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Abstract

We present here a KE-tableaux bascd method for solving 3-sat.
We show that this method is polynomial. We solve, in this way, a
question alternative to the classic question whether P = NP.

1 Introduction

Our goals here are to establish a polynomial algorithm for writing and solv-
ing polynomially a macro for a tableau for 3-sat.

The class of sat problems was shown to be NP-complete. The pioneer
work shown of Cook, in [1] and Cook and Reckhow in [2]. The focus is
to establish lower bounds in complexity, as the pioneer work of Meyer and
Sotckmeyer and Meyer [5] and [4]. The literature in this area is rich of very
nice surveys, like [3] and [6].

Our approach on the problem of solving 3-satis using the approach of
tableaux. Tableaux branches can grow exponentially, but we propose a
macro based on a bound over the number of clauses of a given 3-sat formula
and this approach can be give answers in some open questions.

2 Basic Definitions

This Section is divided into two parts. The algorithms we have developed are
a “brand new feature”. Definitions can be, even in this introductory section,
a mandatory reading for the sake of the full comprehension. Definitions 2.1
to 2.11 belong to the class of “keystone definitions” for being the base of our

algorithm. The other definitions can get more of the reader focus accordingly
to the needs.



A 3-sat formula ¥ is a conjunctions of a mumber, say n, of formulas L,
where each L; is a disjunction of three literals. We write

T=@vEVEY A AGVEVE)=CA-AC,

Any subformula of ¥ of the form Cr=lvIEEVE, 1<k <niscalled a

conjunct of ¥

Definition 2.1 The set of literals of a formula ¥ is denoted by Letter(¥).
A pair of a literal and its negation is called a conjugated pair.

Notation 2.2 Consider the 3-sat formula
U= (p Vo Va)A@E VgV ae) A APV gz Vg
The factorization of ¥
p1V ((qu1 V qu2) A (g1 Vaa2) Av - Algae v q2t)) (1)

is denoted py V Sp, .

Definition 2.3 Given a 3-sat formula ¥ = ¢y A--- A, a partition for e
Jormula U is a rewritten of ¥ as (the equivalent) formula

(p1V Sp) A (P2 VSp ) A A (PxV Sp) A (P V S-p) A S3 (2
where for all 1y, 1y in {p1,=p1,- - - Pes ~Px}, 11 N Letter(Sy,) = 0.

Schematically, we have:

P -1 S ]
v 5] » [

53

We can keep on making partitions of the above formula 51, The set
of atoms in S} is contained in the union of the atoms of each S and not
necessarily S’é is a 2-sat formula or empty, as the below formula

V=(@vbve)A(avbVvd)A(aVeVd)A(bVveVd)
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If ¥ already is of the form

(pOl \ Spm) A (-'pOl % S—‘pm) ARRRNA (P()k v Sp()k) A (_‘p0k N S“*Po;«) A Sé

Successively, do the partitions:

S% = (pll v Spu) A (_‘pll \ S—-p”) JAREEA (plkl \Y Splkl) A (-‘plkl \% S“Plkl)
AS3

S.'? = (p21 3\/ Spa) A(P21 V Spy ) Ao+ A D2k, V SP2k2) A (~p2ky V S"szg)
AS3

Sg”lE (Pr1V SPM) A (“Phl v S“Pm) Ac A (phk:h v SPhkh) A (—’phkh v S“Phkh)
AST

where St is either a 2 — sat formula or the formula T. Finally, obtain the
below partition:

por | Spor| PO1 S"I’m

P
Po2 Spoz P02 S ~po2

Pok I-S'm ~Pok lS-'po;cl

pin |Spun| i1 | S-pu
D21 Sp

~p21

21 —P21

S
Pk, prkl TP1ky S"P1k1

Ph1 SPhl “Ph1 S"Phl

Pr2 Sphz “Ph2 S"th

Pky | Spuk, | “PREn | S-pniy,
St

Definition 2.4 The set Label = {p;;|(1 <i < R)A(1 < j < ki} is called
the set of labels and each literal in Label is a label.

We distinguish the set of labels according to its depth. A literal l;; belongs
to the level 3.



