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Abstract We consider the Ising model on Z x Z where on each horizontal line {(x, i), x € Z}
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1 Introduction

We consider an Ising model on the lattice Z x Z, whose points we denote by (x, 7). The spins
o (x, i) take values in {—1, +1} and on each horizontal line, also called layer, {(x, i), x € Z},
the interaction is given by a ferromagnetic Kac potential, that is, the interaction between the
spins at (x, ) and (y, i) is given by

1
- EJy(x,y)G(x, Do (y, i), ZJy(x,y) =1 (L.1)
Y#X

where J, (x,y) = ¢,y J(y(x — y)); J(r), r € R, is a symmetric probability density with
continuous derivative and support in [—1, 1], y > 0 is a scale parameter, c,, is the normal-
ization constant (c,, tends to 1 as y — 0). We also suppose that J(0) > 0. H, o denotes
the Hamiltonian with only the interactions (1.1) on each layer, so that different layers do not
interact with each other, the system is essentially one dimensional and does not have phase
transitions.

We fix the inverse temperature at the mean field critical value 8 = 1 so that also in the
Lebowitz—Penrose limit no phase transition is present. Purpose of this paper is to study what
happens if we put a small nearest neighbor vertical interaction

—€eo(x,i)o(x,i +1). (1.2)
The main result in this paper is the following.

Theorem 1 Given any € > 0, for any y > 0 small enough u; # Uy, p,;t the plus-
minus DLR measures defined as the thermodynamic limits of the Gibbs measures with plus,
respectively minus, boundary conditions.

It is worth mentioning that a version of Theorem 1 holds for 8 > 1 with € = y4 for any
A (see [5] where indeed the above result has been conjectured).

In many cases it has been proved that if in the Lebowitz—Penrose limit there is a phase
transition then in dimension d > 2 there is also a phase transition at small y > 0 (i.e. without
taking the limit y — 0). We cannot follow this route here because we do not know the
phase diagram for our model in the limit y — 0: a “Lebowitz—Penrose theorem” for our
system is an interesting open problem that our analysis does not solve. If the support of the
Kac interaction would contain two dimensional balls (i.e. layers at distance of order y !
interact with each other) then the Lebowitz—Penrose analysis would apply and therefore the
free energy in the limit y — 0 would be the convex envelope (i.e. the Legendre transform

of the Legendre transform)
2

(fe(m) - ’%)* (1.3)

where fc(m) is the free energy of the one dimensional Ising model with nearest neighbor
interaction of strength €. (1.3) yields a phase transition if € > 0. Does (1.3) remain valid also
when the Kac interaction is only horizontal? We do not know the answer but our analysis
shows that indeed our system has a phase transition as indicated by (1.3).

The proof of Theorem 1 requires a non trivial extension of previous results on Kac poten-
tials and it is given in complete details in this paper. It is obtained by proving Peierls bounds
for suitably defined contours. The bounds are established via a Lebowitz—Penrose coarse
graining procedure which however is not straightforward for the reasons explained before
(due to the local nature of the vertical interaction and the strictly horizontal structure of the
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Layered Systems at the Mean Field Critical Temperature 93

Kac interaction). The trick is to use ferromagnetic inequalities to compare the magnetization
under ,u)'f with that under the corresponding Gibbs measure for which the vertical interaction
is removed in a chessboard fashion. To this new system (which is more decoupled but not
so much as to lose the phase transition) we can apply the Lebowitz—Penrose coarse graining
strategy. In this way we reduce the proof of the Peierls bound to the analysis of variational
problems for a suitable free energy functional.

The model we are considering is related to a d = 1 quantum spin model with transverse
field, whose hamiltonian is:

H(o) == J,(x, N5 x)8>(») —a D &' (x)

Xy x

in its stochastic representation via Feynman—Kac, [1], [3] and [7]. We are indebted to D.
IToffe for pointing out the connection and for useful comments. We also thank A. Levit for
conversations about the related quantum Curie—Weiss model.

At this point we state two conjectures.

The first question is: can we choose € = €(y) so that e(y) — 0 as y — 0 and still have
for all y small enough a phase transition? Is there a critical choice for €(y)? The conjecture
is that setting e(y) = ky?/3, k > 0, we have a phase transition if « is large enough and no
phase transition for « small.

This is related to the next conjecture. Consider the system where on each layer we have a
process m(r,i) € R, r € R, i € Z. The formal Gibbs measure that we want to study is:

e > A drem(r,iym(ri+1)} H P(dm(r, 1)), (1.4)

1

where P is the Euclidean ¢f probability measure, namely the stationary solution of the real
valued stochastic PDE

du(r.1) = (%u”(r, L z))dt +dw, (1.5)

dw white noise in space-time. The conjecture is that there is a phase transition for « large
and no phase transition for « small.

The measure in (1.4) is the formal scaling limit of the Gibbs distribution of the empirical
magnetization when we scale space as x — r = y !*1/3x and renormalize the averages by a
factor y_l/ 3as proved in [2] and [6]; see also [4], where (1.5) without the second derivative
term is derived by studying the critical fluctuations in the mean field version of the model.

More precisely, in both papers the question is about the analysis of the long space-time
fluctuations of the d = 1 Ising model with Glauber dynamics and Kac potential at 8 = 1
(like ours here). Namely the analysis of the fluctuations field

y 2 o0 oy,

with ¢ a test function. This is the right normalization because one can prove that at such
long times the typical values of the empirical magnetization (in the scale y ~!) in the limit
y — 0 have order y!/3 and not the normal values /2 of the finite time fluctuations. It is
then proved that the above fluctuations field converges to f ¢ (r)u(r, t)dr, where u solves
(1.5).

Outline of the paper: As already mentioned, our proof involves the study of the Gibbs
measures for another Hamiltonian, denoted by H,, . and defined in (2.3), where the vertical
interactions are removed in a convenient chessboard fashion. This yields a two dimensional
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94 L. R. Fontes et al.

system with pairs of long segments of parallel layers interacting vertically within the pair
(but not with the outside), plus the horizontal Kac interaction. For this system we can exploit
the spontaneous magnetization that emerges when two parallel one dimensional Kac models
at mean field critical temperature interact vertically as in our case, as studied in Sect. 5. This
spontaneous magnetization plays a natural role in the definition of contours (as in the analysis
of the one dimensional Kac interactions below the mean field critical temperature). The main
point is that for this chessboard Hamiltonian, and after a proper coarse graining procedure,
we are able to implement the Lebowitz—Penrose procedure: the corresponding free energy
functional is defined in Sect. 3 and the problem of getting the corresponding Peierls bounds for
the weight of contours is transformed in variational problems for the free energy functional.
This is the content of Theorem 3, whose proof involves, as a preliminary step, the study
of the free energy function of two layers and its minimizers (determining the spontaneous
magnetization). There are delicate choices of scales so as to allow the implementation of this
procedure, as explained in Sect. 2. In Sect. 4 we get an upper bound for the restricted partition
function that appears in the numerator of the weight of a contour. Section 5 is dedicated to
the study of the minimizers of the free energy functional of Sect. 3, which then will play a
crucial role in the lower bound for the denominator in the weight of a contour, completed in
Sect. 6. In Sect. 7 we combine the two estimates to conclude the proof of the main theorem.
The analysis of the mean field free energy function for two layers and the crucial estimates
used in Sect. 5 are carried out in the Appendices.

2 Contours

For i € Z, we call i-th layer the set Z x {i}. As mentioned in the introduction we shall
extensively use coarse graining, for which we start by partitioning each layer into intervals
of length ¢ € {2", n € Z}. Let D% = {le/’zl , k € Z} denote the partition of the i-th layer:

CHl =t x (i} := ([kt, (k + 1)€) N Z) x {i}, where k = [x/¢] (2.1)

and, as usual, [s] = max{x € Z: x < s}. To simplify notation we restrict y to belong to
{27, n € N}.

For the coarse grained description we shall use three length scales and an accuracy para-
meter { > 0 which all depend on y:

T T R I1>a>a>0. (2.2)

The smallest scale, y ~!/2, will be used to implement the Lebowitz—Penrose procedure to

define free energy functionals. Together with ¢, the scales £_ and £ will be used to define,
at the spin level, the plus and minus regions and then the contours.

For notational simplicity we suppose that also y ~“ and all the above lengths belong to
{2", n € N4 }: this is a restriction on « that could be removed by changing “slightly” o with

V.
We shall prove Theorem 1 for the “chessboard” Hamiltonian:

1
Hye=—5 2 Jy 000, 0o, i) =€ fixo @, Do, i+ 1), (2.3)
x#y,i x,i

where

(2.4)

e 1 if |[x/€4] +iiseven,
Xzt = 0 otherwise.
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Definition 1 When y,; = 1, according to (2.4), we say that (x, i) and (x,i + 1) interact
vertically and denote by v, ; the site (x, j) which interacts vertically with (x, 7).

By the GKS correlation inequalities (see e.g. [9, Theorem 1.21 in Chapter IV]), the plus
state for Hy, ¢ is less magnetized than the one for the full Hamiltonian (with x;  replaced by
1 everywhere). Hence Theorem 1 will follow once we prove that the magnetization in the
plus state of the Hamiltonian given by (2.3) is strictly positive.

