, X ~ N(O, oY) witho > 0, U isaRV distributed independent
of X and having cumulative distribution function (CDF) H (-), which is indexed by an extra
parameter v (or extra parameter vector v), and g(-) is a strictly positive function. Note
that when g(U) = 1/U, the distribution of Y in (1) reduces to the normal/independent
distribution, presented in Lange and Sinsheimer (1993). Similarly, when g(U) = U in (1),
the distribution of Y reduces to the SMN distribution, studied by Ferndndez and Steel (1999).

The probability density function (PDF) of Y, a RV that follows a SMN distribution with
location and scale parameters . € R and o> > 0, respectively, is given by the following
Lebesgue-Stieltjes integral:

SYINO)) =/ ¢ (i g0 )dHw), y€R, 2
(0.00)NSupp(U)

where Supp(U) is the support of U, ¢ (-; u, g(u)o?) is the normal PDF with mean p and
variance g(u)o?, and H (u) is the CDF of U. Let us denote ¥ ~ SMN(y, 0; H). When
w=0and o2 =1, we denote Y ~ SMN(H).

According to Balakrishnan et al. (2009), a RV T follows a SBS distribution if it has the
following stochastic representation:

=2 oy + Ver2 4],

where ¥ = /g(U) - Z ~ SMN(H), such that Z ~ N(0, 1) and « > 0 and 8 > 0 are the
shape and scale parameters, respectively, of the BS distribution. In this case, the notation
T ~ SBS(«, B; H) is used. When Y ~ N(0, 1), then T follows a classical BS distribution.
The PDF of T ~ SBS(«, B8; H) can be expressed as

fr@O¢smn(a®)d' (1), t >0,

where ¢smn (+) is the PDF given in (2) with © = 0 and o2=1,a@) = («/t/,B — B/t )/a,
and a’(¢t) = t73/%(t + B)/(2ap/?) is the derivative of a(r) with respect to t. The CDF of T
is given by

Fr(t) = ®smn(a(t)), t >0,

where ®gyn(-) is the CDF of the SMN(H) distribution. The 100g—th quantile of T ~
SBS(«, B; H) is given by

2
Q:tng[ayq+,/(ayq)2+4:| , 3)

where y, is the g x 100-th quantile of ¥ ~ SMN(H).

@ Springer f DMAC



80 Page4of48 A. Dasilva et al.

2.2 Quantile-based SBS distributions
Consider a fixed number ¢ € (0, 1) and the one-to-one transformation («, 8; H) +——

(o, Q; H), where Q is the 100g-th quantile of T ~ SBS(«, B8; H) defined in (3). Then,
we obtain the following stochastic representation based on a quantile parameter:

2
T = % a\/g(U)-Z—f—\/(a 2(U)-Z) +4| , )
Y

where v, = ay, +,/ (oeyq)2 +4,Z ~ N(0, 1),and g(U) = 1/U is such that the distribution
of g(U) has a known PDF. The stochastic representation (4) can be used to generate random
numbers, to obtain the moments, and also in the implementation of the EM algorithm.

From the stochastic representation (4), we obtain a quantile-based reparameterization of
the SBS distribution with CDF and PDF given, respectively, by

Fr(t)=9® ((t))=/ ® g®)dH ), t>0,
! SMNR (0,00)NSupp(V) (am ) i - ©)

Fr(t) = $sun(@)a' ()= fig orsuppiy @y )a g (DdH W@, 1> 0,
where ®(-) and ¢ (-) are the CDF and PDF of the standard normal distribution, respectively,
ax(t) = (Vr&t/4Q — VA0 vd1)/(@x), d (1) = (Vg /2 + 20/1)/(@xYax/401) and
Vo = oy, + 1/(ozyq)2 + 4. In this case, the notation 7 ~ QSBS(«, Q; H) is used. Some
properties of the QSBS distribution are presented below.

Proposition1 If T ~ OSBS(«, Q; H) then lim fr(t) = lim fr(t) =0.
t—0t t—00

Proof Since fr(-) is a PDF, it is clear that tlim fr() = 0. On the other hand, by (5) we
—>00

observe that fr(t) = f(O,oo)ﬂSupp(U) fs,(t)dH (1), where fs, () is the corresponding PDF
of aRV S, having a quantile-based Birnbaum-Saunders (QBS) distribution with parameters
o+/u and Q, denoted by S, ~ QBS(oz«/ g(u), Q). It is well-known that the QBS distribution
is unimodal. Then there is a unique fo = fo(at+/g(u), Q) > Osuchthat fs, (r) < max{fs, (t) :
t > 0} = fs,(to) < max{fs,(to) : u > 0}. Applying the bounded convergence theorem, we

have lim fr(t) = lim fs, (t)dH(u) = 0 because lim fs, (t) = 0. This
1—0F (0,00)NSupp(U) t—>0F =0+
completes the proof. O

Proposition 2 [f g(-) in (1) is chosen such that the function

_ dsun(a) N a’(1)
dsun(a(n)) — [a' ()]’

has a unique zero t = to, then the QSBS PDF (5) is unimodal.

G(1)

Proof Suppose that g(-) is such that G(fp) = 0. A simple calculus shows that f% ) =

fr(®)a' (t)G(t). Then f7 (1) = 0 because G(t9) = 0, fr(t) > 0and a’(r) > 0. That is, £y is

the unique critical point of fr (-). Furthermore, by Proposition 1, lim+ fr@) = tlim fr@) =
1—0 —00

0. Consequently, the QSBS PDF is increasing on (0, #p) and is decreasing on (#p, co). This
proves the unimodality. O

In the proofs of the following propositions, we adopt the following notations: a, (t) =
ax(t; o, Q) and a(t) = a(t; a, Q) = ar(1).
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Proposition 3 Let T ~ QSBS(«, Q; H). Then, T allows the following conditional stochastic
representation:

TIU =u ~ OBS(av/g(u), Q).

Proof If U = uthen T = a~! (\/g(T)Z) Thus, the conditional distribution of 7' given
U = u is the same as the distribution of the elements presented as a ™~ (Jg(T) V4 )|U = u.
This implies that Fr (t|U = u) = ®(a(1)//gW)) = ®(a_sz5(1)) because U isindependent
of Z. Then, the proof follows. O

Let T ~ QSBS(«, Q; H) and f be a Borel measurable function. Then, by using the law
of total expectation, we have

E[f(T)] = E[E[f(DIU]] = / E[f(T)IU = uldH (u). (6)
(0,00)NSupp(U)

By taking f(¢) = exp(ist), s € R, in (6), where i = +/—1 is the unit imaginary number,
from Proposition 3 and Formula (2.13) of Leiva (2016), we get the following result:

Proposition4 Let T ~ QSBS(«, Q; H). Then, the characteristic function of T, denoted by
o7 (s) = E(exp(isT)), can be written as

1 1 1-/1-2i40/y)s*¢(U)
=—-FK 1 .
o) =5 [( = 2i(4Q/y§)s2g(U)> P ( a2g(U) )}

Taking k consecutive partial derivatives of ¢7 (s) with respect to s, assuming that we can
interchange the derivative with the expectation, and then evaluating at s = 0 and dividing by
ik, we get the following result:

Proposition 5 Let T ~ QSBS(«, Q; H) and g(U) be a RV as in (1) with finite moments of
all order. Then, the k-th moment of T has the following form:

40\F & (26 (1 o\ 20+ D)
et = (19) 2 (5) 2 (5 ersn (57
ve ! =3 2l PRV, (2)
where w, = E[g" (U)] denotes the r-th moment of g(U).

Another way to obtain the expression of the above proposition is to consider f(r) = ¢
in (6) and by using Proposition 3 and Formula (2.18) of Leiva (2016).

The following two results prove that the QSBS distribution belongs to the family of scale
and reciprocal invariant distributions:

Proposition6 Let T ~ QSBS(«, Q; H). Then, cT ~ QSBS(«, cQ; H) with ¢ > 0.

Proof Tt is simple to see that a(z/c; @, Q) = a(t; o, cQ). Then, by using (5), we have
P(cT < t)= dsmn(a(t/c; a, Q)) = Psmn(a(t; «, cQ)) because ¢ > 0. This guarantees
the result. O

Proposition7 Let T ~ QSBS(«, Q; H). Then, 1/T ~ QSBS(«, y§/16Q; H).

Proof A simple observation shows that a(1/t; «, Q) = —a(t; «, yo‘[‘/16Q). Then, by using
(5) together with the identity ¢smn(—y) = 1 — ¢smn(y), we get P(1/T < 1) =

1 — dsun(a(l/t; o, Q) = 1 — Psun(—a(t; a, yi/160)) = Psun(alt; o, yi/160)).
Hence, the proof follows. O
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From Proposition 7, we get the following formula for the negative moments of the QSBS
distribution:

Proposition8 Let T ~ QSBS(«, Q; H) and g(U) be a RV as in (1) with finite moments of
all order. Then, the k-th negative moment of T has the following form:

Ik Kk ! .
iy [ Va 2k l @)\ 2k+i=D
2= (35) £ () B ()ern (3

where w, = E[g" (U)] denotes the r-th moment of g(U).

By using Proposition 5, if T ~ QSBS(«, Q; H), then the expectation, variance and
coefficients of variation (CV), skewness (CS) and kurtosis (CK) are given, respectively, by

2 40202
HT = %(2 Fone’). Varll] = Q4 [01 + 2wy — 0})a?],

yo[ ya
0(\/40)] + (2&)2 — w%)az

CV[T] = ,

1 2 4+ wya?
csiry = 2Bl = }) + Qws — 3;010)2 + w?)az/z],
o) + Qwy — w232
CKIT] = 1603 + (3203 — 48w i) + 24w)a? + 8wy — 16wj w3 + 1202wy — o)

[4o) + Qwy — w?)a?]?

where o, = E[g" (U)] denotes the r-th moment of g(U).

2.3 Special cases of the QSBS distribution

In this section, we present some particular cases of the QSBS family of distributions, i.e.,
QSBS models based on the contaminated-normal, slash, and Student-¢ distributions.

