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Abstract

In this paper we discuss log-Birnbaum—Saunders regression models with censored observations. This kind of model has been
largely applied to study material lifetime subject to failure or stress. The score functions and observed Fisher information matrix are
given as well as the process for estimating the regression coefficients and shape parameter is discussed. The normal curvatures of
local influence are derived under various perturbation schemes and two deviance-type residuals are proposed to assess departures
from the log-Birnbaum—Saunders error assumption as well as to detect outlying observations. Finally, a data set from the medical area
is analyzed under log-Birnbaum—Saunders regression models. A diagnostic analysis is performed in order to select an appropriate
model.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

In some two-parameter probability models that more popularly have been proposed to describe lifetime, we find
these distributions: gamma, lognormal and Weibull, all of which fit with precision into the central zone of the lifetime
distributions. Nevertheless, it is important to concern ourselves with the low or high percentiles of the distributions,
zones precisely where little data are usually found. This in turn leads to a poor fit in these zones of the models previously
mentioned.

An important lifetime model originated from a problem of material fatigue, is the one developed by Birnbaum and
Saunders (1969). This model fits well within the extremes of the distribution, even when there is little lifetime data,
due to the physical justification that originated it. The Birnbaum—Saunders (B—S) distribution is a lifetime model for
fatigue failure caused under cyclic loading and assumed that the failure is due to the development and growth of a
dominant crack. A more general derivation was provided by Desmond (1985) based on a biological model. Later, Rieck
and Nedelman (1991) derived the log-Birnbaum—Saunders (log-BS) distribution based on an exponential regression
model. The log-BS distribution is a particular case of the sinh-normal (SN) distribution of Rieck and Nedelman (1991).
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The SN distribution is symmetrical, presents greater and smaller degrees of kurtosis than the normal model and also
has bi-modality.

Generally, the analysis with symmetrical non-normal distributions considers the Student-f model, since it has greater
kurtosis than the normal model. Thus, observations which are considered as outlying under normality, are not outlying
under the ¢ law, producing more robust parameter estimates. Nevertheless, in genetics and risk analysis it is also
important to emphasize atypical cases. Thus, symmetrical distributions whose kurtosis are smaller than the normal one
are also of interest and the SN distribution appears as an interesting alternative to the ¢ and normal distributions.

An efficient way to detect influential observations is the diagnostic analysis. The techniques of case elimination based
on different types of residuals, at present known as global influence methods, have been discussed widely (see, for
example, Cook and Weisberg, 1982). Nevertheless, Cook (1986) proposed a diagnostic approach named local influence
to assess the effect of small perturbations in the model and/or data on the parameter estimates. Several authors have
applied the local influence methodology in regression models more general than the normal regression model (see, for
example, Paula, 1993; Galea et al., 1997, 2000 and Diaz-Garcia et al., 2003). Also, some authors have investigated
the assessment of local influence in survival analysis models: for instance, Pettit and Bin Daud (1989) investigate
local influence in proportional hazard regression models, Escobar and Meeker (1992) adapt local influence methods to
regression analysis with censoring, Ortega et al. (2003) consider the problem of assessing local influence in generalized
log-gamma regression models with censored observations and more recently Galea et al. (2004) derive the curvature
calculations under various perturbation schemes in log-BS linear regression models with uncensored data. Besides
taking the likelihood function for assessing the curvature for influence analysis, other suggestions have been proposed
to deal with non-standard situations and for various models; see, for example, Fung and Kwan (1997), Kwan and Fung
(1998) and Tanaka et al. (2003) among others.

In this article, we present diagnostic methods based on local influence and residual analysis for linear regression
models under the log-BS distribution for the errors and censored observations. In Section 2, we present the B—S
distribution and its relationship with the SN distribution, together with a brief analysis of this distribution. In Section 3,
log-BS linear regression models for censoring observations are defined. The score functions and observed Fisher
information matrix are given as well as the process for estimating the regression coefficients and the shape parameter
is discussed. In Section 4, the normal curvatures of local influence are derived under various perturbation schemes and
two kinds of deviance-type residuals are proposed to assess departures from the log-BS error assumption as well as
outlying observations. An application with real data, that have not been analyzed from a perspective of diagnostic, is
discussed in Section 5. Finally, some concluding remarks are made in Section 6.

