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Abstract We study the hydrodynamic limit of a stochastic system of neurons whose inter-
actions are given by Kac Potentials that mimic chemical and electrical synapses and leak
currents. The system consists of ¢~ neurons embedded in [0, 1)?, each spiking randomly
according to a point process with rate depending on both its membrane potential and position.
When neuron i spikes, its membrane potential is reset to O while the membrane potential of
J is increased by a positive value e2a(i, j), if i influences j. Furthermore, between consec-
utive spikes, the system follows a deterministic motion due both to electrical synapses and
leak currents. The electrical synapses are involved in the synchronization of the membrane
potentials of the neurons, while the leak currents inhibit the activity of all neurons, attracting
simultaneously their membrane potentials to 0. We show that the empirical distribution of
the membrane potentials converges, as € vanishes, to a probability density p;(u, r) which is
proved to obey a nonlinear PDE of Hyperbolic type.
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1 Introduction

In this paper we present a stochastic process which describes a population of spatially struc-
tured interacting neurons. Our aim is to study the hydrodynamical limit of such process and
characterize its limit law as well. Despite of its own interest in mathematics, the analysis
of hydrodynamical behavior of neuronal systems is an important issue in neurobiology. For
instance, the most common imaging techniques, including EEG and fMRI, do not measure
individual neuron activity but rather a resulting effect driven by interactions of large sub-
populations of neurons. Thus, the rigorous mathematical modeling of EEG and fMRI data
requires a collective description (a “macroscopic equation”) derived from many interacting
neurons (“large microscopic systems”), a typical setting of study on hydrodynamical limits
of stochastic particle systems.

In anutshell, neurons are electrically excitable cells whose activity consist in sudden peaks,
called action potentials and often referred to as spikes. More specifically, spikes are short-
lasting electrical pulses in the membrane potential of the cell and the higher the membrane
potential the higher the probability of a spike to occur. Thus, it is quite natural to assume
that the generating mechanism of spikes is given by a point process in which the spiking
rate of a given neuron depends on its membrane potential. In this paper, we work under that
assumption and additionally, assume that the membrane potential evolves under the effect of
chemical and electrical synapses, and leak currents.

Electrical synapses are due to so-called gap-junction channels between neurons which
induce a constant sharing of potential. The unique aspect of electrical synapses is their
reciprocity. This means they are neither excitatory nor inhibitory but rather synchronizer.
For each pair of neurons (i, j), we modulate this synchronizing strength by b(i, j), where
(i, j) — b(i, j) is a nonnegative symmetric function. For instance, if N is the size of
the set of neurons and b(i, j) = N~' fori # j and b(i,i) = 0, the electrical synapses
would push the membrane potential of each neuron to the average membrane potential of
the system. In the general case, the membrane potential of each neuron is also attracted to
a mean value, although this value may vary for each neuron depending on the shape of the
function b(i, j).

In contrast with electrical synapses, chemical synapses are point events which can be
described as follows. Each neuron i with membrane potential U spikes randomly at rate
¢(U, i), where U — ¢ (U, i) is a non decreasing function, positive at U > 0 and vanishing
at 0. This last assumption implies the absence of external stimuli. When neuron i spikes, its
membrane potential is immediately reset to a resting potential 0. Simultaneously, the neurons
which are influenced by neuron i receive an additional positive value to their membrane
potential. Specifically, the membrane potential of neuron j is increased by the value a(i, j)
in each spike of 7, if the latter influences the former. The positiveness of the function (i, j) —
a(i, j) means that all chemical synapses are of the excitatory type.

Additionally to the synapses, neurons loose potential to the environment along time due
to leakage channels which pushes down the membrane potential of each neuron toward the
resting state. This constant outgoing flow of potential is referred to, in the neurobiological
literature, as leak currents. For an account on these subjects we refer the reader to [9].

Our model is inspired by the ones introduced in [3,5,7]. For a critical readers guide to
these papers—together with the one in [6]—we refer to [8]. Our model is also an example of
piecewise deterministic Markov processes introduced in 1984 by Davis in [2]. Such processes
combine random jump events, in our case due to the chemical synapses, with deterministic
continuous evolutions, in our case due both to electrical synapses and leak currents. The
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piecewise deterministic Markov processes have been used also to model neuronal systems
by other authors, see for instance the papers [3,5,6,11,14].

In the study of Hydrodynamic limits a mean-field type assumption is quite frequent.
This means that a(i, j) = b(i, j) = N~' for any pair of neurons (i, j), with N being
the size of the population of neurons. For recent neuromathematical models adopting the
mean-field assumption see, among others, the models in [3,6]. However, a more realistic
description should incorporate the mutual distance among neurons. In order to achieve such
accurate description, we use Kac potentials ideas and techniques developed for such potentials
in statistical mechanics. In our context, this means that the functions a(i, j) and b(i, j)
considered here are quite general but are scaled by factor N~!, if N stands for the size
of the set of neurons. For an account on hydrodynamic limits and Kac potentials we refer
respectively to [4-10] and [13].

To the best of our knowledge, it is the first time that stochastic modeling of spatially
structured neuronal networks whose occurrences of spikes are described by Poisson processes
has been addressed. Most of the mathematical models of neuronal system taking into account
also spatial locations have been done with Brownian random components, see for instance
[15].

For each ¢ > 0, the set of neurons is denoted by A, = (Z)* N[0, 1)? and the state of our
system at time ¢ > 0 is specified by U@ () = (Ufs) (t),i e A8>, with Ui(g) (t) € Ry. For

each neuroni € A, and time t > 0, Ul@ (#) represents the membrane potential of neuron i
at time ¢. Our main result, Theorem 2, shows that the empirical distribution of the membrane
potentials converges, as ¢ — 0, to a law having, at each time 7, p; (4, r)dudr as a probability
density. This means that, in the limit, for any set C C [0, 113, interval I C R4 and timet > 0,
f 7 f ¢ Pt (u, r)dudr is the limit fraction of neurons located in C whose membrane potentials
are inside of / at time ¢. This limit density p;(u, r) is the unique solution of a nonlinear PDE
of hyperbolic type.

The strategy for proving this theorem can be described in the following way. We identify
the process with its empirical distribution and, as a first step, we show that the sequence of
laws of the empirical distributions is tight. Once tightness is proven, we identify the limiting
law as supported by the solutions of the PDE by a coupling argument. Specifically, we first
approximate the true process by a discrete space and time family of processes ¥ (¢:%-6.E.7)
for which the analysis of the Hydrodynamic limit is somehow easier. Once established the
convergence to ¥ ®-4£.7) we obtain the result by taking 8, £, E, T — 0. A similar approach
was recently used in [3], however, in the present work, we generalize their approach to the
case of spatially structured interacting neurons. Finally, we show the solutions of the PDE
are unique to get full convergence.

We organize this paper is the following way. In Sect. 2, we introduce our model and state
the mains results, namely, Theorems 1, 2 and 3. In addition, at the end of the section, we
argue that it is possible to work, without lost of generality, under a stronger condition on
the spiking rate ¢. In Sect. 3, we prove Theorem 1 under this stronger condition. In Sect. 4,
we show tightness for the sequence of laws of the empirical distributions. In Sect. 5, we
define the family of auxiliary processes as well as the coupling algorithm for the true and
auxiliary processes. Moreover, we state Theorem 4 which claims that the auxiliary and true
processes are close to each other. Its proof is postponed to Appendix 1. In Sect. 6, we state
the hydrodynamic limit for the auxiliary process whose proof is given in the Appendix 3. In
Sect. 7, we conclude the proofs of Theorems 2 and 3. In the Appendix 4, we prove our results
for general firing rates ¢.
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Fig. 1 The e-mesh A, of the set A
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2 Model Definition and Main Results

Foreache > 0,let A, = (¢Z)2N[0, 1)% be a e-mesh of the set [0, 1)2. The set A, represents
the set of neurons and its size is [A, | = £ 2, see Fig. 1. We consider a continuous time Markov
process (U(E) (t))s=0 taking values in Rf. Foreacht > 0 and neuroni € A,, Ui(g) () models
the membrane potential of neuron i at time ¢. The global configuration at time ¢ > 0 is
denoted by

U@ 1) = UP @), i € Ag).

As usual in the theory of Markov processes, the dynamics of the processes is given through
the infinitesimal generator £. We assume that the action of £ on any smooth test function
f: Rﬁ” — R, is given by

L) =D i DIf W+ Aiw) — f@)]

i€
_ Z zi]: (u)[omi + &2 Z bG, j)(ui — uj)], 2.1)
iehg ! Jehe

where for alli € Ag, the function A; : Rﬁg — Rﬁ” is defined by

e2a(i, j), if j #1i
—Ui, ifj =i

3

(Aj(m); = [

with a : [0, 1)% x [0, 1)? > R being a Lipschitz continuous function such that a(r, r) = 0
forallr € [0, )2, wisa nonnegative parameter, b : [0, D2 x[0,1)? — R4 is a symmetric
Lipschitz continuous function also satisfying b(r, r) = 0 for all r € [0, 1)2, and

Assumption 1 ¢ € C'(R, x [0, 1)2, R,) is increasing in the first variable such that for all
rel0,1)% ¢0,r) =0.

The first term in (2.1) depicts how the chemical synapses are incorporated in our model.
A neuron i with potential u spikes at rate ¢ (u, 7). Intuitively this means that for any initial
configuration u € Ris of the membrane potentials

PU(#) =u+ Aj(uw) | UQO) =u) = @(u;, i)t +o(t), ast — 0.
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Thus, the function ¢ (-, i) is called firing or spiking rate of the neuron i. Notice that under such
assumption neurons may have different spike rates, i.e, the function ¢ (-, i) may be different
from ¢(-, j). The function a(-, -), appearing in the definition of A;(-), mimics the chemical
synapses. The value £2a(i, j) corresponds to the energy added to the membrane potential of
neuron j when neuron i spikes.

The second term in (2.1) represents both electrical synapses and leak currents. They
describe the deterministic time evolution of the system between two consecutive spikes.
More specifically, if there are no spikes in an interval of time [a, b], the membrane potential
of each neuron i € A, obeys the following ordinary differential equation

d ), _ ©) 2 R ) ©)
ZUY 0 = U () - g\: b(z,])[Ul. (0 — U (z)]. 2.2)

The function b(-, -) incorporates the action of the gap-junction channels. The value £2b(i, j)
corresponds the synchronization strength between the neurons i and j. Notice also that the
first term of the right-hand side of (2.2) pushes the membrane potential of neuron i to the
resting state 0, so that we interpret « as the rate in which the membrane potential of each
neuron decreases due to leak channels.

Defining )LES) =g? 2 jen, b(, j) and b(, j) = (Al@))flb(i, Jj), automatically i — Al@
and (i, j) — 15(1', J) are Lipschitz continuous functions, g2 ZjeAg 15([, j) = 1 and we can
rewrite the ODE (2.2) as

d 3
EUES) (1) = —aUP @) =2 [UF (1) = TP )],

where foreachr > Oandi € Ag,

U0 =2 > b, HUY ).

JENe

We call Ufg) (t) the local average potential of the neuron i at time 7. Thus, the second term

of both ODE’s is, in fact, pushing with rate Afs) the membrane potential of neuron i to an
average value which depends on i itself.

We shall study a simpler situation in which all rates Afs) —and consequently the function
(i, j) = b(i, j)—do not change with ¢, keeping all other properties. In this way, hereafter
we shall assume that there exist functions A : [0, 1)2 +— Ry and b : [0, 1)2 x [0, 1)? > Ry
satisfying:

(1) A is Lipschitz continuous;
(ii) b is Lipschitz continuous such that for each i € Ag, &2 Z/eAg b, j) =1,
(iii) Between consecutive spikes the membrane potential of each neuroni € A, obeys

%U,@ (1) = —aUP (1) = 1(UF (1) = TF (1)), 2.3)

where foreachz > 0 and i € A, [_Jfg) (1) = &2 ZjeAg b(i, j)U;S)(t).

For notational convenience we shall write, for any r € [0, 1)2, A, instead of A(r).

