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1. INTRODUCTION 

The series of rainfalls at Fortaleza, Ceara, Brazil has 

been analysed by several authors recently, its importance / 

depending on the fact that it is probahly the longest series 

available for the study of the severe droughts that affect the 

Brazilian North-East. 

The series consists of 131 years of annual data, from 1849 

to 1979. It has heen argued that this series is not appropriate 

for forecasting purposes, since the climate of Fortaleza is 

influenced by the sea and hence is not re~resentative of the 

rcst of the area. This question has heen discussed by Girardi 

and Teixeira (1978) who have shown that there is a great 

similarity belween the behavior of·the rainfall at Fortaleza 

and that at other sites of the region. 

Recent studies as in 'farkham (1974), using "seasonalized" 

annual totals, 1849-1970, concluded that there were thirteen 



and twenty-six year periodicities in the data, and !)rovided 

speculation.as to the causes of these apparent periodicities. ,, 

See also Markham (1967). 

Jones and Kearns (1976) reanalysed the same data and 

concluded that the hypothesis that the series consists of 

statistically independent observatiohs could not he rejected at 

the 101 Level. They based their conclusions on tests of serial 

c:orrelationt estimated spectrum and cumulative r,eri.odogram. 

Girardi and Teixeira (1978) used the same periodicities 

found by Markham to predict a severe drought in the area from 

1978 to 1983. Further:studies ~re those of Almeida et al.(1980) 
l 

and Kantor (1982). This last author used the method of maximum 

entropy (Burg, 1975) to produce forecasts for the series. 

In this paper we will provide a careful analysis of the 

rairifall series in'order to find if the data sunports the 

existence of periodicities. A mixed-spectrum anaJ.ysis will be 

carried out and several tests will be used to detect the 

presence of harmonic terms. 

In sectioh 2 we present the data and some preliminary 

remarks. In section 3 we describe the statistical time series 

methodology we will use. The analysis of the series is performed 

in section 4 and a tentative model is discussed in section s. We 

conclude the paper with some further co~ments. 

2. TI{E DATA AND PRELIMINARY REMARKS 

The observations are given in Appendix A and their plot is 
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.presented in Figure 1. From a visual ins~ection of hoth. it is 

not e asy to detect noticeahle "r r end and ,..,eriodical patterns. The 

s amp Le me an is 1425mm, the s arnn Le v a r ianc e 230, S2mm
2 

while the 

minimum and maximum va Lue s are 468mm (1877) and 2512mm (1974) 

respectively. 

The climate of the region may be classified as semi-arid 

and the corresponding drought may be termed seasonal, occurring 

when the Inter-Tro~ical Convergence Zone (ITCZ) docs not move up 

to the rePion in the neriod Februarv-Anril. u . . . 

During the period considered (1849-1979) major droughts 

occurred in 1877-1879, 1888-1889, 1898, 1900, 1903-1904, 1907- 

1908, 1915, 1919, 1932, 1936, 1951, 1953, 1958. 

766 

51.U 
400 

FIGURE 1: The Rainfall Series, 1849-1979 

The least squares line for the raw data is 

xt = 1390.3 + n.537 (t-1849) 



~hich would indicate a very small nositive trend; but ~his is not 

statistically significant, as can also he seen using other trend 

tests (Cox and Stuart tes, for exarnnle; see Conover, 1971,p.130). 

Fi8ure 2 shows the· nlot of the autocorrelation furiction. and 

the periodogram of the data is given in Figure 3. The first 

sample autocorrelation is r1 - n.24 (significant at 5\ level); 

this shows that there is a low vear-to-year denendence. The 

remaining values tend to oscillate and do not show a definite 

neriodical nattern. 

•0..1[>0 ., .. 
. (! ,.,~ 
,, ~1' 

.-~. 

FIGURE 2: Au t oc.o r r el ati on Func t i on of the Rainfall se r i.e s 

The periodogram contains several neaks, the more nrominent 

heing those corresponding to 65, 26, 13, 4.8 and 3.6 years. The 

irnificance of these neaks will he 2iscussed in section 4. 
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3. A MIXED SPECTRUM ANALYSIS FOR rnn RAINFALL SERIES 

The conclusions dr awn by .Ion e s and Kearns (1976), bas e d on a 

shorter series, suggest that the (me~n-corrected) rainfall at For 

taleza hehaves like a white noise series, with a constant 

spectrum. If the series contains periodicities, its·snectrum 

would have a mixed form; that is. neaks (corresnonding to the 

periodical components) will emerge from a continous spectrum.Then 

a model that seems adequate to descrihe the series may by 

develoned as follows. 

