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Abstract
The modeling of personal accident insurance data has been a topic of high relevance
in the insurance literature. This type of data often exhibits positive skewness and heavy
tails. In this work, we propose a new quantile regression model based on the scale-mixture
Birnbaum-Saunders distribution for modeling personal accident insurance data. The maxi-
mum likelihood estimates of the model parameters are obtained via the EM algorithm. Two
Monte Carlo simulation studies are performed using the R software. The first study aims to
analyze the performances of the EM algorithm to obtain the maximum likelihood estimates,
and the randomized quantile and generalized Cox-Snell residuals. In the second simulation
study, the size and power of the Wald, likelihood ratio, score and gradient tests are evalu-
ated. The two simulation studies are conducted considering different quantiles of interest and
sample sizes. Finally, a real insurance data set is analyzed to illustrate the proposed approach.

Keywords Scale-mixture Birnbaum-Saunders distribution · EM algorithm · Hypothesis
tests · Monte Carlo simulation · Quantile regression

1 Introduction

Birnbaum-Saunders (BS) regression models have proven to be good alternatives in insurance
data modeling; see Leiva (2016) and Naderi et al. (2020). Usually, this kind of data shows
positive skewness and heavy tails. Paula et al. (2012), for example, used the BS-Student-
t-BS regression model to study how some explanatory variables (covariates) influence the
amount of paid money by an insurance policy. The Student-t-BS distribution is a special case
of the class of scale-mixture Birnbaum-Saunders (SBS) distributions, which was proposed
by Balakrishnan et al. (2009) and is based on the relationship between the class of scale
mixtures of normal (SMN) andBS distributions. Themain advantage of the SBS distributions
over the classical BS distribution (Leiva (2016); Balakrishnan and Kundu (2019)) is their
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capability to make robust estimation of parameters in a way similar to that of SMNmodels, in
addition to facilitating the implementation of an expectation maximization (EM) algorithm;
see Balakrishnan et al. (2009). Recently, Lachos et al. (2017) proposed a Bayesian regression
model based on the SBS distributions for censored data.

The class of SMN distributions comprises a family of symmetric distributions studied
initially byAndrews andMallows (1974). These distributions have been gaining considerable
attentionwith the publication of someworks, as can be seen in Efron andOlshen (1978),West
(1987), Lange and Sinsheimer (1993), Gneiting (1997), Taylor and Verbyla (2004), Walker
and Gutiérrez-Peña (2007) and Lachos and Labra (2007). This family of distributions has
as special cases flexible distributions with heavy-tails, which are often employed for robust
estimation; see Lange et al. (1989) and Lucas (1997).

Quantile regression models emerged as a broader proposal in the analysis of the rela-
tionship between the response variable and the respective covariates of a regression model.
These models were initially studied by Koenker and Bassett (1978) and have since been
increasingly used in regression analysis; see Koenker and Hallock (2001), Yu and Moyeed
(2001) and Koenker (2004). Quantile regression models are robust alternatives in relation to
the regression models for mean because the process of estimating parameters of the quantile
regression model is not subject to the influence of outliers as in the case of linear regression.
Moreover, these models are capable of showing different effects of covariates on the response
along the quantiles of response variable.

In this work, we propose a new parametric quantile regression model for strictly positive
data based on a reparameterization of the SBS distributions. We first introduce a reparame-
terization of the SBS model by inserting a quantile parameter, and then develop the new SBS
quantile regression model. In addition to the quantile approach, another advantage in relation
to the regression approach developed in Lachos et al. (2017) is the modeling of dependent
variable without the need of applying the logarithm transformation, which can cause prob-
lems with regard to interpretation and loss in power of the study; see Huang and Qu (2006)
for an explanation. We illustrate the proposed methodology by using the insurance data set
studied by Paula et al. (2012). The results show that a quantile approach provides a richer
characterization of the effects of covariates on the dependent variable.

The rest of this paper is organized as follows. In Sect. 2,we describe the usual SBSdistribu-
tion and propose a reparameterization of this distribution in terms of a quantile parameter. In
this section, we also discuss some mathematical properties of the proposed reparameterized
model. In Sect. 3, we introduce the SBS quantile regression model. In this section, we also
describe the steps o the EM algorithm (Dempster et al. (1977)) for maximum likelihood (ML)
estimation of the model parameters, the standard error calculation, hypothesis tests, model
selection criteria and residuals. In Sect. 4, we carry out two Monte Carlo simulation studies.
In the first simulation study, we evaluate the performance of the EM algorithm through the
calculated biases, mean square errors (MSEs) and coverage probabilities of the asymptotic
confidence intervals. We also evaluate the performances of residuals, such as the generalized
Cox-Snell –GCS– (Cox and Snell (1968)) and randomized quantile –RQ– residuals (Dunn
and Smyth (1996)), for assessing the goodness-of-fit and identifying any departure from
model assumptions. In the second simulation study, we assess the performances of formal
test procedures such as the likelihood ratio test, score test, Wald test and gradient test. In
Sect. 5, we apply the SBS quantile regression model to a real insurance data set. Finally, in
Sect. 6, we make some concluding remarks and discuss potential future research problems.
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2 Preliminaries

In this section, we first present the SBS distribution. Then, we present the proposed quantile-
based SBS distribution, which we call as QSBS distribution. Some properties and special
cases of the QSBS distribution are also discussed.

2.1 SBS distribution

Let Y be a random variable (RV) whose stochastic representation can be written as follows:

Y = μ +√g(U ) · X , (1)

whereμ is a location parameter, X ∼ N(0, σ 2)with σ > 0,U is a RVdistributed independent
of X and having cumulative distribution function (CDF) H(·), which is indexed by an extra
parameter ν (or extra parameter vector ν), and g(·) is a strictly positive function. Note
that when g(U ) = 1/U , the distribution of Y in (1) reduces to the normal/independent
distribution, presented in Lange and Sinsheimer (1993). Similarly, when g(U ) = U in (1),
the distribution of Y reduces to the SMN distribution, studied by Fernández and Steel (1999).

The probability density function (PDF) of Y , a RV that follows a SMN distribution with
location and scale parameters μ ∈ R and σ 2 > 0, respectively, is given by the following
Lebesgue-Stieltjes integral:

φSMN(y) =
∫

(0,∞)∩Supp(U )

φ(y;μ, g(u)σ 2)dH(u), y ∈ R, (2)

where Supp(U ) is the support of U , φ(·;μ, g(u)σ 2) is the normal PDF with mean μ and
variance g(u)σ 2, and H(u) is the CDF of U . Let us denote Y ∼ SMN(μ, σ 2; H). When
μ = 0 and σ 2 = 1, we denote Y ∼ SMN(H).

According to Balakrishnan et al. (2009), a RV T follows a SBS distribution if it has the
following stochastic representation:

T = β

4

[
αY +

√
(αY )2 + 4

]2
,

where Y = √
g(U ) · Z ∼ SMN(H), such that Z ∼ N(0, 1) and α > 0 and β > 0 are the

shape and scale parameters, respectively, of the BS distribution. In this case, the notation
T ∼ SBS(α, β; H) is used. When Y ∼ N(0, 1), then T follows a classical BS distribution.
The PDF of T ∼ SBS(α, β; H) can be expressed as

fT (t)φSMN(a(t))a′(t), t > 0,

where φSMN(·) is the PDF given in (2) with μ = 0 and σ 2 = 1, a(t) = (√t/β − √
β/t
)
/α,

and a′(t) = t−3/2(t + β)/(2αβ1/2) is the derivative of a(t) with respect to t . The CDF of T
is given by

FT (t) = �SMN(a(t)), t > 0,

where �SMN(·) is the CDF of the SMN(H) distribution. The 100q−th quantile of T ∼
SBS(α, β; H) is given by

Q = tq = β

4

[
αyq +

√
(αyq)2 + 4

]2
, (3)

where yq is the q × 100-th quantile of Y ∼ SMN(H).
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2.2 Quantile-based SBS distributions

Consider a fixed number q ∈ (0, 1) and the one-to-one transformation (α, β; H) �−→
(α, Q; H), where Q is the 100q-th quantile of T ∼ SBS(α, β; H) defined in (3). Then,
we obtain the following stochastic representation based on a quantile parameter:

T = Q

γ 2
α

[
α
√
g(U ) · Z +

√(
α
√
g(U ) · Z)2 + 4

]2
, (4)

where γα = αyq +
√

(αyq)2 + 4, Z ∼ N(0, 1), and g(U ) = 1/U is such that the distribution

of g(U ) has a known PDF. The stochastic representation (4) can be used to generate random
numbers, to obtain the moments, and also in the implementation of the EM algorithm.

From the stochastic representation (4), we obtain a quantile-based reparameterization of
the SBS distribution with CDF and PDF given, respectively, by

FT (t) = �SMN(a(t))=
∫

(0,∞)∩Supp(U )

�
(
a√

g(u)(t)
)
dH(u), t > 0,

fT (t) = φSMN(a(t))a′(t)= ∫
(0,∞)∩Supp(U )

φ
(
a√

g(u)(t)
)
a′√

g(u)
(t)dH(u), t > 0,

(5)

where �(·) and φ(·) are the CDF and PDF of the standard normal distribution, respectively,
ax (t) = (√

γ 2
αx t/4Q − √4Q/γ 2

αx t
)
/(αx), a′

x (t) = (γ 2
αx/2 + 2Q/t)/(αxγαx

√
4Qt) and

γα = αyq +
√

(αyq)2 + 4. In this case, the notation T ∼ QSBS(α, Q; H) is used. Some
properties of the QSBS distribution are presented below.

Proposition 1 If T ∼ QSBS(α, Q; H) then lim
t→0+ fT (t) = lim

t→∞ fT (t) = 0.

Proof Since fT (·) is a PDF, it is clear that lim
t→∞ fT (t) = 0. On the other hand, by (5) we

observe that fT (t) = ∫
(0,∞)∩Supp(U )

fSu (t)dH(u), where fSu (·) is the corresponding PDF
of a RV Su having a quantile-based Birnbaum-Saunders (QBS) distribution with parameters
α
√
u and Q, denoted by Su ∼ QBS

(
α
√
g(u), Q

)
. It is well-known that the QBS distribution

is unimodal. Then there is a unique t0 = t0
(
α
√
g(u), Q

)
> 0 such that fSu (t) � max{ fSu (t) :

t > 0} = fSu (t0) � max{ fSu (t0) : u > 0}. Applying the bounded convergence theorem, we

have lim
t→0+ fT (t) =

∫

(0,∞)∩Supp(U )

lim
t→0+ fSu (t)dH(u) = 0 because lim

t→0+ fSu (t) = 0. This

completes the proof. 
�
Proposition 2 If g(·) in (1) is chosen such that the function

G(t) = φ′
SMN(a(t))

φSMN(a(t))
+ a′′(t)

[a′(t)]2 , t > 0,

has a unique zero t = t0, then the QSBS PDF (5) is unimodal.

Proof Suppose that g(·) is such that G(t0) = 0. A simple calculus shows that f ′
T (t) =

fT (t)a′(t)G(t). Then f ′
T (t0) = 0 because G(t0) = 0, fT (t) > 0 and a′(t) > 0. That is, t0 is

the unique critical point of fT (·). Furthermore, by Proposition 1, lim
t→0+ fT (t) = lim

t→∞ fT (t) =
0. Consequently, the QSBS PDF is increasing on (0, t0) and is decreasing on (t0,∞). This
proves the unimodality. 
�

In the proofs of the following propositions, we adopt the following notations: ax (t) =
ax (t;α, Q) and a(t) = a(t;α, Q) = a1(t).
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Proposition 3 Let T ∼ QSBS(α, Q; H). Then, T allows the following conditional stochastic
representation:

T |U = u ∼ QBS
(
α
√
g(u), Q

)
.

Proof If U = u then T = a−1
(√

g(u)Z
)
. Thus, the conditional distribution of T given

U = u is the same as the distribution of the elements presented as a−1
(√

g(u)Z
)|U = u.

This implies that FT (t |U = u) = �
(
a(t)/

√
g(u)

) = �
(
a√

g(u)(t)
)
becauseU is independent

of Z . Then, the proof follows. 
�
Let T ∼ QSBS(α, Q; H) and f be a Borel measurable function. Then, by using the law

of total expectation, we have

E[ f (T )] = E[E[ f (T )|U ]] =
∫

(0,∞)∩Supp(U )

E[ f (T )|U = u]dH(u). (6)

By taking f (t) = exp(ist), s ∈ R, in (6), where i = √−1 is the unit imaginary number,
from Proposition 3 and Formula (2.13) of Leiva (2016), we get the following result:

Proposition 4 Let T ∼ QSBS(α, Q; H). Then, the characteristic function of T , denoted by
φT (s) = E(exp(isT )), can be written as

φT (s) = 1

2
E

[(

1 + 1
√
1 − 2i(4Q/γ 2

α )s2g(U )

)

exp

(
1 −√1 − 2i(4Q/γ 2

α )s2g(U )

α2g(U )

)]

.