Let T ~ QSBS(«, Q; H), where H is the CDF of the variable U, whose PDF (or prob-
ability mass function) is defined as &y . By using (2) and by considering g(#) = 1/u, for
determined functions %, the following formulas (Table 1) for the PDF ¢syn are obtained.
In Table 1, 5;; denotes the delta de Kronecker, 1 4 is the indicator function of an event A,
¢ (-) is the standard normal PDF and I"(-) is the complete gamma function. For the rest of
this paper, we consider g(u) = 1/u.

2.3.1 Quantile contaminated-normal BS distribution

Let T ~ QSBS(«, Q; H) and hy be as given in Table 1 . By using (5) and ¢syn in Table
1, it follows that the PDF of T can be expressed as (for ¢ > 0)

B V5[40 (vt 1[40 (vt
f“”—[”m(m It ))*“‘”W(m i)

1 )
S (La n 2) _
aya/401 \ 2 t
Let us denote T ~ CN-BS(«, Q, v) with v = (v, §). The PDF of the conditional distribution
of U|T =t is given by

hyir(ult) = vp, u)dys + (1 —v)p(t, u)d,1,

@ Springer f bMA
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such that we obtain p(¢, u) by calculating
2
20 Ya
/i exp <—u e (4Q 1) )

2 N 2\
8exp< 52 (% - ))+(1—v)exp<—t§£az (%—1))

Then, the conditional expectation of U|T = t can be written as

2 2
1= v+ 82 exp ((1 -0 (45 1) )

oy
1—v+u¢§exp((1—5)ta2 2(Zi’—l))

p(t,u) =

ElUIT =t] = @)
2.3.2 Quantile slash-BS distribution

Let T ~ QSBS(«, Q; H) and hy be as given in Table 1, meaning that U ~ Beta(v, 1).
From (5) and ¢smn in Table 1, we can write the PDF of T as

L 1 /4Q vt 1 1 v: 20
_ v—1 o . — o =
fr@®) = |:v/(; u’ "¢ <0l)/a (4Q 1) ; 0, u) dui| s TQt ( > + p )

t > 0.

In this case, the notation 7" ~ SL-BS(«, Q, v) is used. Note that

1 2 2 2
UIT =1~ Gama [ L 4+v, 22 (%! 1)),
2 ta?y2 \ 40

truncated to the interval [0, 1]. We can then obtain the conditional expectation as
3 20 7 2
1420 Pl<§+”m“<@_l))

2 2\’
40 (v2 1 2 at
ta2yZ (4Q ) Py <§+Vv 2 (ZQ ) )

where Py (a, b) is the gamma CDF evaluated at x and with parameters a and b.

EU|IT =t] = ®)

2.3.3 Quantile Student-t BS distribution

Let T ~ QSBS(¢, Q; H) and hy be as given in Table 1, meaning that U ~
Gamma(v/2, v/2). Then, based on (5) and ¢svn in Table 1, we obtain the PDF of T
as

_vl
ey 40 (y2 N7 Ve , 20
0= A {”mzyg (5] s (3+5) =0

with notation 7' ~ t,,- BS(a, Q, v). In this case, we have

2
1 2
U|T =t ~ Gamma vt ,E—i- Q y"‘ -1 ,
2 2 40
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and
v+1

2 2"
v+4—Q(%—l>

1a2y?

E[U|T =t] =

(C))

Figure 1 displays different shapes of the special cases of the QSBS distribution. We observe
that as g increases, the curves become flatter. We also observe that larger the value of «, the
heavier the tail of the distribution is.

3 QSBS quantile regression model
3.1 Model and EM algorithm

LetT = (Ty, T», ..., T,) " be arandom sample of size n, where T; ~ QSBS(«, Q;; H), for
i=1,2,...,n,andlett = (t, 2, ...,1,) " denote the corresponding realization of T. We
propose a QSBS quantile regression model with structure for Q; expressed as

Q) =n=xB, i=12,...,n,

where & : RT — R is a strictly monotonic, positive and at least twice differentiable link
function, Q; = h_l(x;rﬂ), x;r = (1, x;1, ..., x;p) is the vector of covariates (fixed and
known), and 8 = (Bo, B1, ..., ﬂp)T is the corresponding vector of regression coefficients.

Under some restrictions on the columns of the covariate matrix (x;;)(n41)xp Withxo; = 1,
j = 1,..., p, the following result shows that the proposed QSBS regression model is
identifiable. This result is fundamental because it excludes the possibility of having multiple
estimators of the unknown parameters which best fit the observed data for the parametric
model. If no restrictions are imposed on the covariate matrix, the model loses the property of
identifiability. The lack of this property may be eliminated under certain technical restrictions
(see, e.g. Rothenberg 1971) or through reparametrization.

Proposition 9 If the n-dimensional vectors vo = (1,1, ..., DT, v = (. x21s -y x01)
V2 = (X12, %02, - ooy Xn2) s o vy = (X1p, X2p, - -+, x,,p)T are linearly independent, then
the function

(,B) — Fr,(t)=Fr,(t;a,B), Vi >0,i=12,...,n,
is one-one.

Proof Let (o, B)" and (¢, B)T be two parameter vectors such that Fr.(t;o, ) =
Fr,(t;a', B),i = 1,2,...,n. In what follows we verify that (o, 8)T = («/, /).
Indeed, from (5), we have

Fr,(t; a, B) = Psmn(a(t; o, Qi) = Psvn(a(t; o', Q) = Fr,(t;¢', B'), Vi > 0,

with Q; = h=1(x[B). 0l = =1 (x[ B)),a(t; o, Qi) = (V1/(4Qi [y -/ (4 Qi /vD)]t) e
anda(t; o/, Q) = (\/t/(4Q§/)/£,) — \/(4Q;/y§,)/t)/a’,i =1,2,...,n. As dgyn(-) isa

strictly increasing function, it is one-one. Hence,

t [(40:/v2) 1 t [@0;/v2) v
—_ = — — B > 0
“0i/rd) t o \\ (40Qi/vs) 1

(10)
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(a) CN-BS(a, 1, (0.2,0.2)), g = 0.25 (b) CN-BS(1, 0, (0.2,0.2)), ¢ = 0.50
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(d) SL-BS(a, 1,2), ¢ = 0.25
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— 0=2,Q=05
a=1,Q=1
a=07,Q=15
- a=05,Q=2
e --- 0=03,Q=3
-- a=02,Q=5
= =
3’ 3 104 4
o ; 0 s 2 M 0 s 2 M
t t
(e) SL-BS(1,0,2), ¢ = 0.50 (f) SL-BS(a,0,2), ¢ =0.75

Fig. 1 PDFs for some QSBS family members considering different values of o, Q and ¢ = 0.25, 0.5, 0.75,
and for the SL-BS and CN-BS models, with v = 2, 2, (0.2, 0.2), respectively
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By taking 1 = 40/ yj, in the above identity, we get

40i/ve) | (4Qi/vd)
@0i/vd) \ 4Qi/vd)

= 40;/y2=40Qi/y>. i=12,...,n.

Substituting the identity 4Q;/ y(f = 40}/ yj, into (10) and using the fact that a(¢; «, Q;)
and a(t; o/, Q;) are positive, we have @ = o/, and therefore, Q; = Q;. Consequently,
Q) =x!B=xB =h(Q)),i=12,...,n, orequivalently,

14 14
,30+injﬁj :,364—2)(,']',3}, i=1,2,...,n

j=1 j=1

The above identity can be written in vector form as follows

(Bo — By)vo + (B1 — BDv1 + (B2 — B v + (Bp — B,)v, =0,

where0 = (0,0, ..., O)T is the n-dimensional zero vector. Since the vectors vg, v1, v2, ..., V)
are linearly independent, from the last identity we obtain ; = ﬂ}, forj=0,1,2,...,p
This completes the proof. O

We can implement the EM algorithm (Dempster et al. (1977)) to obtain the ML estimate
of @ = (a, B)7. The parameter v that indexes the PDF of U, denoted by Ay (-), will

be estimated using the profile log-likelihood. Specifically, let ¢ = (1, ...,1,)" and u =
(1, ...,u,)" be the observed and missing data, respectively, with T = (T1, T», . . ., )"
andU = (U, Ua, ..., U)T being their corresponding random vectors. Thus, the complete

data vector is written as y. = (¢, u")". From Proposition 3,

ind.
Ti|U;i = u; ~ QBS(ay, Qi),
ind.
Ui '™~ hy@), i =1,2,....n,

where QBS denotes the BS distribution reparameterized by the quantile proposed by Sdnchez
et al. (2020) and o, = +/g(u)a. The complete data log-likelihood function for the QSBS
quantile regression model associated with y. = (", u")T is given by

2
£c(8; 1) o< —nlog(aya) — 5 Zlog(Q )+ Zlog( tQ )

2
1 Yali
(O!Va)2 Z g(u;) tl <4Qi 1) ’ (n

By taking the expected value of the complete data log-likelihood function in (11), conditional
on U = u, and letting u; = E[1/g(U)|T; = t;;0],i = 1,2, ...,n, which we obtain from
(7), (8) and (9), we have

Q(6: 9) o —nlog(ayy) — —Zlog(g ) +Zlog Vol +40;)
i=1
2

~ Ql Yali
(on/o,)ZZ i <4Ql~ _1> ' (12
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Then, the steps to obtain the ML estimates of § = («, BT via the EM algorithm are given
by
E-Step. Compute u;, given § = 0, fori=1,2,.
M-Step. Update ) by maximizing Q(6; 0) with respect to 0.