Notice that if a literal I belongs to the level 0, then it cannot belong to
the set of vertices, if a literal [ belongs to the level j, then it cannot be an
vertices of a level j/ > j.

A line with a single literal in it, say, [ is equivalent to [V L.

We refute or do not refute a given formula ¥ under the hypothesis that
any given maximal consistent set of labels L = {I;,...,lx} forms a branch
of a labeled tableau for ¥ in which each node is a literal of the maximal
consistent set labeled as false, F.

Observe that if there is a literal r so that r € Letter(¥) and - ¢
Letter(), then U is false iff the formula,

V= {C1|1 £i< nAr ¢ Letter(Ci)}

is false since a valuation r = T trivializes our search.
From now on, we fix a partitioned 3-sat formula ¥

Definition 2.5 A maximal set is a mazimal consistent subsct of Label.

Definition 2.6 The the mirror tableau for ¥ is the tableau whose branches

are of the form
F g

_F‘ lOko

F g,
_T Sioy

.T Sl“"o

T S,

where the nodes labeled as false range over mazimal sets.

We show in this paper that there is a quick way to select this branches of
a KE-tableaux and decide if ® is valid or no. The search over the generated
branches starts on looking for contradictions over groups of conjunctions of
clauses S;;.

Definition 2.7 Define the cylindrical digraph Clndr-graph, (Lo 1,=>,::):

o Loy = L x {0,1} U{L}, where L is the set of literals that belong to
some Sij;



e Ifa Vb is a clause of Syy,..., 5, then ap = by and by = a; are
vertices and both have as label the string ly ...l of literals in Label;

e If a is an isolated line of {Sy,,...,5,,}, then ag = L and L = ay are
edges in Clndr-graph both with label given by the string Iy ... 1

o For all conjugated, a and —a in Letter(¥), a; ::: ~ag and —ay ;: ao.

Definition 2.8 Given two strings of labels, Iy and la, we say that both
strings are equivalent iff there is a set of labels {ry,...,mn} so that both
Iy and ly are a concatenation of all elements of the given set.

From now on, labels are written as its quotient by the above defined
equivalence class.

Definition 2.9 Given a subdigraph B of the cylindrical digraph and two
vertices ag and by,

1. An alternated sequence from ap to by is a linear subdigraph of the form

ag = C}. e _|C(1)...C§ B "\Cg = bl

2. An interval between ag and by is the subdigraph of B that contains all
alternated sequences from ag to by. Denote this interval by lac, b1];

3. A maximal linear sequence is an alternated sequence
ap g b% R _1b(1) g b% o ﬁbg ‘ee b% o _\b6n 15 C1
magzimal for the property: Y1 < i < m(-b}, & dy) — (B! = dy);

4. Given an interval [ag, b1] a sequence in the interval [ag, by is any al-
ternated sequence with starting point ag and ending b.

Lemma 2.10 The number of lines of a partitioned formula ¥ is bounded
by the square of its set of atoms.

Proof: The number of literals W, |Letter(¥)|, establishes the number max-
imum of edges in <. This bound, given by |Letter(¥)|?, is the maximum of
edges one can draw in a polygon with |Letter(¥)| arrows and it is given by
the sum of an arithmetic progression

(JLetter()]) + (|Letter ()] — 1) + -+ + 1



]

Now, consider operations over subdigraphs of the cylindrical digraph.
Two subdigraphs Gy = (V1,=,::) and Gy = (V2,=, ) can be turned into
two disjoint digraphs by, say, by taking the natural bijective mapping of V;
onto V; x4, ¢ € {1,2} and a set of edges, = and ... inherited from the similar
edges of G;. For shortness, we write vertex of each G; by using its first
coordinate. In other words, a vertex (a;.i), ¢ € {1,2}, j € {0,1} is written
as a;. Edges have no especial distinction on its notation. The context of
writing the disjoint subdigraphs is very clear.

Definition 2.11 Let Gy = (V},=,::) and Gy = (Va, =, ) be two disjoint

digraphs. Let a1, a0 € Vi and by, =ag € Vy and [ a string of labels.

