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Abstract. Consider the following nonlinear Schrödinger–Bopp–Podolsky
system in R

3: {
−ε2Δu + (V + φ)u = u|u|p−1;

a2Δ2φ − Δφ = 4πu2,

where a, ε > 0; 1 < p < 5; V : R3 →]0, ∞[ and we want to solve for
u, φ : R3 → R. By means of Lyapunov–Schmidt reduction, we show that
if K ≥ 2, z0 is a strict local minimum of V , V is adequately flat in
a neighborhood of z0 and ε is sufficiently small, then the system has
a multipeak cluster solution with K peaks placed at the vertices of a
regular convex K-gon centered at z0.
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1. Introduction

This note is concerned with the existence of multipeak cluster solutions to
the following nonlinear Schrödinger–Bopp–Podolsky (SBP) system in R

3:{
−ε2Δu + (V + φ)u = u|u|p−1;
a2Δ2φ − Δφ = 4πu2,

(1.1)

where ε > 0 is sufficiently small, a > 0, 1 < p < 5, V : R3 →]0,∞[ and we
want to solve for u, φ : R3 → R.

By formally replacing a = 0 in (1.1), we recover the well-studied non-
linear Schrödinger–Poisson system,{

−ε2Δu + (V + φ)u = u|u|p−1;
−Δφ = 4πu2,

(1.2)
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which seems to have been first considered by D’Aprile and Mugnai in [1]
and provides the most commonly considered model for coupling the non-
linear Schrödinger equation with the electrostatic self-interaction of charged
quantum matter.

The nonlinear SBP system was introduced in the mathematical litera-
ture in [2], where d’Avenia & Siciliano established the existence/non-existence
of solutions to {

−Δu + ωu + q2φu = u|u|p−1;
a2Δ2φ − Δφ = 4πu2

for fixed a, ω > 0 in function of the values of p, q and proceeded to prove
that, in the radial case, its solutions tend to solutions of the corresponding
Schrödinger–Poisson system as a → 0. Since then, there has been an increas-
ing interest for the SBP system. Let us recall a few developments for related
non-autonomous systems in R

3. Results regarding existence and multiplicity
may be found in [3–9]; the existence of solutions for critical nonlinearities
has already attracted a lot of attention, being considered in [10–14] and the
existence and multiplicity of sign-changing solutions were studied in [15–18].

It was only recently that the existence of multipeak solutions was ad-
dressed in the literature. In [19], Wang, Wang & Wang proved that the fol-
lowing SBP system in R

3 admits multipeak solutions:{
−Δu + (λV + V0)u + Kφu = u|u|p−2;
a2Δ2φ − Δφ = Ku2,

(1.3)

where 4 < p < 6; V0 ∈ C(R3); V ∈ C(R3, [0,∞[) and K : R3 → [0,∞[. More
precisely, they employed the penalization method to show that if λ > 0 is
sufficiently large and Ω := int V −1(0) is a nonempty bounded set with smooth
boundary and m connected components, then (1.3) has multipeak solutions
with K ≤ m peaks, each of them in a different connected component of Ω and
the corresponding solutions become increasingly concentrated as λ → ∞.

Our goal in this note is to consider the question of whether a different
kind of multipeak solutions exists, that is:

Question. Does (1.1) admit a family of multipeak solutions clustered around
a local strict minimum point of V ?

By means of Lyapunov–Schmidt reduction, we will answer this question
positively under technical hypotheses on V which assure that the potential is
adequately flat around z0. We remark that, besides a recent publication by
the author ([4]), we are unaware of other articles which employed Lyapunov–
Schmidt reduction in the context of the nonlinear SBP system.

Let us develop the preliminaries to state our main result. We begin by
introducing our hypotheses on V .

(V1) We have 1 = V (0) = min V |B1(0)
< V (x) for every x ∈ B1(0)\{0};

(V2) there exist α > 3 +
√

7 and g ∈ C3,1(B1(0), [0,∞[) such that
• ‖g‖C3,1 ≤ 1,
• g′′(0) is positive-definite and
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• V (x) = 1 + g(x)α for every x ∈ B1(0);
(V3) 0 < inf V ≤ supV < ∞.

Hypotheses (V1), (V2) are stated in this form to simplify the notation, being
clear that they could be respectively replaced with the following hypotheses
without substantial changes to the arguments (see [20, Section 8.3]):

(V′
1) there exist z0 ∈ R

3 and ρ > 0 such that V (z0) = min V |Bρ(z0)
<

V (x) for every x ∈ Bρ(z0) \ {z0};
(V′

2) there exist α > 3 +
√

7 and g ∈ C3,1(Bρ(z0), [0,∞[) such that
• g′′(z0) is positive-definite and
• V (x) = V (z0) + g(x)α for every x ∈ Bρ(z0).

In Sect. 2, we show that critical points of the energy functional given
by

Iε(u) :=
1
2

∫ (|∇u|2 + Vεu
2
)

+
ε3

4

∫
(φε,u2u2) − 1

p + 1
‖u‖p+1

Lp+1

for every u ∈ H1 are naturally associated with solutions to (1.1), where
• φε,uw := κ(ε·) ∗ (uw) for every u,w ∈ H1 and
• κ(x) := (1 − e− |x|

a )/|x| for every x ∈ R
3\{0}.

As such, we will most often refer to the critical point equation ∇Iε(u) = 0
instead of (1.1).

We are interested in solutions whose asymptotic profile is given by the
sum of translations of the function U : R3 →]0,∞[ defined as the unique
positive radial solution to{

−Δu + u = u|u|p−1 in R
3;

u(x) → 0 as |x| → ∞ (1.4)

(see the theorem in [21, p.23]). It will be useful to consider translations of U
in function of spherical coordinates as follows:

Ur,θ,ϕ(x) := U (x − P (r, θ, ϕ)) ,

where P : ]0,∞[×R × R → R
3 is given by

P (r, θ, ϕ) := r(cos θ sin ϕ, sin θ sin ϕ, cos ϕ) = rP (1, θ, ϕ) ∈ R
3.

We proceed to a statement of our main result.

Theorem 1.1. Given K ≥ 2, there exist εK > 0,

{wε ∈ H1 : ∇Iε(wε) = 0}0<ε<εK

and

{(rε, θε, ϕε) ∈]0,∞[×[0, 2π[×[0, π]}0<ε<εK

such that ‖wε − Wrε,θε,ϕε
‖H1 → 0; εrε → 0 and rε → ∞ as ε → 0, where

Wrε,θε,ϕε
:=

∑
1≤j≤K

Urε,θε,(ϕε+ 2π
K j).
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We recall that due to [22, Lemma 2 in p. 329], U and |∇U | have expo-
nential decay at infinity, i.e., there exists η > 0 such that

U(x), |∇U(x)| � e−η|x| for every x ∈ R
3. (1.5)

As such, we deduce that given z ∈ R
3, U(· − z) is a critical point of the

functional I0 : H1 → R given by

I0(u) =
1
2
‖u‖2

H1 − 1
p + 1

‖u‖p+1
Lp+1 .

Our strategy to construct solutions to (1.1) consists in interpreting Iε

as a perturbation of I0. As such, we look for critical points of Iε obtained as
perturbations of

∑
1≤j≤K Ur, θ,

(
ϕ + 2π

N j
)

for sufficiently large r > 0, which
are close enough to critical points of Iε due to the exponential decay of U
and the fact that (1.4) is invariant by translation (see Lemma 3.2).