The maximization in M-Step can be performed by taking the derivative of Equation (12)
with respect to @ = (a, Bo, ..., Bp) and then equating it to zero, thereby providing the
likelihood equations. The partial derivatives of (12) with respect to  are given by

90(8; 0) Ve +ay, ! 21, 4Q,-
= o (BT ) 12y, -2
da ”( ave ) ”“Zyaz +40; 32 20, ©

aVoli 4ia
Z [Vyt Qsaf ] (13)

y(x tl

00(6;8) _ s 4w ydn 2 (aQi><am)
3B, _EH 2Qi+V§ti+4Qi 052( 8Q?+V§tiﬂ ani ) \ag; )|’

(14)

for j =0,1,..., p, where y, = y, + oeyq/‘/(ozyq)2 + 4 is the first derivative of y, with
respect to . The system of equations are solved using the BFGS quasi-Newton method; see

Jamshidian and Jennrich (1997); McLachlan and Krishnan (2007). The convergence of the

EM algorithm can be established using the following stopping criterion: |Q (@ r+D, @\(r)) -

Q(0(’ ) e 6(’))| < ¢, where ¢ is a prespecified tolerance level; see McLachlan and Krishnan
(2007). Starting values are required to initiate the EM procedure, namely, a®, ,Eéo) e, AI(,O).
These can be obtained from the work of Rieck and Nedelman (1991).

A disadvantage of the EM algorithm in relation to Newton-type methods is that we cannot
obtain the estimates of the standard errors directly through the Fisher information matrix.
There are several approaches proposed to obtain the standard errors of ML estimators; see, for
example, Baker (1992), Oakes (1999) and Louis (1982), among others. The approach devel-
oped by Louis (1982) is based on the missing information principle. In this method, the score
function of the incomplete data log-likelihood function is related to the conditional expec-
tation of the complete data log-likelihood function as follows: S,(y; 8) = E[0¢.(0; t)/00],
where S,(y; 0) = 3€,(0;t)/00 and S.(y; ) = 3£.(0; t)/d0 are the score functions of the
incomplete data and complete data, respectively. Meilijson (1989) presents a definition of
the empirical information matrix as follows:

n

LO:0) = st 05T (1:0) — ~ 5t 0)ST(1:6),
i=1 n

such that S(¢;0) = Z?:l s(t,0) and s(1;, @) is called the empirical score function of the

i-th observation, i = 1,2, ..., n. Replacing 6 with its respective ML estimates 6, we obtain
S(t; 0) = 0. Then, the emplrlcal information matrix is given by

n
L@:0) =Y s:)"s"1:9)",

i=1
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where s(;; 79‘) @) is the empirical score function obtained in the r-th iteration using the EM
algorithm, that is,

s(:0)" = Els(i.u”: 0711,
where ul@ is the latent variable obtained in the r-th iteration with conditional distribution
hy|r (u;]t;) and the partial derivatives of the complete data log-likelihood function in relation
to « and B are given, respectively, by (13) and (14).

By the method of Louis (1982), an approximation to the observed information matrix
observed at the r-th iteration can be obtained as I,(9; £)") = Z?:l s(ti; O OsT(1;:0)).
Therefore, an approximation of the variance-covariance matrix is obtained by inverting the
empirical Fisher information matrix I,(6; 6" after convergence.

We estimate the extra parameter v (or extra parameter vector v) by using the profile log-
likelihood approach. First, we compute the ML estimate of 6 by using the EM algorithm, for
eachv € {a, ..., b}, where a and b are predefined limits, then the final estimate of v is the
one that maximizes the log-likelihood function and the associated estimate of @ is then the
final one; see Saulo et al. (2021). The extra parameter is estimated through the profile log-
likelihood approach because it provides robustness to outlying observations under Student-¢
models. According to Lucas (1997), the robustness only holds if the degree of freedom is fixed
rather than directly estimated in the maximization of the log-likelihood function. Moreover,
some difficulties in computing the extra parameter can be found in other models.

3.2 Residual analysis

Residuals are important tools to assess goodness-of-fit and departures from the assumptions of
the postulated model. In particular, the generalized Cox-Snell (GCS) and randomized quantile
(RQ) residuals are widely used for these purposes; see Lee and Wang (2003), Dasilva et al.
(2020) and Saulo et al. (2022). The GCS and RQ residuals are respectively given by

7965 = _log[l — Dsmn(a())]

and

~R _

7@ = o [bsun (@),
fori =1,2,...,n, where 6SMN(a(t)) is the CDF of T ~ QSBS(«, ﬁ, v) fitted to the data,
and ®(-)~! is the standard normal quantile function. These residuals asymptotically follow
a standard exponential distribution and a standard normal distribution, respectively, under
correct model specification. For both residuals, the distributional assumption can be verified
using graphical techniques, hypothesis tests and descriptive statistics.

3.3 Hypothesis testing

We consider here the Wald, score, likelihood ratio and gradient statistical tests for the QSBS
quantile regression model; see Terrell (2002) and Saulo et al. (2022, 2021). Consider # to be
a p-dimensional vector of parameters that index a QSBS quantile regression model. Assume
our interest lies in testing the hypothesis Ho : 60 = 050) against Hj : 01 # 050), where
0= (OT, 02T)T, 0 is ar x 1 vector of parameters of interest and 6, is a (p — r) x 1 vector
of nuisance parameters. Then, the Wald (W), score (R), likelihood ratio (LR) and gradient
(T) statistics are given, respectively, by
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Sw==0-0)"70)®—0),

Sk =S@)TT®)'5®),
Sir = —2[¢(0) — €@)],

St =S0)" @ -0,

where £(-) is the log-likelihood function, S(-) is the score function, 7 (-) is the Fisher infor-
mation matrix, and 9 = (/0\1T /O\QT )T and 0= () EO)T, 52T )T are the unrestricted and restricted
ML estimators of @, respectively. In particular, we use the EM algorithm to obtain the ML
estimates. The log-likelihood function in the Sy g statistic is replaced by the expected value
of the complete data log-likelihood function. Moreover, for the Sy , Sg and St statistics, the
score function and Fisher information matrix are approximated using their respective empir-
ical versions presented in Sect. 3.1. In regular cases, we have, under H and as n — oo, the
Wald, score, likelihood ratio and gradient statistical tests converging in distribution to sz-
We then reject Hp at nominal level « if the test statistic is larger than X]Z_ o> the upper

quantile of the y? distribution.

4 Monte Carlo simulation

In this section, the results from two Monte Carlo simulation studies are presented. In the
first study, we evaluate the performances of the EM algorithm for ML estimation and
residuals. In the second study, we evaluate the performances of the aforementioned sta-
tistical tests. The simulations were performed using the R software; see R Core Team
(2020). The simulation scenario considers sample size n = {50, 100, 200} and quantiles
q € {0.10, 0.25, 0.50, 0.75, 0.90} (or subset), with a logarithmic link function for Q;, and
5,000 Monte Carlo replications.

4.1 ML estimation and model selection

In this study, the data generation model includes two covariates and is given by

log(Q;) = Bo+ Bix1i + Poxzi, i =1,...,n, (15)

where x1 and x, are covariates obtained from a uniform distribution in the interval (0,1), 8o =
2.5, B1 = 3 and B = 0.9. Moreover, the simulation scenario considers shape parameters
o =0.2,0.5, 1.0 and extra parameters v = (0.1, 0.3) (CN-BS), v =4 (SL-BS) and v = 11
(t,-BS). The response observations, f1, .. ., t,, are then generated by using (4) and (15).

We evaluate the performance of the EM algorithm for obtaining the ML estimates using
the bias, mean square error (MSE), average width (AW) and coverage probability (CP) of
95% asymptotic confidence interval. The Monte Carlo estimates of these quantities are given,
respectively, by

| M
Bias(9) = m Z(fﬁm - @),

MSE(@) =
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M
1 S0) S0)
CP@) =+ > I(p (9] 9D,

r=1
1 M

AW@) = 223195 = 71
r=1

where M is the number of Monte Carlo replications, ¢ is the true parameter, (’ﬁ(’ ) is the r-th
ML estimate of ¢, and I(-) is an indicator function of ¢ belonging to the r-th asymptotic
interval [<’,5(L"), @g)] with <',52r) and $(Ur ) denoting the lower and upper bounds, respectively.

In addition to analyzing the performance of the EM algorithm, this Monte Carlo simulation
study also investigates the empirical distribution of the GCS and RQ residuals, which are
assessed by the empirical mean (MN), median (MD), standard deviation (SD), coefficient of
skewness (CS) and coefficient of (excess) kurtosis (CK).

Tables 2 and 3 report the empirical bias, MSE, AW and CP for the quantile regression
models based on the SL-BS distributions (due to space limitations we do not present the CN-
BS and #,,-BS results). A look at the results in Tables 2 and 3 allows us to conclude that as the
sample size increases the bias, MSE and AW both decreases, as one would expect. Moreover,
these quantities increase as « increases. Finally, the CP approaches the 95% nominal level
as the sample size increases.

Tables 4 and 5 report the empirical bias, MSE, AW, and CP for the quantile regression
models based on the Weibull distribution reparametrized in terms of a quantile parameter,
such that this reparameterization has « and Q parameters, where « is the shape parameter and
Q is the parameter related to the quantile; see (Sanchez et al. 2021). The simulated data was
generated considering the SL-BS distribution for the same parameter values used in Tables
2 and 3. From Tables 4 and 5, we conclude that as the sample size increases the bias, MSE
and AW both decrease. Nevertheless, the & empirical bias and MSE are very high, and the
PC is not close to the 95% nominal level in any of the parameters, considering all the sample
sizes analyzed. Finally, the results associated with the SL-BS distributions (Tables 2 and 3)
are better compared to those of the Weibull quantile regression model, as expected.

Tables 6 and 7 present the empirical MN, MD, SD, CS and CK. Note that these values
are expected to be 1, 0.69, 1, 2 and 6, respectively, for the GCS residuals, and 0, 0, 1, O
and 0, respectively, for the RQ residuals. From Tables 6 and 7, note that for the CN-BS and
t,-BS cases, as the sample size increases the values of the empirical MN, MD, SD, CS and
CK approaches these values of the reference EXP(1) and N(0,1) distributions. Therefore,
the GCS and RQ residuals conform well with the reference distributions for the CN-BS and
t,-BS cases. Nevertheless, in the results of the SL-BS model the considered residuals do not
conform well with the reference distributions.