Denote by Xt' t=l,2, ••• ,T, the ohservations of a discrete 

parameter, zero mean, stationary ~rocess, with a mixed spectrun~ 

This means that the spectral distrihution function F(A) of the 

nrocess Xt' t=O, ±1,±2, .•• may by written 

F(A) = f (A) ·t- F.(A) ' c d 
(3.1) 

where Fc (the continuous component) is ahsolutely continuous 

F~(\) = F(~) is the spectral density function, while Fd (the 

discrete comnonent) is a ster, function with jumps r,1, •.• ,r,3 at 

frequencies A
1

, •••• ~3• It follows that Xt can be written 

and 

where Yt and Zt are uncorrelated ~rocesses, Yt corresponding to 

the continuous part of the snectrum and Zt to the <liscrete part. 

Further: 
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FIGURE 3: Periodogram of the Rainfall Series 

i) Yt is a linear nrocess, that is, 

y = 
t r, 81 e: t-k k=O < 

(3. 3) 

where Et is a white noise series, with mean zero, variance 
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00 

r k!Bk!<oo. Let· Yy(k) denot~ the autocovariance function of yt 
k=O 
and 

1 f (),.) = y T7f (3.4) 

00 

i ts spe c t r a I densi ty function, assuming that r: hy (k) I <ai; 
k=-oo 

ii) Zt is a process of the form 

J 
z = r A. cos(A.t + •!) 
t J=l J J J ( 3. S) 

where Aj' Aj are unknown constants, j=l, .•• iJ. and ~j are 

independent, identically distributed, rectangular random 

var iah les on [-ir, n] • If 'Y Z (k) is the autocovari ance of Zt, then 

": (k) = 1 J ,. IJ 

- j =I 
A~ co s (A .k) 
J J 

and Yx(k) = Yy(k) + Yz(k). The {Aj, jffll, .•• ,J) forms the 

discrete (or line) sne c t rum of xt· and fy P,) the continuous 

spectrum. 

(3.6) 

A mixed spectrum analysis of Xt consists of: 

i) estimating the arnplitudes Aj and the frequencies Aj' in order 

to ohtain the discrete s~ectrum of Xt; 

ii) es t Imat Ing the continuous spe c t rum fy (A) of Xt. 

It follows that the first step in the analysis is to test 

for the nresence of neriodical components, i.e •• to test the null 

hypothesis that A.=O, for all j. If we find that there are J 
J 
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:>eriodical components, we est:imate the Aj' Aj and remove the 

contrib11tion of these. comnonents from Xt; after this is done, the 
... 

spe c t rum fy ().) is estimated from the residuals Xt-Zt, using 

standard techniques of -spectrum estimation. 

Several tests are available for testing the existence of 

neriodic comnonents in a set of data. These tests were not ' .. 

considered by the previous outhors who dealt with the rainfall 

series. 

We decided to anply all the tests below since we are not 

aware of any study comparing their powers for finite samples. 

a) An extension of Fisher's g-test (Fisher, 1929, Whittle,1952) 

b) WhittJ.e•s test (Whittle, 1952); 

c) H annan' s test (H annan , 1961) ; 

d) Rartlett's test (Bart~ett, 1955); 

e) Priestley's P(A) test (Priestley, 1962a,b). 

A comparision of the asymptotic powers of the Whittle's 

test, the grouped periodogram test and the P(A) test was given hy 

Priestley (1962b). We also used a white noise test based on the 

cumulative periodogram GJenkins and Watts, 1968). 

In Appendix B we briefly describe these tests. 

4. ANALYSIS OF THE RAINFALL SERIES 

The tests mentioned in section 3 (and described in Appendix 

B) were applied to the data. Unless otherwise stated we shall 



·assume for all tests an overall si.r:nificance 1evel -x= 0.05. 