Lyapunov–Schmidt reduction has been already employed in [23,24] to
construct multipeak cluster solutions to the nonlinear Schrödinger–Poisson
system (1.2) (see also [25] for single-peaked solutions), so let us compare
the technical details in the contexts of these two systems, starting with the
hypotheses on V . Hypotheses (V1), (V3) correspond to [24, (V1) and (V3)].

We proceed to a discussion about the need for Hypothesis (V2). Simi-
larly as in [24], Theorem 1.1 ensures the existence of multipeak solutions that
arise due to the balance between the following effects: the electrostatic self-
repulsion due to the Bopp–Podolsky interaction term, the self-attraction due
to the power nonlinearity and the attraction towards the local minimum of
the potential Vε. Such a balance is related to the existence of minimum point
of an expansion of the energy functional Iε: see Lemma 3.13. The difference
between the Schrödinger–Poisson system considered in [24] and the presently
considered Schrödinger–Bopp–Podolsky system is that the Bopp–Podolsky
term is significantly weaker in smaller distances. Indeed, the Maxwell and
Bopp–Podolsky interaction terms respectively read as

ε2

4

∫ ∫
u(x)2u(y)2

|x − y| dxdy and
ε3

4

∫
(φε,u2u2).

Due to the fact that κ is bounded, the Bopp–Podoslky interaction term is
only large enough to balance the self-attraction term in presence of potentials
that are sufficiently flat around 0. Technically, this is translated by the fact
that we need a higher regularity for g in (V2) to ensure that 0 is a minimum of
Vε of a sufficiently large order so that the Bopp–Podolsky term can balance
the attractive interaction towards the local minimum of Vε (compare the
estimation of (∗∗) in the proof of Lemma 3.13 with the arguments in [24,
p. 267–268]). The inequality α > 3 +

√
7 is similarly derived from technical

constraints of the problem (see Remark 3.1).
We highlight that our main result does not follow from a straightforward

adaptation of the arguments in [24], where Ruiz & Vaira prove the existence
of multipeak cluster solutions without considering pseudo-critical points of
Jε whose peaks are disposed in a specific geometric configuration.

Such an argument is only possible in the framework of Maxwell’s elec-
tromagnetism (for the precise mathematical description of the phenomenon,
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see Remark 3.16). Indeed, consider a system with K charged particles repuls-
ing each other through electrostatic interaction. The Coulomb energy of two
particles which are sufficiently close one to the other surpasses the Coulomb
energy of the interaction involving any of the remaining particles (this phe-
nomenon is usually called the infinity problem), and this fact is exploited in
the proof of [24, Proposition 4.4] when Ruiz & Vaira consider Pε such that
|P ε

i − P ε
j | = εδ+ 2−α

α+1 . This does not happen in the Bopp–Podolsky electro-
magnetism because the energy of interaction between two particles is finite.
As such, we can only establish the existence of multipeak cluster solutions by
restricting our search to pseudo-critical points of Iε whose peaks are disposed
in specific geometric configurations, arguing similarly as in [23].

Let us comment on the organization of the text. In Sect. 2, we introduce
the relevant variational framework, while we perform the Lyapunov–Schmidt
reduction and we prove Theorem 1.1 in Sect. 3.

Notation

Brackets are exclusively employed to enclose the argument of (multi-)linear
functions. Given a set X and f, g : X → [0,∞[, we write

f(x) � g(x) for every x ∈ X

when there exists C > 0 such that f(x) ≤ Cg(x) for every x ∈ X. We let H1
ε

denote the Hilbert space obtained as completion of C∞
c with respect to

〈u1 | u2〉H1
ε

:=
∫

(∇u1 · ∇u2 + Vεu1u2).

The natural inclusions H1
ε ↪→ H1 and H1 ↪→ H1

ε are continuous due to (V3),
so H1 and H1

ε are canonically isomorphic as Hilbert spaces.

2. Variational framework

Given u1, u2 ∈ H1, we say that φ is a weak solution to

Δ2φ − Δφ = 4πu1u2 (2.1)

when φ ∈ X and 〈φ,w〉X = 4π
∫

(u1u2w) for every w ∈ C∞
c , where X denotes

the Hilbert space obtained as completion of C∞
c with respect to

〈u1, u2〉X :=
∫

(Δu1Δu2 + ∇u1 · ∇u2).

It follows from the Riesz Representation Theorem that (2.1) has a unique
weak solution and we even know its explicit expression, φ1,u1u2 = κ∗(u1u2) ∈
X (see [2, Section 3.1]).

In this context, (u, ϕ) is said to be a weak solution to (1.1) when u ∈ H1;
ϕ = φ1,u2 ∈ X and∫ (

ε2∇u · ∇w + (V + φ1,u2)uw
)

=
∫

(u|u|p−1w)
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for every w ∈ C∞
c . Through the change of variable x 
→ εx, this condition is

rewritten as∫ (∇u · ∇w + (Vε + ε3φε,u2)uw
)

=
∫

(u|u|p−1w) for every w ∈ C∞
c .

(2.2)

where φε,u1u2 := κε ∗ (u1u2) and κε := κ(ε·).
We highlight the following computational properties:

(H1)4 � (u1, u2, u3, u4) 
→
∫

(φε,u1u2u3u4) =
∫

(φε,u3u4u1u2) ∈ R

is multilinear and∣∣∣∣
∫

(φε,u1u2u3u4)
∣∣∣∣ � ‖u1‖L2‖u2‖L2‖u3‖L2‖u4‖L2

for every u1, u2, u3, u4 ∈ H1 and ε > 0.
The facts that Iε is well-defined and of class C2 follow from the previous

paragraph. More precisely,

I ′
ε(u)[w1] = 〈u,w1〉H1

ε
+ ε3

∫
(φε,u2uw1) −

∫
(u|u|p−1w1)

and

I ′′
ε (u)[w1, w2] = 〈w1, w2〉H1

ε
+ ε3

∫
(φε,u2w1w2 + 2φε,uw1uw2) +

−p

∫ (|u|p−1w1w2

)
for every u,w1, w2 ∈ H1. The following variational characterization then
becomes immediate:

(u, φε,u2) ∈ H1 × X satisfies (2.2) ⇐⇒ ∇Iε(u) = 0.

Notice that these weak solutions are classical solutions due to regularity the-
ory (see [2, Appendix A.1]).

3. Existence of cluster solutions

The goal of this section is to prove Theorem 1.1. As such, we consider a fixed
K ≥ 2 and we omit the dependence of any quantities on it. Let us introduce
a few additional notational conventions. We define

ϕj = ϕ +
2π

K
j (3.1)

for every j ∈ {1, . . . , K} and ϕ ∈ R. Given j, k ∈ {1, . . . ,K}, we let

dj,k = P

(
1, 0,

2π

N
j

)
− P

(
1, 0,

2π

N
k

)
∈ R

3,

so that dj,k = P (1, θ, ϕj) − P (1, θ, ϕk) for every θ, ϕ ∈ R and, in particular,

|dj,k| =

√
2 − 2 cos

(
2π

K
(j − k)

)
.
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3.1. Pseudo-critical points of Iε

Our first goal is to obtain an important decomposition of the critical point
equation

∇Iε(u) = 0; u ∈ H1 (3.2)

as a system of equations. Let

U̇ rad
r,θ,ϕ =

d
dR

UR,θ,ϕ

∣∣∣∣
R=r

; U̇azi
r,θ,ϕ =

d
dΘ

Ur,Θ,ϕ

∣∣∣∣
Θ=θ

; U̇pol
r,θ,ϕ =

d
dΦ

Ur,θ,Φ

∣∣∣∣
Φ=ϕ

and similarly for Wr,θ,ϕ. We use these functions to introduce the orthogonal
decomposition

H1 = Nr,θ,ϕ ⊕ Tr,θ,ϕ, (3.3)

where

Tr,θ,ϕ := span
{

Ẇ rad
r,θ,ϕ; Ẇ azi

r,θ,ϕ; Ẇ pol
r,θ,ϕ

}
⊂ H1 and Nr,θ,ϕ := T⊥

r,θ,ϕ.