2. The sinh-normal distribution

The B-S distribution is defined in terms of the normal distribution by means of the random variable (r.v.) T =

PlaZ /2 + 4/ («Z/2)* + 112, where Z ~ N (0, 1), « > 0 is the shape parameter and f§ > 0 is the scale parameter and the
median. This is denoted by T ~ BS(«, f8). The probability density function (pdf) of T is

1 [t P t32(t + B)
exp (_ﬁ |:ﬁ+?_2:|> —20(\/3 , t>0. (D

1
Jr(@) Ner
If T ~ BS(x, ff), then Z = oc’l(,/T/ﬂ —/B/T) ~ N(O, 1). Furthermore, ¢cT ~ BS(x, cf}), with ¢ >0, 7! ~
BS(a, /3_1), and the cumulative distribution function (cdf) of T'is Fr(t) = &0} (\/W — \/W)), where &(-) is the
standard normal cdf.

Rieck and Nedelman (1991) analyzed the exponential regression model T =e* O¢, where T ~ BS(a, p). Thus, using
the proportionality property of the B-S distribution, we have that ¢ ~ BS(a, e~ 0 f). Then, the associated log-linear
model is Y =log T = X0 + log ¢. This problem requires knowing the distribution of ¥ =log T, which is a particular
case of the SN distribution.

The SN distribution is defined in terms of the normal distribution by means of the r.v. Y = arcsinh(aZ/2)c + 7,
where Z ~ N(0, 1), o > 0O is the shape parameter, y € R is the location parameter and ¢ > 0 is the scale parameter.
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Fig. 1. Pdf graphs of the SN distribution for the indicated parameters.

This is denoted by Y ~ SN (a, 7, ¢). The pdf of Y'is

2 SN —
fr(y) = < ) cosh <y /> exp (—2%2 sinh’ [y_y}) . YER (@)
oao/ 2T 9 o
Thus, if ¥ ~ SN(«, 7, 6), then Z = 20~ sinh((Y — y)/a) ~ N(O, 1). The cdf of Y is
o) _
Fy(y)=d><— sinh [y VD (3)
o o

where @(-) is the standard normal cdf.

Rieck (1989) notes that the SN («, ), o) distribution is symmetrical around ), strongly unimodal for o < 2 and bimodal
for o > 2. Furthermore, if ¥ ~ SN («, 7, ¢), then U =2~ ! (Y — y)/o converges to the standard normal distribution as
o — 0. The mean and variance can be obtained using the moment generating function given by

K (072 + Kp(572
m(s):exp(ys)|: (072) + K ( )}

2K12(67%)

where a = (6s + 1)/2, b = (os — 1)/2 and K(-) is the modified Bessel function of the third kind given by K;(w) =
(D)) [7° y=~1e >~ @/4) 4y (see Gradshteyn and Randzhik, 2000, p. 907).

Rieck and Nedelman (1991) developed the SN distribution and proved that if T ~ BS(a, ), then Y =log T ~
SN(a, 7, 0 =2), where y = log f. For this reason, the sinh-normal distribution is also named the log-BS distribution.

In general, if Y ~ SN (o, vy, ), when o increases, the kurtosis of the SN distribution also increases. In particular, for
o< 2, one has unimodality and smaller kurtosis than the normal case. Nevertheless, for o > 2, when « increases, the
SN distribution begins to emphasize the bimodality, has modes that are more separated and the kurtosis is greater than
the normal case. The parameter y modifies the location and the parameter ¢ the scale of the distribution, as it can be
seen in Fig. 1.

