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1. INTRODUCTION

The series of rainfalls at Fortaleza, Ceara, Brazil has
been analysed by several authors recently, its importance /
depending on the fact that it is probably the longest series

available for the study of the severe droughts that affect the

Brazilian North-East,.

The series consists of 131 years of annual data, from 1849
to 1979, It has been argued that this series is not appronriate
for forecasting nurposes, since the climate of Fortaleza is
influenced by the sea and hence is not renresentative of the
rest of the area. This question has been discussed by Girardi
and Teixeira (1978) who have shown that there is a great
51m11ar1ty belween the behavior of the rainfall at Fortaleza

and that at other 51tes of the region.

Recent studies as in Markham (1974), using "seasonalized"

annual totals, 1849-1970, concluded that there were thirteen



and twenty-six year periodicities in the data, and nrovided

speculation.as to the causes of these apparent periodicities.

See also Markham (1967).

Jones and Kearns (1976) reanalysed the same data and
concluded that thé hypothesis that the series coﬁsists of
‘statistically independent observations could ﬁot be rejected at
the 10% Level. They based their conclusions on tests of serial

correlation, estimated spectrum and cumulative neriodogram.

Girardi and Teixeira (1978) used the same periodicities
found by Markham to predict a severe drought in the area from
1978 to 1983. Further studies are those of Almeida et al.(1980)
and Kantor (1982). This last author used the method of maximum

entropy (Burg, 1975) to produce forecasts for the series.

In this paper we will prévide a careful analysis of the
rainfall series in'order to find if the data sunports the
existence of periodicities. A mixed-spectrum analysis will be
carried out and several tests will be used to detect the

presence of harmonic terms.

In section‘2 we present the data and some preliminary
remarks. In section 3 we describe the statistical time series
methodology we will use. The analysis of the series is performed
iﬁ section 4 and a tentative model 1is discussed in section 5. We

conclude the paper with some further comments.

2. THE DATA AND PRELIMINARY REMARKS

The observations are given in Appendix A and their plot is
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.presented in Figure 1. From a visual inspection of both, it is
not easy to detecf noticeable"trend and neriodical natterns. The
sample mean is 1425mm, the samnle variance 230,52mm2 while the
minimum and maximum values are 468mm (1877) and 2512mm (1974}
respectively.

The climate of the region may'be classified as semi-arid ,
and the corresponding drought may be termed seasonal, occurring

when the Inter-Tropical Convergence Zone (ITCZ) does not move up

to the region in the period Februarv-Anril.

Dufing the period considered (1849-1979) major droughts
occurred in 1877-1879, 1888-1889, 1898, 1900, 1903-1904, 1907~

1008, 1915, 1919, 1932, 1936, 1951, 1953, 1958,
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FIGURE 1: The Rainfall Series, 18490-1979

The least squares line for the raw data is

X, = 1390.3 + 0.537 (t-1849)




which would indicate a very small nositive trend; but this is not
statistically significant, as can also be seen using other trend

tests (Cox and Stuart tes, for examnle; see Conover, 1971,p.130).

Fipure 2 shows the nlot of the autocorrelation function, and
the periodogram of the data is given in Figure 3. The first
samnle autocorrelation 1§ T, = 0,24 (sienificant at 5% level)
this shows that there is a low year-to-year devendence. The
remaining values tend to oscillate and do not show a definite

neriodical nattern.
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FIGURE 2: Autocorrelation "unction of the Rainfall series

The neriodogram contains several neaks, the more nrominent

heing those corresnonding to 65, 26, 13, 4.8 and 3.6 years. The

ienificance of these peaks will be ciscussed in section 4
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7. A MIXED SPECTRUM ANALYSIS FOR THE RAINFALL SERIES

The conclusions drawn by\Jones and Kearns (1976), based on a
chorter series, suggest that the (mean-corrected) rainfall at Tor
+aleza behaves like a white noise series, with a constant
spectrum. If the series contains periodicities, its snectrum
would have a mixed form; that is, neaks (corresnonding to the
neriodical components) will emerge from a continous spectrum.Then

a model that seems adequate to describe the series may by

develoned as follows.

