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Cluster semiclassical states of the nonlinear
Schrodinger—Bopp—Podolsky system
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Abstract. Consider the following nonlinear Schrédinger—-Bopp—Podolsky
system in R3:

—&2Au+ (V 4 d)u = ululP
a?A%p — Agp = dmu?,

where a,e > 0; 1 < p < 5; V: R® —]0,00[ and we want to solve for
u,¢: R® — R. By means of Lyapunov-Schmidt reduction, we show that
if K > 2, 20 is a strict local minimum of V, V is adequately flat in
a neighborhood of zp and ¢ is sufficiently small, then the system has
a multipeak cluster solution with K peaks placed at the vertices of a
regular convex K-gon centered at zg.
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1. Introduction

This note is concerned with the existence of multipeak cluster solutions to
the following nonlinear Schrédinger—Bopp—Podolsky (SBP) system in R3:

{—S2Au+ (V + ¢)u = ululP~1; (1)

a?A%p — Ag = 4mu?,

where ¢ > 0 is sufficiently small, a > 0, 1 < p < 5, V: R?* —]0, 00[ and we
want to solve for u, ¢: R? — R.

By formally replacing a = 0 in (1.1), we recover the well-studied non-
linear Schrodinger—Poisson system,

{—EQAU + (V + ¢)u = ulu|P™;

—A¢ = 4mu?, (12)
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which seems to have been first considered by D’Aprile and Mugnai in [1]
and provides the most commonly considered model for coupling the non-
linear Schrédinger equation with the electrostatic self-interaction of charged
quantum matter.

The nonlinear SBP system was introduced in the mathematical litera-
ture in [2], where d’Avenia & Siciliano established the existence /non-existence
of solutions to

—Au + wu + ¢*pu = ulu|P~L;
a’A%¢p — A = 4mu?

for fixed a,w > 0 in function of the values of p, ¢ and proceeded to prove
that, in the radial case, its solutions tend to solutions of the corresponding
Schrédinger—Poisson system as a — 0. Since then, there has been an increas-
ing interest for the SBP system. Let us recall a few developments for related
non-autonomous systems in R3. Results regarding existence and multiplicity
may be found in [3-9]; the existence of solutions for critical nonlinearities
has already attracted a lot of attention, being considered in [10-14] and the
existence and multiplicity of sign-changing solutions were studied in [15-18].

It was only recently that the existence of multipeak solutions was ad-
dressed in the literature. In [19], Wang, Wang & Wang proved that the fol-
lowing SBP system in R? admits multipeak solutions:

—Au+ AV + Vo)u + Kou = uluP~2;
a’A% — Ap = Ku?,

where 4 < p < 6; Vo € C(R3); V € C(R3,[0,00[) and K: R® — [0, 0o[. More
precisely, they employed the penalization method to show that if A > 0 is
sufficiently large and € := int V' =1(0) is a nonempty bounded set with smooth
boundary and m connected components, then (1.3) has multipeak solutions
with K < m peaks, each of them in a different connected component of Q2 and
the corresponding solutions become increasingly concentrated as A — co.

Our goal in this note is to consider the question of whether a different
kind of multipeak solutions exists, that is:

(1.3)

Question. Does (1.1) admit a family of multipeak solutions clustered around
a local strict minimum point of V 2

By means of Lyapunov—Schmidt reduction, we will answer this question
positively under technical hypotheses on V' which assure that the potential is
adequately flat around zy. We remark that, besides a recent publication by
the author ([4]), we are unaware of other articles which employed Lyapunov—
Schmidt reduction in the context of the nonlinear SBP system.

Let us develop the preliminaries to state our main result. We begin by
introducing our hypotheses on V.

(V1) We have 1 = V(0) = min Vg < V() for every z € B1(0)\{0};

(V3) there exist a > 3 + /7 and g € C**(B;(0), [0, 00[) such that
* llgllos: <1,
e ¢’ (0) is positive-definite and
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o V(z) =1+ g(x)* for every z € B1(0);
(V3) 0 <infV <supV < oc.

Hypotheses (V1), (V3) are stated in this form to simplify the notation, being
clear that they could be respectively replaced with the following hypotheses
without substantial changes to the arguments (see [20, Section 8.3]):

(V) there exist 29 € R? and p > 0 such that V(29) = min V|m <
V(z) for every x € B,(20) \ {20};
(V%) there exist a > 3 + /7 and g € C%(B,(20), [0, 00[) such that

e ¢"(zp) is positive-definite and
o V(x) =V (z0) + g(z)* for every x € B,(2).

In Sect.2, we show that critical points of the energy functional given
by

1 3
L) =g [ (V0P + V) + 5 [ Geni®) = =l

for every u € H' are naturally associated with solutions to (1.1), where
® O yw = (e) * (uw) for every u,w € H' and
o k(z):=(1- e_%)/m for every x € R3\{0}.

As such, we will most often refer to the critical point equation VI (u) = 0
instead of (1.1).

We are interested in solutions whose asymptotic profile is given by the
sum of translations of the function U: R3 —]0,00] defined as the unique
positive radial solution to

_ —1 o TR3.
{—Au +u = ululP in R?; (1.4)
u(z) — 0 as || — oo

(see the theorem in [21, p.23]). It will be useful to consider translations of U
in function of spherical coordinates as follows:

Uro.o(@) i= U (2 — P(r,0,¢)).
where P:]0,00[xR x R — R? is given by

P(r,0, ) := r(cosfsin ¢, sin@sin p, cos @) = rP(1,60, p) € R3.