As such, we rewrite (3.2) as the following system of equations induced by the
orthogonal decomposition (3.3):⎧⎪⎨

⎪⎩
Πr,θ,ϕ[∇Iε(u)] = 0 (auxiliary equation);
(idH1 −Πr,θ,ϕ)[∇Iε(u)] = 0 (bifurcation equation);
u ∈ H1,

where Πr,θ,ϕ : H1 → Nr,θ,ϕ denotes the H1-orthogonal projection.
We are interested in solutions to (3.2) according to the ansatz

u = Wr,θ,ϕ + n, where n ∈ Nr,θ,ϕ.

In fact, we will only consider r > 0 in a set of admissible distances to 0 from
the peaks of the pseudo-critical points of Iε.

Before defining this set, we need to fix two quantities. Notice that

0 < 2
α + 2
α − 1

< min(2α − 8, α) ⇐⇒ α > 3 +
√

7,

so (V2) assures that we can fix

λ ∈
]
2
α + 2
α − 1

,min(2α − 8, α)
[

and β ∈
]
0,

α − λ

α + 1

[
.

Let us comment on the technical reasons for these choices.

Remark 3.1. We need the inequality λ > 2(α + 2)/(α − 1) to treat Case (2)
in the proof of Lemma 3.15. As such, we obtain λ > 2 for any α > 1. We also
need λ < min(2α − 8, 3α − 10) (which follows from λ < 2α − 8 when α ≥ 2)
to obtain an appropriate bound for the error in Lemma 3.13.

As such, we define the set of admissible distances to 0 as

Rε =
{

r > 0 :
εβ

ε
α−λ
α+1

< r <
1

ε
α

α+1
and max

|x|=1
V (εrx) < 1 + ε

3α
α+1

}
.

It is easy to check that ε− α−λ
α+1 ∈ Rε for every ε ∈]0, 1[, so Rε is not empty

for sufficiently small ε > 0.
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The functions Wr,θ,ϕ are usually called pseudo-critical points of Iε due
to the following estimate.

Lemma 3.2. There exists ε0 > 0 such that ‖∇Iε(Wr,θ,ϕ)‖H1 � ε2 for every
ε ∈]0, ε0[ and (r, θ, ϕ) ∈ Rε × [0, 2π[×[0, π].

Proof. As ∇I0(Ur,θ,ϕj
) = 0 for every j ∈ {1, . . . , K}, we deduce that

〈∇Iε(Wr,θ,ϕ) | u〉H1 =
∫

((Vε − 1)Wr,θ,ϕu)︸ ︷︷ ︸
(∗)

+ε3

∫
(φε,W 2

r,θ,ϕ
Wr,θ,ϕu)

−
∫ ⎛⎝

⎛
⎝W p

r,θ,ϕ −
∑

1≤j≤K

Up
r,θ,ϕ

⎞
⎠u

⎞
⎠

︸ ︷︷ ︸
(∗∗)

.

Estimation of (∗). It suffices to estimate∫
((Vε − 1)Ur,θ,ϕu)

=
∫

Dε,r,θ,ϕ

((Vε − 1)Ur,θ,ϕu)

︸ ︷︷ ︸
(†)

+
∫

B(2ε)−1 (P (r,θ,ϕ))

((Vε − 1)Ur,θ,ϕu)

︸ ︷︷ ︸
(††)

,

where Dε,r,θ,ϕ := R
3 \ B(2ε)−1 (P (r, θ, ϕ)). Let us estimate (†). In view of

(V3),

∫
Dε,r,θ,ϕ

(|Vε − 1|Ur,θ,ϕ|u|) ≤ (sup V + 1)

(∫
R3\B(2ε)−1 (0)

U2

)1/2

‖u‖L2 .

Due to (1.5), we have
∫
R3\B(2ε)−1 (0)

U2 � e−2η/ε/ε2 for every ε ∈]0, ε0[.

Now, we estimate (††). As

B1/2(εP (r, θ, ϕ)) ⊂ B1(0),

we deduce that |V ′′(x)| � 1 for every ε ∈]0, ε0[, (r, θ, ϕ) ∈ Rε × [0, 2π[×[0, π]
and x ∈ B1/2(εP (r, θ, ϕ)). Therefore, it follows from (V2), (1.5) and a Taylor
expansion that∫

Dε,r,θ,ϕ

(|Vε − 1|Ur,θ,ϕ|u|)

� ε |∇V (εP (r, θ, ϕ))|
∫

B(2ε)−1 (P (r,θ,ϕ))

|x − P (r, θ, ϕ)|Ur,θ,ϕ(x)|u(x)|dx

+ε2‖u‖L2
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for every ε ∈]0, ε0[, (r, θ, ϕ) ∈ Rε × [0, 2π[×[0, π] and u ∈ H1. We have
3(α − 1)/(α + 1) > 1 and (V2) implies

|∇V (εP (r, θ, ϕ))| � ε3 α−1
α+1

for every ε ∈]0, ε0[ and (r, θ, ϕ) ∈ Rε × [0, 2π[×[0, π], hence the estimate.
Estimation of (∗∗). Fix k > 2/|d2,1| and given j ∈ {1, . . . , K}, let

Ωε,r,θ,ϕj
=
{

x ∈ R
3 : k |x − P (r, θ, ϕj)| <

εβ

ε
α−λ
α+1

}

and let Ωε,0 = R
3\⋃1≤j≤K Ωε,r,θ,ϕj

. Let us estimate

(†) :=
∫

Ωε,0

⎛
⎝
⎛
⎝W p

r,θ,ϕ −
∑

1≤j≤K

Up
r,θ,ϕj

⎞
⎠u

⎞
⎠ .

We have

|(†)| ≤ (2p + 1)
∑

1≤j≤K

∫
Ωε,0

(
Up

r,θ,ϕj
u
)

≤

≤ (2p + 1)
∑

1≤j≤K

(∫
Ωε,0

U2p
r,θ,ϕj

)1/2

‖u‖L2 .

In view of (1.5),∑
1≤j≤K

∫
Ωε,0

U2p
r,θ,ϕj

�
∑

1≤j≤K

∫
Ωε,0

exp (−2pη|x − P (r, θ, ϕj)|) dx;

� exp
(

−2
p

k
· εβ

ε
α−λ
α+1

)

for every ε ∈]0, ε0[ and (r, θ, ϕ) ∈ Rε × [0, 2π[×[0, π]. Now, we estimate

∫
Ωε,r,θ,ϕk

⎛
⎝
⎛
⎝W p

r,θ,ϕ −
∑

1≤j≤K

Up
r,θ,ϕj

⎞
⎠u

⎞
⎠ .