For each ¢ > 0, the existence and uniqueness of the solution of (2.3) is simple, since it
is a finite system of linear differential equations. For each t > 0, the unique solution, with
value u € Rf:" at 0, is given by W, (1) = e¢4’u, where A is a symmetric matrix whose entries
depend on «, &2, b and A:

@ Springer



1168 A. Duarte et al.

e2hibi, j), ifi # j

—a—2, ifi=j " 24)

A= (Aij:i,]€Ne) Aij= [

In the result below, Theorem 1, we prove the existence and uniqueness of the process described
above and provide an uniform control on the maximal membrane potential of the system.
The proof of Theorem 1 is omitted here since it is analogous, modulo a small modification of
the notation, to the proof of Theorem 1 given in [3]. In what follows, for any vector u € R s

[lu|| = max{u;}.
€A,
With this notation, the maximum membrane potential at time 7 is U@ (1)]].

Theorem 1 Assume the function ¢ satisfies the Assumption 1.

(i) Givene > 0andu € Ris, there exists a unique strong Markov process U®) (1) taking
values in R_?f starting from u whose generator is given by (2.1).
(i1) Let Pu(a) be the probability law under which the initial condition of the process U@ @)

isUGW0) =u e Rﬁ* Then for any R > 0 and T > O there exists a constant C >
such that

iy o2
sup P sup [UF()]] < €] = 1= erem, @.5)
u:|ul| <R t<T
where c1 and c; are suitable positive constants. All the constants C, c1 and ¢y do not
depend on ¢.

We now focus on the hydrodynamic limit of the process (U®(¢)),>0. We suppose that for
all ¢ > 0 the following assumption holds.

Assumption 2 There exists a smooth function ¥ : Ry x [0, )2 — R, fulfilling the
conditions:

(i) Foreach r € [0, 1)2, ¥(-, ) is a probability density on R whose support is [0, Ro];
(i) Yo(-.7r) > 0on [0, Rop);
(iii) (Ul.(g) (0)) . is a sequence of independent random variables, Ul.(g) (0) being distributed
IAS

&

according to Yo (u, i)du.
Remark 1 The above assumption can be weakened. Indeed, all proofs work under the assump-
tion in which items (i) and (ii) are replaced by (i") and (ii") where

(") For each r € [0, 1), ¥o(-, r) is a probability density on R, with compact support
[0, Ro(r)]; Yo (-, r) > 0 on [0, Ro(r)).
(i) There exits a positive parameter Ro such that

sup Ro(r) < Ry < oo.
re(0,1]2

Since the state space of the process changes with ¢, it is convenient to identify our process
u® (t)):>0 as an element of a suitable space which is independent of ¢. The identification
is achieved through the map

Ae
RY 5 U@ (1) > puP =€ Z S(Uf*”(z),i)'

i€A,

@ Springer



Hydrodynamic Limit for Spatially Structured Interacting Neurons 1169

In this way we identify our process with the element ¢ uﬁg) of the Skorohod space
DRy, S’), where S is the Schwartz space of all smooth functions ¢ : Ry x [0, 1)2 — R,
and S the dual space of S. The associated element Mfg) has the nice biological interpretation
of being the empirical distribution of the membrane potential of the neurons at time .

For any fixed T > 0, we denote the restriction of the process to [0, 7] by [,LFS?T] which

belongs to the space D([O, T, S/). We write P[(S)T] to denote the law on D ([0, T, S/) of the
processes /LES?T]. Our main result shows that for any positive 7, the sequence of laws ’P[(é )T]
converges, as ¢ — 0, to alaw P[o 7] on D([O, T1, S’) which is supported by a deterministic
trajectory

= (e (u, r)dudr)ieio 71uer ref0,1y? -

The function p; (u, r) is interpreted as the limit density function and is proved to solve the
nonlinear PDE

0 , a[V(u,r, ,
ptg; r) + Vi, r éo,)pt(u )] =—o,r)ps(u,r), t>0,u>0andr € [0, 1)2,
u

(2.6)

where V (u, r, p;) = —au — Ar(u — us(r)) + p;(r), where for eacht > 0 and r € [0, 12,

o0
s (r) :/ / ub(r, r")p; (u, r'Ydudr', p(r)
0,12 Jo

o0
=/ / a(r’',ryew, ") p:(u, r'dudr’ 2.7
[0,H2.Jo

arerespectively the limit average potential and the limit value added to the membrane potential
of the neurons near to the position r.
The boundary conditions of (2.6) are specified by

po(u,r) =You,r), p(0,r) =v(t,r), (2.8)

where o (u, r) is given, while v(t, r) has to be derived together with (2.6). From our analysis
we deduce that

q:(r)
Al (r) + pe(r)’

where ¢, (r) is the proportion of neurons close to position  spiking at time ¢, i.e,

v(t,r) = 2.9)

qt(r):/o o(u, r)p(u, r)du.

The expression of v(¢, r) in (2.9) comes from conservation of mass in the following sense.
The function V (u, r, p;) may be interpreted as the limit velocity field, so that the proportion
of neurons close to location r which are moving away from the membrane potentials around
0 at time t is exactly V (0, r, p;) p; (0, r). On the other hand, the proportion of neurons close
to r spiking at t (these neurons will have potential very close to 0) is precisely g;(r). The
conservation of mass holds once we set V (0, r, p;) 0/ (0, r) = ¢g;(r) which implies Eq. (2.9).

Since we may have (0, r) # v(0, r),i.e, ¥o(0, r) # W)qoi(r) the function p; (u, r)

(r)+po(r)’
may not be continuous, so that we need a weak formulation of (2.6).

Definition 1 A real-valued function Ry x Ry x [0, D23 (t,u,r) — pi(u,r) is said to
be a weak solution of (2.6-2.8), if for all real-valued smooth functions u + f(u) and each
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r € [0, 1)2, the real-valued function Ry o1t fooo f@)ps(u, r)du is continuous in t,
differentiable in ¢ > 0 and

a oo oo
E/() f(u)pl(uvr)du_A f/(u)v(uara pl)pt(uar)du_f(o)v(ov r, pt)v(t7 r)

= —/0 @, r) f)p;(u, rydu,

(2.10)
/Of(u)po(u,r)dMZ/o S @) o(u, r)du,

where V (u, r, p;) = —uae — Ar(u — us(r)) + p;(r), with u,(r) and p;(r) as in (2.7).

The solution of (2.10) can be computed explicitly by the method of characteristics. Char-
acteristics are curves along which the PDE reduces to an ODE. They are defined by the
equation

dx(t,r) _v
dt - (x(t5r)vr7pl)'

2.11)

The solution of (2.11) on the interval [s, ¢], with value u at s is denoted by T ; (u, r), u € R4.
Its explicit expression is given by:

t
Ty (u,r) = e @FAE=9)y 4 / e~ @D () + pr(r)1dh.

S
The statement of our main theorem is the following.

Theorem 2 Under Assumptions 1 and 2, for any fixed T > 0,
7’[(5,)71 = Po.ry in D([0,T1, ') as e — 0,

where P(o, 1] is the law on D([O, T1,S ) supported by the distribution-valued trajectory w;
given by

wi (@) 2/ / ¢, r)pi(u, rydudr, te€[0,T],
(0,12 Jo

forall p € S. The function p;(u, r) is the unique weak solution of (2.6-2.8) with vo = o and
vy given by (2.9). Furthermore, p;(u, r) is continuous in R4 x R4 [0, 1?2 \(, To,:(0,7),7):

(t,r) € Ry x [0, 1)2}, where it is also differentiable in t and u and its derivative satisfy
(2.6). Moreover, for anyt > 0 and r € [0, D2, pi(u, r) has compact support in u and

_ qr(r) o .
e (0,1) = 7)»,[1,(;’) o and /0 or(u, rydu = 1.

The explicit expression of the solution p;(u, r) for (¢t,u,r) withu > Ty (0, r), is:

t
p,(u,r):wo(Tojtl(u,r),r)exp[—/0 [<p(TSj,1(u,r),r)—a—A,]ds], (2.12)

and for (t, u, r) such that u = T ;(0, r) for some 0 < s <1,

. qs(r) !
p,(u,r)_mexp[—/s [¢ (T,1 (0, r),r)—a—/\,]dh]. (2.13)
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Theorem 3 Assume Assumptions 1 and 2. If additionally for all r € [0, 1)2,

qo(r)

0, =P
Y001 = 30 + o)

where qo(r) = /Oo o, r)Yo(u, rydu
0
and

uo(r) = / / ub(r, ¥ Yo (u, r)dudr’,
[0,1)2 0

Po(r) = / / a(r', e, r)Yo(u, r)dudr’,
[0,1)2 0

then p;(u, r) is a continuous in the whole space Ry x Ry x [0, 2.

The estimate in (2.5) provided by Theorem 1 implies that with probability going to 1
as ¢ — 0 all the membrane potentials are uniformly bounded in the time interval [0, T].
Therefore, we are allowed to change the values of the spiking rate ¢ for those values of
membrane potentials not reached by the system of neurons. In doing this we can suppose
without lost of generality that the function ¢ satisfies the following stronger condition.

Assumption 3 ¢ € C' (R4 x [0, 12, R ) is non-decreasing, Lipschitz continuous, bounded
and constant for all u > ug for some ug > 0. We denote by ¢* = ||¢||co the sup norm of ¢.

The argument above is given precisely at the end of the Appendix 4.

3 Boundedness of the Membrane Potentials

Hereafter, we work under Assumption 3. Exploiting such assumption we are able to prove a
result stronger than in Theorem 1. Its proof is analogous to the proof of Proposition 1 in [3],
so that we omit it here.

Proposition 1 Let ¢ be any function satisfying Assumption 3.

(i) Givene > Q0andu € Rff there exists a unique strong Markov process U'®) () taking

values in R?_E starting from u whose generator is given by (2.1).
(ii) Let N©)(t) be the total number of spikes in the time interval [0, t). For any t > 0, it
holds

NO@) < NO(t) stochastically,

where N® (t) is the total number of events in the time interval [0, t] of a Poisson process
with rate e =2 ¢*.

(iii) For any given T > 0, it holds that

sup [[US ()| < [US 0] + a*e* N (T),
t<T

where a* = ||a||~o. In particular, there exist positive constants ¢| and ¢y such that for
any ¢ > 0 and U® (0):

P(g)

| SR IV O] < VOO +2a° T 2 1= ™7 G
t<T

The constants ¢ and ¢ do not depend on ¢.
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4 Tightness of the Sequence of Laws ’P[(g )T]

In this section we shall prove the tightness of the sequence ’P[(g )T] under Assumption 3. This
is the first step to prove Theorem 2. Although the proof of the tightness is similar to the one
provided in [3], we decide to keep it here for the sake of completeness.

Proposition 2 Assume Assumption 3. Assume also that U®) (0) = u'® satisfies the Assump-
tion 2. Then the sequence of laws P[(S?T] oquf)?T] is tight in D([O, Tl, S’).

Proof Indeed, for any test function ¢ € S and all ¢ € [0, T'], we write

w @) =6 > ¢ ). ).

ieAe

By [12], we have only to check tightness of ,ul(g) ($),t€[0,T] € D([O, T], R) for any fixed
¢ € S. For that sake, we shall use a tightness criterion provided by Theorem 2.6.2 of [4].
The criterion requires the existence of a positive constant ¢ such that

2 2
sup E[y,(s)] <c, sup [0,(8)] <c, 4.1

t<T t<T
where y* and o i i
v, ~and o, ~ are respectively given by
v =Ll @), 0/ = Ll @O - 20 @) LI @),
being L the generator given by (2.1). In order to show (4.1), we compute yt(a) . By its definition,
7 =233 oW, ) [0 (U0 +e2al 0.) = U 0), )]
Joi#j
+62 > o0, ) [#0, ) — U ), )]
J
—ae? D" ¢' U0, HUL (1) = &2 D" ¢' U (), a0 1) = TP ().
J J

From simple calculations we deduce, from the expression above, that

y? =6t D> U 1), N’ (U (1), Da(. i) + 62D U (1), (0, )

Joi#E] j

—e2 > U @0). U @), j) —ae? > ¢’ (), HUY @)
J j

—&2 > ¢ U @), U0 - T 0]+ 0%,
J

with
0% =& > o(U @), )

Joi#]

x[@ (U0 + el .i) = U @), 1) = e2a(. D@ UL (00,1 |
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Now, Assumption 3 implies that ¢ is bounded and since ¢, ¢, ¢”, a, A are also bounded, we
have that there is a positive constant ¢ so that

(&) 2 (&) 2 7(e) (e)
P <c1+e ;Uj ) +¢ ;Uj ) §c(1+2t51511T)||U 0ll)-

By Assumption 2 and Proposition 1, it follows that for a positive constant ¢ not depending
2
on g, sup, 7 E[y,(g)] <c.

