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1. A brief overview of the model presented in Ref. [1]

Ref. [1] deals with the existence of non-Abelian fusion rules in a class of Abelian models
designated by Hy/C (Zp), whose Hamiltonian operator is

H=—aa) A=) C. (1)
v 4

This Hamiltonian, where o4 and y¢ are two positive parameters, acts on a Hilbert space

PR - QH @ NS~ HN , (2)

Ny times Ny times

whose states are basically defined once we

e take an oriented lattice £,, with N, vertices and N, links (which can be occasionally interpreted
as one that discretizes some two-dimensional compact orientable manifold M, so that there
is no need to worry about assigning lattice boundary conditions), and

e associate (P- and N-dimensional) Hilbert spaces $p and $y to the £th link and vth vertex of
L, respectively, whose vectors can be interpreted as quantum nits (qunits), as they are natural
generalizations of a quantum bit (see Fig. 1).

In the case of the Hilbert space $p, its basis can be represented by Bp = {Ig) g € Zp}, thus
justifying the “Abelian” predicate of this class of models, while the Hilbert space $y, has a basis
representation given by B, = {Ioz) NS S} where S = 1,2, ..., N—1. The latter can be interpreted
as a (left) C (Zp)-module [2] when the multiplication (group action) u : Zp x S — S, which defines
how the Zp group acts on the B, elements, is taken into account. This is why these Abelian models
were denoted as Hy/C (Zp).

Broadly speaking, we can say that the Hy/C (Zp) models were defined so that they could
be interpreted as a subclass of a particular generalization of the Kitaev Quantum Double Models
D (G) [3,4]: concretely, as a particular generalization where the D (Zp) models (i.e., the D (G) models
with a gauge group G = Zp) were coupled to matter fields on the lattice vertices (Dy (Zp)) [5]. Note
that, as the operators

1
— _ g —
A, = P EGAU and C = C[’o (3)
ge

that appear in the Hamiltonian (1) can be identified as the same vertex and link operators of the
Dy (Zp) models, this interpretation makes sense since that (1) is clearly a particular case of the
Dy (Zp) Hamiltonian

Hpy(zp) = —0OA ZAU — Bs ZBf — Y Z G (4)
v f 1

2
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Fig. 1. Piece of an oriented square lattice £, that supports the Hy/C (Zp) models, where we see the rose and light green
coloured sectors respectively centred by the vth vertex and £th link of this lattice. Here, the highlighted links (in black)
correspond to Hilbert subspaces in which, for instance, the vertex A, (the rose-coloured sector) and link C, (the light
green coloured sector) operators act effectively. In the case of the links that structure the vth vertex, they define a subset
that we denote by S,.

a ga
A | d *@*I> = 2 0(p(g,@),7) |dg? *@* gb>
c g™

cm = be.0).9)

Fig. 2. Definition of the components A% and C;, in terms of their effective action on £,, where the group element a is
indexing an |a) basis element of the Hilbert space $p and the symbol « indexes an |«) basis element of the Hilbert space
$n. Here, 8 (x,y) should be interpreted as a Kronecker delta that was written differently for the sake of intelligibility
(e, 3 (X, y) = dxy).

where B = 0. Moreover, it is also interesting to note that it is precisely this interpretation the one
that explains why $p is considered to model gauge fields. After all, even if the Hamiltonian (1) does
not have an operator By = BY that measures the holonomies around the faces of £5, the definition
of the components A% shows us that A, performs the same gauge transformations as the Dy (Zp)
models (see Fig. 2).

For the sake of completeness, it is also worth noting the justification for why $p models matter
fields follow from Ref. [6], where lattice gauge theories were coupled to fixed-length scalar (Higgs)
fields allocated on the lattice vertices. However, it is much more important to pay attention to the
fact that the Hy/C (Zp) models were built as the Dy (Zp) models without face operators because
Ref. [5] showed that the presence of such operators in (4) causes the magnetic quasiparticles to
acquire confinement properties. That is, although it is even possible to transport these magnetic
quasiparticles through the lattice, this transport increases the energy of the system and this is not
welcome in the context of an eventual quantum computation.

3
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2. Some considerations on the vertices and link operators

Also for the sake of completeness, it is important to point out that if you, the reader, want
to know which are, for instance, the ground state degeneracy, the entanglement entropy and
the excited states of these lattice models that are defined by using (1), you can consult Ref. [7].
Fortunately for us, it is not necessary to know these properties in order to present our analysis,
which is more qualitative in its philosophy. After all, since Ref. [1] shows the emergence of non-
Abelian fusion rules in three Hy/C (Zp) models, but it fails to prove if these rules also exist in other
cases, the purpose of this note is to only present such proof emphasizing the importance of the
existence of these rules.

