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Abstract
The distance transform is a crucial technique in binary image processing, assigning the distance to the nearest contour to
each foreground pixel. In this extended version of our previous work, we enhance our method for computing the maximum
distance transform (DT) value, now utilizing the optimized differential image foresting transform (DIFT) and improved
contour extraction processes. These advancements enable more efficient computation of the maximum DT value across all
connected components of a grayscale image, significantly reducing computational time by intelligently reusing DIFT trees
rooted at contour points (DIFT seeds). Our optimized algorithm now achieves processing speeds that are twice as fast as
our previous differential method. The proposed attribute, maximum distance, which measures the thickness of objects within
the image, has proven pivotal in different image processing approaches. We showcase this through detailed illustrations of
attribute opening, extinction value filters, watershed, and ultimate attribute openings.

Keywords Component trees · Distance transform · Image foresting transform · Increasing attribute · Thickness attribute

1 Introduction

Component trees are powerful full image representations
used in different image processing and analyzing tasks,

B Dennis J. Silva
dennis@ime.usp.br; d.j.da.silva@rug.nl

Paulo A. V. Miranda
pmiranda@ime.usp.br

Wonder A. L. Alves
wonder@uni9.pro.br

Ronaldo F. Hashimoto
ronaldo@ime.usp.br
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including designing connected operators [1], text loca-
tion [2], eye vessel segmentation [3], interactive image
manipulation [4], and many others. In this representation,
the connected components (CCs) of the level sets are the
nodes of the tree and the subset relation of these CCs is
encoded in the parenthood relationship. An important step
in a common pipeline of image processing using component
trees is selecting a subset of nodes. This step depends on the
image processing task, but the selection usually depends on
describing the nodes by their structural (considering the node
relationship inside the tree), texture, and geometry infor-
mation. The information that describes the nodes is called
attributes, and computing them quickly is an important pro-
cedure in the component tree image processing framework.
Thus, many efficient methods for computing attributes in
component trees have been proposed. Silva and collabora-
tors [5] proposed a set of patterns based on [6] which are
capable of incrementally counting bit-quads [7] in compo-
nent trees. Using the bit-quad count, we can quickly compute
the area, perimeter, Euler number, and number of holes of the
nodes of component trees. Najman and Couprie [8] compute
the area and height of the nodes during the construction of
the component tree. Using the computed area, they com-
pute the volume of the tree performing a tree traversal. Silva
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and Lotufo [9] adapted the component tree building algo-
rithm by flooding [10] by computing auxiliary values while
scanning the pixels of the image. Then, they compute topo-
logical height, number of descendants, width, and height of
the bounding box when the child–parent connection is estab-
lished in the tree building by combining the attribute of the
child with the auxiliary values computed at the parent.

The distance transform is an important binary image trans-
formation widely used in image processing [11] that assigns
to each foreground pixel the distance to the closest contour
pixel. In particular, in our previous work [12] we noted that
the maximum distance transform value of the CCs describes
the thickness of the CC and could be a useful increasing
attribute for the nodes of a component tree.We also proposed
an algorithm for quickly computing this attribute by combin-
ing an incremental contour approach and differential image
foresting transform (DIFT). While dynamic shortest path
problems in theMany-SourcesMany-Destinations have been
extensively studied in networking, particularly in scenarios
where resources become unavailable [13–16], our approach
builds upon the DIFT framework to efficiently handle evolv-
ing structures. Themethod exploits the connected component
subset relationship encoding in component trees to incremen-
tally compute sets of removed and inserted seeds (contour
pixels) required by the DIFT approach to compute the dis-
tance transform. By doing so, we experimentally showed
that the approach is twice faster than a non-differential
node-reconstruction approach. Since the maximum distance
transform value is an increasing attribute, we implemented
an extinction value filter to filter out thin objects in grayscale
images. This paper extends [12] by including the following
contributions:

• Execution time optimization:Wepropose an optimization
on the incremental contour computation using grayscale
erosion and on the DIFT by including an adaptive adja-
cency relation.

• IFT andDIFT description expansion: We expand the dis-
cussion on the IFT and DIFT by describing the changes
required in the DIFT for performing the differential
approach in the component tree in detail.

• Detailed execution time experiments on a robust dataset:
We adopted a robust full-HD photograph dataset for
measuring the execution time of four different implemen-
tations including twonon-differential and twodifferential
approaches.

• New applications of the maximum distance attribute: The
proposed attributewas applied in four differentways: two
attribute filtering applications, including attribute open-
ing to enhance larger structures by removing thin ones
and extinction value filtering to simplify images based on
thin structures; and twoobject segmentation applications,
usingwatershed segmentationwithmarkers derived from

maximum distance attribute to isolate thin structures and
ultimate attribute opening to detect high-contrast thin
objects.

The remainder of the paper is organized as follows. We
recall some useful definitions and notations related to compo-
nent trees, distance transform, IFT, and DIFT in Sect. 2. We
describe the proposed attribute and the optimized differen-
tial algorithm in Sect. 3. In Sect. 4, we report our execution
time experiments and present different applications of the
proposed attribute. We conclude the paper in Sect. 5.

2 Background

In this section, we review key definitions and properties that
are essential for this work.