3. Log-Birnbaum-Saunders regression models
3.1. Model and estimation

We consider the following log-BS regression models:

vi=xB4e, i=1,....n, 4)
where y; is the observed log-lifetime or log-censoring time for the ith individual, g = (f,...,f p)T is a vector of
unknown parameters to be estimated, xl.T =(Xj1, ..., Xjp) contains values of explanatory variables and &; ~ SN («, 0, 2).

We will assume non-informative censoring and that the observed lifetime and censoring time are independent. The sets
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D and C will denote the sets of individuals for which y; is the log-lifetime or log-censoring, respectively. The total
log-likelihood function of the model (4) for @ = (B¥, o) is given by

10) o< Y Li0) + ) lic(0),
ieD ieC

where [;(0) =log fy (yi; 0), l;ic(0) =log Sy (y;; 0) and Sy (y; 0) =1 — Fy(y; 0) is the survival function, with fy (y; 0)
given in (2) and Fy (-) in (3). Then, the log-likelihood function for @ can be expressed as

1
160) o< ) [log(éu) — 5 {1oesm + 5%2}] + ) log(1 — L&p)). 5)
ieD ieC
where &) = ) Er=(2/a) smh(” SH ) and p; :xiTﬁ, withi=1,...,n
The score functions for o and B j (j=1,..., p) are, respectively, given by
ol(0 1
U0 = 5 = [Z &-n+Y) fizh(fiz)] ©)
ieD ieC
and
azw)
0
B, (0) = aﬁ/
ij o Xij Vi — K 1
= L [a_zj sinh(y; — p;) — 7] tanh( 5 )i| + 3 ;xijéilh(fﬂ)’ (7

where h(&pn) = P(En) /(1 — D(E;5)) with ¢(+) and &(-) denoting the pdf and the cdf of a standard normal distribution,
respectively.

The MLEs of the regression coefficients and the shape parameter are solutions of the equations U, () = 0 and
U B; 6)=0( =1,..., p). However, such equations do not present analytical solutions and the use of iterative
methods is necessary to find the roots. The BFGS method (see, for example, Press et al., 1992) has been used by
the authors for maximizing the total log-likelihood function /(). As initial values we have considered the estimates
under the uncensored case for o (see details in Galea et al., 2004) and for f the least-squares estimate. The asymptotic
inference for the parameter vector, 6, can be based on the normal approximation of the MLE of ] given by

é”'“1\/<p+1)(45’» 2¢),

. . . . A . - -
where Xy denotes the asymptotic variance—covariance matrix for 6, which may be approximated by —Lg, , where —Lgyj
isthe (p + 1) x (p + 1) observed information matrix, obtained from

iﬁ[g i’[gx X"vx X"k
_[" i } [kTX tr(G) ®)

where V = diag{v((0), ..., v,(0)}, with

1 2 (yVi—U 1 o
gsech® (5 ) — ;7 cosh(yi —p;) ifi € D,
vi<0)={4se° ( 7 ) & cosh(y; — ;) if i 5

_leéizh(éiz) - ifizlh/(fiz) ifi e C,
= (k1(0), ..., k,(0)T, with

% sinh(y; — 1;) ifi € D,

k@) =1 : .
@ {—ﬁfz‘lh(ffz) — S sinh(y; — )k (&) ifi € C,
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and G = diag{g(0), ..., g,(0)}, with

13 .
g,-(0):io?22_x_22 ) ifieD,
—58nh(&n) — 5N (&) ifieC,

where h(-) is given in (7), 1'(-) is its derivative and &;1, &;, are given in (5).
4. Diagnostic analysis
4.1. Local influence

Local influence calculation can be carried out in the model given in (4). Consider éw as the MLE under the perturbed
model. In addition, let A = (4;;) be a (p + 1) x n matrix that depends on the perturbation scheme, where 4;; =
621(0|w)/69i6wj, withi=1,..., p+1land j=1,...,n, whichis evaluated at 0 and o, being wq the no perturbation
vector (see Cook, 1986). Then, if the likelihood displacement L D(w) = 2{1(9) — l(@w)} is used, the normal curvature
for 0 at the direction / is given by C(0) = 2|lTATi591 Al|, where ||I|| = 1. For the log-BS regression models the elements
Ofia() are Ligﬁ = XT‘A/X, i[}& = X"k and L&& = tI’((A;).