4.2 Hypothesis tests

We now present Monte Carlo simulation studies to evaluate the performances of the Wald,
score, likelihood ratio and gradient tests. We considered two measures: null rejection rate
(size) and non-null rejection rate (power). The data generating model has three covariates
and is given by

log(Q;) = Bo + Bixti + Poxoi + B3xzi, i =1,2,...,n,

where the values of the coefficients 8;, j = 0,1, ..., 3, not fixed in Hy are all equal to
1. The covariate values were obtained as U(0,1) random draws. The interest lies in testing

@ Springer f DMAC



A. Dasilva et al.

80 Page 16 0f48

€2TT0 Trs6°0 1£00°0 TI000—  T6TE0 0T$6°0 L9000 01000 £8€5°0 8L56°0 L9100 9000°0 9

L9VYT0 87560 6£00°0 $000°0 1L0€°0 9056°0 8500°0 90000—  STEYO 01$6°0 11100 ¥200°0 g

$061°0 76160 €200°0 L1000—  06¥C°0 0LY6°0 6£00°0 LS00'0—  8€I¥°0 20860 6600°0 60100—  0f

1270°0 YLY6'0 1000°0 9100°0—  $090°0 99€6°0 2000°0 S€00°0—  9880°0 0926°0 S000°0 $900°0— o 60
€2TT0 ¥556°0 1€00°0 90000—  T6TE0 98160 L900°0 $000°0 €8€5°0 86160 0r10°0 0c000—

L9YT0 7860 1£00°0 20000—  1LOE0 0LY6°0 £900°0 £000°0 STEY0 96160 9L10°0 L1000~ g

T€81°0 81160 8100°0 €1000—  LLETO 91€6'0 £€00°0 8€00°0—  €66£°0 TIT6'0 LOT0'0 17000— %

124070 0¥$6°0 1000°0 L100°0—  S090°0 TCS6°0 200070 9¢€00°0— 98800 0LY6°0 S000°0 1L00°0— o SLO
€2TT0 Y60 £€00°0 8000°0 T6T€°0 91560 8900°0 0000°0 £8€5°0 89160 LT10°0 10000— %

L9YT0 90$6°0 LE000 1000°0—  TLOE0 00$6°0 L9000 91000 STEY'0 96¥6°0 811070 S€00°0 g

€081°0 60 €200°0 €000°0—  1€£C°0 78€6°0 L£00"0 90000—  SE€6£°0 86160 L900°0 €1000—  0g

1270°0 0£$6°0 1000°0 6100°0—  S090°0 86¥6°0 2000°0 €€00°0—  9880°0 Ts6°0 S000°0 TL00'0— L S0
€2TT0 ¥0S6°0 1£00°0 8000°0 T62€°0 7960 1900°0 S100°0—  T9E¥°0 91560 1€10°0 8000°0 &

L9VYT0 87160 £€00°0 €000°0—  1LOE0 TLY6'0 L900°0 ¥100°0—  TOIS0 8LY6°0 S010°0 01000 g

1€81°0 w5Y6°0 8100°0 L£000"0 YLETO 8€€6°0 15000 1%00°0 L6VE0 8560 L900°0 S£00°0 0g

1270°0 09¥6°0 1000°0 9100°0—  $090°0 20560 70000 S€00°0— #8800 9€56°0 S000°0 £900°0— 2 ST0
S1TT0 9€56°0 1£00°0 1000°0—  T6TE0 0T$6°0 L9000 01000 £8€5°0 8L56°0 L910°0 9000°0 9

LOETO ¥2S6°0 ££00°0 £000°0 1L0€°0 9056°0 8500°0 S000°0—  STEY0 01$6°0 11100 ¥200°0 )

€681°0 ¥2S6°0 T200°0 €200°0 S8HT°0 08670 6£00°0 S¥00°0 SEIY0 TIS6°0 6600°0 8L00°0 0g

12¥0°0 Y60 100070 9100'0—  $090°0 99€6°0 20000 S€00°0—  9880°0 0926°0 S000°0 $900°0— o 10 0

MV 4D ASI serg MV dD ASIN serq MV dD ASIN serg
00z = u 001 = u os=u b 0

(4 = a) Jopour uoIssaISa1 amuenb S-S oY) JO SABWIISS TIAl POILOIPUI 9] J0J BIBp PAJB[NWIs WOl JD Pue MV ‘ASIA ‘seiq reourdwyg g ajqel

@ Springer f bMA



Page 17 of 48 80

Scale-mixture Birnbaum-Saunders quantile...

YTrs o 0956°0 78100  0£00°0—  £€908°0 0€56°0 96£0°0 9200°0 €0ge’l 9096°0 9860°0 €100°0 &

6109°0 07$6°0 8220°0 S100°0 €TSL°0 ¥156°0 Te0°0 01000—  1£90°1 0556°0 9590°0 1900°0 lg

TE9Y°0 9616°0 YE10°0 #7000~ 8L09°0 9$+6°0 1€20°0 PP10°0— 68101 $056°0 £€850°0 rLco0—  0f

LSOT°0 8L16°0 L0000 0F00°0—  TTST'0 YLE6'0 ¥100°0 1600°0—  +€2T°0 ¥926°0 0£00°0 8910°0— 2 60
YTrs o ¥8Y6°0 061070 6200°0 £€908°0 9916°0 €5€0°0 0£00°0 €0€e’1 £056°0 L9L0°0 vooo— 4

6109°0 TCS6°0 ¥910°0 S100°0—  €TSL0 ¥1S6°0 95v0°0 9000°0 12901 60 £680°0 60000 g

0LPY"0 TEP6°0 8010°0 8700°0—  0T850 8L£6°0 $920°0 SLOO'0— 09860 ¥926°0 1£90°0 zeioo— 0

LSOT°0 9156°0 L0000 6¥00°0—  TTST'0 8056°0 ¥100°0 L800°0—  ¥€TTO 09t6°0 0£00°0 78100~ ) SLO
YIS 0 916°0 0810°0 1000°0—  £€908°0 8756°0 LTH0'0 2000°0 €0€E’1 T616°0 6%90°0 sr000— Y

6109°0 0T$6°0 8020°0 $000°0—  €TSL'0 0€56°0 €8€0°0 60000—  1L90°1 9056°0 €180°0 90000— ¢

66£7°0 ¥5€6°0 61100 £000°0 S0LS0 95€6°0 7820°0 £000°0 L1L6°0 0L16°0 65+0°0 €1000— O

LSOT°0 75560 L0000 €00°0— TS0 8056°0 10070 €800°0—  $£TTO 8€S6°0 1€00°0 €810°0— g S0
YTrs o ¥816°0 €610°0 T100°0 €908°0 Y616°0 78€0°0 1000°0 €0€€E’T 8956°0 v€LO'0 ¥£00°0 <]

6109°0 9056°0 8L10°0 L0000~ €TSL'0 ¥9t6°0 LTEO0 T100°0 1290°1 +016°0 L¥90°0 89000— ¢

89710 T6£6°0 8010°0 6£00°0 TI8S0 97€6°0 8220°0 ¥L00°0 L§86°0 Y¥26°0 12+0°0 8S10°0 0gf

LSOT°0 $056°0 L0000 +$00°0—  TTSI'0 ¥156°0 S100°0 96000—  ¥€TT0 9816°0 1€00°0 08100~ 2 ST0
YIS o 0956°0 78100  0£00°0—  £€908°0 0€56°0 96£0°0 92000 €0ge’l 9096°0 9860°0 €100°0 &

6109°0 07$6°0 8220°0 S100°0 €TSL°0 ¥156°0 00 01000—  1£90°1 0556°0 9590°0 1900°0 Iy

879t°0 0156°0 YE10°0 69000 $909°0 2056°0 LTT0°0 01100 ¥810°1 ¥€56°0 7850°0 961070 0g

LSOT°0 8L16°0 L0000 0F00°0—  TTST'0 vLE6'0 ¥100°0 1600°0—  +€2T°0 ¥926°0 0£00°0 8910°0— 2 10 S0

MV dD HSIW serg MY dD IS serg MV dD IS serg
00T = u 001 = u 0s=1u b 0

panunuod g ajqeL

JBINAC

pringer

&Hs



A. Dasilva et al.

80 Page 180f48

1966°0 9L56°0 7650°0 €600°0—  T0SI 7656°0 06Z1°0 £500°0 9661°C 9856°0 1092°0 $010°0 4

9501°1 09560 WL 8€00°0 Yoy’ 1 76560 €Iro €0000—  1€SI°T vLS6°0 98YT°0 62000— g

LYF8°0 9756°0 YEP0'0 06000—  #ITI'] 0156°0 TWLO'0 0820°0—  9609°1 9056°0 1110 90s0'0— %

STITO 9L16°0 8200°0 L800°0—  €LOE0 YLEGO 8500°0 P610°0—  £PSTO $0€6°0 72100 0L£0°0— ) 60
1966°0 TrS6°0 SLSO'0 €500°0 $T0S°1 ¥256°0 SIET0 61000—  9€9§°C 8096°0 98470 2900°0 Y

9501°1 61670 7650°0 10000—  +20¥'1 T€56°0 LETI0 9L00°0—  LSHO'T T816°0 96120 790070~ Iy

9078°0 9716°0 LEEO0 9600°0—  6280°1 TLE60 80L0°0 8800°0—  TS68'1 8S16°0 89€1°0 6820°0— O

STITO 8756°0 6200°0 1600°0—  €L0£0 7756°0 6500°0 0L10°0—  9€SH0 7£96°0 0€10°0 86£0°0— 2 SLO
1966°0 8756°0 1290°0 €100°0 Y20$°1 ¥$S6°0 W0 LEO00 9¢96°C 8196°0 92ST0 76100 &