As a matter of fact, the best way to evaluate for us to assess whether these rules also exist in
these other cases is by noting that, in addition to the matrix representation of the vertex operators
being given by

szﬁzmu(g) IRALRIRAE

8<Zp jest jesy
where,!

e X = ZhEZP [(h 4+ 1) mod P) (h|,
e M (g) is the matrix representation of the “gauge” group action w, and

e S!and S} are interpreted as disjoint subsets of S, such that their link orientations are pointing
in and out of the vth vertex respectively,

the Hy/C (Zp) models also have other vertex operators whose matrix representations are

g<zp j'es) Jress

wherer = 1,2, ...,P—1and w = ¢/®"/P) is the generator of the gauge group Zp. A similar comment
applies in the case of the existence of other link operators C; ; that do not define the Hamiltonian
(1), which are such that

-1
Cos 13, @es xur) = Ol [M(#e) ] - (X) 13007+ 1xors @60 x07)
wheres=1,2,...,N—1and
X = Z |(A + 1)mod N) (A| .
LEZN

After all, by taking A, = A, o, all the operators WY+, which are capable of creating quasiparticles
by acting on the matter fields, need to be such that

WU(]’K) OAU’O = AUJ o WU(I’K) and WUU’K) o CZ,O = Cl,K o WUU’K) s (6)
since all the operators A,; and C; x, with J (K) = 1,2, ..., P — 1(N — 1), define two complete sets
Ay = {Avos Avts -1 Avp—1}  and & = {Cpro; Cots ... Con—t}

of orthogonal projectors onto $)» and $y respectively. That is, all of these operators that are
contained in 2, and ¢,, which have eigenvalues equal to 0 and 1, are such that?

Av,]’ OAUJ// = AUJ” OAU_J/ =0 and Cg,l(/ o Cg,K// = Cgﬁ](// o Cg,l(/ =0

1 Here, we are considering the same single-qunit computational basis states of Ref. [1] where the vector (ket) |n),
with n being a natural number, can be represented by a column matrix whose nth row contains the number 1 while the
others are filled with the number 0.

2 Here, we are assuming (by definition) that A,y o Gy x» = Cy g 0 A,y = 0 is valid for all the possible values of J* and
K’ because the Dy (Zp) model is exactly solvable [5].
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hold when J # J” and K’ # K”, and that

N-—1 N—-1
ZAUJ =1, and ZC[’]( =1, .
J=0

K=0
Note that this fact is in full agreement with the Quantum Mechanics requirements [8] because, as
any Hy/C (Zp) vacuum state |&) needs to be such that

Ayolé) = &) and Cgoléo) = |&0) (7)

are valid for all the N, vertices and N, links that structure £, this allows us to decompose the
Hilbert space (2) into the direct sum

H=95@® s, (8)

where H©@ and $' are the orthogonal subspaces that contains all the Hy/C (Zp) vacuum and
non-vacuum states respectively.

3. Why do quasiparticles with non-Abelian fusion rules exist in the Hy /C (Zp) models?

However, it is interesting to note that, although Ref. [1] did not bother to answer the question
that gives name to this Section, it is just its first example (the one where (N, P) = (3, 2)) that leads
us to the proof that these non-Abelian fusion rules exist in the other Hy/C (Zp) models. And in
order to understand this proof, we need to make three important observations about this H3/C (Z3)
model and the first one is that, as $y carries an N-dimensional representation of the C (Zp) [1], its
non-trivial “gauge” group action can be represented by

100 01 0
M(O):(O 1 0) and M(l):(l 0 0).

0 0 1 0 0 1
After all, since this non-trivial representation can also be written as
1 0 ¥ 0
M (0) = <0T 1) and M (1) = (OT 1) (9)

by taking 1 as the identity matrix of order 2 and 0 as the zero column matrix, this allows us to
recognize that the operators in (3) can be represented by

1
A= M, (0) +M, ()] o | and
JESY

10®1®110 +020®Z®010
o' 0)Y"® 0" o), T\o" 0)7® 0" o),
o 0 o 0
+ oT 1 ®:ﬂ-l® OT 1 .
v/ v//
Here, o* and o7 are the Pauli matrices.

The second important observation is that the H;/C (Z;) ground state is algebraically degenerate.
After all, as (9) permutes |0), <> |1), but fixes |2)U,3 it defines two orbits (one 2-cycle and one 1-
cycle) [9] and, therefore, there is no transformation, which can be expressed as a product of the
operators (3) or/and form a group, that can connect the two H3/C (Z,) vacuum states

&")=[Ta [ @10 ®<® |o>) and (10)

lely veLy

C =

N | =

3 Here, we are using the index v only to emphasize that |«) is an element associated with a vertex.

5
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&) =[Ta [ @10 ®(®|2>). (11)

lely veLly

That is, in spite of we are not concerned with any topological aspects of the Hy/C (Zp) models
here, this two-fold degeneracy makes it clear that this H3/C (Z,) model has two phases (which
characterize each one of these two independent vacuum states (10) and (11)) that have a kind of
algebraic order. We will return to this subject a little later.