We can also calculate the normal curvatures Cy(f) and Cy(a) to perform various index plots. For instance, the
index plot of I,ax the eigenvector corresponding to Cy,, the largest eigenvalue of the matrix B = —ATI:EOI A and the
index plots of Cy; () and Cy, (), named total local influence (see, for example, Lesaffre and Verbeke, 1998), where

I; denotes an n x 1 vector of zeros with one at the ith position. Thus, the curvature at the direction /; assumes the

form C; = 2|AiTi9_91 A;|, where Al-T denotes the ith row of A. Verbeke and Molenberghs (2000, Section 11.3) propose
considering as point out those cases such that C; >2 C, where C = (1/n) }_/_, C;.

4.1.1. Curvature calculations
Next, we will calculate for three perturbation schemes, the (p + 1) x n matrix

0*1(0|w) . .

A:(Aij)([)-l-l)xn:(W)’ l=l,...,p+1 and j=1,...,l’l, (10)

considering the model defined in (4) and its log-likelihood function given in (5).
Case-weights perturbation: Consider the vector of weights @ = (w1, ..., ®,)" and the perturbed log-likelihood
function
1
uwmaEZw{mgao—5&@@@+5@}+§)mmgl—@@ﬂx (11)
ieD ieC
where 0<w; <landwg=(1,..., 1)T. The matrix A is given by
_ (%

A= < A1> , (12)
where A/; is a p X n matrix expressed as A[; =XT diag{Bl, e, l;,,} with

b= %‘(fugiiz = &in/Sin) ?fi e D, a3)

=L h(&in) ifi € C,

and A, = (ay, ..., a,) with

1 (Y
_§+T ifi e D,

5 R (14)
Lhn ifieC,

a; =

A A A AT
where A (-) is given in (7) and &;q, &5 are &;1, & given in (5) evaluated at 0 = (8, T
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Response perturbation: We will consider here that each y; is perturbed as y;, = y; + ; Sy, where S is a scale factor
that may be the estimated standard deviation of Y and w; € R. The perturbed log-likelihood function takes the form

1
10lo) o Y [1og(éi1w.> — 5 {log(8m) + &4, }} + ) log(l — @[Ei2, D, (15)
ieD ieC

where ;14 =(2/2) cosh((Yiw —1;)/2), $inew, =(2/0) sinh((yi —4;)/2) and o= (0, . .., 0)T. The matrix A assumes
the same form given in (12), where

Ap=X"diag{d). ..., dy),
with

J {Sy [iz cosh(y; — ;) — }‘sech2 (%“’)] ifi e D,
R o
=

S &ahC) + G2 El ifiec,
and Ay, = (Cq, ..., Cy) with
A__{%Eiléﬂ ifi eD,
21EhEo) + &' Gl ifieC,

where i(-), i/ (-) are given in (7) and Eilwl, %i2w1 are &1, Ciop, given in (15) evaluated at 0.

Explanatory variable perturbation: Consider now an additive perturbation on a particular continuous explanatory
variable, namely x,, by making x;;¢, = X;; + ®; Sy, where S is a scale factor that may be the estimated standard deviation
of x; and w; € R. The perturbed log-likelihood function takes here the form

1
1(lw) o< Y [1og(é,-1wz> — 5 llog(8m + 5,22@2}} + Y log(l — (&0, ), (16)
ieD ieC

where &1, = (2/2) cosh((yi — i = f;0i5:)/2), Einw, = (2/) sinh((yi — p; — B,®; Sx)/2) and @ = (0, ..., O)T.
The matrix A assumes the previous form given in (12), where Ag is a p x n matrix with A[;U elements which when
j # t assume the form

Sxfitxij [% sech? (%) — é cosh(y; — ﬁti)] ifi € D,
ﬂ” - Sxigzxij % % T N2 0% P
— =7 &inh(&in) + ()R ()] ifi € C,
and when j =1 one has