Denote by xt. t=1,2,...,T, the observations of a discrete
parameter, zero mean, stationary nrocess, with a mixed spectrum.
This means that the spectral distribution function F()) of the

DTOCESS Xt, t=0, +1,%2,... may by written

F(A) = F () + Fq(M) (3.1)

where F_ (the continuous component) is ahsolutely continuous and
Fé(k) = F(A) is the spectral density function, while Fd {the
discrete comnonent) is a step function with jumps py,....,Dy at

frequencies kl....,A]. It follows that X,  can be written

X, = Yt + 7

t (3.2}

t

where Yt and Zt are uncorrelated nrocesses, Yt corresponding to

the continuous part of the spectrum and 7, to the discrete part.

Further:
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FIGURE 3: Periodogram of the Rainfall Series

i) Yt is a linear »nrocess, that is,

o0
Y, = % B¢ (3.3)
t k=0ktk
where €, is a white noise series, with mean zero, variance ci ,
-l
n, s#t, and &, are constants satisfving I 8k< o and
- k=0

ﬁ(ctes) =




3 kfﬁk[<m. Let'yy(k) denote the autocovariance function of Yt

#

LI N o=1hk 3,
£,00 =77 T we (3.4)

k==

(e
its spectral density function, assuming that ¢ iyy(k)|<m;
k= won

ii) Zt is a process of the form

J
Z = z

¢ .3 Aj cos(Ajt + ¢5) (3.5)

where A., kj are unknown constants, j=1,...,J, and ¢j are

independent, identically distributed, rectangular random

variables on [-m,m]. If Y, (k) is the autocovariance of Z,»then
J
%

2
A’ COS(Xjk) (3.6)

1
Y, (k) =
Z & j=1 J

and vy (k) = vy (k) + y,(k). The {A;, j=1,...,3) forms the

discrete (or line) spectrum of X£ and fy (A) the continuous

spectrum,

A mixed spectrum analysis of Xt consists of:
i) estimating the amnlitudes Aj and the frequencies Aj’ in order
to ohtain the discrete snectrum of Xt;
11) estimatingbthe continuous spectrum fY(A) of Xt‘

It follows that the first step in the analysis is to test
for the nresence of neriodical components, i.e., to test the null

hypothesis that ijo, for all j. If we find that there are J
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reriodical components, we estimate the Aj’ Aj and remove the
contribution of these comnonents from Xt; after this is done, the

spectrum fY(A) is estimated from the residuals Xt-Zt, using

standard techniques of -spectrum estimation.

Several tests are available for testing the existence of
periodic components in a set of data., These tests were not
considered by the previous outhors who dealt with the rainfall
series,

We decided to anply all the tests below since we are not
aware of any study comparing their powers for finite samples.

a) An extension of Fisher's g-test (Fisher, 1929, Whittle,1952)
b) Whittle's test (Whittle, 1952);

¢) Hannan's test (Hannan, 1961);

d) Bartlett's test (Bartlett, 1955);

e) Priestley's P()) test (Priestley, 1962a,b).

A comparision of the asymptotic powers of the Whittle's
test, the grouned neriodogram test and the P()) test was given bv
Priestley (1962b). We also used a white noise test based on the

cumulative periodogram (Jenkins and Watts, 1968),

In Anpendix B we briefly describe these tests.

4, ANALYSIS OF THE RAINFALL SERIES

The tests mentioned in section 3 (and described in Apnendix

B) were applied to the data. Unless otherwise stated we shalil




assume for all tests an overall significance level o = 0.05.

(a) Extonsdon 04 Eishen's Test

we used the suggestion of Whittle (1952) (see Anpendix B) .

The value of g(l) is 0.136, and for m = 65 we ohtain the critical

value 0.0961. Therefore, the neak corresnonding to 13.1 years is
sionificant.

Annlying the test to the second largest ordinate, correcting

the denominator of (B.2), we ohserve g(z) s 00,1012, Since, for

m = 64, the critical value is 0.0984, we accent the presence of a

meriodical component with neriod 131/5 = 26.2 years.

for the third largest ordinate we obtaing g(3) = 0.0623,

which is not significant and we reject a neriodicity of

131/36 = 3.64 years.

(h whittle's Tesl

The largest neriodogram ordinate occurs at j = 10 (the
frequency 1is A1n = 27 x 10/131 = w/6), with p,, = 0.145, which is
simnificant (the critical value is 0.0964). Therefore, we accept
a neriodical comnonent with period of 13.1 years.

