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ABSTRACT

We study partial homology and cohomology from the ring theoretic point of view via the partial group algebra
K, G- In particular, we link the partial homology and cohomology of a group G with coefficients in an irre-
ducible (resp. indecomposable) K, G-module M with the ordinary homology and cohomology groups of a
subgroup H of G, where H depends on M, with coefficients in an appropriate irreducible (resp. indecompos-
able) KH-module. Furthermore, we compare the standard cohomological dimension cd  (G) (over a field
[K) with the partial cohomological dimension cdp[;z (G) (over K) and show that cd”, DZ(G) > cd i (G) and that
there is equality for G = Z.

1. INTRODUCTION

Partial actions and partial representations enjoy diverse theoretic developments and keep finding
notable applications. They have been brought into use in the theory of C -algebras, providing, in
particular, an efficient approach to algebras generated by partial isometries, with the Cuntz—Krieger
algebras and the more general Exel-Laca algebras being prominent early examples of the success of
the new notions [26, 29]. In addition, they allowed for an isomorphic identification of any second
countable C -algebraic bundle, satisfying a mild regularity condition, with the semidirect product
bundle associated with a continuous twisted partial group action on the unit fibre algebra [25].
Apart from their relevance in the study of K-theory, ideal structure and representations of the C -
algebras under consideration, the new tools also turned out to be productive in dealing with the
Kubo-Martin-Schwinger(KMS) equilibrium states of C -dynamical systems [30].

The C -algebraic advances, Exel’s definition of a partial action of a group on an abstract set [27], the
concept of a partial representation introduced in [27] and [43] and the relation of these notions to the
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inverse semigroup S(G) defined in [27] stimulated the algebraic investigations on the subject, initially
made in [19, 36, 46, 47]. In algebra the new concepts are useful to graded algebras, Hecke algebras,
Leavitt path algebras, inverse semigroups, restriction semigroups and automata (see the survey arti-
cle [16] and the references therein). Moreover, the partial action definition of Thompson’s groups V
and G, ; provides an appropriate framework to deal with algorithmic problems for them [9]. Some
important decision problems, properly placed in the language of inverse semigroups [49], are related
to extension properties of partial bijections, to some of which partial actions are also handy [14].
In particular, they participate in an interaction between model theory, profinite topology of groups
and formal languages, being relevant this way to the Ribes—Zalesskii properties of groups and other
topologically defined conditions on groups.

Among the recent applications, we mention the significance of partial actions and partial represen-
tations to C -algebras related to dynamical systems of type (m, n) [5], to dynamical systems associated
with separated graphs and related C -algebras [4, 6], to  paradoxical decompositions [4], to shifts [6],
to full or reduced C -algebras of E-unitary or stronglyE -unitary inverse semigroups [41], to topologi-
cal higher-rank graphs [44], to Matsumoto and Carlsen-Matsumoto c -algebras of arbitrary subshifts
[18] (see also [31, 32]), to ultragraph C*—algebras [33] and to expansions of monoids in the class of
two-sided restriction monoids [40], with the latter involving a previous construction from [39] based
on partial actions (see also [13]).

Besides being related to inverse semigroups, partial actions and partial representations also have
various connections to groupoids [16]; one of them is based on the partial action groupoid, another
one involves the partial group algebra, which is crucial for the present article, and one more is the fact
proved in [8] and [34], stating that Steinberg algebras ([48, 12]), associated with Hausdorff ample
groupoids, can be seen as partial skew inverse semigroup rings (see also [15]). More information on
partial actions, partial representations and their applications may be found in Exel’s book [28] and
in [16]. In particular, the former reference contains detailed partial crossed product descriptions of
graph C -algebras and the Wiener—Hopf C’-algebras associated with quasi-lattice ordered groups.

Among the theoretic developments, two partial group cohomology theories were introduced: one
in [20] based on partial actions and the other one in [ 1] based on partial representations. Despite the
fact that partial actions and partial representations are related notions, the two cohomology theories
have little in common. In particular, the cohomology in [1] deals with an abelian category, whereas
the category of partial modules from [20] is not even additive. The cohomology from [20] turned out
to be useful to extensions of semilattices of groups by groups, to a Chase-Harrison-Rosenberg exact
sequence for partial Galois extensions and to partial projective group representations and to reduced
C -crossed products (see [16]). In particular, it was shown in [23] that each group component of the
partial Schur multiplier is a partial cohomology group. Furthermore, partial 2-cocycles appeared in
[38] as certain obstructions in the study of the ideal structure of the reduced crossed product ofa C -
algebra by a global action. In addition, it was extended from groups to groupoids in [42] and used to
classify the equivalence classes of certain groupoid graded rings. Partial actions of Hopf algebras were
introduced in [11] and were reformulated in [35] and [51] with the aim of obtaining a richer theory
of partial actions of algebraic groups. The partial cohomology theory developed in [20] stimulated
its Hopf theoretic treatment in [7], where a natural generalization of Sweedler’s cohomology to the
partial action setting was given.

The partial modules in [20] are unital partial actions of groups on commutative monoids, whereas
the authors in [1] deal with modules over the partial group algebra I,4, G- The latter is an algebra
which governs the partial [K-representations of a group G, and it has as a [K-basis, the above-
mentioned semigroup S(G), introduced by Exel in [27] to deal with partial actions and partial
representations. Exel defined S(G) by generators and relations and gave a canonical form of the ele-
ments of S(G) which he used to show that S(G) is an inverse monoid [27]. Later in [37] Kellendonk
and Lawson proved that S(G) is isomorphic to the Szendrei expansion of G, and, as a consequence of
aresult by Szendrei [50], S(G) is isomorphic to the Birget-Rhodes expansion of G. The information
on $(G) given in [27] and [37] is an important technical tool when dealing with partial linear and
partial projective group representations, as well as with the partial cohomologies.
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The algebraic study of K, G was initiated in [19]. In particular, using a groupoid I'(G) associated
with G, a result on the structure of K .G was obtained assuming that G is a finite group. The latter
fact permits one to make conclusions about the partial representations of finite groups. The connection
of partial representations of G with the groupoid I'(G) also inspired the development of a theory of
partial representations of Hopf algebras in [2], [3], where it was shown that partial representations
correspond to left modules over a Hopf algebroid. The groupoid technique was further used in [24]
to give a structure result on the indecomposable/irreducible finite dimensional partial representations
of arbitrary groups. Furthermore, it was shown in [17] that e G is isomorphic to the partial skew
group ring B X G, where 7 is a partial action of G on the subalgebra B of K, G generated by the
idempotents of S(G).

It is very natural to consider a (co)homology theory for G using I,4 G-modules. Akey point in [1]
is to choose as the ‘trivial’ module the [, G-module structure on B given by the partial representa-
tion G — End i (B), which corresponds to the partial action 7 (Subsection 2.1). Then the nth partial
cohomology group H;,’u,(G,M ) of G with values in a left KW,G-module M is defined in [1] by means
of the corresponding Ext functor (Subsection 2.2). The authors of [ 1] prove the existence of a spectral
sequence relating the Hochschild cohomology of the partial skew group ring A X G with H}','W(G, -)
and the Hochschild cohomology of A. The globalization problem for Hj,

' -(G,M) was investigated in
[21] in the case when M is an algebra, whose the K, G-module structure comes from a unital partial
action of G on M. For more information around [, G the reader is referred to [16] and [28]. In
particular, the difference between the cohomologies in [1] and [20] is discussed in [16] and [21].
In this paper we introduce homology groups for partial representations as the left derived func-
tors of the tensor functors — ® KB B®K 6 and we study homological and cohomological

properties of the partial group algebra KP G using ring theoretic homological methods.

Let G be an arbitrary group, K be a field and V be an irreducible (resp. indecomposable) left
K,,,G-module, which is finite dimensional over K. By [24, Theorem 2.3] there is 2 unique connected
component A of I'(G) with a finite number of vertices, an elementary bimodule K,., G W i related to

A and aleft irreducible (resp. indecomposable) KH-module U, finite dimensional over K, such that
VW iy Uasleft Kp .-G-modules. Here H is the stabilizer in G of a fixed vertex of the connected
component A.

Our main goal is to establish the following result.

THEOREM 1.1 Let G be an arbitrary group, A be a connected component of the groupoid I'(G)
with a finite number of vertices and W be the elementary [, G- IKH-bimodule related to A. Let
U be an arbitrary left KH-module. Then

H),(GW ® y U) ~H'(H,U) and H;" (G,W ® iy U) ~ H,(H,U).

In particular, if Vis an irreducible (resp. indecomposable) left K,a, G-module, which is finite

dimensional over [ and as above V.~ W ® gy U as left K, G-modules, then

(G, V) ~H'(H,U).

ar

H;"(G,V) ~ H,(H,U) and H,

By definition for a left K, G-module V' we have H}','W( G,V) = Ext (B, V) where B is con-
par

ar K arG
sidered as a left K, G-module and HY" (G, V) = Tor, ™ (B,V), where B is considered as a right

K, ,G-module (Subsection 2.2).
Theorem 1.1 follows from Theorem 4.11 and Theorem 4.13 Its proof needs homological and
cohomological versions of the Shapiro Lemma that we give in Section 3. Their use in the proof of

Theorem 1.1 requires B® K, G W to be isomorphic to the trivial right KH-module Kand KA to be
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aflatleft K, G-module (Proposition 4.6 and Theorem 6.6). Proposition 4.6 is a consequence of The-

orem 4.5 whose proof is separated in Section S. In the case when G is finite by [19] Kpar G > KI'

@ KA, hence KA isaprojective left KpmG—module. Furthermore, we show in Section 6.1 thatif A is
avertex of a component A with finitely many vertices and G\ A is infinite, then KA is not a projective
left K, G-module. Moreover, if G is an infinite group, then for the connected component A with

unique vertex G, KA = KG is not projective as a K4 G-module.

In Section 4 we establish the following consequences of Theorem 1.1 for finite groups G.
COROLLARY 1.2 Suppose that G is a finite group. Then fori > 0

H;"(G,B) ~ @, H,(H, K) and H,,,(G,B) ~ ®,H'(H, K),

ar

where the sum is taken over the connected components A of the groupoid I'(G) and H is
the stabilizer of a chosen vertex of A (thus it is defined up to conjugation).

We define the partial cohomological dimension cd’ [Z( G) of G (over K) as the projective dimension
of Basaleft K, G-module, thatis,

cdpuzr(G) = max{i| H}i’ (G, V) # Ofor some K, G-module V'}.

ar

Note that the cohomological dimension cd j (G) of G (over [K) is the projective dimension of the
trivial left KG-module K, thatis,

cd i (G) = max{i | H(G,M) # Ofor some KG-module M}.
As a corollary of Theorem 1.1 we prove the following result.

CoROLLARY 1.3 For any group G we have cdpuzr(G) > cd i (G). In particular, if
char(K) = p > 0 and G has p-torsion then cdpuzr(G) =cd k(G) = .

We believe that the following stronger version of Corollary 1.3 holds.

COROLLARY 1.4 For any group G we have cdpuzr(G) =cd (G).

In the particular case when G is a free group we have that cd x(G) = 1 and Conjecture D is
equivalent to the following:

CONJECTURE 1.5 Let G be a free group and R = KPWG. Then the kernel IG of the augmentation
map € : R — B is a projective left R-module.

We prove in Section 8 that Conjecture 1.5 holds for G = Z, so that cdpuzy(G) =cd(G)=1.1tis
interesting to note that in this case IG is not a free [, G-module but only a projective one.

2. NOTATION AND PRELIMINARY RESULTS

2.1 The partial group algebra K, G

Let G be a group and K be a field. We recall some well-known definitions and facts.

DEFINITION 2.1. A partial representation of G into a unital (associative) K-algebra A is a map
7 : G — A such that for every g,h € G we have
1) m(g)m(h)ym(h™") = m(gh)m(h™);
2) w(g ) m(g)m(h) = n(g™")m(gh);
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3) m(1) = 14, where 1 is the neutral element of G.

If A = End (V'), where V is a vector space over [K, then we say that 7 is a partial representation of
GonV.
A concept closely related to partial representations is that of a partial action:

DEFINITION 2.2. A partial action o of G on a [K-algebra A is given by a collection {Dg } gec of
ideals in A and a family {ag : Dy = D, } €G of non-necessarily unital algebra
isomorphisms satisfying:

1)D,=Aand o, = id 4
2) (D1 N Dygy1) =D, N Doy
3)ify € Dy N Dy then cay, (y) = g, ().

A partial action is said to be unital if each ideal D,isa unital algebra, that is, D, = lg/l for each
g € G, where 1, is a central idempotent of A. To a unital partial action cv of G on A one may associate

two partial representations. One of them is the map G — End  (A) given by
g [a|—>ag(a1g_1)], gEGacA (1)
The other one involves the partial skew group algebra. The latter is defined as follows.

DEFINITION 2.3. Suppose that there is a unital partial action o of G on a [K-algebra A. Then
there is an associative partial skew group ring (also called the partial smash product),
denoted by A X, G, where

"4 ><]a G= 69gEGDg#:g
and

(alg#g)(blh#h) = aag(blhlg,l)#gh fora,b € A.