The third important observation we need to make is that, due to (9), the matrix representations
of WU are such that

0 o b]o Cjo . ag bjl (95!
Wy ) = bjo ajo C]o and Wy ) = —b]1 —a]1 —C]] s (12)
dio do 10 di —d; 0

whose entries must be interpreted as complex numbers. Because of this, we can already recognize
at least two specific operators:

e the first one is

1 0 0
weo —=1o 1 0 (13)
0 0 1

that, being represented by the identity matrix, creates a vacuum quasiparticle Q®9; and
e the second one is

010
wlo =11 0 0], (14)
0 0 1

which is exactly the same matrix M (1) and, therefore, creates a matter excitation Q(1?
throughout a permutation |0), < |1),.

3.1. Why are these three observations important?

As naive as it sounds, it is significant to point out that the excitations created by W*® and
WO satisfy one of the fundamental requirements that should be satisfied by any quasiparticles:
they are such that

Q(O,O) X Q(LO) — Q(LO) x Q(O.O) .

That is, by changing the order of Q®® and Q™:?’ does not change the result of this fusion.

Another thing we need to point out here (which may seem far more naive than to say that the
fusion between any quasiparticle with a vacuum quasiparticle is commutative) is that Q(®9 and
Q19 are created by permutations that do not involve the element |2),. And in accordance with
(12), the only operator WY-9 that can replace |2), by another element, and still leads to a matter
excitation Q %9 such that

Q20 « Q(J’,O) — Q(J’,O) x Q@0
where ' =0, 1, is
0 0 1
weo —fo o 1), (15)
1 1 a
where a is a complex number. Thus, it is due to the fact that
2,0 2,0 2,0 _
w2200), = w[1) = 12), and W29[2), =10} +[1), +a-[2), (16)

v

6
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that one of the most interesting aspects of the H3/C (Z,) model becomes evident. After all, as the
composition

11 a 100 0 1 0 0 0 1
w0 ow?0 =11 1 a |=(0 1 0)J+(1 0 0)+al0 0 1
a a 2+a’ 00 1 0 0 1 1 1 a

W,EO’O) WéO.l) WISO,Z)

is associated with the fusion rule between two excitations Q®?, it is clear that this model can
support non-Abelian fusion rules [4].

3.2. Can QO Q19 gnd Q49 be interpreted as quasiparticles?

Although Ref. [1] considers the matter excitations (created by manipulating the matter fields) as
anyons and put away the face operator from the (1) (in order to try to create favourable conditions
for the Hy/C (Zp) models to be a good candidate to support some kind of quantum computation),
the fact is that it is difficult to recognize these matter excitations as quasiparticles. After all, since
these matter excitations are not produced in pairs of “particle” and “antiparticle”, it is not possible
to transport them over £, analogous to what happens, for instance, with the D (G) quasiparticles
(except by a “teleport” operator

W({,’K) ° W(!'K)
v v
that transports it from one vertex v’ to another v” completely arbitrary). Yet, once there is nothing

that prevents the Hy/C (Zp) models from serving as a guide for the construction of other lattice
models that support these transports, it is essential that

Q(]’,I{l) X Q(]”,K”) — Q(]”,K”) X Q(]’,I(’) (17)
holds for all the possible values of (J, K’) and (J”, K”) so that the excitations QU'X') and QU"K”
may be interpreted as quasiparticles.

3.3. On the “absence” of additional quasiparticles

Since we already know which operators WY+ are actually capable of creating quasiparticles in
the Hs/C (Z;) model, it is appropriate to make the same evaluation about W,f’ ‘D, And one of the
first operators we can take in order to make this evaluation is represented by

1 0 0
web =(o -1 o). (18)
0 0 O0

After all, as
W), = o, and W[1), = —1),

the excitation Q@1 that it creates, by acting on the vacuum state (10), behaves effectively as the
D (Z,) electric quasiparticle. 4

4 Note that (18) can be rewritten as

0
WoD (g% 0)

where o, is one of the Pauli matrices [10], what reinforces the behaviour of Q®? as the D (Z,) electric quasiparticle. For
this reason, it is not wrong to affirm that this is what explains why, for instance, Ref. [1] takes the liberty of interpreting
these matter excitations as anyons despite the fact that it is not possible to evaluate their statistics. And for this same
reason, we will take the same liberty to denote the matter excitations that satisfy the requirement (17) as quasiparticles
throughout this Section.
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Table 1

Fusion rules associated with the quasiparticles QY% of a Hs/C (Z;)
model that considers Q%% as a quasiparticle. Here, each input (J, K)
corresponds to one of these quasiparticles, which result from a fusion
between two quasiparticles that index the rows and columns of this table.

J,K) (0,0) (1,0) 2,0)

(0,0) (0,0) (1,0) 2,0)

(1,0) (1,0) (0,0) (2,0)

2,0) 2,0) 2,0) (0,0)+(1,0) +a(2,0)
Table 2

Fusion rules associated with the quasiparticles Q"X of a H3/C (Z,)
model that does not consider Q?? as a quasiparticle.