(a) Ex..te.n-&i.ovr. 06 FL&heJt t-0 Te.6-t 

we used the sup,gestion of Whittle (1952) (s ee Al"J-pendix E) • 

The value of g(l) is o.i36, and form= 65 we ohtain the critical 

1 0 0961 Therefore, the n .. eak corresnondin~ .... to 13.1 years 
va ue • . . • 

is 

sir:nificant. 

Annlyinr the test to the secon<l largest ordinate. correcting 

the denominator of (R.2), we ohserve g(Z) = n.1012. Since, for 

m = 64, the critical value is 0.0984, we accept the presence of a 

neriodical component with period 131/5 = 26.2 years. 

For the third J.argest ordinate we ohtaing g(
3
) = 0.0623, 

which is not significant and we reject a neriodicity of 

131/36 = 3.64 years. 

(h) Whlttle'4 TeAt 

The larr,;est ~eriodop;ram ordinate occurs at j = 10 (the 

frequency is x
10 

= 2'lT x 10/131 ~ -rr/6), with P.:w = O .145, which is 

si~nificant (the critical value is 0.0964). Therefore, we accept 

a neriodical comnonent with neriod of 13.1 years. 

Po r the second larr;est (j=S), f!:,,.r=0.092, which is g re a t e r 

than the critical value 0.0699 and we conclude that a 26.2 year 

neriodicitv is ~resent. 
I ' ~ ; 

For the third largest, Rw = 0.056, which is not sirnificant 

(0.061 is the critical value), and we reject the existence of 

harMonic term with period 3.64 years. 

a 
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(c) Ba~tlett'a Teat 

Let us choose k=4, 5, 7, 10, 20. The corresponding values of 

g~:i are given in Tahle 1, for some v a l ue s of l... For the 5°1, signi_ 

ficance level, the crit.ical va l ue s are given hy O.OSk/!'T/2! = 

= k(l-g)k-l and these are also shown in Table 1. We see that the 

only significant value is that for k=4 and R.=3, corresponding to 

the period of 13.1 years. We recall that taking k small is the 

b 
. d . t. f · (R) only way to o ta1n a goo approx1rna 10n o gk,l' using gk,l. On 

the other hand, we do not expect to get segnificant results for 

large values of k, since this imnlies that we are assuming that 

the spectrum fy P.) is a:nproximately constant ove r a broad band ~f 

frequencies. 

TABLE 1: Values of g(B) and g ' k, l 

t 1 2 3 9 
k 

g 

4 .5904 .6670 .9267* .7417 .~084 

s .5478 .762S .4276 .8335 

7 .4421 .6748 .6973 

10 .4115 .2528 .5492 

20 .2983 .1724 .3143 

(d) Hannan'a Te&t 

For the largest ordinate, we ohtaing gH=0.145 , which is 

signifi~ant against the critical value 0.13135, and the harmonic 

with period 13.1 is accepted. Testing for the second largest 

ordinate, we get gH=0.092, which is greater than the tabled value 
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Next, in order of frequency, we test the neak at -~=lOw/131 / 

and ohtain J
2
=2.603, which is,.significant (ct0=2.58, corres-rondin~ 

to i• 0,005) an~ we accent a harMnnic co~nonent with period 26.2 

years. 
:Removinrr, the contrihution of this si?,nificant harn.onic term 

at the frequency i
1 

= lOw/131, we ohtain the new ~ranh of P(A), 

,.1
1
h:ich we call P' (A) (Fi~ure 5). This has neaks at 

frecpi.encies 

2011/131 and 72n/131, and testing again in o rde r o f fren,uency we 

find that the neak at ~=20~/131 is significant, since J2=3.026 

is r:reater than the critical value o:0=2.71. Hence we acccnt a 

reri.odicity of 13.1 years. 
Removing a~ain the contribution of this coMnonent we get 

P' 'p,) cr~i r;ure 6) with 

p'(,-! 
040 

033 

0.<'6 

0.19 

0.12 

0099 · ~ 

\ 
.0.01,1 

-0.003 

-0.19 

-0.22 
,. t' 

-C.29 
Y:1 GHRE S: 1iranh of P' P) for the Rninra11 Se r i .. e s 
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peaks at the frequencies 46n/131, 5411'/131, 661r/131 and 72,r/131 

For )..•46,r/131 we find.J
4
•0.810, which 1s not significant and 

therefore we reject a periodicity of 5.7 years. The remaining 

peaks are not significant. 