For the second largest (j=5), ,=0.092, which is greater
than the critical value 0.0699 and we conclude that a 26.2 year
neriodicity is present.

ror the third largest, gy < 0.056, which is not significant
(n.061 is the critical value), and we reject the existence of a

harmonic term with period 3.64 years.
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(c) Bantlett's Test
Let us choose k=4, 5, 7, 10, 20. The corresponding values of

géB£ are given in Table 1, for some values of £. For the 5% signi
L4
ficance level, the critical values are given by 0.05k/1T/2) =

- k(l-g)k'l and these are also shown in Table 1. We'see that the
only significant value is that for k=4 and £=3, corresponding to
the period of 13.1 years. We recall that taking k small is the

only way to obtain a good approximation of x g0 using gé?i . On
the other hand, we do not expect to cet segnificant results for

large values of k, since this implies that we are assuming that

the snectrum fY(A) is anproximately constant over a broad band of

frequencies.

TABLE 1: Values of g} and g

L
X 1 2 3 9 g
4 |.5904  .6670 . .9267* 7417 ;.9084
5 |.5478  .7625  .4276 «3338
7 |.4421  .6748 6973
10 }.4115  .2528 .5492
20 1.2083  .1724 3143
(d) Hannan's Tesi
For the largest ordinate, we obtaing fy=0.145 , which is

significant against the critical value 0.13135, and the harmonic
with period 13.1 is accepted. Testing for the second largest

ordinate, we get gH=0.092, which is greater than the tabled value




n.n699, and we nccent as sienificant the neal CﬁTTanQnﬂinn to
26.2 vears.

Tt is easy to Seec that we reiect furrher nevriods., A
exnacted, the test ¢ives the same results as the "ittle test, due
to the choice af the window w{n) as that corresnondine o the
truncated neriodooram,

(¢} Thoe P (x) Test

T™e calculations were dene with m=25 and n=55; other values

were tried, hut we will onlv describe these wesults. The oranh of
p(x) (Riemre 4) shows the nresence of well defined neals ok

47‘/]%1, .IQ'W/‘IZ}, 20“/131, "SOT‘.‘/W"Ql anAd ’i(\,r/'igl.

oy A=4n/131, we have J,=1,225 and for a=1%, we have o

and since J,<ay, e S€C that the nen¥ at this 3 is s

gioni ficant.
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Next, in order of frequency, we test the neak at x=107/131 /

and obtain J2=2.603, which is.significant (a0=2.58..corresnonding

to % = 0,005) and we accent a harmonic comnonent with period 26.2

vears.
nemoving the contribution of this sipnificant harmonic term

at the freaquency I] = 10n/131, we obtain the new granh of P(A),

which we call pt(x) (Figure 5). This has neaks at frequencies

20m/131 and 727/131, and testing again in order of freaquency we

find that the neak at x=207/131 is sipnificant, since J2=3.026 .

is oreater than the critical value ao=2.71. lHence we accent a

neriodicity of 13.1 years.

Removing again the contribution of this commonent we get

pt'(x) (Figqure 6) with
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PTGURE §: Granh of pr(2) for the Painfall Series
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peaks at the frequencies 467/131, 54m/131, 667/131 and 72%/131 .
For A=46m/131 we find‘Jz-0.81G, which is not significant and

therefore we reject a periodicity of 5.7 years. The remaining

peaks are not significant.

(f) The White Noise Tesl

The use of the test described in section B.2 of Appendix B
on the rainfall data gave the result shown in Figure 7., It
diifers from the one obtained by Jones and Kearns (1976) , since
in the present case the series cannot be taken as white noise.
The only difference’in the calculation is that the present series
has 10 years of data points more than the series used by them.
This suggests that even other periods could eventually be added
to the set of significant periodicities, as more years of
observations allow them to come up from the overall background

continuous spectrum.