We now turn to the proof of (4.1) for o,(s). For that sake, we write £ = Lfire + L+2),
where Lfie¢ and Ly 41)¢ are given respectively by the first and second terms on the right
hand side of (2.1). Notice that L) acts as a “derivative”, so that we have

L[ @1 = 20087 @) Lisn 17 (@)1 = 0.

The equality above is directly verified. Thus, it follows that

0 = Lare[ ! (@)1 — 21117 (¢) Liiee [0 (#)].

Since |2M§£)((I))| < ¢ and we have already proven the bound for Lﬁre[u,@) (¢)1, it remains
only to bound uniformly in # < T and in ¢, the L?%-norm of Lﬁre[ugg) (¢)]2. By definition,

Ll @7 =2* > > oW 0, ) [¢> WU @) + e2a(j. i), DPUS O +e2a(j. k). k)
JoLk#]

—oUP 0, U ), j)] +64 20U 0, Ng? 0, )~ U0,
J

+264 373 W @), N0, N U 0, NIBU 1) +e2a(j, D), D—¢ U @), D)1,
Ji#]

Using the same type of arguments above we can show that the LZ-norm of this term is
bounded uniformly in # € [0, T'] and in &, concluding the proof. A careful analysis in the

signs of the terms above shows that in fact at(s) — 0ase — 0. O

5 The Auxiliary Process and the Coupling Algorithm

In this section we shall define an auxiliary process which we later shall prove that it is close
to the true process as ¢ — 0. This uniform closeness in the limit ¢ — 0 is the content of the
Theorem 4. The proof of this result is based on a coupling algorithm designed so that neurons
in both processes spike together as often as possible. In Sect. 6, we analyse the hydrodynamic
limit for the auxiliary process and in Sect. 7 we provide the proofs of Theorems 2 and 3.

Throughout the section ¢ is kept fixed so that we omit the superscript & from U® (¢) and
all variables involved in the definition of the auxiliary process. Before defining the auxiliary
process we shall introduce three partitions.

Definition 2 (Partition on space) Let £ > 0 be a fixed parameter such that £~ is an integer
number. We then partition the set [0, 1)? into half-open squares of side length &

Ce = {Cimymyy:m1,ma € «z)* n o, 1)2}, Comyomy) = [m1,my +£) x [ma, my + £).
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Fig. 2 The red dots represent the
centers of each half-open square (0,_1_)_ o _1}&: _____ (_1,1)
Cy, with length £ (Color figure JERERE ENENETE SN,
online) e oot oo et eoe
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Since we shall not use the form chosen for the elements of Cy, we take any enumeration of
the set (£Z)% N [0, 1)% and assume that

For each square C,,, we denote by iy, its center.

Definition 3 (Partition on time) Let § and t be positive numbers such that § is divisible by
7. We partition the interval [0, §) into intervals of length t:

Je={n:h=1,...8T", Jy=[6 —ht,6 — (h— Dr).

Let us explain the role of the partitions C,; and J; in the definition of the auxiliary process.
The auxiliary process is denoted by ¥ ®-4£.79) (18) (the parameter E will appear below) and
is defined at discrete times nd, n € N. Its definition is such that neurons in the square C,,,
having potential U > 0, spike with a constant rate ¢ (U, i;,) in the time interval [n§, (n+1)§).
Thus, neurons in same the square spike according to the same spiking rate u +— @ (u, i,).
Moreover, in the same interval, all firing events after thefirst one are suppressed (Fig. 2).

The configuration of ¥ ®-¢-£:7) js ypdated at every time interval [n(S , (n+ 1)8). Neurons
in a common square have the same updating rule, so that we need to specify it in each
square for a single neuron. For that sake, denote by Yl.:‘j’z’E’r)(nS) the average potential
attributed to neuron i, in the auxiliary process at time n§ and take i € C,,. Conditionally on
Yif’z’E’t) (n8) = y(im), suppose first that i have not spiked during the interval [n8, (n+1)3).
Then the value of its membrane potential at time (n + 1)§ is obtained by first letting the value
of its current potential evolve, for a time &, under the attraction of y(i,,) and then taking into
account the effect of the spikes in the interval [0, §). If, on the other hand, i have spiked in the
interval Jp, its potential is updated by first setting its current potential to O and then applying
the earlier updating rule during the interval [5 —(h—Dr, 8). This means that the potential
of i is then attracted for a time (h — 1)t by y(i;,) and next the effect of the spikes during
[8 — (h— Dr, 8) is taken into account. Before giving the precise definition of the auxiliary
process, we need to introduce a third partition.

Definition 4 (Partition on the membrane potential at time 0) Let E be a positive real number
which divides Rp. We then partition the interval [0, Ro] into subintervals

Ip ={l:k=1,...,RoE™"}, It =[(k— DE kE).

For each I we denote its center by Ej.
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For each neuron i € A, the value ¥*“#7(0) will be defined by first picking a point in

[0, Ro] according to the probability density ¥o(u, i )du and then redefining it as Ej if the
chosen value belongs to I;.. The precise definition of the auxiliary process is given now.

The definition of the process is done by induction. Initially, we consider the map [0, Rp] >
u > do(u) which assigns g(u) = Ey if u € Iy and we then put

Y2 EED(0) = do(U; (0)), foreach i € Ae. (5.1)

Now suppose that the configuration ¥ &-4£:D(n§) = y = (y;,i € A,) is given and consider
the sequence of independent exponential random variables (£;);ca, which are independent
of anything else, whose rates are ¢(y;, i,,) wheni € C,,. Notice that we keep constant the
spiking intensity of the neurons. We write N (m, h) to denote the number of neurons in C,,
spiking in the interval J, € Jr,

Nm.h) = D Lgen). Jo=[8—ht.s — (h— D), (5.2)
ieCpy
while the contribution, due to spikes of other neurons, to the membrane potential of those
neurons in C,,, which spike in Jj, is given by

072 p—1

Sm.h) =&> D" alip. im) Nm'.5), h=2,....61",

m'=1 s=1

and for h = 1, we set S(m, 1) = 0. Neurons which do not spike in [n§, (n + 1)§) will have
their membrane potentials increased by

072 5!

Sm)=&> D" " alip . in)N(m', h). (5.3)

m'=1 h=1

The average potential of neuron i,, (at time né) is defined by

02
Flim) =€ D" D blim, im)yi-

m'=1i€C,,
Notice that the electrical synaptic strength is constant in each square C,,/. Setting for sim-
plicity y(m) := y (i) and A, := A;,,, we write,
A
D 5y (i) = e @)y T (1 — @) 5m), 0 <t <8, i€ Cp, (5.4)
o+ Ay

for deterministic flow attracting the value y; to y;, , and set

YD (4 1)8) = Bs 5m (i) + S(m), i € Cp, ifE > 6. (5.5)

Hence neurons which did not spike follow the deterministic flow for a time §. Afterwards, we
add to their membrane potentials the value S(m), generated by the spiking of other neurons,
only at the end of the interval [n§, (n + 1)§).

For those neurons which spike in the interval Jj, we set

YOOE D (04 1)8) = Dty 5oy (0) + S(m, h), i € Cp, if& € Ty (5.6)

This is the value of the membrane potential of a neuron initially having potential 0, following
the deterministic flow for the remaining time (2 — 1)t and receiving an additional potential
S(m, h), due to spikes of other neurons in the time interval [8 —(h—Dr, 8).
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Remark 2 Notice that all variables N (m, h), S(m, h), S(m) and y(m) depend also on n. We
shall stress this dependency in the analysis of the hydrodynamic limits for ¥ ®-¢£.7) Sect. 6.

Remark 3 Even though the auxiliary process Y ¢-¢-£-7) is defined in such a way that ¥ &-¢-£.7)
is close to the true process, we could have chosen the distribution of the spiking neurons in
the auxiliary process differently. The choice we have made is convenient, specially in the
analysis of the hydrodynamic limit for ¥ ®-¢£.0)

5.1 Coupling the Auxiliary and True Processes

In this section, we present a coupling algorithm for the two processes (U(nd)),>1 and
(Y(‘S’Z'E'T)(n(S))nzl. The algorithm is designed so that neurons in both processes spike
together as often as possible.

At time 0, it is set, for each i € A, ¥>“®7(0) = do(U;(0)). Then, for n > 0, the
input of the algorithm is the configuration (U(n8), ¥ ®-¢£.7) (»8)) and its output is the new
configuration (U((n+ 1)8), Y &6 E:D ((n 4 1)8)). The following auxiliary variables are used
in the algorithm.

o (u,y) € ]Rf X Rﬁ” representing the configuration of membrane potentials in the two
processes and y(m) = &2 > Diec., bliny, im)yi representing the average membrane
potential of the neuron i,,,. "

e Independent random times Sil, Eiz, & € (0,00),1 € Ag, indicating possible times of
updates.

e g =(gi,i € Ag) € {0, 1}2. The variable g; marks the possible spike of the neuron i in
the auxiliary process.

o B=(Bi,i € Ag) €{0,1,...8t "} ¢. The variable 8; indicates in which subinterval of
length t the neuron i has spiked in the auxiliary process. The condition 8; = 0 means
the neuron i has not spiked.

e L € [0, §] indicates the remaining time after each update of the system.

The deterministic flows follow by the processes U and Y%7 make part of the cou-
pling algorithm. Recall that the deterministic flow of the process Yi(S'Z‘E‘T) is denoted by
D, 5m) (3i), see Eq. (5.4), while the deterministic flow of the U; at time ¢ is \IJ,’,M(u,-) =
(W, ()i = (eMu);, see (2.4) and formulas therein.

The coupling algorithm can be described as follows. Conditionally on random vector
(Uns), YOLED (n8)) = (u, y), we attach to each neuron i two independent random clocks
&' and £7. For i € Cy, &' has intensity @(¥} ,(u;), i) A @(yi,im), while £ intensity
|<p(\11t’" Ui, 1) —(yi, im)|. Random clocks associated to different neurons are independent.
If 51.1 rings first, then the neuron i spikes in both processes and the coupling is successful. On
the other hand, if %}2 rings first, then the neuron i fires only in the process whose membrane
potential of i at time 51.2 — is the largest. Whenever the neuron i fires in the interval Jj, in the
auxiliary process, we set ¢; = 1 and §; = h and disregard other spikes of i in the auxiliary
process. Thus, all other possible spikes of i will be considered in the true process U;. For
this reason we also consider a random clock &; with intensity (p(\IJt{ . (i), i) whose rings will
indicate the next spikes of 7 in the true process. All the random clocks are considered only if
they ring in the interval of time [0, §).

The algorithm is given below.
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Algorithm 1 Coupling algorithm

1: Input: (U(£>(na), Y(S’Z*E*T)(nS))
2: Output: (U<£>((n +1)8), YGLED (n 4 1)3))

3: Initial values: (4, y) < (U(E) (n8), YG-LE.T) (na)), gi < 0and f; < 0, foralli € Ag, L < §
4: while L > 0 do

5: Foreachi € Ag, choose independent random times

i
tu
° 51.2 with intensity |<p(\l’tl’u(u,‘), i) — @(yj,im)| for all neurons in Cyy,

° 5;',-1 with intensity ¢ (Y7 , (u;), i) A ¢(y;i, in) for all neurons in Cy,
e &; with intensity (ﬂ(‘l’;i,u('li), i)

eR=_inf (E'AEHA inf g
ieAg; qi=0 iehg; gi=1

6: if R > L then
Stop situation:
7 Vi <@g 50m)(yi) + S(m), foralli € Ag N Cyy such thatg; =0
8: Vi < Q(B[_l),’y(m)(O) + S(m, B;),foralli € Ag N Cy, suchthat g; =1
9

: u; < \DIL,u(”i)’ L <0
10: elseif R =¢! < L then
1 L<L-R g <1 g <5t —([8]-1)
12: ujp < Ouj < ‘I/{a,u(”j) + &2a(i, j)forall j #i
13: elseif R = £? < L then
14: if (W |, (i), 1) > ¢(yi,im) then

15: L L—R u<0uj < Wh )+eal, ) forall j #i

16: end if

170 if (W ;) i) < ¢(yi,im) then

18: L—L-R, g <1, <5t ' —([X]-1), uj < Wk ) foralli € A
19: end if

20: elseif R =& < L then

2l L L—R uj < 0,uj < W () +&2a(i, j) forall j i
22: end if

23: end while

24: (U ((n + 1)8), YSLED (n + 1)8)) « (u, y)

25: Return (U ((n + 1)8), Y GHED (0 + 1)8))

5.2 Consequences of the Coupling Algorithm

The Theorem 4 is the main result of this section. It states that typically the difference of
the potentials A; (n) = |U; (n8) — ¥>“%™ (n8)| is small (proportionally to 8). In addition,
it claims that the proportion of neurons having large values of A;(n) is also small (again
proportional to §).