The second partial representation associated with ¢ is the map G — A X, G givenby g — 1, #g¢.
There is a bijective correspondence between the partial [K-representations of G and the K-
representations of the partial group algebra Kpm G, whose definition is as follows.
DEFINITION 2.4. The partial group algebra IK,, G is the [K-algebra with a generating set
{lg] | g € G} subject to the relations
1) [g][r][h7'] = [gh][n™'];
2) [g7'1[g][h] = [g™" 1Lghl;
D=1y o
forallg,h € G.

For simplicity, we will also denote the identity of I, G by 1 instead of 1§ . Evidently,
par
G3gr (g € K,,G 2)

is a partial representation.Each partial representation 7 : G — A gives rise to a unital partial action on
a commutative subalgebra of A [17, Lemma 6.5]. We specify this for the case of the partial represen-
tation (2). It is an easily seen and known fact that the elements e, = [gll g~'] are pairwise commuting
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618 .« M.M.ALVESetal.
idempotents of [, G such that
[gle, = eglgland ¢, = 1,
forallg,h € G. Let
By (¢ |£€G) 3)

be the commutative subalgebra of K, G, generated by the elements {eg } geandlet D, = e B. Then

the partial representation (2) induces a unital partial action 7 of G on B given by the family of
isomorphisms 7, : D+ — D, defined by

T (egrey, e ) = [glegey ey [g71 ] = egey, g, . (4)

LEMMA 2.5. [17, Theorem 6.9] There is an isomorphism
¢: K,,G—=Bx.G,
given by
o(lg].--[g,]) = € a0, ...egl'_.gn#g1 oy
and

(p_l(egehl ey #E) =gy e [g]-
It is an immediate consequence of Lemma 2.5 that [, G is a G-graded algebra:

Kyor G = Dy B, and B,B, C By,

where B, = D, #g. Itisreadily seen that each D, isthe K-vector subspace of Bgenerated by [,] ... [I;]
wherek > land h;...h = g.

According to (1) the unital partial action (4) gives rise to the partial representation 7 : G —
End (B) given by 7(g)(x) = [g]x[g™"] for g € G,x € B. This endows B with a structure, a left
IK,qr G-module:

b = [g]b[g™'].

Symmetrically, we shall consider B as aright [, G-module defined by

bl = g7 b[g].

2.2. Introduction to homological algebra

We refer the reader to Rotman’s book [45] for the definitions of the derived functors Tor and Ext. For
a fixed associative ring R we consider the derived functors Tor’,R(—, —) of the functor tensor product
- ®j — and the derived functors Ext}, (-, —) of the functor Homy (-, -). Then foraleft K, G-module
V and aright [, G-module M the n-th partial homology groups of G with coefficients in M and V
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are
K arG K aVG
HY(G,M) = Tor, ™ (M,B) and H,"' (G, V) = Tor, ™ (B, V).

K _G K _G
Note that Bin Tor, ™ (M, B) isaleft K, G-module and that Bin Tor, ™ (B,V)isaright Ky G-
module. Similarly the n-th partial cohomology groups of G with coefficients in M and V are

H,,.(GM) = Ext”KpmG(B,M) and H,,

ar

(G, V) = Extn KpmG(B’ V),

where B in Ext”KWG(B,M) is aright KparG-module and B in Extn K, G (B,V)isaleft KparG-module.

A fundamental result that we will need later on is the existence of the long exact sequence in
homology associated with a short exact sequence. Suppose

0>V, -V—=V,—0

is a short exact sequence of left S-modules for some associative ring S. Then there is a long exact
sequence [45, Cor. 6.30]

coe = Tors (M, V,) — Tors(M, V) — Tors(M,V,) — Tor} (M, V,)

— . = Tory (M, V,) > MgV, > M®gV — M®g V, — 0.
Similarly, for a short exact sequence of right S-modules
0—M, -M—M,—0,

there is a long exact sequence

o= Tori(Ml,V) — Torﬁ(M,V) — Tori(Mz, V) — Tori_l(Ml,V)

— oo Tory(M,, V) = M, @V = M®gV — M, @ V — 0.

‘We observe that if

o WS W, 5 W, = W, —
is along exact sequence of S-modules with W, = 0 = W, then
the middle map W, — Wjis an isomorphism .

We will apply this argument several times later on together with the fact that for a right S-module A and
aleft S-module B the functors Torf (A,-)and Torf (-, B) vanish on projective S-modules; in particular

Tor$(A,S) = 0= TorS(S,B).

2.3. Onidempotents and projective modules

In this subsection R is a unital associative ring. The following lemma is well known, but for complete-
ness, we give a proof.
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LEMMA 2.6. Lete,,...,e, € R be idempotents that commute with each other. Then
Re, +Re, + ...+ Re, = Re,

where

e=e;+(1-e)ey+...+(1—¢;)...(1—¢,;)e,
and R/(Re; + ... + Re,) is a projective R-module.

Proof. Notethate;, (1-¢;)e,, (1—e;)(1—¢,)es, ...,(1—¢;) ... (1 —e,_; e, are pairwise
orthogonal idempotents (that is, with mutual product 0). Then e is an idempotent and
Re, +Re, + ...+ Re, = Re. Since R = Re @ R(1 - ¢) we conclude that

R/(Rey+...+Re,) =R/Re~R(1—¢)
is a projective R-module. g
3. PARTIAL GROUP HOMOLOGY VERSUS ORDINARY HOMOLOGY

TueoreM 3.1. (Homological Shapiro lemma for partial actions) Let W be a K4 G- KH-bimodule

for some groups G and H such that W is flat as a right IKH-module, W is flat as a left

Ko G-module and B® K,,G W is isomorphic to the trivial right IKH-module K. Then, for any

left KH-module U, considering W & ypy U as a left K, G-module, we have

H™(G,W ® iy U) =~ H,(H,U), i>0.

Proof. Let
P:.»P, =P —...=5P,=>U—=0

be a free resolution of U as aleft KH-module. Since W is a flat right KH-module, the
functor W ® ¢y — is exact and hence we obtain an exact complex

S§=WQKygP:..285—=S_,—=.. =25 =>WQKkyU—0,

where §; = W ® py P;. We view each §; as aleft K, G-module via the left action of .G
on W. Since each P, is a free KH-module, we have that

S;i=WQkuP.=WRyy (®KH) =W, (5)
hence

S;is a flat left KpMG —module,

so 8 is a flat resolution of the left K, G-module W ® y;; U. By [45, Theorem 7.5 ] not only
K,,G
projective but flat resolutions can be used to calculate Tor, ™ (B,-). Then

K,,G .
H" (G,W ® g U) = Tor, ™ (B,W @ iy U) = H(B® ¢ 8™,

where the upper index del means the deleted resolution, that is, the complex in dimension -1
is substituted with 0. Note that

B®,6S=BOk,c WQkuP)~ Bk, ¢W)® Py
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HOMOLOGY AND COHOMOLOGY VIA THE PARTIAL GROUP ALGEBRA . 621

hence
H(B® K, G §) ~H((B® Ky G W) ® i P).

Since B® e W is the trivial right KH-module K,

H(B®K ¢W)®yy?P) ~H (K P*) =H,(H,U).
- O

For a K, G- KH-bimodule W and a right KH-module U consider Hom kg(W,U) as a
right K,, G-module in the following way; for f € Hom ku(W,U) and r € K, G we have fr €
Hom (W, U) defined by fr(w) = f (rw).

THEOREM 3.2. (Cohomological Shapiro lemma for partial actions) Let W be a
K, ., G- KH-bimodule for some groups G and H such that W is projective as a right IKH-module,

par
Wisflat as a left K, G-module and B® y ¢ W is isomorpbhic to the trivial right KH-module
par

IK. Then for any right IKH-module U, considering Hom y (W, U) as a right K,,,, G-module, we
have

H,,,(G,Hom y;(W,U)) ~ H'(H,U), i>0.

Proof. Let

E:05U—E -E -E — ..

be an injective resolution of U as a right KH-module. Since B® | W is isomorphic to
par

the trivial right KH-module K we have

H(H,U) = Ext'y;,(K,U) = Ext\ ,(B® ¢ W, U)

= H'(Hom 1y (B® g, 6 W, &),
By the Adjoint Isomorphism Theorem [4§, Theorem 2.75] we obtain
Hom ;;(B® K, G W,E') ~ Hom KWG(B, Hom ;(W,E")),
hence
H'(Hom yy(B® i W,E™)) = H'(Hom ¢ (B, Hom y5(W,€*))).

.»G-module. This is equivalent to

We claim that Hom (W, E') is injective as a right K,
the exactness of the functor Hom K, (= Hom y;;(W,E")). Consider again the adjoint

isomorphism
Hom (= Hom y;(W,E")) 2 Hom (- ® i o W, E').

Note that the right-hand side is the composition of two exact functors - ® ;W and
‘par

Hom y;(— E'), because W is flat as a left K4 G-module and E'is injective as a right

[KH-module. As a composition of two exact functors is exact, we obtain that Hom (W, E’)
is injective as aright [, G-module. Consequently, since W’ is a projective right
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KH-module, Hom (W, -) is an exact functor and Hom (W, &) is an injective
resolution of the right K, G-module Hom y (W,U). Then

H'(H,U) ~ H'(Hom ;i (B, Hom y;;(W,E™))
-
~ ExtiKW o(B,Hom 1, (W, U)))

= H;',W(G,Hom ku(W,0)).

4. APPLICATIONS: THE BIMODULE W

We are going to show the existence of abimodule W as in Theorem 3.1 and Theorem 3.2. First we recall
some notions from [19] and [24]. Given an arbitrary groupoid I and a field K, the groupoid algebra
[KI' is defined as the vector space with basis formed by the morphisms of I', which are multiplied by
the rule

o _J memy ifyoy,existsinD
= 0, otherwise.

Asitis usual for functions, we apply morphisms from right to left, so that in the composition vy, o 7,
first 7, acts and then ;.

For a group G consider the groupoid I'(G) whose objects (seen as vertices) are subsets of G which
contain 1 and whose morphisms are pairs (A, g) where A is a subset of G which contains 1 and g*.
Then both A and gA are objects in I'(G) and the morphism (4, g) can be seen as an arrow from A to
gA, which is interpreted as multiplication by g from the left. The product (B,g") o (4,g) is defined in
['(G) ifand only if B = gA, that is, when the range gA of (4, g) coincides with the domain B of (B,g").
In this case (B,g") © (A4,2) = (gA,g”) ° (A4,g) = (A,g’g). We have the decomposition of the groupoid
algebra

KI'(G) = ® KA

into a direct sum of two-sided ideals, where A runs over the connected components of I'(G).
Let now A be a connected component of I'(G) whose set of vertices V), is finite. By [24,
Theorem 2.2] the map

M@= D> (g (6)
A€V A g7 lEA
is a partial representation G — KA, where the sum is taken over all vertices A of A which contain

g_l. By the universal property of Kp G, the map A 5 extends to a homomorphism of K-algebras

ar

Kow G — KA, [g] = Aa(g),

which, with a slight abuse of notation, will be denoted by the same symbol A 5. We consider KA asa
left K, G-module by means of A5, that is,

[g]-a=Aa(g)a 7)

fora€ KAandg € G.

Let 1 be the number of vertices in A and fix a vertex A € V. Then there exist g;,g,,-..,¢, € G,
with g7' € A, such that V = {g,A, A, ...,g,A}. It is convenient to assume that g, = 1. Let H be the
stabilizer of A, that is,

H:{hEG:hAZA}.

Then H is a subgroup of G and the groupoid algebra KA is isomorphic to the algebra M, ( KH)
of all n x n-matrices with entries in the group algebra [KH. The isomorphism is given as follows. Let
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(gA,g) be a morphism in A whose range is gg,A = gA for some j € {1,...,n}. Notice that gj_lgg,- =
h; € H and write g = gjhigi_l. Then the desired isomorphism is given by

n: KA — Mn( KH); (giA)g) = Eji(hi)) (8)

where Eﬁ(hi) stands for the n x n-matrix whose unique non-zero entry h, is placed in the position (j,1).

For g € G denote by M, the matrix A5 ([g]) after identifying KA with M, ( KH). Then

M= Y Ey(h), )

§Adg™!

in which the sum is taken over all vertices g,A of A which contain g™*. Thus M, is a monomial matrix
over H, in the sense that each row and each column of M, contain at most one non-zero entry, which

is an element of H. Denote by M; the matrix obtained from M, by transposition and replacement of
each entry h € H by its inverse.

LEMMA 4.1 Let G be an arbitrary group and let M, be as defined above. For every g € G we have

Af*
thﬂt Mg—l =M.

Proof. While in (9) g;A runs over all vertices of A which contain g_l , the target vertices
gA = gg;A of the arrows (g:A,g) are all those vertices of A which contain g. Evidently,

(ng, g') is the inverse of (g,A,g) in the groupoid A, and, consequently, it follows from (9)
that

Mg =) Ey(h') =M,
§A3g
as desired. 0

LEMMA 4.2 Let A, A and B be as above, with G being an arbitrary group. Then \ 5 (B) is the
subalgebra of KA whose [K-basis is formed by the elements (C, 1), where C runs over Vj.