The function f : [0,KU(0)] → [0,∞[ given by f(t) = tp is Lipschitz, so∣∣∣∣∣∣∣∣
∫

Ωε,r,θ,ϕk

⎛
⎜⎜⎝
⎛
⎜⎜⎝W p

r,θ,ϕ − Up
r,θ,ϕk

−
∑

1≤j≤K;
j �=k

Up
r,θ,ϕj

⎞
⎟⎟⎠u

⎞
⎟⎟⎠
∣∣∣∣∣∣∣∣

≤
∫

Ωε,r,θ,ϕk

⎛
⎜⎜⎝
⎛
⎜⎜⎝‖f‖C0,1

⎛
⎜⎜⎝ ∑

1≤j≤K;
j �=k

Ur,θ,ϕj

⎞
⎟⎟⎠+

∑
1≤j≤K;

j �=k

Up
r,θ,ϕj

⎞
⎟⎟⎠ |u|

⎞
⎟⎟⎠

≤ 2‖f‖C0,1

∑
1≤j≤K;

j �=k

∫
Ωε,r,θ,ϕk

(
Ur,θ,ϕj

|u|)
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≤ 2‖f‖C0,1‖u‖L2

∑
1≤j≤K;

j �=k

‖Ur,θ,ϕj
‖L2(Ωε,r,θ,ϕk

).

It follows from (1.5) that

‖Ur,θ,ϕj
‖L2(Ωε,r,θ,ϕk

) � exp
(

−η

(
|dj,k| − 1

k

)
εβ

ε(α−λ)/(α+1)

)
for every ε ∈]0, ε0[, (r, θ, ϕ) ∈ Rε × [0, 2π[×[0, π] and j �= k in {1, . . . , K},
hence the result. �

3.2. Solving the auxiliary equation

In this section, we argue similarly as in [24, Section 3] (or [25, Section 3.3])
to solve the auxiliary equation for sufficiently small ε. More precisely, our
present goal is to prove the following result.

Lemma 3.3. We can fix ε0 > 0 such that if 0 < ε < ε0, then there exists a
mapping of class C1,

Rε × [0, 2π[×[0, π] � (r, θ, ϕ) 
→ nε,r,θ,ϕ ∈ H1,

such that

nε,r,θ,ϕ ∈ Nr,θ,ϕ; Πr,θ,ϕ[∇Iε(Wr,θ,ϕ + nε,r,θ,ϕ)] = 0

and ‖nε,r,θ,ϕ‖H1 � ε2 for every ε ∈]0, ε0[ and (r, θ, ϕ) ∈ Rε × [0, 2π[×[0, π].

Several preliminaries are needed to prove Lemma 3.3. We begin by let-
ting Lr,θ,ϕ : Nr,θ,ϕ → Nr,θ,ϕ be given by

Lr,θ,ϕ[n] = Πr,θ,ϕ ◦ R[I ′′
ε (Wr,θ,ϕ)[n, ·]]

where R : H−1 → H1 denotes the Riesz isomorphism.
Our first goal is to obtain sufficient conditions to “uniformly invert”

Lr,θ,ϕ. We need three preliminary lemmas to do so. The first one is the
following corollary of the Lax–Milgram Theorem.

Lemma 3.4. ([25, Lemma 3.3]) Let H be a Hilbert space and let L : H → H
be a self-adjoint linear operator. Suppose that A is a finite-dimensional linear
subspace of H, c > 0,

• 〈Lh | h〉H ≤ −c‖h‖2
H for every h ∈ A and

• 〈Lh | h〉H ≥ c‖h‖2
H for every h ∈ A⊥.

We conclude that L is invertible and ‖L−1‖L(H) ≤ 1/c.

The second lemma is a collection of well-known computational results
about I ′′

0 (U).

Lemma 3.5. ([20, Lemma 8.6]) We have
1. I ′′

0 (U)[U,U ] = (1 − p)‖U‖2
H1 < 0;

2. ker I ′′
0 (U) = span{∂iU : i ∈ {1, 2, 3}};

3. I ′′
0 (U)[w,w] � ‖w‖2

H1 for every w ⊥ (ker I ′′
0 (U) ⊕ span{U}).

The third lemma collects estimates that follow from the exponential
decay (1.5).
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Lemma 3.6. We have∣∣〈Ur,θ,ϕj
| Ur,θ,ϕk

〉H1

∣∣ , ∣∣∣〈U̇dir1
r,θ,ϕj

| Ur,θ,ϕk
〉H1

∣∣∣ ,∣∣∣〈U̇dir1
r,θ,ϕj

| U̇dir2
r,θ,ϕk

〉H1

∣∣∣ � exp(−γσηr)

for every dir1,dir2 ∈ {rad, azi,pol}, j �= k in {1, . . . , K} and (r, θ, ϕ) ∈
]0,∞[×[0, 2π[×[0, π], where σ := min(1, p − 1) and γ := |d2,1|.

We proceed to our result of “uniform inversion” of Lr,θ,ϕ.

Lemma 3.7. There exist ε0, C̄ > 0 such that Lr,θ,ϕ is invertible and

‖L−1
r,θ,ϕ‖L(Nr,θ,ϕ) ≤ C̄

for every ε ∈]0, ε0[ and (r, θ, ϕ) ∈ Rε × [0, 2π[×[0, π].

Proof. It suffices to prove that we can apply Lemma 3.4 in the case Hr,θ,ϕ :=
Nr,θ,ϕ and Ar,θ,ϕ := span{Πr,θ,ϕ[Wr,θ,ϕ]}.

We claim that there exists ε0 > 0 such that

〈Lr,θ,ϕ[u] | u〉H1 � ‖u‖2
H1

for every ε ∈]0, ε0[, (r, θ, ϕ) ∈ Rε × [0, 2π[×[0, π] and u ∈ A⊥
r,θ,ϕ. Indeed, it is

easy to check that

|(I ′′
ε (Wr,θ,ϕ) − I ′′

0 (Wr,θ,ϕ)) [u, u]| � ε3‖u‖2
H1

for every ε > 0, (r, θ, ϕ) ∈]0,∞[×[0, 2π[×[0, π] and u ∈ H1. At this point, it
suffices to argue precisely as in [24, p. 262–4] to conclude.

Now, we claim that there exists ε0 > 0 such that

−〈Lr,θ,ϕ[u] | u〉H1 � ‖u‖2
H1

for every ε ∈]0, ε0[, (r, θ, ϕ) ∈ Rε×[0, 2π[×[0, π] and u ∈ Ar,θ,ϕ. On one hand,
Lemma 3.6 shows that

|I ′′
ε (Wr,θ,ϕ)[Πε,β [Wr,θ,ϕ],Πε,β [Wr,θ,ϕ]]−
−I ′′

ε (Wr,θ,ϕ)[Wr,θ,ϕ,Wr,θ,ϕ]| � e−γσηr

for every ε > 0 and (r, θ, ϕ) ∈ Rε×[0, 2π[×[0, π]. On the other hand, it follows
from Lemmas 3.5 and 3.6 that, up to shrinking ε0,

I ′′
ε (Wr,θ,ϕ)[Wr,θ,ϕ,Wr,θ,ϕ] ≤ K(1 − p)

2
‖U‖2

H1 < 0

for every ε ∈]0, ε0[, (r, θ, ϕ) ∈ Rε × [0, 2π[×[0, π]. �

The next result estimates how I ′′
ε varies in a neighborhood of Wr,θ,ϕ.