For the chessboard Hamiltonian, we shall see via a Lebowitz—Penrose analysis that in the
limit as y — O there is a spontaneous magnetization equal to some m. > 0 in the plus state
and —m, in the minus state. This will follow from the analysis in Sects. 3-5. This value m.
is used to define contours, as we now explain (taking m, > 0 for granted).

Define first the empirical magnetization on a scale £ € {2, n € N} in the layer i as

. 1 .
a(z)(x, i):= 7 z o(y,i). 2.5)
yeCt

We also consider the partition of Z? into rectangles {Qy(k, j): k, j € Z}, where
0y (k, j) = ([kbx, (k+ 1)lp) x [jy™*, (j+ Dy™)) N 72 if k is even
and
0y, j)= ([k£+, k+De) x Gy ™*, G+ 1)7/7"‘]) N Z?% if k is odd.

For convenience we sometimes write Oy ; = O, (k, j) if (x,7) € O, (k, j). The important
feature of this definition (frequently exploited in the sequel) is that the spins in each rectangle
Qy.; do not interact vertically with the spins of the complement, namely recalling the defin-
ition of vy ; and that y ~* is even, we see that v, ; € O, ; for all (x, i). Notice also that the
rectangles Q,, (k, j) become squares if lengths are measured in interaction length units: in
fact in such units the horizontal side of a rectangle has length £ /y ~! = = and the vertical
side has also length y ™* as the vertical interaction length is equal to 1. The other important
feature behind the definition of rectangles is that their size in interaction length units diverges
as y — 0: this will be exploited to prove decay of correlations from the boundaries.
The random variables n(x, i), 6(x, i) and © (x, i) are then defined as follows:

o n(x,i) = £1if [0 (x, i) Fme| < ¢5n(x, i) = 0 otherwise.

e O(x,i) =1,[=—11ifn(y, j) = 1,[= —1],forall (y, j) € Ox.i;0(x,i) = 0otherwise.

e O(x,i) = 1,[= =11, if n(y, j) = 1, [= —1], for all (y, j) € Uy ve(-1,0,11Qy (k +
u, j +v), with (k, j) determined by Q. ; = O, (k, j).

Namely, for the ® variables we consider a “block” 3 x 3 of Q-rectangles.

The plus phase is the union of all the rectangles Q ; such that ®(x, i) = 1, the minus
phase is where ® (x, i) = —1, in the complement the phase is undetermined.

Two rectangles Q,, (k, j) and Q, (k’, j') are said to be connected if (k, j) and (K, j’) are
sx—connected, i.e. [k — k’| v |j — j’'| < 1. By choosing suitable boundary conditions, we
shall restrict in the sequel to spin configurations such that ® = 1 outside of a compact (the
case when ® = —1 can be recovered via spin flip). Given such a o, we call contours the
pairs I' = (sp(I"), nr), where sp(I") is a maximal connected component of the undetermined
region, called the spatial support of T, and nr is the restriction of 5 to sp(I"), called the
specification of T.

Geometry of Contours Denote by ext(I") the maximal unbounded connected component
of the complement of sp(I") and 9oy (I") the union of the rectangles in ext(I") which are
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926 L. R. Fontes et al.

connected to sp(I"). 9i, (") is instead the union of the rectangles in sp(I") which are connected
to ext(I"). ® is constant and different from 0 on doy (') and we call plus a contour I' when
® = 1 on doy (") and minus otherwise. Observe that in a plus contour = 1 on 9;,(I").

Analogously we callint; (I'), k = 1, .. ., kr the bounded maximal connected components
(if any) of the complement of sp(I"), din x(I") the union of all rectangles in sp(I") which
are connected to intx(I"). doue,x (") is the union of all the rectangles in int; (I") which are
connected to sp(I"). Then O is constant and different from O on each oy« (I') and we write
9ge £ (D), int (") and 9 (1) if © = &1 on the former, observing that n = =1 on a5 , (1),
respectively. We also call

c(I') = sp(M) U | inte (). (2.6)
k

Diluted Partition Functions Let A be a bounded region which is an union of Q-rectangles.
The plus diluted partition function in A with boundary conditions o is

ZY 5= Nomtmune <O =t Z, 5(0 = 1on din(A)), 2.7)
oA

where o is a configuration on the complement of A; ® is computed on the configuration
(oA, 0) and 9i,(A) is the union of all Q-rectangles in A connected to A€. Minus diluted
partition functions are defined analogously. As a rule we denote by Z4 5(A) the partition
function with the constraint A, A a set of configurations. Notice that there is no vertical
interaction between the spins in A and those in its complement because A is union of
rectangles.

The plus diluted Gibbs measure (with boundary conditions ¢ such that » = 1 on dout(A))
is defined in the usual way, namely, given a configuration of spins op on A, the weight
assigned to o by the plus Gibbs measure is given by

e*Hy,e (oalo)

T 1{0=10n 3, (A)}- (2.8)
AG

1h 500 =
The minus diluted Gibbs measure is defined analogously.

We shall prove the Peierls estimates for the plus and minus diluted Gibbs measures, which,
as a consequence, have distinct thermodynamic limits; Theorem 1 will then follow.

Weight of a Contour We are now ready to define the fundamental notion of weight of a
contour. Let T be a plus contour (the definition for minus contours is obtained by spin flip)
and o a configuration on the complement of ¢(I") such that = 1 on dgy(I') (in agreement
with the definition of a plus contour). Then the weight of I with boundary conditions & is

Zcr).6(m =nr on sp(I'); ® = %1 on each ajm,k(r))

B X
Zr):5(® =1 on sp(I') and on each aout’k(r)})

W[‘(é') =

where Z 5 (A) is the partition function in A with Hamiltonian H, ¢, with boundary condi-
tions ¢ and constraint .A. In the next sections we shall prove the following theorem

Theorem 2 (The Peierls bounds) There are ¢ > 0, g > 0 and y. : (0, 00) — (0, 00) so
that for any 0 < € < €9, 0 < y < ye and any contour I" with boundary spins &

2a+4a

Wr(5) < ekl (2.10)

In Sect. 7 we shall see how to prove Theorem 1 using the Peierls bounds (2.10).
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Layered Systems at the Mean Field Critical Temperature 97

3 Reduction to a Variational Problem

The goal of this section is to introduce the Lebowitz—Penrose free energy functional and to
set the variational problem that emerges in the estimates of the partition functions in (2.9).
We start by the next proposition which deals with the very simple situation of two layers
of 1 spins whose unique interaction is the nearest neighbor vertical one. It is just a chain
of independent pairs of spins. Therefore the multi-canonical partition function, where we
fix the magnetization on each layer, is studied by very simple tools. This first result, proved
in Appendix 1 for sake of completeness, describes its convergence (in the thermodynamic
limit) to the infinite volume free energy qsg (m1, my) and finite volume corrections. We then
state and prove a Lebowitz—Penrose theorem for the spin model associated to the chessboard
Hamiltonian H ..

Proposition 1 Let n be a positive integer, X, = {—1, 1}". Fori = 1,2, let
m; € {—1+2,—1J:j= 1,...,n— 1} and set

Zen(my, my) = z 1{22:1 S i=1,2}e€ 2i=101(x)o2(x) (3.1
(01,02)€Xnx Xn

There is a continuous and convex function (]36 defined on [—1, 1] x [—1, 1], with bounded
derivatives on each [—r, r] x [—r, r] for |r| < 1, and a constant ¢ > 0 so that

logn
n

A 1 N
— ¢c(my,my) —c = - log Zen(mi, ma) = —=¢e(my, ma). (3.2)

We shall next use the above proposition to study the partition functions which enter in
the definition of contours. We thus consider a region A which in the applications will be
the spatial support of a contour. Here it only matters that A is a connected set union of
Q-rectangles. We want to bound from above and below the partition function

Zag(A) = D e relonld), 3.3)
O’AE.A

where & is a spin configuration in the complement of A and “the constraint” A is a set of
configurations in A defined in terms of the values of 1. We shall coarse-grain on the scale

y~1/2. We thus call M,,-12 the possible values of the magnetization densities o(Vfl/z), (c®
has been defined in (2.5)), namely

M-z ={—1,—1+2y'2 1-2y'2 1)
and we set
Ma = {m(-) € (M,-112)™ : m(-) is constant on each C? " C A}.  (3.4)

The Lebowitz—Penrose free energy functional (on A with boundary conditions 1) is the
following functional on [—1, 112 (whose elements are denoted in short by m)

1 N
Faymli) == > dem(x, i), m(vy)

(x,i)eA
1 . ,
=5 2 B ymemiy, D
(D) #(y,i)EN
- D LGyme dm(y, i), (3.5)

(x,0)eA, (y,i)¢A

@ Springer



98 L. R. Fontes et al.

where m € [—1, 112°, (f)e is the free energy function in (3.2) and vy ; is given in Definition
1. (Recall that v, ; € A for each (x, i) € A since there are no vertical interactions between
a Q-rectangle and the outside.)