Proof. We need to show that {(g;A4,1);i=1,2,...,n} is a basis for A 5 (B). First of all, we have
the formula

M= > (C1)=> (g4a1) (10)

geC,CeVp gA>g

since, by the definition of A 5 and the expression of the productin KI'(G),

Aale) =2 DMl D= Y @ADEAS) =D (ga1)

gAg ! ,gASg gAdg
Consequently, for every finite X C G,
SN (Het> =[[rale)= > (), (11)
tex texX CEV,, COX

assuming that this sum is zero if no such vertex C exists.
Fixing now an arbitrary C, € V), we shall show that (C,,1) € Ax (B).
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We shall proceed using induction on d(C,), where the function d : V, — N was defined
in [22, p. 2571] as follows. If C € V), is maximal, that is, if

CcC Cfor someC € Vp implies C = C,
we set d(C) = 0. Otherwise, we define

d(C) =max{m €N |3D,,...,D,, € V5,withD,, D ... D D, 2 C}.

=

Since V, is finite, there is a finite subset X, C C, such thatif X;; C C for some C € Vp
then C, C C.Indeed,let 7 C {1,...,n} be the set of all indexes j such that C, € gA. For each
j € I choose an element t; € Cy\gA. Then X, = {t; | j € T} is the desired finite set.

Ifd(C,) = 0, then (11) for X = X, readily yields (C,,1) € A (B), so suppose that
d(C,) >0and (C,1) € Ax(B) forall C € V, withd(C) < d(C,). Then we conclude from
(11) applied for X = X, that

(COJ 1) = /\A (H et) - Z (Crl) S )\A(B)l

teX, CEV, €26,

completing our proof. O
COROLLARY 4.3 With the notation of Lemma 4.2, we have that dim i (A5 (B)) = n.

Proof. Itis clear that the linearly independent elements (g;A, 1) generate the image of Bby A5,
and hence dim (A7 (B)) =n. O

The free right KH-module
W= (KH)"= MM( KH),

viewed as column matrices, possesses a left M, ( IKH )-action given by matrix multiplication, trans-
forming W into an M,,( KH)- KH-bimodule. Then the [K-algebra homomorphism

AA : KparG_> KA,

followed by the isomorphism
n: KA — Mn( KH),

endows W with a structure of a K, G- KH-bimodule, called elementary. The latter gives rise to an
elementary partial matrix representation considered in [24].

We recall the next fact, whose statement is a slight modification of Theorem 2.3 from [24].

THEOREM 4.4. Let G be an arbitrary group and V be an irreducible (resp. indecomposable) left
K,y G-module, which is finite dimensional over |K. Then there is a unique connected component A

of T'(G) with a finite number of vertices, an elementary bimodule K,, W KH related to A\ and a

left irreducible (resp. indecomposable) KH-module U, finite dimensional over K, such that
VWQky Uasleft K, G-modules.

It is shown in [24, Theorem 2.2] that for each irreducible (indecomposable) Kp +G-module V,

which has a finite dimension over [, there exists a unique connected component A of I'(G), with a
finite number of vertices, and a KA-module structure on V such that ¢V is obtained from A W
par
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® kU by means of A5, so that Theorem 4.4 is a direct consequence of [24, Theorem 2.3]. Notice
that the map

M: G _>Mn( KH)) g HMg = Z E/’i(hi))
&ASg™!
is the elementary matrix representation afforded by the bimodule W ;;.Given d € A5 (B) and
par
> Hen 0 € KA, define the action

A1 =Y ay'dy (12)

YEA yEA

Using Lemma 4.2 it is easy to check that A (B) is a right KA-module with respect to (12): it
suffices to check that (tD,t™')(C,1)(D,t) € A5 (B), for any (C,1),(D,t) € A, and this product is
either zero or equal to (D, 1) € A (B).

The next fact is crucial for our construction of W as in Theorem 3.1 and Theorem 3.2, and since its
proof is long it will be given in Section S.

4.5. Let A be a connected component of I'(G) with a finite number of vertices and A 5 be as in (6).
Then there is an isomorphism of right KA-modules

Aa(B)~B®y ¢ KA,

where the left KpmG-module structure on KA is given by (7).

*

Let " be the involution of K, G determined by [g] =[g"]. Thus e; =([gllg™ D) =g 1] =

(g] [g_l] =e for every g € G. Note that IKA also has a natural involution determined by

()5

YEA YEA

which, by a slight abuse of notation, will also be denoted by ". It is clear from the equality (6) which
defines A5 that Ay (a') = A (a)" foreverya € Kpar G-

PROPOSITION 4.6 Let G be an arbitrary group, A be a connected component of I'(G) with a finite
number of vertices and W be the elementary K, G- KH-bimodule associated with A by means of
the homomorphism A 5. Then B® K, G W =~ K as right KH-modules, where K is the trivial

KH-module and B is a right K, G-module via vlel = [g']b[g] forb € B,g € G.

Proof. The algebra isomorphism KA =~ M, ( IKH) endows KA with the structure of a right
KH-module. Consequently, as a right KH-module, KA is isomorphic to the direct sum of n
copies of the free right KH-module W, and we have that

B®k,c KA~B® KyurG W"=~(B® K, G w)"
as right KH-modules. Then it follows from Corollary 4.3 and Theorem 4.5 that
n=dim (Aa(B)) = dim (BB _g KA) = dim (BB W)"),

and therefore dim i (B® K,.,G W) = 1. It remains to show that the right KH action on this

module is trivial.
Let {e;i=1,2,...,n} be the canonical KH-basis of W ~ M, , ( KH).
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CLamM4.7. 1Qeh=1Q¢inBQ oW foranyh € Handanyi=1,2,...,n.
par

In order to see this, fix h € H and recall that V; = {g;A, 5,4, ...,g,A} where g; = 1. Notice
that according to (6) the element (gA,ghg; ') € A is a summand of A5 (g;hg; ") for each
i=1,2,...,n,asA > gi_1 implies g,A 2 gih_lgi_l. By (8), n(giA,gihgi_l) = E;(h) and h s the
(i, i)-entry of the matrix (A5 (ghg;"))- Recalling that (A (g;hg; ")) is monomial over H
and that the left I, G-module structure on W is given via the composition 7) o Ap, We
obtain that

1®eh=10n(Ax(ghg"))e; = 1lshe] e

=[gh7'g; ' lghg ' 1 ® ¢ = ey @,

recalling thatif b € Band r € G then bl = [+"'1b[r] € B (Proposition 4.6). On the other
hand

1@Na (egrig))e; = 1© (A (g g ghg 1)e = 1877 ek .

= [gh7'g; " Nghg Mgh ¢ 1lghg 1@ e = eyt @

Since by equality (10) the element (g;A4,1) € A is a summand of A A(egih—l g;l) , the
(i, i)-entry of the diagonal matrix (A5 (eg,h’lgfl )) is 1, and thus

1®eh=1®@n(Aa (egyh’lg:l))ei =1®e¢,

as claimed.

CramM4.8. {1Q®e¢,}isa K-basisof BQ K, G W forany fixedi=1,2,...,n.

Indeed, note that the elements 1 ® ¢, ..., 1 ® e, generate B& K, G W as aright
KH-module, since b @ w = 1 @ (A a (b))w foranyb@ w € B® K, G W. It follows from
Claim 4.7 that 1 ® ey, ...,1 ® e, generate B® K, G W asa K-vector space.

Proposition 2.2 of [22] implies that A 5 : Kper G — KA is an epimorphism. Hence,
given 1 <i,j < n, we may write Ej,i(l) =1(Ap(a)) for somea € K,q G and it follows that

1®¢=1R®E;(1)=1®n(Ax(a))e = 1" ®e;

For any b € B, the element A5 (b) € KA isa K-linear combination of idempotents of
the form (C, 1), C € V,, and therefore 7)(A 5 (b)) is a diagonal matrix with entries in K
thanks to equality (8). In particular (A 5 (1?)) is such a diagonal matrix. Therefore

1Q¢=1'Q¢ = 1R®N(AA(1%))e; = aj,i(l ®e,)

for some c;; € K. Hence all elements 1 ® e; are scalar multiples of each other and, given that

those elements generate B® ¢ W asa [K-vector space, at least one of the scalars o is
‘par g

nonzero; but this implies that all are nonzero. Due to the fact that dim  B® K6 W =1
any set {1 ®e¢,} isa K-basis, proving the claim.
The fact that the right KH-actiononB®  ; W is trivial follows from Claim 4.7.
par
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The following remark will be justified in Section 6.1.

REMARK 4.9. When G is a finite group and /A is a connected component of I'(G), the left
K, ., G-module KA (via A 5 ) is a projective module. However, in the case of an infinite group G,

par
KA may not be a projective left I, G-module even when A has a finite number of vertices.

ar

Although projectivity may fail, in Section 6.2 we will prove a strong result regarding the modules

KA.

THEOREM 4.10. Let G be an arbitrary group and /A be a connected component of I'(G) with a
finite number of vertices. Then KA is flat as a left |K,,,,G-module (via Ap).

THEOREM 4.11. Let G be an arbitrary group, A be a connected component of I'(G) with a finite
number of vertices and W be the elementary K, G- KH-bimodule related to A. Let U be an
arbitrary left KH-module. Then

H"(G,W ® iy U) ~ H,(H,U), i>0.

Proof. By the isomorphism KA ~ M, ( KH) given in (8), W is a direct summand of KA asa
KA-module. Since KA is flat as a left KP .-G-module, we deduce that

Wis flat as a left KpmG—module.

Thanks to Proposition 4.6, B® K, G W is the trivial right KH-module K, and, because W is
also flat as a right KH-module (being free), our statement follows by Theorem 3.1. O

COROLLARY 4.12 Let A be a connected component of the groupoid I'(G) such that A has
finitely many vertices and V = W ® |y U be an irreducible (resp. indecomposable) left
I,4- G-module with decomposition given by Theorem 4.4. Then

H'(G,V) ~ H(H,U), i>0.

THEOREM 4.13. Let G be an arbitrary group, A be a connected component of I'(G) with a finite
number of vertices and W be the elementary K, G- KH-bimodule related to A. Let U be an
arbitrary left KH-module. Then

H,,(GW ®yy U) ~H(H,U), i>0.

Proof. We write U, for U considered as a right KH-module by uh = h™'u. Using Theorem 3.2,
Proposition 4.6 and Theorem 4.10, we obtain K-isomorphisms

H;zar(G’Hom KH(WJ UO)) =~ Hi(H) UO) = Hi(H; U))

in which the latter isomorphism comes from the fact that H'(H, U,) = ExtiKH( K, U,),

where K is considered as a trivial right KH-module, and H'(H,U) = ExtiKH( K, U), with
[ considered as a trivial left KH-module. Note that by definition

H;mr(G) Hom KH(Wr UO)) = ExtiKPWG(B)Hom KH(W) UO));

where both B and Hom i, (W, U,,) are right I,4 G-modules.
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On the other hand H;W(G, V)= ExtiKPmG (B,V), whereboth Band V =W  ; U are
left Kpa,G-deules. Write V, fqr V considered as right Kpm‘G-module byv(g]l = [g"]v.
Note that Ext’KW (B V)~ Exthpm (B, V), where Bin Ext'KWG (B,V,) is considered as a
right [, G-module. Then it remains to show that

V, = Hom .y (W, U,) as right K, G-modules. (13)

Note that
VaWQkyU=~(KH)"®kyU=~(KH® Ky U)"~U",
as [K-vector spaces, and composing these isomorphisms we obtain the [K-isomorphism
p,: Vo= U"
given by
01 (A A) Qu) = (AN, .oy A u),

where \,...,\, € KHandu € U.
Also consider the standard isomorphism

©, : Hom (W, U,) — U"

defined by
sz(f) = (f(e1)J '“Jf(en));

where {ej, ..., e, } is the canonical basis of the free right KH-module W =~ ( KH)".
Recall that the right action of [g] onf € Hom (W, U,) is determined by

(f - [gD(w) =f([g] - w).

Then via the isomorphism (o, we can consider U" as a right KpmG-module with [g] acting

in the following way : if u = (uy,...,u,) € U" thenu - [g| = %, where &t = (i, ...,#,) € U",
M, ut =7

and Mg,M; € M, ( IKH) are the matrices defined in (9). Indeed to see that the action is
precisely this one, we consider

fle) =u,(f-[g))(e) =1, and M, = ()\,-,j) €M, (KH).
Then
i =f([gle) =f( D eA) = D A= D whi= > Ny
1<j<n 1<j<n 1<j<n 1<j<n

On the other hand, for A € (W ® ; U), = V, we have A - [g] = [g7'] - \, so the action
of [¢] on U" induced by ¢, is given as follows: if u = (uy,...,u,) € U", thenu-[g] =14,
where

M, - u' =i,

that is, it is given by left multiplication by the matrix M, ., where the n-tuples are considered
as columns.
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Finally, M; = M, by Lemma 4.1, thus proving (13). (]

COROLLARY 4.14 Let A be a connected component of the groupoid I'(G) such that A has
finitely many vertices and V = W ® ; U be an irreducible (resp. indecomposable) left
K, G-module with decomposition given by Theorem 4.4. Then

H,,(GV)~H'(HU), i>0.