Lemma 3.8. Given ε0 > 0, we have

‖I ′′
ε (Wr,θ,ϕ + w)[u, ·] − I ′′

ε (Wr,θ,ϕ)[u, ·]‖H−1

�
(
‖w‖H1 + ‖w‖2

H1 + ‖w‖p−1
H1

)
‖u‖H1

for every ε ∈]0, ε0[; (r, θ, ϕ) ∈]0,∞[×[0, 2π[×[0, π] and u,w ∈ H1.
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Proof. Clearly,

(I ′′
ε (Wr,θ,ϕ + w) − I ′′

ε (Wr,θ,ϕ)) [u1, u2] = ε3

∫
(φε,w2u1u2 + φε,wu1wu2)︸ ︷︷ ︸

(∗)

+ ε3

∫
(φε,Wr,θ,ϕu1wu2 + φε,wu1Wr,θ,ϕu2 + 2φε,Wr,θ,ϕwu1u2)︸ ︷︷ ︸

(∗∗)

− p

∫ ((
|Wr,θ,ϕ + w|p−1 − W p−1

r,θ,ϕ

)
u1u2

)
︸ ︷︷ ︸

(∗∗∗)

.

We can estimate the terms on the right-hand side as follows:

|(∗)| ≤ ε3‖w‖2
H1‖u1‖H1‖u2‖H1 ; (∗∗) ≤ ε3‖w‖H1‖u1‖H1‖u2‖H1

and

(∗ ∗ ∗) �
(
‖w‖H1 + ‖w‖p−1

H1

)
‖u1‖H1‖u2‖H1

for every ε, r > 0 and w, u1, u2 ∈ H1. �

The following lemma is the last preliminary result.

Lemma 3.9. We can fix ε0, C̄ > 0 such that if 0 < ε < ε0 and (r, θ, ϕ) ∈
Rε × [0, 2π[×[0, π], then the problem

Πr,θ,ϕ[∇Iε(Wr,θ,ϕ + n)] = 0; n ∈ N C̄
ε,r,θ,ϕ (3.4)

has a unique solution, where

N C̄
ε,r,θ,ϕ :=

{
n ∈ Nr,θ,ϕ : ‖n‖H1 ≤ 2C̄‖∇Iε(Wr,θ,ϕ)‖H1 }.

Proof. Let ε0, C̄ > 0 be furnished by Lemma 3.7 and let Sε,r,θ,ϕ : Nr,θ,ϕ →
Nr,θ,ϕ be given by

Sε,r,θ,ϕ(n) = n − L−1
r,θ,ϕ ◦ Πr,θ,ϕ[∇Iε(Wr,θ,ϕ + n)]

for any ε ∈]0, ε0[ and (r, θ, ϕ) ∈ Rε × [0, 2π[×[0, π]. To finish from an appli-
cation of the Banach Fixed Point Theorem, we only have to prove that there
exists ε1 > 0 such that given 0 < ε < ε1 and (r, θ, ϕ) ∈ Rε × [0, 2π[×[0, π],
Sε,r,θ,ϕ has a unique fixed point in N C̄

ε,r,θ,ϕ. �

Claim. There exists ε1 > 0 such that∥∥S′
ε,r,θ,ϕ(n)

∥∥
L(Nr,θ,ϕ)

≤ 1
2

for every ε ∈]0, ε1[, (r, θ, ϕ) ∈ Rε × [0, 2π[×[0, π] and n ∈ N C̄
ε,r,θ,ϕ.

Proof. Indeed,

S′
ε,r,θ,ϕ(w1)[w2] = w2 − L−1

r,θ,ϕ ◦ R ◦ I ′′
ε (Wr,θ,ϕ + w1)[w2, ·];

= L−1
r,θ,ϕ[Lr,θ,ϕ[w2] − R ◦ I ′′

ε (Wr,θ,ϕ + w1)[w2, ·]];
= L−1

r,θ,ϕ ◦ R[I ′′
ε (Wr,θ,ϕ)[w2, ·] − I ′′

ε (Wr,θ,ϕ + w1)[w2, ·]].
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Due to Lemma 3.8,∣∣S′
ε,r,θ,ϕ(w1)[w2]

∣∣
≤
∣∣∣L−1

r,θ,ϕ ◦ R[I ′′
ε (Wr,θ,ϕ)[w2, ·] − I ′′

ε (Wr,θ,ϕ + w1)[w2, ·]]
∣∣∣

�
(
‖w1‖H1 + ‖w1‖2

H1 + ‖w1‖p−1
H1

)
‖w2‖H1

for every ε ∈]0, ε0[; r ∈ Rε and w1, w2 ∈ Nr,θ,ϕ, so the result follows from
Lemma 3.2.

At this point, we only have to prove that Sε,r,θ,ϕ(N C̄
ε,r,θ,ϕ) ⊂ N C̄

ε,r,θ,ϕ for
every ε ∈]0, ε2[ and (r, θ, ϕ) ∈ Rε×[0, 2π[×[0, π], where ε2 := min(ε0, ε1) > 0.
Due to Lemma 3.7,

‖Sε,r,θ,ϕ(0)‖H1 =
∥∥∥L−1

r,θ,ϕ[∇Iε(Wr,θ,ϕ)]
∥∥∥

H1
≤ C̄‖∇Iε(Wr,θ,ϕ)‖H1 .

In view of the previous claim,

‖Sε,r,θ,ϕ(0) − Sε,r,θ,ϕ(w)‖H1 ≤ 1
2
‖w‖H1 ≤ C̄‖∇Iε(Wr,θ,ϕ)‖H1 .

We conclude that ‖Sε,r,θ,ϕ(w)‖H1 ≤ 2C̄‖∇Iε(Wr,θ,ϕ)‖H1 , hence the
result. �

We can finally prove Lemma 3.3.

Proof of Lemma 3.3. Fix ε0 > 0 for which the conclusions of Lemmas 3.7
and 3.9 hold and let C̄ > 0 be furnished by Lemma 3.9. Let H : O → H1 be
the mapping of class C1 given by

H(ε, r, θ, ϕ, n) = ∇Iε(Wr,θ,ϕ + n),

where

O :=
{
(ε, r, θ, ϕ, n) ∈]0, ε0[×]0,∞[×[0, 2π[×[0, π] × H1 :

r ∈ Rε and n ∈ N C̄
ε,r,θ,ϕ

}
.

�

The next claim follows directly from Lemmas 3.7 and 3.8.

Claim. Up to shrinking ε0,

Nr,θ,ϕ � n2 
→ H′
ε,r,θ,ϕ(n1)[n2] := H′(ε, r, θ, ϕ, n1)[0, 0, 0, 0, n2] ∈ H1

is invertible and ∥∥H′
ε,r,θ,ϕ(n)[u]

∥∥
H1 � ‖u‖H1

for every (ε, r, θ, ϕ, n) ∈ O and u ∈ H1.

In view of the previous claim, we can use the Implicit Function Theorem
to deduce that there exists a mapping of class C1,

Rε × [0, 2π[×[0, π] � (r, θ, ϕ) 
→ nε,r,θ,ϕ ∈ H1,

such that

H(ε, r, θ, ϕ, nε,r,θ,ϕ) = 0
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for every ε ∈]0, ε0[ and (r, θ, ϕ) ∈ Rε × [0, 2π[×[0, π]. To finish, the estimate
follows from Lemma 3.2.

3.3. The reduced functional

In this section (based on [24, Section 4]), we define the reduced functional Φε,
we show that its critical points are naturally associated with critical points
of Iε and we prove that Φε has a critical point.

Let us begin by defining the reduced functional.