Notational Remark The same formula is used when m is defined in a set A contained in the
complement of A; in such a case the sum over (y, i) in the last term is extended only to A.
By an abuse of notation we write, analogously to (2.5),

m(e)(x,i):z% > my.i) (3.6)

yiy.ecy
and define n(x, i; m) = £1if |m(z‘)(x, i)F m€| < ¢ and = 0 otherwise. We still denote by
A a constraint that depends on n(-; m) as for instance n(-; m) = n*(-) on A.
Theorem 3 There is a constant ¢ so that

logZy(G; A) <— inf F i AlyY?logy ™!, 3.7
ogZp(0; A) < /lxﬂlAnA A,y (mlm) +c|Aly '~ logy (3.7)

me
where, recalling (2.5), m(x,i) = 6771/2()6, i), (x,i) ¢ A. Moreover, for anym € Mp N A
l0g Za (53 A) = —Fa, (mlm) — c|Aly'/*logy~". (3.8)

Proof Here is essential the restriction to regions with no vertical interaction with the com-
plement. We have, writing o for a spin configuration in A,

Za@G: A) = Z Z ¢ Hyen©15).
MmeA 6.6~V ()=m() on A

where Hy ¢ 5 (0|0) is the Hamiltonian (2.3) in the region A interacting with & outside A.
By the smoothness of J, we get

% Z Z(JV(X,y)—fy(x,y))a(x,i)a(y,i) < ¢|A]y'2,

(x,0)EA y#x

where o (y,i) =o(y,i)if (y,i) ¢ A and

n 1
JV(xa)’) = F Z

x'ect

I ’
E Jy(x",¥).
1/2 —1/2
2 yecy™

Thus, recalling that there is no vertical interaction between A and its complement,

_ _ 1 .
Hy e:7(016) — (Hy0.a(mlin) — =€ > o(x,i)o(ei)| < clAly'/?,
(x.D)eA

where Hy, o, A (m|m) is the Hamiltonian Hy, ¢, s (0|0) with € = 0 and the spins replaced by
m(x, i) and m(x, i). We then get, using (3.2),

ZA(G3 A) < [May] sup e~ Hy0n 0l =3 3 iy de Onx,0).m(we) el Aly! 2

meA

which proves (3.7) because |[Mjp| < (c;/_l/z)'A‘Vl/2 (for a suitable constant c¢). (3.8) is
proved similarly. O
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The variations of J,, on the scale y ~1/2 give a contribution of the order | A |y /2 to the errors

in (3.7) and (3.8); in (3.7) there is also a contribution of order |A|)/l/2 log yl coming from
the cardinality of M 4. In (3.8) we need to take into account the lower bound in Proposition
1. Of course in the upper bound of the partition function we can drop the condition that m
takes values in M,y and that it is constant in the intervals C7 /> C A:

Corollary 1 In the same context of Theorem 3

log ZA(G; A) < —  inf  Fp, (m|m) + c|Aly/*logy ' (3.9)
me[—1,11ANA

4 The Upper Bound

Let us now be more specific and see how (3.9) is used to get an upper bound for the numerator
of (2.9). The key point will be to prove that the excess free energy due to the constraint n = nr
is much larger than the errors in (3.7-3.8).

In the sequel we specify A = sp(I'), and refer to the paragraph “Geometry of contours”
in Sect. 2. Because the notation gets clumsy in some formulae, we shorten it a bit as follows:

Ain = 3 (D), A = 5 (D), I = inti (D),

recalling that the suffix &+ here refers to the (constant) value of ® on the corresponding
dourk(I), and that = %1 on A, Set then

Ao = sp(D) \ (Ain U{U AT U{UALD
so that one has the following partition of ¢(I"):
c(T) = Ag U Aig U{Uk A Y U{URAL Y ULURLT U UL} @.1)

Thus the function m in (3.9) is specified by the spins outside ¢(I") and by those in the sets

1 ki When necessary we write 74, and rhglki for its restriction to the complement of ¢(I")

and to [ ki respectively. Finally the constraint in Theorem 3 is A = {n = nr on A}.

Following [10] (see Chapters 6 and 9), an important ingredient in the proof of Peierls
bounds consists in showing that the minimizers of the free energy functional have good
regularity properties even when constrained to have given magnetization values in small
boxes (the multi-canonical constraints). The next proposition, proved in Appendix 3, shows
that the infimum in (3.9) can be restricted to smooth functions.

Proposition 2 There is a positive constant ¢ so that, with the same notation as above and
recalling that A = sp(I"),

inf  Fp,(mlm) = inf Fa ., (m]i), 4.2)
me[fl,l]/\ﬁ.A me[fl,l]’\ﬂAﬁSA0
where
Spgi={m: sup |m(x,i) —m“(x,i)| < cp®). 4.3)
(x,i)eAg

Remark The smoothness request could be extended to the whole A without changing the
infimum but we only need it in Ayp.
Let us write

1
— m(x, DHm(y. i) = 5( —mx, D = m(y, D + [mx, D) = m(y, D) (4.4)
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100 L. R. Fontes et al.

in some of the terms.
With the above notation, and recalling (3.5), we get

Fap(ry,y (mlm) = FX . (may) + Fj, ., (mag, iey,)
F’ n F_ n
+; i (mAzlm"’k*)Jer: R4 (mAk+|m”’k’) 4.5)
1
+ 5 Z Z Ty (e, lm(x, i) = m(y, D,
(x,0))€Ag (y,i))¢A0
where, writing m for ma,
Fi,m = 3 |t % 4 Sgetmie, i), m(we)
Ao,y (M) = ‘ 2m X, 2(156 m(x, i), m(vy,
(x,i)eAp

1
1 2 HE D —my, i), (4.6)

(. 0)#(y.1)€Ag

while writing m for ma,,

_ _ m(x,i)?
Fagy o) = Fapy (o) = 3 ari=—75— 4.7)
(x,i)€Ain
where
avi:= . Jy(xy). (4.8)
yi(y,i)€Ao

F ’A + _(mp+|mg ) is defined analogously.
Y k I

Remark Recalling the remark after (3.5), notice that the interaction between A;j, and Ag

present in Fyry,, (m|m) is absent in Fa;, ., (M, Mo, ). It is instead contained (and split
via (4.4)) in the following terms:

(i) the last term on the right hand side of (4.5),

(ii) the second term in the right hand side of (4.7) with m(x, i )2, (x,1) € Ajp. Something
analogous takes place to the interaction between A,f and Ay, involving the last term on
the right hand side of (4.4) and the corresponding terms in F' /Aki,}/ (m A |n_10’ki).

By Proposition 2 and (4.5), we get, dropping the last term in (4.5),

Corollary 2
inf | Fpry (i) = ®ay + ®a, (tey,) + D Ou (m)
k
k

me[—1,1]7
+D - (nac,lk_) : 4.9)
k

where
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Py, = inf {on,yom \ m e [=1,11%, Im —m“| < ey®, n;m) = nr(-)},
O, o) = inf { L, 0miig,) | m & (=1, 11% n(m) =1},
+ (o — / - af —
LG, ) =inf {FL (mli,) | m e (=111 o) = 1],
_ - . / — _ AT . _
@G, ) = inf {FA;,y(m|mglkf) | m e 11,108 nC,m) = —1}. (4.10)
Corollary 2 is useful for us because it allows to split the original variational problem on
the left hand side of (4.9) into separated, localized variational problems, as on the right hand
side of (4.9).

Recalling (3.9), we have the following upper bound for the partition function in the numer-
ator of (2.9):

where
—H(o,+)—® n
( I ) ;(’ allj)

—+
ZrIH =" 4.12)
o+

k
The superscript + in the sum means that the sum is restricted to spin configurations in / k+
such that a configuration made by op in [, k+ and by any configuration with n = 1 in A,‘(" has
©®=1ond" ,(I'),see(2.9). Z~ (1) is defined analogously.

out,k
Following the Peierls strategy we use at this point the spin flip symmetry to rewrite (4.11)

in a more convenient way. In fact we have:

- _ _ + -
q)A,j (mali) = <1>Ak_ (m_ali) (4.13)

and therefore Z~(I,") = Z*(Ik_ ). The numerator in (2.9) is thus bounded by
Zr):5(m =nr on sp(I'); ® = £1 on each Boiut’k(f‘))

< o~ PagtelAly!logy~!

e P Oioey) [H z+(1,j)} {H z+(1,;)] . (4.14)

The key point is now to prove a lower bound on ® 5, so good as to kill the error terms in the
first exponent and to give what is required by the Peierls bounds. The other factors in (4.14)
will simplify with those coming from the lower bound modulo a small error. Preliminary to
that is the analysis of the two layer free energy fe (m1, m3). In Appendix 2 it is proved that:

Proposition 3 For any € > 0 small enough

~ 1 ~
Jem mz) = =3 (m? +m3) + ey mo) *.15)
has two minimizers, £m'€) := x(m¢, m¢), and there is a constant c so that
Ime — /3e| < ce3/?. (4.16)

Moreover, calling fe,eq the minimum offe(m), for any ¢ > 0 small enough:

fem) = feeq| = c£%, forallm ¢ Uy, 4.17)

where
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U = [(ml,mz) Ami = mel < 5. i = 1,2] U l(ml,mz) Amitmel < 5, i = 1,2].