Taking k consecutive partial derivatives of φT (s) with respect to s, assuming that we can
interchange the derivative with the expectation, and then evaluating at s = 0 and dividing by
i k , we get the following result:

Proposition 5 Let T ∼ QSBS(α, Q; H) and g(U ) be a RV as in (1) with finite moments of
all order. Then, the k-th moment of T has the following form:

E[T k] =
(
4Q

γ 2
α

)k k∑

l=0

(
2k

2l

) l∑

j=0

(
l

j

)
ωk+ j−l

(α

2

)2(k+ j−l)
,

where ωr = E[gr (U )] denotes the r-th moment of g(U ).

Another way to obtain the expression of the above proposition is to consider f (t) = tk

in (6) and by using Proposition 3 and Formula (2.18) of Leiva (2016).
The following two results prove that the QSBS distribution belongs to the family of scale

and reciprocal invariant distributions:

Proposition 6 Let T ∼ QSBS(α, Q; H). Then, cT ∼ QSBS(α, cQ; H) with c > 0.

Proof It is simple to see that a(t/c;α, Q) = a(t;α, cQ). Then, by using (5), we have
P(cT � t)= �SMN(a(t/c;α, Q)) = �SMN(a(t;α, cQ)) because c > 0. This guarantees
the result. 
�
Proposition 7 Let T ∼ QSBS(α, Q; H). Then, 1/T ∼ QSBS(α, γ 4

α /16Q; H).

Proof A simple observation shows that a(1/t;α, Q) = −a(t;α, γ 4
α /16Q). Then, by using

(5) together with the identity φSMN(−y) = 1 − φSMN(y), we get P(1/T � t) =
1 − �SMN(a(1/t;α, Q)) = 1 − �SMN(−a(t;α, γ 4

α /16Q)) = �SMN(a(t;α, γ 4
α /16Q)).

Hence, the proof follows. 
�
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From Proposition 7, we get the following formula for the negative moments of the QSBS
distribution:

Proposition 8 Let T ∼ QSBS(α, Q; H) and g(U ) be a RV as in (1) with finite moments of
all order. Then, the k-th negative moment of T has the following form:

E[T−k] =
(

γ 2
α

4Q

)k k∑

l=0

(
2k

2l

) l∑

j=0

(
l

j

)
ωk+ j−l

(α

2

)2(k+ j−l)
,

where ωr = E[gr (U )] denotes the r-th moment of g(U ).

By using Proposition 5, if T ∼ QSBS(α, Q; H), then the expectation, variance and
coefficients of variation (CV), skewness (CS) and kurtosis (CK) are given, respectively, by

E[T ] = 2Q

γ 2
α

(
2 + ω1α

2), Var[T ] = 4Q2α2

γ 4
α

[
ω1 + (2ω2 − ω2

1)α
2] ,

CV[T ] =
α

√
4ω1 + (2ω2 − ω2

1)α
2

2 + ω1α2 ,

CS[T ] = 4α[3(ω2 − ω2
1) + (2ω3 − 3ω1ω2 + ω3

1)α
2/2]

[4ω1 + (2ω2 − ω2
1)α

2]3/2 ,

CK[T ] = 16ω2 + (32ω3 − 48ω1ω2 + 24ω3
1)α

2 + (8ω4 − 16ω1ω3 + 12ω2
1ω2 − ω4

1)α
4

[4ω1 + (2ω2 − ω2
1)α

2]2 ,

where ωr = E[gr (U )] denotes the r -th moment of g(U ).

2.3 Special cases of the QSBS distribution

In this section, we present some particular cases of the QSBS family of distributions, i.e.,
QSBS models based on the contaminated-normal, slash, and Student-t distributions.

Let T ∼ QSBS(α, Q; H), where H is the CDF of the variable U , whose PDF (or prob-
ability mass function) is defined as hU . By using (2) and by considering g(u) = 1/u, for
determined functions hU , the following formulas (Table 1) for the PDF φSMN are obtained.
In Table 1, δi j denotes the delta de Kronecker, 1A is the indicator function of an event A,
φ(·) is the standard normal PDF and 
(·) is the complete gamma function. For the rest of
this paper, we consider g(u) = 1/u.

2.3.1 Quantile contaminated-normal BS distribution

Let T ∼ QSBS(α, Q; H) and hU be as given in Table 1 . By using (5) and φSMN in Table
1, it follows that the PDF of T can be expressed as (for t > 0)

fT (t) =
[

ν
√

δφ

( √
δ

αγα

√
4Q

t

(
γ 2
α t

4Q
− 1

))

+ (1 − ν)φ

(
1

αγα

√
4Q

t

(
γ 2
α t

4Q
− 1

))]

× 1

αγα

√
4Qt

(
γ 2
α

2
+ 2Q

t

)
.

Let us denote T ∼ CN-BS(α, Q, ν) with ν = (ν, δ). The PDF of the conditional distribution
of U |T = t is given by

hU |T (u|t) = ν p(t, u)δuδ + (1 − ν)p(t, u)δu1,
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such that we obtain p(t, u) by calculating

p(t, u) =
√
u exp

(
−u 2Q

tα2γ 2
α

(
γ 2
α t
4Q − 1

)2)

ν
√

δ exp

(
−δ

2Q
tα2γ 2

α

(
γ 2
α t
4Q − 1

)2)+ (1 − ν) exp

(
− 2Q

tα2γ 2
α

(
γ 2
α t
4Q − 1

)2) .

Then, the conditional expectation of U |T = t can be written as

E[U |T = t] =
1 − ν + νδ3/2 exp

(
(1 − δ)

2Q
tα2γ 2

α

(
γ 2
α t
4Q − 1

)2)

1 − ν + ν
√

δ exp

(
(1 − δ)

2Q
tα2γ 2

α

(
γ 2
α t
4Q − 1

)2) . (7)

2.3.2 Quantile slash-BS distribution

Let T ∼ QSBS(α, Q; H) and hU be as given in Table 1, meaning that U ∼ Beta(ν, 1).
From (5) and φSMN in Table 1, we can write the PDF of T as

fT (t) =
[

ν

∫ 1

0
uν−1φ

(
1

αγα

√
4Q

t

(
γ 2
α t

4Q
− 1

)
; 0, 1

u

)

du

]
1

αγα

√
4Qt

(
γ 2
α

2
+ 2Q

t

)
.

t > 0.

In this case, the notation T ∼ SL-BS(α, Q, ν) is used. Note that

U |T = t ∼ Gama

(
1

2
+ ν,

2Q

tα2γ 2
α

(
γ 2
α t

4Q
− 1

)2)

,

truncated to the interval [0, 1]. We can then obtain the conditional expectation as

E[U |T = t] =
⎡

⎢
⎣

1 + 2ν

4Q
tα2γ 2

α

(
γ 2
α t
4Q − 1

)2

⎤

⎥
⎦

P1

(
3
2 + ν,

2Q
tα2γ 2

α

(
γ 2
α t
4Q − 1

)2)

P1

(
1
2 + ν,

2Q
tα2γ 2

α

(
γ 2
α t
4Q − 1

)2) , (8)

where Px (a, b) is the gamma CDF evaluated at x and with parameters a and b.

2.3.3 Quantile Student-t BS distribution

Let T ∼ QSBS(α, Q; H) and hU be as given in Table 1, meaning that U ∼
Gamma(ν/2, ν/2). Then, based on (5) and φSMN in Table 1, we obtain the PDF of T
as

fT (t) = 
(ν+1
2 )√

π
√

ν
( ν
2 )

[

1 + 4Q

νtα2γ 2
α

(
γ 2
α t

4Q
− 1

)2]− ν+1
2 1

αγα

√
4Qt

(
γ 2
α

2
+ 2Q

t

)
, t > 0,

with notation T ∼ tν- BS(α, Q, ν). In this case, we have

U |T = t ∼ Gamma

(
ν + 1

2
,
ν

2
+ 2Q

tα2γ 2
α

(
γ 2
α t

4Q
− 1

)2)

,
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and

E[U |T = t] = ν + 1

ν + 4Q
tα2γ 2

α

(
γ 2
α t
4Q − 1

)2 . (9)

Figure 1 displays different shapes of the special cases of theQSBSdistribution.Weobserve
that as q increases, the curves become flatter. We also observe that larger the value of α, the
heavier the tail of the distribution is.

3 QSBS quantile regressionmodel

3.1 Model and EM algorithm

Let T = (T1, T2, . . . , Tn)� be a random sample of size n, where Ti ∼ QSBS(α, Qi ; H), for
i = 1, 2, . . . , n, and let t = (t1, t2, . . . , tn)� denote the corresponding realization of T . We
propose a QSBS quantile regression model with structure for Qi expressed as

h(Qi ) = ηi = x�
i β, i = 1, 2, . . . , n,

where h : R+ → R
+ is a strictly monotonic, positive and at least twice differentiable link

function, Qi = h−1(x�
i β), x�

i = (1, xi1, . . . , xip) is the vector of covariates (fixed and
known), and β = (β0, β1, . . . , βp)

� is the corresponding vector of regression coefficients.
Under some restrictions on the columns of the covariate matrix (xi j )(n+1)×p with x0 j = 1,

j = 1, . . . , p, the following result shows that the proposed QSBS regression model is
identifiable. This result is fundamental because it excludes the possibility of having multiple
estimators of the unknown parameters which best fit the observed data for the parametric
model. If no restrictions are imposed on the covariate matrix, the model loses the property of
identifiability. The lack of this propertymay be eliminated under certain technical restrictions
(see, e.g. Rothenberg 1971) or through reparametrization.

Proposition 9 If the n-dimensional vectors v0 = (1, 1, . . . , 1)�, v1 = (x11, x21, . . . , xn1)�,
v2 = (x12, x22, . . . , xn2)�, . . ., v p = (x1p, x2p, . . . , xnp)� are linearly independent, then
the function

(α,β)� �−→ FTi (t) ≡ FTi (t;α,β), ∀t > 0, i = 1, 2, . . . , n,

is one-one.

Proof Let (α,β)� and (α′,β ′)� be two parameter vectors such that FTi (t;α,β) =
FTi (t;α′,β ′), i = 1, 2, . . . , n. In what follows we verify that (α,β)� = (α′,β ′)�.

Indeed, from (5), we have

FTi (t;α,β) = �SMN(a(t;α, Qi )) = �SMN(a(t;α′, Q′
i )) = FTi (t;α′,β ′), ∀t > 0,

with Qi = h−1(x�
i β), Q′

i = h−1(x�
i β ′), a(t;α, Qi ) = (√t/(4Qi/γ 2

α )−√(4Qi/γ 2
α )/t

)
/α

and a(t;α′, Q′
i ) = (

√
t/(4Q′

i/γ
2
α′) −

√
(4Q′

i/γ
2
α′)/t

)
/α′, i = 1, 2, . . . , n. As �SMN(·) is a

strictly increasing function, it is one-one. Hence,

1

α

⎛

⎝
√

t

(4Qi/γ 2
α )

−
√

(4Qi/γ 2
α )

t

⎞

⎠ = 1

α′

⎛

⎝
√

t

(4Q′
i/γ

2
α′)

−
√

(4Q′
i/γ

2
α′)

t

⎞

⎠ , ∀t > 0.

(10)

123



80 Page 10 of 48 A. Dasilva et al.

Fig. 1 PDFs for some QSBS family members considering different values of α, Q and q = 0.25, 0.5, 0.75,
and for the SL-BS and CN-BS models, with ν = 2, 2, (0.2, 0.2), respectively
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By taking t = 4Q′
i/γ

2
α′ in the above identity, we get

1

α

⎛

⎝

√
(4Q′

i/γ
2
α′)

(4Qi/γ 2
α )

−
√

(4Qi/γ 2
α )

(4Q′
i/γ

2
α′)

⎞

⎠ = 0 ⇐⇒ 4Qi/γ
2
α = 4Q′

i/γ
2
α′ , i = 1, 2, . . . , n.

Substituting the identity 4Qi/γ
2
α = 4Q′

i/γ
2
α′ into (10) and using the fact that a(t;α, Qi )

and a(t;α′, Q′
i ) are positive, we have α = α′, and therefore, Qi = Q′

i . Consequently,
h(Qi ) = x�

i β = x�
i β ′ = h(Q′

i ), i = 1, 2, . . . , n, or equivalently,

β0 +
p∑

j=1

xi jβ j = β ′
0 +

p∑

j=1

xi jβ
′
j , i = 1, 2, . . . , n.

The above identity can be written in vector form as follows

(β0 − β ′
0)v0 + (β1 − β ′

1)v1 + (β2 − β ′
2)v2 + (βp − β ′

p)v p = 0,

where0 = (0, 0, . . . , 0)� is then-dimensional zerovector. Since thevectorsv0, v1, v2, . . . , v p

are linearly independent, from the last identity we obtain β j = β ′
j , for j = 0, 1, 2, . . . , p.