1. Define the disjoint join of the two digraphs by a1 and —ag as the dis-
joint union of the digraphs Gy and Gy plus a new edge ay - -ag.

Denote the join of G1 and Gy by Giay i ~apGa.

2. Define the disjoint join with label I of Gy and Gy by ag € V; and
b1 € V3 as the disjoint union of Gy and G with all the edges inherited

form each digraph and the addition of the labeled edge ag LY by.

Denote the join of Gy and Gy by ap € Vi and by € Vy with label | by
Glao =[> ble.

Definition 2.12 Given two strings of labels | and m, the operation I\ m is
the string of labels formed by all labels in | that do not belong to m.

Definition 2.13 Given a subdigraph SB of a cylindrical digraph,

1. Ifm is a string of labels, define the subdigraph SB\m as the subdigraph
of 8B whose vertices and edges are inherited by the vertices and edges

of 8B and moreover, for any arrow with label I, ag 4 b1, we have
either, :

aol\ﬁmbl if l\m#@
or the edge erased, if | C m;

2. If a}l,a.2 ,a’f'k are verter for i; € {0,1}, 1 < j < k, denote by

igt’ i

SBVL(a} ,a? .,a:-ck) to the digraph generated by SB whose set of

1! gt
vertices is the set of vertices of SB less the vertices {a}l,afz, ceny afk :



3 Algorithm I - Building the Macro Tableau

Given a formula ¥ as an input, the output is either ¥ is non-valid or ¥ s
valid. From now on, we suppose ¥ is always written in any of its partitioned
form.

We introduce an algorithm that is based on KXE-tableau methods. We
work backwards with regard to the usual tableaux operations and, after
fixing one set of labels, Label, we apply Bivalence Rule, we develop a quick
scarch for the set of closed branches. If it can be done, we obtain a closed
KE-tableau for ¥.

We start our algorithm of writing a macro for the search for closed
branches in the mirror tableau. The basic idea is to look for contradictions
over alternated paths in the cylindrical digraph.

Definition 3.1 Given an set of strings of labels,

{l,l2, ..., Ik}
its associated linear macrobranch is an array of the form
F U
F iy
F ‘

where F' 1y encodes the choice of a literal ry in the string l and its labeling
as F. Similarly, F ly, a choice of a literal ry in the string lo labeled as F.
Successfully, F I, a choice of a literal vy, in Iy, labeled F'.

A choice of consistent literals r; € l;, 1 < 1 < k, defines the possible
branch

F r
Fory
F r,
A possible branch is a subbranch of the mirror tableaux. We write a

macrotableau where we write all the subbranches in the mirror tableau that
are closed.

Definition 3.2 Given an alternated sequence
l l :
ag =$ b} e ﬁb(l) é b% o "lbg e b,i' e ﬂbg lé C1

consider the set of strings of labels associated to each edge T LY sy in the
alternated sequence, {l1,1a,...,l;}.



A linear macrobranch generated by the given sequence is the linear tnac-
robranch associated to {ly,la, ..., lk}.

Notice that a possible branch is a subbranch of the mirror tableau.

Definition 3.3 A linear macrobranch is a macrobranch. Inductively, we
built macrobranches by using the operations N\ and \/, as we define here.
Given two macrobranches B, and Bs,

1. The conjunction of By and By, denoted B; N\ Bz is the macrobranch
B
By
obtained by the join of the macrobranches By and Bs is a macrobranch
and its meaning is the use of \-rule over all possibles branches of By
with all possible branches of Bs.
A possible branch in By A By is the choice of a branch I, in By, @

branch ly in By to form the branch ;;

2. The disjunction of By and By, denoted by By \/ By is the macrobranch
By B,

and its meaning is the use of \/-rule over all possible branches of Bi
and Bs.

Definition 3.4 Consider the linear macrobranches {By,...,Bn}, n 2 1.