The following lower bound for ® A, follows from Proposition 3 and proves that the excess

free energy &, — fe,eq ‘ 2°| grows at least like c|A0|y4‘“‘2“ (recall that f€ eq 18 defined after

(4.16) and that on’y(m) = fe,eqT when m is identically equal to m. or to —m). As

desired such excess free energy c| Ag|y** 24

in the first exponent in (4.14) which is given by c|sp(I")|y /? logy ~

is much larger (for small y) than the error term
1

Theorem 4 There is ¢ > 0 so that
|A0| |AO| —(1—a)

r . o. . ,2a
dDAo = fe eq A ) +CW min{y®; y=“}. (4.18)
Proof We rewrite (4.6) as
1 A .
FRop(m) =3 Z fe(mx, i), m(vy 1))
(x,i)eAp
1 ) A2
;> Jy(x,y)(m(x,l)—m(y,l)) (4.19)

(x,0)#(y.1)eho
and start by bounding from below the first term. We distinguish two cases:
® @) when n(x, 1) = n(vz,) 7 0 we bound fe (mx. ), m(we) 2 feca:

e (ii) in the other cases for all (y,i) € C (m(y,z) m(vy;)) ¢ Uy for y small
enough (as, by the srnoothness condltlon |m — m)| < ¢y®). We then bound

fe (m(x i), m(vy, l)) = fe eq t C{
Thus the first term on the right hand side of (4.19) is bounded from below by

~ Aol -
fe,eqT + N(ii)c)/ a a)§-2
where, writing vy ; = (x,i’), N is the number of distinct pairs of intervals Cf”i, Cf”i

where case (ii) occurs.

The second term on the right hand side of (4.19) is bounded from below by retaining only
the terms where (x, i) and (y, i) are in two consecutive C' intervals and n(x, i; m) =
—n(y,i;m) # 0. Suppose for instance n(x, i; m) = 1, then |m(x,i; m) — m¢| < 2¢ (for
y small enough and using smoothness as before). Analogously |m(y,i) + m¢| < 2¢ and
recalling the assumption that J (-) is strictly positive at the origin, we see that the contribution
to (4.19) coming from any such pair of intervals is, for y small enough, at least

J( )( —(1— oc))2 —(1 Ot)yol

To conclude we observe that by definition of contours for any Q-rectangle Q’ in A there
is arectangle Q in Ag connected to Q' (or just Q’ itself) with the following property. Either
case (ii) occurs in Q or there are two consecutive C*~ intervals one at least inside Q with

opposite values of n, or both the above events occur. (4.18) is then obtained because the
[Aol

number of Q rectangles in Ag is W ]
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5 Characterization of Minimizers

The lower bound of the denominator in (2.9) will be obtained by computing the free energy
functional on a suitable test function m on sp(I").

On Ag, m will be a constant approximately equal to m,. while it will be (approximately)
equal to the minimizers of ® 5, (Mg, ), dDZk+ (r?l(,, + ), and d>1k, (m ~o;- ), in the respective sets

Ain, Al and A .

The main difficulty will be to estimate the last term in (4.5) which in the upper bound for
the partition function could be neglected being non negative. We shall prove below that the
term [m(x, i) — m(y, )] in (4.5) with (x, i) € Ag and (y, i) ¢ Ao is bounded from above
by e~¢7"*, with the above choices of m(x,i) and m(y,i). Thus the last term in (4.5) will
then be negligible also in the lower bound.

The analysis of the minimizers is essentially the same for all of them and, for the sake of
definiteness, we will just look at the minimizer of QDJArin (M, ), referring to (4.10) and (4.7)
for the definition.

Recalling (4.7), (3.5) and (4.8) we have

1 /4
Fagy i) = 3" = (e (me. i) m(e) = arim(x. ir?)
(x,i)EAn

1
SDIRICD] ED SRACN IR S LI BINCRY

(x,i)EA (y,1)€AR (y.i)¢sp(I’)
Being a continuous function of {m(x, i), (x,i) € Aj,} the function m > ngn y(m|n_1)
attains a minimum when m varies in the compact set
K= () {m=c.-md=c]. 5:2)
(x,i)€Ain

We are going to prove that the minimizer is unique and will establish properties of the
minimizer typical of the correlations in the Gibbsian high temperatures regime.

We fix arbitrarily a pair (x, i) and (x, i") = v, ; of vertically interacting sites in Aj,, and
regard F’Ain,y(mlni) in (5.1) as a function of m(x, i) and m(x, i’) alone with all the other
m(y, j) considered as fixed parameters that we denote by u(y, j). Let

N = {uty oy # 2, =10 (v, ) € Af, u(y, j) € (=1,1) and
W=y, ) =mel < ¢, forall (v, ) ¢ €], (5.3)

namely the set where the function 7(-; u) is identically 1 except maybe on the intervals
containing (x, i) or (x, i) where we do not impose conditions on the u(-).
For any u € N, ;;» we introduce the function

N 1
ge i, mir) = bemi, my) — = (aimi +apmi) = Afmi = Himi, (5.4)
where (m;, m;y’) € (=1, 1) x (=1, 1), a; is a shorthand for a, ;, j = i,i’, and

M= > Ly, ), j=id (5.5)
y#x:(y, ))EAo

In Appendix 4 we shall prove:
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Proposition 4 There are €9 > 0 and y. : (0, 00) — (0, 00) such that for any 0 < € < €g
there are r < 1 and coefficients Cy ; i7(j, j'), j, j' € {i,i'}, so that the following holds for
all y < vye.

e Foranyu € Ny ; y there is a unique minimizer mt = (ml(”), m;f’)) of ge.

o D CoiilGj)<rforj=ii

j/=i,i/

A% eq|
° }mgft)_m ‘ Z Crii(j, j)y—"—— l—ax] j = i,i, where )»jq is the value of X
Jj'=i,i’
when u is identically equal to m.
x =25
o L <ty forj=i,i.
I —ay

|u )\‘X//|
Zcxlt’(J ]) .
1—a X, j

/7l i’

o Foranyu,v € Ny;yand j =11, m}” (v)

As a consequence of the above proposition we have:

Theorem 5 In the same context of Proposition 4 and for y small enough the following holds.
There is a unique minimizer m* of F’Ai“’y (‘|m) in K, see (5.2) and for any (x,i) € Aiy

|m*(x, i) —me| < ¢, (5.6)
|m*(x, i) —me| < 2", (5.7)

where n is the minimal number of steps required to go from (x, i) to the complement of sp(I")
when horizontal steps have length < y ' while the vertical steps have length 1.

Proof We shall preliminary prove that for y small enough the minimizer in Proposition 4

(u)

satisfies Im —me| < ¢. Indeed:

re =25
' —me| < > GG = —Sritet<t 68

Jj'=ii’

having used the bounds on C, ; ;/(j, j') and |A§, — 25| stated in Proposition 4. The last
inequality r¢ 4+ cy® < ¢ holds for y small enough, because r < 1 and by the choice of ¢
and o.

Since F Am, y(mIM) is a continuous function of the coordinates m(x, i), (x,i) € Ajp, it

has a minimum in the compact set K. Let m be a minimizer, and Cf”l a segment in Aj,
whose points are denoted (x1, i), .., (xn, i). Let my,.; be the function obtained from m after
replacing the elements m(xy, i) and m(vy, ;) by the minimizer of g, relative to the points
(x1,7) and vy, ; and with u = m on the complement of {(x;,1), vy, ;}. We then define
iteratively the sequence my, . y,.i,k < N, by applyrng the above procedure to mxl _____ Xp_pii-
We claim that m,, .; = m. In fact FA J/(mxl

..........

we are relaxing the condltlon n = 1in C ~' and because we are putting at each step the
minimizer of the corresponding g.) and therefore

/ — ’ _
FAin,j/(le ..... xN;ilm) S FAin,)/(mlm)'
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By (5.8) [my,,...,
and since m is a minimizer

xn:i (Vs J)—me| < ¢ forall (y, j)mC —iyct "ll Thereforemy, . xy:i € K

.....

Fj, o, mli) < Fa (. xyili).
This means that at each step

Fpp g (g ysili) = Fpy o (m i)
and by the uniqueness of the minimizer of g, we conclude the proof of the claim. Observe
that we have also proved a sort of DLR property, namely that if m is a minimizer then its
values at (x, i) and (x, i) minimize the corresponding ge.

By the arbitrariness of the choice of (x,i) € Aj, in the above argument we deduce that
forall (x,7) € Ajy |[m(x,i) —me| < ¢, and since (m(x, i), m(vy,;)) is the minimizer of the
corresponding g. then by the second property in Proposition 4 and by (5.5)

=i’ y#x:(y, HEAo wJ

Jy
e —md = Y o) T yemd, 69)

where m = m outside sp(I"). The inequality (5.9) can be iterated n times with n as in the text
of the theorem and we get

Jy (x,
Im(x, i) —me| = Z Cyiir(, j1) Z M

, 1—a, ;
Ji=ii’ yi#ExX(y, ))¢Ao Al

<> CypnGriy D w e m e i) —me)l.
=1, »#EY1(02,j2) ¢80 g2
We bound the last factor by 2, the sum over the yi is normalized to 1 hence |m(x, i) —m¢| <
2r".
It remains to prove the uniqueness of the minimizer of F /Am,y (-|m) in K. Suppose there
are two minimizers m and m’, then by the last statement of Proposition 4

. : a
J'=i.i’ y#x:(y, )¢ Ao '

Im(x,i) —m' (e, ) < D Coiirnj) D) IV( y)|m(y i =m' (il

(5.10)

The inequality can be iterated n times. But now n is arbitrary because m(y, j) = m’(y, j)
outside sp(T") and therefore m(x, i) = m/(x, i). O