2.1 Images

A grayscale image is a function f : D f → K f where D f ⊆
Z
2 is a regular grid of pixels andK f = {0, 1, . . . , K f −1} ⊂

Z is the gray-level set.When K f = 2, f is a binary image and
we represent it as a set X = {p ∈ D f : f (p) = 1}. We say a
pixel p is a foreground pixel if p ∈ X and a background pixel
if p ∈ Z

2 \X . We can extract binary images from a grayscale
image by selecting the pixels whose gray level is greater or
equal to, respectively less than or equal to, a threshold value
λ ∈ Z as its foreground pixels. This thresholding operation
is denoted by

[ f ≥ λ] = {p ∈ D f : f (p) ≥ λ},
[ f ≤ λ] = {p ∈ D f : f (p) ≤ λ}. (1)

We call [ f ≥ λ] and [ f ≤ λ]), resp., the upper and lower
level set of f wrt. λ.

We relate spatially close pixels by an adjacency relation. In
particular, we define N4 = {(−1, 0), (0,−1), (1, 0), (0, 1)}
and N8 = N4 ∪{(−1,−1), (1,−1), (1, 1), (−1, 1)} as the 4-
and 8-connected adjacency relation. These adjacency rela-
tions generate the 4− or 8-connected neighborhood of a pixel
p:

N4(p) = {p + q : q ∈ N4} and N8(p) = {p + q : q ∈ N8}.
(2)

We denote an arbitrary neighborhood of pixel p byN (p). If
q ∈ N (p), we say q is a neighbor of (or adjacent to) p. In
this work, we assume that the neighborhood is symmetric.
Specifically, if q ∈ N (p), then p ∈ N (q) as well. Given a
set of pixels X ⊆ Z

2, we denote the set of pairs of adjacent
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pixels by

A(X) = {(p, q) ∈ X2 : q ∈ N (p)}. (3)

Given a grayscale image f : D f → K f and an adjacency
relation A, we can enrich the image by representing it by a
vertex-weighted graph G f ,A = ( f , D f ,A(D f )), where its
vertices are pixels, the adjacency relation defines its edges,
and the weights of the vertices are the pixel gray levels.
Using the set representation of the binary image, we can
also create the graph GX ,A = (X ,A(X)) that enriches the
binary image representation. Using the graph representation
of binary images, we define a path π(p, q) between two pix-
els p, q ∈ X as the sequence (r0, r1, . . . , rn) of pixels in X
with ri ∈ N (ri+1) for 0 ≤ i < n, r0 = p and rn = q. If
there exists such a path π(p, q) in X , we say p and q are
connected, otherwise, we say they are disconnected. A sub-
set of pixels S ⊆ X is called connected if all pairs of pixels
p, q ∈ S are connected in S. If S is maximally connected,
it is called a connected component of X . We denote the set
of connected components of a graph GX ,A by CC(GX ,A),
and the connected component containing pixel p ∈ Z

2 by
CC(GX ,A, p), with CC(GX ,A, p) = ∅ if p /∈ X . Further,
we define the family of connected components of the upper
and lower level sets by

U( f ,A) = {C ∈ CC(G[ f ≥λ],A) : λ ∈ Z},
L( f ,A) = {C ∈ CC(G[ f ≤λ],A) : λ ∈ Z}. (4)

2.2 Component Trees

A (rooted directed) tree T is an acyclic (directed) graph T =
(V (T ), E(T )), where V (T ) is the set of vertices/nodes and
E(T ) is the set of (directed) edges. Given a node N ∈ V (T ),
a tree T supports the following operations:

parent(N , T ) = P ⇔ (N , P) ∈ E(T ),

children(N , T ) = {C ∈ V (T ) : (C, N ) ∈ E(T )},
rootTree(T ) = N ⇔ �P ∈ V (T ) : P = parent(N , T ).

(5)

A component tree T f = (V (T f ), E(T f )) is a tree such
that

V (T f ) is either U( f ,A) or L( f ,A),

E(T f ) = {(N , P) : N , P ∈ V (T f ),

N ⊂ P,between(N , P, T f ) = ∅},

where

between(N , P, T f ) = {P ′ ∈ V (T f ) : N ⊂ P ′ ⊂ P}. (6)

We can associate the gray level at which a node N first
appears during gray-level decomposition of f with the node
in the component tree as follows:

level(N , T f ) =
{
inf p∈N f (p), if V (T f ) = U( f ,A),

supp∈N f (p), if V (T f ) = L( f ,A).

(7)

Naive handling of component trees by computers can be
costly due to the pixels that belong to many nodes. To alle-
viate this, each pixel is stored only at the first node where
it becomes a foreground pixel. The full node is then formed
by the pixels it stores and the pixels stored by its descen-
dants. Such nodes are called compact nodes and are formally
defined by N̂ = N \ ⋃

C∈children(T f ,N ) . We call a pixel

p ∈ N̂ a compact node pixel orCNP for short. Since the com-
pact node that stores a pixel p is the smallest CC in the tree
containing p, we call it the small component of p and denote
it by SC(T f , p) = N ⇔ p ∈ N̂ . This leads to the definition
of the compact component tree T̂ f = (V̂ (T f ), Ê(T f )):

V̂ (T f ) = {N̂ : N ∈ V (T f )},
Ê(T f ) = {( Â, B̂) : Â, B̂ ∈ V̂ (T f ), (A, B) ∈ E(T f )}.