1. Aicjen B s the macrobranch Bi A\~ A\ Bn. An analogous notation
is gen to \/1<j<n B
By = \;—; Bi = V/;=, B;. Parenthesis commmutates in both A and \/
and are omitted when its meaning is clear.
Recursively, a macrobranch is obtained from operations \ and A over
macrobranches. We call each of its macrobranches we use to make the
building up of a more complex macrobranch a submacrobranch. With
abuse of notation we use the notation € to denote the binary relation
of being a submacrobranch of a given macrobranch;

9. Define the partial order over the linear submacrobranches in a macro-
branch B as the transitive closure of

VB, € {Bl,. . .,BH}VBJ‘ € {Bn+la- . ,Bm}
(((V1gjen BY) AVnt1<j<m Bi) € B) — By < By)



3. Let {By, By, ..., Bs} be linear macrobranches so that C = By < By <
.- < By is a mazimal chain of a macrobranch B. A possible branch
over C is a choice of a possible branch over A\ ;< Bi.

A possible branch in B is a possible branch in some chain of B;

4. Given a possible branch
Fly
Flu
each F' l; is called a (labeled) node.

Macrotableaux are a way to write a tableau from the hypothesis we have
nodes of the form F(r; At A---Ary) in which r; ranges over a given string
of labels. So, all the properties of tableaux are translated and rewritten in
here. The association of macrobranches to intervals in a cylindrical digraph

is our way to make shortcuts on solving 3-sat.
We translate intervals in a cylindrical digraph to macrobranch. A max-

imal sequence
ap 'L—& b% 0 —"b(l) g b% o "'\bg - b% o _1b6n '15; C1

has a forking in at least two paths, say the maximal sequences for 1 <i <n
and n > 2,

lis . . li . . . P .
o] $ d}l o "’d(l)l é» d%l e _Id%l v d%l e "'1L{6n1 ES Ci

If the below sequences are associated, respectively, to the macrobranch
B and B; for 1 < i < n, then we have the macrobranches B A(V,<;<,, Bi):

In general, we associate macrobranches to intervals.

Definition 3.5 Given an interval [ag,b1], the macrobranch associated to
[ao, b1] is defined by the macrobranch B so that

e For all mazimal sequence M in [ao, by, the linear macrobranch By
generated by M is a member of B;

9



e If a mazimal sequence M has the forking with t mazimal sequences
whose associated linear macrobranches are My, ... M,. Then the mac-
robranch built by the \/-rule,

MACYV M)

1<5<t
is a submacrobranch of B.

Definition 3.6 Given a macrobranch B, define its transposed, Bt as

1. The transposed of a node F r1ry...T, in a linear macrobranch is the
linear macrobranch It

F =Ty
F =rg
EF =r,
2. The transposed a linear macrobranch with n nodes ly,...1,, is V1<i5n It;

3. (B1V By)t = B*\ B and (B \ By)! = Bt \/ BS.

Notice that if B is a linear macrobranch whose nodes are the labeled
strings F' l;, 1 <4 < n, for some number n, its transposed is

\/ F o)

1<i<n

where if I; is the string 741 . .. Tin,, then its transposed is
Fﬁr,-l

F_'Tin,-

Definition 3.7 Given a chain Cy,...,C, in a macrotableau B, its trans-
posed, Vlsisn C! is called an antichain.

Definition 3.8 A possible branch of B
F T

Fr,
is closed iff

10



Fr

Fr,
rs,

TS,
is a closed subbranch of the mirror tableau.
A macrobranch is closed iff any of its possible branches are closed.

Definition 3.9 Any literal a so that the interval [ag,a1] is a non-empty
digraph is called a necessarily true literal.
The set of necessarily true literal is denoted by Nec.

A necessarily true literal a ought be labeled as true regarding to any of
its linear macrobranches generated by alternated sequences in the interval
[aOa al],

ap :15 b} o “b(l)'*bg l£? al

If otherwise, labeling a with false will result in a contradiction. Indeed,
if the sequence is ap Aid a1, a is an isolated branch in any label 7 in
the string I. So the branches of the mirror tableau for ¥ with the nodes
F rand F a are closed. If the vertex L does not belong to the alternated
scquence, we have that the same reasoning holds for branches of a tableau
for ¥ with F r, ..., F 7, and F a, for any r; in the string of labels I;,
1 < i < n. Indeed, a label ' a implies T b, F -b! and so on until we
obtain F' —b" and, therefore, T a, a contradiction, whereas T a does not

leads to a contradiction over the sequence at all.
We keep this reasoning as a building block for writing and searching for

contradictions over macrobranches.