This completes the proof. 
�
We can implement the EM algorithm (Dempster et al. (1977)) to obtain the ML estimate

of θ = (α,β)�. The parameter ν that indexes the PDF of U , denoted by hU (·), will
be estimated using the profile log-likelihood. Specifically, let t = (t1, . . . , tn)� and u =
(u1, . . . , un)� be the observed and missing data, respectively, with T = (T1, T2, . . . , Tn)�
and U = (U1,U2, . . . ,Un)

� being their corresponding random vectors. Thus, the complete
data vector is written as yc = (t�, u�)�. From Proposition 3,

Ti |Ui = ui
ind.∼ QBS(αu, Qi ),

Ui
ind.∼ hU (ui ), i = 1, 2, . . . , n,

where QBS denotes the BS distribution reparameterized by the quantile proposed by Sánchez
et al. (2020) and αu = √

g(u)α. The complete data log-likelihood function for the QSBS
quantile regression model associated with yc = (t�, u�)� is given by

�c(θ; tc) ∝ −n log(αγα) − 1

2

n∑

i=1

log(Qi ) +
n∑

i=1

log

(
γ 2
α

2
+ 2Qi

ti

)

− 2

(αγα)2

n∑

i=1

1

g(ui )

Qi

ti

(
γ 2
α ti
4Qi

− 1

)2
. (11)

By taking the expected value of the complete data log-likelihood function in (11), conditional
on U = u, and letting ûi = E[1/g(Ui )|Ti = ti ;̂θ ], i = 1, 2, . . . , n, which we obtain from
(7), (8) and (9), we have

Q(θ;̂θ) ∝ −n log(αγα) − 1

2

n∑

i=1

log(Qi ) +
n∑

i=1

log
(
γ 2
α ti + 4Qi

)

− 2

(αγα)2

n∑

i=1

ûi
Qi

ti

(
γ 2
α ti
4Qi

− 1

)2
. (12)
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Then, the steps to obtain the ML estimates of θ = (α,β)� via the EM algorithm are given
by
E-Step. Compute ûi , given θ = ̂θ , for i = 1, 2, . . . , n.
M-Step. Update ̂θ by maximizing Q(θ;̂θ) with respect to θ .

The maximization in M-Step can be performed by taking the derivative of Equation (12)
with respect to θ = (α, β0, . . . , βp) and then equating it to zero, thereby providing the
likelihood equations. The partial derivatives of (12) with respect to θ are given by

∂Q(θ;̂θ)

∂α
= −n

(
γα + αγ ′

α

αγα

)
+ 2γαγ ′

α

n∑

i=1

ti
γ 2
α ti + 4Qi

+ 1

α3

n∑

i=1

ûi

[
γ 2
α ti
4Qi

+ 4Qi

γ 2
α ti

− 2

]

− 1

α2

n∑

i=1

ûi

[
γαγ ′

αti
4Qi

− 4Qiγ
′
α

γ 3
α ti

]
, (13)

∂Q(θ;̂θ)

∂β j
=

n∑

i=1

{[

− 1

2Qi
+ 4

γ 2
α ti + 4Qi

− ûi
α2

(

− γ 2
α ti

8Q2
i

+ 2

γ 2
α ti

)](
∂Qi

∂ηi

)(
∂ηi

∂β j

)}

,

(14)

for j = 0, 1, . . . , p, where γ ′
α = yq + αy2q/

√
(αyq)2 + 4 is the first derivative of γα with

respect to α. The system of equations are solved using the BFGS quasi-Newton method; see
Jamshidian and Jennrich (1997); McLachlan and Krishnan (2007). The convergence of the

EM algorithm can be established using the following stopping criterion: |Q(θ (r+1);̂θ (r)
) −

Q(θ (r);̂θ (r)
)| < ε, where ε is a prespecified tolerance level; see McLachlan and Krishnan

(2007). Starting values are required to initiate the EMprocedure, namely, α̂(0), β̂
(0)
0 , . . . , β̂

(0)
p .

These can be obtained from the work of Rieck and Nedelman (1991).
A disadvantage of the EM algorithm in relation to Newton-type methods is that we cannot

obtain the estimates of the standard errors directly through the Fisher information matrix.
There are several approaches proposed to obtain the standard errors ofML estimators; see, for
example, Baker (1992), Oakes (1999) and Louis (1982), among others. The approach devel-
oped by Louis (1982) is based on the missing information principle. In this method, the score
function of the incomplete data log-likelihood function is related to the conditional expec-
tation of the complete data log-likelihood function as follows: So( y; θ) = E[∂�c(θ; t)/∂θ ],
where So( y; θ) = ∂�o(θ; t)/∂θ and Sc( y; θ) = ∂�c(θ; t)/∂θ are the score functions of the
incomplete data and complete data, respectively. Meilijson (1989) presents a definition of
the empirical information matrix as follows:

Ie(θ; t) =
n∑

i=1

s(ti ; θ)s�(ti ; θ) − 1

n
S(t; θ)S�(t; θ),

such that S(t; θ) = ∑n
i=1 s(ti , θ) and s(ti , θ) is called the empirical score function of the

i-th observation, i = 1, 2, . . . , n. Replacing θ with its respective ML estimates ̂θ , we obtain
S(t;̂θ) = 0. Then, the empirical information matrix is given by

Ie(̂θ; t) =
n∑

i=1

s(ti ;̂θ)(r)s�(ti ;̂θ)(r),
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where s(ti ;̂θ)(r) is the empirical score function obtained in the r -th iteration using the EM
algorithm, that is,

s(ti ;̂θ)(r) = E[s(ti , u(r)
i ; θ (r))|ti ],

where u(r)
i is the latent variable obtained in the r -th iteration with conditional distribution

hU |T (ui |ti ) and the partial derivatives of the complete data log-likelihood function in relation
to α and β are given, respectively, by (13) and (14).

By the method of Louis (1982), an approximation to the observed information matrix
observed at the r -th iteration can be obtained as Ie(̂θ; t)(r) = ∑n

i=1 s(ti ;̂θ)(r)s�(ti ;̂θ)(r).
Therefore, an approximation of the variance-covariance matrix is obtained by inverting the
empirical Fisher information matrix Ie(̂θ; t)(r) after convergence.

We estimate the extra parameter ν (or extra parameter vector ν) by using the profile log-
likelihood approach. First, we compute the ML estimate of θ by using the EM algorithm, for
each ν ∈ {a, . . . , b}, where a and b are predefined limits, then the final estimate of ν is the
one that maximizes the log-likelihood function and the associated estimate of θ is then the
final one; see Saulo et al. (2021). The extra parameter is estimated through the profile log-
likelihood approach because it provides robustness to outlying observations under Student-t
models. According to Lucas (1997), the robustness only holds if the degree of freedom is fixed
rather than directly estimated in the maximization of the log-likelihood function. Moreover,
some difficulties in computing the extra parameter can be found in other models.

3.2 Residual analysis

Residuals are important tools to assess goodness-of-fit and departures from the assumptions of
the postulatedmodel. In particular, the generalizedCox-Snell (GCS) and randomized quantile
(RQ) residuals are widely used for these purposes; see Lee and Wang (2003), Dasilva et al.
(2020) and Saulo et al. (2022). The GCS and RQ residuals are respectively given by

r̂GCSi = − log[1 − �̂SMN(a(t))]
and

r̂RQi = �−1[�SMN(a(t))],
for i = 1, 2, . . . , n, where �̂SMN(a(t)) is the CDF of T ∼ QSBS(̂α, ̂β, ν) fitted to the data,
and �(·)−1 is the standard normal quantile function. These residuals asymptotically follow
a standard exponential distribution and a standard normal distribution, respectively, under
correct model specification. For both residuals, the distributional assumption can be verified
using graphical techniques, hypothesis tests and descriptive statistics.

3.3 Hypothesis testing

We consider here the Wald, score, likelihood ratio and gradient statistical tests for the QSBS
quantile regression model; see Terrell (2002) and Saulo et al. (2022, 2021). Consider θ to be
a p-dimensional vector of parameters that index a QSBS quantile regression model. Assume
our interest lies in testing the hypothesis H0 : θ1 = θ

(0)
1 against H1 : θ1 �= θ

(0)
1 , where

θ = (θ�
1 , θ�

2 )�, θ1 is a r × 1 vector of parameters of interest and θ2 is a (p − r) × 1 vector
of nuisance parameters. Then, the Wald (W), score (R), likelihood ratio (LR) and gradient
(T) statistics are given, respectively, by

123



80 Page 14 of 48 A. Dasilva et al.

SW = (̂θ − θ̃)�J (̂θ)(̂θ − θ̃),

SR = S(̃θ)�J (̃θ)−1S(̃θ),

SLR = −2[�(̃θ) − �(̂θ)],
ST = S(̃θ)�(̂θ − θ̃),

where �(·) is the log-likelihood function, S(·) is the score function, J (·) is the Fisher infor-
mation matrix, and θ̂ = (̂θ

�
1 , θ̂

�
2 )� and θ̃ = (θ

(0)�
1 , θ̃

�
2 )� are the unrestricted and restricted

ML estimators of θ , respectively. In particular, we use the EM algorithm to obtain the ML
estimates. The log-likelihood function in the SLR statistic is replaced by the expected value
of the complete data log-likelihood function. Moreover, for the SW , SR and ST statistics, the
score function and Fisher information matrix are approximated using their respective empir-
ical versions presented in Sect. 3.1. In regular cases, we have, underH0 and as n → ∞, the
Wald, score, likelihood ratio and gradient statistical tests converging in distribution to χ2

r .
We then reject H0 at nominal level α if the test statistic is larger than χ2

1−α,r , the upper α

quantile of the χ2
r distribution.

4 Monte Carlo simulation

In this section, the results from two Monte Carlo simulation studies are presented. In the
first study, we evaluate the performances of the EM algorithm for ML estimation and
residuals. In the second study, we evaluate the performances of the aforementioned sta-
tistical tests. The simulations were performed using the R software; see R Core Team
(2020). The simulation scenario considers sample size n = {50, 100, 200} and quantiles
q ∈ {0.10, 0.25, 0.50, 0.75, 0.90} (or subset), with a logarithmic link function for Qi , and
5,000 Monte Carlo replications.

4.1 ML estimation andmodel selection

In this study, the data generation model includes two covariates and is given by

log(Qi ) = β0 + β1x1i + β2x2i , i = 1, . . . , n, (15)

where x1 and x2 are covariates obtained from a uniform distribution in the interval (0,1), β0 =
2.5, β1 = 3 and β2 = 0.9. Moreover, the simulation scenario considers shape parameters
α = 0.2, 0.5, 1.0 and extra parameters ν = (0.1, 0.3) (CN-BS), ν = 4 (SL-BS) and ν = 11
(tν-BS). The response observations, t1, . . . , tn , are then generated by using (4) and (15).

We evaluate the performance of the EM algorithm for obtaining the ML estimates using
the bias, mean square error (MSE), average width (AW) and coverage probability (CP) of
95% asymptotic confidence interval. TheMonte Carlo estimates of these quantities are given,
respectively, by

Bias(ϕ̂) = 1

M

M∑

r=1

(ϕ̂(r) − ϕ),

MSE(ϕ̂) = 1

M

M∑

r=1

(ϕ̂(r) − ϕ)2,
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CP(ϕ̂) = 1

M

M∑

r=1

I (ϕ ∈ [ϕ̂(r)
L , ϕ̂

(r)
U ]),

AW(ϕ̂) = 1

M

M∑

r=1

|ϕ̂(r)
U − ϕ̂

(r)
L |,

where M is the number of Monte Carlo replications, ϕ is the true parameter, ϕ̂(r) is the r -th
ML estimate of ϕ, and I (·) is an indicator function of ϕ belonging to the r -th asymptotic
interval [ϕ̂(r)

L , ϕ̂
(r)
U ] with ϕ̂

(r)
L and ϕ̂

(r)
U denoting the lower and upper bounds, respectively.

In addition to analyzing the performance of the EMalgorithm, thisMonteCarlo simulation
study also investigates the empirical distribution of the GCS and RQ residuals, which are
assessed by the empirical mean (MN), median (MD), standard deviation (SD), coefficient of
skewness (CS) and coefficient of (excess) kurtosis (CK).

Tables 2 and 3 report the empirical bias, MSE, AW and CP for the quantile regression
models based on the SL-BS distributions (due to space limitations we do not present the CN-
BS and tν-BS results). A look at the results in Tables 2 and 3 allows us to conclude that as the
sample size increases the bias, MSE andAWboth decreases, as one would expect. Moreover,
these quantities increase as α increases. Finally, the CP approaches the 95% nominal level
as the sample size increases.

Tables 4 and 5 report the empirical bias, MSE, AW, and CP for the quantile regression
models based on the Weibull distribution reparametrized in terms of a quantile parameter,
such that this reparameterization has α and Q parameters, where α is the shape parameter and
Q is the parameter related to the quantile; see (Sánchez et al. 2021). The simulated data was
generated considering the SL-BS distribution for the same parameter values used in Tables
2 and 3. From Tables 4 and 5, we conclude that as the sample size increases the bias, MSE
and AW both decrease. Nevertheless, the α̂ empirical bias and MSE are very high, and the
PC is not close to the 95% nominal level in any of the parameters, considering all the sample
sizes analyzed. Finally, the results associated with the SL-BS distributions (Tables 2 and 3)
are better compared to those of the Weibull quantile regression model, as expected.