Definition 5 A label i € A is called “good at time k4™ if for all n < k the following is true:
(1) Either Eil rings first and &; does not ring on interval [(n — 1)§, né];

(ii) or neither Sil nor 51.2 ring on the interval [(n — 1), nd].

We denote by G, the set of good labels at time né and 5, = A, \ G, the set of bad labels. For
i € G,weset Aj(n) := |U;(nd) — Yi(a’Z’E’T) (né)| so that the maximum distance between the
membrane potential of the true and auxiliary process, for the good labels, is

0, = max{A; k), i € G, ,k <n}.
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We now enunciate Theorem 4. Its proof is postponed to Appendix 1.

Theorem 4 Grant Assumption 3, for any given T > 0, there exist 5o > 0 and a constant C
depending on ||¢||co and on T such that for all § < &y,

6, <CS§ and €2|B,,| < Cé foralln suchthatné <T,

with probability > 1 — c18_le_”2€_254. The constants ¢y and ¢y do not depend on € and §.

For any test function ¢ € S and n > 1, we write

vt @) =& 3 o) ).

i€,

As a by product of Theorem 4, we obtain an upper bound for the L;- distance between the
random variables 1,5 (¢) and vflg’[’E’t)(@, for each test function ¢ € S. This result will be

used, in Sect. 7, in the analysis of the Hydrodynamic for U. Let

T = {te[O,T]:t=n2_qT,n,qu].

Remember that Pf) denotes the law under which the true process U ) (¢) satisfies the condi-
tion U(0) = u. We write IEM(S) to denote the law under which the process Yy @G-LE.71) () gatisfies
Oo(u) = (Do(u;),i € Ag) and write fo) to denote the joint law of the true and auxiliary
processes induced by coupling algorithm provided above. We shall denote the associated
expectations by E L(f) and E ,58), and, by abuse of notation, the joint expectation by fo).

Proposition 3 Taket € 7,5 € {279T, q € N} and let n be such thatt = én and fix ¢ € S.
Then, there exists a constant C, not depending on §, such that

—Ce 284

& W, E,T e
0 [lmi@) = v 9)| = Cligliuip(“—— +3). 5.7)

The proof is given in Appendix 2. Next, in Sect. 6, we study the hydrodynamic limit for
the approximating process and, in Sect. 7, we conclude the proof of Theorems 2 and 3.

6 Hydrodynamic Limit for the Auxiliary Process

In this section, we initially describe the random evolution of the membrane potentials in the
auxiliary process. Next, we define a deterministic version of this evolution taking into account
the average behaviour of the auxiliary process in each time interval [n(S, (n+ 1)8). Beside,
we also consider the random variables which compute the number of neurons of the auxiliary
process in a given square with a given potential and, from the dynamics of these variables,
we define a second deterministic evolution. The main theorem of this section, Theorem 5,
states that both the random potentials and the counting variables become deterministic as
& — 0 and they are described respectively by the first and second deterministic evolutions.
In the remaining of the section these deterministic evolutions will be used to define the
hydrodynamic evolution for the auxiliary processes. When necessary we shall stress the
dependence both on € and n writing ¥ -3-6-£.7) N,EE) (m, h), j,(,s) (m), S,(f) (m, h) and S,(f) (m).
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6.1 Hydrodynamic Evolution of the Auxiliary Process

Throughout the subsection the parameters 8, ¢, E, T are kept fixed, so that we omit the
superscript in all variables considered below. In what follows we work in C,, and doing so
we drop also the dependency on m unless some confusion may arise.

We denote by S,(f) the random set of potentials which the auxiliary process (restricted to
C,,) assume at time n8. By (5.1), we have S(g‘g) = {E((flz :k=1..., RyE~'} where we set

E{’) = Ex. Attime 8, the potential of neurons which spike in the J;, = [§ —ht, 8 —(h—1)7),
independently of their initial membrane potentials, will be a value E }S,)l e £ By (5.6), we
immediately see that

EF) = o

(€) -1
L= (hfl)rw)(m)(O) + 8,7 (m,h), h=1,...,8t7". (6.1)

On the other hand, at time §, the membrane potential of those neurons which initially had

potential E(()Elz and do not spike will be a value E igl)c 4sr-1 € S](S). Recalling (5.5), it is readily
verified that ’

©  _ ©) . o© _ ©
E€) = @8’)_,(()@(,”)(150,,{) +5Om), k=1,....1c¥) (6.2)

where E((f,)( € &. Thus, we may split the elements of the finite set £ 1(5) into two groups. The
first group consists of those potentials satisfying (6.2), reached only by neurons which do
not spike in [0, §). On the other hand, due to spikes of neurons in the interval [0, §) some
potentials are “created” at time §. This leads to the second group of potentials, those satisfying
(6.1). Moreover, the following chain of inequalities holds
_r® (e) (e) (&)
0=E}<...< El.ér*‘ < El,1+61’1 <...< El,RoE*‘+8r*1'
Iterating the argument above, for each né < T', we may also split the elements of the set S,Sa)
into two groups. Those potentials belonging to the first group satisfy

(&) () (&)
ES) g = 050 o (B ) + 500, k=1, 1812,

(&) (&)
where Enil’k eé&

1> While the potentials of the second group satisfy

(&) —1
Eyh = P iye 50,00 @ + S ma ) b =1, 877

From our definitions, we have also that
_ (e (&) (&) ()
0= En’1 <...< En,ér—l < En,1+6r—1 <...< En,RoE—1+n5r—1'

Now, writing

= 5 (6,8,0,E,

e m) = Eflsieog V" 070 1=m <@ ns < T, 6.3)
to denote the expected value of the local average membrane potential YiS’B’K’E’T) at time n4,
we set D((f) = 558) and then recursively define fork =1, ..., |D,(,£,)1 l,

(e) — (&) 7 (€) : (e) (&)
Dy vset = D5 ) (D, )+ Ey(s,r?,K,E,r)(o)[Siga)(m)]’ with D, € D7), (6.4)
(&) ._ (&) _ -1
D,y = ®<h—1>r,effl1(m)(0) + Eyw.f-E.ﬂ(o) [S'(f)(m’ h)]’ h=1...807 (65
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Given Ef,)c e &9 we write n{ (m, k) to denote the number of neurons of ¥ €&4E-) ijn

C,,, with membrane potential E;e}){ at time n6. Finally, we write

8)(m k) = y(é 5.L.E.7) (0) [770 )(m k)]

to denote the expected number of neurons of the ¥ ¢:3-¢-£:) in the square C,, whose potential
at time 0 is E((f,){, and iteratively we set

IO
& m k+ 577" = ¢\ (m, kye™ oD oim), D, €D,

n—1°

(6.6)
andforh =1,...8t7%,

£ m, ) = Zé_(s) (m’k)( ~6=h09 (D, in) _ ~G=h=Dp (D 1,xzm))_ ©.7)

Suppose we have computed the number neurons of ¥ &-3-¢£.7) in C,, . with a given potential
Er(f_)] - Then, the probability of a neuron with such potential does not spike in the interval

®
[0, §) is exactly e =3¢ (2 poim) . Thus, we expect that the number of neurons having potential
Er(f,)( at the next step satisfies
(e) .
1 o, ke + 571 ~ 1€ m, ke (Eiein)
This relation explains (6.6). Similarly, we notice that the expected fraction of those neurons
having potential Eff_)l’k, which spike in the interval J, = [§ — k1, § — (h — 1)7) is precisely

nn(m,k)( ~G=h0e(EY, pin) _ ,~6—t=D0)¢ (L Ikzm))_

Then, summing over k we get the random version of (6.7).
We shall show that the random membrane potentials E (ak are close (proportionally to

e1/2) to the deterministic values D(g) define above. Furthermore, it will be shown that the

collection of counting variables 7, )(m k) are close to the values {,, &) (m, k). Here, close
means again to be proportional to ¢!/2.

Theorem 5 There exist positive constants C, c1 and ¢y, not depending on € such that for all
nwith) <né <T, Er(f,)( € 5,55) and Dr(f,)( € D,(f),

|ES, — DY) < Ce'? &2[n®(m k+ 617" — ¢ (m, k + 617)| < Ee?e!/?
fork=1,...,1&¥ and
ez\nff)(m,h) - c,,f”(m,m] st h=1,... 607",
with probability > 1 — ¢
The proof is given in the Appendix 3.

Remark 4 The constant C, ¢ and ¢, given in the Theorem 5, which does depend on ¢, turns
out to have a bad dependency on the parameters §, £, E and t. However all these parameters

are fixed in this section, so that the Theorem 5 implies that both E r(f,)( and Dr(f,)(, as well as
€20, (m, k) and 2¢, (m, k) are close to each other as ¢ — 0 (keeping 8, ¢, E, t fixed).
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6.2 The Limit Trajectory of the Auxiliary Process

As a consequence of the Theorem 5 we shall prove that the law of v,s converges in the
Hydrodynamic limit to a limit law denote by p'%“* " (u, ) to be defined below. The limit

as ¢ — 0 of Dr(f])c and &, (Dr(f])() will appear in its definition. In what follows we make

explicit the dependence on 8, ¢, E, T writing fo;:s’z’E’r), o EREED o ), e EED (o,

S’(ls,S,Z,E,r)(m) and Sr(ls,S,Z,E,r)(m’ h)
We setforeach 1 <k < RoE 'and 1 <m < €72,

& E T . by = dim 20" 05 o, k), T g = I € T

By Assumption 2 this limit exits and its value is equal to me f I Yo(u, i)du. The value

CO(M’E’T)(m k) has the nice probabilistic meaning of being the limit fraction of neurons,

inside C,,, whose membrane potential is D(e S,LE.7) D(s’[’E’r) = Ej.