J,K) (0,0) (1,0) 0,1 (1, 1)
(0,0) (0,0) (1,0) 0, 1) (1, 1)
(1,0) (1,0) (0,0) (1, 1) 0, 1)
0,1 0,1 (1,1 0,0) (1,0)
(1, 1) (1, 1) 0, 1) (1,0) (0,0)

Despite what we have just said about Q! being perfectly correct, there is another result that
deserves our attention: it is

00 1 0 0 O
woDow20 o 0o —1]#(0 0 0)]=w2.woV (19)
00 0 1 -1 0

which shows us that
Q(O-l) x Q(Z,O) £ Q(Z-O) x Q(OJ) .

That is, in spite of Q1 behaves effectively as the D (Z,) electric quasiparticle, it cannot be
incorporated into a Hz/C (Z,) model that already admits Q% as a quasiparticle. And once this remark
extends to other particles QU-?, it is immediate to conclude that the only quasiparticles Q V-© of this
Hs/C (Z,) model, which considers Q>? as a quasiparticle, are those whose fusion rules are given in
Table 1.

Nevertheless, it is worth to note that, although (19) shows us that the excitation that is created
by Wlfo*” does not actually complete a commutative fusion frame with the three quasiparticles in
Table 1, when we leave Q>? aside another commutative fusion frame can be defined by putting
together Q(©?, Q19 and Q@ P with the QY that is created by

where o, is a Pauli matrix. In other words, this last fusion frame shows that there are two
possibilities to define the H3/C (Z;) model:

o the first is the one where the two vacuum states (10) and (11) can be excited by the operator
W20 which creates a quasiparticle Q@9 that exhibits a non-Abelian fusion rule; and

e the second is the one where the vacuum state (11) can never be excited by the action of some
operator WYX, whose Abelian fusion rules are shown in Table 2.

However, if we analyse these two possibilities from a physical point of view, we conclude that
the second one may not make much sense for, at least, two simple reasons. And the first reason
is that this capacity, to withdraw the system from its second vacuum state (11) by the action of
some WU, legitimizes the presence of W2 among the other operators that create quasiparticles,

8
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Table 3
Fusion rules associated with the quasiparticles QU of the H,/C (Z;)
model, whose ground state is not degenerated. These quasiparticles are

created by the operators W0 = 1,, W0 = ¢X WD = 52 and

W'D = oY because its non-trivial action is represented by M (1) = o*.
J, 5 0,0) (1,0 ©,1) (1,1
0,0) 0,0) (1,0 0, 1) (1,1)
(1,0) (1,0 0,0) (1,1 ©,1)
©,1) 0, 1) (1, (0,0) (1,0)
1,1 (1,1 0, 1) (1,0 (0,0)

although it does not appear among those that define the H;/C (Z,) Hamiltonian. > After all, if it were
not so, we could not even say that the H3/C (Z;) ground state is “matter degenerated” because, from
the matter (fields) point of view, the vacuum state (11) would be useless. The second reason is that
the fusion rules in Table 2 are exactly the same as those shown in Table 3, which shows the fusion
rules associated with the quasiparticles Q"% of the H,/C (Z;) model. That is, if we define this
H3/C (Z;) model by making the vacuum state (11) useless from the matter (field) point of view,
we are dealing with the same H,/C (Z;) model.%

Another reason that can be taken into consideration here is based on the results, which were
obtained in Ref. [5], for the D3 (Z;) model (i.e., for the H3/C (Z,) model where Bz # 0). After all,
although Ref. [5] has not discussed the need to make transitions among the five vacuum states
that define the D3 (Z,) ground state, it makes an interesting observation: it observes that these five
vacuum states can be rewritten by using another Hilbert basis, which allows us to recognize that
all the lattice vertices have the same matter field |0) + |1) + a - |2) with a = 1. In this fashion,
and in view of the correspondence principle that must be identified between the two classes of
Dy (Zp) and Hy/C (Zp) models, by noting that W9 is the only operator that can lead directly to
these vacuum states (where all the lattice vertices have the same matter field |0) + |1) + a - |2)
with a = 1), this observation only reinforces the need for this operator to be present in the D3 (Z;)
model and, therefore, in the Hs3/C (Z,) model.

3.4. An interesting analogy

However, it is interesting to note that (16) does much more than to make clear that the H3/C (Z;)
model can be withdrawn from its vacuum state (11). What (16) does is to show that, if we consider
that the vacuum states (10) and (11) correspond to two phases that can coexist in the same energy
regime, it is possible to go from one phase to another, and vice versa, via a condensation mechanism.
That is, through

e an exchange WU(Z'O) ‘O)U = ‘Z)U on all the lattice vertices for a transition from (10) to (11), or

e exchanges, which can be carried out by using (several) combinations of the operators W9
and W0 that act on all the vertices of £, for a transition from (11) to (10).