Definition 3.10 A lteral » € Label N (ULetter(S;;)) 4s called necessarily
false literal. The set of necessarily false literals is denoted by NecFls.

A necessarily false literal r ought be labeled as F' r.
Consider the three non-empty intervals,

[~ag,~e1] [ro,s1} [-ao,m1]

where a,c € Nec and r, s € NecFls.
The literals a, c and 7, s are labeled, respectively, as True and False over
their macrobranches, respectively, B-qo—c,; Bros; and Bgor; -

11



In this way, if the macrobranches associated to [ap, a1} and [eg, ¢1] are,
respectively Bggay, Bee,- We will show, in Proposition 3.13, that three
macrobranches

aQay B
B B apal
—ap—Cy T031 B "
“agTry)
Bcoc1

are closed, or, to be more precise, the above defined macroberanches are
closed.

Definition 3.11 Given a cylindrical digraph, its set of closed digraphs,
CSD is defined as

1. For all a € Nec NecFls, the digraph,
(la0, 1] \ (=a))ao = L{L}
where {L} is the digraph with only one vertex, the vertez 1;

2. For all a,b € Nec, if [-ag, —b1|VL(ao, a1,-a1) # 0, consider
(lao, a1]ay = mao([~ao, ~b1]VL(ao, a1, ~az))=by - bolbo, b1]) \ (ab)
3. For all a € Nec, b € NecFls, if [-ao, b1]VL(ap, a1, —a;1) # 0, consider
([ao, a1)ay ::: ~ao([~ao, b1]VL(ag, a1, -a1)) \ (a=b)
4. For all a,b € NecFls, if [ag,b1]) # 0, consider
(a0, b1] \ (—a-b)

Definition 3.12 Given a set of closed digraphs, CSD, its associated set of
possible closed macrobranches, A, is the set of macrobranches generated by
each digraph in CSD.

The macrotableau for ¥ is \/{B|B € A}.

Proposition 8.13 If B is a macrobranch in A, then B is closed.
Proof: Case 1) a € NecFls N Nec. For any sequence in the interval [ag, a1},
ag Qd% i “'d(l)...—-df)‘ P

associated to a linear macrobranch Lin, for any possible branch in lin, with
nodes in the set {ry,...,r,}, we have the branch for a tableau

12



TV

Fr
Fr,
Tavd
T —dl v d?
T-d"Va
that can be developed, by the use of Bivalence rule, as
T ¥
Fr
F:
T o — TTL —— T —a
open T d}
T .d2
Ta
closed

Suppose —a & {r1,...,7n}. Add the node F a, we obtain the closed
branch

TV
Fr
Ta—" ¢ — T —-a
closed T d!
T.d2
Ta
closed

Hence, the subdigraph

(lao,a1] \ (m@))ag = L{L}

has its generated macrotableau closed.

Case 2): The literals @ and b are necessarily true and case 1), at least
one of them is necessarily false, does not happen.

The intervals [ag,a;] and [bo,b;] generate two macrobranches, B, and
B that close if we add to them, respectively, the nodes F' a and F' b.

13



Let B-,-p be the macrobranch generated by the interval [-ag, —b;]. If
we add the the macrobranch B_,_ the two nodes F' —a and F -b, then the
macrobranch closes.

In conclusion, the macrobranch B, A By A B-q—p is closed.

The hypothesis of a or b being necessarily false was ruled out. So, we
conclude that the macrotableau generated by

[ao, a1]ay :: mao([—ag, =b1]VL(ao, a1, —a1))-by - bo[bo, bi]

closes under all possible nodes F' a or F b or (F-a and F' =b).

Case 3) If a is necessarily true, the macrobranch generated by [ao, a1]
closes with the addition of the node F a.

The macrobranch gencrated by [-ao, b1] closes added to the nodes F-a
and Th. Hence, if b is necessarily false, the macrobranch generated by
[ag, a1]ay ::: —ag([~ao, b1)VL(ag, a1, —a1) closes under the nodes F'a or T b or
(T a and T b). We cannot suppose {a—b} C NecFls. So, the macrobranch
generated by

([ao, a1]ar ::: =ao([—ao, b1]VL(ao, a1, —a1)) \ (a—b)

is closed.