The function ,0((S &E, I)(u r) is then obtained by distributing the number &g, (D(‘s LE, T))

uniformly over the rectangle Io x x C, :
(8,L,E.7)
8.L.E, & (m, k)
oD ) =

T, (M,r) S I()’k X Cm. (6.8)

We now give its definition at a general step né. We first compute the limit potentials D(‘S &E.7)

and fokii?l. Taking the limit as ¢ — 0 of in the expressions (6.4) and (6.5), it follows
that
5.0, S.L.E,
D, k+érf)‘ = Dy BLED ) (Dr(z 1k T)) + 500 E D m), (6.9)
S.L.E,
D( T) q)(h be. e(b(Fr)( )(0)+S(5€ Erh)(m)

where for each n > 0, the functions e>“F P (m), s 4ED ) and s4E 5P (m) are
obtained by letting ¢ — 0 :

e’(f,f,E,f)(m) = lim er(lE,S,@,E,T)(m)’
e—0

S}SB’[’E,T) (m) = hm E( y(ed.tE, 1:)(0) [S(E SLED (m)]

S}Ets,l,E,l’,h)(m) _ llm EYilg E r)(o) [S(E O, E, 'L’)(m h)]

We need also to compute the limit as ¢ — 0 of the numbers ;,SE"S*Z'E")(

e — 01n (6.6), it is clear that

m, k). By letting

_s (D(ti,(f.E,'!)’.m)
G EED o, k4577 = G20 E D am ke AT, (6.10)
Similarly, sending ¢ — 0 in (6.7), we have that

8,0,E.1) 8,L,ET)
étg,f,EJ)(m’ h) = § 4-(5 LE, T)(m’ k) (e—(h—l)ffﬂ(Dr(z 11; ’”‘) — e_hw’(Dr(z 11; ’”‘)),
(6.11)

@ Springer



1182 A. Duarte et al.

Now, consider the set of intervals I,(ls,‘f’E’T) = {I,falf’E’T)} where forh = 1,...,8t!,

the intervals are of the form

IIE(S},!K,EJ) _ I:D((S,K,E,r)7 D((S,K,E,r))7

n,h n,h+1
whilefork =1, ..., |D£‘S_’ZI’E’T)|, Irfskﬂfrf), is the interval having center in the value Dl(fkﬂ?;),
whose length satisfies
GLET), _  —(athn)s| O.LE,T)
1L ks =€ 2y et - (6.12)
Finally, we set
(8,0,E,7)
5.0.E, (m, k) 8.0.E,
s BT = P o) e 1T X G, (6.13)
i Eoe
Notice that pg’z’E’r) (u, r) is obtained by distributing the number {,E‘S‘Z‘E‘f) (m, k) uniformly
over the rectangle 1,, x x C,,. Furthermore, for all r € [0, 1)2, the function p,(li’e’E’r)(u, r)is

a probability density on R, i.e,

© GLE
1=/ 85 OB . rydu.
0

As an immediate consequence of the definition of ,or(li’z’E’r) and of Theorem 5,
Corollary 1 (Hydrodynamic limit for the auxiliary process) Lett € T, § € {279T,q € N}
such that t = én for some positive integer n and ¢ € S. Then almost surely, as ¢ — 0,

o0
0@ [ [ e np® e dudr
0,12 Jo

6.3 Convergence of p,(l‘;’l’E’r) as {, E, T — 0 and Its Consequences

We shall next prove that the limit evolution p,g’z’E’r)(u, r) converges as £, E, 7 — 0 to

a function denoted by p,(fs) (u, r). Its explicit expression will be given in the Proposition 4
below. Before going to this proposition, we shall make some considerations which motivate
the definitions of all ingredients involved in the definition of pr(l‘? (u,r).

The convergence of p(()‘s’z’E’T)(u, r) is direct. Indeed, by definition (6.8), we have that

péB’Z’E’T)(u, r) = p(()Z’E)(u, r) and by smoothness of ¥y, defining ,0(()8) (u,r) = Yo(u,r), it
follows

1 (lﬂ ) (6)
1 E =0. 6.14
ém ||,0() Lo [loo = ( )

Now, we set @y’ (r) := limg, g —oey """ (m) and 8p’ (r) := limg g 05157 (m)

where the index m = m(r, £) is such that for each € , r € C,,. Let us compute their explicit
expressions. Recall that IIISS(‘)Z‘E‘I) | = E so that we write Eéb;{) instead of Ey x to stress the
dependence on E. By equality (6.3).

072 RoE~!
8.0.E, .. E), (s,8,0,E,
e 0y =2 DD blim. in) ESR 665 T (m k)
m'=1 k=1
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Hydrodynamic Limit for Spatially Structured Interacting Neurons 1183

so that taking the limit as ¢ — 0, we get from (6.8) that
8,0.E, A E) (8,0,E, E) .
e 0 m) = B bliw . im) ESR 0§ F T (ESR) iw).
m'k

From this last expression and using the uniform convergence in (6.14), we immediately have

il (r) = / / ub(r', r)pd @, r')dudr’. (6.15)
0,1)?
We now derive the expression of (Sp(s) (r). Notice that by definition, see (5.3),
72 RoE™! @
8,L,E, 8.0E, - i
E;E()sé/él’r)(o)[s(a 7—')( ) 2 z Z a(lm/vlm)é'(S T)(mvk)(]_e 5(?(501/{,!,,1 ))
m'=1 k=l
Thus, it follows as before that
€72 RoE~! "
sf”’E’T)(m) — E¢2 Z Z aliyy, im)p(()s.z,E,r) (E(()L?v . )(1 . e*&ﬂ(Eo.k»lm’)).
m'=1 k=1

Therefore, using again (6.14) and then taking £, E — 0 in the above expression, we deduce
that

(5)(}’) hrn sfa A4 E, T)( ) = / / a(r’, r)p(a)(u, (1 — e_‘s‘p(“’r/))dudr/,
[0,1)2
(6.16)

which implies that

_ p=00(u,r")
)(7’) / / a(r’, r)p((s)(u r )(1 e )dudr’.
1)2 8

We now shall deduce the expression of p . Given a pair (u, r), p; )(u r) is interpreted as
the fraction of neurons around position » having potential close to the value u at time §.
Notice that by the considerations above and (6.9), it follows that

5,0, E, 5,0 E, 5,0, E,
Di71+6rz)1 = Cbé (uEr)( )(D( T))—i-sl( T)(m)

= <1>5,e(()s.z.z.f>(m)(Eé’] )+ 5 E D ) - xo(r), as E, £ — 0,

where xo(r) = ai’kr (1 — ¢ 0(atn ))u(a) r) + Sp(‘s)(r). Now, we claim that for (u, r) with
u > xo(r), it holds true that

E s
Egy = -<5>( O @3 RO (1)s as E, £ — 0, (6.17)
(8,0,E,7)

where the index k = k(u, ¢, E) is such that for each £ and E, u € Il PIPENE

again (6.9),

Indeed, using

E — A)8 (8 8,0, E, —1
’E( ) _(5)()(u)+e(“+ ) ()(r)(S‘_ ‘(DB B ED )( ik+5rr)l) o —(5)()( u)

I e(a+kr)6p(()3)(r)8 _ e(a+}\m)8s§5,5,5,f)(m)}_
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1184 A. Duarte et al.

The second term in the right hand side of the inequality above goes to 0, as E, £ — 0, thanks
to (6.16). Now, using that by definition ’u - E;‘iﬁi’?l — 0, as E, £ — 0and (6.15), it is
not difficult to conclude that the first term in the right hand side of the inequality above also
goestoOas E, ¢ — 0.

Now, observe that by Egs. (6.10), (6.12) and (6.13), for (u,r) € Il(skiiﬂ X Cp,s

8,0, E, §,LE,
,0( 'L’)(u ) ( 'L’)( N (EZEI)( )( )

st (EE) i )—an
FEHm OLED () 1y g (G im) —o—n]

where E(()LZ) = D(()b;{) is such that CD;I(MEY,)( )(u) — e‘s("‘“'")sfs’z’E’r)(m) € I(gsléz’E’r). Asa
\ . - )

consequence of this equality and (6.17), we deduce that

~s[¢ (cl:g‘"(a)( )(")*ea(a“’)p(()d)(r)ﬁ,r) .

P, r)=p (‘S)(d>(S l@)( )(u)—ea("‘“f)pé‘s)(r)s,r)e iy ,
foru > xo(r) = ai’/\ (1 — e dlatas ))u(a) r)+ (Sp(a)(r). This formula express the flow of

potentials of those neurons which do not spike in the interval [0, §).

Now, take a pair (u, r) with u < xo(r). Then, for all T and ¢ small enough, we have
u.r) € 15557 x €y where h = h(u,r,¢) and m = m(r, €). By (6.13) and (6.11), it
holds

R()E )(E(E) i )
5 0.k tm) ( _(h—1yroEE iy —htp(EE) i)\ =
o (u, r) = Z I(MEr) ,1(6 i — etk ))T L (6.18)
k=1 Iz
Let us first compute lim; ¢—¢ |Il‘S L, T)|r_1. By definition we have
(8,0,E,7) Am
JOLED -t 0T e,y T 2 D
L (a + Ap) T

§,0,E,t,h+1 8,,E,t,h
(s EETIED Gy g EETD )

T

where, for T small enough, § — ht ~ § — (h — 1)7 is the time a neuron has to spike so that at
time § its membrane potential is in 1(‘S SE From this and (6.15) , we may conclude that

5,0, E,
e(() T)(m))»m —ht(@+Am) (eT(OH_}\m) -1

Y e*to(u,r)(oﬂr)»,)u(é) ),
(@ + Am) T " 0 ()

where 8 — 1t (u, r) is the time in which a neuron at position r has to spike in order to accumulate
up to time ¢ a potential u. It can be proved using similar arguments that in fact, it holds that

- —(8
u = (1 —e fO(M,V)(O("F)\r))ué )(r)
oo
+/ 2/ a(r', N (, r)[e O @MeEr) _ o=8e@ ) qygy.
0,1)=J0

Similarly, we may show that

8,6, E,T,h+1 8,8,E,T,h
(15 0m) — )

~(8
— 50
T

@ Springer



Hydrodynamic Limit for Spatially Structured Interacting Neurons 1185

where the function p; )(r) is given by

N(a) r) = / / ar', e, r )p D!, rye 0o ) gyt gy
[0,1)2
Thus, letting in E, £, T — 0 in (6.18) we deduce that

8
a5 (r)
wii) (r)e=townetin 4 5O’

8
o w,r) =

where u(s) r), p(‘s)(r) and ty(u, r) as above and
(5)(u r) = / (8)(11 (v, r)e 09 gy
0
All considerations we have done above, in fact, may be extended directly to any n§. Thus

we have

Proposition 4 For all n§ <T, there exists the limit of ,o(lS 4E, t)(u, ryas {,E, T — 0.

Moreover; let ,o,i 5) s g (r) and p (r) be functions defined by

P, r) =  Jim pn““)(u,r), (u,r) € Ry x [0, 1)2,

i) (r) = / / ub(r', r)p) (u, rydudr’, (6.19)
[0,1)2
0 —) o
Pps (r) = / 2/ a(r’, r) Pps . rdudr’, (6.20)
0.1)
and then set
Ar _
X (r) = —L— (1 = e @i D ) 4 5p0 (r), r € [0, 1)2. 6.21)
o+ A

Then for all pairs (u, r) satisfying u > x,(r),

S(athy) (5
P(n+1)5(“ r) = Pms) (dD(;, (85)(’)(“) — Sttt )Pr(,a)(")&r)

X eXp [—8[(/) (cb;j_l(?(r) () — @) p @ (s, r) —a— A,” . (6.22)
Now, set for any pair (u, r) such that u < x,(r),

oo
P, r) 2/ / a(r', P, r)p) (v, re @) gygy!
(0,12 Jo

any (1) = / pay (v, )g(v, e~ D gy,
0

where the function t,s(u, r) appearing in the definition ofﬁff? (u,r) and q,(l‘;) (u, r) is defined
through the relation

U = (] _ e*tné(’lqr)(ol‘f’)tr))ﬁfl?(r)

o0
+/ / a(r, 1) p) e B=mowmewr) _ =500 | dudy,
[0,H2Jo
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1186 A. Duarte et al.

Then it follows that for all pairs (u, r) with u < x,(r),

(%)
©®) Qs W, 1)
P (u,r)y = . (6.23)
(n+1)s )\rﬁ’(ﬁg) (r)e—tms(u.r)(@+ir) 4 15,(1? (u,r)
Furthermore, in either cases, for eachr € [0, D2andnd <T,
/0 P (u, rydu = 1. (6.24)

Notice that by (6.22), u > (), |, (u. r) has support [0, Ry 41 (r)], where

Rug1(r) = e 2@ IR (r) + (1 — 2@ ;¥ iy 4 5p%) (r).

+ r

Since p (r) < ¢*a* and ﬁ;? (r) < R, (r) it is straightforward to check that for all n with
nd<T,

R,(r) < R,, 1(r) +¢*a*s < Ry +ndp*a* < Ry + To*a*. (6.25)

Thus the supports of ,0” 5 are all upper bounded by a constant which is uniform for all randn.

An iterative application of (6.22) and the explicit expression of the inverse flow ® _(5>( )( u),
implies that
n
B s
Pl (@) = Dy (H0 D0y 7 TN () — 213 (18] 7)
s=0
n
X exp [_ Z 5¢ (ek(n+1—s)8 Ze(h $)8(at-rr) [Xh r) — 2p(a) (r)(;]’ r)]
s=0 h=s
(6.26)

for all

- X . _
U= 1y (r) = Ze pormsecth) [a (e “"“”)uﬁ?(r)+ap§§)(r)}, (6.27)
s=0 r

being v the initial density and and x,, (r) is defined in (6.21).
The following results will be used in the analysis of the hydrodynamic of the true process.
We first collect some properties of the functions u u (r) and p (r).