(f) The Whi.te. Noi~e res e 
The use of the test described in section B.2 of Appendix B 

on the rainf all data g ave the r e su L t shown in Figure 7. It 

differs from the one obtained by Jones and Kearns (1976), since 

in the present case the series cannot be taken as white noise. 

The only difference in the calculation is that the present series 

has 10 years of data points more than the series used by them. 

This suggests that even other periods could eventually be added 

to the set of signi.ficant periodicities, as more years of 

observations allow them to come up from the overall background 

continuous spectrum. 

The results of the applicati~n of the several tests are 

summarized in Table 2, and seem to indicate that the 13.l and 

26. 2 years periodici.ties are pr e serrt in the da ta , since four out 

of the five tests detected them both, while all the tests 

detected the 13.1 year periodicity. Therefore, we shall proceed 

to estlblish a model for the series. 



P(XJ 

0.'10 f 
033 t 
026 

0.19 

.()19 

-O.t2 

-0.2'.l 

PTGURE 6: Granh of P1 1 p,) for the Rainfall <e r ie s 

TABLE 2: Summary of the a11nlication of the te5ts 

Test Periods or remarks 

Ext. r.isher 13. 1. 26.2 years 

Whittle 13. 1 • 26.2 years 

Bartlett 13.l ve ar s 

Hannan 13.l. 26.2 years 

Priestley 13.1. 26.2 years 

·1.,1hi te Noise series is not wh i te woise 
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5. /\ ~fODEL FOR THE RAINFALL SERIES 

From the considerations in sect:i.on 4 we shall t.ry two 
-· harmonic terms for the rainfall series: one with frequency 

X
1
=10TT/131=0,2398 and t~e other with frequency X2s:20ir/1_31=0.4796, 

corres~onding to the periods of 26.2 an<l 13.1 years_respectively. 

Therefor~, we can write (3.5)~ with J=2, as 

( S. 1) 

1.0 

0.8 

0.6 

0.4 

0.2 

C(vn) 

0.05 0.10 
20.0 10.0 

0.20 

5.0 

Q.30 

3.3 

0.50 v n (cpyj 
2.0 Tn (yeors) 

FIGlJRE 7: 'lormalized Accumulated Pe r Io dog r am for the Rainfall 
Series, with Theoretical and Confidence Lines 

and least squares estimates of Ai and $1(i=1;2) andµ are given / 

hy 
, .•. 
/\ 1 .,~- 202.5mm, = 1149 l. 
... 
Az - 255.6mm = 1269 2 
... 

'{ 1424-. 8mm, fJ - -· 



respectively. Thus we can 'write the model for Xt as: 

Xt=1424~8+202.S cos(0.2398t+l~99)+2SS.6 cos(0.4796t+2.20)+Yt(S.2) 

. where Y t has a continuous spectrum. 
... ... .. 

Le t zt be the estimated harmon Lc polynomial and Y t•Xt-Zt be 

the residual series. Figure 8 shows the plots of the original and 
... 
Z series. t 

It is readily seen that the sample autocorrelation of the 
.,.. 
Y series are.all nonsignificant. Alsot a white noise test 
t 

app li.ed to this residual se r ie s g i ve s the r esu l t s shown. in Fi.gu r e 

9. Hence we may conclude that the Yt series is white noise, with 

a constant spectrum. 

6~ FINAL REMARKS 

In this paper several tests for detecting periodicities were 
' 

app li.ed to the rainf;all ser i.es at Fortaleza in Br az iI with the 

purpos e of testing for. the pr e sence of unknown pe r i odd c terrns. 

All the tests, except one. detect~d two significant harmonic 

terms with frequencies 21r/26.2 and 21r/13.l. 

Th~ evidence given in this paper and by other workers seems 

to suggest t.hat the hypot.he s i s t hat the se r i.e s has a cont inuous 

(unifor:m) spectrum should be rejected and a mixed spectrum model 

is more appropriate,for it. 

Bui~ as we have emphasized before, care should be taken in 

drawing definite conclusions. As we gather more observations, 

further analyses could be carried out and eventually other 

suspected periodicities, such as the one corresponding to 65 
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years. might be confirmed. 