We proceed to a statement of our main result.
Theorem 1.1. Given K > 2, there exist ex > 0,
{w: € H" : VI.(w.) = 0}occce,
and
{(re, 0c, e) €]0,00[x[0, 27 [x[0, 7] }o ..

such that |we — Wy o o |l — 0; ere — 0 and ro — oo as € — 0, where

Wi be oo = Z U0 (0e+225)-

1<j<K
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We recall that due to [22, Lemma 2 in p. 329], U and |VU| have expo-
nential decay at infinity, i.e., there exists 7 > 0 such that

Ulz),|VU(z)| < e =l for every z € R3. (1.5)
As such, we deduce that given z € R3, U(- — z) is a critical point of the
functional Ip: H' — R given by

1 +1
— llull

To(u) = 5 lull3 —

Our strategy to construct solutions to (1.1) consists in interpreting I.
as a perturbation of Iy. As such, we look for critical points of I. obtained as
perturbations of Zl<j<K U,,¥0, (gp + QW”]) for sufficiently large r > 0, which
are close enough to critical points of I. due to the exponential decay of U
and the fact that (1.4) is invariant by translation (see Lemma 3.2).

Lyapunov—Schmidt reduction has been already employed in [23,24] to
construct multipeak cluster solutions to the nonlinear Schrédinger—Poisson
system (1.2) (see also [25] for single-peaked solutions), so let us compare
the technical details in the contexts of these two systems, starting with the
hypotheses on V. Hypotheses (V1), (V3) correspond to [24, (V1) and (V3)].

We proceed to a discussion about the need for Hypothesis (Vg). Simi-
larly as in [24], Theorem 1.1 ensures the existence of multipeak solutions that
arise due to the balance between the following effects: the electrostatic self-
repulsion due to the Bopp—Podolsky interaction term, the self-attraction due
to the power nonlinearity and the attraction towards the local minimum of
the potential V. Such a balance is related to the existence of minimum point
of an expansion of the energy functional I.: see Lemma 3.13. The difference
between the Schrodinger—Poisson system considered in [24] and the presently
considered Schrodinger—Bopp—Podolsky system is that the Bopp—Podolsky
term is significantly weaker in smaller distances. Indeed, the Maxwell and
Bopp—Podolsky interaction terms respectively read as

7// dazdy and —/¢Eu2u)

Due to the fact that  is bounded, the Bopp—Podoslky interaction term is
only large enough to balance the self-attraction term in presence of potentials
that are sufficiently flat around 0. Technically, this is translated by the fact
that we need a higher regularity for g in (V2) to ensure that 0 is a minimum of
V. of a sufficiently large order so that the Bopp—Podolsky term can balance
the attractive interaction towards the local minimum of V. (compare the
estimation of (xx) in the proof of Lemma 3.13 with the arguments in [24,
p. 267-268]). The inequality a > 3 + /7 is similarly derived from technical
constraints of the problem (see Remark 3.1).

We highlight that our main result does not follow from a straightforward
adaptation of the arguments in [24], where Ruiz & Vaira prove the existence
of multipeak cluster solutions without considering pseudo-critical points of
Je whose peaks are disposed in a specific geometric configuration.

Such an argument is only possible in the framework of Maxwell’s elec-
tromagnetism (for the precise mathematical description of the phenomenon,



Vol. 27 (2025) Cluster semiclassical states... Page 5 of 23 49

see Remark 3.16). Indeed, consider a system with K charged particles repuls-
ing each other through electrostatic interaction. The Coulomb energy of two
particles which are sufficiently close one to the other surpasses the Coulomb
energy of the interaction involving any of the remaining particles (this phe-
nomenon is usually called the infinity problem), and this fact is exploited in
the proof of [24, Proposition 4.4] when Ruiz & Vaira consider P¢ such that
\P;—Ps| = 9 5F1. This does not happen in the Bopp—Podolsky electro-
magnetism because the energy of interaction between two particles is finite.
As such, we can only establish the existence of multipeak cluster solutions by
restricting our search to pseudo-critical points of I. whose peaks are disposed
in specific geometric configurations, arguing similarly as in [23].

Let us comment on the organization of the text. In Sect. 2, we introduce
the relevant variational framework, while we perform the Lyapunov—Schmidt
reduction and we prove Theorem 1.1 in Sect. 3.

Notation

Brackets are exclusively employed to enclose the argument of (multi-)linear
functions. Given a set X and f,g: X — [0, oo[, we write

fl@) < g(o) for every reX
when there exists C' > 0 such that f(z) < Cg(x) for every z € X. We let H!}
denote the Hilbert space obtained as completion of C'¢® with respect to

<u1 | ’LL2>H51 = /(Vul . VUQ + ‘/5U1U2).

The natural inclusions H! < H! and H' < H! are continuous due to (V3),
so H' and H! are canonically isomorphic as Hilbert spaces.

2. Variational framework
Given uy,us € H', we say that ¢ is a weak solution to
A%p — A¢p = drujug (2.1)

when ¢ € X and (¢, w)x = 47 [(ujusw) for every w € C2°, where X denotes
the Hilbert space obtained as completion of C2° with respect to

(uy,ug)x = /(AulAuz + Vug - Vug).

It follows from the Riesz Representation Theorem that (2.1) has a unique
weak solution and we even know its explicit expression, @1 y,u, = K*(u1uz) €
X (see [2, Section 3.1]).