Tables 6 and 7 present the empirical MN, MD, SD, CS and CK. Note that these values
are expected to be 1, 0.69, 1, 2 and 6, respectively, for the GCS residuals, and 0, 0, 1, 0
and 0, respectively, for the RQ residuals. From Tables 6 and 7, note that for the CN-BS and
tν-BS cases, as the sample size increases the values of the empirical MN, MD, SD, CS and
CK approaches these values of the reference EXP(1) and N(0,1) distributions. Therefore,
the GCS and RQ residuals conform well with the reference distributions for the CN-BS and
tν-BS cases. Nevertheless, in the results of the SL-BS model the considered residuals do not
conform well with the reference distributions.

4.2 Hypothesis tests

We now present Monte Carlo simulation studies to evaluate the performances of the Wald,
score, likelihood ratio and gradient tests. We considered two measures: null rejection rate
(size) and non-null rejection rate (power). The data generating model has three covariates
and is given by

log(Qi ) = β0 + β1x1i + β2x2i + β3x3i , i = 1, 2, . . . , n,

where the values of the coefficients β j , j = 0, 1, . . . , 3, not fixed in H0 are all equal to
1. The covariate values were obtained as U(0,1) random draws. The interest lies in testing

123



80 Page 16 of 48 A. Dasilva et al.

Ta
bl
e
2

E
m
pi
ri
ca
lb

ia
s,
M
SE

,A
W

an
d
C
P
fr
om

si
m
ul
at
ed

da
ta
fo
r
th
e
in
di
ca
te
d
M
L
es
tim

at
es

of
th
e
SL

-B
S
qu

an
til
e
re
gr
es
si
on

m
od

el
(ν

=
4)

α
q

n
=

50
n

=
10

0
n

=
20

0

B
ia
s

M
SE

C
P

A
W

B
ia
s

M
SE

C
P

A
W

B
ia
s

M
SE

C
P

A
W

0.
2

0.
1

α̂
−0

.0
06

5
0.
00

05
0.
92

60
0.
08

86
−0

.0
03

5
0.
00

02
0.
93

66
0.
06

05
−0

.0
01

6
0.
00

01
0.
94

72
0.
04

21

β̂
0

0.
00

78
0.
00

99
0.
95

12
0.
41

35
0.
00

45
0.
00

39
0.
94

80
0.
24

85
0.
00

23
0.
00

22
0.
95

24
0.
18

93

β̂
1

0.
00

24
0.
01

11
0.
95

10
0.
43

25
−0

.0
00

5
0.
00

58
0.
95

06
0.
30

71
0.
00

04
0.
00

34
0.
95

24
0.
23

07

β̂
2

0.
00

06
0.
01

67
0.
95

78
0.
53

83
0.
00

10
0.
00

67
0.
95

20
0.
32

92
−0

.0
00

1
0.
00

31
0.
95

36
0.
22

15

0.
25

α̂
−0

.0
06

3
0.
00

05
0.
95

36
0.
08

84
−0

.0
03

5
0.
00

02
0.
95

02
0.
06

05
−0

.0
01

6
0.
00

01
0.
94

60
0.
04

21

β̂
0

0.
00

35
0.
00

67
0.
92

58
0.
34

97
0.
00

41
0.
00

51
0.
93

38
0.
23

74
0.
00

07
0.
00

18
0.
94

52
0.
18

31

β̂
1

0.
00

10
0.
01

05
0.
94

78
0.
51

02
−0

.0
01

4
0.
00

67
0.
94

72
0.
30

71
−0

.0
00

3
0.
00

33
0.
94

48
0.
24

67

β̂
2

0.
00

08
0.
01

31
0.
95

16
0.
43

62
−0

.0
01

5
0.
00

61
0.
94

62
0.
32

92
0.
00

08
0.
00

31
0.
95

04
0.
22

23

0.
5

α̂
−0

.0
07

2
0.
00

05
0.
95

42
0.
08

86
−0

.0
03

3
0.
00

02
0.
94

98
0.
06

05
−0

.0
01

9
0.
00

01
0.
95

30
0.
04

21

β̂
0

−0
.0
01

3
0.
00

67
0.
91

98
0.
39

35
−0

.0
00

6
0.
00

37
0.
93

82
0.
23

31
−0

.0
00

3
0.
00

23
0.
94

22
0.
18

03

β̂
1

0.
00

35
0.
01

18
0.
94

56
0.
43

25
0.
00

16
0.
00

67
0.
95

00
0.
30

71
−0

.0
00

1
0.
00

37
0.
95

06
0.
24

67

β̂
2

−0
.0
00

1
0.
01

17
0.
94

68
0.
53

83
0.
00

00
0.
00

68
0.
95

16
0.
32

92
0.
00

08
0.
00

33
0.
94

72
0.
22

23

0.
75

α̂
−0

.0
07

1
0.
00

05
0.
94

70
0.
08

86
−0

.0
03

6
0.
00

02
0.
95

22
0.
06

05
−0

.0
01

7
0.
00

01
0.
95

40
0.
04

21

β̂
0

−0
.0
04

1
0.
01

07
0.
92

12
0.
39

93
−0

.0
03

8
0.
00

33
0.
93

16
0.
23

77
−0

.0
01

3
0.
00

18
0.
94

18
0.
18

32

β̂
1

−0
.0
01

7
0.
01

76
0.
94

96
0.
43

25
0.
00

03
0.
00

64
0.
94

70
0.
30

71
−0

.0
00

2
0.
00

31
0.
95

22
0.
24

67

β̂
2

−0
.0
02

0
0.
01

40
0.
94

98
0.
53

83
0.
00

05
0.
00

67
0.
94

86
0.
32

92
−0

.0
00

6
0.
00

31
0.
95

54
0.
22

23

0.
9

α̂
−0

.0
06

5
0.
00

05
0.
92

60
0.
08

86
−0

.0
03

5
0.
00

02
0.
93

66
0.
06

05
−0

.0
01

6
0.
00

01
0.
94

74
0.
04

21

β̂
0

−0
.0
10

9
0.
00

99
0.
95

02
0.
41

38
−0

.0
05

7
0.
00

39
0.
94

70
0.
24

90
−0

.0
01

7
0.
00

23
0.
94

92
0.
19

04

β̂
1

0.
00

24
0.
01

11
0.
95

10
0.
43

25
−0

.0
00

6
0.
00

58
0.
95

06
0.
30

71
0.
00

05
0.
00

39
0.
95

28
0.
24

67

β̂
2

0.
00

06
0.
01

67
0.
95

78
0.
53

83
0.
00

10
0.
00

67
0.
95

20
0.
32

92
−0

.0
01

2
0.
00

31
0.
95

42
0.
22

23

123



Scale-mixture Birnbaum-Saunders quantile... Page 17 of 48 80

Ta
bl
e
2

co
nt
in
ue
d

α
q

n
=

50
n

=
10

0
n

=
20

0

B
ia
s

M
SE

C
P

A
W

B
ia
s

M
SE

C
P

A
W

B
ia
s

M
SE

C
P

A
W

0.
5

0.
1

α̂
−0

.0
16

8
0.
00

30
0.
92

64
0.
22

34
−0

.0
09

1
0.
00

14
0.
93

74
0.
15

22
−0

.0
04

0
0.
00

07
0.
94

78
0.
10

57

β̂
0

0.
01

96
0.
05

82
0.
95

34
1.
01

84
0.
01

10
0.
02

27
0.
95

02
0.
60

65
0.
00

69
0.
01

34
0.
95

10
0.
46

28

β̂
1

0.
00

61
0.
06

56
0.
95

50
1.
06

71
−0

.0
01

0
0.
03

42
0.
95

14
0.
75

23
0.
00

15
0.
02

28
0.
95

40
0.
60

19

β̂
2

0.
00

13
0.
09

86
0.
96

06
1.
33

03
0.
00

26
0.
03

96
0.
95

30
0.
80

63
−0

.0
03

0
0.
01

82
0.
95

60
0.
54

24

0.
25

α̂
−0

.0
18

0
0.
00

31
0.
94

86
0.
22

34
−0

.0
09

6
0.
00

15
0.
95

14
0.
15

22
−0

.0
04

4
0.
00

07
0.
95

04
0.
10

57

β̂
0

0.
01

58
0.
04

21
0.
92

44
0.
98

57
0.
00

74
0.
02

28
0.
93

46
0.
58

12
0.
00

39
0.
01

08
0.
93

92
0.
44

68

β̂
1

−0
.0
06

8
0.
06

47
0.
94

04
1.
06

71
0.
00

12
0.
03

27
0.
94

64
0.
75

23
−0

.0
00

7
0.
01

78
0.
95

06
0.
60

19

β̂
2

0.
00

34
0.
07

34
0.
95

68
1.
33

03
0.
00

01
0.
03

82
0.
94

94
0.
80

63
0.
00

12
0.
01

93
0.
94

84
0.
54

24

0.
5

α̂
−0

.0
18

3
0.
00

31
0.
95

38
0.
22

34
−0

.0
08

3
0.
00

15
0.
95

08
0.
15

22
−0

.0
04

3
0.
00

07
0.
95

52
0.
10

57

β̂
0

−0
.0
01

3
0.
04

59
0.
91

70
0.
97

17
0.
00

04
0.
02

82
0.
93

56
0.
57

05
0.
00

04
0.
01

19
0.
93

54
0.
43

99

β̂
1

−0
.0
00

6
0.
08

13
0.
95

06
1.
06

71
−0

.0
00

9
0.
03

83
0.
95

30
0.
75

23
−0

.0
00

4
0.
02

08
0.
95

20
0.
60

19

β̂
2

−0
.0
01

5
0.
06

49
0.
94

92
1.
33

03
0.
00

02
0.
04

27
0.
95

48
0.
80

63
−0

.0
00

1
0.
01

80
0.
94

46
0.
54

24

0.
75

α̂
−0

.0
18

2
0.
00

30
0.
94

60
0.
22

34
−0

.0
08

7
0.
00

14
0.
95

08
0.
15

22
−0

.0
04

9
0.
00

07
0.
95

16
0.
10

57

β̂
0

−0
.0
12

2
0.
06

71
0.
92

64
0.
98

60
−0

.0
07

5
0.
02

64
0.
93

78
0.
58

20
−0

.0
04

8
0.
01

08
0.
94

32
0.
44

70

β̂
1

0.
00

09
0.
08

93
0.
94

42
1.
06

71
0.
00

06
0.
04

56
0.
95

14
0.
75

23
−0

.0
01

5
0.
01

64
0.
95

22
0.
60

19

β̂
2

−0
.0
04

7
0.
07

67
0.
95

04
1.
33

03
0.
00

30
0.
03

53
0.
94

66
0.
80

63
0.
00

29
0.
01

90
0.
94

84
0.
54

24

0.
9

α̂
−0

.0
16

8
0.
00

30
0.
92

64
0.
22

34
−0

.0
09

1
0.
00

14
0.
93

74
0.
15

22
−0

.0
04

0
0.
00

07
0.
94

78
0.
10

57

β̂
0

−0
.0
27

4
0.
05

83
0.
95

04
1.
01

89
−0

.0
14

4
0.
02

31
0.
94

56
0.
60

78
−0

.0
04

4
0.
01

34
0.
94

96
0.
46

32

β̂
1

0.
00

61
0.
06

56
0.
95

50
1.
06

71
−0

.0
01

0
0.
03

42
0.
95

14
0.
75

23
0.
00

15
0.
02

28
0.
95

40
0.
60

19

β̂
2

0.
00

13
0.
09

86
0.
96

06
1.
33

03
0.
00

26
0.
03

96
0.
95

30
0.
80

63
−0

.0
03

0
0.
01

82
0.
95

60
0.
54

24

123



80 Page 18 of 48 A. Dasilva et al.

Ta
bl
e
3

E
m
pi
ri
ca
lb

ia
s,
M
SE

,A
W

an
d
C
P
fr
om

si
m
ul
at
ed

da
ta
fo
r
th
e
in
di
ca
te
d
M
L
es
tim

at
es

of
th
e
SL

-B
S
qu

an
til
e
re
gr
es
si
on

m
od

el
(ν

=
4)
.(
co
nt
in
ue
d)