The results of the application of the several tests are
summarized in Table 2, and seem to jndicate that the 13.1 and
26.2 years periodicities are pfesent in the data, since four out
of the five tests detected them both, while all the tests

detected the 13.1 year periodicity. Therefore, we shall proceed

to establish a model for the series.
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TABLE 2: Summary of the annlication of the tests

Test Periods or remarks
Ext. Fisher 13,1, 206.2 vears
Whittle 13.1, 26.2 vears
Rartlett 13.1  vears
Hannan 13.Y, 26.2 years
Priestley 13.1, 26.2 years

Wh1te Noise series is not white woise
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5. A MODEL FOR THE RAINFALL SERIES
From the considerations in section 4 we shall try two
harmonic terms for the rainfall series: one with frequency

X]=10w/]31=0,2398 and the other with frequency X2=20v/131=0.4796,

corresnonding to the periods of 26.2 and 13,1 years respectively,

Therefore, we can write (3.5), with J=2, as

2 = u.+ Alcos(X1t+¢1) + AZCOS(X2t+¢2) - {5.1)

10
0.8
06

04

02

005 QIO 020 030 030V , lcpyi
200 100 50 33 20 T, (years)

FICURE 7: Normalized Accumulated Periodogram for the Rainfall
Series, with Theoretical and Confidence Lines

and least squares estimates of A, and ¢i(i=1;2) and p are given /

| ORY;
ey
/

.
=
i

- 202.,5mm, 1 " 114°¢

A, = 255.6mm , = 126°

i

T = X = 1424.8mnm,
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respectively. Thus we can 'write the model for X  as:

X,=1424.8+202.5 cos(0.2398t+1,99)+255.6 cos (0.4796t+2,20)+Y (5.2)

where Yt has a continuous spectrum.

Let it be the estimated harmonic polynomial and Yf-xt-zt be

the residual series., Figure 8 shows the plots of the original and

.

Z. series.
+ eries

It is readily seen that the sample autocorrelation of the

s

Y, series are all nonsignificant. Also, a white noise test

applied to this residual series gives the results shown in Figure

9, Hence we may conclude that the Y, series is white noise, with

a constant spectrum,

6. FINAL REMARKS

In this paper several tests for detecting periodicities were
applied to the rainfall series at Fortaleza in Brazil with the
purpose of testing for the presence of unknown periodic terms.
All the tests, except one, detected two significant harmonic

terms with frequencies 2n/26.2 and 2%/13,.1.

The evidence given in this paper and by other workers seems
to sugpgest that the hypothesis that the series has a continuous

(uniform) spectrum should be rejected and a mixed spectrum model
is more appropriate for it.

But, as we have emphasized before, care should be taken in
drawing definite conclusions. As we gather more observations, .

further analyses could be carried out and eventually other

suspected periodicities, such as the one corresponding to 65
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years, might be confirmed.

A suggested model for the series is given by (5.2), where Yt
is a white noise procesé. We also fitted an autoregressive

process to the data, using both the Yule-Walker and Bu;g's method
for estimating the coefficients and the FPE criterion of Akaike
ta determiné'the order of the model. In both cases a fourth-order
model was obtained. The corresponding (maximum entropy or auto-
regressive) spectral estimates did not detect any harmonic term.

To resolve the periodicities of 13.1 and 26.2 years, a much
higher order (of about T/2) was necessary.
The statistical model presented predicts a long period (1980

~-1985) of below average precipitation annual means. This, so far,

is in fair agreement with the recent reports on the drought of
the area.

The agreement draws attention to the periods of 13 and 26
years, pointed out in the analysis, and to their physical

explanation. This has long been a matter of
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concern, and many causes have been suggested to explain

occurrence of the drought in the norteast area of Brazil.

try to relate it to solar activity, others try to find

possible connection with the occurrence of the "E1 Nifio" on

coast of Peru (Caviedes, 1973). The 13 years cycle may be

result of a slightly out of phasing between the annual and

quasi-biannual period oscillations of the trade winds of

South Atlantic (Reiter, 1979).
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Recent nreliminary analyses of the mean sea level, made by

the authors at the port of San Francisco, USA, show a neriodicity

of 12.4 years, among others. The evidence so far gathered seens

to indicate that there is a great deal of oceanic causation in

defining the 13 years periodicity of the Fortaleza rainfall. But

certainly large amounts of data, not yet available, must be
collected on several oceanographic, meteorological and
hydrological time series, before definite conclusions can be
drawn.
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APPENDIX A: The Rainfali Series, 1849 - 1979