A sugge-sted model for t.he series is gi ven by (S. 2) , where Y t 
- 

is a white noise process. We also fitted an autoregressive 

process to the data, u~ing both the Yule-Walker and Burg's method 

for estimating the coefficients and the FPE criteri<ln of Akaike 

t.wvdetermine the order of the mode1. In both cases a fourth-order 

model was obtained. The corresponding (maximum entropy or auto­ 

regressive) spectral estimates did not detect any harmonic term. 
·- 

To resolve the periodicities of 13.1 and 26.2 years, a much 

htgher order (of about ,T/2) was necessary. 

The statistical model presented predicts a long period (1980 

-1985) of below average precipi tation. annua l means. This, so f a r , 

is in fair agreement with the recent reports on the droug~t of 

the area. 

The agreement draws attention to the periods of 13 and 26 

years, pointed out in the analysis, and to their physical 

explanation. This has long been a·matter of 

20:50 
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.. - ~ }: C\I I"> <l') J'- ,., m - 
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·. : ' '·. .. : I. . .. 
\,, ., :I 
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~ 
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., J 

VEAIW 

,,oo 
FIGURE 8: Original Series (Solid Curve) and Fitted Zt {Dotted 

Curve) 
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concern, and many causes have bee11 suggested to expl:ain the 

occurrence of the drought in the norteast area of Br-azil. Some 

try to relate it to solar activity, others try to find a 

possible connection with the occurrence of the "El Nifio" on the 

coast of Peru (Caviedes, 1973). The 13 years cycle ~ay be a 

result of a slightly out of phasing between the annual and the 

quasi-biannual period oscillations of the trade winds of the 

South Atlantic (Reiter, 1979). 

•, 0.05 OJO 020 0.30 0.50 -v n (cpy) 

\2®' ··,a:c s:o ~3 2.0 Tn (yeors) 

FIGURE 9: Normalized Accumulated Periodog-ram for the Residual 

Series, with Theoretical and Confidence Lines 
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Recent nreliminary analyses of the mean sea level, made by 

the authors at the port of San Francisco, USA, show a periodicity 

of 12.4 years, among others. The evidence so far gathered seems 

to indicate that there is a great deal of oceRnic causation 1n 

defining the 13 years periodicity of the Fortaleza rainfall. But 

certainly large amounts of data, not yet available, must be 

collected on severRl oceanographic, meteorological and 

hydrological time series, before definite conclusions can be 

drawn. 
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' 1979 APPENDIX ~4.: The Rainfall Seri.es. 1849 - 
......... 

Year Rainfall Year Rainfall .Ye ar Rainfall Ye.ar Rainfall 
...... - .. ,,,---·· -· 

·--· I 

1849 2001 1882 1246 1915 s:rn 1948 1384 

lBSO 852 1883 1508 1916 1328 1949 1881 

1851 1806 1884 1047 1917 2077 1950 1114- 

1852 1356 1885 1307 1918 1~519 1951 747 

1853 1233 1886 1399 1919 656 1952 1378 

1854 1950 1887 1320 1920 1847 1953 1068 

18SS 12 7 :~ 1888 736 1921 2496 1954 10.32 

1856 1770 1889 784 1922 1595 1955 1152 

1857 1734 1890 1534 1923 1513 1956 806 

l8S8 1457 1891 1077 1924 1847 1957 1225 

18S9 1357 1892 1211 1925 1137 1958 504 

1860 1716 1893 1430 1926 1571 1959 1493 

1861 1445 1894 2505 1927 1195 1960 1011 

1862 1468 1895 2491 1928 995 1961 1737 

1863 1452 1896 2144 1929 1230 1962 1258 

1864 1098 1897 1839 1930 1107 1963 2102 

186S 1238 1898 863 1931 1133 1964 2428 

1866 2478 1899 2414 1932 879 1965 1630 

1867 832 1900 940 1933 937 1966 1288 

1868 1289 1901 1545 1934 1888 1967 1839 

1869 1470 1902 878 19::ss 1661 1968 1385 

1870 1628 1903 789 1936 820 1969 1805 

1871 1459 1904 1136 1937 ;p1:1 1970 1192 

1872 2256 1905 1189 1938 1586 1971 2039 
1873 2058 1906 1430 1939 1911 1972 1299 

1874 1487 1907 697 1940 144 7 1973 2331 

1875 1581 1908 834 1941 916 1974 2512 

1876 1569 1909 1015 1942 780 1975 1778 

1877 468 1910 20S1 l 94~S 1042 1976 1417 

1878 503 1911 1373 1944 1090 1977 194-1 

1879 597 1912 2446 1945 1750 1978 1752 

1880 1539 1913 1905 1946 1724 1979 996 

1881 1423 1914 1512 194·7 1726 - 
SOURCE: Ka.ntor (1982). The figures are in mm of rainfall 
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APPENDIX B 

B.I. Te6t4 60~ Vetecting Pe4iqdici~iea. 