As a matter of fact, this condensation, which can be done by filling all the lattice vertices with
quasiparticles, shows us that the vacuum states thus obtained are quite similar, for instance, to
the one that was proposed by P. A. M. Dirac in 1929 [13], who claimed that the vacuum could be
interpreted as an infinite “sea” of particles. This Dirac proposal was a rather rudimentary attempt

5 Note that, as well as in QFT (where Hamiltonians can be expressed in the Fock representation by using the creation
at and annihilation a operators [11]), the entire D (Zp) energy spectrum can also be well understood from [12]

e the knowledge of the ground state of these models, and

e the excitations created by the action of the operators that compose its Hamiltonian on this ground state. Because
of this, it becomes valid to recognize M, (g) among the operators that create quasiparticles in the H3/C (Z;) model, thus
justifying the results (13) and (14).

6 Although Ref. [1] pay attention only to the Hy/C (Zp) models where N > P, the definition given above includes the
case where N = P.
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to solve the problem of states with negative energies before the birth of Quantum Electrodynam-
ics [14,15]. Yet, despite this proposal being quite extravagant (by imagining an infinite amount of
charges filling the entire space) and does not allow us to calculate anything, it survives today. After
all, it intuitively illustrates how to create pairs of particles and antiparticles in the vacuum, although
this brings some “misinterpretation” by considering an electron as a real particle whereas a positron
is considered as a hole [16].

Indeed, at the moment that Dirac presented this idea of vacuum to the scientific community, we
still did not know all the particles we know today. And it was precisely this lack of knowledge that
led him to believe, for instance, that a hole in this “sea” could be a proton and not a positron, since
the last one was also unknown and was only officially discovered by C. D. Anderson in 1932 [17].
However, if we analyse this H3/C (Z;) model by taking its first vacuum state (10), we see that there
is no difference between thinking this quasiparticle Q"9 (which has a fusion rule that identifies it
as its own anti-quasiparticle) as

o something real, in a situation where W9 acts on the vth vertex of a lattice that has all its
vertices previously coated by quasiparticles Q ®?, or

e a hole, in a situation where this same Wlf“)) acts on the vth vertex of a lattice previously filled
by quasiparticles Q (19,

In plain English, this H3/C (Z;) model seems to describe a physical reality as rudimentary as the
one that was conjectured by Dirac and others in the early twentieth century. Nevertheless, as this
H5/C (Z,) model, alone, cannot dictate the general properties of the others, we will return to this
issue in the next Section.

3.5. On the presence of non-Abelian fusion rules in the other cases

Although we have only proved the existence of the non-Abelian fusion rules in the H3/C (Z;)
model, it is not hard to generalize this proof to more general Hy/C (Zp) models where N > P > 2.
And for this to be done successfully, we need to pay attention to the fact that it is always possible
to define these models by representing their “gauge” group action as

_(A@©@ 0
M) = ( o 4 (g))

where A; and A, are block diagonal representations of the Zp. Note that this is exactly the
situation of the Hs;/C (Z;) model, since (9) can be recognized as (20) given that o* (ie., X =
> hez, |(h+ 1) mod 2) (h|) generates a faithful representation of the gauge group Z, and 1 gener-
ates the trivial representation of this same group [9]. Hence, it is clear that a possible representation
for the Hy/C (Zp) “gauge” group action is

X8 0

Anyway, regardless of whether A, (g) is a non-trivial representation of the Zp or not, the fact is
that (21) is defining Hy /C (Zp) models whose ground states are, at least, two-fold degenerate: after
all, while X defines one orbit (one P-cycle), the matrix A, (g) is defining, at least, one more. In this
way, by recognizing that the only possibility to perform transitions between/among the Hy /C (Zp)
vacuum states is through an operator

B, G
J.0 _ )] il
W _<Cf DJ) (22)

where G and C]’ cannot be zero matrices, it is immediate to conclude that all the matrices that
define W99 should be such that all commutators

[X5.B]. [A@.D]. [X5.GG ]| and [ A2(2).GG ] (23)

(20)

7 Although this official discovery was only recognized in 1932, positrons were first observed in 1929 by D.
Skobeltsyn [18].
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are equal to zero.