Definition 3.10. Suppose that ε0 > 0 is furnished by Lemma 3.3. If 0 < ε <
ε0, then we define the reduced functional Φε ∈ C1(Rε × [0, 2π[×[0, π]) as
given by

Φε(r, θ, ϕ) = Iε(Wr,θ,ϕ + nε,r,θ,ϕ).

The next result shows that if ε is sufficiently small, then critical points
of Φε are naturally associated with critical points of Iε.

Lemma 3.11. There exists ε0 > 0 such that if 0 < ε < ε0 and ∇Φε(r, θ, ϕ) =
0, then ∇Iε(Wr,θ,ϕ + nε,r,θ,ϕ) = 0.

Proof. Suppose that ε0 > 0 is furnished by Lemma 3.3, 0 < ε < ε0 and
(r, θ, ϕ) ∈ Rε × [0, 2π[×[0, π]. Due to Lemma 3.3,

∇Iε(Wr,θ,ϕ + nε,r,θ,ϕ) =
∑

dir∈{rad,azi,pol}
cdir
ε,r,θ,ϕẆ dir

r,θ,ϕ

for a certain (crad
ε,r,θ,ϕ; cazi

ε,r,θ,ϕ; cpol
ε,r,θ,ϕ) ∈ R

3. It then follows from the defini-
tion of Φε that

∂dir1Φε(r, θ, ϕ) =

〈
Ẇ dir1

r,θ,ϕ + ṅdir1
ε,r,θ,ϕ

∣∣∣∣∣ ∇Iε(Wr,θ,ϕ + nε,r,θ,ϕ)

〉
H1

;

=
∑

dir2∈{rad,azi,pol}
cdir2
ε,r,θ,ϕ

〈
Ẇ dir1

r,θ,ϕ + ṅdir1
ε,r,θ,ϕ

∣∣∣∣∣ Ẇ dir2
r,θ,ϕ

〉
H1

.

At this point, the result is a consequence of the following claim.

Claim. There exists ε1 ∈]0, ε0[ such that∣∣∣∣∣
〈

Ẇ dir1
r,θ,ϕ + ṅdir1

ε,r,θ,ϕ

∣∣∣∣∣ Ẇ dir2
r,θ,ϕ

〉
H1

− K‖∂1U‖2
H1δdir1,dir2

∣∣∣∣∣ � ε2

for every ε ∈]0, ε1[ and (r, θ, ϕ) ∈ Rε × [0, 2π[×[0, π].

Proof. Clearly,〈
Ẇ dir1

r,θ,ϕ + ṅdir1
ε,r,θ,ϕ

∣∣∣∣∣ Ẇ dir2
r,θ,ϕ

〉
H1

= 〈ṅdir1
ε,r,θ,ϕ | Ẇ dir2

r,θ,ϕ〉H1︸ ︷︷ ︸
(∗)

+ 〈Ẇ dir1
r,θ,ϕ | Ẇ dir2

r,θ,ϕ〉H1︸ ︷︷ ︸
(∗∗)

.

Let us estimate (∗). As 〈nε,r,θ,ϕ | Ẇ dir2
r,θ,ϕ〉H1 = 0 for every (r, θ, ϕ) ∈ Rε ×

[0, 2π[×[0, π], we can differentiate this expression to deduce that

|(∗)| ≤ ‖nε,r,θ,ϕ‖H1‖Ẅ dir1,dir2
r,θ,ϕ ‖H1 .
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In view of Lemma 3.3, we have |(∗)| � ε2 for every ε ∈]0, ε0[ and (r, θ, ϕ) ∈
Rε × [0, 2π[×[0, π].

Now, consider (∗∗). We begin by treating the diagonal terms, i.e., when
dir := dir1 = dir2. It follows from Lemma 3.6 that∣∣∣‖Ẇ dir

r,θ,ϕ‖2
H1 − K‖∂1U‖2

H1

∣∣∣ � exp(−γσηr)

for every dir ∈ {rad, azi,pol} and (r, θ, ϕ) ∈]0,∞[×[0, 2π[×[0, π]. We proceed
to the off-diagonal terms. In view of Lemma 3.6, we have |(∗∗)| � exp(−γσηr)
for every dir1 �= dir2 in {rad, azi,pol} and (r, θ, ϕ) ∈]0,∞[×[0, 2π[×[0, π]. �

Our next result provides an approximation for the function φε,U2
r,θ,ϕ

.

Lemma 3.12. We have∣∣∣φε,U2
r,θ,ϕ

(x) − κε(x − P (r, θ, ϕ))‖U‖2
L2

∣∣∣ � ε

for every ε > 0, x ∈ R
3 and (r, θ, ϕ) ∈]0,∞[×[0, 2π[×[0, π].

Proof. A change of variable shows that∣∣∣φε,U2
r,θ,ϕ

(x) − κε (x − P (r, θ, ϕ)) ‖U‖2
L2

∣∣∣
=
∣∣∣∣
∫

κε (x − y − P (r, θ, ϕ)) U(y)2dy − κε (x − P (r, θ, ϕ)) ‖U‖2
L2

∣∣∣∣ .
As sup|∇κ| = 1/2, we obtain∣∣∣φε,U2

r,θ,ϕ
(x) − κε (x − P (r, θ, ϕ)) ‖U‖2

L2

∣∣∣ ≤ ε

2

∫
|y|U(y)2dy,

hence the result. �

Let us obtain an expansion for Iε(Wr,θ,ϕ).

Lemma 3.13. There exist ε0 > 0 and μ ∈](λ + 1)/(α + 1), 1] such that∣∣∣∣∣∣Iε(Wr,θ,ϕ) − KC0 − C1

⎛
⎝ ∑

1≤j≤K

Vε (P (r, θ, ϕj))

⎞
⎠−

−C2
1ε3

⎛
⎝K + 2

∑
1≤j<k≤K

κε(rdj,k)

⎞
⎠
∣∣∣∣∣∣ � ε3+μ

for every ε ∈]0, ε0[ and (r, θ, ϕ) ∈ Rε × [0, 2π[×[0, π], where

C0 :=
1
2
‖U‖2

D1,2 − 1
p + 1

‖U‖p+1
Lp+1 and C1 :=

1
2
‖U‖2

L2 .