The compact representations of component trees constructed
from upper and lower level sets are known as the max-tree
and min-tree, respectively; see Fig. 1.

Component trees are useful tools for image processing
because we can associate attributes to their nodes. Formally,
an attribute is a function that maps component tree nodes to
a set that describes some feature of the nodes. The function
level is an example of an attribute that maps nodes to their
associated gray level. Other common examples are area, vol-
ume, and perimeter [17]. Attributes that increase as we move
from the leaves to the root are called increasing. Formally,
an attribute attr is increasing if A, B ∈ V (T f ) : A ⊂ B
implies attr(A) ≤ attr(B); an example is area. Oth-
erwise, the attribute is called non-increasing, such as the
perimeter. An incremental algorithm computes a node’s
attribute based on its own CNPs and the attribute values of its
children [5]. An attribute is considered incremental if there
exists an incremental algorithm that can compute it.

2.3 Contours

Given a binary image X and an adjacency relationA, we say
that a pixel p ∈ X is a contour pixel if it is adjacent to a
background pixel q ∈ Z

2 \ X . The set of contour pixels of X
is the contour of X [18]:

∂A(X) = {p ∈ X : ∃q ∈ N (p), q ∈ Z
2 \ X}. (8)

When extracting contours, it is important to note that the
connectivity of the adjacency relation used to compute
the contour is dual to the connectivity of the resulting
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Fig. 1 Max-tree and min-tree of
the input image f . The red
pixels are the CNPs of the
nodes, the black pixels are pixels
of the node that are stored in a
descendant node, and the white
pixels are the background pixels.

contour. That is, ∂A8(X) produces A4-connected contours
and ∂A4(X) results in A8-connected contours; see Fig. 2.

2.4 Image Foresting Transform

The image foresting transform (IFT) algorithm [19] is a
generalization of Dijkstra’s algorithm for multiple sources
(seeds) and more general connectivity functions. It can be
applied to an image graph to develop image operators based
on optimum connectivity. In its seeded version, as used in
this work, the search for optimal paths is restricted to paths
starting in a set of seeds S ⊂ D f .

For a given image graph GX ,A and seed set S ⊂ X ⊆
D f , let π∗(s, p) with s ∈ S denote the path computed by
IFT ending at pixel p ∈ X ⊆ D f . Computed paths are
stored in a predecessor map pred : D f → D∗

f = D f ∪
{NIL}, such that for each pixel p ∈ X \ S, q = pred(p)
indicates the path’s predecessor node of p in the computed
path π∗(s, p), and pred(s) = NIL indicates that s is the
origin of the path (root node). A rootmaproot : D f → D f

is used to explicitly store the origin of paths π∗(s, p), such
that root(p) = s and pred(s) = NIL.

Let �q(GX ,A) be the set of all possible paths in
graph GX ,A ending at pixel q ∈ X and �(GX ,A) =⋃

q∈X �q(GX ,A) denote the set of all possible paths in
GX ,A. A connectivity function � : �(GX ,A) → R

+ com-
putes a cost�(π(p, q)) for any pathπ(p, q). A pathπ(p, q)

is optimal if �(π(p, q)) ≤ �(π ′(x, q)) for any other path
π ′(x, q) ∈ �q(GX ,A), irrespective of its starting point x .
The image foresting transform [19] takes an image graph
GX ,A and a connectivity function � and assigns one opti-
mal path π∗(s, p) from s ∈ S to every pixel p ∈ D f .

However, � must satisfy certain conditions, as described
in [20]; otherwise, the paths may not be optimal. During
the IFT calculation, a cost map cost : D f → R

+ is used
to store the costs of the computed paths π∗(s, p), such that
cost(p) = �(π∗(s, p)) for all p ∈ X .

For a path π(r0, rn) = (r0, r1, . . . , rn) in X , a classic
example of a connectivity function is given by the geodesic
cost function �Geo:

�Geo(π(r0, rn)) =
{∑n−1

i=0 ‖ri − ri+1‖ if r0 ∈ S;
+∞ otherwise,

(9)

where S is a seed set and ‖·‖ denotes the standard Euclidean
L2 norm on D f ⊂ Z

2. An example of IFT computation with
�Geo and X = D f is presented in Fig. 3a–b, including an
explanation of the pred, root, and cost maps.

2.5 Differential Image Foresting Transform

In the case of a sequence of IFT applications for differ-
ent sets of seeds modified by insertion and/or removal of
seeds and the same connectivity function, the differential
image foresting transform (DIFT) allows the updating of
paths stored in pred and other maps in a time propor-
tional to the size of the modified regions in the image (i.e.,
in sublinear time) [21]. Let a sequence of IFTs be repre-
sented as 〈I FT(S1), I FT(S2), . . . , I FT(Sn)〉, where n is the
total number of IFT executions on the image. At each execu-
tion, the seed set S i is modified by adding and/or removing
seeds to obtain a new set S i+1. We define a scene Gi as
the set of maps Gi = {predi ,rooti ,costi }, resulting
from the i-th iteration in a sequence of IFTs. DIFT allows to
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Fig. 2 Contour definition and the impact of the adopted adjacency rela-
tion. X is a binary image, ∂A4 (X) is the contour of X extracted using
A4, and ∂A8 (X) is the contour of X extracted using A8. The graph in

red (middle) shows that ∂A8 (X) produces anA4-connected contour and
the graph in green (right) shows that ∂A4 (X) produces anA8-connected
contour.