3.5.1. Non-Abelian fusion rules in the Hy/C (Zn—1) models
Note that (23) is satisfied by the matrices

Bz=<8 8), c2=(}>, CG=(1 1) and D, = (1)

that define the operator (15), which creates a quasiparticle that exhibits a non-Abelian fusion rule
in the H3/C (Z,) model. And based on this finding, if we consider a Hy/C (Zy—1) model whose
“gauge” group action is represented by

4
M) = (’;T ‘;) , (24)

where 1 is the identity matrix of order 1, it is not hard to see that, by taking

e By_1 as a zero (square) matrix of order N — 1,
e Cy_1 as a column matrix that has all its N — 1 rows filled with the number 1,
e (},_, as the transpose of this matrix Cp, and

e Dy_q as a (square) matrix of order 1 whose entry is a complex number a,

the operator

_ Bn_ Cn—
wn-10 _ (Bv—1 Cn—
v Cyv—1 Dn—a

creates a quasiparticle that exhibits a non-Abelian fusion because

W o w0 = 5 M, (g) + a- WO (25)

8E€ZN-1

3.5.2. Non-Abelian fusion rules in the Hy/C (Zp) models where A, is a trivial representation of the Zp

Similarly, if we consider a Hy/C (Zp) model whose “gauge” group action is represented by (24),
but with 1 being an identity matrix of order N — P, it is also not difficult to see that, by considering
that

Bp is a zero (square) matrix of order P,

Cp is a matrix that has all its P rows and N — P columns filled with the number 1,
C; is the transpose of this matrix Cp, and

Dp is a zero (square) matrix of order N — P,

the operator

P,0 Bp GCp
Wv( ):<C{, Dp

creates a quasiparticle that also exhibits a non-Abelian fusion because

w6 wik0 (26)
=[3-2(N-P)] W + N=P)Y M, (g + NY T, (h) .
g€z} hezy_p

Here, Z}; = Zg \ {0} and the matrices

1 0
T = <0T (X/)h> s

11
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where X' = ZCEZNJ |(c + 1)mod (N — P)) {(c|, represent the operators that are responsible for
exciting the vacuum states

&) HA X 10) ®<®|k>),

teLly veLy

where k=P,...,N—1.
4. What do the H,p/C (Zp) models have to tell us about all this?

Although these results (25) and (26) have already shown that it is possible to define several
Hy/C (Zp) models that exhibit non-Abelian fusion rules, it is also interesting to glance at those
models where

X& 0
M(g) = <0T Xg) : (27)
After all, when we take an operator

W152P,0) — ( 0 degp Xg)

X8 ’

8€Zp

whose representation is composed of matrices

Bp=Dp=0 and G=Cp= ) X

8€Zp
that clearly satisfy (23), it is not difficult to see that
ngzp,()) (2P 0) __ —p Z M (g) (28)

8€Zp

Note that the other two examples discussed in Ref. [1] (where (N, P) = (4, 2) and (N, P) = (6, 3))
are particular cases of the Hyp/C (Zp) models.

Nevertheless, despite (28) making it clear that these Hop/C (Zp) models also support non-Abelian
fusion rules, it is precisely this scenario offered by (27) that allows us to make an interesting remark.
And what is this interesting remark? Unlike Hy/C (Zp) models that are defined by using a “gauge”
group action (24), where 1 is an identity matrix of order N — P, non-Abelian fusion rules are not
necessary for transitions between/among the two vacuum states

) l_[A X 10 ®<®|0>) and (29)

Lely veLy

&) ]‘[A X 10) ®<®|P>) (30)

teLly veLly

that are defined by (27). After all, since

(P.0) _ 0 1

can connect the two P-cycles defined by (27), it is not difficult to see that the Zp global operator
F=J]wH (31)
veL,
is such that
&) =Fl&") & [&")=Fl&”). (32)

12
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4.1. The Hy/C (Z5) as an example

By the way, a good example that reinforces this point, and also helps us understand something
else about these models, is the Hy/C (Z,) model whose “gauge” group action is represented by (27)
with X = o*. After all, as its vertex and link operators (3) are expressed as

1
A =5 M, (0) +M, ()] o | and
J€ESy

1(/1 o 1 0 0% 0 2 o? 0
@ =3[0 Jprele 0), (T pere(T ),
1{/0 o 0 0 0 0 . 0 0
5[ Dere(e D), Here(d 7))

respectively,® and its “gauge” group action permutes |0), < |1), and |2), < [3),, one thing we
can already see is that these two orbits (i.e., these two 2-cycles) [9] define each of the Hy/C (Z;)
vacuum states (29) and (30) with P = 2.

Another thing that we can also see from this example is that, as its “gauge” group action leads
to operators WYX that are such that,’

a]o b]o C]o d]o
b a d C
WL(,"O) = |Jo "o "o %o and (33)
Po qo Tio Spo
qjo Do Sjo  Tjo
aj b]] (951 d]]
—b —a —d —C
Wi = 1 1 1 71 (34)
pn q 71 S
—q1 —DPn —S1 —In

the operator W9, which defines the Z, global operator that connects the two aforementioned
vacuum states, creates a quasiparticle Q>® when acting on a single vertex. And given that this
conclusion extends to the operator W™ that defines the Zp global operator whatever the values
of P, it is not wrong to say that the comment we made at the end of Section 3.4 also extends to
other Hy/C (Zp) models: i.e., it is not wrong to say that all these models also seem to describe a
physical reality as rudimentary as the one that was conjectured by Dirac and others in the early
twentieth century.