In this context, (u, ¢) is said to be a weak solution to (1.1) when u € H?;
@ = ¢1,2 € X and

/ (Vu-Vw + (V + ¢y 2 )uw) = /(u|u\p’1w)
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for every w € C2°. Through the change of variable x — ez, this condition is
rewritten as

/ (Vu -V + (Ve + %@ 2 )uw) = /(u|u|p_1w) for every w € Cg°.
(2.2)

where ¢q y uy = Ke * (u1u2) and k. == k(e-).
We highlight the following computational properties:

(HY 5 (us, uz, s, ua) / (G Ugtts) = / (enguytintiz) € R

is multilinear and
/(¢5,u1u2u3u4)

for every uq,ug, us,us € H' and € > 0.
The facts that I, is well-defined and of class C? follow from the previous
paragraph. More precisely,

L) = )y + [ (@) = [ (aheP )

S lullze lluall 2 lus 2 [ uall 22

and

Ié/(u)[wl,w2] = (wy, w2>H§ 48 /(¢67u2w1w2 + 20y, vW2) +

—p/(|u|p_1w1w2)

for every w,wi,ws € H'. The following variational characterization then
becomes immediate:
(u,p-2) € H' x X satisfies (2.2) <= VI.(u) =0.

Notice that these weak solutions are classical solutions due to regularity the-
ory (see [2, Appendix A.1]).

3. Existence of cluster solutions

The goal of this section is to prove Theorem 1.1. As such, we consider a fixed
K > 2 and we omit the dependence of any quantities on it. Let us introduce
a few additional notational conventions. We define

27 .
pi=9t 47 (3.1)

for every j € {1,..., K} and ¢ € R. Given j,k € {1,..., K}, we let

21 s 3
dj,k‘ =P (170, N]) - P <1,0, Nk) eR 5

so that d; = P(1,0,¢;) — P(1,0, ¢i) for every 0, ¢ € R and, in particular,

] = % ~ 2c08 (i;;u - kr))-
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3.1. Pseudo-critical points of I,

Our first goal is to obtain an important decomposition of the critical point
equation

VI (u) = 0; ue H! (3.2)
as a system of equations. Let
. d . d . d
rad azi pol
= 7U : = 7U - M = 7U
.0, R,0,¢ ) .0, 7,0, ) .0, r,0,®
mhe e dR Rer 0% dO o—g 0¥ dP P

and similarly for W, ¢ ,. We use these functions to introduce the orthogonal
decomposition

Hl = Nfr’,(f,gp ¥ T’r‘,@,gpa (33)
where

L jrrad . yirazi . pi7Pol 1 7l
Tr.ﬂ,ga = Span{ 7,009 r,0,0) WT‘,@,LP} CH and eraﬁ‘P T Arl,et

As such, we rewrite (3.2) as the following system of equations induced by the
orthogonal decomposition (3.3):

I1,.0,,[VI:(u)] =0 (auziliary equation);
(idgr —1II,.9,,)[VI(uw)] =0 (bifurcation equation);
we H oY,

where I, 9 ,: H' — N, g, denotes the H'-orthogonal projection.
We are interested in solutions to (3.2) according to the ansatz
u=W,g9,+n, where n € Nyg .

In fact, we will only consider r > 0 in a set of admissible distances to 0 from
the peaks of the pseudo-critical points of I..
Before defining this set, we need to fix two quantities. Notice that

2
0<2Q—J_r1<min(2a—8,a) — a>3+V7,
so (Vg) assures that we can fix
2 —
Ae Qajl,min(Qa—S,Q) and ﬂe}o,w{.

Let us comment on the technical reasons for these choices.

Remark 3.1. We need the inequality A > 2(a 4 2)/(a — 1) to treat Case (2)
in the proof of Lemma 3.15. As such, we obtain A > 2 for any o > 1. We also
need A < min(2a — 8,3a — 10) (which follows from A < 2ac — 8 when a > 2)
to obtain an appropriate bound for the error in Lemma 3.13.

As such, we define the set of admissible distances to 0 as

Eﬁ 1 3a
—— <r<—— and maxV(erz) <1l4geati ;.
gatl gatl z[=1

REZ{T>0:

It is easy to check that e € R, for every e €]0,1], so R. is not empty
for sufficiently small € > 0.
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The functions W, g, are usually called pseudo-critical points of I. due
to the following estimate.

< €2 for every

~

Lemma 3.2. There exists g > 0 such that [|[VIc(Wy6.,)]| ;1
e €]0,e0] and (r,0,9) € R, x [0,27[x[0, 7].

Proof. As VIy(Uyp,,;) = 0 for every j € {1,..., K}, we deduce that
(VW) |0 = [ (Ve = )W)

()

3
e / 6oz, Wro o)
P P
_/ WT,&@_ Z Urﬂw u
1<G<K

(%)

Estimation of (). It suffices to estimate
J (=100
~[ v+ (Ve = )00 g0,
Ds,T,G,go

B(gg)fl (P(Tvev@))

) (1)
where D. ;9. := R®\ Bao)-1 (P(r,0,¢)). Let us estimate (1). In view of

(V3)a
1/2
U2> ||u||L2

J,
Due to (1.5), we have fR3\B( ) U? < e=21/2 /&2 for every e €]0,¢].
2e) ™

Now, we estimate (). As

(Ve = 1[Urp g lul) < (supV +1) ( /
R

3\3(25)—1 (0)

e,m,0,¢0

Bl/2(€P(T707(p)) C Bl(O),

we deduce that |V (z)| < 1 for every e €]0, ¢/, (.6, ) € R. x [0, 27[x][0, 7]
and x € By /5(eP(r,0,¢)). Therefore, it follows from (V3), (1.5) and a Taylor
expansion that