A {Sxﬁtx,-, [}1 sech? (%) - % cosh(y; — ,&i)] + 5, [# sinh(y; — fi;) — 3 tanh (%)] ifi eD,
Bir = i

_%[gﬂh(gﬂ) + DM E] + %%ilh(%iz) ifi € C,
and Ay = (¢y, ..., $,), with
. [~ SeB, sinh (i — i) itieD,
o { B ) + Z sinh(yi — fi)h'(E)] ifi € C,

where i(-), ' (-) are given in (7) and 2“, &2 are £;1, &;» given in (16) evaluated at 0.
Non-censoring case perturbation: Suppose that only the non-censoring cases are perturbed, which means to assume
w; = 1 fori € C in expression (11). Thus, the quantities b; and a; given in (13) and (14) reduce, respectively, to

b — $Cn&n—En/&y) ifieD,
‘|0 ifi ec,
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and

1 (T
&l:{—§+ é %flED,
0 ifi € C,

where 2,- I %,-2 are &;1, &, given in (5) evaluated at 0. Note that the expressions above for i € D agree with ones
obtained by Galea et al. (2004).

Censoring case perturbation: Suppose now that only the censoring cases are perturbed, that is, w; = 1 fori € D in
expression (11). In this case, the quantities l;,- and g; given in (13) and (14) reduce, respectively, to

- (2  ifieD,
Sy ifiec,

and
(0 ifieD,
“T\znt, ifiec,

o

where A () is given in (7) and 2;’1’ 2,»2 are &;1, &;» given in (5) evaluated at 0.

4.2. Residual analysis

In order to study departures from the error assumptions as well as presence of outlying observations, we will consider
two kinds of residuals: deviance component residual (see, for example, McCullagh and Nelder, 1989) and martingale-
type residual (see, for example, Barlow and Prentice, 1988; Therneau et al., 1990). More details may be found in Ortega
et al. (2003).

4.2.1. Deviance component residual A _

The deviance component residual is defined by rpc; = sign(y; — ﬁi)ﬁ[l[ (t~9) — 1 (0)]1/ 2 where 0 is the MLE of 0
under the saturated model (with n parameters), 0 is the MLE of 0 under the model of interest (with p parameters) and
sign(z) denotes the sign of z. Davison and Gigli (1989) defined the deviance component residual for censored data as

Foe, = sign(yi — fi)[—2 log(S(yi, 0)1'7, (17)

where S(y;, 9) is the MLE of the survival function (see, for example, Ortega, 2001). Therefore, considering fixed or
known o and o < 2, we have that the deviance component residual for log-BS regression models becomes

_— o \11/2
sign(y; — ,&i)ﬁ[— log (cosh [%]) + ;—2 sinh? (%)] ifi € D,

DC; 1 172
sign(y; — ,ul.)[—z log (1 ) [g sinh (%)])] ifiec.

4.2.2. Martingale-type residual

Therneau et al. (1990) introduced the deviance component residual in counting process by using basically martingale
residuals. The martingale residuals are skewness, have maximum value +1 and minimum value —oo. In parametric
lifetime models, the martingale residual can be expressed as r,, = 6; + log[S(y;, i))], with 9; = 0 indicating if the
observation is censored and J; =1 indicating if the observation is uncensored (see, for example, Klein and Moeschberger,
1997; Ortega et al., 2003). Thus, the martingale residual for log-BS regression models assumes the form

2 R
ry, = 0i + log (1 - [5 sinh (%)})

The deviance component residual proposed by Therneau et al. (1990) is a transformation of the martingale residual to
attenuate the skewness. This transformation was motivated by the deviance component residuals found in generalized
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linear models. In particular, the deviance component residual for the Cox’s proportional hazard model with no time-
dependent explanatory variables is described as

Fap, = sign(ry J[=2{ry, + di log(d; — ry )}1'/2,

where r, is the martingale residual.