COROLLARY 4.15 (Corollary 1.2) Suppose G is a finite group. Then

H;"(G,B) ~ @xH,(H, K) and H,,,(G,B) ~ @, H'(H, K), i>0,

ar

where the sum is over the connected components A of the groupoid I'(G) and H is the
stabilizer of a chosen vertex of A (thus is defined up to conjugation).

Proof. We will split B as a direct sum of indecomposable left KpmG—moduleS. Write

eA=Heg H (1-¢,) €B,

gEA  seG\A
where A is a subset of G. The action of [g] on ¢, gives [gle [g7'] = 44 if 1 € A. Note that
e, =0if 1 ¢ A, and thus e =0 ifg”" ¢ A. Observe that there isa K-isomorphism

B~ @, Key.
Indeed, let G\{1} = {¢,,...,. }. Then
B=Be, ®B(1-¢,)=(Be, ®B(1-¢,))e, ®(Be, ®B(1-¢,))(1-¢,).
Continuing the decomposition of B as Be, ® B(1- e%) and so on, we obtain
B =®,c,Bey-
Note that B = K[etl,...,etk], and forg € Awehaveee, = e, and for g ¢ A we havee,e, = 0.

g g
Thus Be, = Ke,.
Furthermore, for each subset A with 1 € A the sum

GagGG,gfleA KegA

isaleft KparG—module. Notice that in the latter sum, gA are the vertices of a connected

component A of the groupoid I'(G).

Thus B splits as a direct sum of left K, G-modules over the connected components A of

ar

I'(G), where each summand is isomorphic to KKV,. Then consider the epimorphisms
Aa K, G — KA~ M, (KH)

and

0: M,(KH) — M, (K),

where 6 is induced by the epimorphism KH — K that sends each element of H to 1. Then
KVy ~ K" =M, ,(K), where M, , () are all n x 1-matrices over [, via the isomorphism
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that sends e atoe;. Thus Mml( K) is aleft M, ( K)-module via matrix multiplication, and via
the composition map 60 A itisaleft K, G-module. Thus

KVy ~W Ry K,

where W is the elementary bimodule related to the connected component A. Note that the
above isomorphism is of left KparG—modules because Q(Mg)ei =g for g;lggi =h, € H since

M, = Z&Aag,l Eji(hi). Then by Theorem 4.11 and Theorem 4.13

H,, (G,B) = ®AH,,(GW ® iy K) ~ ®,H'(H, K)

and

H(G,B) = ®,H™ (G,W ® g K) ~ ®AH,(H, K).

THEOREM 4.16. Let G be a finite group. Then fori > 1

par(G parG) = O'

Proof. Since G is finite we have

K, G~ KI(G) = @5 KA,

where the direct sum is over the connected components A of the groupoid I'(G). Thus KA
is a projective left K, G-module and we can decompose KA~W, ®...0 W, where
Wy~ ...~ W, ~Was K,, G- KH-bimodules. Then

KA = D1 jcuW; ~ B, W, Qg U

where each Ul ~ [KH. Thus

par(G parG) par(G KA) ~ @A 691<}<n =n(A) par(G W ® KH KH)’

and by Theorem 4.13 fori > 1

H,, (G, W, ® oy KH) = H(H, KH) =0,

where the last equality holds for any finite group H. Indeed by [10, Prop. I1L.6.2] for any

group T with a subgroup of finite index T, there is an isomorphism

H'(T, KT) ~ H'(T,, KT,), observing that for subgroups of finite index, induced and
co-induced modules are isomorphic (see [ 10, Prop. IIL.5.9]). Thus we obtain our result by
applying this fact for T = H and the trivial subgroup T ,. Ul

5. PROOFOF THEOREM4.5

In this section whenever we make calculations in KA all sums are over subsets of G that are vertices
in the connected component A, that is, belong to V.
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5.1. The morphisms ¢ and 1) connecting B ® e KA and A\ 5 (B).

We will introduce now an equivalence relation on G which will be essential in what follows. Given
g€ G,let

Eg:AA(g)AA(g_I):AA(Eg)G KA
We define an equivalence relation in G by
gt &= g,=¢, (14)

Fix a complete set of representatives X C G for the equivalence relation defined above. We claim
that X is finite. In fact, A has a finite number of vertices and, by equality (10), for every t € G we have
the formula

e =Aale) =) (D), (15)

D>t

which shows that the number of distinct &,s is finite.
REMARK 5.1 Note thate, = ¢, ifand only if for all C € V4,
Cog <<= C>ot.

In fact, by the definition of the equivalence relation, if &, = €, then

D,1)= C, 1) and vice versa. Clearly the second equality holds if and only, for
2o (Dy1) =3, ( y quality Y
every vertex C of A, C 3 g implies that C 3 t and conversely.

Let C be a vertex of A. We define a partition X = C’ U C"’ of the system of representatives in the
following manner:

c’'=XncC (16)

C// =X\C/. (17)

Note that if x € X is equivalent to some ¢t € C then, by Remark 5.1, x € C. Thus we obtain the
following description for C”:

C' ={x € X | 3t € Csuch thatx ~ t}.

REMARK 5.2 C’ determines C, that is, if D, C € V), then D’ and C’ coincide if and only if
C=D.In fact, suppose that C' = D’ and assume that there exists d € D\C.Ifd ~ x € X then
x € D' = C"and hence x € C.Butd ~ x and x € C then, by the previous remark, d also lies
in C, a contradiction.

Consider the K-linear map
()0 H B® KparG KA — )\A(B), b®a = AA(b) <]a,

where the right KA-action <] was defined in (12). This map is well-defined, since for b € B, a €

KA and [g] € K, G,

p((be) ®a) = p([g']blg] ®a)
=A@ DA B)AA() < a

202 1SNBNy 9z UO Jasn ojned OBS 8p BpepPISISAIUN Aq €61£992/€19/2/G /oM yrewlb/wod-dno-olwapeoe//:sdjy Wwoy papeojumoq



632 +« MM.ALVESetal

=A@ Aa(B)Aa(9) la
= (Aa(b) <AA(g)) a

= () I (Aa(g)a)
=p(b®Aa(g)a)
=o(b®[g]-a).

Note that ¢ is a map of right KA-modules: for b € Band a;,a, € KA,
o((b® ‘11)‘12) =p(b® ‘11‘12) = )\A(b) < (‘11‘12) = (AA(I”) < “1) Ja, = p(b® a1) ] a,.

We are going to prove that ¢ is an isomorphism of right IKA-modules. We begin by defining a right
inverse to (o, which will later be shown to be a left inverse as well. Given (C,1) € A (B), let

mCD)=]]e J[(1-¢) (18)

teC’  fec”
and extend 7 linearly to A  (B). We now define
,I/):AA(B)_)B@[KPWG KA, dHTf(d)@lKA (19)

We will show that

potp=1dy (). (20)
In fact, we first remark that for any finite subset Y of G we have the equality

1> @n=> v, (21)

t€Y DEVA DDY
D>t

since the elements (D, 1) are orthogonal idempotents in KA. Another simple fact needed in the
computation below is that if C and F are subsets of G then

ENnc” =@ifandonlyifP/ ccC.

LEMMA $.3 Ap o7 =1dy ().

Proof.

(a o€ =Aa([Te [T (1-¢))

teC’  fec”

=[12at) [T -2a(e)

teC’ fec”

=1[[> o0 [Ja-> &)

teC’ D>t fec” E>f

=112 @0 [[> D

teC’ Dot fec” F#f

() (2.
DOC’ FNC’’=0
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> D).

DDC’
pNC’' =0

Now consider a subset D such that D 2O C’ and DN C”’ = (). The inclusion D D C’
implies D’ O C’,and DN C” = () yields D’ C C". Hence D" = C” and consequently D = C,
thanks to Remark 5.2. Therefore

Aaem®(C1)= > (D,1)=(C1).

DDOC’
DNC' =0 O

The proof of the above lemma immediately implies the following result, which is precisely (20).

COROLLARY 5.4 Given (C,1) in KA, we have that

¥e lb(c; 1) = (Cr 1)'

5.2. Linearity of V)

We begin with two technical results which will be useful in the proof that 1) is a KA-linear map, that
is, 1 is a homomorphism of right KA-modules.

REMARK 5.5 Foralle,f in B, f° = fe.
In fact, letting e = & and using that B is a commutative ring, we have

fe=fEe = [g1([g gD g™ ] = e fe, = fe,.

LEMMA 5.6 Forallt,,t, in G, ift; ~ t, then
() e, ®1xa=¢e, @Lyga=e,e,®1ga EBRK ¢ KA.
(ii) [g7]e, [g]® 1ea = [g7']e, [g] ® 1 ea = [g7'Jes e, [g] @ 1 e, forall g € G.
Proof. (i)
¢, @lga=¢ @lygn=¢' ®@Lya=¢, ®Aa(e)=¢, ®Aa(e,)
—e?2®1KA—etet ®1ka-
Switching t, and , we gete, ® 1 n =€, ¢, @ 1 p =€, 6, @1 A
(ii) Giveng € G,
(g7 e, [e]®1ka = (et N®1ya = (et ) @1yn=e ®1KA
=e, @ Aale,[g]) =e, ® M(%)M([g]) = e, ® Aale,)Aa(lg])
=e, @ Aaley [g]) = (e, o )® lka = (e:)[g] ®Lka
= (etletz)[g] ®1ga = [g_l]etletz[g] @1 KA.
Clearly we also have

(g7 e, [g]®1KA [g7"] €, []®1ka= [g_l]etletz[g]@)lm,

concluding the proof. O
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In what follows, given a property P the symbol [P] denotes the following Boolean operator:

p] ={ 1 if Pholds,

0 otherwise.
We are going to prove the following fact.

PrOPOSITION S.7. Themap ¢ : Ap(B) = B® K, G KA defined in (19) is a homomorphism of
right IKA-modules.

Proof We shall show that
P((C,1) <IAa(g)) =¥(C1AA(R)

forall (C,1) € Ax(B) and g € G. On one hand, we have
P((C,1) IAa(8)) = 7((C,1) TAA () ® L

=7 ((C;l) < Z (D;g)> ®1ka

D3g~!

= Z ((gD,g™)(C,1)(D,g)) ® 1
D>3g!

=[geCln(g'C1) @1 ka

=[ge(] H € H (l—ef)®lKA.
te(g'C) fe(g'0)”

Since C 3 1 we have that g_1 € g_IC and as a consequence g_1 ~Xg1 € (g_IC)/. It
follows from Lemma 5.6 that

€ ®lka=¢1 @ lga

and hence

(D) <Ir@)=lgec] [] & [[ G-¢)@1ka

te(g'C)  fe@g'c)”

=lgeCle,, H & H (1-¢)®@1ka
elgicy relsic)”

=[geCle H H (1-¢)®1ga

tE(g 1cy f€(g icyr
= ().

On the other hand

P(C1AA(R) = (7(C,1) ®1 ka)Aa(g) = 7(C, 1) @ A (g)
= (@ (D) @1k

l¢]
= (Het H(l_et)> ® Lka

tec’  tec”

=[g'] (H & H (l_ef)> (g]®1ka

teC’  fec”
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= H €1y H (1-egi)eqt ® 1

teC’ fec”

= e H egit H (1- eg—lf) ®1lka

teC’ fec”

- ().
We shall check that (*) = (**).

CrLamm 5.8. Ifg € C, then

eg,, H € ®1 KA = egﬂ H egflt ®1 KA (22)
te(g1C)’ tec’

Indeed, ift € C" theng™'t € g'C’ C g"'Cand henceg 't ~ Xg1p € (¢g7'C)’. Using once
more Lemma 5.6, we obtain the equality

e ®@la=e, ®lka,

which ensures that every element e,.,, with t € C’, occurring in the right-hand side (RHS)

of (22) may be substituted by some ¢,/, " € (g7' C)’, which occurs in the left-hand side
(LHS) of (22).

Conversely, consider an element ¢, with t’ € (g’lC)’ as in the LHS of (22). There is
B € Csuchthatt’ =g 3;let xg € C’ be its representative, that is, 5 ~ xg. Then

egflet/ = eg—leg—l/g = eg—lﬂeg—l = [g_l]eﬁ[g],

hence, by Lemma 5.6,

ety @1 a = [g7leple] ®1a = [g7 e, [E] ® 1 ka = gy, @ 1A

It follows that every e,,, where t’ € (§7'C)’, occurring in the LHS of (22) may be replaced
by an et € C’, as in the RHS of (22), which completes the proof of our claim.

This takes care of the first products appearing in (*) and (**). Now we will consider the
second products.