/ (Ve = 1[Un,lul)
D

e,7,0,p

< e|VV (eP(r.0,9))| / & — P(r, 0, )| Un,o.(x) [u()|dz
Blyey-1 (P(r0,6))

+e?|lull 2
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for every e €]0,e0[, (r,0,¢) € Re x [0,27[x[0,7] and v € H'. We have
3(a—1)/(a+1) > 1 and (V) implies

YV (€P(r6,¢))| S *57

for every € €]0,e0[ and (r,0, ) € Re x [0,27[x[0, 7], hence the estimate.
Estimation of (xx). Fix k> 2/|da1| and given j € {1,..., K}, let

B
€
Qerp,p;, = {96‘ ER®: k|z — P(r,0,¢;)| < M}

e a+1

and let Qe o = R\ U< jc i Qer 0,0, Let us estimate

(T)::/Qs,o r9<p Z r(w]

1<j<K
We have
P
(D] < (22 +1) Z/ UPy o) <
1<j<K
1/2
2
<@+1) 3 (/ UT’Ié’@j) [l .
1<j<K \"%0
In view of (
Z/ Ve S Y [ ew(2mla = P00 e as
1<<K 1<j<K

B
13
< exp <_2i CTax >
gaF1

for every e €]0,g¢[ and (1,0, @) € R. x [0, 27[x[0, 71]. Now, we estimate

P P
/ Wipo= 3 Uy, |

e,m,0,0p 1<j<K

The function f: [0, KU(0)] — [0, 00| given by f(t) = t? is Lipschitz, so

4 4 4
/ WT,Gw_UnG,vk_ Z Urﬂ,soj u
Qom0 1<j<K;
Jj#k
</ Ifllcos | D0 Unos |+ 3 Ulos, | Iul
Qe,r0,0), 1<<K; 1<j<K;
J#k iF#k

<2l 3 / (Uro, )

1<j<K Qer0,0p
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<2\ flleoallulzz D 1Unow; L2,
1<G<K;
7k

It follows from (1.5) that

1 b
HUTﬂ,w ||L2(Qa,7‘,8,tpk) < exp <_77 (ldj7k| - k) E(O‘A)/(o‘+1))

for every € €]0,e0[, (r,0,¢) € R. x [0,27[x[0,7] and j # k in {1,..., K},
hence the result. O
3.2. Solving the auxiliary equation

In this section, we argue similarly as in [24, Section 3] (or [25, Section 3.3])
to solve the auxiliary equation for sufficiently small . More precisely, our
present goal is to prove the following result.

Lemma 3.3. We can fiz g > 0 such that if 0 < € < gq, then there exists a
mapping of class C*,
R5 X [Oa 27T[>< [O? ﬂ-} > (T7 97 90) = Ner0,0 S H17
such that
e, € Nrg e HT,H,W[VIE(WT’GW + nE,Tﬁ,s&)] =0

and ||ne r.0.0|lmr S €% for every e €]0,e0[ and (r,0,¢) € R. x [0,27[x[0, 7].

Several preliminaries are needed to prove Lemma 3.3. We begin by let-
ting Lyg,,: Nyg,p — Npo, be given by

Ligpln] =190 R[Ig(Wr,G,sa)[”a ]

where R: H~! — H'! denotes the Riesz isomorphism.

Our first goal is to obtain sufficient conditions to “uniformly invert”

L, 6., We need three preliminary lemmas to do so. The first one is the
following corollary of the Lax—Milgram Theorem.

Lemma 3.4. ([25, Lemma 3.3]) Let H be a Hilbert space and let L: H — H
be a self-adjoint linear operator. Suppose that A is a finite-dimensional linear
subspace of H, ¢ > 0,

o (Lh|hyg < —c||h||% for every h € A and

o (Lh|hyg > c|h||% for every h € AL.
We conclude that L is invertible and || gy < 1/c.

The second lemma is a collection of well-known computational results
about I}/(U).

Lemma 3.5. ([20, Lemma 8.6]) We have
L If(U)[U,U] = (1 = p)lU]|}: <0;
2. ker I (U) = span{d;U : i € {1,2,3}};
3. I (U)[w,w] Z ||w||%: for every w L (ker I}/ (U) @ span{U}).

The third lemma collects estimates that follow from the exponential
decay (1.5).
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Lemma 3.6. We have
|<U’I",0,(pj | Ur,9,¢k>H1’ ’

(AP

<Udir1 |UT79,<P1C>H1 )

70,0,

< exp(—yonr)

for every diry,diry € {rad,azi,pol}, j # k in {1,...,K} and (r,0,¢) €
10, 00[x [0, 27[x [0, 7], where o := min(1,p — 1) and v := |d21].

We proceed to our result of “uniform inversion” of L, g .