Although the residuals rvp, are not deviance components of log-BS regression models, we will use them in the
following as a transformation of the martingale residuals in order to have residuals symmetrically distributed around
zero. We will name ryip, martingale-type residual.

4.2.3. Standardized residuals
Ortega (2001) suggests to standardize the deviance component residual i, and the martingale-type residual ",
for censored data as
I

* DC;
r =
DG J1—=GLj;
and
P = v,

G L;; being the ith principal diagonal element of the generalized leverage matrix (see Wei et al., 1998) defined by
GL(0) = Dy(~Lyy) 'Ly,

where Dy = 0p/00" = (X, 0), Lgj is given in (8) and

. L
LHy (Lf} >
y
where iﬁy =—X"V, withV = diag{v1(0), ..., v,(0)}, v; (0) is given in (9) and

i“y,z{%éiléiz 1 if e D,

' 35 Cith(&in) + 55 i1 éinh (&) ifi e C,

with all the expressions evaluated at § = 0. Index plots of G L;; may reveal those observations with high influence on
their own predicted values.

4.2.4. Simulation study

In order to investigate the form of the empirical distributions of the residuals r ~and - for the values of n =
30, 50, 100, « = 0.5, 1.0, 1.5 and censoring proportion p = 0.10, 0.30, 0.50, we performed a small simulation study
described in the sequel. We considered a single explanatory variable x which follows a uniform distribution (0, 1). The
Birnbaum-Saunders observations were generated through normal observations using the expression

1/2
ocZZI.2 N otzZi2 /
2 o l 4 )

where Z; ~ N(0, 1) and 1; = exp(fy + p1xi), with fy =4 and f; = -2, fori =1, ..., n. Following the procedures
presented by Wang et al. (2006), we generated the censoring random variable C; from a log-normal distribution with
cdf @((log u — p)/o), where @(-) is the standard normal cdf. We fixed ¢ as 1 and let p vary to obtain different
censoring proportions. The observed lifetimes and the censoring indicators were generated from Z; = min(7;, C;) and
0; = I(1. < c;), respectively, being /¢ the indicator function. For each setting of n, o and p, 1000 random samples were
generated. For each sample, the log-BS regression model given in (4), where Y; = log(Z;), withi =1, ..., n, was
fitted. Then, we obtained the residuals r; . and ry.. for each generated sample. We performed normal probability plots

between the mean quantiles of the residuals and the expected quantiles of the standard normal distribution.

T; =y, 14
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The main conclusion obtained from the generated graphs is that the empirical distributions of the two residuals present
a good agreement with the standard normal distribution for each n, o and censoring proportion given. In particular, as
the censoring proportion decreases, the empirical distributions of the residuals approach faster to the standard normal
distribution. In addition, as « increases, the empirical distributions present a weak skewness. The extension of the
results for more general situations is not straightforward. Thus, as suggested by Atkinson (1981) and Williams (1987),
the use of normal probability plots for r ¢ and r;m,- with envelope is recommended. Graphs of such residuals against
the fitted values and explanatory variable values may be useful even though the interpretation of them is not necessarily
the same of that used in normal linear regression models.

5. Application

Next, as illustration, we will consider the data set given in Krall et al. (1975) and reported in Lawless (1982,
pp- 332-333) connected with survival analysis. This data set has recently been analyzed by Jin et al. (2003) and Ghosh
and Ghosal (2006) that uses a semiparametric accelerated failure time model. The aim of the study is to relate the
survival time (7) for multiple myeloma with a number of prognostic variables with censored data. The data present the
survival times, in months, for 65 patients who were treated with alkylating agents, of the which 48 died during the
study and 17 survived and also include measurements on each patient for the following five predictors: logarithm of a
blood urea nitrogen measurement at diagnosis (x1); hemoglobin measurement at diagnosis (x); age at diagnosis (x3);
sex (x4, 0 for male and 1 for female) and serum calcium measurement at diagnosis (x5).