CrLamm 5.9. Ifg € C, then

eg—l H (l—ef)®lKA=eg,; H(l—eg—lf)®].KA. (23)
fe(g—lc)// fEC”

Iff € C” thenf ¢ C’ and therefore g”'f ¢ g7' C. Let x,17 € X be the representative of
¢ 'f. Since g7'f ¢ g7'C, by Remark S.1 we also have that Xpp ¢~ C, which implies that
Xg1p € (g_1 C)"’. As a consequence of Lemma $.6,

(1 - eg’lf)eg’l ®1 KA = (1 - exg-lf)eg’l ®1 KA-

Hence each factor 1 —e 1, where f € C"’, occurring in the RHS of (23) may be replaced
bya factor 1 —¢,, with t € (g7'C)”’, in the LHS of (23).
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Pick a factor 1 — e of the LHS of (23), where f € (g7'C)”,

fe@'0) = fex\g'C = f¢g'C= g ¢C

Let x,; € X be the representative of gf. Since gf ¢ C, once more Remark 5.1 implies that
Xof ¢ C and therefore xy € C "’. Using again Lemma 5.6, we have that

(1-e, )el@lKA (1- gng)[gil][g]®lKA=
=[g7 (1 -, Jgl®1ka = [ 1(1-e)[g] ®1ka

=(1 - Cf)eg,1 ® 1 KA-

Therefore each term (1 — ef), wheref € (gi1 ), occurring in the LHS of (23) may be

replaced by a corresponding term (1 —e_-., ), where x € C”, in the RHS of (23), and the
claim follows.
Claims (22) and (23) above imply that if g € C, then

egq H €; H (l_ef)®1KA_e 1He ltH(l ’1f)®1KA

te(glC)’  fe(g'o)” tec’ fec”

and therefore the equality (*) = (**) holds wheng € C.
When g ¢ Cwe have (*) = 0 ; we shall see that in this case (**) = 0 as well. Assuming
g ¢ C, choose x, € X such that X, ~ g In this case x, € C" and, by Lemma S$.6,

e ®1ya=[g7le[g]®1ka = [gfl]exg[g] Q1 ya =y 61 ®1 kA

and since the term 1 —e,1,, _ appears in (**) it follows that (**)=0.

This proves the equahty 1/}((C 1) <IAA(g)) =¥(C,1)AA(g) forall (C,1) € Ao (B) and
g € G. Since by Proposition 2.2. of [22] the algebra KA is generated by the elements
A (g), with g € G, we conclude that 1) is a map of right KA-modules.

5.3. The equality ¢ o ¢ = Id. Conclusion of the proof of Theorem 4.5.
PROPOSITION 5.10 7 : Ax (B) — B is a multiplicative map.

Proof.

(¢ 1)(D,1)) =[C=Dlw(C,1)=[C=D] [ e [[ (1-¢)

teC’  fec”

and

G070, = []e ] Q-¢) []e TT(1-¢)-

tec’ fiec” t,eD’  f,eD”’

Clearly, if C = D then 77(C,1)* = 77 ((C, 1)*). Assume that C # D. Then either C\D # ()
or D\C # (). If thereis & € C\D then & ~ x,, € D"; butif & € C then x,, € C” and hence
7©(C,1)7(D,1) =0=7((C,1)(D,1)). The other case is analogous, and hence 7 preserves
products.

LEMMA S5.11 (1 gaA) ® 1 ga =1® 1 KA.

]

O
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Proof. Foreach S C X, let Pg € B be the element

Py = Het H (1 —ef).

teS  fex\s
CLamM S.12 Let C € Vo IfS# C' then Py® (C,1) =0in B® i o KA.
-

Proof. Case 1. Assume that there exists t, € S\ C’ (which is the same as requiring that
to € S\C).

P (C)=]]e [] 1-¢p®@(C1)

teS  fex\s

=et0Het H (l-ef)®(C,l)

teS  fex\s
= (P)®(C,1)
=Py ® Ap(e, )(C)1)

=P;® ) (D,1)(C1) =0,

D>t

since D # C for all such D.
Case 2. Suppose that there exists f, € C’\S. Then t, € X\S, and

P5®(C)1)2P5(1_5t0)®(cyl)

(l’eto

-\ @ (c1)
= P@Aa(1-¢,)(C 1)

=P ® (1 —Z(D,l)) (C,1)

D>t,

=P®) (E1)(C1)=0,

Ety

where the last equality holds because t, € C' C C.

Note that
1= P
SCX
since
1=][r=]J(-e)+e)=> P
tex tex SCX
It follows that

1®1ga= Y Pp®lya.

DEV A

Indeed, by Claim 5.12,

1@1yga=Y Ps®lya=Y Ps® » (C1)= Y Po®(C1)

SCX SCX CEVA CeEVA

637

(24)

(25)
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=Y P® > (D= Py ®lka

DEV A CEVA DEV A

Finally

f(IKA)®1KA=f<Z(D;1)> ®lka= Z Py ®@lga =1@1ka-

DeVA DeV A

LEMMA 5.13 90 ¢ |ge, wn=1dpo1 0
Proof. Letg € G.

Yo (e, ®1ya) =v(Aale) I1ka) =1(Aale)) = 7f</\A(€g)) ®lka

=7T~(Z(QU> ®1KA:ZHQ H(l_ef)®lKA'

gec geCteC’ fec”

Let C be any vertex of A containing g and letx, € C’ be such that X, ~ g From
Lemma 5.6 it follows thate, ® 1 =, e, ® 1 A and therefore
g g

Yop(e,®1ka)= gZHet H(l—ef)®1nm=eg(¢°<ﬂ)(eg®1um)-

geCteC’ fecC”
Let D € V), be such thatg ¢ D. Theng ~ x, € D"’ and it follows from Lemma 5.6 that

(1-e)@1ga=(1-¢)D1ga.
Hence,

(Yop)(e,®1kga) = gZ]:[et H(l_ef)®1KA:

CogteC’ feC”

=e, (Z e JTC-¢)+-¢)> []e I1 (1-%)) ®1ya

Cog reC’  fiec” DIg t,eD’  f,eD”’
“o (I T X e T 00005 ) o1
Cog teC’  fiec” DIg t,eD’  f,eD”’
(T a0 X I T 090 o1
Cog teC’  fiec” DIg t,eD’  f,eD”’
=e, (Zﬂ'(C,l)+Z7r’(D,l)) ®1ya = ( > 7r'(c,1)> ®1ka
C>g Dyg CEVA
_ Lemma 5.11
=eT(1ga) ®lga =  l1®1gp=€®1lkga.

]

To complete the proof of Theorem 4.5, we show that ¢ : B® ik KA — A5 (B) is an isomor-
par

phism of right KA-modules with inverse ™! = 1).
Indeed, givenb @ v € B® K, G KA,

(o) (b®v) =h(p(b®1gp)v) = (o) (b L a))v
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by Proposition 5.7, and Lemma 5.13 yields

(Pop)(b®1 KA))Vz b1 KA)V =bQw.

On the other hand, given (D, 1) € A, (B), by Corollary we have that

(90 ° ’(,ZJ)(D, 1) = (D, 1);

and Theorem 4.5 is proved.

6. PROJECTIVE AND FLAT KPWG-MODULES

In this section, whenever we make calculations in KA, all sums are over subsets of G that are vertices
in the connected component A, that is, subsets that belong to V.

When G is a finite group, the partial group algebra K, G is isomorphic to the algebra of the
groupoid I'(G). This finite groupoid is the disjoint union of its connected components A, and there-

fore Kpar G = KI'(G) = @ KA asan algebra, where the sum runs over the components A of I'(G),
and each KA is a two-sided ideal of I,4 G which is generated by a central idempotent. It then follows
that each KA is a projective K4 G-module when G is a finite group.

The isomorphism K, G ~ KT'(G) does not hold anymore for an infinite group, and we cannot

apply the same reasoning for the K, G-modules KA. In fact, as we show in Section 6.1, when G is

infinite there are certain components A such that KA is not a projective K4 G-module. However,

we also show in Section 6.2 that each algebra KA is still a flat K,qr G-module.
6.1. Non-projective I, G-modules

PROPOSITION 6.1 Suppose that A is a connected component of the groupoid I'(G) with finitely many
vertices, A is a vertex of A and G\A is infinite. Then KA is not a projective left K,,,, G-module.

Proof. Recall that we view KA as K, G-module via the map A5 : [K,,,G = KA. Note that
by [22, Prop. 2.2], KA is generated as a [K-algebraby { A\ ([g]) | ¢ € G} and since \p isa

homomorphism of K-algebras we deduce that A 5 is surjective.
Suppose that KA is projective as a I,4G-module. Then there is a homomorphism of

K, G-modulesf : KA — K, Gsuchthat Ay of =id i 5. Then for ¢ ' € Awehave

[ (A1) =fAalgDAD) = Y (Ce)Aa1)=f((Ag)),

g'eC,CeVp
andforh € G,g'h™' ¢ A,g”' € Awehave

[M[glf (4, 1)) = [h]f((4,8)) =f(Aa ([BD)(A,8)) =f( Y (Ch)(Ag))=f(0)=0.

h1eC,CeVp
Suppose f((4,1)) = 3 _¢[s]p, where i, € B. Thenforg = 15, h™" € G\A we have

0=[rlf((4,1)) => [hlslp =Y _[hsleq,

seS s€S
hence [hs]ep1, = 0 for every s € S. Thus et € {b € B| [hs]b =0} = (1 - ¢(,-1)B, hence

€1 g € ﬂ (1 - 6(h5)71)B =0.
hleG\A
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The last equality comes from the fact that G\A is infinite. Then
[s]pt, = [slecrpt, = [s]-0=0andforg;' € A,

F((A,80)) = [l (A1) = [g] Y L5, =

sES
The same argument shows that for C € V,g™' € Cwehave f((C,g)) = 0,as G\Cis also

infinite. Therefore, f is the zero map. Finally id y o = Ax ©f =0, a contradiction. Ul

PROPOSITION 6.2. Suppose that G is an infinite group and consider the connected component A
with unique vertex G. Then KA is not projective as a left [,,,, G-module.

Proof. First note that KA ~ M, ( KG) ~ KG; henceforth we will identify the algebras KA
and KG. Suppose that KG is projective as aleft K, G-module. Then there is a
homomorphism ofleft K, G-modules

0: KG — K, Gsuchthat A o0 =id .
Note that
Aa((g)) =gand Ax(e)) =
Then
0(g) = (1+wy)gl+ Y welgil

2€G\{g}

where eachw,, € Q= Ker(A4) N B. Then since € is a homomorphism of left
Kpar G-modules

[t]0(g) = 6(tg)for t,g € G,
hence

[+ )lel+ S [y [l = (+wydligl+ S we o) (26)

2€G\{g} £EG\{1g}

This together with the rules of multiplication in K,,,,G = ®,.Blg] :
(g, = e g and [g][h] = ¢, [ghfor g h € G,
imply that
[t](1 +wy gl = (1 +wy . )tg]and [t]w,, [g,] = w, [tg]forg,t € G g, € G\{g}.
Note that [t](1 +w,,) € [t]B=B[t], hence
(1+ th,tg) [tg] = t](l +w gyg)[g] € B[t = Be,[tg]. Therefore,

L+wy, € Be, +B(1- etg)for everyt,g € G.

Fix tg = g, thus

L+w, o € Myeg(Be, +B(1-¢, ). (27)

CramM 6.3. If G is infinite we have N, (Be, + B(1 - ego)) =B(1- ego).
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Note that the Claim together with (27) implies that 1 + We g0 € B(1- ego) C ), that
together withw, . € Q gives 1 € (), a contradiction.
Proof of Claim 6.3 Note that K .G is isomorphic to KS(G), where S(G) is Exel’s inverse

semigroup. Every element of S (G) has a canonical forme, ...e, [g], that is unique up to

permutation of the factors €greer€q- . Thus the elements of B are [K-linear combinations of
€, - €y ande; = 1, where g, ..., g € G\{l} are pairwise distinct, and this decomposition is
unique (up to permutation of the factors in each product). Thus one such K-linear

combination is in Beye,, for h # g, precisely when two of €gr 1€ ATEE and ¢, for every
summand of the K-linear combination. This together with the fact that G is infinite implies
that ﬂheGBehego =0.

Suppose that A € M, (Be, + B(1-¢, ). Then e, € NycgBeye, = 0, hence
A€ B(1- ego). O

6.2. Flat KparG-modules

LemMA 6.4. Let T be a subset of G\{1}, and let B, be the unital K-subalgebra of B generated by
{eg |g € T}. a) Consider K as By-module, where each e actson Kas 1. Then Kis flat as

B,-module. b) Consider K as By-module, where each e actson Kas 0. Then Kis flat as
B,-module.