efficiently compute a scene Gi from the previous scene Gi−1,
a set �+

S i = S i \ S i−1 of new seeds for addition, and a set

�−
S i = S i−1 \ S i of seeds marked for removal, by reusing

the part of the previous calculation that remains unchanged.
An example of differential path updating by DIFT is

shown in Fig. 3c–d for the connectivity function�Geo, where
the seed e is removed fromS1 = {e, f , q, x}, i.e.,�−

S2 = {e}
and S2 = { f , q, x}. In Fig. 3c, the nodes of the path tree
that was rooted at e in Fig. 3b were reset to infinite cost,
thus becoming available for a new dispute from the frontier
nodes (nodes with purple background) of their non-removed
neighboring trees, by analyzing the extension of previously
computed paths of neighboring trees instead of starting from
scratch. In Fig. 3d, the result of DIFT is presented, with only
the nodes in the removed region being updated.

2.6 Distance Transform

The distance transform (DT) is a well-known binary image
transformation that assigns to each foreground pixel the
distance to the closest background/contour pixel. Formally,
given a binary image X , the DT at a pixel p ∈ X is defined
as

edt(X , p) = min
q∈∂A(X)

‖q − p‖, (10)

where ‖·‖ denotes the standard Euclidean L2 norm on D f ⊂
Z
2.
DT-based image operators are obtained in the IFT frame-

work by considering the connectivity function

�Euc(π(p, q)) =
{ ‖q − p‖2 if p ∈ S;

+∞ otherwise,
(11)

Fig. 3 a–b Example of IFT computation using �Geo in a graph with
A8. a Input graph with marked seeds given by {e, f , q, x}. b The
arrows indicate the predecessor of each node in the computed paths,
and their costs by �Geo are indicated inside the nodes. For example, in
the case of the path π∗( f , h) = ( f , g, h), we have that g = pred(h),
f = pred(g), pred( f ) = NIL, f = root(h) = root(g) and
cost(h) = �Geo(π

∗( f , h)) = 1+1 = 2. c–d Example of differential
path updating by DIFT, where �−

S2 = {e} and S2 = { f , q, x}. c The
path tree rooted at e is removed and the frontier nodes (purple back-
ground) of neighboring trees becomeactive for a newcompetition.dThe
previously computed paths ending at the frontier nodes are extended,
thus generating new paths, such as path π∗(q, e) = (q,m, i, e), which
is obtained by extending π∗(q,m) = (q,m).
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where S is a seed set and squared values are used so that we
have integer costs, which allow the use of a more efficient
priority queue in IFT by bucket sorting.

For each pixel t , here we aim to compute the minimum
Euclidean distance from t to S. However, when |S| ≥ 3, this
IFT algorithmusingA4 may not output the exactDT, because
the regions of the discrete Voronoi diagram may not be
4-connected (Fig. 4).On the other hand, the exactDT for arbi-
trary seeds can be computed by IFT if the adjacency radius is
large enough [19]. In practice, the DT errors by IFT with 8-
connected adjacency and �Euc are so small and unusual that
they can be neglected for most applications (Fig. 5). Indeed,
DT by IFT with A8 and S = ∂A4(X) has been successfully
used in several applications, including its use in multi-scale
shape skeletonization [22, 23] and shape descriptors (e.g.,
fractal dimensions [24], contour saliences [25], and shape
descriptors based on tensor scale [26]). An analysis of the
upper bound of the error is presented in Appendix A.

3 ProposedMethod

In this section, we present our proposed attribute (the
maximum distance transform value) and a new method to
computed it. It is worth noting that this newmethod is an opti-
mized version of the one presented in [27]. We also observe
that our method takes as input an 8−connected component
tree and it considers the contours ∂A4([ f ≥ λ]), for each
λ ∈ K f , as defined in Equation (8). The output of ourmethod
is the maximum distance transform value for each node of
the component tree.

3.1 Proposed Attribute

We define the maximum distance transform value (or max-
imum distance for short) maxDist : V (T f ) → R as an
attribute of component trees for a node N ∈ V (T f ) as

maxDist(N ) = max
p∈N edt(N , p). (12)

Since a node N can never lose pixels when we move
to its ancestors, the edt of the pixels never decreases,
making the maximum distance an increasing attribute (see
Sect. 2.2). Figure 6 provides an illustrative example of the
maxDist attribute computed for each node in the com-
ponent tree shown in Fig. 1. For better clarity, each node
displays the EDT values for all pixels in the corresponding
CC, making it easier to observe that maxDist is defined as
the highest EDT value within each CC.

As an increasing attribute, maxDist can be applied
in various morphological operations to analyze and pro-
cess image structures. By capturing the maximum thickness

of each connected component, maxDist allows filtering
objects based on their shape rather than just their size
(area). This property makes it particularly useful in appli-
cations where the preservation of structural characteristics is
essential. Later, in Sect. 4.2, we demonstrate its versatility
in defining attribute filters, such as attribute openings and
extinction value filters, as well as its use in segmentation
methods, including marker-based watershed segmentation
and ultimate attribute opening.