Lemma 3.7. There exist eg,C > 0 such that L., is invertible and

—1 ~
IlLr’G,go ‘E(Nr,ﬂ,up) S C

for every e €]0,e0[ and (1,0, ) € R. x [0,27[x[0,7].
Proof. It suffices to prove that we can apply Lemma 3.4 in the case H,. g , :=
Nro,p and Arg o = span{Il. g ,[Wro.0]}-
We claim that there exists €9 > 0 such that
(Lroplu] | w2 |ullfn

for every € €]0, 9], (1,0, ¢) € Re x [0,27[x[0, 7] and u € Ai:@,w' Indeed, it is
easy to check that

(T (Who.0) = 1§ (Wirp,0)) [us ul| S €°|ullzn

for every € > 0, (1,0, ) €]0,00[x[0, 27[x[0, 7] and v € H'. At this point, it
suffices to argue precisely as in [24, p. 262—4] to conclude.
Now, we claim that there exists €9 > 0 such that

~(Lrgplu] [u) e < llullFn

for every € €]0,¢¢][, (1,0, ¢) € R. x [0, 2n[x[0, 7] and u € A, g,,. On one hand,
Lemma 3.6 shows that

|I!(Wr79,<p) [HE7B[WT,97<P]7 HEﬁ [Wn@,w]]_
*Ié,(Wrﬂ,ga)[Wrﬂ,cpv WT,G,@H Se e

for every ¢ > 0 and (r, 0, ¢) € R. x [0, 27[x [0, «|. On the other hand, it follows
from Lemmas 3.5 and 3.6 that, up to shrinking e,

K(1-
1 W) Wrps Wi o) < Tz, <0
for every e €0, 9], (1,0, ¢) € R. x [0, 27[x]0, 7]. O
The next result estimates how I varies in a neighborhood of W, g .

Lemma 3.8. Given g > 0, we have
1 (Wepp + ), ] = I (W )i ]
-1
S (ol + el + ol ) ol

for every € €]0,50; (1,0, ) €]0,00[x[0,27[x[0, 7] and u,w € H'.
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Proof. Clearly,

(Ig(Wrﬁ,gp + U}) - Ié/(Wr,O,Lp)) [uh u2} = 53 /((bs,wzuluQ + ¢€,wu1wu2)

()

+ e /(¢57WT,9,¢u1wu2 + ¢e,wu1 Wr,G,gaUQ + 2¢5,WT,9,¢wu1u2>

()
b [ (W b= = W2 Y.

(k%)

We can estimate the terms on the right-hand side as follows:

(9] < @l s szl (o) < 2wl sl szl
and
—1
(5 5) S (Mol + ol ) o ol
for every ,7 > 0 and w,uy, us € H'. O

The following lemma is the last preliminary result.

Lemma 3.9. We can fir e9,C > 0 such that if 0 < ¢ < ¢ and (r,0,¢) €
R. x [0,27[x[0, 7], then the problem

O [VI.(Wypp+n)] =0,  neNC (3.4)

has a unique solution, where

Nirop = {n € Neoy t Inllin < 2C|VL (W o)l }.

Proof. Let €9,C > 0 be furnished by Lemma 3.7 and let Sertp: Nroop —
Ny9., be given by

SE;T«,Q;SO(TL> =n-= L':,;,Lp

o IL1,0,4[VIc(Wr g, + 1)

for any ¢ €]0,¢0[ and (r,0,¢) € R x [0,27[x[0,7]. To finish from an appli-
cation of the Banach Fixed Point Theorem, we only have to prove that there
exists 1 > 0 such that given 0 < ¢ < e and (r,0,¢) € R. x [0,27[x[0, 7],

. . . C
Se.r0,0 has a unique fixed point in N7 o . O

Claim. There exists e1 > 0 such that

IN

1
2
for every e €]0,e1[, (r,0,¢) € Re x [0,27[x[0,7] and n € NC

100 2, )

b
Proof. Indeed,
SL (W) wa] = ws — Lg o R oI/ (W, g+ wi)ws,J;
= Ly g o[Lroplws] = Ro I/ (Wy g, + wi)ws, ;

=L g, o R (Wrpp)lwa, ] — I/ (Wi o+ wi)[wa, ).
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Due to Lemma 3.8,

‘S;,'r 9,¢(w1)[w2”
r 9 R © R[IH( 7,0 tp)[w% } - IéI(WT,G,cp + wl)[w27 ]]

—1
s (||w1||H1 o s + a5 ) Nl

for every € €]0,e0[; r € R. and wy,ws € Ny, so the result follows from
Lemma 3.2.

At this point, we only have to prove that SE’T’Q’W(NE 0,0) C /\/fE 10, TOT
every € €]0,ez2[ and (1,60, ¢) € R, x[0,27[x[0, 7], where &5 := mln(so,al) > 0.
Due to Lemma 3.7,

IScr0.0(Ols = |[Z28 JIVEW 0 || < CIVLWrp ) 0

In view of the previous claim,

1 _
156,76, (0) = Sesrp .o (@) < Sllwlm < CIVIE(Wro,0)l -

We conclude that ||Sc,p.o(w)|m < 2C|VI.(Wy.,)|m1, hence the
result. O

We can finally prove Lemma 3.3.

Proof of Lemma 5.3. Fix g9 > 0 for which the conclusions of Lemmas 3.7
and 3.9 hold and let C' > 0 be furnished by Lemma 3.9. Let H: O — H! be
the mapping of class C! given by

H(Eﬂ“aa,% ) vI( T9g0+n)
where
O = {(g,r,0,p,n) €]0,£0[x]0, 00[x[0, 27[x[0, 7] x H" :
re€ R. and ne./\/srg@}

The next claim follows directly from Lemmas 3.7 and 3.8.

Claim. Up to shrinking €g,
Nro 3 n2 = HL g ,(n1)[n2] == H'(e,7,0,9,11)[0,0,0,0,n9] € H!
is invertible and
}’H;,r,e,w(n)[u]nm 2wl g

for every (e,7,0,¢0,n) € O and u € H'.