6 The Lower Bound

In this section we will prove a lower bound for the denominator in (2.9).
We call trial function a function m € Mgpr), see (3.4), namely with values in M- and

constant on the intervals C¥ > contained in sp(I"). Denote by o the collection of spins in
¢(I")¢ and in the sets Iki. For any such o we choose a trial function m, and using (3.8) we
get that the denominator in (2.9) is bounded from below by

+ _
e_clsp(r)lyl/Z—a z e_Fsp(I‘),y(malma)_Zk H(G,;)—Zk I{(U/k’)7 (61)

O 4.0,
Iy
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having used the notation of (4.12). The whole point is now to reduce (6.1) to (4.14) and
this is done with a good choice of the trial function. We fix o and start with the function
m’ which in A is identically equal to m,, in Ajj, it is the minimizer of @Xin (Mg, ) and in
Iki it coincides with the minimizer of <1>Zki (m ). Since the values of m’ are not necessarily

in M, -1/2, m" may not be a trial function. We then define m” which at each (x, i) is equal
to a value in M,,-1> which minimizes the distance of m’(x, i) from M,,-1/>. m” may not be

i 50 that we define mgy as

me(x,iy =y > om0, (6.2)
/2

constant on the intervals C”

vecl ™
m, is a trial function and we can use it in (6.1). We claim that

Fap(ry,y (Mo liitg) < Fapry.y (m” i) 4 cy V2 [sp(D)]. (6.3)

Proof Recalling the definition (3.5) of the free energy functional, we observe that by con-
vexity

D e i) m W)= D el (x.i), Mg (vy).
(x,i)esp(I") (x,i)esp(I')

For the terms in (3.5) that contain J, , replacing m, by m” gives an error that is bounded
from above by cy l/zlsp(F)l, yielding (6.3). Similarly
Fp(ry,y (") < Fap(ry,y (m'lig) + cy ' sp(D)]. (6.4)

So far we have proved that the denominator in (2.9) is bounded from below by

+ _
—a —Fy "\me)=> 3 H —> ', H(o,—
o—clspy 12 Z . p(0).y On'lio) =2y H(0 ) =2y Hop ) 6.5)

0 4+.0,—
Lt

(with ¢ a suitable constant which takes care of all the above errors). We next use (4.5) to get

O T
Fsp(F),y(m lmg) < fe,eqT + q)Ai“ (mg)

+ Z CD-AF; (mg) + Z CDZ; (mgy) + C|Sp(]_')|g_7/7a’ (6.6)
k k

where we used that (i) m’ = me in Ag; (i) m’ is the minimizer of ® T A (my) and of <I> (nig)

in the respective sets; (iii) the last term in (4.5) is bounded using (5 7).
In conclusion

Zery:5(m=1on sp(I'); ® = £1 on each 8,?([‘))

2 A
> o Feea R —c(sply 2

xe= e TTz+an [T 240 6.7)
Proof of Theorem 2. A comparison with the upper bound (4.14) and use of (4.18) then com-
pletes the proof of the Peierls bounds. O
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7 Proof of Theorem 1

The proof of Theorem 1 is based on the validity of the Peierls bounds (2.10) and it follows
closely the well known proof for the nearest neighbor Ising model at low temperatures.

Let {A,} be an increasing sequence of bounded Q-measurable regions which invades the
whole space and “X,,, 5 plus diluted Gibbs measures with boundary conditions & such that
n = 1 on dout(A,) (¢ may depend on n). We want to prove that for y small enough and all
boundary conditions ¢ as in the paragraph of (2.9)

I
. + _
Jim i} s[em <1] <. (7.1)

By the definition of plus diluted Gibbs measures the event in (7.1) can only occur if there
is a contour I" such that the origin belongs to ¢(I"). Call N(I") the number of Q-rectangles
contained in sp(I"). Then there is a horizontal translate of sp(I") by k¢4, k < N(I"), so that
the translate of sp(I") contains the origin.

This means that

wheleO<1]=ui | U U (Teisaconwour |, (7.2)
I:sp(T)30 k<N ()

where ['; is obtained from I by translating it by k€. By subadditivity, the right hand side
of (7.2) is bounded above by

Z Z ,uj\'m& [Fk isa contour]. (7.3)
I:sp(IN)30 k<N (")
Now the probability inside the double sum in (7.3) equals
Ze(ryy:6 (n = nr, on sp(Iy); © = =1 on each 9, . (T%))

+
ZA,,,E)'

= Wr, (0), (7.4)

the inequality justified by the fact that the denominator in (2.9) is bounded above by ZX"’ 5
(since the sum defining the latter quantity contains the terms in the sum defining the former
one).

Therefore by (2.10), and using the fact that |sp(I'x)| = |sp(I")|, we find that

wha 0@ <1]= X NEyerhrr, (7.5)
I:sp(I')>0

On the other hand |sp(I")| = N(F)y_(l"'“)y_“ and once sp(I") is fixed, nr can be chosen
in at most 357(I/¢~ ways, which would contribute with a factor 3V 77 at most. As « is
very small (5« 4+ 2a < 1) we see that for y small the sum on the right hand side of (7.5) can
be bounded from above by the following sum below over all connected regions D made of
unit cubes with vertices in Z.

1Whs [0 < 1] = D IDle7s

D>0

|D|y—l+2a+2a

(7.6)

Since a and « are much smaller than 1, then the sum vanishes in the limit when y — 0, see
for instance Lemma 3.1.2.4 in [10], so that (7.1) is proved.

By (7.1) and the spin flip symmetry it follows that there are at least two DLR measures,
hence by ferromagnetic inequalities the plus and minus DLR measures ,u)jf of Theorem 1 are
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distinct and Theorem 1 is proved. There are many more consequences of the Peierls bounds,
see for instance Chapter 12 in [10], but we shall not discuss such extensions here.
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Appendix 1: Proof of Proposition 1

We prove Proposition 1 via equivalence of ensembles. The grand-canonical partition function
me of the two layers is trivially equal to the logarithm of

> emortholtean — o(e€ cosh(hy) + € cosh(h)),
((71,(72)6{71,4’1}2
where hy = hy + hy and h— = hy — hy. Thus the pressure is given by
Te(hy, ho) =10g(2Z), Z = {¢° cosh(hi) + ¢ € cosh(h_)}. 8.1

We can easily check that the function (h, h_) — mc(hy, h_) is strictly convex, namely its
Hessian, denoted here by D%, is a positive definite operator. Indeed, by computation we
have:

9 sinh(h4.) ] __sinh(h_)
M”e(h+a h-) = 6677 mﬂh+,h, =e GT, (8.2)
9? e sinh2(hy)
8h3_ ﬂe(th, ]’l,) = ? (COSh(/’l+) — eeT‘F) > O’
9? e  sinh%(h_)
ﬂﬂe(h-i—, h—) = (COSh(h_) — e GT) > 0,
92 sinh(h ) sinh(h_)
D h N h_ = —_—— .
Oh 0h_ 7e(hy ) 72

It then follows that the diagonal elements of D¢ (h., h_) and its determinant, given by
|D?mc(hy, h_)| = Z’4(1 + 2 cosh(2¢) cosh(h4) cosh(h_) 4 cosh?(h) cosh?(h_)
— sinh?(h.) sinh? (h_)), (8.3)

are all positive, and therefore the 2 x 2 Hessian matrix is positive definite. We now consider
the Legendre transform of m:

1
¢e(m) == sup (5<h, m) — ﬂe(h)) , 3.4
h
where m = (m4, m_) and
(h,m) :=hymy +h_m_, (8.5)

and we have:
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Lemma 1 Foranym = (my,m_) such that |m;| < 1,i = 1,2, where
mi=(my —m_)/2, my=(my+m_)/2 (8.6)

the sup in (8.4) is a maximum, achieved at a unique h = (hy, h_), which is the unique
solution of

d d
my = 2 Te(hy,ho), m_=2——me(hy,ho). 3.7
hy oh_
In other words, for this h
1
$e(m) = (h m) — 7 (h) = sup (EW’ m) — ﬂe(h’)) . (3.8)
h

Proof 1If |m;| < 1,i =1, 2, the function

1
L(h) := 5 {h,m) — me(h)

goes to —oo when || — oo. Together with the continuity of I'(4) this implies that the
supremum is a maximum, achieved at the critical point, hence (8.7). Uniqueness follows
from the strict convexity of 7. O

The following lemma is an immediate consequence of the strict convexity of 7. and the
properties of the Legendre transform.

Lemma 2 ¢, is strictly convex. Writing D¢ for its gradient, m = (my,m_) solves the
0
equation D¢ (m) = o 0 = (04, 6-), if and only if

m = 2Dm.(0). (8.9)
More explicitly:
a e sinh(64)
m+ € € —€
e€ cosh(64) + e—€ cosh(6-)
(8.10)
= De sinh(6_)

e€ cosh(f,) 4+ e~€cosh(f_)"

Changing back to coordinates (hy, hy) and (my, m»), let ¢ (hy, hy) and (i;g(ml, my)
denote the functions ¢ (h4, h_) and ¢ (m4, m_) when hy and my are expressed in terms
of (hy, hy) and respectively (my, my). Thus 7, and ¢, are the Legendre transform of each
other:

Getm.ma) = sup ((Wmi+hymo)=Fe (ki 1)) = (humi+hama) =7, h2) (8.11)
(h},hYy)

where in the last equality (&1, hy) are functions of (my, my) via (8.7).
The following lemma is an immediate consequence of the above.