Proposition 5 There exist 8§y and a positive constant C depending on ¢*, a*, T, Ro, A* and
o such that for all § < 8o and all n satisfying né < T,

—(8 ) —(3)
Q) 12,15 (r) = i) ()] + 1P 1)5(7) = Bag ()] < €8,

iy 188) — 28 + 18 ) - PN = Clr 7.

Proof We will show only that |u(n s (r)— u (r)| < (4, since all other bounds are likewise
obtained. By definition,

X, (r')
_Efﬁl)‘s(r) —/O 1)2/ ub(r’, r)p(n+1)5(” rdudr’

+ / / ub(r/,r)p(nirl)s(u,r’)dudr’. (6.28)
0,12, ()
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Using (6.22) in the second term in (6.28) and then making change of variables

Slathr) () d s+
_(5)()(14) e’ )Pn{g (r), Ev—e @ ),

the second term in (6.28) becomes
/ 2/ b(r', r)[ 5,29 ¢ )(u) +5p(6)(r)]pn§)(u r )ef‘g‘p(”r)dudr
0.1)

Since p) (r) < p*a* and %) (r) < R,(r) < Ry + T¢*a*, we deduce from (6.28) and the
integral above that there exists a positive constant depending on ¢*, a*, T, Ry, A* and « such
that

®) e ) ®)
|u(n+1)5(r) — U, (r)| < /[0 1)2/0 ub(r’', )Py 1ys U rdudr’' + C8.  (6.29)

Thus, it suffices to show that the integral on the right-hand side of (6.29) is < C§. For that
sake, we first notice that by (6.23), for any pair (u, r) with u < x,(r)

*

4

() *
P (u,r) = =Ci1@,n,r,¢%).
(n D3 min{e=3@ %), e=3¢*} (3,1 (r) + p& (1))
Then, we upper bound the integral in (6.29) by
Ci(6
/ w 2(r Yo(r, r'Ydudr’'. (6.30)
[0 ])2 2

Since C1(8, n, r, *)x,(r) — 1 as § — 0 uniformly in r and n, and x,,(r) < C§, we get the
result from (6.30). ]

Finally, we prove equicontinuity of the function p,(l?. The proof is an immediate conse-

quence of the definition of pig) and the Proposition 5.

Proposition 6 There exists a constant C such that for all § sufficiently small, for any n and
m, withns < T, r € [0, 1),

PO, ) — p® (. r)‘ < Cmax{|u —v|, 8}, foru, v € [0, u}(r))
and

pr3 wr) = p3(v.r)| < Clu—wl, foru,v € [u;(r), 00).

Moreover, for allnd < T and all r,r' € [0, 1)2,
|,0$3)(u, r) — pns)(u N < Clr—7'|, forue [O wr(ry Aug(r )] [ ) Vi), oo),
and foralln§ <T,mé <T,
103, 1) = 02, 1| < Cln—ml8, foru € [0,ul(r) Auly ()] U [ule) v uk,(r), 00).
Furthermore, when vy fulfills the conditions in Theorem 3, we have additionally that

loyg () 4 7) = oy (), )| < €8

and

) )
10w, ry = pw, | < Clr =1, 19 @, r) = o8, )| < Cln —m|s.
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7 Hydrodynamic Limit for the True Process

We shall in the sequel complete the proof of Theorem 2. Given any positive real number T,
recall 7 = [z €[0,T]:t=n2"9T,q,n € N}. For each § =279T, g > 1, we consider
the following function defined on [0, T'] x [0, 1)2 :

8 8
(P = P )

)
By Proposition 5 there exists a constant C > 0 not depending on § such that

(t —né), fornd <t < (n+ 1)8, r € [0, 1)%.

) )
FO0) = p& ) +

IED(r) = FO@) < C(lt — s| + |r — F']), for (t,r) € [0, T] x [0, D% (7.1)

Since (7.1) holds for all § = 279T, it follows from the Arzela-Ascoli Theorem that the
sequence F, ,(8) (r) converges by subsequences in the sup norm to a continuous function which

we denote by p”(r), 1 € [0, T1, r € [0, 1]2. In particular, it follows

. 0 )
lim sup sup sup |p,( )(r) — pr(lé) )| =0. (7.2)
820, c[0,112 n: n8<T re[(n—1)8,n8)

An analogous argument implies that there exists also a continuous function ﬁt(o) (r),t €
[0, T1, 7 € [0, 11* in which

lim sup  sup sup (@) — i) ()] =0. (7.3)
8=0 10,112 n: n8<T re[(n—1)8,n8)

Defining for each ¢ € [0, T], r € [0, 11%:

t t
u;k,o(r)ze—(aﬂr)t(/ Arﬁ§°)(r)e(“+A*)sds+/ pio)(r)e(a—&-k,)sds)’
0 0

it follows from (7.2) and (7.3) that

lim sup sup sup |u;“0(r) — u:f(r)l =0, (7.4)
820, c0,1)2 n: n8<T re[(n—1)8,n8)

where, to stress the dependence on §, we write u:;;;s (r) instead of us(r) defined in (6.27).
In what follow we write ¢ to denote the elements of the form ¢ = 279, with ¢ € N.
By (7.4), for each ¢ there exits §; such that for all § < §; we have the following. For all

r e [0, 1)2 and n such that né < T, if |u:

as u:f (r) — u. By using the Proposition 6 and a Arzela-Ascoli type of argument to deduce

;So(r) — u| > ¢ then u:’so(r) — u has the same sign

that the function pt(a) (u, r) converges uniformly to a continuous function p; (r, u),t € 7,r €
[0, D%, ju — u;k’o(r)| > ¢ with compact support. We can then extend continuously p; (u, )
toallt € [0,T], r € [0, 1)? and |u — uf’o(r)| > ¢. Following a standard diagonalization
procedure we the convergence above to all 7, r and u with u # uf’o(r). Then by (6.24),(6.19),
(6.20) and the Lebesgue Dominated Convergence Theorem, for all 1 € 7,

o0 o0
- / oy, pO() = / / a(r', P, Py, r)dudr’
0 0,112 Jo
and

oo
0" (r) = / / ub(r', 1) pe u, r')dudr'.
0,112 Jo
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Hydrodynamic Limit for Spatially Structured Interacting Neurons 1189

By continuity, all these equalities hold for all ¢ € [0, T]. Hence, p,(O) (r) and ﬁ}o) (r) are equal
to p;(r) and i, (r) defined by (2.7), and therefore from now on we omit the superscript 0. At
last, by sending § — 0 in (6.26) and (6.23) we show that p; (u, r) solves (2.12-2.13).

We claim that p; (u, r) is a weak solution for (2.6-2.8) with vg = ¥ and v; as in (2.9).
This will be a direct consequence of the

Lemma 1 Let p,(r, u) be difined as in (2.12-2.13), then for any real valued test function ¢
on Ry x [0, 1)?,

/ /d)(u, r)p:(u, r)dudr

(0,12 0

t t
-/ /0 B0 g exp | = [ (T 0 rdhfasar

[0,1)
S t
+/ / ¢(To,t(u),r)Wo(u,r)eXP{ —/ w(To,s(u),r)dS}dudr. (71.5)
[0, Jo 0

Proof Noticing that u}(r) = Tp,(0, r), recall the definition of u}(r) in (6.27), we start
writing

) uy(r)
/ / ¢, r)p(u, r)dudr =/ / ¢, r)p(u, r)dudr
[0,H%Jo [0,H2Jo

o0
+/ ¢ (u, r)p;(u, rydudr. (7.6)
[0,1)2 uy(r)
Now, using (2.13) and making the change of variables v = T ;(0) in the first integral of the
right-hand side of (7.6), we obtain the first integral of the right-hand side of (7.5).
To complete the proof we use (2.12) and make the change of variable v = Tof[] (u,r) in
the second integral of the right-hand side of (7.6). O

Immediately from (7.5) follows that for every test function R x [0, D2 e (u,r) >
o(u,r), fooo ¢ (u, r)p;(u, rydu is differentiable in ¢ with its derivative fulfilling (2.10). Fur-
thermore, taking ¢ (u, r’') = a(r’', r)ou,r'), ¢ (u,r") = b(r’', r)u and ¢ (u) = ¢(u, r), we
conclude that the functions u; (r), p; (r) and ¢, (r) are differentiable in # and also that p; (u, r)
is differentiable in # and u in the set Ry x Ry x [0, 1)? \{(, u,r):u=Ty,(0,r)}. Thus,asa
consequence of (2.10) o, (u, r) satisfies (2.6) is this set, having also the boundary conditions
(2.8) po(u, r) = Yo(u, r)and p;(0, r) = v(t, r) with v as in (2.9).

We shall focus on the uniqueness for (2.10). Once uniqueness is proven, we have as a by
product that limit p,(u, r) does not depend on the converging subsequence, having in this
way full convergence. For all smooth functions u — f (u), setting g(¢, r, du) = p;(u, r)du,
we rewrite (2.10) in the following way,

3;/0 flg(t, rodu) = /0 Fl@l—au — hp(u — iy (r)) + pe (g, r, du)

+/0 @@, r)LfO) — f)g(, r, du), (7.7)

where g(0, r, du) = Yo(u, r)du and

ﬁ,(r)=//ub(r’,r)g(t,r’,du)dr/, (1) =//a(r’, e, g, v, du)dr'.
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1190 A. Duarte et al.

Thus, for fixed r € [0, 1)2, regarding ¢t — u,(r) and t — p,(t) as known functions, the
density law g(t, r, du) cab be thought of as a law of the Markov process (U, (¢));>0 which
solves the following SDE

dU,(t) = —aU, (t)dt — 1, (Ur(t) — u;(r))dt + py(t)dt
-U, (t—)/o l{zf(p(U,(t—),r)}Nr (dt, dz), (7.8)

where N, is a Poisson Random measure on R4 x R, with intensity measure dsdz.

Therefore, it follows that the uniqueness problem of (7.7) reduces to prove for each
r € [0, 1), there exists a unique strong solution to (7.8) on a fixed interval [0, T']. This is
the content of the next proposition.

Proposition 7 Let (U, (t));>0 be a solution of SDE (7.8) associated to u,(r) and p;(r),
(Vr(t))1=0 be a possibly different solution associated to v (r) and p,(r). If U,(0) = V,(0),
then forany T > 0, U, (t) = V,(t),0 <t < T almost surely.

Proof For eachr € [0, 1)2, we couple U, and V; in such a way they have the most common
jumps possible and denote by E, the expectation relative this coupling. We have that

%Er[wr(z) ~ V0]

= E[loWr 0.1 = 9V, 0, 0l(Uy0) A Vo) = 10U, (0) = V(1)) ]

B [0 01, 1) A @V, NIU 1) = V0] = (@ + B, [1U- (1) = V(0]
i) = 0]+ pr 1) = (0. (7.9)

Fix T. Notice we know a priori that forall r < T, g(¢, r, du) has compact support uniformly
bounded onr (see (6.25)). As a consequence, by (7.8), we immediately have that forallt < T,

t
00 = v [ /0 E, Uy (s))dsdr’ +a*¢*t < Cr,

where the constant C7 depends solely on U, (0), a*, b*, A*, T and Ry which is the support
of Y. Recall that a* = ||a||cc, b* = ||b||co and 1* = ||A||oo. We have also the same bound
for V().

Dropping the negative terms on the right-hand side of the inequality (7.9), using the
Lipschitz property of ¢ and writing y, () = E, [|U, t)y—V, (t)|], we obtain forallt < T,

d
Eyr(t) = llellLipCryr (1) +/ , (Vb (r, ryye (1) + ¢*alr, rYy (0]dr,
[0,1)

where ¢* = ||¢||o0. From the inequality above, we conclude that forr < T

t t t
n(0) < & / yr($)ds + / / b, Yy (5)dr ds+ / / a(r. )y, (s)dr'ds),
0 0 Jo,1)? 0 J[o,1)2
(7.10)

where C = max{||¢||LipCr, A*, ¢*}. Iterating n times the inequality in (7.10), we get for all
t<T

t MY/ t S
yr(f) < é/ yr(s)ds + (€0 < C‘/ yr(s)ds + €1
0 0

n! n!
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Since n is arbitrary, we get the the result by first letting n — oo and then applying Gronwall’s
lemma. O

In what follows, we shall finally prove that the true process converges to p;(u, r)dudr

in the hydrodynamic limit. The strategy is the following. Recall that P(S)T] is the law on

([O T],S ) of the processes MEO)T] and let P[o, 7] be the measure valued process obtained

as the limit by subsequences P(S’T] By the tightness of P[(S?T], Proposition 2, we have that this

limit exits. Thus, the result will follow once we prove any limit measure Po, 7 is supported
by the deterministic trajectory p;(u, r)dudr,t € [0, T],r € [0, 1)2 where p; (i, r) is the
limit as § — 0 of ptﬁ) (u,r).