In view of the previous claim, we can use the Implicit Function Theorem
to deduce that there exists a mapping of class C*,
R. x [0,27[x[0,7] 3 (1,0,0) = ne 9., € H',
such that
H(e,r,0,0,n¢ 1.0,,) =0
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for every e €]0, o[ and (r,0, ) € R, x [0,27[x[0, 7]. To finish, the estimate
follows from Lemma 3.2.

3.3. The reduced functional

In this section (based on [24, Section 4]), we define the reduced functional ®.,
we show that its critical points are naturally associated with critical points
of I. and we prove that ®. has a critical point.

Let us begin by defining the reduced functional.

Definition 3.10. Suppose that g > 0 is furnished by Lemma 3.3. If 0 < € <
g0, then we define the reduced functional ®. € C'(R. x [0,27[x[0,7]) as
given by

q)e (7", 9; SD) = IE(WT,Q,QO + ns,r,O,(p)'

The next result shows that if € is sufficiently small, then critical points
of ®. are naturally associated with critical points of I..

Lemma 3.11. There exists €g > 0 such that if 0 < e < g9 and VO (r,0,p) =
0, then VI,(W, 0.0 + nero.,) = 0.

Proof. Suppose that g > 0 is furnished by Lemma 3.3, 0 < ¢ < ¢y and
(r,0,p) € R. x [0,27[x[0, 71]. Due to Lemma 3.3,

§ dir 1 rdir
VIE(WT,Q#; + ng,rﬁ,sa) = cE,T‘,@,(pWT‘,Q,(p

dir€{rad,azi,pol}

r ¢z P ) € R3. It then follows from the defini-

: ad .
for a certain (Ce,r,e,w 0,00 Corbp

tion of ®, that

8dir1 (Pe(r7 97 SD)

VIE(WT,G,AP + ne,r,@,ap)> 3
H1

77dirg
Wrﬂ,so )
Hl

At this point, the result is a consequence of the following claim.

17diry . diry
<Wr797w + Me,r0,0

_ diro 77diry - diry
o Z Cero <WT,97<P + Me.r0.0
diry€{rad,azi,pol}

Claim. There exists €1 €)0, o[ such that

2
7,0,p¢ g €

y7dir . diry
<Wr79f¢ e
for every e €]0,e1] and (1,0, ¢) € R. x [0,27[x[0,7].
Proof. Clearly,

1 dir1 o dir1
<WT797¢ + N im0,

WdirQ > _ KHalUH%{15dir17dir2
H1

7,0, e,r.0,¢ r,0,¢ 0,0 r,0,¢

Wdirg > — <hdir1 | Wdirg >H1 + <Wdir1 | Wdirg >H1 i
H1

() (%)

Let us estimate (*). As (ne 0.0 | W:}ierip>Hl = 0 for every (r,0,¢) € R, x
[0, 27[x [0, 7], we can differentiate this expression to deduce that

| [[W g o2 1.

|G| < [Ime,r6,0
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In view of Lemma 3.3, we have |(x)| < €2 for every ¢ €]0,&0[ and (1,0, ¢) €
R. x [0,27[x]0, 7].

Now, consider (xx). We begin by treating the diagonal terms, i.e., when
dir := dir; = diry. It follows from Lemma 3.6 that

IWeb ol — K07 | S exp(—ronr)

for every dir € {rad, azi, pol} and (r,0, ¢) €]0, co[x[0, 27[x [0, 7]. We proceed
to the off-diagonal terms. In view of Lemma 3.6, we have |(xx)| < exp(—yonr)
for every diry # dirs in {rad, azi, pol} and (r, 8, ¢) €]0, co[x[0,27[x[0,7]. O

Our next result provides an approximation for the function ¢, vz, -
0,0

Lemma 3.12. We have
¢e vz, (€)= ke(z = P(r0,o)|U|7:| S e

for every e >0, x € R® and (r,0, ) €]0, 00[x |0, 27[x[0, 7].

Proof. A change of variable shows that
born, (@) = ke (@ — P(r,0,0)) | U]22

[ e ta == P0.0) Uy = e (o = P00, 9) U]

As sup|Vk| = 1/2, we obtain
<5 [ Wi,

¢£U2 ( )_K‘E (J?—P(?“,H,(p HUYHL2

hence the result. O

Let us obtain an expansion for I. (W, g,,).
Lemma 3.13. There exist £g > 0 and p €](A+1)/(a+ 1),1] such that

Is(WT,O,Lp) - KCO - Cl Z ‘/E (P(Tvea SDJ)) -

1<G<K

—Ce | K+2 Y ke(rdig) || S ¥
1<j<k<K

for every € €]0,e0[ and (r,0,p) € Re x [0,27[x[0, 7], where
1 1 1
Co = 31Ul = — U5 and Cu= J0

Proof. As

||W 0, Z ||Ur791¢j ||i]£1 + 2 Z <U7"797‘Pj | UT707<Pk>H£1a

1<j<K 1<j<k<K

1 o
Ie(Ur,é,ij) =Co + 5/ (V U26 ng) + Z/ (¢5,U§76’¢j UE,&,gaj)




49 Page 16 of 23 G. de Paula Ramos JFPTA

and

/((bE,W,%gWWE,O,(p) = Z /(%,Uﬁye‘@jUie,%)

1<j<K

+2 Z / ((ba,Uer#,j Uf,t?mok)

1<j<k<K

+2 Z / ((bE’UTz:GﬁPjUT>979"1€UT79,§01)