Lemma 3 The map (mi,my) — ¢E(m1 mz) lS smctly convex on (=1, 12 and m =
(m1, my) solves the equation D(;S€ (m) = 0,0 = (91, 92) if and only if

m = D (6), (8.12)

where D7t and D(]S6 denote the gradient of T and Q’A)E. Moreover, calling
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1y + iy Mo — My
m=my,m_), my = 5 m-= 5
1+ 62 =06

0
0=(04,00), 04 =
Aoas A . 0
we have that D¢ (m) = 0 if and only if D¢ (m) = 5

Proof of Proposition 1 1t remains to prove that 436 is the canonical free energy of the two
layers system.
With (h1, hy) asin (8.11) and Z as in (8.1), we get

n
Zen(mi,my) = e "M Q7P G [Z oi(x) =mn, i =1, z} . (8.13)

x=1

where Py, j, ¢ is the Gibbs measure with Hamiltonian

n n
=D {o1(x) + haoa(x)} — € D_ 01 (x)oa (x)
x=1 x=1
hence the upper bound in (3.2). The lower bound follows by an application of Lemma 4
below, which gives an elementary local limit theorem lower bound for the product measure
Py, 1. of the form const n~3/2, with a uniform constant over  and m. O

Lemma 4 With notation as above (see 8.13), there is a constant ¢ > 0 independent of
m= (my,mp) € {—1+ %,..., 1-— %}2andn > 1 such that

n
Phl,hz,e[zai(x) =mn, i =1, 2} > cn 32, (8.14)

x=1

Remark The sharp bound is cn™!, but (8.14) is enough for our purposes, and requires a
shorter argument, given next.

Proof of Lemma 4. We first note that Zzzl (01(x), 02(x)) is atwo dimensional random walk
with jumps to the nearest diagonals. We rotate by — /4 radians and rescale space by 1/+/2
in order to get a simple 2-d random walk, denoted by X = (X(n) = (X1(n), X2(n)))n>0,
with mean jump m, = (m4, m_)/2. Notice two things:

1. mye{(,j)/n:i,j=—n+2,—n+3,...,n—3,n—2; i, j have the same parity};
2. X(n) and X, (n) have the same parity for every n > 0.

In these terms we want to prove a lower bound for
Phy hy.e (X (n) = myn). (8.15)

Let p1,q1, p2, g2 denote the jump probabilities of X to the right, left, up and down,
respectively. Notice thatmy = p; — g and m_ = py — q».

Let H (n) denote the number of horizontal steps given by X in the first n steps. Then H (n)
has a binomial distribution with success probability & := pj+¢;.Letusassume thath < 1/2
for the remainder of the argument. A similar reasoning holds in the other case. Now given
H(n) = k, we have that (X1 (n), Xa(n)) = (Y1(k), Ya(n—k)), where Y1, Y> are independent

@ Springer



Layered Systems at the Mean Field Critical Temperature 111

simple random walks in 1d with respective jump probabilities to the right r = p1/(p1 + q1)
and s = pa/(p2 + ¢2). Notice that p; +¢; > 0, p2 +¢2 > 0.
We thus have that forany k =0, 1,...,n

Ppy nye (X (n) = myn) > Ppy py e (X (n) = myn, H(n) =k)
= Py iy, e (Y1(k) =myn) Py py e Yo(n — k) =m_n) Py p, e (H(n) =k). (8.16)

Let now Y| (k) = (Y1 (k) +k)/2. Then Y7 (k) is binomial with parameters k and r, and the
first probability in (8.16) equals

Piy hye (Y{(k) = (myn +k)/2). (8.17)
Similarly, the second probability in (8.16) equals
Phyhye(Yg(n —k) = (m_n+n—k)/2), (8.18)

where Yz’ (n — k) is binomial with parameters n — k and s.

We will now choose k = k,, either |hn| or |hn]| + 1 so that k,, has the same parity as
m4n. Notice that in this case k, > 1 and (m4n + k,,)/2 is an integer.

A straightforward recourse to Stirling shows that the last probability in (8.16) is bounded
from below by a constant times 1/+/n. We next argue that the same holds for the probabilities
in (8.17) and (8.18) , and we will be done. We consider the first such probability; the second
one can be similarly treated.

We have that k, = (p1 +q1)n + 6, where 6, € (—1, 1], and (myn+k,)/2 = pin+ %".
Notice that Yl’ (kn) has mean k,r = pin 4+ r6,. It again follows readily from Stirling that the
probability in (8.17) is bounded from below by a constant times 1//7 (notice that if p; = 0,
then 6, also vanishes). O

Appendix 2: Properties of the Mean Field Free Energy

To prove Proposition 3 we study the free energy given by (4.15) (two layers with a small
vertical n.n. interaction).

We shall exploit the smallness of €, observing that for ¢ = 0 we have the well known
explicit expression:

A m2 m2
hWhm%=m§—Hm%~f—HML 9.1)

where the entropy 7 (m) is given by

l—m l-m 1+m 14+m
I(m) =— 5 log ) log 7

me[—1,1]. 9.2)

The function —%mz — I (m) is a symmetric convex function of m with a quartic minimum
at 0 so that

fomy,ma) = fo(0,0) + c(m} + m3). 9.3)

Lemma 5 . . .
Solmyi, ma) —€ < fe(my,ma) < fo(my, ma) + €. 04
Proof 1t follows at once from (8.11) and (8.1) since 7o(-) — € < 7(-) < Ao (-) + €. O
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Corollary 3 There is ¢’ > 0 so that
inf feGni,mo) = inf__ fe(my,ma) 9.5)

mi,m (my,mz)eqG .

where
Ge = [(ml,mg) e[=1 1] x [=1, 1] : |m;| < ce'/ i = 1,2}. 9.6)

Proof Using (9.4) and (9.3), we easily see that
femi.my) = fe(0,0) + c(m? + m3) — 2e,
so that f(m1, ma) > fc(0,0) if (m1, m») ¢ Go with ¢’ large enough, hence (9.5). a]

We denote by fc(m), m = (m4, m_), the function ﬁ(ml, mo) when m |, my are written
in terms of my as in (8.6). In the sequel m = (my,m_), h = (h4,h_) and

(h,m) :=hymy+h_m_ =2(mihy +mahy). .7
Given m and taking & as in (8.8) we then have
1 1 1
felm) = =2 (m% +m2) + §e(m) = =2 fm,m) + 2 b, m) = 7). O8)

By (9.5) the infimum of f,(m) is achieved in the set G, for ¢ large enough and the
minimizers are critical points in such a set. Denoting by D the gradients, the critical points
satisfy

Dfe(m) = —%m + D¢pe(m) = 0. 9.9)

Then by Lemma 2 with 6 = m,

c sinh(m )
my = ze s
e€ cosh(m4) + e~€cosh(m_)
(9.10)
. = De€ sinh(m_) .
e€ cosh(m4) + e~€ cosh(m_)
Of course m4 = m_ = 0 is a solution. In the next lemma we shall prove that any solution
hasm_ = 0.
Lemma 6 For any x € R and any € > 0 the equation
sinh
y=2¢¢ ) yeR ©.11)

e€ cosh(x) + e~€ cosh(y)’
has a unique solution: y = Q.

Proof 1If y solves (9.11) then so does —y. Therefore we only need to prove that there is no
solution with y > 0. Define

UGy 20 inh(y)
= — SIn .
Y e€ + e~€cosh(y) Y

Since U (y) is not smaller than the right hand side of (9.11), the lemma will be proved once
we show that U(y) < y for all y > 0. Suppose by contradiction that there is y > 0 so that
y < U(y). Then

inh
e + e “cosh(y) < Ze_ew,
which yields:
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2n 2n
y _ _ 2y

< 2 € € [ —
am = T 2 Qn+ 1)

n>1

{e€ +e—€}+e—€

n>1

But this last inequality is not true, since e€ +e~€ > 2¢™¢ and 2n + 1)! > 2(2n)! forn > 1.