The following property will be used in the sequel.

Proposition 8 Any weak limit Pjo.1) of P[(S?T] satisfies

Pro,71(C([0,T1, 8 =1,

where C([0, T, S’) is the space of all continuous trajectories [0, T] — S'.
Proof For each ¢ € S, consider the function on D([0, T], S’) given by
Ap(x) = sup [x: () — x;_(9)].
1€[0,T]

It is not difficult to prove that the function Ay is continuous in the Skorohod norm (see
for instance [4, Sect. 2.7]). Then for any ¢ > 0, by Chebyshev’s inequality and the weak
convergence

Pt Ag(o) > £)) < ¢ lim Pl [ Ag (i) -
If there are no spikes at ¢, then it is clear that

1 (@) — 1 (@)| = 0.

On the other hand, if j spikes at 7, then

117 (@) — 12 ()] = 2 (U (1)
+62 D [ =) + 2a(j. i) — p (U (1-)| < 79" + e%p"a”,
i#]
where in the above inequality we have used the smoothness of ¢. Thus, it follows that
lim,_ P[(S?T][A,p (MES,)T])] = 0, so that P({x : Ag(w) > ¢}) = 0. By the arbitrariness of
¢, we deduce that P({x : Ay (x) = 0}) = 1. Now by the arbitrariness of ¢, we conclude the
proof of the theorem. O

We denote by w = (wy, t € [0, T]) the elements of the set C([0, T'], S"). Suppose that
Plo, 7] is the weak limit of ’P(S'T] It will be shown now that Pjo, 7] is supported by {w : w; =
p:(u, r)dudr}. Hence Py, 7] is equal to p; (u, r)dudr on the all rational number of [0, T], so
that by continuity on all 7 € [0, T'] which implies that weak limit of P{¢;, is supported by
pr(u, rydudr.

In what follows, t € 7 and § € {27"T,n > 1}. Fix ¢ > 0. Since, by Proposition 8§,
the support of Pjo 1) is contained in C ([0, T1, S ) and the projection is a continuous map
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in C([O, T1, S/), we can use the Converging Map Theorem, see Billingsley Theorem 2.7, to
deduce that

Puoi(w: 1w @)~ [ dpdudr| > €)= im PG (17 @) [ @pidudr] = ).
(7.11)

Moreover, given any n > 0, for any § fixed and ¢, E, t sufficiently small we have by the
Dominated Convergence Theorem that

’/qbp,('s)dudr —/¢p;(6’[’E’T)dudr‘ <. (7.12)
For the same reason, for all § small enough
_ )
‘/(bp,dudr /(/)pz dudr

Next, we fix (8, ¢, E, t) such that (7.12) and (7.13) hold and then apply Corollary (1) for ¢
small enough to get that

< (7.13)

[EOw> @) - / oo D dudr| <1,
Furthermore, by (5.7) for all ¢ sufficiently small,

0 [|u? @) = v F 1] <.

Collecting the above estimates and by the arbitrariness of 1, we then get

Mt(s)(qb) = /qbp,dudr ase — 0,

and, therefore,
: (€) (&)
lim — dud ) =0.
61—>07D[0’T](|Mt () /¢pt udr| > ¢

From (7.11), it follows that P|o, 1] (w Hwi (@) — [ ppidudr| > ;) = 0. Since ¢ is arbitrary

we conclude the proof of Theorem 2.
In order to complete the prove of Theorem 3 we have to show that

lim  ps(u,r) =19 (TO_1 (u}k(r), r), r) exp {— /t [go (TY_,] (u;“(r), r), r) —o— }»(r)] ds} ,
u i (r) ! 0 -

where u} (r) = Ty (0, r). For u < uj(r) we recall that,

wr) = — b0 [ o (10, 7). 7) A()dh] (7.14)
PR = 0 )+ A T _/S‘p shTT) =& = A '

s being such that u=Ty (0, ). Using the continuity
lim 7 (0, ) = To4 (0. 7) = Ty (uf (). 7).
s—0 ’

Since we have already shown the continuity of g, (r), ps(r) and i (r),

qs(r) q0(r) 1k
im —— = _ = vY0(0,r) = Yo(Ty, (u; (), 1), 7).
5=0 ps(r) + Arits(r) — po(r) + Arito(r) 0.0
Taking the limit as s — 0 in (7.14) we finish the proof of Theorem 3. °
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Appendix 1: Proof of Theorem 4

The proof follows the same the steps of the proof of Theorem 4 of [3]. We start providing
an estimate of the the total number of spikes for both processes U and ¥ (867 ip the
interval [0, T]. Recall that fo) is the probability law governing the coupled process in which
U®(0) = u and ¥**FP () = dg(u;) forall i € A,.

Proposition 9 Let Ajo 1| be the event when either U®) or Y ©-3-4E%) have more than 2¢*€ ~28
spikes in some interval [(k — 1)8, kd), fork =1, ..., T8~ L. Then, under Assumption 3,

oy (A[o T]) <278 e eI G0)

u ) — ’
L . Ae

for any initial configuration u € R°.

Proof Fix k € {1,..., T8 "} and let N([(k — 1)8, k8)) denote the number of spikes of the
u® process in the interval [(k — 1)3, k8). Then, under Assumption 3, N([(k — 1)4, k8)) is
stochastically bounded by

Z:= Y Nk —1)5,k8))
J€Ae
where (Nf) jeA, are iid Poisson processes with intensity ¢*. Since Z is distributed as a
Poisson random variable with rate a‘z&p*, it follows that

QO (N ([(k — 1)8, k8)) > 20%8¢2) < P(Z > 2¢*8e2) < ¢ "3 73-0),

Bounding in the same manner the number of spikes of the ¥®) process in the interval [(k —
1)6, k&) and then summing over k we complete the proof. O

From now on, we suppose that, in both processes U®) and Y -3-¢-E7) the spiking rate of
each neuron is < ¢* and the number of spikes of all neurons in any step [(k — 1), k8] is
< 2(,0*88_2. Moreover, writing B* = C + Ry + 2a™¢*T, then we also assume that for all
t<Tandks <T,

@l < B*, U@ <b*B*, |[YESEEDks)|| < B,

where U®) (1) = (Ul@ (t),i € AS). By Assumption 2, (3.1) and Proposition 9 such assump-
tions provide a small error probability.

In what follows, C is a constant which may change from one appearance to another. We
shall now proceed as follows. We shall first control the increments of B;. We next provide
an upper bound for 6; and lastly we conclude the proof.
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Controlling the increments of 5, :
We start noticing that

1Bl < 1Biotl + |Af N Geot] + 1A7 N G| < |Bret] + [AL + |Af N Giil,
where Gi_ is the set of good labels at time k§ (recall Definition 5) and

o A ,1 is the set of all labels i for which the clocks éil and &; associated to label i ring during
[(k =18, ké],

° A,% is the set of all labels i for which a clock éiz associated to label i rings during
[(k — 1)8, k5].

Recall the definitions of the random clocks Sil , Siz and &; appearing in the coupling algorithm
given in Sect. 5.1. Our aim is to prove that

P[|A,§| > 6*2(5<p*)2] < ~Ce (8.1)
P[|A,% NGii| > 2Ce 28 [Brs +6+ E]] < o Ce (82)

where the constant C appearing in (8.1) and (8.2) may be different.
Then, from (8.1) and (8.2), we deduce that with probability > 1 — 2@‘CE?264,

1Bl < 1Bi—i] + € 2(8¢")* +2Ce 28 [t + 8] < |Brei1l + Ce 28 [6k—1 + 8]

Iterating the above bound and using thatk < T8, we immediately get that with probability

> 1 —2ke=C8" > 1 —5-1CeCe,
k—1
|Bel < &% |Bi| + C8 > (0h +6). (8.3)
h=1

where C depends only on 7. Since by definition 6; < 61, we may bound the right-hand of
(8.3) by C(6x_1 + 8), implying that with probability > 1 — §~1Ce=Ce 6"

2|By| < C(6r—1 +8), (8.4)

foreach k < T8~L.

Proof of (8.1) The random variable |A ,£| is stochastically dominated by Z* :=
2ien, Lizz>2), where Z7, ... Z}; are independent Poisson variables of parameter ¢*8. Thus,
writing p* = P(N} > 2), we have

« 1 1
BN < TS S0 TR S (697 as 8 0,

N =

Therefore, Z* is the sum of =2 Bernoulli random variables, each having mean value p*.
Invoking the Hoeffding’s inequality, we get (8.1).
Proof of (8.2) We shall dominate stochastically the random variable |A% N Gk—1| by

Z:=> 1. (8.5)

where Z;, i € A,, are independent Poisson variables of parameter C (6x—1 + & + £)§. Once
(8.5) is established, (8.2) will follow straightly.
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Noticing that, since,

2
1AF NGl < D L se6, )0

i€l

it suffices to show the intensity of each random clock Siz, i €Gr_1,18 < C(Or—1 + 8+ 10)s.
For that sake, we shall write

y:i=YESLED (k —1)8), u:=U®((k —1)8) and u;:=U® ((k — )5 +1), 1 € [0, ).
Now, for any i € Gx—1 N Cp,, the intensity of “g‘lz is
Oi(1), 1) — @i, im)| < ll@llLip|lui(t) — yi ,
lp(ui (1), 1) — ¢( ) < Nl Lip[lui () |+ ¢]
where [|¢||Lip is the Lipschitz constant of the function ¢. Denoting the number of spikes of
Uj in interval [s, 1] by Nj([s, t]), we have
t
e (1) = il s|ui——yne‘““+“>4—yi(1—-e—w**”5)+—xﬂ/ﬁﬁiu>e‘w+*”“‘”ds
0
+e2 > a(j i)N;(Itk = DS, (k — 1)8 + 1]).
JENe

Since for all i € A, yi, iti(s) < B* and 3 ;. a(j, ON;([(k = 18, (k — 1§ +1]) <
2(a<p)*8_28, then if additionally i € Gy_1, it follows that

i (1) — yil < Ok—1 + (o + A;))8 + A;8 +2a™ 9”8,

and thus

lp@ui(0), 1) — @iz im)| = ll@llLip (49,171 +2(c +sup A;)8 + 2a¢" + 13)
l
< CO1+5+0),
which implies that

[Ak N G—1] < Z 17,5 stochastically,

i€,
where the Z; are independent Poisson random variables of intensity C(6x—1 + 8 + £)4.

Estimates on 0y:
Notice that G, = Gy N (C U Fy) where:

(i) C is the set of all indexes i whose associated random clock Eil rings only once during
[(k —1)é, ké].
(i) Fy is the set of indexes i which did not spike during [(k — 1)8, k5].

In what follows, we will make use of the expression for membrane potential Ui(g) (t) of a
neuron which did not spike in the interval [s, 7]:

s L

t _ _ g2
U (1) = e~ @0 (5) 4 3 / e~ th)=h) [Ul@(h)dh + = D a( DAN;(h)
Jehe

(8.6)

being N () the total number of spike in the process U of neuron j up time ¢.
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e Take i € C; N Gi_1. In this case, we have that for some time ¢ € [(k — 1)§, kS[, the
random clock éil =t. By (8.6),

8 8
U (k8) = A / e~ FIC=GE (5)ds + =@ F2 N[ @t gy (s),

4 JjeA: t

since U}f) (t4+) = 0.Noticing also that |[U® (1)|| < B* and N ([(k—1)8, k8)) < 2¢*8c~>
we immediately see that Ui(e)(kS) < C4. By similar arguments, Yi(B’Z’E’T)(k(S) < Cé, so
that

D;(k) < Cs. 8.7

Observe that the value D;(k — 1) does not appear on the bound above. We shall now
analyse the other case.

e Fix i € Fy N Gi_1. Notice that the neuron i is good at time (k — 1) and did not spike
in the time interval [(k — 1)8, k8) neither in the U® nor in the Y &-¢£.7) processes. As
before, we write U® ((k — 1)8) = u and Y&4ED ((k — 1)8) = y. By (8.6) and (5.4),
the variable |U; (k8) — Y* (k8)| = D; (k) i € Cp, is bounded by

Dik) < ‘e—a(aﬂ,»)ui _ e—é<a+xm>yi|

ks ks
+ ‘ / hie”@HDE=DGE (1ygr _p,, / (m)e~ @ Hrm k=) gy
k=1)5 ! k=1)5

ks
+e2 > a(.i) e @HDEDGN; (1)=& D aliy, im)N ([k—1)8, k8)) |,

jehe (k=1)s m

(8.8)
where N ([(k — 1)8, k8)) denote the number of spikes of the ¥ ®%:¢£:7) process in the
interval [(k — 1)8, k8). Thus, it suffices to bound each term on the right hand side of
(8.8).