Proof. Note that there isa K-automorphism of B, that sends e, tol—e, for each g € T. Note
that in case b) the idempotent 1 — e, acts as 1, thus we can apply case a).
Now consider case a). We will show that

Torfo(—, K) =0,

which is equivalent to the fact that KK is flat as a left By-module.
Letg,, ..., g be pair-wise different elements of T. Then by induction on k we have

B, = (@ogigk—legl e (1 )BO) De, .., By, (28)

where for i = 0 the element €, - €g is 1. Set

Mg, g} = Z (1-¢g)Boand Wy oy = Bocici16g, -+ (1 ¢y ) By,

1<i<k

We claim that My, 1 =W, 1, thatis,
M{gl,...,gk} Do<ick- 164, - € (1 )Bo~ (29)
Indeed, Wy, .+ S M, .y s0by (28),

Mg ot = Wig, g0 © Mg oy Neg e Bo)-

Note that multiplication with e, ..., actsone, ...e, By as the identity map and acts on
My, g 3S the zero map, hence My oy e e By =0 and (29) holds. By (28) and

(29) M {g-g.} 15 @ Bo-module direct summand of BO, hence My, .1 isa projective
B —module, and thus itis a flat By-module.

Let Q be the ideal of B, generated by {e, ~1|g € T}, thatis, the By-submodule
generated by {e, — 1 | g € T'}. Note that Q is the union of the submodules M,
{g1)--,&} © T. Thus Q s the direct limit of M,

..q. b Where

...q.1» where the direct system is defined by
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the inclusion maps My, — M)y, for finite subsets N; C N, of T. The direct limit of flat
B,-modules over a directed index set is a flat B-module [45, Prop. 5.34], hence

Qis a flat By-module.
In order to prove that [Kis a flat left B-module we need to show that
Tor,"(N, K) = 0 (30)

for any right B)-module N. Note that N is the direct limit (in this case the union) of its
finitely generated B,-submodules and the functor Torl.B"( , K) commutes with direct limits
for every i > 1 since tensor product commutes with direct limits (see [45, Prop. 7.8]).
Hence it suffices to prove (30) with N being a finitely generated B,-module.

Consider the short exact sequence

0—-Q—B,— K—0

of By-modules, where the map B, — Kis given by e, 1g€ G. The corresponding long
exact sequence in homology for N is

.. = Tor,"(N,2) = Tor*(N,By) = Tor,"(N, K) = N ®; Q — N ®; B, — N®; K—0.

Note that B is a free By-module, hence it is a projective B-module and Tori30 (N,B,) =0.
Consequently, we obtain the exact sequence

0 — Tor,"(N, K) = N®j Q = N ®y By — N®j K—0,
and thus (30) is equivalent to
N ®;, 2 — N ®j By = Nisan injective map (31)
for any finitely generated B,-module N.

Cram 6.5 If (31) holds for By-modules N; and N, and 0 — N, — N — N, — 0 is a short exact
sequence of By-modules, then (31) holds for N.

Indeed, the proofis a diagram chasing similar to the proof of the 3x3-Lemma (see [45,
Exer. 2.32]). Consider the commutative diagram

«
N, ®; Q@ — N ® B, — N® K — 0

o, 1o !
NQ®p ! — N®B, — N K — 0
by, \ {
N, ®; ! — N,® By — N,® K — 0.
1

0 0 0
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Observe that Im(3) = Ker(), as the Bj-module Q is flat. Then since ¢}, v, and 0 are
injective, a simple diagram chasing implies that o is injective. This completes the proof of the
Claim.

Using induction on the number of generators, Claim 6.5 implies that (31) holds for every
finitely generated B-module precisely when (31) holds for every cyclic B,-module
N = B,/I. Consider the short exact sequence 0 — I — B, — B,/I — 0 of By-modules and
the corresponding long exact sequence in homology

. = 0= Tor*(By, K) — Tor*(By/I, K) = I ®5 K—

o
By ®, K—(By/I) ®, K — 0, (32)

where we have used that By, is a free B-module, hence it is a projective B,-module and thus
Tori30 (By, K) = 0. Since O is an epimorphism, and B, ®p, Kisa [K-vector space of
dimension 1, we have the following two cases. a) If (B,/I) ®p, K~ K then since

B, ®p, K=~ Kand 0Ois an epimorphism we can deduce that 0is an isomorphism.

Furthermore, for every right B,-module M we have M @ K~ M ®; (By/2) = M/MQ,
hence

K = (By/I) ®p, K=~ (Bo/I) ®p, (By/€2) ~ By/(I+2),
which implies B, # I + {2 that, together with the fact that Q is 2 maximal ideal (that is,

By-submodule of B, with B,/ ~ K ), implies I C ). Note that the long exact sequence
(32) together with the fact that Ois injective implies

Tor*(By/I, K) ~ 1 ®, K=1®; By/Q=~1/IC.

This last quotient is the zero module; in fact, if b € I C (), then b € Zlgigk(l - egi)BO for
somegy,...,g € T.Hence begl ey =0 and b = b(1 —ey ...egk) € b2 C I, thatis, I C IS}
and so

Tor,"(By/I, K) ~ I/IQ = 0.

b) If (By/I) ®p, K = 0 then, since, as above, (B,/I) ®; K = B,/(I +£2), we deduce that
I Z € and by the long exact sequence (32) there is a short exact sequence

0— Torf"(BO/I, K) = I1®p K— K—0.
Since I ®p K = I/I) we obtain
dim y (1/190) = dim (1 ®5, K) = 1+dim g Tor,"(By/I, K). (33)
On the other hand, I/(IN Q) =~ (I+Q)/Q = B,/Q ~ K, hence
dim  I/(INQ) =1.

Notice that I N §2 = I€). Indeed, as in a) an element b € I N {2 can be written as
b=b(1- &, ...egk) € I€), so that IN €2 C I€), and thus I N 2 = I€). It follows that

dim  I/IQ =1 and by (33)
Tor,"(By/I, K) = 0.
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THEOREM 6.6. Suppose that A\ is a connected component of the groupoid I'(G) with finitely many
vertices. Then KA is flat as a left K, G-module.

Proof. As the proof is long we split it in several steps.
Step 1. In this step we prove that

Ker(Ap) = K,

Recall that

M= Y (€

gleC,CeVp
and that {(C, 1) } ey, is abasis of A5 (B) as K-vector space (by Lemma 4.2). Thus

Aa(BLg)) = V,,

where V, is the [K-subspace of KA spanned by {(C, g)}CSg—IICE’VA. Note that

v,n Y v, =0

teGt#g
Suppose m = dec b,[g] € Ker(A,), where b, € B. Then

0=3" Aa(by0s]) € By

geG

hence
/\A(bg))\A([g]) = )\A(bg[g]) = 0forevery g € G.
Then if
)‘A(bg) = Zki(cwl)

for some k; € K\{0}, we have (C,,1)(C,g) = 0 for every C € V), such thatg™" € C, hence
C; # gC, thatis, g ¢ C,. Recall that

)\A(eg): Z (C,1) and )\A(l—eg): Z (C1).

geC,CeEVA g¢C,CeEV A
Thus /\A(bg) € A (B(1- eg)), hence
b, € B(1-¢,) +(BNKer(Ay))
and

b,[g] € B(1-¢,)[g]+ (BNKer(Ay))[g] = (BNKer(A))lgl,
where we used that (1 -e¢,)[g] = 0. Note that
(BNKer(Ap))[g] = [g]l(BNKer(Ap)) forg € G,

hence (34) holds.

G(Ker(Ap) NB) = (Ker(Ay) NB) K, G. (34)
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Step 2. As a consequence of Step 1, we shall show that there is a natural isomorphism
- ®K,,G Ker(Ap) 2 - ®; (Ker(A5) N B).
For an arbitrary right [, G-module M we have the well-defined map

M®; (Ker(A\A)NB) = M@ cKer(Ay), m@zbm®y b,

which is clearly natural in M. For the inverse map note that [K,,,G = @,c [g]Dg,l , where
Dy is the ideal of B generated by the element €1 = [g_l] [g]. It follows by Step 1 that an

arbitrary element x € Ker(\ ) can be uniquely written in the form

x= E;[g]dgﬂ € K,y G, (dpr € Do NKer(An)).
gc<

Then taking any m € M, set

me, x> Zm[g] Qg dg1.

geG
This is a well-defined map M ® K, G Ker(An) — M ®;, (Ker(A,) N B), because for any
h € G, on the one hand we have

(m[H], [g]dg,l) — m[h][g] ®; g = m[h][g]eg,l Qp dg1 =
m[hg]eg_1 Qpdy1 = mlhg] ®p eg1dy 1 = m[hg] ®g g1,

and on the other, [h][g] 1 = (K] [g]eg—ldg—l = [hg]eg—ldg—l = [hg]dg—l = [hg]e(hg)—ldg—l; so
that

(m, [K] [g]dg,l) — m[hg] ®p e(hg),ldg,l = m[hg]e(hg),l Qpdy1 = m[hg] @p -

Clearly, the two maps are inverses to each other.

Step 3. We aim to show that A  (B) is flat as B-module, where we consider A  (B) as a left
B-module via the restriction map A4 |5.

Let Abeavertexof A, let Vs = {g;4,...,g,A} (with g, =1) and let H be the stabilizer of
A. Recall from (8) that there is an isomorphism of algebras

n: KA — M,(KH), (gA,g) — Eji(gj_lggi),

where ggiA = gA (and hence g;l gg; € H). Via this isomorphism we identify A  (B) with the
algebra of diagonal matrices with entries in K. Thus

AB)~K ®..®K, (35)

where each K; o~ K as a vector space, but we need to specify the B-action on K;. For C = g,A
the element (C,1) € KA is identified with E;(1). Then K; = E,,( K) and ¢, € BactsonK;
via Ay, thatis, Ax (e,) as an element of M, ( IKH) is a diagonal matrix with diagonal
(ky)...,k,) € K"and ¢, acts on K; as multiplication by k;. Note that k; = 1 ifg € g;A and
k;=0ifg ¢ gA.

Let B; be the [K-subalgebra of B generated by {e, | ¢ € giA} and consider the
epimorphism of K-algebras

/\i:B—>Bi

that sends ¢, to ¢, for g € g;A and sends e, to 0if g ¢ g;A. Thus B; acts trivially on K; (that s,
eache, for g € giA acts as 1) and the B-action on K; is via the epimorphism ;.
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0— Torl par (M’ KA) — M® KparG Ker()\A) —>M® KpmG KparG — M ® K'WG KA — 0.
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By (35) A (B) is flat as B-module if and only if K; is flat as B-module forall 1 <i <.
Thus it remains to show that — ®; K, is an exact functor for 1 < i < n. Note that

- ®p K ~ (- Q5 B) ®; K.

It suffices to show that both functors - @5 B, and — ®, K are exact.

Note that for the inclusion j, : B; — B we have that )\iji1= idg butj,isnota
homomorphism of B-modules, hence we cannot claim that B; is projective as B-module,
where the B-action is via A;.

Let Ei be the unital K-subalgebra of B generated by {eg |g € G\gA}. Then
£:B,® kB, — B, x®y > xy

is an isomorphism of algebras and of right B,-modules. Considering any right B-module also
as a right B;-module (by restricting the action of B to the subalgebra B;) we can show that

-®pB~-®; K (36)

where we view K as Bi-module with e, actingas O for g € G\gA. Indeed, B®; B; ~ B; and
B®j K~B ® B ®; K~B®y K~B ~B®,B,

Keeping in mind the involved actions on modules, one can directly check that the resulting
isomorphism B®z K — B®j B, maps b @3 ato b @5 o, where v € K.

Since both tensor functors are right exact and commute with direct sums, using a free
presentation of M as a B-module, we conclude that

M®1§. K~M®Q;gB, m®§lal—>m®3a,

for every right B-module M. Clearly this respects homomorphisms of right B-modules (that
is, it is natural in M), so that (36) follows.

By Lemma 6.4 both functors - ®,; Kand - ®; Kare exact, which completes the proof
of Step 3.

K,.,G
Step 4. In this step we complete the proof by showing that Tor, ™ (M, KA) = 0 for an

arbitrary right K, G-module M.

Consider the short exact sequence of left [, G-modules
A
0 — Ker(Ap) = K, G 5 KA 0

and the associated long exact sequence in homology

K,,G K,,G K,,G
.. = Tor, ™ (M,Ker(Ap)) — Tor, ™ (M, K, G) — Tor, ™ (M, KA) —

ar

M@y oKer(Ay) 2 M@ o K,G > M@ ¢ KA—0.

Since K, Gisafree K, G-module, it is projective and, consequently,

K ﬂYG .
Tor, ™ (M, KpmG) = 0. Thus we obtain the exact sequence
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. KpavG . .
Hence the equality Tor, ™ (M, KA) = 0 is equivalent to the fact of

M® o Ker(Ap) = M® K,uG Koo G =M
being an injective map. By Step 2 we have
M® ¢ Ker(Ax) = M®g (Ker(Ay) NB). (37)
The short exact sequence of B-modules
0— Ker(A\)NB—B—= A\(B) =0
gives rise to the associated long exact sequence in homology

... = 0=Tor}(M,B) — Tor?(M,Ax(B)) —

M@z (Ker(Ay) NB) > M®B— M Q3 Ap(B) — 0.