1<j<K;
1<k<I<K

+2 Z / (QSE,WE,Q’SEUT,H,@J- Urﬁ,wk) ,

1<j<k<K

we deduce that

I(Wy0,0) = KCo + % > / (VEUE,&%')

1<j<K
3
€ 2
+Z E /(¢E,UE79)¢J, Ur,G,apj) + E : <U7“197<Pj |U7“79189k>H61
1<j<K 1<j<k<K
3
€ 2
S5 Jeenm
1<j<k<K
&3
+? § d)stf,e,(,;j Ur 0,0 Ur0,01
1<j<K;
1<E<ISK
&3
t5 > bewz, Urow;Uroen
1<j<k<K
1
p+1 p+1
g (Il = KIUIEE)

Ezpansion of (1/2) f(‘/}Ungj)- Up to shrinking g, we can suppose

that eqr + E(l)_ﬂ < 2 for every r € R.,. Consider the decomposition
R?) = (RS \ Bs*ﬁ (P(Tv 97 (pj))) U Bs*l’ (P(?", 97 ij)) .

An estimate for the integral over R3\B.-s (P(r,0,¢;)) follows directly from
the exponential decay (1.5). A Taylor expansion shows that

/ Uroue, ) (Vo) = Ve (P(r,6,,)) -
B.—p(P(r0,¢5))

—eVV(eP(r,0,¢;)) - (x — P(r,0,¢;))) dz|
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52
S E ‘VH (EP(T7 97 (pJ))| /ll‘ - P(’I“, 9) (pj)|2U7‘,07LPj (l‘)zd.’lj

()
€

3
+ 3 ( sup |V"’(x)|> /\m — P(r,9,<pj)|3UT,9’% (z)%dz.

z€B.1-3(P(r,0,05))

(%)

As Uy, is spherically symmetric around P(r,0,¢;), we deduce that

/ Urﬁ,soj (l‘)QVV(eEP(T, 9’ ij)) : (Z‘ - P(’I“, 9’ SOj)) dz = 0.
BE,L;(P(T’Q#PJ))

Let us estimate (k). It follows from (Vz) and the definition of R. that,
up to shrinking e,

V" (eP(r, 0, )| S e2o7t

for every ¢ €]0,&0[ and (1,0, p) € R x [0, 27[x[0, w]. We just obtained a good
enough estimate for the purposes of the lemma. Indeed,

a—2 A+1
>34+ —

2+3
+ a—+1 a—+1

because A < 2o — 8.
Now, we estimate (*). On one hand, it follows from (V3) that

V" (eP(r.6,0,))] £ *55
for every ¢ €]0,&0[ and (7,0, p) € R. x [0,27[x[0,7]. On the other hand,
V" (@) = V" (eP(r, 0, ¢)))| < &' ”
for every @ € B.i-5(P(r,0,¢;)). Therefore,

sup |V”’(l‘)| ,S €min(3(‘:—;?,1—ﬁ)
z€B_1-5(P(r,0,05))
for every e €]0,e0[ and (r,0,¢) € R. x [0,27[x[0,7]. We claim that this
estimate suffices for the purposes of the lemma. Indeed,
a—3 A+1
in{3——,1— > —
— ( a+1 5) a+1

because 3 < (o — A\)/(a + 1) and A < 3 — 10.
Expansion of (€3/4) [(¢.p2 U?, ). Inview of (1.5) and Lemma 3.12,

0.0 Ty0,p

[ (6002,,020.) = 6un,., (Pr0 oD 1012

B ‘/ (9202, U20) = IWIE= [ e o = P(1.0.0) Usoolade] S =
and |6, p2, (P(r,0,¢)) = IU[3:] S &, 50

e’ 2 e’ 4 | < 4
= (#e02, U0) — VI S

~
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for every € > 0 and (r, 0, ¢) €]0, c0[x[0, 27[x]0, 7].
Estimation of (Ur6,,; | Urg,e,) a1 for j # k. Clearly,

(Uro,0; | Ur oo ) ir = (Uro,0; | Uro,00 ) 1 + / (Ve =D)Ur0,0;Urp.01,) -

As Uyg,,; solves (1.4), we obtain

<Ur,9,<pj | UT,@,@k>H51 = / (Uﬁ&@j UT,@,ka.) + / ((‘/5 - 1)U7’,0,ij Ur,@,gpk) .

At this point, the estimate follows from the exponential decay (1.5).
Expansion of [(¢.p2 ~UZ, . ) for j # k.

0.0, 7,0,k

It follows from Lemma 3.12 that
g3 9 g3 4
E (¢5,U12,,91‘Pj U’r‘,0,<pk) - EHUHLzHE(de,k)

for every € > 0 and (r, 0, ) €]0, 00[x[0, 27[x [0, 7].
Estimation of

/(¢6,WE,WUrﬂycijr,@,s%) and /(¢€’Ur2,e,¢,UTﬂ,cijrﬂysak)

for j#£k.

Corollary of the exponential decay (1.5).

Estimation of ||WT79,¢||’E§L — K||U|[ZF1,. Tt suffices to argue as in the
proof of Lemma 3.2. O

4
<e

It is easy to check that the derivatives of ®. are bounded, so we can let
®.: R. x [0,27[x]0, 7[— R denote the unique continuous extension of ®.. In
view of the previous result, we obtain the following expansion of ®..