α
q

n
=

50
n

=
10

0
n

=
20

0

B
ia
s

M
SE

C
P

A
W

B
ia
s

M
SE

C
P

A
W

B
ia
s

M
SE

C
P

A
W

1
0.
1

α̂
−0

.0
35

9
0.
01

22
0.
92

66
0.
45

34
−0

.0
19

4
0.
00

58
0.
93

74
0.
30

73
−0

.0
08

7
0.
00

28
0.
94

76
0.
21

25

β̂
0

0.
03

12
0.
18

63
0.
96

00
1.
91

11
0.
02

00
0.
07

29
0.
95

56
1.
11

91
0.
01

25
0.
04

34
0.
95

30
0.
84

38

β̂
1

0.
00

93
0.
26

66
0.
96

48
2.
27

00
−0

.0
00

3
0.
11

13
0.
95

92
1.
40

24
0.
00

38
0.
07

42
0.
95

60
1.
10

56

β̂
2

0.
01

63
0.
27

48
0.
96

20
2.
31

84
0.
00

53
0.
12

90
0.
95

94
1.
50

24
−0

.0
05

3
0.
05

92
0.
95

76
0.
99

61

0.
25

α̂
−0

.0
41

4
0.
01

27
0.
96

16
0.
45

36
−0

.0
20

6
0.
00

61
0.
95

80
0.
30

73
−0

.0
10

3
0.
00

29
0.
95

30
0.
21

25

β̂
0

0.
02

78
0.
16

08
0.
91

96
1.
89

55
0.
01

20
0.
07

31
0.
92

84
1.
08

15
0.
00

81
0.
03

61
0.
94

42
0.
82

00

β̂
1

0.
00

31
0.
24

56
0.
95

54
2.
04

57
0.
00

35
0.
14

98
0.
95

66
1.
40

24
−0

.0
02

8
0.
06

20
0.
95

24
1.
10

56

β̂
2

0.
00

41
0.
24

23
0.
96

06
2.
56

36
0.
00

39
0.
14

39
0.
95

80
1.
50

24
0.
00

17
0.
06

41
0.
95

36
0.
99

61

0.
5

α̂
−0

.0
37

2
0.
01

29
0.
96

80
0.
45

36
−0

.0
17

7
0.
00

57
0.
95

80
0.
30

73
−0

.0
08

6
0.
00

29
0.
95

36
0.
21

25

β̂
0

−0
.0
05

7
0.
13

61
0.
92

00
1.
86

74
−0

.0
00

2
0.
07

36
0.
93

88
1.
06

00
0.
00

25
0.
03

85
0.
93

94
0.
80

63

β̂
1

−0
.0
08

8
0.
27

54
0.
95

82
2.
04

57
−0

.0
01

3
0.
11

90
0.
95

32
1.
40

24
−0

.0
06

4
0.
05

95
0.
95

24
1.
10

56

β̂
2

0.
01

92
0.
25

26
0.
96

18
2.
56

36
0.
00

37
0.
11

42
0.
95

54
1.
50

24
0.
00

13
0.
06

21
0.
95

28
0.
99

61

0.
75

α̂
−0

.0
39

8
0.
01

30
0.
96

34
0.
45

36
−0

.0
17

0
0.
00

59
0.
95

44
0.
30

73
−0

.0
09

1
0.
00

29
0.
95

28
0.
21

25

β̂
0

−0
.0
28

9
0.
13

68
0.
91

58
1.
89

52
−0

.0
08

8
0.
07

08
0.
93

72
1.
08

29
−0

.0
09

6
0.
03

37
0.
94

46
0.
82

06

β̂
1

−0
.0
06

2
0.
21

56
0.
94

82
2.
04

57
−0

.0
07

6
0.
12

37
0.
95

32
1.
40

24
−0

.0
00

1
0.
05

92
0.
94

92
1.
10

56

β̂
2

0.
00

62
0.
24

86
0.
96

08
2.
56

36
−0

.0
01

9
0.
13

15
0.
95

24
1.
50

24
0.
00

53
0.
05

75
0.
95

42
0.
99

61

0.
9

α̂
−0

.0
37

0
0.
01

22
0.
93

04
0.
45

43
−0

.0
19

4
0.
00

58
0.
93

74
0.
30

73
−0

.0
08

7
0.
00

28
0.
94

76
0.
21

25

β̂
0

−0
.0
50

6
0.
14

11
0.
95

06
1.
60

96
−0

.0
28

0
0.
07

42
0.
95

10
1.
12

14
−0

.0
09

0
0.
04

34
0.
95

26
0.
84

47

β̂
1

−0
.0
02

9
0.
24

86
0.
95

74
2.
15

31
−0

.0
00

3
0.
11

13
0.
95

92
1.
40

24
0.
00

38
0.
07

42
0.
95

60
1.
10

56

β̂
2

0.
01

04
0.
26

01
0.
95

86
2.
19

56
0.
00

53
0.
12

90
0.
95

94
1.
50

24
−0

.0
05

3
0.
05

92
0.
95

76
0.
99

61

123



Scale-mixture Birnbaum-Saunders quantile... Page 19 of 48 80

Ta
bl
e
4

E
m
pi
ri
ca
lb

ia
s,
M
SE

,A
W

an
d
C
P
fr
om

si
m
ul
at
ed

SL
-B
S
da
ta
fo
r
th
e
in
di
ca
te
d
M
L
es
tim

at
es

of
th
e
W
ei
bu
ll
qu
an
til
e
re
gr
es
si
on

m
od
el

α
q

n
=

50
n

=
10

0
n

=
20

0

B
ia
s

M
SE

C
P

A
W

B
ia
s

M
SE

C
P

A
W

B
ia
s

M
SE

C
P

A
W

0.
2

0.
1

α̂
4.
58

34
21

.4
56

5
0.
00

00
1.
97

62
4.
36

89
19

.3
17

3
0.
00

00
1.
30

57
4.
22

96
18

.0
19

1
0.
00

00
0.
88

02

β̂
0

−0
.0
76

8
0.
01

90
0.
85

68
0.
38

98
−0

.0
95

4
0.
01

66
0.
72

50
0.
28

48
−0

.1
06

9
0.
01

64
0.
53

44
0.
21

82

β̂
1

−0
.0
01

3
0.
02

18
0.
86

24
0.
44

11
0.
00

03
0.
01

00
0.
86

96
0.
29

78
0.
00

13
0.
00

75
0.
84

54
0.
24

56

β̂
2

−0
.0
02

9
0.
02

26
0.
86

74
0.
46

42
−0

.0
00

4
0.
01

16
0.
85

96
0.
31

92
−0

.0
01

6
0.
00

59
0.
85

26
0.
22

13

0.
25

α̂
4.
58

95
21

.5
11

9
0.
00

00
1.
97

79
4.
36

99
19

.3
26

3
0.
00

00
1.
30

55
4.
22

85
18

.0
09

4
0.
00

00
0.
87

92

β̂
0

−0
.0
06

3
0.
01

43
0.
88

74
0.
39

17
−0

.0
11

5
0.
00

60
0.
89

98
0.
25

14
−0

.0
17

1
0.
00

43
0.
86

94
0.
19

61

β̂
1

0.
00

56
0.
01

82
0.
85

30
0.
39

96
−0

.0
00

1
0.
01

01
0.
86

72
0.
29

77
0.
00

14
0.
00

75
0.
85

00
0.
24

57

β̂
2

0.
00

16
0.
02

58
0.
86

92
0.
49

59
0.
00

01
0.
01

15
0.
85

72
0.
31

90
−0

.0
01

6
0.
00

59
0.
85

44
0.
22

14

0.
5

α̂
4.
59

05
21

.5
19

0
0.
00

00
1.
97

71
4.
36

77
19

.3
05

5
0.
00

00
1.
30

45
4.
22

88
18

.0
11

9
0.
00

00
0.
87

92

β̂
0

0.
02

88
8

0.
01

45
0.
86

86
0.
36

89
0.
03

15
0.
00

65
0.
84

88
0.
23

28
0.
03

12
0.
00

47
0.
82

46
0.
18

39

β̂
1

0.
00

56
0.
01

84
0.
85

32
0.
39

96
−0

.0
00

2
0.
01

01
0.
86

36
0.
29

78
0.
00

09
0.
00

75
0.
84

88
0.
24

57

β̂
2

0.
00

18
0.
02

60
0.
86

94
0.
49

59
−0

.0
00

5
0.
01

16
0.
86

38
0.
31

92
−0

.0
01

7
0.
00

59
0.
85

30
0.
22

14

0.
75

α̂
4.
58

69
21

.4
87

3
0.
00

00
1.
97

53
4.
36

79
19

.3
07

9
0.
00

00
1.
30

49
4.
22

93
18

.0
16

0
0.
00

00
0.
87

92

β̂
0

0.
02

42
0.
01

46
0.
86

42
0.
36

20
0.
03

28
0.
00

68
0.
83

46
0.
22

67
0.
03

68
0.
00

53
0.
79

20
0.
17

99

β̂
1

0.
00

59
0.
01

83
0.
85

46
0.
39

98
−0

.0
00

0
0.
01

00
0.
86

80
0.
29

79
0.
00

09
0.
00

75
0.
84

90
0.
24

57

β̂
2

0.
00

18
0.
02

58
0.
86

82
0.
49

62
−0

.0
00

4
0.
01

16
0.
86

20
0.
31

92
−0

.0
01

7
0.
00

59
0.
84

98
0.
22

14

0.
9

α̂
4.
59

20
21

.5
28

2
0.
00

00
1.
97

60
4.
36

84
19

.3
14

3
0.
00

00
1.
30

48
4.
23

00
18

.0
22

9
0.
00

00
0.
87

92

β̂
0

−0
.0
04

4
0.
01

48
0.
85

22
0.
35

85
0.
00

65
0.
00

64
0.
84

16
0.
22

74
0.
01

35
0.
00

45
0.
83

46
0.
18

03

β̂
1

0.
00

48
0.
02

70
0.
86

54
0.
49

93
0.
00

01
0.
01

00
0.
86

44
0.
29

78
0.
00

11
0.
00

75
0.
84

84
0.
24

56

β̂
2

−0
.0
01

4
0.
02

15
0.
84

98
0.
43

21
−0

.0
00

2
0.
01

16
0.
85

74
0.
31

92
−0

.0
01

4
0.
00

58
0.
85

70
0.
22

14

123



80 Page 20 of 48 A. Dasilva et al.

Ta
bl
e
4

co
nt
in
ue
d

α
q

n
=

50
n

=
10

0
n

=
20

0

B
ia
s

M
SE

C
P

A
W

B
ia
s

M
SE

C
P

A
W

B
ia
s

M
SE

C
P

A
W

0.
5

0.
1

α̂
1.
48

67
2.
27

62
0.
00

00
0.
82

30
1.
40

37
2.
00

23
0.
00

00
0.
54

70
1.
35

39
1.
84

97
0.
00

00
0.
37

16

β̂
0

−0
.1
78

9
0.
12

30
0.
86

58
1.
04

13
−0

.2
07

1
0.
08

06
0.
76

40
0.
68

26
−0

.2
29

8
0.
07

70
0.
59

30
0.
52

13

β̂
1

0.
01

33
0.
09

96
0.
86

50
0.
95

91
−0

.0
00

2
0.
05

25
0.
88

02
0.
71

20
0.
00

32
0.
03

77
0.
86

42
0.
58

50

β̂
2

0.
00

35
0.
14

17
0.
87

68
1.
19

05
−0

.0
00

1
0.
06

07
0.
87

38
0.
76

32
−0

.0
03

8
0.
02

98
0.
87

36
0.
52

71

0.
25

α̂
1.
48

70
2.
27

70
0.
00

00
0.
82

23
1.
40

33
2.
00

09
0.
00

00
0.
54

69
1.
35

37
1.
84

91
0.
00

00
0.
37

15

β̂
0

0.
00

01
0.
07

84
0.
90

12
0.
94

07
−0

.0
10

5
0.
03

10
0.
91

46
0.
60

20
−0

.0
20

0
0.
02

03
0.
89

26
0.
46

77

β̂
1

0.
01

38
0.
09

95
0.
86

64
0.
95

92
0.
00

04
0.
05

27
0.
87

96
0.
71

21
0.
00

19
0.
03

77
0.
86

56
0.
58

50

β̂
2

0.
00

35
0.
14

20
0.
87

52
1.
19

06
−0

.0
00

1
0.
06

08
0.
87

00
0.
76

33
−0

.0
04

0
0.
02

95
0.
87

56
0.
52

72

0.
5

α̂
1.
48

67
2.
27

64
0.
00

00
0.
82

21
1.
40

31
2.
00

04
0.
00

00
0.
54

67
1.
35

35
1.
84

84
0.
00

00
0.
37

15

β̂
0

0.
07

16
0.
07

96
0.
87

74
0.
88

61
0.
07

77
0.
03

49
0.
86

08
0.
55

69
0.
07

85
0.
02

51
0.
83

70
0.
43

81

β̂
1

0.
01

37
0.
09

92
0.
86

48
0.
95

95
0.
00

03
0.
05

24
0.
87

90
0.
71

24
0.
00

20
0.
03

76
0.
86

66
0.
58

51

β̂
2

0.
00

43
0.
14

12
0.
87

70
1.
19

09
−0

.0
00

4
0.
06

06
0.
87

48
0.
76

35
−0

.0
04

2
0.
02

97
0.
87

66
0.
52

72

0.
75

α̂
1.
48

64
2.
27

50
0.
00

00
0.
82

20
1.
40

34
2.
00

14
0.
00

00
0.
54

68
1.
35

37
1.
84

90
0.
00

00
0.
37

15

β̂
0

0.
04

81
0.
07

91
0.
87

04
0.
86

88
0.
06

67
0.
03

49
0.
85

04
0.
54

20
0.
07

60
0.
02

54
0.
82

50
0.
42

85

β̂
1

0.
01

32
0.
09

92
0.
86

36
0.
95

93
0.
00

03
0.
05

25
0.
87

88
0.
71

22
0.
00

24
0.
03

77
0.
86

54
0.
58

50

β̂
2

0.
00

40
0.
14

18
0.
87

68
1.
19

05
0.
00

01
0.
06

09
0.
87

72
0.
76

34
−0

.0
04

3
0.
02

97
0.
86

96
0.
52

72

0.
9

α̂
1.
48

69
2.
27

71
0.
00

00
0.
82

23
1.
40

32
2.
00

10
0.
00

00
0.
54

68
1.
35

36
1.
84

85
0.
00

00
0.
37

15

β̂
0

−0
.0
27

9
0.
08

16
0.
86

20
0.
87

15
0.
00

07
0.
03

28
0.
86

02
0.
54

40
0.
01

62
0.
02

14
0.
86

04
0.
42

98

β̂
1

0.
01

38
0.
09

94
0.
86

34
0.
95

92
−0

.0
00

1
0.
05

25
0.
87

78
0.
71

22
0.
00

15
0.
03

77
0.
86

80
0.
58

50

β̂
2

0.
00

46
0.
14

15
0.
87

86
1.
19

04
−0

.0
00

5
0.
06

09
0.
87

16
0.
76

33
−0

.0
04

1
0.
02

97
0.
87

20
0.
52

73

123



Scale-mixture Birnbaum-Saunders quantile... Page 21 of 48 80

Ta
bl
e
5

E
m
pi
ri
ca
lb

ia
s,
M
SE

,A
W

an
d
C
P
fr
om

si
m
ul
at
ed

SL
-B
S
da
ta
fo
r
th
e
in
di
ca
te
d
M
L
es
tim

at
es

of
th
e
W
ei
bu
ll
qu
an
til
e
re
gr
es
si
on

m
od
el
.(
co
nt
in
ue
d)