We propose an efficient differential algorithm to compute
maxDist, leveraging the hierarchical structure of the compo-
nent tree to ensure fast computation.

3.2 Differential Distance Transform by DIFT

The IFT computation in a differential mode using the con-
nectivity function �Euc from Eq. (11) requires an updated
version of the DIFT algorithm as proposed in [28]. In this
work, we adopt a customized version of this algorithm, tak-
ing into account the particularities of the DT problem, and
with some extra modifications, aiming for a better integra-
tion with the subsequent computation of the new proposed
attribute.

Some additional modifications are needed because we are
dealing with both the expansion of the graph GX ,A and the
changes in the seed set from S i−1 to S i , since X grows while
moving toward the root of the component tree, as explained in
Sect. 3.3.Therefore,wehave adifferent Xi for each execution
ofDIFTwith Xi−1 ⊂ Xi . For each new pixel in the expanded
graph Xi \ Xi−1, its neighbors in Xi−1, which already have
computed paths rooted in seeds notmarked for removal, must
also be inserted into the priority queueusedbyDIFT to enable
future path extensions. Here, we leave the handling of this
issue and the management of the insertion of new seeds into
the priority queue Q to the calling function (Algorithm 3
presented in the next section), for better code integration.
Therefore, differently from [28], our differential algorithm
(Algorithm 1) assumes that the new seeds from �+

S i have
already been inserted into Q and that the call to remove seeds
in �−

S i will also be handled externally in Algorithm 3.
Due to the growth of Xi , for increasing values of i , we

know that the exact expected value of the DT for each
pixel is a non-decreasing function over the iterations, i.e.,
edt(Xi , t) ≥ edt(Xi−1, t) for all t in Xi−1. Therefore,
we adopt a simplification in the code so that at each itera-
tion of the DIFT we only consider the calculation of new
paths ending in nodes belonging to a set open, composed
of new pixels in Xi \ Xi−1 and pixels of removed trees
with roots in ∂A4(Xi−1) \ ∂A4(Xi ). That is, for pixels in
Xi \ open, we keep the approximated values of the EDT
already computed in the previous iteration. The usage of this
simplification makes the predecessor test and the call to the
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Fig. 4 Example of a non-exact DT calculation by IFT using �Euc
in a graph with A4. a Input graph with marked seeds given by
S = { f , q, x}. b The arrows indicate the predecessor of each node
in the computed paths, and their costs by �Euc are indicated inside
the nodes. For example, in the case of the path π∗(q, u) = (q, p, u),
we have that p = pred(u), q = pred(p), pred(q) = NIL and
cost(u) = �Euc(π

∗(q, u)) = 2. c The Voronoi diagram is depicted

under the nodes, indicating that node i should belong to the Voronoi
cell of seed q in an exact DT. The computed Euclidean distance to
node i is

√
cost(i) = √

9 = 3, while the exact value would be
‖q − i‖ = √

8 ≈ 2.828, leading to an error of 0.172. Note that this
particular illustrated problem would not happen in the case of an 8-
neighborhood graph.

Fig. 5 Examples of DT computation by IFT with 8-connected adja-
cency. a & c Two given binary images X1 and X2, respectively. b &
d The corresponding DT values computed by IFT for all pixels in X1
and X2, respectively. The DT error by IFT at pixel q is measured by
ε(q) = ∣∣edt(X , q) − √

�Euc(π∗(p, q))
∣∣, withπ∗(p, q) the path com-

puted by IFT in GX ,A8 , such that p ∈ S = ∂A4 (X). In the case of X1,
themaximum errormade for a pixel was 0.038490, while themean error
in X1 was only 0.000011, with the errors affecting only 0.037161% of
pixels in X1 (i.e., only 8 pixels out of 21, 528 pixels). In the case of X2,
no error was found.

auxiliary function DIFT-RemoveSubTree from [28] no
longer necessary.

Another simplification adopted consists of not explicitly
computing the map of predecessors pred, since we are only
interested in the values of cost. However, for this effect to
be possible, the auxiliary function treeRemoval (Algo-
rithm 2) needed to be completely rewritten, compared to the
version presented in [28], in order to allow the removal of
trees based solely on their cost and root maps.

Another optimization adopted corresponds to the use of
an adaptive neighborhood. Since the cost of the connectivity
function �Euc depends only on the endpoints of the path,
we have that during the propagation of paths, when a pixel
s conquers a neighboring pixel t , later, when it is t’s turn
to visit its neighbors, it does not need to revisit s nor any
of s’s neighbors, since the cost of the paths passing through

t to them will be the same. Therefore, it needs to consider
only the region without overlapping of its neighborhood, i.e.,
N8(t) \ (N8(s) ∪ {s}), as indicated in Fig. 7. For example,
for a pixel x ∈ N8(t) ∩ N8(s), the paths (r , . . . , s, x) and
(r , . . . , s, t, x) have the same cost ‖x − r‖2 according to
the connectivity function �Euc. Therefore, the path passing
through t does not need to be evaluated.