Corollary 3.14. There exist g > 0 and p €)(A+1)/(a + 1), 1] such that

Do(r,0,0) —KCo—Cy [ Y Va(P(r,0,95)) | —
1<j<K

—CYE (K +2 Y ke(rdie) || S8
1<j<k<K
for every € €]0,e0[ and (r,0, ) € R. x [0,2r[x][0,7].
Proof. Tt is easy to check that

I (Wrpp)ur, ua] < (14 €%)lua | fluz

for every € > 0, (1,0, ¢) €]0,00[x[0,27[x[0, 7] and ui,us € H'. As such, we
can use a Taylor expansion together with Lemmas 3.2 and 3.3 to prove that

|Be(r,0,¢0) = I:(Wrp)| S €*

for every ¢ €]0,e0[ and (r,0,p) € Re x [0,27[x[0,7], so the result follows
from Lemma 3.13. 0
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Let us use the previous expansion to prove that ®. has a minimum
point, hence a critical point.

Lemma 3.15. We can fix g > 0 such thal given £ €]0,e0], there exists
(re,0c,0c) € Re X [0,27[X[0, 7] such that ®.(re, 0, 0.) = inf O..

Proof. Disconsider the notation (3.1) exclusively in this proof. Let g9 > 0 be
such that the conclusions of Lemma 3.3 and Corollary 3.14 hold. Associate
each € €]0,eo[ to a (re, 0z, 0s) € Re % [0,27[x[0, 7] such that
E(rsv 95; 906) = mini = inf o,
which is possible because ®. is continuous and R. x S x [0, 7] is compact.
We claim that, up to shrinking eq, (r, 0., p:) € Re X [0,27[x[0, 7] for

every ¢ €]0,&¢[. By contradiction, suppose that we can fix {e, }nen CJ0, 0]
such that ¢, — 0 as n — oo and

(Tm Ons (Pn) = (Tsn, Oc, 9067,,) € a(Rsn) 2 [07 ZW[X [Oa ﬂ

for every n € N. Due to the Pigeonhole Principle, one of the following holds
up to subsequence:

1 7, =¢e, " for every n € N;
_a—=A
2 r, = 55? a1 for every n € N;

3givenn € N, V(e,rp,P,) =1+ et up to replacing (6., ¢n), where
P, = P(1,0,,¢n).
Case (1). Tt follows from (V3) that
a1
V(en™ P,) =1+g(ex +1P ) < 1+5‘erl

for every n € N, so

1 Vv G P,)- P,
lim sup —— - glen . n) - P <1
n—oo a+1 a1
En En

which contradicts the fact that ¢’/ (0) is positive-definite.
Before cases (2) and (3). Due to (Vg) and Corollary 3.14, there exists
C5 > 0 and ng € N such that given n > ny,

(I)sn (Tnv on, Son) < (DEn (pn, ena @n)
a(A+1) A+1
< KCy+ KC <1 + &n,°TT > + C%e3 ( —den” ) + Cpedtr (3.5)

_a=X
where p,, :=en *" and 0:= 3, ;< ldjikl.
Case (2). Similarly, there exist C5 > 0 and ny > ng such that

A+1
K(Co + Cl) + C%Ei (K2 Oen (ﬁ+ a+1)> + Ogé‘iJr‘u

< Q) (7"7”9117 Qpn) = inf (Dsn (36)

for every n > ny. In view of (3.5) and (3.6),

a(A+1)
") < Kepentt 4+ 020l 4

0< C%(Sesl 1 (Cy — Cy)e® 3+u
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for every m > mq, which is not possible because A > 2(a +2)/(a — 1).
Case (3). There exist C3 > 0 and ny > ng such that

3

o . 1
KCo+ KCy + Ciep ™' + Cie3 <K2 - 5ag+1> + Czedtr

<@, (rn,0n,n) = inf d_ (3.7)
whenever n > ny. Due to (3.5) and (3.7), we obtain
Ba_ A4l a(A+1) 1
0 < Creatt 4+ 026e87 ) < Kepen i 4 026e83 ) 10y — cy)ed e
for every n > ny, which is not possible because A > 2. g

It is only at this point that the necessity of considering pseudo-critical
points whose peaks are placed according to specific geometric configurations
becomes apparent.

Remark 8.16. Suppose that we considered pseudo-critical points whose peaks
are placed according to the following set (obtained as a naive generalization
of A; in [24, Section 3]):

A = {CG (R3)X . given j # k in {1,..., K},

Eﬁ

a—X < |Cj _Ck| < —
€a+1 €a+l

and V(e¢!) <1 —&-5&3&} .
In this situation, Case (2) would instead read as

_a=—A
2. there exist j # k in {1,..., K} such that |¢? — ¢¥| = Ey(f =¥t) for every
n € N.
Once again, there exist C3 > 0 and n; > ng such that

1 A+l
K(Co+ Cy) + KC23 + 2023 (1 B ?(lm QH))

1 _
+(K(K —1) —2)Cie? <1 - 25,;*“) + C33 < B (1, 00y o) = inf B,
for every n > n; and we can only continue the argument as before if K = 2.

3.4. Proof of Theorem 1.1
Fix g9 > 0 such that Lemmas 3.3, 3.11 and 3.15 hold. In view of Lemma 3.15,
we can fix
{(re, 0, ¢c) € Re x [0,2m[x[0,7] - Dc(re,bc,0c) =inf Py . -
Given ¢ €]0, go], let
we = Wi 6. o. + Ner 6. 0.
so that VI.(w.) = 0 due to Lemma 3.11. The limit |jw. — Wy_ . o |l — 0

as € — 0 holds due to Lemma 3.3, while the other limits follow by construc-
tion.
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