Keeping in mind the proof of Step 2, it is easy to see that the isomorphism (37) maps the
kernel of M @ i Ker(Ap) > M®k ¢ K, G onto the kernel of
par par

M ®g (Ker(A5) NB) — M ®g B. Then

K, G
Tor, ™ (M, KA) ~Ker (M ® K,,c Ker(Ap) = M®g ¢ Ky G) >

Ker (M ®; (Ker(Ay) NB) — M ®g B) =~ Tor? (M, Ao (B)) =0,
where the last equality comes from the fact that by Step 3 A 5 (B) is a flat B-module. O

COROLLARY 6.7 (Corollary 1.3) For any group G we have cd’ [}Z( G) > cd (G). In particular,
if char( K) = p > 0 and G has p-torsion then cdp[z(G) =cd k(G) = c0.

Proof. We give two proofs.
1. Suppose cdpu‘;r(G) =m < 00. Let

P:.0—-P,—..—P —-P,—+B—0

be a projective resolution of the right K, G-module B. By Theorem 6.6 applied for the

connected component A of the groupoid I'(G) with unique vertex G, thatis, KA = KG,
we have that - ® K,., G [KG is an exact functor. Note that B® K, G KG~B® K,,G W = [\

where W is defined before Theorem 4.4 where G acts trivially on K. The latter isomorphism
is a particular case of Proposition 4.6. Then @ = P ® | ; KGis an exact complex and since
par

each P; is projective asa I, G-module, we have that P, ® ¢ ; KGisa projective
par
KG-module. Thus Q is a projective resolution of length m of the trivial right KG-module

B®,c KG = K, thatis, cd i (G) < m.
2. Suppose
n=cd(G)
= max{n, | there isa KG — module Usuch that H"(G,U) # 0} < occ.
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Consider the connected component A of the groupoid I'(G) with unique vertex G. Then
by Theorem 4.13 applied to W = KH = KG,

o

Hy (G, U) = H"(G,U) #0,

hence cdp"z(G) > 1, and so cdpuzr(G) > n.
Finally, if char( ) = p > 0 and G has p-torsion, let P be a cyclic subgroup of order p.
Then cd (G) > cd i (P). Note that there is a free resolution
.. > F,—F_|, —..—F,— K— Osuchthateach F, = IKP and the differentials
0;: F, — F,_, fori > 1 alternate between the two maps D and N, defined by
D(A) =A(x-1)and N(\) = A ZO<i<p—l x', where x is a fixed generator of P. Then using
this resolution to compute the (usual) cohomology of P with coefficients in the trivial
[KG-module [K, we readily obtain that H'(P, K) = K forall i > 0, and hence cd i (P) = co. [

COROLLARY 6.8 Let G be an infinite group. Then KG is finitely generated (actually cyclic) but
not finitely presented as a Kp .»G-module via A 5, where A is the connected component of
the groupoid I'(G) with unique vertex G.

Proof. We give two proofs.
1. The first proof is homological. By Proposition 6.2, KA = KG is not projective as a

K4 G-module (via A ) and by Theorem 6.6, KA is flatasa K4 G-module. By (45,

Thm. 3.56] a finitely presented flat module is projective, and hence KG is not finitely
presented as K, G-module.

2. The second proofis ring theoretic and uses the proof of Theorem 6.6. By Step 1 of the
proof of Theorem 6.6., Ker(\ 5 ) is finitely generated as K, G-module if and only if
Ker(\ ) N Bis finitely generated as B-module. This is equivalent to A (B) being finitely
presented as B-module (via A 5 ). If this is the case then by (35) from the proof of Step 3 of
Theorem 6.6, K is finitely presented as B-module. Note that in our case, using the notation
of Step 3 of Theorem 6.6, n=1, A= G and B = By, hence K; = Kis the trivial B-module, that
is, each e, acts as 1. Then ) the ideal of B generated by by all elements e, — 1, g € G, is finitely
generated as a B-module, which contradicts the fact of G being infinite. O

ar

7. AUXILIARY FACTS ONIDEMPOTENTS AND CANCELLATION

In this section R is a unital associative ring.

REMARK 7.1 Suppose thatr e, + ... +r e, = 0, where ey, ..., ¢, are idempotents that commute
with each other. Then for each i = 1,2, ...,k we have that

r;€ERe; +-Re,+Re, +-+Re, +R(1—v¢,).
In fact,
ri=re+r(l-¢)= Z—rjej+ri(1 -e¢), 1<i<k
#

These equalities may be arranged in a matrix form: if v, is the column vector (e, ..., ¢ )"
and b is the column vector (r,(1-¢,),...,r.(1—¢))", then

(ry--yr)" = Nv, +b, (38)

where N = (ni)j) is the k x k matrix which has entries n;; = —r; if i #jandn;; = 0.

The next result shows that there is an equality analogous to (38) involving a skew-symmetric matrix
M. It will be needed in the next section for studying the left augmentation ideal IG when G = Z.
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LEMMA 7.2 Suppose thatrie; + ... + r e, = 0, where ey, ..., ¢, are idempotents that commute with
each other. Let v, be the column vector (e, ..., e, )". Then there are elements b, ...,b, € Rand a
skew-symmetric matrix M € M, (R) (that is, M' = —M and all diagonal entries of M are 0) such
that

(rpyeeeyr) =My, +b,
where b is the matrix column (b, (1 —e,),...,b,(1—¢.))" for someb,,...,b, € R.

Proof. 1. Suppose first that k=2, i.e.,, r;e; = —r,¢,. Then
ry=re, +r(1—e) =-rye, +r,(1—¢;) and we have

ry=-re, +b,(1-¢)),
withr = r, and b, = r,. Since (r, — re; )e, = r,e, — r,e,¢; = O there is b, € R such that
r,=re;+b,(1-e¢,).

Then we can set

2. The general case is obtained by induction on k. Suppose the result holds for k — 1. Note
thatrie,(1—¢) +...+r_je_ (L—¢) =(rie; +...+r_11)(1—¢) = —rie(1—¢) =0
and thate; (1 -e;),...,¢,_; (1 — ¢ ) are idempotents that commute with each other. Then by
the inductive hypothesis there is a skew-symmetric matrix M, € M,_; (R) and

lNol,...,Zk_l € R such that

(rpyeeorig)' =
Mo(e;(1-e), e (1 =) + (B (1—ey (1 =€), e, By (1= ey (1— )"
Then
7€ = —(7‘1, ~--;rk—1)(el) -")ek—l)t =

_(Mo(el(l - ek); ---)ek—l(l - ek))t)t(eli ---;ek—l)t

~(b,(1-e;(1-¢)), ., b (1=, (1=e)))(epymnrep )"
Then by multiplying the above equality on the right with e, we deduce that

e = rkei =—(My(e;(1=¢p),rer (L=¢.))) (e rer ) e

~(by (1= (1)), by (1= (1= ))) ey, s 1) e =

—(b,(1-e,(1-¢)),.., b (1= (1 =) ey, - repy ey =
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—(blek, ceey bkflek)(el, ceey ekil)t = —blelek — .= bkilekflek,

hence (r, + ;’1‘31 +.. +l~ok_1ek_1)ek =0andsor, +?Jle1 + ... +?Jk_1ek_1 € R(1-¢). Then
there is b € R such that

rk = —blel — e —bk_lek_l + b(l —ek).

Finally we can define M € M, (R) in the following way:
the last row is (=by ey, ..., ~b;,_,e;_1,0), the last column is (byey, ..., b,_1¢,_;,0)" and if we
delete from M the last row and the last column we are left with M, (1 — ¢, ). Then

(ryosr) =M(ey,ye) + (b,(1=¢), ., by (1=, ), b(1—¢))f
and it suffices to set b, = 51- for1<i<k-landb,=b. O

8. THE STRUCTURE OFTHE LEFT AUGMENTATIONIDEALIG FOR
G=Z
8.1. Some remarks on the general case
From now on R=1K,G Recal that R is a [K-vector space with a generating

seteg €y, - o #81 - & (n > 1) and that IG is the kernel of the augmentation map

€:R—B,
which is given by
E(egleglgz egl.“g"#gl gn) = egleglgz egl...gn'

Thus IG is generated as a [K-vector space by {f, where

gv'"lgn}”erglv-vgnec’
ety = Gy oy, 81+ 8~ €, Coig, -+ gy, L

‘We have the following product formula:

(by#81) (b#g,) = by (g1 10, g1 ' 1# 81800
where b, € Be, , b, € Be, .
LemMA 8.1. IG is a left R-module generated by {f, } ;<6\ ;-
Proof. It suffices to apply the relation below many times and use induction on n

fgxrmrgn = (egl #gl)fgzr“-rgn + (eg1gzeglgzg3 egx-“gn#l)fgl'

Observe that

(eq #&1 )y, + (e g #1)f, = (e #1)fy,, =0 forallg;,g, €G (39)
and

((e, = 1)#1)f, =0 forallg € G. (40)
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LeEMMA 8.2. a) There is an isomorphism of left B-modules
1G = Bgee\) B, > Bge\nyBey

In particular, IG is a projective left B-module; b) IG is a left R-module via the multiplication in R,
moreover,

[g] lfgz = egl‘fglgz - eglnggl;
¢) for every g € G the set
X, = {enfig — engfibnec

generates Rf, as a left B-module and Rf, = Rf, ..
Proof. a),b) Identifying [g; ] with ¢, #g; and e, with ¢, #1, we have by (39) that

[gl :Ifgz = egl a8 eglnggl' (41)

Hence IG is aleft B-module generated by {f, } ;¢\ {1} and

IG= ) Bfy=®cq\ By
g€G\{1}
and we have an isomorphism of left B-modules Bfg ~ B/B(1- eg), observing that B(1 — eg)
is the annihilator of ]fg in B. Thus IG as a B-module is isomorphic to

Byea\ (1}B/B(1-¢,) > Byc 1) Bey

which is a projective B-module, since B = B(1 — eg) @ Be,. c) By (41)

Rf, = Bf, + Z B(eyfig —engfi) =

heG\{1}

Bfy + Bfgr + Z Bleg fo, €. fe,) =

£&€G\{1},8;'81=¢

Bf:g’l + Z B(ehg’lfh - ehfhg’l) = Rf:g—l;

heG\{1}

where f; = 0, ¢, = 1 and the latter equality is obtained from the first one taking g ' instead of
g-Note that f, =e,f, — e f, and so

ig ={enfig — engfitnec = I} Ulefig —enfi hnea (1)

generates ng as a left B-module. O

8.2. Thecase G=Z
Let G =Z = (g). Writef, forf,, = e, #g' - eq##1ande; fore,. Thus ey = 1, f, = 0 and the basic relations
(39) and (40) are

eifij = eunifi (ei#gi)_];, and (¢, - 1)f, = Ofori,j € Z. (42)

LeEMMA 8.3. Foreachi € Z,i # 0, the annihilator of f, in Ris R(1 —¢;).
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Proof. The inclusion anng(f;) 2 R(1 —¢,) obviously follows from (42). For the opposite
inclusion take an arbitrary A € anng (f;) and write

A= Z b]- [gj];
=
with b; € Band m,] > 0. We apply induction on [+ m. For [ = 0 = m we have A = b € Band
0=\, =b([g'] —¢,) implies b[g'] = 0 = be, hence A\ =b € B(1-¢,) CR(1—¢,),as
required.
Assume now that [ + m > 0. Then

m m m

0= blglh=> blgleleT-e) =D blgl(gT-e) =3 bele"1-> bl
=1 =1 P = =

Without loss of generality we can assume that i > 0. Since R = @,B[t], the above equality

implies that b,e,,[¢"""] = 0. Hence b,e,, € {b € B| b[g"™"] =0} =B(1-e,,,,), thus

b, € B(1-e,,,)- Then

i+m

i+m
b,lg"] € B(1-e,,,)[g"]=B[g"](1-¢) CR(1-¢)
and
m—1
Ao=A=b,[g"] = blg] € anny(f) = {r €R|rf,=0}.
=
By induction \, € R(1—¢;),hence A = A\, +b,,[¢"] CR(1 —¢,). O
Note that
IG= EBieZ\{o}Bfi CR= @ieZB(ei#gi);
where Bf, >~ B/B(e; — 1) and Rf, = Rf_,. Define for k > 1
Vi=Rfi+...+Rf,=Rf | +...+Rf, CIG

and hence, using (42), we have

Ri= D Bl#e =B+ > Blefiy-euf).

i€Z icZ\{0}
Note that V has a generating set X, as a B-module, where

X = {i(eifiﬂ‘ _ei+;fi)}1gjgk,iez S {tfy o tfotf it

Obviously the above definition will work if we remove the formally unnecessary sign =+ but we prefer
to keep it for symmetry.

We have a natural order in {f},. : L <fif liy| < i, and f; < f; for i > 0. For a non-zero element
v=> . bf, where b, € B, we define the leading term as bit}fio wherefi0 is maximal with bicfio =+ 0 and
we call bl-0 a leading coefficient. Note that any element of b + B(1- eio) is aleading coefficient of v since
B(1- eio) is the annihilator of f,-0 in B. We call fi0 the degree of v withrespect to {f, } and write fiO = deg(v).

The support supp (v) of the non-zero element v is the set of all f; for which b f, # 0.