In fact, in the case of diagonal displacements, as shown
in Fig. 7b, the two green neighbors of t in regions without
overlap with N8(s), can also be avoided. Without loss of
generality, for example consider the green pixel at u = s +
(2, 0), i.e., u is two pixels to the right of s. Since the Voronoi
cell of the seed r has a convex shape, in case u is conquered by
the extension through t via the path (r , . . . , s, t, u), it implies
that s + (1, 0) would also be part of the region conquered
by r . Therefore, u would already be reachable from r via
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Fig. 6 Illustrative example of
the maxDist attribute
computed for each node in a
component tree, using the same
tree structure as in Fig. 1 to
ensure consistency in
visualization. For clarity, each
node displays the EDT values
for all pixels in the
corresponding CC, making it
easier to observe that the
maxDist attribute corresponds
to the highest EDT value within
each CC.

s + (1, 0), so its access through t would become redundant
in Algorithm 1. However, note that, in the case of accessing
neighbors during the tree removal inAlgorithm2, visiting the
green pixels is necessary for the correct identification of the
frontier nodes belonging to non-removed neighboring trees.

Adaptive neighborhood is implemented considering a
family of indexed neighborhoods numbered from 0 to 8,
including the complete neighborhood of 8 neighbors at index
numbered 0, as well as the four rotations of each of the two
patterns shown in Fig. 7. A map adjmap : D f → [0, 8]
is used to store the index ks = adjmap[s] of the adjacency
that will be used for each pixel s. Initially, the indexes start
at zero, which corresponds to the complete neighborhood of
8 neighbors, but as the DIFT paths are computed, this map is
updated following the scheme in Fig. 7, so that extensions of
paths with more than one pixel in length will now consider
only three neighbors.

Given the pair (s, ks), the neighbors of pixel s are accessed
through the setNadapt (s, ks) that stores ordered pairs of the
form (t, kt ), where t is a neighboring pixel of s and kt is the
index of the neighborhood to be considered for t , if the path
to t is selected passing through s. We consider only three
neighbors (indicated with a yellow background in Fig. 7)
in the case of Algorithm 1. In the case of Algorithm 2, we
use an extended adaptive adjacency N ∗

adapt (s, ks) that also
considers the green neighbors from Fig. 7b.

Finally, in order to facilitate the computation of the pro-
posed attribute from Eq. (12), during the DIFT computation,
we store the maximum squared distance transform value

Fig. 7 Illustration of the adaptive neighborhood, which considers only
non-overlapping pixels inN8(t)\(N8(s)∪{s}). a Case of motion along
a single axis. b Case of diagonal motion. The green pixels should only
be considered in the tree removal algorithm (Algorithm 2).

found for each DIFT tree at its root in a map Bedt, i.e.,
Bedt(r) = max

t∈Xi :root(t)=r
cost(t) and r ∈ ∂A4(Xi ).

3.3 Differential Algorithm

Our proposed algorithm processes the max-tree from its
leaves to the root. For each level set, we collect the new
seeds by finding new contour pixels and the removed seeds
by finding the contour pixels from the previously processed
level set that are not contour pixels on the level set which is
currently being processed. Then, we use DIFT for distance
transform computation using the seeds from the previously
computed level set (maintained seeds), the found new seeds
(inserted seeds), and by removing the seeds (removed seeds)
that are not contour pixels in the level set being processed.
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Algorithm 1: Algorithm DIFT for EDT
Input: Priority queue Q, the set open and the maps adjmap,

Bedt, root, and cost initialized with the result from
the previous DIFT execution.

Output: The updated data structures Q, open, adjmap, Bedt,
root, and cost passed by reference.

1 Function EDTDiff (Q, open, adjmap, Bedt, root, cost)
2 while Q �= ∅ do
3 Remove s from Q such that

cost[s] = mint∈Q{cost[t]};
4 open ← open \ {s}, r ← root[s];
5 Bedt[r ] ← max{Bedt[r ],cost[s]};
6 ks ← adjmap[s];
7 foreach (t, kt ) ∈ Nadapt (s, ks) do
8 c ← ‖t − r‖;
9 if c < cost[t] and t ∈ open then

10 if t ∈ Q then remove t from Q;
11 cost[t] ← c, root[t] ← r ;
12 adjmap[t] ← kt ;
13 Insert t in Q;

Algorithm 2:Algorithm to remove seeds and their trees

Input: The set of seeds to be removed �−
S , priority queue Q, the

sets bin and open, and the maps adjmap, root, and
cost.

Output: The updated data structures Q, open, and cost passed
by reference.

Auxiliary: Stack T of nodes initially empty.
1 Function treeRemoval (�−

S , Q, bin, open, adjmap,
root, cost)

2 T ← ∅;
3 foreach seed r ∈ �−

S do
4 open ← open ∪ {r}, cost[r ] ← ∞;
5 Insert r at the top of T ;

6 while T �= ∅ do
7 Remove s from the top of T ;
8 ks ← adjmap[s];
9 foreach (t, kt ) ∈ N ∗

adapt (s, ks) do
10 if cost[root[t]] = ∞ then
11 if t /∈ open then
12 open ← open ∪ {t}, cost[t] ← ∞;
13 Insert t at the top of T .

14 else if t ∈ bin and t /∈ Q then
15 Insert t in Q;

The maximum distance transform value for each DIFT root
is mapped to a contour pixel of the node. Finally, we scan the
contour pixels of the node (computed incrementally) to find
the maximum distance transform value mapped to the DIFT
root in the previous step.