Proof. As

‖Wr,θ,ϕ‖2
H1

ε
=

⎛
⎝ ∑

1≤j≤K

∥∥Ur,θ,ϕj

∥∥2

H1
ε

⎞
⎠+ 2

∑
1≤j<k≤K

〈Ur,θ,ϕj
| Ur,θ,ϕk

〉H1
ε
,

Iε(Ur,θ,ϕj
) = C0 +

1
2

∫ (
VεU

2
r,θ,ϕj

)
+

ε3

4

∫ (
φε,U2

r,θ,ϕj
U2

r,θ,ϕj

)
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and ∫ (
φε,W 2

r,θ,ϕ
W 2

r,θ,ϕ

)
=

⎛
⎝ ∑

1≤j≤K

∫ (
φε,U2

r,θ,ϕj
U2

r,θ,ϕj

)⎞⎠

+2

⎛
⎝ ∑

1≤j<k≤K

∫ (
φε,U2

r,θ,ϕj
U2

r,θ,ϕk

)⎞⎠

+2

⎛
⎜⎜⎝ ∑

1≤j≤K;
1≤k<l≤K

∫ (
φε,U2

r,θ,ϕj
Ur,θ,ϕk

Ur,θ,ϕl

)
⎞
⎟⎟⎠

+2
∑

1≤j<k≤K

∫ (
φε,W 2

r,θ,ϕ
Ur,θ,ϕj

Ur,θ,ϕk

)
,

we deduce that

Iε(Wr,θ,ϕ) = KC0 +
1
2

⎛
⎝ ∑

1≤j≤K

∫ (
VεU

2
r,θ,ϕj

)⎞⎠

+
ε3

4

⎛
⎝ ∑

1≤j≤K

∫ (
φε,U2

r,θ,ϕj
U2

r,θ,ϕj

)⎞⎠+

⎛
⎝ ∑

1≤j<k≤K

〈Ur,θ,ϕj
| Ur,θ,ϕk

〉H1
ε

⎞
⎠

+
ε3

2

⎛
⎝ ∑

1≤j<k≤K

∫ (
φε,U2

r,θ,ϕj
U2

r,θ,ϕk

)⎞⎠

+
ε3

2

⎛
⎜⎜⎝ ∑

1≤j≤K;
1≤k<l≤K

∫ (
φε,U2

r,θ,ϕj
Ur,θ,ϕk

Ur,θ,ϕl

)
⎞
⎟⎟⎠

+
ε3

2

⎛
⎝ ∑

1≤j<k≤K

∫ (
φε,W 2

r,θ,ϕ
Ur,θ,ϕj

Ur,θ,ϕk

)⎞⎠
− 1

p + 1

(
‖Wr,θ,ϕ‖p+1

Lp+1 − K‖U‖p+1
Lp+1

)
.

Expansion of (1/2)
∫

(VεU
2
r,θ,ϕj

). Up to shrinking ε0, we can suppose

that ε0r + ε1−β
0 < 2 for every r ∈ Rε0 . Consider the decomposition

R
3 =

(
R

3 \ Bε−β (P (r, θ, ϕj))
) ∪ Bε−β (P (r, θ, ϕj)) .

An estimate for the integral over R
3\Bε−β (P (r, θ, ϕj)) follows directly from

the exponential decay (1.5). A Taylor expansion shows that∣∣∣∣∣
∫

B
ε−β (P (r,θ,ϕj))

Ur,θ,ϕj
(x)2 (Vε(x) − Vε (P (r, θ, ϕj)) −

−ε∇V (εP (r, θ, ϕj)) · (x − P (r, θ, ϕj))) dx|
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≤ ε2

2
|V ′′ (εP (r, θ, ϕj))|

∫
|x − P (r, θ, ϕj)|2Ur,θ,ϕj

(x)2dx︸ ︷︷ ︸
(∗)

+
ε3

3!

(
sup

x∈B
ε1−β (P (r,θ,ϕj))

|V ′′′(x)|
)∫

|x − P (r, θ, ϕj)|3Ur,θ,ϕj
(x)2dx

︸ ︷︷ ︸
(∗∗)

.

As Ur,θ,ϕj
is spherically symmetric around P (r, θ, ϕj), we deduce that∫

B
ε−β (P (r,θ,ϕj))

Ur,θ,ϕj
(x)2∇V (εP (r, θ, ϕj)) · (x − P (r, θ, ϕj)) dx = 0.

Let us estimate (∗). It follows from (V2) and the definition of Rε that,
up to shrinking ε0,

|V ′′ (εP (r, θ, ϕj))| � ε3 α−2
α+1

for every ε ∈]0, ε0[ and (r, θ, ϕ) ∈ Rε × [0, 2π[×[0, π]. We just obtained a good
enough estimate for the purposes of the lemma. Indeed,

2 + 3
α − 2
α + 1

> 3 +
λ + 1
α + 1

because λ < 2α − 8.
Now, we estimate (∗∗). On one hand, it follows from (V2) that

|V ′′′ (εP (r, θ, ϕj))| � ε3 α−3
α+1

for every ε ∈]0, ε0[ and (r, θ, ϕ) ∈ Rε × [0, 2π[×[0, π]. On the other hand,

|V ′′′(x) − V ′′′ (εP (r, θ, ϕj))| < ε1−β

for every x ∈ Bε1−β (P (r, θ, ϕj)). Therefore,

sup
x∈B

ε1−β (P (r,θ,ϕj))

|V ′′′(x)| � εmin(3 α−3
α+1 ,1−β)

for every ε ∈]0, ε0[ and (r, θ, ϕ) ∈ Rε × [0, 2π[×[0, π]. We claim that this
estimate suffices for the purposes of the lemma. Indeed,

min
(

3
α − 3
α + 1

, 1 − β

)
>

λ + 1
α + 1

because β < (α − λ)/(α + 1) and λ < 3α − 10.
Expansion of (ε3/4)

∫
(φε,U2

r,θ,ϕ
U2

r,θ,ϕ). In view of (1.5) and Lemma 3.12,∣∣∣∣
∫ (

φε,U2
r,θ,ϕ

U2
r,θ,ϕ

)
− φε,U2

r,θ,ϕ
(P (r, θ, ϕ)) ‖U‖2

L2

∣∣∣∣
=
∣∣∣∣
∫ (

φε,U2
r,θ,ϕ

U2
r,θ,ϕ

)
− ‖U‖2

L2

∫
κε (x − P (r, θ, ϕ)) Ur,θ,ϕ(x)2dx

∣∣∣∣ � ε

and |φε,U2
r,θ,ϕ

(P (r, θ, ϕ)) − ‖U‖2
L2 | � ε, so∣∣∣∣ε3

4

∫ (
φε,U2

r,θ,ϕ
U2

r,θ,ϕ

)
− ε3

4
‖U‖4

L2

∣∣∣∣ � ε4
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for every ε > 0 and (r, θ, ϕ) ∈]0,∞[×[0, 2π[×[0, π].
Estimation of 〈Ur,θ,ϕj

| Ur,θ,ϕk
〉H1

ε
for j �= k. Clearly,

〈Ur,θ,ϕj
| Ur,θ,ϕk

〉H1
ε

= 〈Ur,θ,ϕj
| Ur,θ,ϕk

〉H1 +
∫ (

(Vε − 1)Ur,θ,ϕj
Ur,θ,ϕk

)
.

As Ur,θ,ϕj
solves (1.4), we obtain

〈Ur,θ,ϕj
| Ur,θ,ϕk

〉H1
ε

=
∫ (

Up
r,θ,ϕj

Ur,θ,ϕk

)
+
∫ (

(Vε − 1)Ur,θ,ϕj
Ur,θ,ϕk

)
.

At this point, the estimate follows from the exponential decay (1.5).
Expansion of

∫
(φε,U2

r,θ,ϕj
U2

r,θ,ϕk
) for j �= k.

It follows from Lemma 3.12 that∣∣∣∣ε3

2

∫ (
φε,U2

r,θ,ϕj
U2

r,θ,ϕk

)
− ε3

2
‖U‖4

L2κε(rdj,k)
∣∣∣∣ � ε4

for every ε > 0 and (r, θ, ϕ) ∈]0,∞[×[0, 2π[×[0, π].
Estimation of∫ (

φε,W 2
r,θ,ϕ

Ur,θ,ϕj
Ur,θ,ϕk

)
and

∫ (
φε,U2

r,θ,ϕl
Ur,θ,ϕj

Ur,θ,ϕk

)
for j �= k.

Corollary of the exponential decay (1.5).
Estimation of ‖Wr,θ,ϕ‖p+1

Lp+1 − K‖U‖p+1
Lp+1 . It suffices to argue as in the

proof of Lemma 3.2. �

It is easy to check that the derivatives of Φε are bounded, so we can let
Φε : Rε × [0, 2π[×]0, π[→ R denote the unique continuous extension of Φε. In
view of the previous result, we obtain the following expansion of Φε.