9501°1 ¥TS6°0 $650°0 $900°0—  $20¥'1 7€56°0 0611°0 €1000—  LSFOT 7856°0 ¥SLTO 8800°0— Iy

€908°0 Y6£6°0 68€0°0 $200°0 00901 88€6°0 9€L0°0 T0000—  YL98'1 0026°0 19€1°0 LS000— g

STITO 9€56°0 6200°0 9800°0—  €L0€0 0856°0 LS00°0 LLIO0O—  9€5H°0 0896°0 6210°0 TLEO0— 0 S0
1966°0 9€56°0 1+90°0 L100°0 $20S°1 0856°0 6£71°0 6£00°0 9€96°C 9096°0 €THT0 1+00°0 &

9501°1 ¥256°0 0290°0 8200°0—  vTOv'l 9956°0 8671°0 $£00°0 LSY0'T 7556°0 9570 1€00°0 Iy

00Z8°0 60 19€0°0 18000 SIS0l ¥826°0 1€L0°0 0210°0 65681 9616°0 8091°0 8L70°0 0g

STITO 0£56°0 6200°0 €0100—  €LOE0 0856°0 1900°0 9020°0—  9€S¥°0 9196°0 LT10°0 PI¥0°0— 2 ST0
1966°0 9L56°0 7650°0 €600°0—  T0SI 7656°0 0621°0 £€500°0 ¥81€T 0296°0 87LT°0 €910°0 4

9501°1 09560 WLO0 8€00°0 Yoy’ 1 76560 €Iro €0000—  00LTT 8796°0 9992°0 £600°0 g

8€¥8°0 0£56°0 YEP0'0 STI00 1611°1 9$56°0 62L0°0 0020°0 11161 0096°0 €981°0 TI£0°0 0g

STITO 9L16°0 8200°0 L800°0—  €LOE0 YLE6'D 8500°0 P610°0—  PESHO 9976°0 72100 65€0°0— ) 10 I

MV o dSIN serg MV dD ASIN serg MV D ASIN serg
00T = u 001 =u 0s=1u b 0

(ponunuod) “(f = a) [opow uolssaI3al anuenb g-TS Y} JO SOIRWINIS I PAILIIPUT AY) JOJ BIRp Paje[nNuIs Wolj 4D Pue MV “HSIA ‘seiq [eoundwy ¢ ajqel

@ Springer f bMA



Page 190f48 80

Scale-mixture Birnbaum-Saunders quantile...

Y120 0LS8°0 8500°0 ¥1000—  T6IE0 $L58°0 91100 T00000—  1TEV0 86¥8°0 S120°0 v1000— ¢

95T 0 ¥8¥8°0 SL00"0 1100°0 8L6T°0 #$98°0 0010°0 1000°0 £667°0 ¥598°0 0L20°0 8700°0 g

€081°0 9v€8°0 S¥00°0 SE10°0 vLTT0 9180 £900°0 $900°0 G8SE0 TTS80 8%10°0 p000— 0

T6L8°0 0000°0 6CC0'81  00€TH 870€"1 0000°0 ePIE6l  $89EY 09L6°T 0000°0 78CS 1T 0T6S'F o 60
Y120 8618°0 65000 LT000—  T6IE0 02980 9110°0 $0000—  T96¥°0 7898°0 8520°0 8100°0 4

LSYTO 06¥8°0 SLO00 6000°0 6L62°0 0898°0 001070 00000—  866£0 9%68°0 €810°0 65000 g

66L1°0 0T6L°0 £500°0 89€0°0 L9TT0 97€8°0 8900°0 82€0°0 029¢°0 T798°0 9%10°0 200 0y

T6L8°0 0000°0 0910°81  €6CTH 6¥0¢'1 0000°0 6L0€°61  6L9EH €5L6°1 000070 €L8Y'IT 6985t o SLO
Y120 0£$8°0 65000 LI000—  T6IE0 8£98°0 9110°0 S0000—  6S6¥°0 7698°0 0920°0 8100°0 &l

LSYT0 88¥8°0 SL00°0 60000 8L67°0 9€98°0 1010°0 T000°0—  966£°0 7680 #810°0 9500°0 g

6£81°0 9780 L¥00°0 T1€0°0 87€T°0 8818°0 $900°0 SI€0°0 689€°0 9898°0 SP1I0°0 888700 0g

T6L8°0 0000°0 611081  88TTH SHOE'T 000070 SS0E61  LLOSY 1LL6T 000070 061S'1C  S06S'¥ 0 S0
Y120 ¥1$8°0 6500°0 91000—  061€0 TLS80 S110°0 1000°0 65670 7698°0 8520°0 91000 &

LSYTO 00S8°0 SL00'0 #1000 LL6TO TL98°0 1010°0 10000—  966£0 0£$8°0 781070 95000 g

1961°0 76980 €700°0 1L10°0—  +IST0 8668°0 09000 SIT00—  LI6E0 ¥L88°0 €r10°0 €9000— O

T6L8°0 0000°0 ¥600'81  S8TTH SS0E°T 0000°0 €9T€61  669¢F 6LLET 0000°0 611S’IT  S68S'Y 2 ST0
€120 9$8°0 6500°0 91000—  T6IE0 9658°0 91100 ¥0000—  THIY'0 ¥198°0 9220°0 62000— Y

9$vT°0 ¥S¥8°0 SL00"0 €100°0 8L6T°0 9698°0 0010°0 €000°0 11740 ¥298°0 81200 €100°0— )

78120 rES 0 ¥910°0 6901°0— 8480 0STL0 9910°0 ¥S60°0—  868€°0 8968°0 06100 89L00—  0f

7088°0 0000°0 161081  96TTH LSOE'T 0000°0 ELIC6  689¢F 9L6'T 000070 SOSH'IT  ¥E8SH o 10 0

MV 4D ASI serg MV dD ASIN serg MV dD ASIN serg
00T = u 001 = u os=u b 0

[opow uorssaI5a1 a[ruenb [[nqrop\ oY) JO SOJEWISA I\l PIRJIPUL Y} I0J BIep S-S PoIe[nwils wolf 4D pue MV ‘HSIA ‘seiq reourdwy ¢ ajqel

JBINAC

pringer

&Hs



A. Dasilva et al.

80 Page 20 0f 48

€LTS0 0TL8°0 L620°0 1#00°0—  €€9L°0 91L8°0 6090°0 S0000—  +061°1 98.8°0 SI¥1°0 9%00°0 &

0$8S°0 0898°0 LLEODO S100°0 TTILO 8LL8°0 §T50°0 10000—  T656°0 ¥£98°0 7660°0 8€10°0 lg

86Tt°0 £098°0 ¥120°0 7910°0 0rrS0 2098°0 87€0°0 L0000 SIL80 07980 9180°0 6Lc00—  0f

SILE0 00000 S8¥8'l | 89S0 00000 0100°C TEOP'l €278°0 00000 1LLTT 69811 2 60
TLTSO 9698°0 L620°0 €000~ $€9L°0 TLLYO 6090°0 1000°0 S061°1 89.8°0 81+1°0 0%00°0 4

0$85°0 75980 LLEOO $200°0 TIL0 88.8°0 §T50°0 £000°0 £656°0 9¢98°0 7660°0 T€10°0 g

S8TH0 0$Z8°0 ¥ST0'0  09L0°0 0THS'0 #0580 67£0°0 £990°0 8898°0 $0L8°0 16L0°0 1800 0g

SILE0 00000 06+8°1 LESE'T 89S0 00000 ¥100°C PEOY' 02780 00000 0SLTT Y9811 ) SLO
TLTSO 9928°0 L620°0 TH00'0—  SE9L°0 87L8°0 9090°0 $0000—  6061°1 0LL8"0 (4820 €700°0 4

168570 9998°0 9L£0°0 0000 YTIL0  06L8°0 ¥250°0 €000°0 $656°0 8798°0 T660°0 LETO0 g

18€+°0 0L£8°0 1$20°0 681070 695S°0 8098°0 67€0°0 LLLOO 1988°0 YLLYO 96L0°0 91L0°0 0g

SILEO 00000 Y8181 SESE'T L9YS'0 000070 £000°C 16041 1228°0 00000 Y9LTT L98Y'T g S0
TLTSO 9618°0 S6T0°0  0P00'0—  €€9L°0  00L80 8090°0 10000—  9061°T TSL8°0 0TH1°0 S£00°0 <]

0$85°0 9698°0 LLEOO 61000 121L°0 96L8°0 LTS0°0 £000°0 7656°0 £998°0 $660°0 8€10°0 Iy

LLOY0 9768°0 €0200  0020°0—  0T09°0 9716°0 01€0°0 S0100—  LOY6'0 T106°0 ¥8L0°0 1000°0 0gf

SILE0 00000 16¥8°1 LESET 69¥S°0 00000 6000°C €E0P'T €228°0 00000 0LLTT 0L8%'1 2 ST0
1LTS°0 9€L8°0 8620°0 8€00°0—  TEIL0 8€L8°0 L090°0 10000—  SO061°I 89.8°0 LI¥1°0 $€00°0 &

0$8S°0 T98°0 LLEOO T€00°0 0TIL0 2088°0 §T50°0 T0000— 16560 05980 96600 €€10°0 Iy

€128°0 0€65°0 0LLO0 867C°0— 97890 OVIL'0 9080°0 1L0T0—  €I40'1 8598°0 0€21°0 68L1°0—  0f

91L£0 00000 L6¥8'1 6£5¢€°1 0L¥S'0 00000 €200°C LEOV'T 0£28°0 00000 9LTT L98Y'1 2 10 S0

MV dD HSIW serg MY dD IS serg MV dD IS serg
00T =u 001 = u 0s=1u b 0

panunuod 3jqeL

@ Springer f bMA



Page 210f48 80

Scale-mixture Birnbaum-Saunders quantile...