In [27], the contour is extracted by keeping the number
of background neighboring pixels each pixel of the nodes
currently being processed has. The number of neighboring
pixels is kept by using a map which is incremented for a

CNP when it finds a neighbor with a lower gray level and the
map is decremented at a CNP neighbor if the neighbor has
a higher gray level than the CNP. In this paper, we further
optimize the contour extraction runtime. First, we define a
negative value for points outside the image domain:

p /∈ D f ⇒ f (p) = −∞. (13)

Then we perform the grayscale erosion [29] of the input
image f by N4, which is defined for p ∈ D f as:

[εN4( f )](p) = min
q∈N4(p)

f (q). (14)

Using εN4( f ), we can quickly check if a pixel p of a node N
is an A4-contour pixel by comparing [εN4( f )](p) with the
level associated to the node N as described by Proposition 1.

Proposition 1 Let N ∈ U( f ,A8) be a node of f ’s max-
tree. Then, p ∈ ∂A4(N ) if and only if [εN4( f )](p) <

level(T f , N ).

Proof ⇒
Suppose by contradiction that p ∈ ∂A4(N ) and

[εN4( f )](p) ≥ level(T f , N ). Since [εN4( f )](p) ≥
level(T f , N ), then (i) every q ∈ N4(p) has gray level
greater than or equal to level(T f , N ). Also, (i i) p ∈
∂A4(N ) ⇒ p ∈ N . Thus, (i) and (i i) implies that q ∈ N .
But, it is a contraction because �q ∈ N4(p) such that q /∈ N ,
which contradicts p ∈ ∂N4(N ). ⇐

[ε f (N4)](p) < level(T f , N ) ⇒ ∃q ∈ N4(p) : f (q)

< level(T f , N )

⇒ q /∈ N

⇒ p ∈ ∂N4(N ).

��
In this way, we save the time of revisiting the neighbors of the
children’s contours for counting the background neighbors,
which is performed in the original approach.

We summarize our full approach with the erosion opti-
mization in Algorithm 3. In the algorithm, we denote by Z

+
the set of positive integers, R

+ the set of positive real num-
bers, and D∗

f = D f ∪ {NIL} : NIL /∈ D f , where NIL
denotes an invalid pixel.

Algorithm 3 starts by initializing the maxDist map and
the DIFT variables in lines 2–6. Line 7 initializes the node
to contours map with empty contours and the erosion of f
by N4 is computed in line 8. In line 9, we create a map
levelToNodes that maps to λ all nodes associated with
gray level λ such that we can quickly access all nodes associ-
atedwith λ. Then, we loop over all levels λ of the input image
in lines 10–32 and skip processing levels that are not in the
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Algorithm 3: Differential algorithm
Input: A grayscale image f : D f → K f and its component tree

T f = (V (T f ), E(T f ))

Output: A map maxDist : V (T f ) → R
+

1 Function computeMaximumDistanceDifferential ( f ,
T f )

2 Let maxDist : V (T f ) → R
+ with

maxDist[N ] ← 0,∀N ∈ V (T f );
3 Let bin ← ∅,open ← ∅ and cost : D f → R

+ be the
cost image;

4 Let root : D f → D f with root[p] ← p,∀p ∈ D f and Q
be a cost queue;

5 Let Bedt : D f → Z with Bedt[p] ← 0,∀p ∈ D f ;
6 Let adjmap : D f → Z with adjmap[p] ← 0,∀p ∈ D f ;
7 Let contours : V (T f ) → P(D f ) with

contours[N ] ← ∅,∀N ∈ V (T f );
8 Let feroded = εN4 ( f );
9 Let levelToNodes : K f → V (T f ) with

levelToNodes[λ] = {N ∈ V (T f ) : level(T f , N ) ←
λ},∀λ ∈ K f ;

10 foreach λ ∈ max(K f ) down to min(K f ) do
11 if levelToNodes[λ] = ∅ then continue;
12 foreach N ∈ levelToNodes[λ] do
13 Let �−

S ← ∅ and Ncontour ← ∅ be two sets;
14 foreach C ∈ children(T f , N ) do
15 foreach p ∈ contours[C] do
16 if feroded(p) ≥ λ then �−

S ← �−
S ∪ {p};

17 else Ncontour ← Ncontour ∪ {p};
18 if �−

S �= ∅ then
treeRemoval(�−

S , Q,bin,open,adjmap,

root,cost);

19 foreach p ∈ N̂ do
20 bin ← bin ∪ {p};
21 if feroded(p) < λ then
22 Ncontour ← Ncontour ∪ {p};
23 root[p] ← p,cost[p] ← 0;
24 insert(Q,cost, p);

25 else
26 open ← open ∪ {p}; cost[p] ← +∞;
27 foreach q ∈ N4(p) : q ∈ bin do
28 if q /∈ Q and cost[q] �= +∞ then

insert(Q,cost, q);

29 contours[N ] ← Ncontour;

30 EDTDiff(Q,open,adjmap,Bedt,root,cost);
31 foreach N ∈ levelToNodes[λ] do
32 maxDist[N ] ← √

maxp∈contours[N ] Bedt[p];
33 return maxDist;

image using the if statement in line 11. Then, we loop over all
nodes N associated with λ in lines 12–29. For each node N ,
we scan the contour of the children and apply Proposition 1
to evaluate if they are in the contour of N . The children’s con-
tour pixels that are not in the contour of N are stored in the
�−

S set (line 16). Line 17 updates the Ncontour to include
the children’s contour pixels, which are also contour pixels
in N . In line 18, we remove the collected seeds by calling
treeRemoval (see Algorithm 2).