'Year Rainfall Year Rainfall .Year Rainfall Year Rainfall

1849 2001 1882 1246 1915 530 1948 1384
1850 852 1883 1508 1916 1328 1049 1881
1851 1806 1884 1047 1917 2077 1950 1114
1852 1356 1885 1307 1918 1319 1951 . 747
1853 1233 1886 1399 1919 656 1952 1378
1854 1950 1887 1320 1920 1847 1953 1068
1855 1273 1888 736 1921 2496 1954 1032
1856 1770 1889 784 1922 1595 1985 1152
1857 1734 1890 1534 1923 1513 1956 806
1858 1457 1891 1077 1924 1847 1957 1225
1859 1357 1892 1211 1925 1137 1958 504
1860 1716 1893 1430 1926 1571 1959 1483
1861 1445 1894 2505 1927 1195 1960 1011
1862 1468 1895 2491 1928 995 1961 1737
1863 1452 1896 2144 1929 1230 1962 1258
1864 1098 1897 1839 1930 1107 1963 2102
1865 1238 1898 863 1931 1133 1964 2428
1866 2478 1899 2414 1932 879 1965 1630
1867 832 1900 940 1933 937 1966 1288
1868 1289 1901 1545 1934 18838 1967 1839
1869 1470 1902 8§78 1935 1661 1968 1385
1870 1628 1903 789 1936 820 1969 1805
1871 1459 1904 . 1136 1937 1313 1970 1192
1872 2256 1905 1189 1938 1586 1971 2039
1873 2058 1906 1430 1939 1911 1972 1299
1874 1487 1907 697 1940 1447 1973 2331
1875 1581 1908 834 1941. 916 1974 2512
1876 1569 1909 1015 1942 780 1975 1778
1877 468 1910 2051 1943 1042 1076 1417
1878 503 1911 1373 1944 1090 1977 1941
1879 597 1912 2446 1945 1750 1978 1752
1880 1539 1913 1905 1946 1724 1979 996
1881 1423 1914 1512 1947 1726

SOURCE: Kantor (1982). The figures are in mm of rainfall
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APPENDIX B

B.1. Teasts for Detecting Penigdicities

Given T observations Xl....,XT of Xt, let

T 2
) -idt
1My = 2| 1 xe™ i (B.1)
T |t=1
be the peniodegram of these values. We shall evaluate (B.1) at

the frequencies A, = 27j/T, j‘ﬂ.l.....[T/Zj, called Fourier
frequencies, and call I§T)= I§?)(kj).

(a) Fishen's Test and an Extension
Fisher's test is used for testing the value of the largest

peak in the periodogram. The model (3.2) is assumed for X bhut
t’

Z. is now ass i i
” umed to be white noise. We test HO:Aj=0, for all j,

under the condition that Xt is Gaussian.
Writting I.-{QT); for brevity, Fisher® istic i
7 1=y " Yy, Fisher's g-statistic is given

m

g = max(lj)/jil Ij (B.2)
where m = [T/2]. Fisher (1929) derived (under Hy) the exact
distribution of g, which is given by
Ple>2) * m(1-1)™ (B (1-20 " Lo DK Q)™ (B.3)

where k = [1/z]. Tables of the distribution are given by Fisher

(1929) and Shimshoni (1971).
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1f we reject Hj,, we conclude that there is a periodi¢ity in
‘ ' 4 .}: if this occurs for
X, at the frequency cgrtgsponalng to maX(IJ)

o g - T3 )
j=j* , then this frequency 1S ko 2n3j*/7T.

Whittle (1952) suggests that we may test for the nest
itti he denominator
largest ordinate by omitting the term Ij' from the

of (B.2) and adjust the value of m to m-1.

If we know that Xt has exactly r periodic components, when

H0 is false, then a test based on

(1) o (D) g

: " (B.8)
j=1 ¢

can be used, where I(r) is the r~th largest ordinate. See

Grenander and Rosenblatt (1957) for the distribution of g(r), of

which (B.3) is a special case.
(b) Whittle's Teat

We now return to .the general model (3.2). To test the null

hypothesis H,, we use the statistic

” m o
= max|Y./2n€5i(). .
ey = max15/280)] /5 1yt 0)] (8.5)
and refer to Fisher's g-distribution with m degrees of freedom.

T=|s]|

-1 N ¥ .
If CX(S) = T tzi tht+1s\ is the sample autocovarlance,fY(X)

is the truncated periodogram estimate,

£-1 g
- —ix
fY(l) - L T Cx(s)e R

B.6
21 s=~(L-1) 5e8)



o
P

¢ < T beine the truncation noint.