4.2. An alternative point of view

Note that, as the operators A, and C, are projectors (i.e., as they are operators that have
eigenvalues equal to 0 and 1), another point that seems to endorse this “Dirac analogy” is the fact
that, when £, is an infinite lattice, the lowest energy

Eo = —O[ANv — ycNg (35)

of these Hy/C (Zp) models tends to —oo. However, there is an interesting observation that we
can make within the context, for instance, of Refs. [7] and [19], which were published some years
after Ref. [1]. And in order to understand this interesting observation, it is instructive to continue
considering this same H,/C (Z,) model, whose “gauge” group action is represented by (27) with

8 Here, we are taking 0 as a zero square matrix of order 2, which is obviously such that o = o.
9 As with the matrices (12) the entries of (33) and (34) must also be interpreted as complex numbers.
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X = 0%, as an example. After all, by noting that the ground state degeneracy (GSD) of all these
Hy/C (Zp) models can be determined by

ep=Tr| [Ta []c] -

veL) tely

it is not difficult to demonstrate that, when we analyse this Hs/C (Z,) model by considering a
connected graph!? x, its ground state degeneracy is

GSD = |H°(C, G)| = |[Hom (H; (X) , H (Z2)) | . (36)

Here, C and G are two chain complexes of Abelian groups, and H° (C, G) is the Oth cohomology of G
with coefficients in C!' [7,19]. And this result is very interesting because, since £, can be recognized
as a closed graph, it is not difficult to prove that, when X’ is taken as an arbitrary closed graph (i.e., an
arbitrary graph without “loose ends”), this Hy/C (Z;) model has always GSD = 2. That is, this GSD
“coincides” with the number of vacuum states (29) and (30), and this “coincidence” is not the result
of chance: it results from the fact that, although the Refs. [1,7] and [19] explore different contexts,
all they need to converge in several points due to the correspondence principle that needs to be
identified between/among their models.

By the way, given this correspondence principle, it is also important to observe that, when x
is open with edges or has “loose ends”, this same result (36) indicates that the GSD increases due
to the existence of the gapless edge states. And why is this important to observe? Because, in the
case of these gapless edge states, they correspond precisely to the two Z; x Z, symmetry-protected
topological (SPT) phases, which originate in the same two 2-cycles that are defined by the “gauge”
group action of this Hy/C (Z;) model. Thus, as all these aforementioned results must be valid with
respect to this correspondence principle (which needs to be recognized between this graph analysis
and the one we present here), it is not wrong to conclude that this model supports two Z; x Z,
SPT phases (29) and (30), and that the transitions between them occur due to a Z, global symmetry
breaking.

Note that a similar thing happens in the H3/C (Z;) model which, when analysed from the point
of view of Refs. [7] and [19], has GSD = 1 + 281 when X is an arbitrary closed graph. Here, B is
the first Betti number [20]. Nevertheless, although it is also possible to assert, for instance, that the
2-cycle defined by the “gauge” group action (9) allows us to interpret (10) as a Z, x Z; SPT phase,
no global operator, which connects (10) and (11) in the same sense of (31), can generate a group. In
this fashion, by noting that this impossibility is directly related to the fact that this global operator
needs to connect two k’- and k”-cycles of different degrees (i.e, where k' # k"), this suggests that the
transitions between this Z, x Z, SPT phase and the one that follows from the 1-cycle (which seems
to have the graph topological order discussed in Ref. [7]) occur due to another kind of symmetry
breaking.

4.3. Does this symmetry breaking interpretation conflict with the possible interpretation of the
Hs3/C (Z3) vacuum states as Dirac “seas”?

Since we have just said that these phase transitions occur due to some symmetry breaking, one
thing that you, the reader, might be wondering is: how does this symmetry breaking interpretation
reconcile with the one, which we presented in Section 3.4, where each of the H3/C (Z;) vacuum
states was interpreted as a kind of analogue of the Dirac “sea”? And if you are wondering about
this, the only thing we ask you to observe is that, whenever we saw this analogy, we used the term
“seem(s)”. And why did we do it? We did this because the truth is that, if these Hy/C (Zp) models
describe some physical reality, it is still not very clear what physical reality is.

10 That is, a topological space that, for instance, includes discretized manifolds as special cases [7].

11 For the sake of completeness, it is interesting to note that these chains G and C are related to the group theoretic
information and to the graph information of this Hs/C (Z;) model respectively.
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Of course, as these Hy/C (Zp) models define a subclass of the Dy (Zp) models, it allows us to
infer, for instance, that the quasiparticles Q¥ have electrical properties because they fuse with
the electric quasiparticles inherited from the Dy (Zp) models. And another fact that reinforces
this inference is that, when the “gauge” group action is not trivial, it allows us to recognize an
electrostatic interaction between/among, at least, quasiparticles QX that have the same flavour
(i.e., that have the same (J, K) index): after all, when we have only two quasiparticles QX), with
the same flavour (J, K), on two vertices v' and v” of £, it is not difficult to see that the energy of
this system is equal to

e Eq + yc (ny +nyr) — 1, when v’ and v” are neighbours, and
e Ey + yc (ny + n,v), otherwise.