Firstly, we consider the following regression model:

yi = o+ Bixit + Poxiz + Paxiz + Paxia + fsxis+e&, i=1,...,65, (18)

where ¢; are independent r.v. such that &; ~ SN («, 0, 2) and the response y; denotes the lifetime logarithm. The MLE
of 0= (T, )T = Bos By -, Pss )T are (estimated standard errors in parenthesis):

Bo=4.500(1.282), B, =—1.596(0.435), B, =0.142(0.050), B3 =0.010(0.013),

By =0.209(0.284), Ps=—0.141(0.069) and &=1.082(0.112).

We note that predictors x3 and x4 seem to be not significant at 10% in model (18).

In order to detect possible departures from the assumptions of log-BS errors in the model (18) as well as outlying
and high leverage observations, we present in Fig. 2 the normal probability plots for "EC,- and r;‘,[Di with generated
envelopes and the index plot of GL;;, in Fig. 3. As we can see, the graphs in Fig. 2 do not present unusual features so
that the assumption of log-BS errors does not seem to be unsuitable. Also, no observation appears as possible outlier.
In Fig. 3, observation 2 appears as a high leverage point. This observation corresponds to the youngest patient, 38 years
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Fig. 2. Normal probability plots for: (a) rBC‘ and (b) rlt/ID-’ with envelopes.
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old, male and just one month of survival since the treatment. His logarithm of blood urea nitrogen and hemoglobin
measurements are larger than the average of the 65 patients and his serum calcium measurement is very high, the largest
among the patients.

Figs. 4-7 show the index plots of |lhax| for 8, B and o, where 6 = 0, 0,)T, with 0; = b=y, ..., ﬂ5)T and
0, = o, under the perturbation scheme indicated. As we can see from these figures, observation 40 appears as the most
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influential in all the graphs. This observation refers to a male patient, 74 years old and survival time since the treatment
of 51 months. His logarithm of blood urea nitrogen and serum calcium measurements are larger than the average of the
65 patients and his hemoglobin measurement is below the average. Other observations appear with some outstanding
influence on the parameter estimates. For instance, observations 3, 5, 44 and 48 appear as possible influential on if and
& under the perturbation schemes used. When only the censoring cases are perturbed, we detected observations 62,
64 and 65 as possibly influential (see Fig. 8). Some index plots of |lax| for B and/or o were omitted, since these are
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similar to ones given in Figs. 4-8.
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Table 1

Parameter estimates and the their p-values in parenthesis for the indicated sets

Set Parameter Bo By B Bs Ba Ps

A Estimate 4.500 —1.596 0.142 0.010 0.209 —0.141
(0.000) (0.000) (0.004) (0.455) (0.461) (0.042)

B Estimate 5.685 —1.617 0.099 —0.005 0.119 —0.142
(0.000) (0.000) (0.037) (0.692) (0.634) (0.105)

E Estimate 4.598 —1.580 0.129 0.009 0.243 —0.135
(0.001) (0.001) (0.020) (0.521) (0.435) (0.067)

Table 2

Relative changes (-RC—in %) and the corresponding p-values in parenthesis

Set (1) Bo Bi Ba Bs Ba Bs &

A—{case 2} 4 6 1 54 3 27 0
(0.001) (0.001) (0.005) (0.753) (0.473) (0.201)

A—{case 3} 15 -3 3 —62 —4 30 1
(0.005) (0.000) (0.005) (0.250) (0.438) (0.188)

A—{case 5} -20 -3 25 42 68 -9 4
(0.000) (0.000) (0.046) (0.660) (0.814) (0.023)

A—{case 40} —14 0 —14 71 —12 —34 6
(0.000) (0.000) (0.000) (0.826) (0.377) (0.011)

A—{case 44} 12 —1 —14 22 —46 12 3
(0.002) (0.000) (0.001) (0.350) (0.283) (0.063)

A—{case 48} -5 -2 5 4 52 -7 3
(0.000) (0.000) (0.006) (0.460) (0.723) (0.029)

A—{case 62} -5 —6 9 23 -7 11 2
(0.000) (0.000) (0.009) (0.562) (0.422) (0.065)