Corollary 3.14. There exist ε0 > 0 and μ ∈](λ + 1)/(α + 1), 1] such that∣∣∣∣∣∣Φε(r, θ, ϕ) − KC0 − C1

⎛
⎝ ∑

1≤j≤K

Vε (P (r, θ, ϕj))

⎞
⎠−

−C2
1ε3

⎛
⎝K + 2

∑
1≤j<k≤K

κε(rdj,k)

⎞
⎠
∣∣∣∣∣∣ � ε3+μ

for every ε ∈]0, ε0[ and (r, θ, ϕ) ∈ Rε × [0, 2π[×[0, π].

Proof. It is easy to check that

I ′′
ε (Wr,θ,ϕ)[u1, u2] � (1 + ε3)‖u1‖H1‖u2‖H1

for every ε > 0, (r, θ, ϕ) ∈]0,∞[×[0, 2π[×[0, π] and u1, u2 ∈ H1. As such, we
can use a Taylor expansion together with Lemmas 3.2 and 3.3 to prove that∣∣Φε(r, θ, ϕ) − Iε(Wr,θ,ϕ)

∣∣ � ε4

for every ε ∈]0, ε0[ and (r, θ, ϕ) ∈ Rε × [0, 2π[×[0, π], so the result follows
from Lemma 3.13. �
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Let us use the previous expansion to prove that Φε has a minimum
point, hence a critical point.

Lemma 3.15. We can fix ε0 > 0 such that given ε ∈]0, ε0[, there exists
(rε, θε, ϕε) ∈ Rε × [0, 2π[×[0, π] such that Φε(rε, θε, ϕε) = inf Φε.

Proof. Disconsider the notation (3.1) exclusively in this proof. Let ε0 > 0 be
such that the conclusions of Lemma 3.3 and Corollary 3.14 hold. Associate
each ε ∈]0, ε0[ to a (rε, θε, ϕε) ∈ Rε × [0, 2π[×[0, π] such that

Φε(rε, θε, ϕε) = min Φε = inf Φε,

which is possible because Φε is continuous and Rε × S
1 × [0, π] is compact.

We claim that, up to shrinking ε0, (rε, θε, ϕε) ∈ Rε × [0, 2π[×[0, π] for
every ε ∈]0, ε0[. By contradiction, suppose that we can fix {εn}n∈N ⊂]0, ε0[
such that εn → 0 as n → ∞ and

(rn, θn, ϕn) := (rεn
, θεn

, ϕεn
) ∈ ∂(Rεn

) × [0, 2π[×[0, π]

for every n ∈ N. Due to the Pigeonhole Principle, one of the following holds
up to subsequence:

1 rn = ε
− α

α+1
n for every n ∈ N;

2 rn = ε
(β− α−λ

α+1 )
n for every n ∈ N;

3 given n ∈ N, V (εnrnPn) = 1 + ε
3α

α+1 up to replacing (θn, ϕn), where
Pn := P (1, θn, ϕn).
Case (1). It follows from (V2) that

V (ε
1

α+1
n Pn) = 1 + g(ε

1
α+1
n Pn)α ≤ 1 + ε

3α
α+1
n ,

for every n ∈ N, so

lim sup
n→∞

1

ε
1

α+1
n

· ∇g(ε
1

α+1
n Pn) · Pn

3ε
1

α+1
n

≤ 1

which contradicts the fact that g′′(0) is positive-definite.
Before cases (2) and (3). Due to (V2) and Corollary 3.14, there exists

C2 > 0 and n0 ∈ N such that given n ≥ n0,

Φεn
(rn, θn, ϕn) ≤ Φεn

(ρn, θn, ϕn)

≤ KC0 + KC1

(
1 + ε

α(λ+1)
α+1

n

)
+ C2

1ε3
n

(
K2 − δε

λ+1
α+1
n

)
+ C2ε

3+μ
n , (3.5)

where ρn := ε
− α−λ

α+1
n and δ :=

∑
1≤j<k≤K |dj,k|.

Case (2). Similarly, there exist C3 > 0 and n1 ≥ n0 such that

K(C0 + C1) + C2
1ε3

n

(
K2 − δε

(β+ λ+1
α+1 )

n

)
+ C3ε

3+μ
n

≤ Φεn
(rn, θn, ϕn) = inf Φεn

(3.6)

for every n ≥ n1. In view of (3.5) and (3.6),

0 < C2
1δε

(3+ λ+1
α+1 )

n ≤ KC1ε
α(λ+1)

α+1
n + C2

1δε
(3+β+ λ+1

α+1 )
n + (C2 − C3)ε3+μ

n
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for every n ≥ n1, which is not possible because λ > 2(α + 2)/(α − 1).
Case (3). There exist C3 > 0 and n1 ≥ n0 such that

KC0 + KC1 + C1ε
3α

α+1
n + C2

1ε3
n

(
K2 − δε

1
α+1
n

)
+ C3ε

3+μ
n

≤ Φεn
(rn, θn, ϕn) = inf Φεn

(3.7)

whenever n ≥ n1. Due to (3.5) and (3.7), we obtain

0 < C1ε
3α

α+1
n + C2

1δε
(3+ λ+1

α+1 )
n ≤ KC1ε

α(λ+1)
α+1

n + C2
1δε

(3+ 1
α+1 )

n + (C2 − C3)ε3+μ
n

for every n ≥ n1, which is not possible because λ > 2. �
It is only at this point that the necessity of considering pseudo-critical

points whose peaks are placed according to specific geometric configurations
becomes apparent.

Remark 3.16. Suppose that we considered pseudo-critical points whose peaks
are placed according to the following set (obtained as a näıve generalization
of Λε in [24, Section 3]):

Λε =
{
ζ ∈ (R3)K : given j �= k in {1, . . . , K},

εβ

ε
α−λ
α+1

< |ζj − ζk| <
1

ε
α

α+1
and V (εζj) < 1 + ε

3α
α+1

}
.

In this situation, Case (2) would instead read as

2. there exist j �= k in {1, . . . , K} such that |ζj − ζk| = ε
(β− α−λ

α+1 )
n for every

n ∈ N.
Once again, there exist C3 > 0 and n1 ≥ n0 such that

K(C0 + C1) + KC2
1ε3

n + 2C2
1ε3

n

(
1 − 1

2
ε
(β+ λ+1

α+1 )
n

)

+ (K(K − 1) − 2) C2
1ε3

n

(
1 − 1

2
ε

1
α+1
n

)
+ C3ε

3+μ
n ≤ Φεn

(rn, θn, ϕn) = inf Φεn

for every n ≥ n1 and we can only continue the argument as before if K = 2.

3.4. Proof of Theorem 1.1

Fix ε0 > 0 such that Lemmas 3.3, 3.11 and 3.15 hold. In view of Lemma 3.15,
we can fix

{(rε, θε, ϕε) ∈ Rε × [0, 2π[×[0, π] : Φε(rε, θε, ϕε) = inf Φε}0<ε<ε0
.

Given ε ∈]0, ε0[, let

wε = Wrε,θε,ϕε
+ nε,rε,θε,ϕε

,

so that ∇Iε(wε) = 0 due to Lemma 3.11. The limit ‖wε − Wrε,θε,ϕε
‖H1 → 0

as ε → 0 holds due to Lemma 3.3, while the other limits follow by construc-
tion.
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