Given T ohservations x1 •••• iXT of Xt• let 

' l2 2 T -i>.t 
l (T) (>-) = --1 t X,.e 
X T tzl ~ 

(B. 1) 

be the pe~iadag~am of these values. We shall evaluate (B.1) 

the frequencias Xj ""2nj/T, j=0,1, ••• ,[T/2], called Pour i.e r 

d 11 I'J(_T) = IX(T) ('j)• frequencies. an ca - I\ 

at 

Fisher's test is used for testing the value of the largest 

peak in. the per:i.odogram. The model (3.2) is assumed for Xt, but 

Zt is now asiumed to be white noise. We test H0:Aj=O. for all j. 

under the condition that ,xt is Gaussian. 

(T}. 
Writting I.•l~ · for brevity, Fisher's g-statistic is given 

J J ' 
by 

Tl\ 
g = rnax(I.)/ r I. 

J j 11tl J 
(B. 2) 

whe r e m = [T/2]. Fi.sher (1929) derived (under H0) the .exac t 

distribution of g, which is given by 

. ( . . · m-1 m, ·· - . m-1 · ( l·)k-1(· k ')m""l P g> z) = m (l-z) - (2) (l-Zz) -t· .... + "". " 1'1' ~~ , (B. 3) 

where k • [i/z]. Tables of the distribution are given by Fisher 

(1929) and Shimshoni (1971). 
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If we re j ect Ho, we conclucle that there :i.s a pe:riodiq:ity in 

Xt at the frequency corresponaing to mix(Ij): if this occurs for 
.. 

j,,,,j1, then this frequency is ;i..0"" 2-rrj'/T. 

Whittle (1952) suggests that we may test for the neii 
largest ordinate by omitting the term Ij, from the denominator 

of (B.2) and adjust the value of m to m-1. 

If we know that Xt has exactly r periodic components, when 

H0 is false, then a test based on 

m 
E 

j=l 
I. 
J 

(B. 4) 

can be used, where I(r) is the r-th largest ordinate. See 

Grena.nder and Rosenblatt (1957) for the distribut:i.on of g(r), of 

which (R.3) is a sn. eciP.l c · 1J ase. 

(b) Wh-l:ttle.'.6 Te-6t 

We now return to the general model (3.2). To test the null 

hypothesis H0, we use the statistit 

(B. S) 

and refer to Fisher's g-distribution with m degrees of freedom. 

T-\s! 
t X X I I is the s amp le autoco · · 2- ( t= I t t+ S \f ·. var i ance t Iy A) 

is the truncated periodogram estimate, 

- 1 fy ().) = 
2rr 

l-1 . 
r. · -1Xs CX(s) e . 

s•-(.f.-1) 
(B. 6) 



') 7 t.. ,,) 

.e < T beinr- the trnncat10:1 noint. 

( c) /fonnan '6 Te.~:t 

! 1 arm an (1 n61) . l t' nr"l1J<--.m of to s tino if ;1 nc r io d i c con s 1 c 0rs ne ,., -· -·· · · ·· 

t he sne c t r al d i s t r i hu t i on corro onen t co r r e s no n cls to n j um» i n 

t l . ,· c_, t 1), ·-1t r: i s n~~ s (J 1 u t e 1 y func t i ori r.p,). The nu1J 1:,not.H~s1.s , 

continuous, wit h dcrivntive f(>.), a s111oot.1'. +unct·i. n , n-na t'·1~ 
a lt e rria tive '.wnothes.i.s is t1· n t r. hns n jumn, 

The t e s t stati.sti.c j s essentiAll;t Psw, xc !It th&t ·v C,) ·, 
esti,,,ated th roue,h n Winclowed sne ~trai e~H~1~tt1 f~ n) 