α
q

n
=

50
n

=
10

0
n

=
20

0

B
ia
s

M
SE

C
P

A
W

B
ia
s

M
SE

C
P

A
W

B
ia
s

M
SE

C
P

A
W

1
0.
1

α̂
0.
08

28
0.
02

14
0.
91

88
0.
45

28
0.
04

56
0.
00

87
0.
92

48
0.
30

48
0.
02

48
0.
00

38
0.
92

58
0.
20

94

β̂
0

−0
.2
72

8
0.
34

77
0.
89

44
1.
90

55
−0

.3
09

5
0.
20

37
0.
83

58
1.
24

35
−0

.3
37

4
0.
17

93
0.
71

04
0.
94

51

β̂
1

0.
02

28
0.
29

95
0.
88

34
1.
74

94
−0

.0
00

9
0.
15

25
0.
90

20
1.
29

06
0.
00

14
0.
10

49
0.
89

48
1.
05

48

β̂
2

0.
00

97
0.
43

45
0.
88

98
2.
17

11
−0

.0
00

5
0.
17

51
0.
89

68
1.
38

33
−0

.0
07

0
0.
08

33
0.
89

80
0.
95

05

0.
25

α̂
0.
08

31
0.
02

15
0.
91

96
0.
45

26
0.
04

56
0.
00

87
0.
92

12
0.
30

47
0.
02

49
0.
00

38
0.
92

82
0.
20

94

β̂
0

0.
05

84
0.
24

61
0.
90

96
1.
71

78
0.
04

74
0.
09

40
0.
92

74
1.
09

37
0.
03

70
0.
05

82
0.
91

38
0.
84

55

β̂
1

0.
02

41
0.
29

93
0.
88

32
1.
74

87
−0

.0
00

1
0.
15

24
0.
90

16
1.
29

05
0.
00

21
0.
10

48
0.
89

08
1.
05

49

β̂
2

0.
00

84
0.
43

72
0.
89

06
2.
17

01
0.
00

03
0.
17

56
0.
89

74
1.
38

34
−0

.0
06

5
0.
08

34
0.
89

72
0.
95

05

0.
5

α̂
0.
08

33
0.
02

15
0.
91

76
0.
45

24
0.
04

54
0.
00

87
0.
92

24
0.
30

46
0.
02

49
0.
00

38
0.
92

48
0.
20

94

β̂
0

0.
13

63
0.
25

02
0.
88

62
1.
61

57
0.
15

03
0.
10

92
0.
87

28
1.
00

96
0.
15

38
0.
07

73
0.
84

98
0.
79

03

β̂
1

0.
02

45
0.
30

03
0.
88

32
1.
74

87
0.
00

01
0.
15

25
0.
89

94
1.
29

09
0.
00

25
0.
10

45
0.
89

26
1.
05

51

β̂
2

0.
00

95
0.
43

41
0.
89

08
2.
17

03
−0

.0
00

5
0.
17

45
0.
89

60
1.
38

38
−0

.0
06

0
0.
08

32
0.
89

66
0.
95

07

0.
75

α̂
0.
08

34
0.
02

15
0.
92

04
0.
45

24
0.
04

54
0.
00

87
0.
92

30
0.
30

46
0.
02

51
0.
00

38
0.
92

74
0.
20

94

β̂
0

0.
04

12
0.
23

59
0.
88

52
1.
58

37
0.
07

41
0.
09

42
0.
88

98
0.
98

24
0.
08

86
0.
06

27
0.
87

44
0.
77

24

β̂
1

0.
02

35
0.
29

86
0.
88

26
1.
74

87
0.
00

02
0.
15

22
0.
89

92
1.
29

08
0.
00

30
0.
10

41
0.
89

44
1.
05

47

β̂
2

0.
00

95
0.
43

42
0.
88

94
2.
17

00
−0

.0
02

0
0.
17

57
0.
89

58
1.
38

35
−0

.0
07

5
0.
08

33
0.
89

60
0.
95

02

0.
9

α̂
0.
08

31
0.
02

15
0.
91

96
0.
45

24
0.
04

56
0.
00

87
0.
92

46
0.
30

47
0.
02

50
0.
00

38
0.
92

82
0.
20

94

β̂
0

−0
.0
91

7
0.
25

07
0.
87

38
1.
59

07
−0

.0
46

6
0.
09

56
0.
87

98
0.
98

65
−0

.0
22

9
0.
05

81
0.
89

04
0.
77

51

β̂
1

0.
02

26
0.
29

96
0.
88

08
1.
74

93
0.
00

07
0.
15

24
0.
90

02
1.
29

06
0.
00

23
0.
10

48
0.
89

34
1.
05

46

β̂
2

0.
00

82
0.
43

32
0.
89

02
2.
17

11
−0

.0
00

5
0.
17

54
0.
89

86
1.
38

35
−0

.0
07

3
0.
08

31
0.
90

12
0.
95

03

123



80 Page 22 of 48 A. Dasilva et al.

Ta
bl
e
6

Su
m
m
ar
y
st
at
is
tic
s
fo
r
th
e
G
C
S
re
si
du
al
s

α
q

n
=

50
n

=
10

0
n

=
20

0

C
N
-B

S
SL

-B
S

t ν
-B

S
C
N
-B

S
SL

-B
S

t ν
-B

S
C
N
-B

S
SL

-B
S

t ν
-B

S

0.
2

0.
25

M
N

1.
00

07
0.
22

49
1.
00

02
1.
00

03
3.
43

73
1.
00

00
1.
00

02
2.
71

72
1.
00

01

M
D

0.
69

80
0.
00

00
0.
69

64
0.
69

56
0.
71

11
0.
69

52
0.
69

41
0.
23

70
0.
69

40

SD
1.
00

08
0.
75

46
1.
00

07
0.
99

94
4.
48

14
0.
99

93
1.
00

00
3.
88

89
0.
99

98

C
S

1.
63

78
4.
08

03
1.
64

28
1.
78

48
1.
01

08
1.
78

83
1.
87

67
1.
29

36
1.
87

74

C
K

3.
12

51
17

.7
75

3
3.
15

49
4.
13

53
−0

.4
42

5
4.
15

77
4.
85

94
0.
46

71
4.
85

77

0.
5

M
N

1.
00

04
6.
96

41
0.
99

99
1.
00

03
1.
16

98
1.
00

00
1.
00

02
2.
83

19
1.
00

01

M
D

0.
69

74
4.
53

35
0.
69

68
0.
69

56
0.
00

04
0.
69

52
0.
69

41
0.
55

67
0.
69

40

SD
0.
99

97
6.
61

11
0.
99

95
0.
99

94
2.
51

35
0.
99

93
1.
00

00
3.
87

23
0.
99

99

C
S

1.
63

22
0.
50

19
1.
63

73
1.
78

48
2.
38

86
1.
78

83
1.
87

67
1.
24

94
1.
87

74

C
K

3.
09

59
−1

.2
34

4
3.
12

17
4.
13

54
4.
98

18
4.
15

78
4.
85

94
0.
33

08
4.
85

76

0.
75

M
N

1.
00

04
3.
41

80
0.
99

99
1.
00

03
5.
42

34
1.
00

00
1.
00

02
13

.7
27

2
1.
00

01

M
D

0.
69

74
1.
10

57
0.
69

68
0.
69

56
3.
19

35
0.
69

52
0.
69

41
14

.9
82

7
0.
69

40

SD
0.
99

97
4.
30

39
0.
99

95
0.
99

94
5.
67

53
0.
99

93
1.
00

00
6.
04

37
0.
99

99

C
S

1.
63

22
0.
98

56
1.
63

73
1.
78

49
0.
58

17
1.
78

83
1.
87

68
−0

.5
33

6
1.
87

74

C
K

3.
09

61
−0

.4
62

2
3.
12

18
4.
13

56
−1

.1
55

9
4.
15

79
4.
85

96
−0

.6
47

3
4.
85

78

0.
5

0.
25

M
N

1.
00

02
6.
23

18
0.
99

96
1.
00

01
5.
02

68
0.
99

98
1.
00

01
1.
01

49
1.
00

00

M
D

0.
69

76
5.
45

38
0.
69

70
0.
69

57
3.
89

96
0.
69

53
0.
69

41
0.
25

30
0.
69

39

SD
0.
99

78
4.
82

10
0.
99

76
0.
99

84
4.
30

76
0.
99

83
0.
99

95
1.
62

39
0.
99

93

C
S

1.
62

29
0.
41

27
1.
62

71
1.
77

93
0.
67

38
1.
78

21
1.
87

34
2.
34

50
1.
87

38

C
K

3.
05

26
−1

.0
87

4
3.
07

18
4.
10

48
−0

.6
31

2
4.
12

24
4.
83

65
6.
24

82
4.
83

44

0.
5

M
N

1.
00

01
3.
46

66
0.
99

96
1.
00

01
3.
46

66
0.
99

98
1.
00

01
3.
24

60
1.
00

00

M
D

0.
69

76
2.
40

09
0.
69

70
0.
69

57
2.
40

09
0.
69

53
0.
69

41
2.
04

50
0.
69

39

SD
0.
99

78
3.
35

56
0.
99

76
0.
99

84
3.
35

56
0.
99

83
0.
99

95
3.
34

14
0.
99

93

C
S

1.
62

29
0.
95

13
1.
62

71
1.
77

93
0.
95

13
1.
78

21
1.
87

34
1.
18

99
1.
87

38

C
K

3.
05

26
0.
00

21
3.
07

17
4.
10

49
0.
00

21
4.
12

24
4.
83

66
0.
68

85
4.
83

44

123



Scale-mixture Birnbaum-Saunders quantile... Page 23 of 48 80

Ta
bl
e
6

co
nt
in
ue
d

α
q

n
=

50
n

=
10

0
n

=
20

0

C
N
-B

S
SL

-B
S

t ν
-B

S
C
N
-B

S
SL

-B
S

t ν
-B

S
C
N
-B

S
SL

-B
S

t ν
-B

S

0.
75

M
N

1.
00

01
1.
33

31
0.
99

96
1.
00

01
0.
78

00
0.
99

98
1.
00

01
2.
44

66
1.
00

00

M
D

0.
69

76
0.
45

40
0.
69

70
0.
69

57
0.
20

02
0.
69

53
0.
69

41
1.
07

08
0.
69

39

SD
0.
99

78
1.
96

73
0.
99

76
0.
99

84
1.
33

05
0.
99

83
0.
99

95
3.
02

64
0.
99

93

C
S

1.
62

29
1.
96

90
1.
62

71
1.
77

94
2.
68

32
1.
78

22
1.
87

34
1.
42

14
1.
87

38

C
K

3.
05

27
3.
83

22
3.
07

18
4.
10

49
8.
57

32
4.
12

24
4.
83

66
1.
25

62
4.
83

45

1
0.
25

M
N

0.
99

93
1.
78

84
0.
99

89
0.
99

97
0.
80

07
0.
99

94
0.
99

97
2.
68

06
0.
99

97

M
D

0.
69

86
1.
05

37
0.
69

79
0.
69

61
0.
38

17
0.
69

57
0.
69

42
1.
70

59
0.
69

41

SD
0.
99

21
2.
06

49
0.
99

18
0.
99

56
1.
14

35
0.
99

53
0.
99

78
2.
76

91
0.
99

76

C
S

1.
59

61
1.
78

39
1.
59

76
1.
76

37
2.
61

23
1.
76

42
1.
86

39
1.
63

26
1.
86

33

C
K

2.
92

46
3.
30

13
2.
92

40
4.
01

65
8.
82

16
4.
01

83
4.
77

33
2.
59

41
4.
76

63

0.
5

M
N

0.
99

93
1.
33

75
0.
99

89
0.
99

97
1.
49

69
0.
99

94
0.
99

97
0.
62