€056°0 T106°0 1€80°0 €L000—  SE8EI 9868°0 YSLI'0 S0000—  TIL1T 2068°0 TEEY0 7800°0 4

9%50° v£68°0 8v01°0 €200°0 90621 20060 ¥TS1°0 L0000 €6hL1 8088°0 96620 9220°0 g

ISLLO $068°0 1850°0 62200~  $986°0 86L8°0 9560°0 99v0°0—  L06S'1 8€L8°0 LOST'0 L160°0— O

Y60T°0 7876°0 8€00°0 0$20°0 LYOE0 9%T6°0 L800°0 9510°0 YTy 0 9616°0 S120°0 1€80°0 ) 60
2056°0 0968°0 €€80°0 SLOO0—  SE8EI 8668°0 LSLI'0 02000—  00LI'T 7688°0 TrEY0 $600°0 Y

L¥SO'1 ¥768°0 1+01°0 0£00°0 806C°1 7668°0 TSI0 2000°0 L8YL'] 9788°0 9862°0 $€T0°0 Iy

YTLLO YPL8°0 LT90°0 9880°0 ¥786°0 8688°0 600 17L0°0 LESS'T 7688°0 65€T°0 TIH0°0 0y

$60T°0 YLT6°0 8€00°0 1520°0 9%0€°0 0€26°0 L800°0 ¥$H0°0 YTsy o $026°0 S120°0 £€80°0 2 SLO
LOS6°0 9968°0 7€80°0 0900°0—  8£8¢'I 0968°0 SYLI0 S0000—  €0LI'T 8068°0 TvEr 0 $600°0 Y

16501 9768°0 SH01°0 $200°0 606T°1 7668°0 STS1°0 1000°0 L8YL'] 7€88°0 £00€°0 SY20°0 lg

€06L°0 8678°0 €LLOO 8€61°0 9600°1 8TL8°0 T601°0 €0S1°0 LSTO'T 7988°0 T05T°0 €9€1°0 0gf

¥60T°0 8¥76°0 8€00°0 6¥20°0 9%0€°0 ¥2T6°0 L800°0 ¥$+0°0 YIS0 9L16°0 S120°0 €€80°0 L S0
S0$6°0 TL68°0 ¥€80°0 69000~  tESEl ¥L68°0 9GL1°0 £000°0 10L1°T 9068°0 TLEY'O #800°0 &

67501 8068°0 8¥01°0 1200°0 S06T'1 9106°0 Y210 100000—  L8PL'] 7€88°0 €662°0 1%20°0 Iy

SSH8°0 8€16°0 7850°0 0L£0°0 LE6O'T YLT6°0 0%60°0 YLY0'0 SLIL' 9606°0 19v2°0 ¥850°0 0g

¥60T°0 7876°0 8€00°0 6¥20°0 LYOE0 71260 L800°0 95+0°0 9TSt'0 9616°0 S120°0 1€80°0 2 ST0
S0$6°0 0868°0 €€80°0 0L00°0—  €€8€°1 8968°0 ISLT°0 S0000—  TIL1T 8688°0 SHEP0 L600°0 4

8YS0°1 8768°0 6¥01°0 ¥100°0 90671 0206°0 STS1°0 60000—  YobL'l 7€88°0 $66T°0 8220°0 Iy

1$t6°0 YO1L°0 €6L1°0 PLECO—  SEVTL 86€8°0 LEOT0 S60€°0—  SS06°'1 ¥768°0 LLYE0 gcLeo— o

Y60T°0 8676°0 8€00°0 8¥20°0 8Y0€°0 8¥76°0 L800°0 95+0°0 8TSH'0 8816°0 ¥120°0 8780°0 ) 10 I

MV o dSIN serg MV dD ASIN serg MV D ASIN serg
00T =u 001 =u 0s=1u b 0

(penunuod) ‘fopoul uoIssaIfar a[nuenb [[NQropy 9y JO SAJLWNS A PAIBDIPUL Y} 10J BIep S-S Pare[nuils woij 4D Pue MV “HSIA ‘seiq [eoundwy g ajqe)

JBINAC

pringer

&Hs



A. Dasilva et al.

80 Page22o0f48

rres Y 6889°0 99€8'Y YTy 1200°0 6¥01'Y LILOE 1200°0 9750°€ be)
8€L8'T 6681°1 YELS'T 1T8LT €156°0 €6LLT 1LT9°1 €156°0 67791 SO
€666°0 PIvE'E $666°0 £€866°0 955€°¢ ¥866°0 9L66°0 955€°€ 8L66°0 as
6£69°0 0S+0°C 1%69°0 £€669°0 600t°C L569°0 0L69°0 6001°C 9L69°0 an
0000°T 09¥T'€ 10001 86660 999t°¢ 10001 96660 999t°¢ 10001 NIN S0
TrEs T 7879 S9E8°Y YTy TI£9°0— 8YOT' Y 81L0°E YLSO T~ 9750°€ piie)
8€L8'T 0SHE'T PELST 128L°T 8€L9°0 €6LLT 1L29'1 LTIF0 67791 o)
£€666°0 6£79'1 $666°0 €866°0 9L0E ¥866°0 9L66°0 0128 8L66°0 as
6£69°0 0£5T°0 1769°0 €669°0 9668°€ L569°0 0L69°0 8ESH'S 9L69°0 an
0000°1 6v10°T 1000°T 86660 8920°G 1000°1 96660 81€T°9 2000°T NIN ST0 S0
8LS8Y €LY9'0— 9658 6LSTY 65ST'T— 9SeT Y 81TI'E 90— 1960°€ pie)
YLLY'T 9€€5°0— 89L8°1 €88L°T L1850 6v8LT €LE9'T 9586°0 Tl SO
66660 LEVO'9 0000°T £€666°0 €5L9°S 16660 $666°0 6£0€ Y L6660 as
0769°0 LT86'H1 1%69°0 7569°0 se61°e 9569°0 8969°0 LSOT'T ¥L69°0 an
10001 TLTLEl 2000°1 0000°1 YETH'S €000°1 66660 081+°€ #0001 NIN SL0
9L58Y 80€€°0 Y658y SLST'Y 8186t YSEl'y LITI'E YPETT— 6560°€ MO
YLLS'T Yerel L9L8'1 €88L°1 988€°C SY8L'1 €LE9'1 610570 79’1 o)
66660 €TL8'E 0000°T £€666°0 SEIST 76660 $666°0 11199 L6660 as
07690 L9SS0 1%69°0 75690 £000°0 95690 89690 SEESY ¥L69°0 an
1000°'T 61€8°C T000°T 0000°T 8691°1 £€000°1 66660 1496°9 $000°'T NIN S0
LLSS'Y 1L9%°0 Y658y LLSTY SThr0— €SETY 6vS1°€ €SLLLY 1sTI°€ be)
PLLS'T 9€6T'1 L9181 €88L°1 8010°1 SY8L'1 STH9'1 €080 8LEY'T SO
86660 6888°€ 00001 €666°0 YISty 76660 L000'T 9¥SL0 80001 as <
07690 0LET0 1%69°0 75690 111L°0 9569°0 ¥969°0 00000 0869°0 an m
10001 TLILT 2000°T 0000°T ELEV'E €000°1 20001 6¥2T°0 LO0O'T NIN ST0 0 N
Sg-Y Sg-1S SE-ND Sg- Sg-1S SE-ND Sg- Sg-1S SE-ND mo
00z =1u 001 =u 0S=1u b 0 W
4l

S[enpIsa1 §OO) 2} 10J sONSHEIS Arewrung 9 ajqe



Page 23 0f48 80

Scale-mixture Birnbaum-Saunders quantile...

€99L'¥ 9LL8'8 €ELLY 810+ SIvI'I S910'% 0¥26'C I#70°¢ L¥T6'C 30

€€98°1 ¥819'C 6£98°1 TOL'T TLLTT LEIL'T 9L6S°T LT 1965°1 Ne)

9L66°0 LSLET 8L66°0 €566°0 19%C°¢ 9566°0 81660 9€9T°C 12660 as

17690 810 690 LS69°0 6L6E°C 1969°0 6L69°0 L6LO'T 98690 an

L666°0 L8860 L666°0 7666°0 1684°¢ L666°0 68660 6’1 £666°0 NN SLO
€99L'¥ 0295°01 €ELL'Y €810'Y 0620°S S910'F 6£76'C €E0T' 9T6'C 30

€€98°1 LLLL'T 6£98°1 THoL'T TI80°C LEIL'T 9L6S°1 S086'I 196S°1 SO

9L66°0 SET60 8L66°0 £€566°0 6978°1 9566°0 81660 T659°1 12660 as

1¥69°0 00LT°0 690 LS69°0 L9¥8°0 19690 6L69°0 6S¥L°0 9869°0 an

L666°0 62790 L6660 $666°0 69611 L6660 68660 SLEE'T £666°0 NN S0
€99L'¥ 1+65°C CELL'Y €810°f 9128’8 S910'Y 0¥T6'C €10€’e 9T6'C 30

€€98°1 92€9'1 6£98°1 THOL'T €219°C LEIL'T 9L6S°T 6E8L°T 19661 SO

9L66°0 169L°C 81660 £€566°0 Sevl'l 9566°0 81660 6+90°C 1266°0 as

1¥69°0 6S0L°1 690 LS69°0 L18€0 19690 6L69°0 LESO'T 98690 an

L666°0 9089°C L666°0 7666°0 L0080 L6660 68660 ¥88L°1 €666°0 NIA ST0 I
SreEsy 79ST'1 99¢8't ¥y TELS'S 6¥01'¥ 81L0°E TTEs’E LTSO'€E 30