1 

of 

thri 

f ·:1 ,, 
~ I It 

,, o i n t . 1J n~ c r ti, e n u l 1 h vn o t i, e s i s , t 11 e 
statistic 

snectrnl ~-·in<lot,r an d '1 is. t hc 
- , truncation 

l,.. -r J"1 

.C!q:::: max T ./2-rrf\~CA.) // 1. rT ./"J·,+*(·\ )-/ 
, .- _ .l , J . • / ·1 ·- • v . 11 • 

.J · -· .l "'1 - · ' J ~· (B. A) 

freerlom. 

v a t i o n s , i t h' i l J h e n r ;1 c t i c ;i 11 v :i nm o s s i b 1 (' t (') d i s t i n _r, u i s h 

hnn"lonic comnon~nts from ry0:1l.:·~ i n the continuo11s ~ne:ctrum, 1·:ith 

,, \ d t h s l e s s th a n 2 n/ T • S c e r a r t l c t t ( l Q S 7) a n ,I Pr i e s tl e y (l 0 81 ) . 



'\' h ,.l. i d t ! 'o ,'l-cr/'T' l.e t Thu s .·.11 .-,c_·,·.·,1n1e r h a t .f (>--, t1.rlS .an~('•Jl _1 'r-"--,•, 1. i.e . \llS ,-:e W1. "·'·" .. ·· · n· ·y .. , _ 

t<P,f an d d ivi d e trie neriodo0raJ'll o r d in at e s i n to IT/2kl s e ts , e a c h 

containin(? \ ordinates. I.e t 

,,,: f 
. ~ , . 

f.1: 
T ;,'l"[-r {'>- )/ · r. l./2·<;:fvP-) w- ., . ' , .. ' 'y· .. ·) ' . ,1 J 
J · · J=(i-l)k+1 

( .
r,··· = ~7 1·T / '>-:\, 1· - l ") r 1 , ··" ., ,.. . . , t . .:. 

·- .J 

( R. 9) 

vhe r e T.J:.1Trv_(> .. 1,1 ""'1r-axfT./2n\,(\.): 
J ' .. :, ' _1 

f -f -1) l'. + 1 < i < f ~( 
,. -· - 

mav he annroximatcd hv 

- r.,/IT. 
I - l . J . 

(1L l n) 

(P,) 
0 . 
:· 1,, p 

. ' 

·. , •' 

n . f' 
and s uf f i cien t l v 'J3r1:e to r c ta i.n s u f fi c i crit c1r-;,"recs of frPcdcrn. 

(n, 
u s c ('f. ·) "t 
•, I , : , '·" f, l .: 

. ' ' 
r em a in s t o :1 c\ j u s t t 1\ e 

1. C'.\' c 1 rnr 8 test hascd on n (B) ! s 
' \ ' 1! 
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'B) 
.g~~~; usually there will he no need to test all values of l (look 

at the pe r i odog r am) : iii) the, critical va l ue for g~Rl b as e d on a 
t 

s i.g n i.f ic an ce level a. is approximately given by ak/[T/2]=k(l-g)k-l 

using only the first term in (B.3). 

(e) P~ie~tiey'~ P(~l Te~t 

The preceding tests have a nurnher of disadvantages, which 

are summarized in Priestley (1981, n.625). The P(~) test, 

developed hy Priestley (1962a,h) is not hased on the periodograrn 

but on the autocorrelation function of the observed series. 

We saw in section 3 that the autocovariance function of the , 

s e r i.e s Xt is g i ven hy Yx(s)=yy(s)+y2(s), whe re Yy(s)+O,as [s l+», 

since Yt has a purely continuous spectrum, and Yz(s) is a 

comhination of cosine waves with the same fre~uencies as Zt• and 

therefore y2(s)-+O, as ls! ... 00• 

Therefore, if some of the Aj are nonnull, the autocovariance 

of x does not we a r off as f s r +00, , and its tail will behave like t 
a linear combination of cosine waves with the same frequencies as 

those of the neriodic comnonent. . . ~- 

The P(A) test exnloits this behavior of Yx(s). nerforming a 

Fourier analysis of the tail of Yx(s). Let m be such that 

Yy(s) ~. 0, for !si > m. To test H0:Aj=O, all j, proceed as 

follows: - .., 
(i) comput e fm U) and fn 0), estimates of fy 0.) using some 

spectral window, with truncation points m and n, n> 2m; 
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- (ii) compute P(A) = fnP,) - fm()..). for A= 2-rrj/T, 

j= O,l, ••• ,fT/21", and n l o t P{\) a ga i n s t L If/\. -i 0, then P(A.) 
J 

will have well defined peaks; 