Here, n, and n,» are positive real numbers that denote the number of links that share v’ and v”
respectively. But the fact is that, although we are capable of inferring some things about Q /¥, these
Hy/C (Zp) models describe a physical reality that is quite rudimentary, which does not even allow
us to know, for instance, what the spin of these quasiparticles is. In this way, as these Hy/C (Zp)
models do not allow us to make a deeper comparison between their vacuum states and the Dirac
“sea”, we prefer to be cautious and, for now, just point to this playful analogy. After all, all the
vacuum states that arise from the “gauge” group action are, in fact, defined by filling all the lattice
vertices with quasiparticles Q:¥) that have the same flavour.

In any case, it is interesting to note that there are several works that, for instance, explore this
same analogy more deeply in some contexts that do not seem to be so distant from the Dy (Zp)
models [21-25]. And such works make it clear that there is nothing wrong with interpreting the
vacuum states of some lattice models, especially those that can be interpreted as lattice gauge
theories, like Dirac “seas”. Nevertheless, as Dirac claimed that the vacuum could be interpreted
as an infinite “sea” of particles and, therefore, a deeper analogy requires us to explain, for instance,
how is it physically possible to go from one phase to another when, by only using F, we need to
cross an infinite energy barrier in the thermodynamic limit, it becomes plausible to say that these
phase transitions occur due to a global symmetry breaking because it is not wrong.

5. Final remarks

In accordance with what we just saw, it is quite clear that Ref. [1] is correct in stating that the
Hy/C (Zp) models support the presence of matter excitations Q % that exhibit non-Abelian fusion
rules. After all,

e these non-Abelian fusion rules can always be identified when the “gauge” group action is
represented by (20), and

e when A, (g) and A, (g) define k-cycles of different degrees, these non-Abelian fusion rules
are always necessary for (phase) transitions between/among the Hy/C (Zp) vacuum states.

Note that, although we have identified an interesting analogy between the Hy/C (Zp) vacuum states
and Dirac “seas”, this playful analogy should not be taken too seriously a priori. After all, even
though it is not impossible to explore/investigate this analogy more deeply (perhaps by trying to
bring, for instance, the Dy (Zp) models closer to those in Refs. [21-24] and [25]), this analogy was
only explored to reinforce to you, the reader, that all the Hy /C (Zp) vacuum states, which arise from
the “gauge” group action, can be obtained by filling all the lattice vertices (i.e., via a condensation
procedure) with quasiparticles QU-©) that have the same flavour. And although we have said, for
instance, that F is a Zp global operator, which connects the two Hyp/C (Zp) vacuum states (29) and
(30) (i.e., the two Zyp x Zyp SPT phases) by performing a Zp global symmetry breaking, it is quite
clear that this does not contradict this playful analogy because W ™® actually creates a quasiparticle
on the lattice vertices it acts on.

Anyway, another thing that is important to mention here is that, despite Ref. [1] has identified
several operators that produce matter excitations, it is necessary to be a little careful before
saying that all these excitations can be interpreted as quasiparticles in the Hy/C (Zp) models.
After all, in accordance with the result (19), it is clear that not all these matter excitations satisfy
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the requirement (17), which is critical for these excitations to be classified as quasiparticles.
Nonetheless, by noting that the Hy/C (Zp) models can be identified as a subclass of the Dy (Zp)
models, it is immediate to conclude that these non-Abelian fusion rules can also be observed in
these Dy (Zp) models.

By the way, despite these non-Abelian fusion rules are quite similar to those of the Fibonacci
anyons [4], all lead us to believe that they (still) may not be used to perform any kind of
quantum computation with these Hy/C (Zp) models. After all, the possibility to perform a quantum
computation with the D (G) models (which clearly serve as the foundation for the Hy/C (Zp)
models) is linked to the possibility of defining braids [26,27], which are formed in M; x [0, 1] due
to the transport of quasiparticles in M,. Nevertheless, it is interesting to note that, although it does
not seem to be possible to transport matter excitations Q VX through the lattice (and, therefore, to
evaluate their statistics), there are good indicators that they can be interpreted as quasiparticles: one
of them is, for example, the fact of the “gauge” group action allows us to recognize that these matter
excitations behave effectively as the D (Zp) electric quasiparticles. Wherefore, as Ref. [12] seems
to point to the possibility of building a correspondence principle between the three-dimensional
D (Zp) models and the two-dimensional Dy (Zp) models, it seems important to evaluate whether
these matter excitations can be transported in the three-dimensional Hy/C (Zp) models. This will
be evaluated in a future work.
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