(c) Hannan's Test

annan (1961) considers the nrohlem of testine if a neriondic
commonent corresnonds fo a jumm in the snectral distribution
function F(A). The null hvnothesis is that © is ahsolutely
continuous, with derivative F(A), a smooth function, and the
alternative hynothesis is that T hag a jumn,

The test statistic is e i :
t statistic is essentiallv o,., excent that o) s

estimated throush g wind
“ha windowed snectye im
“tral estimate FQ(R). of the orn

Falhy om T(T)(N) ;

Y "wlh=a) dn,

I ‘ & =
] (R 73
Here w, (1) ;
5 ( 'S ' i
ey the snectyay ¥indow and v ;. th
s | ) * L€ Truncatia
nder the nul?l hV“OtHOQiS th t | :
, *Sis, ¢ statistic
a, = max[-. STEYRN I ‘
g WLl Sererr gl B T./2n¢s
R 1 37 <7724 4) 3. 8)
. = =] o« ‘ J T

—

! > .] { 3
na:t a 1
b oxn al ] t! > I‘IS“., (1-. i i i
matelv l!(’ } g ST 1 .U!,lo“ WY Bh T 3] Tt 0O
"WT“)T' . i ViSe 17 - 8 M

freedon,

(d) Rantlott's {the grouned neriedogram) Teat

n .
inrtlett Suggested a test for the "NYMOose ofF serarati
: S Senarating
snectral nealts it} 1 b 71 i m»
) ears with narrm hAndw141HS. Civen a saAa le of T obhser
vations 1t wi b nr: 1 1m 551 i \
» 1T will he nractically 1MMossihle tn dwstinguish

b ic j
HITMONIC commonents from neaks in the continuone snectrum, with
( : , Wit}

wi A ¢ lTopce T
'1dths less than 21/T. See Rartlett (1957) and Priestlev (1081)
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Thus we will assume that £, (}) has handwidth P.>27/T. Let

: 9 ® 3 - < AN
k<R, and divide the meriondoeram ordinates 1nto tT/2%! sets, each

containine ¥ ordinates. lLet

LY
o o T.ol2mfa{ds)/] % 1. /27f, ()
SR e je(e=1)k+1 0 703
(2 = 1,2,404, {'!‘/?f; 1»."1') (5.9)
e el

vhere T.,/vav(ki,) = wax’Ti/vav()i): (£-1)v+1<i< Pk
J v ) it -t

Inder Wp, T g has asvmntoticallv the same distribution as

. )

the Fisher's a-statistic with k deareces of freedom. Then «,

-
;’L
mav he annroximated hv
"(}ﬂ = T, JET, (R.10)
LY S N 2.1

and even wvhen f,(}) is unknown the test mav he carried ou

_ ) . (R N i ) T ._

considerino g p as having a ‘1sher distribhution with k deorces
.

»
of freedom., Tt can be shovn that Q£ l can Aiffer considerahblv
b
from g, , and there is not anv systematic wav of choosine k.
\,«. . B P
commromise must bhe achieved hetween mavine ¥ smaller than Bey

and sufficientlv large to retain sufficient deorecs of freedon.

r 1] ‘)
Assuming that we mav usc o, 2+ 1t remains to adjust the
S

sionificance level of the test, T€ n is the level for the

oririnal Tisher's test annlied to ' ordinates. then the

3

annroximate siegnificance level for a test based on OJW) ;

DR B P ' <

Lo
o= oak/lT2N,

3 HS

Then the nrocedure to follavs is: i) choose somevalues of Y-

i1) for each %, test for the significance of the nea¥%s, usine



giB}; usually there will be no need to test all values of ¢ (look
at the pneriodogram); iii) the.critical value for géB% hased on a
significance level a is approximately given by mk/[:'I‘/Z:[=k(1-—g)k":l

using only the first term in (B.3).

(e) Priestley's P(X) Test

The preceding tests have a number of disadvantages, which
are summarized in Priestley (1981, n.625). The P(X) test,
develoned by Priestley (1962a,bh) is not hased on the neriodogram

but on the autocorrelation function of the observed series.