We start bounding the first one:
|675((X+)L[)ui _ e*(S(OtJt’)\m)yi' < B*(Sp\,l _ Am' + e*(ﬂt“rlm)(s'ui _ yi|~
Since, [Aj — Am| < ||AlILip?, and supposing £ < §, we can bound the last sum by C824+6;_1.

Now let’s bound the second term on the right-hand side of (8.8). It is easy to see that it is
bounded by

ké
Pl B €51 ) d150m) = |+ [ [[000) = ] [0, ) =
(k—1)8

Jar.

To control the second and third terms we notice that for any i € Ae, |U; (t) — it;] < C8 and
|U;i(t)—yi| < Cé.Inaddition, foranyi € C,,,,m =1, ..., 02, |U;(t)—u;, | < Ct.Requiring
that £ < §, from these three inequalities we can bound the sum above by C6(§ + 6x—1).
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The argument to bound the third term on (8.8) is a bit more tricky. First we bound that
term by

2> a() | (k8 —n)@+n)dN;@®)
)
+&2 D0 > a(j. i) = alipe, im)|N;([8k — 1), k5))

m' jeC,y

+¢&? Za(im/, im)‘Ncm/ (lk — 1)8,k8)) — Nc,, (Itk — 1)8, k8))

)

where N¢ , ([(k— 1)4, k8)) = Zjecm/ N; ([(k— 1)d, k8)) is total number of spikes in the u®
process inside the square C,, during the time interval [(k— 1), k6)) and N¢ , ([(k —1)é, kS))
is the correspondent quantity associated to the ¥ ®8-6-£.7) process.

The first two terms above are easily bounded. One can check that the sum of the two can
be bounded by C82. To control the third term, we shall show that

NG, (16 = 13, k8)) = Ne,, (16 = 18, k8)) | = 4(p*8)% 22
Indeed, its difference is smaller or equal to
> NIk~ 1)8,k8)) +Co N A, (8.9)
JjeC,yNA}

so that it suffices to contr20£ this two terms. We star with the second one. We know that with
probability > 1 — e~ Ce 8",

|Co N AZ] = |G N AL NGt + [Cor 0 AR N Byt | < 2C16728(6-18) + C8€%| By,

where we used (8.2) and that the number of neurons in Bg_; N C,,y which spiked in a time §
is dominated by a Poison random variable of rate ¢*8|B;_1 N C,,|. Thus, it remains only to
bound the first term in (8.9).

In order to do that, we start noticing that

Pl Nt =18, k8) = 4(p*0)% 207
jeAlnC,,
=P[ D N = 18,n8) = 479 [ALN Gl < (078) %2
JEAINC,,
+P[|A,1 NCpyl| > ((p*8)2872€2].

The second term is controlled by the estimate on (8.1). Let A C C,,, |A] < (p*8)2e 242,
then

P[ > N~ 1)8,k8) = 4(¢*8)% 262 | ALN Gy = A]
JjeAlnC,,

m

= P DN =2) 2 2607922,
JEA
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being P* the distribution of independent Poison random variables N ;‘, J € A, each having
parameter ¢*8 and conditioned on being N;?‘ > 2. In this way, we easily get that

k
P¥[N¥ —2=k] = 25157,
J (k+2)!
No let X1, X», ..., be a sequence of independent Poison variables with parameter &. It
follows that Nj’.k — 2 < X; stochastically for & small enough, hence for § small enough.
Indeed for any integer k we have

Z =g—2(e5 —1 —g), £ = ¢*s.

P*[N} —2 >kl < P[X; > k] (8.10)
because for k > 1,
2 k k
PN —2> k< o PIX; >kl > L
J (k +2)! k!
hence (8.10) when 3e~% > 2.
1mnce = . 7 1S a Fo1SSon variapnlie o arameter S e WwWeE nave
Since X jea XjisaPoi iable of p |A|E < (¢*8)%e202p*s weh

P*[Z(Nj’f —2)> 2(<p*5)25—2£2] < P*[X > 2((/)*8)28_262],
jeA
where the expectation E*(X) of X is smaller (for § small) than (<p*8)2£_2€2. As a conse-
quence,
P*[Z(N;k _ 2) > 2(§0*8)2872£2:| < e*CG_Z(SzZz.
JjeA

To sum up, we have for i € Fy N Gx_; with probability > 1 — e‘Ce_z‘wz,

D (k) < 6_1(1 4 C8) + C8|Br_1|e* + C8%.

The above inequality together with (8.7) guarantee that with probability > 1 — e’cefz‘wz,

60 < max{C8; 61 (1 + C8) + C8|Bi_1]e> + C8?}. (8.11)

Iteration on the bound of 6;:

As a consequence of (8.4), &2|B| < C(fx—1 + 8) for all k§ < T with probability
1—8-1Ce=C< " Asaby product of (8.11), with probability 1 —8~1Ce=C¢ 8" it follows
that

6, < max (c(s, (14 C816_1 + 052).

As a direct consequence (iterate the above inequality), it holds

k—1

O < C D [14C81° 8% + (1+ CoFCs,
s=0
and since,
k—1
CO 1+ C8F 8% + (14 C8)Cs = C8I(1 + COH* — 1]+ (1 + C8)*Cs
s=0

< CeTs
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remember that k6 < T, we conclude that
O < C$§

for all § < 8¢, with probability > 1 — 51 Ce’cefz‘ﬁ. This finishes the proof of Theorem 4.

Appendix 2: Proof of Proposition 3

Proof Fix ¢ € S. By (A), the left-hand side of (5.7) does not change if we consider U*(t) =
min{U® (¢), B*} and Y*(¢) = min{Y ©3-¢-£.7) (1), B*} instead of U (¢) and Y &3 6-E.7) (p).
Now, by the smoothness of the function ¢,

0% |62 X @i, =22 3" @i, im)| | <llelp0?[e2 3 100 -Y* 0],

ieA; ieA; ieCy

Applying the Theorem 4 and using that |[U*(¢t) — Y*(¢)| < B*, we get the desired upper
bound in (5.7). O

Appendix 3: Proof of Theorem 5

Proof Let F, be the sigma-algebra generated by the variables & = &;(k),k <n —1,i €
A, appearing in (5.2). Observe that all variables ¥ €3:6E:0 (58), e (m), S,(fJ:] (m, h) and
S,(Liz 1 (m) are F,, — measurable. In what follows, the constants C, c¢1 and ¢; may change from
appearance to another.

The proof is made by induction. For n = 0, the proposition is easy to check. Indeed, notice

that in this case E0 K= D((f,)( . Moreover, notice also that

%o, m(D(F)) = E((gazgr)(o)[no m(E(F))] = / Yo (u,i)du
ieCp

and that ng, m(E((f,z) is a sum of ¢2¢—2 independent Bernoulli random variables X;,i € C,,,
where expected value of X; is f I Yo(u, i)du. By Hoeffding inequality we deduce that

20 ), (Eo) — &5 n(Dos)| > ECe'/? = C

with probability < 2e=2¢"" where ¢, = 2E2¢2. Therefore, it follows, for n = 0, that the
inequality above holds for all £ and m with probability larger or equal to

-1
—C€&
1 —cie ?*

establishing the Theorem in the case n = 0. We now suppose that the result holds for k < n.
Introduce the set G, in which:

. ‘E,(f,){ DI <ce k=1, 16
o &2 Nn,m (E;igl)arsr 1) —tum (DESI)HST 1)‘ <EP2 k=1,..., |5,(,8)|, and
o &2 Nn.m (Eff;q) — §n,m(Dr(f;l)’ <1022 p=1,..., 8t L.

@ Springer



1200 A. Duarte et al.

By the inductive hypothesis, f’l(/fgyaye‘E,,)(O)(Gn) >1— cle*Czs—l/z.
Since,
) et = DLy et S 1B = DA+ 2 [5800m) — )

{81 0m — B[S, 0m)]]

we have that on G,

(&) (&) 1/2 (&) - (e)
B it kgset ~ Pugiggset = €8 2+ ’Sn+l(m) - E(S)[Sn+1(m)]‘-

We shall show that there exist positive constants ¢, ¢; and ¢ not depending on ¢ such that

2 0m) = B[ om)]| < ce'2, (10.1)

. .. - .
with probability > 1 — cje~“2¢ . For that sake, we first write

Nps1(m k. 8) = D Lig <o), & ~ exp(@(Ey ). im)

ieCy

and then by the conditional version of Hoeffding’s inequality we deduce that

~ s E(S)-‘m B 1
Py s 0y @ [Nu1 (m k8 = (BT (1 =720l | > £2612| ) < 010702
(10.2)

Since on G,
Q(EL ). im) — (D) im)| < Ce'/2,

noticing that Ny41(m, 8) = X4 Nug1(m, k, 8) and £2£(D)) < 1, then it follows together
with (10.2) that there exist constants C, ¢; and ¢, such that

13(5)

Y(S,S.Z.E.r) (0)(

e2[si2l om) = B9[S on]| > o) < crene

proving (10.1). Therefore,

(e) (e) _ n® 1/2 —cpe™!
PY(“”FU(O)(G lE, it rsrt ~ Dot gsr—tl > €8 ‘}—”) =ce

A similar argument may be used to prove that we may replace in the probability above
Ef::LkHrl and Dr(iil,k—}—ﬁr“ respectively by Er(il,h and Dfﬁ:l’h. Thus, summing over all
k,h and m we prove the first part of Theorem 5 for n + 1.

Now, we noticing that 1,1 (m, k + st = Np(m, k) — Npy1(m, k, §) and remembering

@ ;
that by (6.6), {4+1(m, k + sth = Cnt1(m, k)ef‘s‘p(D"vk””’), we easily see, together with
(10.2), that

P(f)

y(s 8,0,E, T)(O)

( ws €208 om ke + 877 = Gugr (m k4 8T7H)| > Ce‘/z\fn)Scle—m",

for some suitable constants not depending on €. A similar argument shows that the same type

of bound for &2 | 77518-;)-1 (m,h) — ;‘rfj_)] (m, h)| also holds, finishing the proof of the theorem. O
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Appendix 4: Proof of Theorem 2 for General Firing Rates

The proof is analogous to the proof presented in Appendix 4 of [3]. For the sake of com-
pleteness we shall give it here.

Let, R, T and C as in the statement of Theorem 1 and take ¢ be any bounded continuous
functions on D([O, T], S’). ‘We have to show that

()
lim P = .
Tim Pyo,7)(¢) = ¢ ()
Let A be the set A = {||{U®(¢)|| < C, t € [0, T]}. Theorem 1 implies that
. () NG _
SIER)}P[()’T]((I&) P[O,T](¢1A)| 0. (11.1D)
(*,€)

Now, consider P the distribution of the process with a spiking rate ¢* (-, -) which fulfils
the Assumption 3 and it is equal to ¢ for u < C. By definition, it follows that

Pl (@1a) = Pl (@14). (11.2)

Having proved Theorem 2 under the Assumption 3, we get the desired convergence to a limit
density p* = (p/dudr)cio,11, for the process whose spiking rate is ¢*. It follows then, from
(11.1) and (11.2), that

lim P’y (@) = ¥ (p*1a).

We claim that p* = p*14. Indeed, by considering ¢(w) = sup{w;(1),t < T} A 1, we
immediately see that 1 = lim,_,¢ P[(S?T]@) = ¢ (p*14). This last equalty implies that p*
have support in [0, C]. As a consequence,

lim Ple)7 @) = 60" 14) = 9(6")

which concludes the proof of the Theorem.
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