LemMA 8.4. Ifv € V,\{0} has degree f, with |s| > k + 1 then any leading coefficient of v with
respect to {f.} belongs to I, wherea) I = Be,_, + ...+ Be,_, + B(1—¢,) if s> 0; b)
I=Be, +...+Be, +B(l-¢,)ifs<0.
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Proof.
Cramm 8.5. Ifv =) .bux, whereeach b, € B,x; € X,,
fso = max{fj |f] € Usupp(x;) }

andf, & supp(v), thatis f, > f, then there is a decomposition v = Zi'é,&i with b, € B,%, € X,
and

fs1 = max{]; |f] € Ussupp(x,)} < 5o

Applying Claim 8.5 several times we obtain

Cramvm 8.6. Ifv € V,\{0} then we can writev =) b.x, where each b; € B,x; € X, and
ma(f |, € Usupp(x) ) =, = deg(v).

Note that Lemma 8.4 easily follows from Claim 8.6. Indeed, if s > 0, then the leading term
of vis of the form bef,, ,b € B,i+j=s,1 <j <k hencee; € {e,_y,...,e_; }. Recalling that
the leading coefficient is given modulo B(1 - ¢,), we obtain a). Case b) is symmetric.

Proof of Claim 8.5. We arrange the indexes of x; so that f, € supp(x;) for 1 <i < dand
fs0 ¢ supp(x;) fori > d. Thus x; = eiffs0 - esvfi/ for1<j<d andfs0 is greater than the degree of

7, where v = Edﬂg;‘ bjx;, and

v=b(e f, —efi)+ - +bile fi —e.f)+7.

Since f, ¢ supp(v) we have that Elgjgd bie; f;, = 0, that is,

+j!

Zlg;gd bl-ei] € annB(fso) =B(1- esﬂ), which means that for some b € B we have
be +...+ bdeid +b(1 —eSO) =0.

Then by Lemma 7.2 there exists some skew-symmetric (d + 1) x (d + 1)-matrix
M= (mj‘t) with coefficients in Band by, ..., b,,; € B such that

(b by b) =Me, o, 1—e ) + (b (1=¢;), o0 by(1 =€), byvie, ) (43)

Note that
v=( b e (D b +T=-e (D bf)+T.
15d 15=d 15=d
Then it follows by (43), using (1 —¢, )e, =0, (1~ ei,.)fi/. =0, that

G D bfime D, D mef,
1<j<d 1<j<d 1<1<d
Since m;; = 0 and m;, = —m, ; we deduce that
&, E b}'fi/. =e, g mj,t(eifi}_ - e,-,fit),
1<j<d 1<j<t<d
and hence we have a new decomposition

v= —eso( Z b}f’;) tv= ) Z mj't(eirfii - eiffif) v

1<j<d 1<j<t<d
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€ Z B(ei,ﬁ]—ei,f;’t)+7}‘ (44)

1<j<t<d

Note that since T}, = {¢, f, —e, i€, esqfid} CX, withfso maximal element among the

1/so

supports of the elements of T}, then either

Lsog>k+1,{ij,...,iz} C{so—k...,sp—1}; or

2.50 < —k—1,{ij,...,ig} C{sp+1,...,5,+k}.

In both cases {¢, f, —¢; S Fi<jce<a © X This together with the new decomposition (44)
completes the proof of Claim 8.5. (]

ProPOSITION 8.7

Vier/Vie = R/(R(1 - ¢y y) + Z Re;).

1<i<k
Proof. Note that V,,,/V, is a cyclic R-module, and thus
Vien/ Vi = R/J

where ], is the left ideal of R defined by

Jo:=1{r €R| i,y EVi}

To prove the proposition we will show that

Je=R(1-¢e;)+ Y Re, (45)

1<i<k

The easy part is the inclusion R(1 - ¢;,;) + ), ;- Re; C J, that is equivalent to
1—ep,p,ep---, € € J;. To see this, note by (40) that (1 - e, )f;,; = 0 and using (41), for
1<i<k,

efier = 81187 Four = (46)

[gi](e—ifkﬂ—i - ek+l—if—i) € R(e—ifk+1—i - ek+1—if_i) g Z Rf] = Vk'

—k<j<k

Thus to complete the proof of the proposition it remains to be shown that

Je CR(1-¢,) + ZlgiSkRei'
Let

A€

By the structure of R = K, G we have a decomposition
A= be#s) €R, (47)
where b; € B. Hence, using again (41),
V=M = Z b((e#tg i) = Z bi(efiirsi — eerriif)- (48)

Ifv=0then \ € anngy(f,,,) = R(1 —e,,,) in view of Lemma 8.3.
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Suppose now that v # 0, and let f, be the degree of v with respect to {f. }.
Case 1. Suppose |s| < k. Then

V=Mt € Z Bf, C V.

—k<i<k

We decompose
A=A+ 0+,
where
A= Zbi(ei#gi), Ay = Z bi(e#g')and \, = Zbi(ei#gi).

i<k —k<i<-1 >0
Note that by (48) and f, = 0 we have

vy = Afpn € ZBJ?"’Z = Aofient € Z Bf

j<0 —k<j<k
and
vy = /\3fk+1 € ZBf;
j>0
Then by (49) and the fact that v = v, + v, + v; we deduce that

v, € Z Bf;and v; € Zij,

—k<j<0 0<j<k
that is,
V= /\lfk+1 = Z bi(eifk+1+i - ek+1+ifi) € Z Bf}
i<—k -k<j<0
and so

1= Zatft

t<0
wherea, = -b,e,, 1, +b, €, fort <—kanda, =b, ,_je,_,_, for—k <t <0.Then

(=brepyrpe + bygy€ g )f, = Ofor £ < —k.

Hence

=biepy1p + b6 EB(1-¢,),
and by multiplying with e, we get
beeer 1, = by y_qe_r6for t < —k.
Since only finitely many b, can be non-zero we deduce from (51) that
b.e.e,q,; = Ofor t < —k.
Note that (52) is equivalent to

be, € B(1-¢,,,) fort < —k.

655

(49)

(s0)

(s1)

(52)

(83)
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Therefore for t < —k
btet#gt = btetet#gt € B(1- ek+1+t)et#gt =B(1- ek+1+t)[gt:| = B[gt](l - ek+1),

hence
A ER(1-epyy)

Similar calculations can be done for ), to show that
A3 €ER(1-¢,).

For completeness we give the details. Recall that

V3= Agfesr = Zbi(eifk+1+i — e i) € Z Bf]-

i>0 0<j<k

and so

vy = thft,
>0
where ¢, = —b,e, 1.+ b,__1€,; fort >kandc, = -b,e,,,, for 0 <t < k. Then by (56)
(=bresrar + bigr€ip1)f, =0 for t > k.
Hence
~bepiiie t b6 €B(1-¢y),
and by multiplying with e, we get
bieer1s = bi 6 _q6for t > k.
Since only finitely many b, can be non-zero we deduce from (58) that
b.e.e,1,: =0for t > 0.
Note that (59) is equivalent to
be, € B(1—¢,,,,)for t > 0.
Then fort >0
bie,#g = b,ee,#g € B(1 e, )e,#g =B(1-e,,,)[g'] =Blg'](1-e,,)-

This implies (55). Finally since [g']e_; = [¢'] we have that

A=Y ble#g)e D> Blgl= > Blgle,C > Re.

—k<i<-1 —k<i<-1 —k<i<-1 1<j<k
Then by (54), (55) and (61) we obtain that
A=A+ A+ A ER(1-g, )+ Y Re,

1<<k

Case 2. Suppose |s| > k + 1, recalling that f, is the degree of v. We can assume that
s> k+1,the cases < —k — 1 is similar.

(54)

(85)

(56)

(57)

(58)

(59)

(60)

(61)
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Recall that
A= Z bie#g = Z b[g'].

Denote by c the highest i for which b;[g'] # 0. Then by (48) there are two possibilities:
1) b.efi1.c F 0andfi,,,, is the degree of v = Afi,,, thatis,k+ 1 +c=5;

2) bceafk+1+c =0.
If 1) holds the leading term of vis b,_;_;e,_;_,f. and b_;_,e,_;_; is aleading coefficient of v,
sob,_;_je,_;_; 7 0.By Lemma 8.4
e p_1b,y_; €Be_+...+Be_; +B(1l—e¢,).
Then by Remark 7.1
b, ,€Be_+..+Be_;+B(l-¢)+B(1-e_; ;)

and
by (e #g ™) €
(Be, y+...+Be_ +B(1-¢)+B(1-¢_, ))(e,, #¢ ™) =
(Be_ i +...+Be_, +B(1-¢)) (e #g™ 1) =
(e #8 ) (Bey + ... + Be, + B(1 - g, )). (62)

Then since (1 - e, )fi,; = 0 we have

(e 178 ") (Bey + ... + Bep + B(1 - 4, )) )fyry =

(es—k—l#gs_k_l)(Be1 +...+Bey)fys C Vy (63)
since by (46)
(Bel + ... +Bek)fk+l g Vk' (64)
Then by (62) and (63) we have
bs-k-l(es-k-l#gs_k_l)fkﬂ eV (65)

Finally for A=A- by 161 #g " = X\ —b.e#g° € Rwehave by (65)

A1 =v= bs—k—l(es—k—l#gkk71) S € Vi

and by (47) suppG(S\) = suppe(M\)\{b,_i_ 161 #¢ "} has strictly fewer elements than
supps (), where we define the support with respect to G as

SuppG(Z bie#tg') = {be#tg' | biedte # 0}

Note that supp; should not be confused with supp used in the proof of Lemma 8.4. Then by
induction on the number of elements in supp; (), where supp;(0) has 0 elements, we have
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that suppG(S\) C Rey +...+Re, + R(1 — ¢, ), hence, in view of (62),

suppc(A) = suppG(S\) U {bs,k,les,k,l#gs'k'l} CRe;+...+Re, +R(1-¢,,;)

andso A € Re; +... +Re, +R(1 — ¢, ).
If2) holds then be, € anny(fi,,,.) = B(1 - e,,.) and hence

blgl=beelg] € B(1-ep.)[g] = BlgI(1 - epyy) S R(1-epy).

Thus for A = \ — b.e #g° we have

M1 = Mgt = bee#8 S =v=b (g 1frs1 Ev-R(1 e, )fyyy =v-0=vEV,

and we can continue as in the last paragraph of 1).
It follows from Case 1 and Case 2 that

Je CR(1-e) + Z Re;,

1<j<k

completing the proof.

LEMMA 8.8. Let G # 1 beagroup and R = K, G. Then

a) IG is not a free left R-module,
b) K0+ G has the invariant basis number property, that is, ( K,
Kyar G-modules implies that n = m.

ar aTG)m as leﬂ

G)" =~ (K,

Proof. a) Consider K as a right B-module via the epimorphism of K-algebras B — KK that
sends e, to 0 forevery g € G\{1} and sends e, = 1 to 1. We view R as a left B-module via the
multiplication in R. Note that

K®B Kpm’G = |}§®B (GagGGBeg[g]) =~ ®g€G( |:K(gB Beg[g]) =

EBgeG( Keg ®5 Blg]) = Ke; ®B[1] = K®; B= K.
Thus for every non-zero left free R-module F we have K ®y F # 0.
We will show that
K ®;IG =0,

which implies that IG is not a free R-module. Recall that by Lemma 8.2 IG = @,c ¢\ (1, Bf,-
Then using that (1 - eg)fg = 0 we have

KQplIG= K®g (@geG\{l}Bfg) ~ @\ (1) K®p Bfg =
Dge1} K @p Beyfy = Bgeq\ (1) Key Op Bfy = 0.
b) Suppose that ( KparG)” =~ ( KparG)m asleft K, G-modules and recall that by part a)
K®gp K, G~ K. Then there is an isomorphism of K-vector spaces

Kﬂ = |:K(gB ( KpurG)n = |}§<8B ( Kparc)m =~ Km)

and hence n=m.
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THEOREM 8.9. Let G=Zand R = K, G. Then IG = Uy, V,, such that each V. is a projective
R-module and

IG ~ @kZIPk’

where P, = V,./V,_, is a projective left R-module and V, = 0. In particular IG is a projective

R-module, hence cd” DZ(Z) = 1. Furthermore, IG is not a finitely generated R-module and it is not a
free left R-module.

Proof. Note that V| = Rf; >~ R/R(1 - ¢;) and by Proposition 8.7,
Vi1/Vi =2 R/(Rey + ...+ Re, + R(1 ¢, ,)). Then by Lemma 2.6, V, and each
Py,1 = Vi,1/V, are projective R-modules, and therefore the short exact sequence of
R-modules

0=V, =V, =P, —0,
where V=0, splits, thatis, V,,; =~ V, ® P, ,. Thus
IG = Uz Vi ™ @1 Py
is a projective R-module.
We note that if IG is a finitely generated R-module, say by a set T, then for some V, we

have that T C V,.. Thus IG = V, and V},, = V,, a contradiction with
Via/Vi ~R/(Re; +...+Rey + R(1—¢p,,)) # 0. O
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