]
We can thus put m_ = 0 in the first equation of (9.10) which then becomes an equation
for m 4 alone. The proof of Proposition 3 is then a consequence of the following lemma:
Lemma 7 There is § > 0 so that for all € > 0 small enough the equation
c sinh(x)
x=2—"— x€(0,0) 9.12)
e€ cosh(x) +e¢
has a unique solution x. and
lxe — v/ 12¢| < ce/? (9.13)
Proof (9.12) can be rewritten
inh
¢ cosh(x) + ¢~ = 23X o) 9.14)
X
and therefore as F(x2) = 0, where for z > 0
_ z z
F(z) = [e6 +e “+ 3 e + zgl(z)} — {Zeé + 3 e + zgz(z)] (9.15)
and,
> pIpe
g1(z) =e¢° o 82(2) =2 ) .
e 2n)! e 2n + 1!
We have:
F(12¢) = {e + e7€ + 6¢€ € + (12¢) g1 (12€)} — {2¢ + 4e€ €€ + (12€)g2(12¢)}
= ce’. (9.16)

On the other hand for any a < 1/6 there are §p and €( positive so that for any § € (0, §o)
and € € (0, ¢g) we have

dF
— >aon (0, §).
dz

Hence there is a unique z* € (0, §) so that F(z*) = 0. Moreover

2
ce

2" — 12¢| < —,
a

proving the lemma. O

Theorem 6 For any € > 0 small enough the Hessian D? f. of the free energy f. is positive
definite at the minimizers £m'©.
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Proof Since we shall be dealing with functions in the m and /& domain, to prevent confusion
we write D, and Dy, for the corresponding gradients (and for the Jacobian matrices). Analo-
gously for the corresponding Hessian matrices. From (9.9) and (8.11), by differentiating we

1
have: D,Z,lfs = _EH + D? ¢ and

m

h Dh
Dppe = > D2 . = %

Since h(m) is the inverse of m (h):
DymDy,h = 1.
On the other hand, by (8.10), m = 2D, so that
Dym =2G, G = Djn
and therefore
2GDyh =1, Dyh= %G‘l

and, in conclusion,

D2 ¢ = %G‘l.
Thus
D2fi=—t14 167 =1 (1-26).
2 4 4
The elements of G are given in the equations which follow (8.2) and they must be computed
at m©, so that m _ = 0. Then G is diagonal and its diagonal elements, denoted by G, and
G__,are:

ccosh(hy)[e€ cosh(hy) +e7€] —ef sinhz(h+)
[e€ cosh(hy) + e—€]?
P e + e “cosh(hy) - 2e¢ <1_¢
[e€ cosh(hy) +e~€]2 ~ e cosh(hy) +e~¢ — 2’

2G++ = 2e

9.17)

The last inequality holds for € small enough and it is proved as follows. We develop in Taylor
series all terms up to first order in €, thus the equality below are meant modulo terms in €.
Recalling (9.13) we also bound from below hi = mz > 8¢. The last fraction in (9.17) is

then bounded by

242 2+ 2¢ 1+e¢ <1
< = — €,
(I+e)(1+h%/2)+1—€ 2+4e 142~
hence (9.17) for € small enough. We have
2e”¢ €
26._=————— <1—= (9.18)
e€cosh(hy) +e¢ 2

for € small enough (and for any value of /). We have thus seen that I — 2G is diagonal and
its diagonal elements are > % for € small. O
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Corollary 4 Forany € > 0 small enough there is ¢ > 0 so that for any ¢ > 0 small enough:

fem) — fo(m' )| = cc?, for all m such that |m Fm'©| > ¢. 9.19)

Proof From what was already seen, the inequality holds if |m| > cel/* for suitable ¢ > 0.
The infimum of f(m) in |m F m'€| > ¢ must then be achieved in the set

{lm Fm© > ¢} N {lm| < ce'/4y.

In such a set Dy, fc # 0, thus the infimum must be achieved at the boundaries, hence (9.19).
O

Appendix 3: Multi-Canonical Constraints

The setup is the following: I = Cé’ = [0, £_) N Z where, recalling (2.2), {_ =y~ {17,
o > 0 and small. Let (m1(x), ma(x)) € [—1, 112 for x € I, (i1 (x), ma(x)) € [—1, 1]? for
x € Z \ 1. Dropping the dependence on y and I, let

A 1
Flm i) =3 demi(),ma() = 3515 27 Jy (e ymiomi(y)

xel i=1,2 x#Eyel

+ D Ty y)mi(x)mi(y) (10.1)

xel,y¢l

where ¢, is the canonical free energy in Proposition 1.
Proposition 2 follows at once from the result below, which is the analogue for two layers
of Theorem 6.4.1.1 of [10], after the vertical interaction is added in.

Proposition 5 For all y small enough and all u = (u1, uz), u; € [—1, 1], there is a unique
i such that i (x) = || u;, i = 1,2, and

xel

F(m|m) > F@m|m), forall m such that Zmi(x) =|Iu;, i =1,2. (10.2)

xel

Moreover the minimizer m is smooth in the sense that there is a constant ¢ so that

max max |m; (x) —u;| < cy®.
i=1,2 xel

Proof The statement is trivially true when |u |V |uz| = 1, We therefore assume in the sequel
that |up| V |uz| < 1.

Remark As in Appendix 1, for the free energy computation it is sometimes convenient to
use the variables m4(x),x € I as in (8.6); we then write m(x) = (m4+(x), m_(x)) and
analogously m(x) = (m4(x), m_(x)), and write QASE (m1(x), ma(x)) = ¢e(m(x)), with the
function ¢ given by (8.8).
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To find the minimizers under the above constraint, we introduce the Lagrange multipliers
A = (A4, A1) and define

_ 1 1
Falm|m) = Z (d)e(m(X)) - E(m(X), A) — §<K(x)’ M(X)))

xel
1 1
7 Z Jy (x, y)(m(x), m(y)) + 50», u)|1] (10.3)
x#yel
withuy = ur uy, (a,b) = ayby +a_b_ and
ke (x) = D T, (x, y)is(y), x el (10.4)

vl
Observe that ) (m|m) = F(m|m) for all m under the constraint in (10.2). Let k =
|Tl\ > <7 K (x). We introduce an interpolating parameter s € [0, 1] and define

1 1
Frslm|m) =" [@(m(x)) — 5 lm(o), [ +E1>] - s(z [5<[K(x) — il m(x))]

xel xel
1 1

=7 20 F e m@),me) | + 5 6wl (10.5)
x#yel

so that 7, | = F,. To find the minimizer of F) (m | m) we need to find its critical points,
namely the solutions of

0P m i) _ R
amey Do (m(x)) 29()6) =0, (10.6)
where
1
6() = 3.+ + %(K(x) — &)+ % > LG ymo). (10.7)
y#x,yel

By an explicit computation:
02 F; s (m | )
Im(x)dm(y)
which for y small enough is a positive symmetric operator, namely there is ¢ > 0 so that

D W) D2 gem@)Y () — > sTy e W), Y () = € D (Y @), ¥ ().

xel x#yel xel

D?pe(m(x) Ly — 5y (x, V) lytyer

(10.8)

This shows that if there is a critical point of F} , it is unique and it minimizes F; ;. By (10.6)
m is a critical point if D¢ (m(x)) = %x) forall x. By Lemma 2, m(x) = 2D (6 (x)) which
is (8.10) namely

sinh (04 (x))
e€ cosh(f4 (x)) + e—€ cosh(6_(x))’

my(x) = 2¢°
(10.9)
sinh(6_(x))
e€ cosh(f, (x)) + e~€ cosh(h_(x)) "

—€

m_(x) = 2e
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Observing that the right hand side depends weakly onm as | > ., J, (x, y)m(y)| < y*, we
then get, as in the proof of Theorem 6.4.1.1 in [10], that there is a unique solution m; s of
(10.9) which is the unique minimizer of F;_; and whose fluctuations are of order O (y%). To
conclude the proof of the theorem it suffices to show that there exists a function A(s) such
that

> mass(x) =ulll, foralls [0, 1]. (10.10)

xel

There is obviously a unique solution A(0) of (10.10) when s = 0. We will find A(s) by
solving the evolution equation

Zi\vwx (X))ZZDO\IJ(G)L (x))iGA x)=0, sel0,1] (10.11)
ds (s),s (s),s ds (s),s s s .

xel xel

obtained by differentiating (10.10) and recalling that m = 2Dm.(0) =: 2W(6), where the
explicit expression of 2W = 2(W (0), W_(0)) is given by the r.h.s. of (10.9).

We will now prove that A(s) is differentiable and its derivative has order y*. We proceed
by supposing that A is differentiable and get a formula for its derivative. We will then check
that the primitive for such an expression is indeed A (s). The formula will also show that A’ (s)
has order y¢.

By (10.11) we first need to show that 8y ) ; is differentiable in s. But 6; (5) s (x) defined
through (10.7) can be expressed as

0
Orisy.s () = 050 +5 040 (x). (10.12)

where 610 = 1(. + &) and 0},), (x) = %[(K(x) —©) + X yryer Ty (s y)mm)(y)},
so that

1650y ()] < ™. (10.13)
We have:
dO).(s),s dr 00.(s5),5
2 (x) = 9,0 == ' 10.14
s (x) = 0x x(s),s(x)ds + 2 (x) ( )
with:
30,
a(j“ @) = 60, (1), (10.15)
1
3655 () = 0,00 +5 9,00 = Jl+s > Ty (x, ) Dymy, (10.16)
yel

where 0;, := (ﬁ axi_) , I is the identity matrix, and m,_ is defined by equation

m(x) = V(G n(x)), (10.17)

with é)\,m as the same expression of 6 (10.7) but as a function of A, m, namely:

- I
el,m(x)zi(wrlz)—% @) =D+ > Ty ym) | (10.18)
y#x,yel

We postpone the proof that m; is differentiable in A and there is a constant ¢ so that:

|Dym| < cy® (10.19)
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which, recalling (10.16), implies that there is a constant ¢ so that:
1 o 1 o
E_C”/ < 18,01l <§—|—ch . (10.20)

Going back to (10.11) and denoting by Yy the operator that acts on a vector v(x) as Ygv(x) :=
> ver Do¥ (Brs),s (x)v(x), we write in a compact form:

(Yo82000.61 1~ = =Tob;) - (10.21)
There are positive constants cf (see (10.9)) so that:
[lcZ < ITqll < |1|cj. (10.22)