Case 4) Consider the interval [ag,b;]. Any alternated sequence in this
interval generates a linear macrobranch so that the node F' a forces T' b, a
contradiction if we assume that a and b are nodes of the mirror tableau.

Discharge the labels —a and —b, for we deal with the hypothesis that F' a
and F' b are nodes in the mirror tableau, which is the tableau obtained by
using Branching Rule.

Conclude that macrobranch generated by

[a0, b1] \ (ma=b)

is closed. ja]

Proposition 3.14 The set CSD has its size bounded by a polynomial.

Proof: Observe that one can easily write in polynomial time and size the
set of non-empty intervals [ag, b1], for (a,b) € Letter(¥) x Letter (V). o

The reciprocal of Theorem 3.13 is shown next.

Theorem 3.15 For any closed branch Br in the mirror tableau there is a
macrobranch B so that a possible branch | of B is a subbranch of Br.

14



Proof: Let Br be a branch for the mirror tableau for T ¥ so that none of

its subbranches is a possible branch in some macrotableau in A.
F L

F
T s,

T 5,
that is, for no subdibraph S in CSD (see Definition 3.11), there is a possible
branch generated by S that is a subbranch of Br.

Our search is restricted to CIL, the digraph given by the cylindrical
digraph without labels ranging over the literals complementary to each l;,
1 <<t Clndr\ (=l,...,~l:). On making such a restriction, we avoid
writing nodes of the fom F p for any p € {=ly,...,-l}.

Consider the set NT of the necessarily true literals in CIL and NF the
necessarily false literals among the set {l1,...,l:}. By hypothesis, NT'N
NF =, for otherwise, Case 1 of Definition 3.11 holds.

If NT in non-empty, for any a € NT, extend Br by adding all the

branches of the form
F —a

T -aVr
T -ri1Vrey where ~aVr; and for all 1 < i < 7, =1 Vrg belong to some

T -1V T
;.

The above branch is equivalent to the branch

F —a

T T

Try

T TJ'
and by our hypothesis, cases 2 and 3 of Definition 3.11 were ruled out, so,
{r1i,r2,...,r;} N NF = @ (Case 3 of the same Definition does not happen).
Also, {-r1.5r9,...,-7;} N NT = 0 (Case 2, does not happen). Therefore,
we conclude that subbranches of the above form remain open.

7 If NF is non-empty, for any b € NF, consider branches of the form
bvr

T -r1Vry

T -rj_1Vrj

15



Take the branches maximal in the sense that no new node of the form
T —r; Vrjq can be added to it
As b € NF, the node F' b belongs to Br. So, the above branch is
equivalent to
T ™
T'ry

Tr;

Ajs1 cases 3 and 4 of Definition 3.11 were ruled out, none of the literals
in the above branch are in NF or a conjugated pair of a literal in NT and
therefore no literal labeled as T and F' occurs. The branch is left open.

It remains to analyze the branches with no literals in NF or NT in it.

Consider maximal branches of the form
T 51V 89

T -89V s3

T “85-1 VS
The above branch is developed, using Branching Rule as
T 81
T T8 T 52
T Siy
The second branch remains open. Indeed, no —s; belongs to NT and no
s; belongs to NF. o

4 Algorithm II - Polynomial Resolution

Now, we deal with a decision procedure in order to decide if a given set of
possible closed branches indeed entails the mirror tableau, and therefore,
the tableau closes and the given 3-sat formula ¥ is not valid or the tableau
does not close, so V¥ is valid. That is, we develop the tools to polynomially
decide if for any branch of the mirror tableau, there is a possible branch in
A that is a subbranch of it (so ¥ is non-valid) or not (¥ is valid).