(iii) test each neak in o~de~ 06 6kequency; if the first peak 

a~nears at A.0 = 2w~/T, suhdivide th f ( . e _requency range O,n) at 

intervals 2n/~ on hoth sides of A0 an<l form 

for q=O,l, ... ,['r/2] and test whe t he r max(.Jq)<et0, where a0 is the 

unper 1noa\ noint of the standard normal, for a given 

s i.nn i f i c ance level a. In (B.11), P*().) = P().)/Cy(O) 

... 
R (a) = 1 m-1 2 2m-l 2 -

4
7T { 2 r r (s)- r ry(s)} 

s=-m+l Y s=-2rn+l · 

(13. 11) 

J is chosen so that \0 =2rrp/T = 2ns/rn+6 , for some integer s,and 

(B.12) 

In (R .12) • w (1) (>,) and W ( Z) (A) are the sne c t r a l windows 

corresnonding to the truncation points n and m, respectively. If 

the Rartlett window is useri for W(l)and roCZ) we ohtain 

A n cm 
2 = 
3 

4 2 2 
n--3m+-- 3n 

In the formu1ae for P* (A) and g (n) , Cy (s) denote the s amp l.e 

autocovariance and sarnnle autocorrelation functions of Y , 
. t 

resnectivcly; 

(v) if max(Jq)>a0, then the peak at \0 is judged significant and 

the arnnlitude of the h a rmon ic term at :>..0 is then e s t ina t ed hy 
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.. 2 
A0 = 8wP(~0)/(n-m) (n>2m) (B.13) 

(vi) the effect of this harmo~ic com~onent is then removed. 

comnuting 

(B.14) 

~nd test:i.ng whether there are other harmon.ic terms, recomputing 

P(').) . (1) _ us lTI.)Z Cy · ·· (s) and exam in i ng :i t s ne aks in o rder of frequency 

Tf a js the ovcrall significance level, the significance 

level for testing the j-th neak in order of frequency, should be 

a/j. We continue until no further neaks of P(A) significant. 

This is not a periodicity peak detector, hut it tests if an 

ohserved time series can'be regarded as a realization of a white 

noise nrocess. Let us denote frequency in cycles ner unit time 

hv v and let v. = J"/T. If {Zt• t•l, .•• ,T} are ohservations of a • J . ' 
stochastic process, denote by Fz(v) its spectrum and I(T) (v) the 

periodogram. 

If Zt is white noise, then f2(v) 
0 < \) 

1 
< z"• and 

0, v < 0 

Fz (v) (\)fz(et)da ? 2 n < < 1 
= = .,az \) \) 2 J n 2 1 

(j z • \) > I - 
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P z ( v) is the 1 t d t S · I (T) ( ) . accumu a e snec rum- 1nce v. 

of f ( . -1 j z,v), an estimator of r-2(v.) is T r. Iz(\>.) ' J i== 1 
1 

is an estimator 

and therefore 

(B. 15) 

is an estimator of Fz("J)/o}, ~er• af is an estimator of the 

variance of t he nrocess. C (v.) is the (norma li z c d) accumulated 
J 

neriodogram. for a dite noise process, tb• graph of c(v-) xv- 
J J 

will b e scattered around the lin• nassing through (O, O) and 

c(v .) == 
J 

(O.S,1). To judge the deviations of C("} from this tbeoretical line 

a test of significance of the Kolmogorov-Smirnov tyne is 

used. 

See Jenkin• and >)atts (1968) and PriestleY (1981) for details. 
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POSTSCRIPT 
After the papar wa• completed, we craced A.F. Siegel (1980) 

Testing for periodiclty ln a cim• series, ;!_ournal Amer. Statist. 

Assoe., 75, 345-348 (thanks to a remark by J.K. Ord, during the 

ITSM ln Toronto). Ue applied the test to our series and, at the 

5% significance 1evel, 3,6, 13 and 26 years periodiciti•• were 

accepted; whil•, at the lZ levei, 13 and 26 years periodicities 

were detected. 
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