Then, by (10.20), [T 065 (s),s] is invertible if y is small enough. Hence % is well defined
and

dxr -1
‘7 _ ‘[T@ akex(x),x] 1ol || < er®. (10.23)
ds ’
The last inequality follows by (10.15).
Let us now prove (10.19). Differentiating (10.17):
Dym = D6~\I’|:3)\9~ + 00 - Dxm] (10.24)
and so
[1 — DV - amé}mm = DoV - 9,0. (10.25)

By (10.18) we see that 8;‘67 = 1/2I, and Dmé is a smooth function order o(sy“). Then for y
small enough || DgW¥ D,,0| < 1 and [l - DQ\IJDmG] is invertible and

-1
Dym = [1 - D(;\IJDméj| DoV - 9,0 (10.26)

is well defined and there is a constant ¢ so that:

|Dym| < cy®. (10.27)

Appendix 4: A Contraction Property of the Mean Field Free Energy

In this section we shall prove Proposition 4. The basic bound comes from the analysis of
the previous section. As we use here the variables (m, my) instead of (m4, m_) we need
to translate the results into the new variables. The minimizer m© = (mff), 0) becomes

(me, me), me = m(f)/Z. We have

Lemma 8 Let G4 and G__ be given by (9.17-9.18), then

82ﬁé( =G4t +G i=1,2 9%
Me, M) = —— L =1,2,
ah,.z € € ++ 3/128]11

(me,me) = Gy —G_—. (1L1)
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Both G4 + G__ and G4+ — G__ are non negative, and fori = 1,2

827%6( )| + e ( N =26, <1-¢ (11.2)
—(me, m Me, Me)| = <1—--. .
o2 T T [ahgdhy e o 2
Proof
O ¢ _07e OTe O ¢ _07e n OTT¢
dhy  dhy Oh_’ dhy  Oh,  Oh_
A 9%me N 9%, B 8%, A 07 B 8%,
an?  8h% - 9h> T 0hy0h_ ' 0hadhy  dhy 9k’
hence (11.1) because 52— (2. 0) = 0. o

It follows by continuity that:

Corollary 5 There are cy > 0 and r < 1 so that the following holds. Call

R | Pie ()| (11.3)
= sup . .
Y =iy —me <coi=12 Ohidh;j
Then
D Rij<r i=12 (11.4)
j=12

and the matrix (1 — R) is invertible.

We are now ready for the proof of Proposition 4. We fix throughout the sequel a pair
(x,1) and (x, {") of vertically interacting sites in Aj,, thus (x,i’) = v, ; and use the above
properties to study the function g.(m) introduced in (5.4). We write m = (m;, m;) and
write a@; = ay;, ay = ay i, the latter defined in (4.8). We also write A; and ;s dropping the
superscript # on which they depend via (5.5). We finally shorthand a; for a, ;.

Lemma 9 There is a constant ¢ so that for any u € Ny ; i/, see (5.3),
nj =47 o
———— ={¢+cy’, j=1i,1, (11.5)
1 - aj
where )»jq is defined in Proposition 4.
Proof By (5.5)

=t = > L Uy, ) —me)
yx(y.yecy
+ > Ty (e, ) (uly, J) = me).

iy DECE UAg)

We add and subtract fy (x,y) to J,(x, y) where fy (x, y) is obtained by averaging J,, (x, y')

over Cf"j. In the term with fy (x,y) we can replace u(y, j) by its average and use (5.3),
(4.8) and that J, is a probability kernel to get the bound (1 — a;)¢. The sum over the terms

with fy (x, y) — Jy (x, y) is bounded by ¢’y*, by the smoothness of J,,.
O
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In the sequel we shall only use the bound (11.5) and not the specific form of the A
By differentiating (5.4) we get

azge _ 32(/35
omjom j - om;om j

—ajlj:j/, j, j/E{i, i/}.

Ate =0 5 o2 -0 is diagonal with entries —1”(m ) —a;, j = i,i’. The minimum of —/" is
m m,

atOand —1 ”(0) = 1. Since a; < 1/2 (this follows from the choice of x and the symmetry
of J; see (4.8)), we then conclude that:

Lemma 10 There is c; > 0 so that g is strictly convex for € < ¢y and for any such € it has
a unique minimizer 1w (called m"™ in Proposition 4).

In the sequel we tacitly suppose € < cj. The critical point m of g satisfies
Doe(m) = 0 := (am; + Ai, apmir + hir). (11.6)

Then, by Lemma 3, . .
m = Dp7(0), (11.7)

where D7 (é) is the gradient of 7¢(hy, hy) computed at (hy, hy) = 0. We shall study
(11.7) distinguishing among the possible values of a; and a;; which depend on the horizontal
distance of (x, i) and respectively (x, i") from Ag. Because of the geometric properties of
Ain, only three cases can occur: (i) a; = ay = 0; (i) a; = a7 € (0, %]; (iii) a; € (0, %]
and a;; = 0 or viceversa. Case (i) occurs when the horizontal distances of (x, i) and (x, i’)
from Aq are both > y_]. Case (ii) is when the distances of (x, i) and (x,i’) from A are
both < ! and case (iii) is when one is < y~! and the other > y~!. We start from case (i)
which is the easiest.

Case (i). By (11.5) for y small enough |éj — m¢| < ¢, co as in Corollary 5, hence by
(11.5)

mj—mg‘f E Rj’j/ A E Rj’j/§r<1
J 7

in agreement with in Proposition 4 after setting Cy ; /(j, j') = R j,j» and recalling that in
case () a; =0, j =1i,i'.
Case (ii). 0 in (11.7) is now (after adding and subtracting m.)

0; =me+am;—me)+rj— (1 —ayme, j=ii. (11.8)

Since 0 depends on m, (11.7) is an equation in m and not a formula for m as in case (i). We
introduce an interpolating parameter ¢ € [0, 1] and define

6() = me+am; —m) +1(3j — (1 —ame), j=1,2 (11.9)

calling m(¢t) the solution of (11.7) with o replaced by 9(t) Observe that m(O) =me is the
solution at = 0 while the solution at # = 1 is what we want to find because 9(1) =0.
Supposing that m(t) and its derivative m(t) exist we can then differentiate (11.7) to get

25

mj = Z ij{amp+()\p_(l_a)m€)}’ K]P 8h ah

p=i,i’

—— ), (11.10)
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where é(t) is computed at m = m(t). If moreover |m(t) —m¢| < 2¢ then |éj t)y—m¢| <2¢
and 1 — aK is invertible and we have
m=Vm,t) =1 —aK) ' KO- —a)u®), u=(me,me), r=0;, Air). (11.11)

The evolution equation (11.11) starting from m(0) = m. has a unique solution till the first
time T when |m ; (T') —m¢| = ¢, because by Corollary 5, (1 — K (¢)) is invertible and smooth
fort < T and we have

mjt) —me| <t a" D (R jplh, — (1= a)yme]. (11.12)

n=0  p=ii’

Set

o0
Ceiin(j.J) =0 —a) D a"(R"™); ;1.
n=0

Then, by (11.4), we get

> Crii(hjh < —a)

jl=i,i’

r

<r, j=ii
1—ar

Thus |m () —me| < 2¢ fort < min{T, 1}, hence the above holds till # = 1 and Proposition
4 is proved in case (ii).
Case (iii) with @; = a > 0 and a;; = 0 (same proof applies when a; = 0 and a;; > 0).
Here
6= (me+atm; —mo) + 2 = (1 = @yme, me + G = mo))

and proceeding as in case (ii) we set
6) = (me +atmi = mo) + 112 = (1 =@l me +1Gir =mo). (1113
Analogously to (11.10),
mi = Kjjam;i +{Kii(hi — (1 —a)yme) + Ki jr(hir —me)}.

Since K;;a < 1 till when |m;(t) — m¢| < 2¢ proceeding as in case (ii) we get that the
evolution equation has solution till time # = 1 and

oo
mi(1) = me] < > (@R )" (Riilhi — (1 = @)me| + Rijo|dir — mel). (11.14)
n=0

We then set:
R;i(1—a)

1—-aRLi
which verifies the condition in Proposition 4 because

.. Rii(l—a) R; i/ r—aR;
Cyip(i,j)=—7 + : < — <.
32: LLIO 7 1——aRLi 1——aRLi 1——aRLi d

R; i
1—-aRL[

Criin(i,i) = o Criir Gy i) (11.15)

j=ii

. 07¢
Since m; = W(@),

i

mir = mel < Ry ol = mel + Rir g (almi = mel + s = (1 = ayme]).

We then set
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C .A/(l'/ l/) = R +aR., L
X,1,1 k] 1,1 i’ 1 — aRl-’i
Rii(l1—a
Cx.ii/(i/ai):Ri/i(aL)'f‘] —a) (11.16)
’ ’ l—aR,',,-
and
g aRj ;i R; ;s aR;i(1—a)
Z:l/ Cx,i,i’(l 7)) = Ri’,i’ + 1—761Ru + Ri’,i(l_iaRu + (1 — a))
Jj=i.
R; i/ Rii(1—a
< Ry + R, —aR,'/,'(l— ii _ l,l( ))
' ’ ’ l—aRi,,' l—aR,',l-
R,y + R ; (1 —
Er—aRi’i<l—M) <r
’ 1 —aR;;

having bounded in the last bracket R; ;7 + R; ; < 1.
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