Our general strategy for solving the tableaux is the following: Given a
set of possible closed branches A for a formula ¥, then we solve the tableau
for ¥ by Bivalence rule over a set A € A, which we recall, entails all closed
branches. In a schema,

16



// A
_— BR /mz BR bR ~_
[A.] A4
closed closed closed
Aj
A't

The last branch V1<,<nA )%, was built up due to a branching rule,
generalized over all possible branches. All other possible branches in A are
closed and we describe here a procedure in order to decide whether any
possible branch in any macrobranch of A represents a closed tableau, that
is, any branch of the mirror tableau contains a possible branch of some A;.
Call resolution to the process of deciding whether branches in the mirror
tableau are a possible line in 4 or not.

Recall that the set of all nodes in a possible branch is a consistent set of
literlas in Label.

Definition 4.1 A macrobranch B is inconsistent iff there is no possible line

in B.

In a rephrasing, a macrobranch B is inconsistent iff for any attempt of
writing a possible branch we can find two nodes with complementary literals
in it.

Proposition 4.2 Let A = V¢, Ai be a sct of possible closed branches.

A branch Br is a possible branch of /\1<,<n t iff Br it is not a possible
branch in any macrotableau A € A.

Proof: Let C be the set of all chains in A;¢;c, Al Forall {Cy,...,Cn} €C
we have that {C%,...,C%,} is an antichain in \/ A That is, for all possible
branch in V;¢;<p Ai, there is a node whose literals in its the string of labels
are complementary of the literals in the possible branch.

So, for all A € A and any chain {B,...,B,} in A has non empty

intersection with {C%,...,C%}. Suppose that the linear branch A;¢;<m Ci
is of the form o

L

lm
then for all s, there is a node in B, substring of —lyi=ly,. o]

17



In other words, A A! is consistent iff there is a branch of the mirror
tableau that is not a possible branch in A. So, the tableau generated by A
closes iff there is no possible branch in A At

Definition 4.3 Given two strings of labels I, Iy,

Ly =rurar...mn1
lp =riaren ... Thyo

we say that Iy and ly are compatible if no two pairs of conjugated letters
belong to {ri1,721,...Tnys 712,722, -+, Trg2}

Notice that a string of the form a—ab; ...b, is not compatible with any
other string.

Recall that lines belong to macrobranches and macrobranches are num-
bered and ordered according to a partial order in A.

A line [ belong to the set Aj, Aa,..., 4; and its position is jy, js, ..., j.

Definition 4.4 We say that the set of possible closed branches A represents
the mirror tableau iff for any mazimal consistent set {ly,...,1,}, there is
a possible line in A that is a subbranch of the branch of the mirror tableau
whose nodes are F I;, for all 1 <1< n.

If A represents the mirror tableau, then the mirror tableau for ¥ (that
is any tableau for ¥) is closed.

Corollary 4.5 Given a set A= {By,...,B,}, the following assertions are
equivalent:

1. A represents the mirror tableau;
2. Ni<i<n Bl is inconsistent;

3. For dll antichain Ant = {C1,...,Cpn} in A, for all1 <i < m in Ant
and strings of labels Ly, in Cj, there is a pair (i,3) so that the strings
li,, and Lik, are incompatible.

Proof: Equivalences of 1 and 2 follows from Proposition 4.2.

2iff 3 follows from A .;,, B} is inconsistent iff for any chain {C}, ..., C,}
there is no consistent line in /\lsiSp C;. That is for all possible lines l, in
each C;, there is a pair (3, 5) so that a node in lix, and a node inl;, form a
conjugated pair.

Equivalently, for all antichain {C},...,C!} and strings Ui, in each C!,
there is a pair (7, j) so that the strings l;, and ljk; are non-compatible. LI
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Theorem 4.6 There is a polynomial algorithm for deciding a set A,

Proof: Let {By,By,...,Bm} be the set of all linear macrobranches in A.
Suppose that the label F was dropped in each node and we consider only
strings of literals in each node. For all 1 €4 < m, let l;,...,lin, be an
enumeration of each node in B;.

For all lik and li’k’, if

1. l;x and Iy are compatible or

2. I, and lyp are incompatible and the are comparable linear macro-
branches in, say, the macrobranches Ay,..., A, € A;

then we write all sequences of the form
llk] ) 12k27 oe e 1lmkm

two-by-two compatible or in comparable positions in the macrobranches
Ai,...,Aq € A, we choose B; the minimum position where macrobranches
are comparable and B, ..., B, where the lincar macrobranch is not compa-
rable.