A—{case 64} -2 3 5 14 -9 —1 1
(0.000) (0.000) (0.006) (0.513) (0.415) (0.037)

A—{case 65} -2 6 8 5 -9 -6 1
(0.000) (0.000) (0.008) 0.471) 0.414) (0.031)

B -26 —1 30 148 43 -1 24
(0.000) (0.000) (0.037) (0.692) (0.634) (0.105)

E -2 1 9 7 —16 4 -3
(0.001) (0.001) (0.020) (0.521) (0.435) (0.067)

The index plots of C; for 0, B and o under each perturbation scheme (omitted here) confirmed the outstanding
influence of observations 3, 5, 40, 44, 48, 62, 64 and 65, which also were detected in the previous index plots of |lax]|-

Therefore, the diagnostic analysis detected as potentially influential the following nine cases: 2, 3, 5, 40, 44, 48, 62,
64 and 65. In order to reveal the impact of these nine observations on the parameter estimates, we refitted the model
under some situations. First, we eliminated individually each one of these nine cases. Next, we removed from the “set
A” (original data set) the totality of potentially influential observations (we called it “set B”).

Table 1 presents the parameter estimates of the models under such situations. In Table 2, we have the relative changes
(in percentage) of each parameter estimate, defined by Rng = [(9 i — 0 i)/ 0 1 100, and the corresponding p-values,
where 0 (1) denotes the MLE of 0; after the “set I of observations has been removed.

Following the same procedure suggested by Lee et al. (2006), we use the total relative changes: TRC = Z;zl |RC9j l,
the maximum relative changes: MRC = max |RCHJ.| and the likelihood displacement: LDy () = 2{1(9) — l(é< nl

where 9( 1) denotes the MLE of 0 after the “set I’ of observations has been removed (see Cook et al., 1988). We find for
the “set B” that TRC=273.30, MRC=148.02 and LD 4_ g (0) =11.92. In order to compare the impact of the influential
observations, we repeat the analysis by removing the same number (nine observations) randomly selected from the
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non-influential observations (“set E”, formed by the observations of the “set A” less the non-influential observations
randomly selected: 6, 14, 19, 30, 33, 41, 46, 54 and 63). In this case, we find that TRC = 41.74, MRC = 15.84 and
LD4—_£(0) =0.19. Hence, the results are more sensitive for the influential observation group.

As we can see from Table 1 the inferences do not change at the significance level of 10% when either set A or set B or
set E is considered. That is, the explanatory variables x3 and x4 should be removed from the model. However, looking
at Table 2 we can notice that the elimination of observations 2 and 3 make the explanatory variable x5 non-significant.
The significance of this variable was masked by these observations, so it should be also removed from the model. Thus,
the final model becomes given by

yi =Po + Bixit + Poxia + i, i=1,...,65. (19)
The MLE:s of the parameters (estimated standard errors in parenthesis) are
ﬁo =4.409(0.772), /}1 = —1.869(0.423), [}2 =0.109(0.049) and & =1.140(0.118).

We may interpret the estimated coefficients of the final model as the following. The expected survival time should
decrease approximately 85%[ (1 —e~"86%) x 100%] as the logarithm of blood urea nitrogen measurement increases one
unity, keeping the hemoglobin measurement fixed. Similarly, the expected survival time should increase approximately
12%[e"1%% x 100%] as the hemoglobin measurement increases one unity, keeping the logarithm of blood urea nitrogen
measurement fixed.

6. Concluding remarks

The majority of the articles on log-BS regression models assume uncensored observations. In this work we present
various results for the censored case. In particular, we derive the normal curvature of local influence under some
perturbation schemes and we also present some ways to perform residual analysis. Two deviance-type residuals whose
empirical distributions seem to be close to the standard normal distribution are proposed. A data set from the medical
area is reanalyzed under log-BS regression models and the diagnostic analysis plays a very important role for selecting
an appropriate model. The codes of the programs used for fitting log-BS regression models are available from the
authors upon request.
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