29
0.
99

97

M
D

0.
69

86
0.
74

59
0.
69

79
0.
69

61
0.
84

67
0.
69

57
0.
69

42
0.
27

00
0.
69

41

SD
0.
99

21
1.
65

92
0.
99

18
0.
99

56
1.
82

69
0.
99

53
0.
99

78
0.
92

35
0.
99

76

C
S

1.
59

61
1.
98

05
1.
59

76
1.
76

37
2.
08

12
1.
76

42
1.
86

39
2.
77

77
1.
86

33

C
K

2.
92

46
4.
40

33
2.
92

39
4.
01

65
5.
02

90
4.
01

83
4.
77

33
10

.5
62

0
4.
76

63

0.
75

M
N

0.
99

93
1.
91

22
0.
99

89
0.
99

97
3.
48

51
0.
99

94
0.
99

97
0.
98

87
0.
99

97

M
D

0.
69

86
1.
07

97
0.
69

79
0.
69

61
2.
39

79
0.
69

57
0.
69

42
0.
48

44
0.
69

41

SD
0.
99

21
2.
26

36
0.
99

18
0.
99

56
3.
24

61
0.
99

53
0.
99

78
1.
37

87
0.
99

76

C
S

1.
59

61
1.
76

22
1.
59

76
1.
76

37
1.
27

72
1.
76

42
1.
86

39
2.
61

84
1.
86

33

C
K

2.
92

47
3.
04

41
2.
92

40
4.
01

65
1.
14

15
4.
01

84
4.
77

33
8.
87

76
4.
76

63

123



80 Page 24 of 48 A. Dasilva et al.

Ta
bl
e
7

Su
m
m
ar
y
st
at
is
tic
s
fo
r
th
e
R
Q
re
si
du
al
s

α
q

n
=

50
n

=
10

0
n

=
20

0

C
N
-B

S
SL

-B
S

t ν
-B

S
C
N
-B

S
SL

-B
S

t ν
-B

S
C
N
-B

S
SL

-B
S

t ν
-B

S

0.
2

0.
25

M
N

−0
.0
00

7
3.
66

21
−0

.0
00

3
−0

.0
00

4
−0

.0
22

2
−0

.0
00

1
−0

.0
00

2
0.
58

12
−0

.0
00

2

M
D

−0
.0
01

8
4.
49

62
−0

.0
00

2
−0

.0
01

0
0.
00

91
−0

.0
00

7
−0

.0
00

2
0.
83

56
−0

.0
00

1

SD
1.
00

93
2.
19

11
1.
00

93
1.
00

45
3.
10

32
1.
00

44
1.
00

22
3.
13

33
1.
00

21

C
S

−0
.0
05

4
−0

.9
41

9
−0

.0
05

7
−0

.0
02

3
− 0

.0
01

8
−0

.0
02

8
−0

.0
03

5
−0

.1
48

4
−0

.0
03

3

C
K

−0
.2
14

5
−0

.1
19

4
−0

.2
04

4
−0

.1
14

9
−1

.4
33

7
−0

.1
12

9
−0

.0
61

1
−1

.4
53

9
−0

.0
60

6

0.
5

M
N

−0
.0
00

6
−2

.1
17

3
−0

.0
00

1
−0

.0
00

4
2.
29

21
−0

.0
00

1
−0

.0
00

2
0.
23

26
−0

.0
00

2

M
D

−0
.0
01

2
−2

.2
75

8
−0

. 0
00

8
−0

.0
01

0
3.
44

42
−0

.0
00

7
−0

.0
00

2
0.
20

18
−0

.0
00

1

SD
1.
00

92
2.
69

09
1.
00

92
1.
00

45
2.
88

29
1.
00

44
1.
00

22
2.
96

03
1.
00

21

C
S

−0
.0
02

7
0.
36

35
−0

.0
03

0
−0

.0
02

3
−0

.7
66

9
−0

.0
02

8
−0

.0
03

5
−0

.0
08

2
−0

.0
03

3

C
K

−0
.2
15

0
−1

.0
59

6
−0

.2
07

4
−0

.1
14

9
−0

.7
86

0
−0

.1
12

9
− 0

.0
61

1
−1

.3
43

5
−0

.0
60

6

0.
75

M
N

−0
.0
00

6
−0

.2
72

5
−0

.0
00

1
−0

.0
00

4
−1

.1
28

7
−0

.0
00

1
−0

.0
00

2
−4

.5
00

0
−0

.0
00

2

M
D

−0
.0
01

2
−0

.4
01

8
−0

.0
00

8
−0

.0
01

0
−1

.7
21

1
−0

.0
00

7
−0

.0
00

2
−4

.9
83

2
−0

.0
00

1

SD
1.
00

92
2.
88

34
1.
00

92
1.
00

45
3.
16

33
1.
00

44
1.
00

22
1.
55

47
1.
00

21

C
S

−0
.0
02

7
0.
05

91
−0

.0
03

0
−0

.0
02

3
0.
35

94
−0

.0
02

9
−0

.0
03

5
1.
28

91
−0

.0
03

3

C
K

−0
.2
14

9
−1

.3
97

3
−0

.2
07

4
−0

.1
14

9
−1

.2
75

4
−0

.1
12

9
−0

.0
61

1
1.
24

14
−0

.0
60

6

0.
5

0.
25

M
N

−0
.0
00

6
−2

.3
92

3
−0

.0
00

1
−0

.0
00

4
−1

.9
30

0
−0

.0
00

1
−0

.0
00

1
0.
78

44
− 0

.0
00

1

M
D

−0
.0
01

2
−2

.5
99

6
−0

.0
00

7
−0

.0
01

0
−2

.0
35

5
−0

.0
00

6
−0

.0
00

1
0.
76

82
0.
00

00

SD
1.
00

88
1.
81

64
1.
00

88
1.
00

42
1.
83

04
1.
00

42
1.
00

20
1.
89

29
1.
00

20

C
S

−0
.0
02

1
0.
30

22
−0

.0
02

3
−0

.0
02

3
0.
24

09
−0

.0
02

7
−0

.0
03

5
−0

.0
57

6
−0

.0
03

3

C
K

−0
.2
25

8
−1

.0
03

9
−0

.2
19

4
−0

.1
21

2
−0

.8
61

3
−0

.1
19

6
−0

.0
64

9
−0

.7
81

6
−0

.0
64

5

0.
5

M
N

−0
.0
00

6
−0

.2
47

4
−0

.0
00

1
−0

.0
00

4
−1

.2
18

9
−0

.0
00

1
−0

.0
00

1
−1

.1
27

7
−0

.0
00

0

M
D

−0
.0
01

2
−0

.3
09

1
−0

.0
00

7
−0

.0
01

0
−1

.3
26

7
−0

.0
00

6
−0

.0
00

1
−1

.1
23

0
0.
00

00

SD
1.
00

88
1.
90

14
1 .
00

88
1.
00

42
1.
83

26
1.
00

42
1.
00

20
1.
77

12
1.
00

20

C
S

−0
.0
02

1
0.
11

87
−0

.0
02

3
−0

.0
02

3
0.
26

99
−0

.0
02

7
−0

.0
03

5
0.
07

08
−0

.0
03

3

C
K

−0
.2
25

8
−0

.7
67

2
−0

.2
19

4
−0

.1
21

2
−0

.6
69

2
−0

.1
19

6
−0

.0
64

9
−0

.6
85

7
−0

.0
64

5

123



Scale-mixture Birnbaum-Saunders quantile... Page 25 of 48 80

Ta
bl
e
7

co
nt
in
ue
d

α
q

n
=

50
n

=
10

0
n

=
20

0

C
N
-B

S
SL

-B
S

t ν
-B

S
C
N
-B

S
SL

-B
S

t ν
-B

S
C
N
-B

S
SL

-B
S

t ν
-B

S

0.
75

M
N

−0
.0
00

6
0.
34

35
−0

.0
00

1
−0

.0
00

4
0.
97

19
−0

.0
00

1
−0

.0
00

1
−0

.4
67

5
−0

.0
00

0

M
D

−0
.0
01

2
0.
39

10
−0

.0
00

7
−0

.0
01

0
0.
92

59
−0

.0
00

6
−0

.0
00

1
−0

.3
98

8
0.
00

00

SD
1.
00

88
1.
81

31
1.
00

88
1.
00

42
1.
75

67
1.
00

42
1.
00

20
1.
97

26
1.
00

20

C
S

−0
.0
02

1
−0

.1
17

6
−0

.0
02

3
−0

.0
02

3
− 0

.0
70

6
−0

.0
02

7
−0

.0
03

5
−0

.0
20

7
−0

.0
03

3

C
K

−0
.2
25

8
−0

.7
26

4
−0

.2
19

4
−0

.1
21

2
−0

.6
65

7
−0

.1
19

6
−0

.0
64

9
−0

.8
31

5
−0

.0
64

5

1
0.
25

M
N

−0
.0
00

7
−0

.4
01

8
−0

.0
00

2
−0

.0
00

4
0.
54

41
−0

.0
00

0
0.
00

00
−1

.0
09

6
0.
00

01

M
D

−0
.0
01

2
−0

.3
61

0
−0

.0
00

8
− 0

.0
00

9
0.
48

99
−0

.0
00

7
0.
00

01
−0

.9
01

3
0.
00

02

SD
1.
00

71
1.
43

77
1.
00

74
1.
00

34
1.
38

64
1.
00

35
1.
00

16
1.
44

81
1.
00

16

C
S

−0
.0
00

4
−0

.0
74

6
−0

.0
00

4
−0

.0
02

0
0.
10

54
−0

.0
02

2
−0

.0
03

4
−0

.2
05

5
−0

.0
03

2

C
K

−0
.2
58

6
−0

.2
15

7
−0

.2
56

2
−0

.1
39

9
−0

.0
06

7
−0

.1
40

2
−0

.0
75

8
−0

.2
41

0
−0

.0
76

3

0.
5

M
N

−0
.0
00

7
−0

.0
39

6
−0

.0
00

2
−0

.0
00

4
−0

.1
92

3
−0

.0
00

0
0.
00

00
0.
83

91
0.
00

01

M
D

−0
.0
01

2
−0

.0
44

7
−0

.0
00

8
−0

.0
00

9
−0

.1
72

6
−0

.0
00

7
0.
00

01
0.
73

16
0.
00

02

SD
1.
00

71
1.
42

19
1.
00

74
1.
00

34
1.
41

42
1.
00

35
1.
00

16
1.
42

53
1.
00

16

C
S

−0
.0
00

4
0.
03

18
−0

.0
00

4
−0

.0
02

0
−0

.0
34

2
−0

.0
02

2
−0

.0
03

4
0.
22

82
−0

.0
03

2

C
K

−0
.2
58

7
−0

.0
93

3
−0

.2
56

2
−0

.1
39

9
−0

.0
01

4
−0

.1
40

2
−0

.0
75

8
−0

.1
46

1
−0

.0
76

3

0.
75

M
N

−0
.0
00

7
−0

.4
66

4
−0

.0
00

2
−0

.0
00

4
−1

.4
25

8
−0

.0
00

0
0.
00

00
0.
33

69
0.
00

01

M
D

−0
.0
01

2
−0

.4
01

1
−0

.0
00

8
−0

.0
00

9
−1

.3
22

3
−0

.0
00

7
0.
00

01
0.
29

91
0.
00

02

SD
1.
00

71
1.
49

66
1.
00

74
1.
00

34
1.
48

80
1.
00

35
1.
00

16
1.
42

84
1.
00

16

C
S

−0
.0
00

5
−0

.1
26

2
−0

.0
00

4
−0

.0
02

0
−0

.1
39

0
−0

.0
02

2
−0

.0
03

4
0.
06

40
−0

.0
03

2

C
K

−0
.2
58

6
−0

.2
69

3
−0

.2
56

2
−0

.1
39

9
−0

.5
01

1
−0

.1
40

2
−0

.0
75

8
0 .
03

39
−0

.0
76

3

123



80 Page 26 of 48 A. Dasilva et al.

H0 : β3−κ+1 = · · · = β3 = 0, with κ = 1, 3 against H0 : β3−κ+1 = · · · = β3 �= 0, with
κ = 1, 3. The tests’ nominal levels used are α = 0.01, 0.05, 0.1.