8EL8'T yITy'1 YELY'T T8L'T 7€89°C POLL'T 1LT9°T 06961 6279’1 SO

£666°0 ¥920°¢ $666°0 £866°0 Soge'T #866°0 9L66°0 €L96'T 8L66°0 as

6£69°0 80L0'T 1%69°0 £€569°0 70020 LS69°0 0L69°0 0vSt'0 9L69°0 an

00001 99%1'C 1000°1 86660 008L°0 1000°1 96660 Ie€e’1 1000°T NN SLO

Sda-Y Sa-1S Sd-ND sda-Y Sd-1S S4-ND Sq-Y Sd-1S S4-ND
00T =Uu 001 = u 0S=1u b 0

panunuod 9 3jqel

JBINAC

pringer

&Hs



A. Dasilva et al.

80 Page 24 0f48

S¥90°0— LS89°0— 6¥90°0— 9611°0— 2699°0— Clero— Y61C°0— TLOL0— 86CT0— o)
££00°0— 80L0°0 §€00°0— L200°0— 669C°0 £200°0— £€200°0— L8IT°0 1200°0— SO
0200°1 CILL'T 0200°1 00°l 9Ces’l r00°1 8800°1 106°1 88001 as
0000°0 0€Cl'I— 1000°0— 9000°0— L9TE 1 — 0100°0— L000°0— 160€°0— C¢100°0— anw
0000°0— LTl 1— 1000°0— 1000°0— 681C1— ¥000°0— 1000°0— YLYT0— 9000°0— NIN S0
S¥90°0— 9I8L°0— 6¥90°0— 9611°0— €198°0— CIero— Y6170~ 6£00°1— 86CT0— A0
€€00°0— 9LS0°0— §e00'0— LT000— 60vC0 £200°0— €¢00°0— 0e0 1200°0— SO
0200°1 60681 0200°1 00°l U r00°1 88001 o181 88001 as
0000°0 89L°0 1000°0— 9000°0— GSe0C— 0100°0— L000°0— 9665 C— ¢100°0— an
1000°0— Y¥8L°0 1000°0— 1000°0— 00€6'I— ¥000°0— 1000°0— £€C6EC— 9000°0— NIA §Tco S0
9090°0— YIvel 1190°0— 6CIT0— YSLT T— 6vI10— ¥L0T0— €L6E 1~ 6v1C0— A0
€€00°0— 168T°1 §e00'0— 6200°0— 765¢°0 £€200°0— 0€00°0— 1650°0 L2000~ SO
1200°1 LYSS'1 001 ¥¥00°1 €e9l'e Y001 600°1 P€88°C 600°1 as
1000°0— 86— 000°0— L000°0— el 1— 0100°0— 8000°0— 810¥°0— C¢100°0— an
000°0— 000§ v— 000°0— 1000°0— L8CI' T — $000°0— 1000°0— STLT0— 9000°0— NIA SL0
9090°0— Seve'l— 1190°0— 6CI10— 098L°0— 6v11°0— YL0T0— 9650°1— 0s1T0— 1o}
€€00°0— 800°0— §e00°0— 8200°0— 699L°0— £200°0— 0€00°0— Se9¢°0 L200°0— SO
1200°1 £096°C 001 ¥700°1 6788°C S¥00°1 6001 6069°C 2600°1 as
1000°0— 810C°0 2000°0— L0000~ wrhr'e 0100°0— 8000°0— 8GLTT— C¢100°0— anw
2000°0— 9CET0 000°0— 1000°0— 1c6Tc ¥000°0— 1000°0— ELITT— 9000°0— NIA S0
9090°0— 6ESY' 11— 1190°0— 6CI10— LEEY' T — 6¥11°0— Y¥0T0— Y611°0— SY1T0— o)
££00°0— P8¥1°0— §€00°0— 8200°0— 8100°0— £200°0— LS00°0— 61¥6'0— ¥$00°0— SO
12001 geel’e 001 ¥00°1 eore SY00°1 £600°1 1161°C £600°1 as <
1000°0— 96¢8°0 2000°0— L000"0— 1600°0 0100°0— 2000°0— w96y 8100°0— anw m
2000°0— CI8s0 000°0— 1000°0— 00— ¥000°0— €000°0— 1299°¢ L0000~ NIN Sy T =N
Sq-Y Sg-1S SE-NO Sd-Y Sg-1S S4-ND Sd-Y Sg-1S SE-ND mo
00T = u 001 = u 0§ = u b » W
srenpisar Oy ) 10} sonsnels Arewwing 7 ajqel N



Page 250f48 80

Scale-mixture Birnbaum-Saunders quantile...

€9L0°0— 6£€0°0 86L0°0— 071°0— 11050~ 66€1°0— 79570~ €697°0— 986T°0— 30

7€00°0— 0%90°0 #€00°0— T200°0— 06£1°0— 0200°0— #000°0— 79T1°0— S000°0— SO

9100°T ¥8TH'1 9100°T SE00'T 088%'1 ¥€00°T ¥L00'T 996%°1 1L00°T as

70000 16670 1000°0 L000"0— €TTET— 6000°0— 8000°0— 110v°0— 21000~ an

1000°0 69€€°0 00000 0000°0— 8STH 1— £000°0— 70000~ 99t"0— L000"0— NN SLO
€9L0°0— 19%1°0— 86L0°0— 0P1°0— #100°0— 66€1°0— 95T 0— €€60°0— L8ST0— 30

T€00°0— 78CT°0 #€00°0— 72000~ TeEn'0— 0200°0— #000°0— 81£0°0 #000°0— SO

9100°T €STH'l 91001 SE00°T wiv'l ¥€00°T ¥L00'T 61T’ 1 1L00°T as

2000°0 91€L0 10000 L000"0— 9TLI0— 6000°0— 8000°0— L¥¥0°0— 2100°0— an

1000°0 16£8°0 00000 00000~ €T6T°0— £000°0— 70000~ 96£0°0— L000"0— NIN S0
€9L0°0— 01¥T0— 86L0°0— 0P1°0— L900°0— 66€1°0— 95T 0— LSTT0— 98670~ 30

7€00°0— $S0T'0— #€00°0— T200°0— #S01°0 02000~ #0000~ 9%L0°0— #0000~ SO

91001 18771 91001 SE00°T 798¢°1 €001 ¥L00'T LLEY'T 1L00°T as

20000 €106°0— 10000 L000°0— 668%°0 6000°0— 8000°0— 019¢°0— 21000~ an

1000°0 9600°1— 00000 0000°0— 822450] #000°0— 7000°0— 810%°0— L000°0— NI ST0 I
S¥90°0— SI1E8°0— 6¥90°0— 9611°0— LS99°0— TITro— Y6170~ ¥9TL0— 867T0— 30

€€00°0— LOTO00— $€00°0— LT00°0— 90L0"0— €200°0— £200°0— 9LIT'0— 1200°0— SO

0200°T 9ZL6'T 0200°T TH00'T LOSL'T 00’1 8800°T 1€18°T 8800°T as

00000 886€°0— 1000°0— 9000°0— 65T6°0 0100°0— L000"0— 016€°0 21000~ an

0000°0— SL9Y'0— 1000°0— 1000°0— 61L6°0 #000°0— 1000°0— SEVE0 9000°0— NN SLO

sdq-Y Sd-1S S4-ND sda-Y Sa-1S S4-ND Sd-Y Sd-1S Sd-ND
00T =u 001 =u 0s=1u b 0

panunuod 7 ajqel

JBINAC

pringer

&Hs



80 Page 26 0f 48 A. Dasilva et al.

Ho : B3—x+1 = -+ = B3 =0, with k = 1, 3 against Hp : f3_r41 = -+ = B3 # 0, with
x = 1, 3. The tests’ nominal levels used are « = 0.01, 0.05, 0.1.

Tables 8, 9 and 10 present the simulation results of null rejection rates for Hy : 3 = 0
and in the CN-BS, SL-BS and ¢,-BS quantile regression models, respectively. From these
tables, we observe the following results:

e For nominal levels of 1%, 5%, and 10%, the statistics St and Sy consistently show
values closer to the expected rates.

e Srr and Sg, while performing reasonably well, occasionally show slight rates above
nominal values, especially for smaller sample sizes (n = 50) or higher quantiles (¢ =
0.75).

e As the sample size increases (n = 50, 100, 200), the alignment of all null rejection rates
with nominal levels improves. Particularly, the statistic S7 shows the most consistent
improvement.

e For lower quantiles (g = 0.25), all test statistics perform closer to nominal levels com-
pared to higher quantiles (g = 0.75).

e Higher quantiles tend to show inflated rejection rates for Sg.

e Sw and St are the most reliable across all conditions, as their rejection rates remain close
to nominal values even under varying quantiles and sample sizes.

e S r and Sy are more sensitive to changes in distributional properties, with slightly higher
rejection rates at extreme quantiles.

e The tests’ null rejection rates do not seem to be affected by the shape parameter «.

In general, Tables 8, 9 and 10 suggest that St and Sw are the preferred test statistics for
hypothesis testing in this context. While S; g and Sg are useful, they may require caution in
small samples or at higher quantiles.

Tables 15, 16 and 17 (Appendix A) present the simulation results of null rejection rates
for Hy : B1 = B> = B3 = 0 in the CN-BS, SL-BS and 7,-BS quantile regression models,
respectively. Analogously to the case where x = 1, the tests’ null rejection rates does not
change according to the value of «. Moreover, the results confirm that St and Sy are the
most reliable test statistics across different models and conditions.

Figures 2 and 3 display the test power curves for the CN-BS, SL-BS and #,-BS models
considering the hypotheses Hy : f3—x+1 = ... = B3 = O against Hy : f3_4+1 = ... =
B3 =8 with |§] =0,1,2,3,4and k = 1, 3, where (§) denotes the power function. The
significance level considered was 1% withn = 100and g = 0.5 (other settings present similar
results). From this figure, we observe that there are no changes in the power performances
of the tests, as well as for any of the CN-BS, SL-BS and #,-BS models, so that we have
7 (8) = 1for|§] > 1.

5 Application to personal accident insurance data

QSBS quantile regression models are now used to analyze a data set related to the personal
injury insurance claims that correspond to amounts of paid money by an insurance policy in
Australian dollars (response variable, amount). The data is collected from 767 individuals
and the claims occurred between January 1998 and January 1999; see De Jong and Heller
(2008). The covariates considered in the study are: opt ime, denoting the operating time in
percentage; legrep, with (1) or without (0) legal representation; and month, denoting the
month of accident occurrence. Due to lack of correlation between the covariate month and
the response variable amount, we removed this covariate from our analysis.