We saw in section 3 that the autocovariance function of the

series X, is given by Yy (s)=vy (s)+v,(s), where Yy (s)+0,as |s|+w,
since Yt has a purely continuous spectrum, and Yz(s) is a

combination of cosine waves with the same frequencies as Zt’ and

therefore y,(s)~0, as [§]e,

Therefore, if some of the Ai are nonnull, the autocovariance

of Xt does not wear off as |[s|+» , and its tail will behave like

a linear combination of cosine waves with the same frequencies as
those of the periodic component.
The P()A) test exnloits this behavior of YY(S), nerforming g,

Fourier analysis of the tail of YX(S)’ Let m be such that
yY(s) #. 0, for |s| > m. To test HO:Aj=0, all j, nroceed as
follows:

(i) comnute ?m(x) and %n(x), estimates of fY(A) using some

spectral window, with truncation points m and n, n > 2m;
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(ii) compute P(1) = ?n(x) - %m(k)’ for A = 2wi/T,

j =0,1,...,[T/2], and nlot P{)A) against x. If Aj #.0, then P())

will have well defined peaks;

(iii) test each neak in oader of freguency; if the first peak
anpears at AO = 2an/T, subdivide the frequency range (0,7) at

intervals 2n/m on both sides of Aﬂ and form

i 1
o] q Q -~ R
3o Gyt g e B2 gy [am/2n] 2 (B.11)

q mon,mt o L
for q=ﬂ,1,...,[T/2] and test whether max(Jq)<un, where ay is the
unper 100a% point of the standard normal, for a given

significance level a. In (R.11), P*(X) = P(A)}/C,(0)

- m-1 2m=1 7
gla) == {2 I ri(s)- I ry(s) )
1. 4w s==m+1 Y g==2m+]

J is chosen so that A, =2wp/T = 2ns/m+6 , for some integer s, and

w .
A o= 2m f v (o) -9 (2 (a) 1 2da (B.12)
' m

In (B.12), m(l)(;) and w(z)(x) are the snectral windows

corresnonding to the truncation points n and m, respectively, If

1 2 .
the Bartlett window is used for W( )and W( ) we ohbhtain
2
A =-2— n—im-{-g........
ny,m 3 3 3n

In the formulae for P*(A) and g(m), Cy (s) denote the sample
autocovariance and samnle autocorrelation functions of Yt’
resnectively;

(v) if max(Jq)>a0, then the peak at AO is judged significant and

the amplitude of the harmonic term at ), is then estimated by
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A> = 87P(Ag)/(n-m)  (n>2m) (B.13)

(vi) the effect of this harmonic comnonent is then removed
Y
comnuting

cos(sin), \ (B.14)

.

A

B} -t

i (s) = ¢ () -

and sti t i
and testing whether there are other harmonic terms, recomputing

- o (1) - .
F(X) using CY ’(s) and eramining its neaks in order of frequency

Tf o is the overall sienificance level, the significance
level for testing the j-th peak in order of freaquency, should bhe

«/j. We continue until no further neaks of P(A) significant,

R.2. A (thite Noise Test

This is not a periodicity peak detector, but it tests if an

ohserved time series can'be regarded as a realization of a white

noise nrocess. Let us denote frequency in cvcles ner unit time

by v and let Vj = {/T., 1f {Zr' g%l i 0y L) are ohservations of a

stochastic nrocess, denote by Fz(v) its spectrum and I(T)(v) the

periodogram.

1€ Zt is white noise, then Fz(v) = 20% , 0 <v g %, and

0, v <0
x 1
F,(v) = ( f,()da = 20,v, I < v < 3
4 0 i Z " Z
RS
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: T : ]

F,(v) 1s the accumulqted gpectrume Slncc.I( ) (v) is an estimatol
)

-1 5 1,(vs) and therefore

1 is T
£ Fz(vj) 18

of f,(v), an estimatoT © ot
j .
c(v:) = I (v)/(T ) (B.15)
) i=1
is an estimatoT of F (v )/O;’ where 8% js an estimatoT of the
accumulated

e Process: (v ) is the (normalized)

variance of th
the graph of C(vj) xvj

neriodogram. For a ¥
(0,0) and

will he chttpred aroun

(n.5,1) -
) from this theoretical line

ions of C(v

y=-SmirnoVv tyne is used.

a test of significa
0g1) for details.

See Jenkins
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POSTSCRIPT

After the papert was completed, we traced A.F. giegel (1980)
in a time series, journal Amerl. gstatist.

Testing for periodicity
a remark by J.K. ord, during the

AssoC.ey 175 345-348 (thanks t°
ITSM in Toronto). We applied the test tO our series and, at the
sq significance 1evel, 3.6, 13 Lad ‘26 JEar? periodicities were
accepted; while, at the 1% 1evel, 13 and 276 years periodicities

were detected.
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