Tables 8, 9 and 10 present the simulation results of null rejection rates for H0 : β3 = 0
and in the CN-BS, SL-BS and tν-BS quantile regression models, respectively. From these
tables, we observe the following results:

• For nominal levels of 1%, 5%, and 10%, the statistics ST and SW consistently show
values closer to the expected rates.

• SLR and SR , while performing reasonably well, occasionally show slight rates above
nominal values, especially for smaller sample sizes (n = 50) or higher quantiles (q =
0.75).

• As the sample size increases (n = 50, 100, 200), the alignment of all null rejection rates
with nominal levels improves. Particularly, the statistic ST shows the most consistent
improvement.

• For lower quantiles (q = 0.25), all test statistics perform closer to nominal levels com-
pared to higher quantiles (q = 0.75).

• Higher quantiles tend to show inflated rejection rates for SR .
• SW and ST are the most reliable across all conditions, as their rejection rates remain close

to nominal values even under varying quantiles and sample sizes.
• SLR and SR aremore sensitive to changes in distributional properties, with slightly higher

rejection rates at extreme quantiles.
• The tests’ null rejection rates do not seem to be affected by the shape parameter α.

In general, Tables 8, 9 and 10 suggest that ST and SW are the preferred test statistics for
hypothesis testing in this context. While SLR and SR are useful, they may require caution in
small samples or at higher quantiles.

Tables 15, 16 and 17 (Appendix A) present the simulation results of null rejection rates
for H0 : β1 = β2 = β3 = 0 in the CN-BS, SL-BS and tν-BS quantile regression models,
respectively. Analogously to the case where κ = 1, the tests’ null rejection rates does not
change according to the value of α. Moreover, the results confirm that ST and SW are the
most reliable test statistics across different models and conditions.

Figures 2 and 3 display the test power curves for the CN-BS, SL-BS and tν-BS models
considering the hypotheses H0 : β3−κ+1 = . . . = β3 = 0 against H1 : β3−κ+1 = . . . =
β3 = δ with |δ| = 0, 1, 2, 3, 4 and κ = 1, 3, where π(δ) denotes the power function. The
significance level consideredwas 1%withn = 100 andq = 0.5 (other settings present similar
results). From this figure, we observe that there are no changes in the power performances
of the tests, as well as for any of the CN-BS, SL-BS and tν-BS models, so that we have
π(δ) = 1 for |δ| ≥ 1.

5 Application to personal accident insurance data

QSBS quantile regression models are now used to analyze a data set related to the personal
injury insurance claims that correspond to amounts of paid money by an insurance policy in
Australian dollars (response variable, amount). The data is collected from 767 individuals
and the claims occurred between January 1998 and January 1999; see De Jong and Heller
(2008). The covariates considered in the study are: optime, denoting the operating time in
percentage; legrep, with (1) or without (0) legal representation; and month, denoting the
month of accident occurrence. Due to lack of correlation between the covariate month and
the response variable amount, we removed this covariate from our analysis.
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Fig. 2 Power curves of the SW , SLR , SR and ST tests for the CN-BS, SL-BS and tν -BS quantile regression
models (nominal level = 1%, n = 100, q = 0.5)

Table 11 reports the descriptive statistics of the observed amounts of paid money that
includes MN, MD, SD, coefficient of variation (CV), CS, CK (excess) and range. From this
table, we observe skewed and high kurtosis features in the data. Figure 4(a) confirms the
skewness observed in Table 11. Figure 4(b) displays the usual and adjusted boxplots (Saulo
et al. (2019)), where the latter is useful when the data is distributed as skewed. Note that the
adjusted boxplot indicates that some potential outliers identified by the usual boxplot are not
outliers.

We then analyze the personal accident insurance data using the QSBS quantile regression
model, expressed as

log(Qi ) = β0 + β1optimei + β2legrepi , i = 1, 2, . . . , 767. (16)
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Fig. 3 Power curves of the SW , SLR , SR and ST tests for the SL-BS and tν -BS quantile regression models
(nominal level = 1%, n = 100, q = 0.5)

Table 11 Summary statistics for the personal accident insurance data

MN MD SD CV CS CK Range Min Max n

7820.59 6000 8339.26 106.63% 5.09 47.77 116556.7 30 116586.7 767

Table 12 reports the the averages of the AIC, BIC, AICc and HQIC values based on
q ∈ {0.01, 0.02, . . . , 0.99} for the CN-BS, SL-BS, tν-BS, Weibull (Sánchez et al. (2021))
and semiparametric (Koenker and Bassett (1978)) quantile regression models. The results
indicate that the lowest values of AIC, BIC, AICc and HQIC are those based on the CN-
BS model. Figure 5 displays the estimates of the CN-BS model parameters across q ∈
{0.01, 0.02, . . . , 0.99}. From this figure, we observe that the estimate of β0 tends to increase
with an increase in q . Moreover, the estimates of β1, β2, α and ν present a cyclic behavior.
These results show the relevance of considering a quantile approach rather than traditional
mean/median approaches.

Table 13 presents theML estimates computed by the EM algorithm and SEs of the CN-BS
quantile regression model parameters considering the quantiles q = 0.025, 0.25, 0.5, 0.75,
0.975. For the quantiles analyzed, we can observe that the impact of operational time and
legal representation is greater for the quantile q = 0.75, the same is true with the estimates
of α and β0.

The regression coefficients in the proposed QSBS quantile regression model (16) describe
the effect of covariates on the dependent variable variable Ti . The conditional quantile of Ti
is given by:

Q(Ti | optimei ,legrepi ) = exp(β0 + β1optimei + β2legrepi ).

Ifoptimei increases by one unit whilelegrepi remains fixed, the new conditional quantile
is:

Q(Ti | optimei + 1,legrepi ) = exp(β1)Q(Ti | optimei ,legrepi ).
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Fig. 4 Density estimate and boxplots for the personal accident insurance data

Table 12 Averages of the AIC,
BIC, AICc and HQIC values
based on
q ∈ {0.01, 0.02, . . . , 0.99} for
different models for the personal
accident insurance data

Model AIC BIC AICc HQIC

CN-BS 8204.63 8223.20 8204.69 8211.78

SL-BS 8220.06 8238.63 8220.11 8227.21

tν -BS 8213.11 8231.68 8213.16 8220.26

Weibull 16,350.38 16,364.30 16,350.41 16,355.74

QR 15,648.84 15,662.77 15,648.87 15,654.20
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Fig. 5 Estimated parameters in the CN-BS quantile regression models across q for the personal accident
insurance data
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Table 13 ML estimates (with SE in parentheses) for the CN-BS quantile regression model for the personal
accident insurance data

q Estimate (SE)

β̂0 β̂1 β̂2 α̂ ν̂ δ̂

0.025 5.9965(0.0541) 0.0253(0.0033) 0.9045(0.0630) 0.9138(0.0205) 0.01 0.03

0.25 7.0447(0.0543) 0.0239(0.0033) 0.9286(0.0638) 0.8704(0.0217) 0.04 0.06

0.5 7.5092(0.0543) 0.0272(0.0033) 1.0195(0.0671) 0.9356(0.0220) 0.03 0.10

0.75 8.0053(0.0614) 0.0287(0.0030) 1.1561(0.0694) 0.9281(0.0217) 0.10 0.18

0.975 9.3056(0.0698) 0.0254(0.0033) 0.9936(0.0658) 0.8885(0.0220) 0.05 0.09

Table 14 Observed values of the indicated test statistics and their p-values (in parentheses) for the CN-BS
quantile regression model for the personal accident insurance data

q Hypothesis Test statistics

SW SLR SR ST

0.25 H0 : β1 = 0 53.47(< 0.0001) 61.97(< 0.0001) 149.80(< 0.0001) 144.23(< 0.0001)

H0 : β2 = 0 212.12(< 0.0001) 13.44(0.0002) 36.39(< 0.0001) 40.17(< 0.0001)

0.5 H0 : β1 = 0 68.51(< 0.0001) 159.35(< 0.0001) 202.04(< 0.0001) 165.38(< 0.0001)

H0 : β2 = 0 230.97(< 0.0001) 17.20(< 0.0001) 42.47(< 0.0001) 47.92(< 0.0001)

0.75 H0 : β1 = 0 90.68(< 0.0001) 231.28(< 0.0001) 262.37(< 0.0001) 190.90(< 0.0001)

H0 : β2 = 0 275.56(< 0.0001) 36.01(< 0.0001) 40.56(< 0.0001) 51.65(< 0.0001)

This implies that increasing optimei by one unit multiplies the conditional quantile of
Ti by exp(β1). This change can also be interpreted as a percentage difference:

Q(Ti | optimei + 1,legrepi ) − Q(Ti | optimei ,legrepi )
Q(Ti | optimei ,legrepi ) × 100%

= (exp(β1) − 1) × 100%.

When β1 is small (approximately −0.4 ≤ β1 ≤ 0.4), the approximation exp(β1) − 1 ≈ β1

can be applied. For a binary covariate, this expression represents the percentage change in
the quantile of Ti when the covariate value changes from 0 to 1.

From Table 13, we observe, for instance, that one additional percentage point of operating
time (optime), increases in (exp(0.0239) − 1) × 100% = 2.42% the 25◦ percentile (q =
0.25) of the amount of paid money by the insurance, while it increases by (exp(0.0287) −
1)× 100% = 2.91% the 75◦ percentile (q = 0.75). For individuals with legal representation
(legrep), there is an increase in the 25◦ percentile (q = 0.25) of the amount of paid money
by the insurance of (exp(0.9286) − 1) × 100% = 153.10% when compared to individuals
without legal representation. The increase goes to (exp(1.1561) − 1) × 100% = 217.75%
in the 75◦ percentile (q = 0.75). In other words, the effect of legal representation on the
amount of paid money by the insurance is greater for individuals with larger amounts to
receive (higher quantiles).

Table 14 presents the results for the CN-BS quantile regression model to test the null
hypotheses H0 : β1 = 0 and H0 : β2 = 0 using the SW , SLR , SR and ST test statistics. At a
5% significance level, we reject the null hypothesis in all cases tested in Table 14, indicating
that coefficients associated with the operating time and legal representation are significant. In
addition, from Table 14, we observe that the values of SW , SLR , SR and ST statistics increase
as q increases.
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Fig. 6 95% confidence bands in the CN-BS quantile regression model for the personal accident insurance data
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Fig. 7 QQ plots and their envelopes for the GCS (a, b and c) and RQ (d, e and f) residuals in the CN-BS
quantile regression model for the personal accident insurance data
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Figure 6 presents the scatterplot of the amount against the optime according to the group
with legal representation and without legal representation with 95% confidence bands in
the CN-BS quantile regression model for the personal accident insurance data. We use ML
estimates based on the quantiles 2.5% and 97.5% to build these confidence bands. We can
see that the upper bound of the confidence bands increases exponentially.

Figure 7 shows the QQ plots with simulated envelope of the GCS and RQ residuals for
the CN-BS quantile regression model considered in Table 13. We can see clearly that the
CN-BS model provides a good fit based on the GCS residual. On the other hand, the plots
for the RQ residuals present some more extreme points outside the region delimited by the
confidence bands.

6 Concluding remarks

In this paper, we have proposed a class of quantile regression models based on the reparame-
terized scale-mixture Birnbaum-Saunders distributions, which have the distribution quantile
as one of their parameters. The relevance of this work lies in the proposal of a new quantile
regression model that presents a new alternative capable of providing a very flexible fit for
strictly positive and asymmetric data. The results obtained in the Monte Carlo simulation
studies showed that (a) the maximum likelihood estimates obtained by the EM algorithm,
in terms of bias, MSE and CP, perform well; (b) the GCS and RQ residuals conform well
with their respective reference distributions with the exception of the SL-BS model; and
(c) the Wald, likelihood ratio, score and gradient tests have similar performances. However,
in terms of power, the Wald and gradient tests show null rejection rates that are closer to
nominal levels. Thus, the Wald and gradient tests are preferable to the other tests analyzed.
We have applied the proposed models to a real data set related to personal accident insur-
ance. While the application of the proposed class of quantile regression models to personal
accident insurance data demonstrates its usefulness to heavy-tailed and skewed data, some
limitations persist. Notably, the model’s assumptions, such as the choice of link functions or
distribution families, can influence results and may not perfectly capture all data nuances. In
addition, the computational demands of the EM algorithm, particularly with large datasets
or multiple covariates, can be challenging. Future studies could extend the model to incor-
porate the presence of nonlinearity. Therefore, tackling non-linear frameworks that integrate
both parametric and nonparametric elements continues to be an unresolved issue. Moreover,
exploring alternative optimization techniques or Bayesian frameworks may enhance com-
putational efficiency. Additionally, it will be of interest to study influence diagnostic tools
as well as multivariate versions. Furthermore, Bartlett and Bartlett-type corrections can be
used to attenuate the size distortion of hypothesis tests. Finally, expanding applications to
other domains, such as health or environmental risk data, could further validate and refine
the model’s versatility.

Appendix A Simulation results: hypothesis tests

See Tables 15, 16 and 17.
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