@ Springer f bMA
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Fig. 2 Power curves of the Sy, S g, Sk and St tests for the CN-BS, SL-BS and #,-BS quantile regression
models (nominal level = 1%, n = 100, ¢ = 0.5)

Table 11 reports the descriptive statistics of the observed amounts of paid money that
includes MN, MD, SD, coefficient of variation (CV), CS, CK (excess) and range. From this
table, we observe skewed and high kurtosis features in the data. Figure 4(a) confirms the
skewness observed in Table 11. Figure 4(b) displays the usual and adjusted boxplots (Saulo
et al. (2019)), where the latter is useful when the data is distributed as skewed. Note that the
adjusted boxplot indicates that some potential outliers identified by the usual boxplot are not
outliers.

We then analyze the personal accident insurance data using the QSBS quantile regression
model, expressed as

log(Q;i) = Bo + Proptime; + Brlegrep;, i =1,2,...,767. (16)
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Fig. 3 Power curves of the Sy, Sy g, Sg and St tests for the SL-BS and #,,-BS quantile regression models
(nominal level = 1%, n = 100, g = 0.5)

Table 11 Summary statistics for the personal accident insurance data

MN MD SD CvV CS CK Range Min Max n

7820.59 6000 8339.26 106.63% 5.09 47.71 116556.7 30 116586.7 767

Table 12 reports the the averages of the AIC, BIC, AICc and HQIC values based on
g € {0.01,0.02, ..., 0.99} for the CN-BS, SL-BS, #,-BS, Weibull (Sanchez et al. (2021))
and semiparametric (Koenker and Bassett (1978)) quantile regression models. The results
indicate that the lowest values of AIC, BIC, AICc and HQIC are those based on the CN-
BS model. Figure 5 displays the estimates of the CN-BS model parameters across g €
{0.01,0.02, ..., 0.99}. From this figure, we observe that the estimate of By tends to increase
with an increase in g. Moreover, the estimates of 1, B>, @ and v present a cyclic behavior.
These results show the relevance of considering a quantile approach rather than traditional
mean/median approaches.

Table 13 presents the ML estimates computed by the EM algorithm and SEs of the CN-BS
quantile regression model parameters considering the quantiles ¢ = 0.025, 0.25, 0.5, 0.75,
0.975. For the quantiles analyzed, we can observe that the impact of operational time and
legal representation is greater for the quantile ¢ = 0.75, the same is true with the estimates
of @ and By.

The regression coefficients in the proposed QSBS quantile regression model (16) describe
the effect of covariates on the dependent variable variable 7;. The conditional quantile of 7;
is given by:

O(T; | optime;, legrep;) = exp(Bo + Bioptime; + frlegrep;).

If opt ime; increases by one unit while 1egrep; remains fixed, the new conditional quantile
is:

Q(T; | optime; + 1, legrep;) = exp(B1) Q(T; | optime;, legrep;).
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Fig.4 Density estimate and boxplots for the personal accident insurance data

Table 12 Averages of the AIC,

BIC, AICc and HQIC values Model AlC BIC AlCe HaQie

based on CN-BS 8204.63 8223.20 8204.69 8211.78

g €{0.01,0.02,...,0.99} for

different models for the personal ~ SL-BS 8220.06 8238.63 8220.11 8227.21

accident insurance data t-BS 8213.11 8231.68 8213.16 8220.26
Weibull 16,350.38 16,364.30 16,350.41 16,355.74
QR 15,648.84 15,662.77 15,648.87 15,654.20
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Fig. 5 Estimated parameters in the CN-BS quantile regression models across ¢ for the personal accident
insurance data
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Table 13 ML estimates (with SE in parentheses) for the CN-BS quantile regression model for the personal
accident insurance data

q Estimate (SE)

Bo Bi B o v 5
0.025 5.9965(0.0541) 0.0253(0.0033) 0.9045(0.0630) 0.9138(0.0205) 0.01 0.03
0.25 7.0447(0.0543) 0.0239(0.0033) 0.9286(0.0638) 0.8704(0.0217) 0.04 0.06
0.5 7.5092(0.0543) 0.0272(0.0033) 1.0195(0.0671) 0.9356(0.0220) 0.03 0.10
0.75 8.0053(0.0614) 0.0287(0.0030) 1.1561(0.0694) 0.9281(0.0217) 0.10 0.18
0.975 9.3056(0.0698) 0.0254(0.0033) 0.9936(0.0658) 0.8885(0.0220) 0.05 0.09

Table 14 Observed values of the indicated test statistics and their p-values (in parentheses) for the CN-BS
quantile regression model for the personal accident insurance data

q Hypothesis Test statistics
Sw SLR SR St
025 Hp:B1 =0 53.47(<0.0001) 61.97(< 0.0001) 149.80(< 0.0001)  144.23(< 0.0001)
Hy:Br=0 212.12(< 0.0001)  13.44(0.0002) 36.39(< 0.0001) 40.17(< 0.0001)
0.5 Hy:B1 =0 68.51(< 0.0001) 159.35(< 0.0001)  202.04(< 0.0001)  165.38(< 0.0001)
Hp:By=0 230.97(< 0.0001) 17.20(< 0.0001) 42.47(< 0.0001) 47.92(< 0.0001)
075 Hp:p1 =0 90.68(< 0.0001) 231.28(< 0.0001)  262.37(< 0.0001)  190.90(< 0.0001)
Hy:Br=0 275.56(< 0.0001) 36.01(< 0.0001) 40.56(< 0.0001) 51.65(< 0.0001)

This implies that increasing optime; by one unit multiplies the conditional quantile of
T; by exp(pB1). This change can also be interpreted as a percentage difference:

Q(T; | optime; + 1, legrep;) — Q(T; | optime;, legrep;)
x 100%

Q(T; | optime;, legrep;)
= (exp(B1) — 1) x 100%.

When g7 is small (approximately —0.4 < 81 < 0.4), the approximation exp(f81) — 1 &~
can be applied. For a binary covariate, this expression represents the percentage change in
the quantile of 7; when the covariate value changes from 0 to 1.

From Table 13, we observe, for instance, that one additional percentage point of operating
time (optime), increases in (exp(0.0239) — 1) x 100% = 2.42% the 25° percentile (¢ =
0.25) of the amount of paid money by the insurance, while it increases by (exp(0.0287) —
1) x 100% = 2.91% the 75° percentile (g = 0.75). For individuals with legal representation
(legrep), there is an increase in the 25° percentile (¢ = 0.25) of the amount of paid money
by the insurance of (exp(0.9286) — 1) x 100% = 153.10% when compared to individuals
without legal representation. The increase goes to (exp(1.1561) — 1) x 100% = 217.75%
in the 75° percentile (¢ = 0.75). In other words, the effect of legal representation on the
amount of paid money by the insurance is greater for individuals with larger amounts to
receive (higher quantiles).

Table 14 presents the results for the CN-BS quantile regression model to test the null
hypotheses Hp : 1 = 0 and Hy : B> = 0 using the Sw, SLr, Sk and St test statistics. At a
5% significance level, we reject the null hypothesis in all cases tested in Table 14, indicating
that coefficients associated with the operating time and legal representation are significant. In
addition, from Table 14, we observe that the values of Sy, Sy g, Sk and Sy statistics increase
as g increases.
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Fig.6 95% confidence bands in the CN-BS quantile regression model for the personal accident insurance data
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@ Springer f DMAC



80 Page 40 of 48 A. Dasilva et al.

Figure 6 presents the scatterplot of the amount against the optime according to the group
with legal representation and without legal representation with 95% confidence bands in
the CN-BS quantile regression model for the personal accident insurance data. We use ML
estimates based on the quantiles 2.5% and 97.5% to build these confidence bands. We can
see that the upper bound of the confidence bands increases exponentially.

Figure 7 shows the QQ plots with simulated envelope of the GCS and RQ residuals for
the CN-BS quantile regression model considered in Table 13. We can see clearly that the
CN-BS model provides a good fit based on the GCS residual. On the other hand, the plots
for the RQ residuals present some more extreme points outside the region delimited by the
confidence bands.

6 Concluding remarks

In this paper, we have proposed a class of quantile regression models based on the reparame-
terized scale-mixture Birnbaum-Saunders distributions, which have the distribution quantile
as one of their parameters. The relevance of this work lies in the proposal of a new quantile
regression model that presents a new alternative capable of providing a very flexible fit for
strictly positive and asymmetric data. The results obtained in the Monte Carlo simulation
studies showed that (a) the maximum likelihood estimates obtained by the EM algorithm,
in terms of bias, MSE and CP, perform well; (b) the GCS and RQ residuals conform well
with their respective reference distributions with the exception of the SL-BS model; and
(c) the Wald, likelihood ratio, score and gradient tests have similar performances. However,
in terms of power, the Wald and gradient tests show null rejection rates that are closer to
nominal levels. Thus, the Wald and gradient tests are preferable to the other tests analyzed.
We have applied the proposed models to a real data set related to personal accident insur-
ance. While the application of the proposed class of quantile regression models to personal
accident insurance data demonstrates its usefulness to heavy-tailed and skewed data, some
limitations persist. Notably, the model’s assumptions, such as the choice of link functions or
distribution families, can influence results and may not perfectly capture all data nuances. In
addition, the computational demands of the EM algorithm, particularly with large datasets
or multiple covariates, can be challenging. Future studies could extend the model to incor-
porate the presence of nonlinearity. Therefore, tackling non-linear frameworks that integrate
both parametric and nonparametric elements continues to be an unresolved issue. Moreover,
exploring alternative optimization techniques or Bayesian frameworks may enhance com-
putational efficiency. Additionally, it will be of interest to study influence diagnostic tools
as well as multivariate versions. Furthermore, Bartlett and Bartlett-type corrections can be
used to attenuate the size distortion of hypothesis tests. Finally, expanding applications to
other domains, such as health or environmental risk data, could further validate and refine
the model’s versatility.

Appendix A Simulation results: hypothesis tests

See Tables 15, 16 and 17.
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