Notice that this is a antichain and A4, <5k, <mim It is a possible branch
of A{A!4 e A}.

5 Conclusion

We described in this paper two algorithms for solving 3-sat. One of them
describe how to obtain macrotableau for 3-sat formulas. The second algo-
rithm deal with the resolution of such macrotableaux.

Regarding to the first algorithm, we have to write subdigraphs of the
cylindrical digraph. An straightforward observation is the following Theo-
rem:

Theorem 5.1 Writing the intervals for building the set A is polynomial in
space and time.

The algorithm of solving the macrotableau involves deciding if strings of
labels do have or do not have a non compatible associated string.

Searching for non compatible strings of labels has order 2 regarding to
the set of strings and, therefore, order 4 regarding to the sct of literals in W.
So, we have the following Theorem:

Theorem 5.2 Solving and deciding a given macrotableau is polynomial in
time and space.
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6 Examples

Example 6.1 Consider the formula

\IIE(p\/T‘\/S)/\(“pVTVS)/\(pV-ﬂT‘VS)/\(ﬂpVﬂT‘VS)/\
(qv—-r\/u)/\(qv—wVv)/\(qv—.uvt)/\(qvﬁvvt)
(—rgVvavd)

and the following partition:

rvVs rvVs
-
P rVvs P rVs
—sVu
asVu
- \
q ~uVt 1 aVvh
=Vt

The cylindrical digraph is given by:

T1T => "'WT'O\

o Spp A
S0, 51
Pop pp 7

rp s 0%

LU > TWo==a3> Tt > lg==e¢=> U > U
21 q
-89 : k—vSl
N Prid
Uy > Up===a=p11 > “lg=qc2> V] > 157

Ir

—‘q-—--—"sbl

ap
bo =9 =2 (]

A simple computation show us that the set of conjugated literals {s, —s} is
the set of necessarily true literals. We skip the straightforward computation
of the set of necessarily true and A. The set A is given by

b, p

q
We have that the below set is not complete.
The tableau for ¥, shown below, is open.

g T ~q
p—"" | T open
closed closed
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Example 6.2 Consider the formula

(erVs)/\(ﬂp\/r\/s)/\(pV—mVs)/\(—-p\/-\r\/s)/\
(pV-ﬂth)/\(ﬂpV—\th)/\(p\/'ﬂaVb)/\(ﬂpV—\aVb)/\
(pVaV—'b)/\(-'pVa\/—vb)/\(qV—an—nb)/\(-qu—-aV—wb)/‘\
(

—sVEtVu)A(-tVaVvb)

Partitioned as

rVs
-rVs
P -uVt -p
-aVb
aV =b

q —aV —b -q

rTVs
—rVs
-4Vt
~aVb
aV b

—a Vb

t —sVu -1

and obtain the below cylindrical digraph:

S0
X
p-p P-p

U1

—ug
I
PP
\
131
)]
-—vto

We have Nec = {s,a,—a,b,-b}. the closed digraph

([50,31]-91 :::

21

=so([—s0, t1)VL(s0, s1, 0s1)) \ (51t)



after reduction over [s0,51) is given by

So=pPPweT] 2222 =ro :.P;’J):' S1

80 % i > Up s:2: g zpp -t

As s is necessarily true, the vertices uy, t1 are labeled as true anlc)ieltohtj
literal t belongs to NecFls. In other words, F' t implies T t. So, the
chart belongs to A:

b,p
p, p
¢
.’Z{})z’c g)elow line says “under true t, we have false t”. After reduction, we

have the macrobranch:

The other macrobranf;z;f; A was built on analyzing the necessarily true
literals a, ~a and b, ~b:
P, —p
9, 0q

P, p
=t
P, p
the below macrobranch is reduced to: q,-q
-t

Both macrobranches have non compatible lines. 'Lincs p,p t(ln(ftq;l';z
are non compatible in itself, so, in any antichain. Lines t and -t a
compatible lines and belong to distinct macroarrays.
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