Next, we scan the CNPs of N (lines 19–28). For each CNP
p, we (i) include it in the current level set (line 20) such that
when finishing the loop of lines 12–29, we havebin = [ f ≥
λ], (i i)we apply Proposition 1 to check if p is a contour pixel
(line 21); if it is, we include it in the contour of N and update
DIFT variables to include it as a new seed (lines 23 and 24),
otherwise we set the variables of the DIFT to make it a non-
seed pixel which needs to be processed (lines 26–28). The
loop on theCNPsfinishes in line 29; at this point, the contours
of the node N are stored in Ncontourwhich is registered in
the map contours. In line 30, all nodes associated with λ

have been processed, the DIFT variables are set, and we can
run the DIFT to compute the distance transform of the level
set [ f ≥ λ]. Then, we call EDTDiff (see Algorithm 1)
which computes the distance transform using a DIFT and
returns an image Bedt containing the maximum distance
transform value mapped to a DIFT’s seed (contour pixel) of
the node. Finally, we extract the maximum DT value from
this boundary image Bedt for all nodes associated with λ

by scanning their contour pixels in lines 31–32.
The main idea of Algorithm 3 is to incrementally keep the

sets of maintained, inserted, and removed seeds (MIR sets
for short). It keeps these sets implicitly in lines 16 (removed
seeds), 17 (maintained seeds), and 22–24 (inserted seeds).
Using MIR sets, we can quickly set up a DIFT for distance
transform computation and find its maximum value for each
CC. Figure 8 depicts the MIR sets for each level set of a
grayscale image.

3.4 Complexity Analysis

This section discusses the time complexity of Algorithm 3.
To simplify the notation, we denote V (T f ) by V when no
confusion is likely to arise. To compute the execution time
complexity of Algorithm 3, we divide it into steps:

• (i) Initialization: The initialization step consists of ini-
tializing all associated variables and data structures as
performed by lines 2–9. Since |V | < |D f |, the complex-
ity of initializing the image size maps in lines 4, 5, 6, and
8 is

O(|D f |).

• (ii) Computing�−
S and initializingNcontour: The loop

in lines 12–17 computes the set of removed seeds�−
S and

initializes Ncontour with the children contour pixels
that remain contour pixels in N . The loop in lines 14–17
scans the contours of the children. If we denote the length
of the longest contour between all nodes and the number
of children of N by δmax and cN , respectively, then we
have

∑
N∈V (T f )

cN = |V | − 1, and thus the following
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Fig. 8 MIR sets for each level set of the input image. The pixels in blue represent the seeds which are maintained from the previous computed λ,
the green pixels represent the inserted seeds at the current level λ, and the orange pixels represent the seeds removed from the previous processed λ.

time complexity

O(|V |δmax).

• (iii) DIFT seed removal: Line 18 performs a call to
treeRemoval (Algorithm2)which runs inO(�−

S,max).

If we denote the biggest �−
S by �−

S,max, then line 18 is
upper bounded by

O(|V | × |�−
S,max|).

• (iv) Computing new seeds: The time complexity of the
loop in lines 19–28 is proportional to the number of times
line 20 is performed since it is the only line performed
at every iteration. Since the loop is performed once for
each node and it iterates over the CNPs of the node, the
time complexity of the loop is

O(|D f |).

• Performing DIFT for EDT computing: Algorithm 3 calls
EDTDiff (Algorithm 1) once for each level in K f .
EDTDiff runs in sublinear time [21] since it processes
the full IFT trees rooted at the removed and inserted seeds.
LetU be the biggest set of updated nodes during the dif-
ferential recomputation of the forest by DIFT, then line

30 runs in

O(|K f | × |U |).

• Finding the maximum distance value: Themaximum dis-
tance value of each node is computed by the loop in lines
31 and 32. It scans the contour pixels of each node of
the component tree, resulting in the comprehensive com-
plexity:

O(|V |δmax).

Thus, the full worst-case time complexity of Algorithm 3
is

O
(
|D f | + (|V | × δmax) + (|V | × |�−

S,max|) + (|K f | × |U |)
)

.

It is worth noting that the time complexity is the same
as that of the differential algorithm proposed in [27]. The
proposed optimizations only reduce the hidden constants.
Section 4 experimentally shows that our proposed optimiza-
tions make the differential approach run quicker.

Similarly, the non-differential approach requires comput-
ing the full IFT for each value in K f , including the contour
extraction. It also requires calling node reconstruction for
each node to find the maximum distance value of the node.

123



   31 Page 12 of 23 Journal of Mathematical Imaging and Vision            (2025) 67:31 

Thus, the non-differential approach runs in

O (
(|K f | × |D f |) + (|V | × |D f |)

)
.

Since we usually have |U |, |δmax|, |�−
S,max| << |D f |, our

differential approach is usually quicker, as experimentally
shown in Sect. 4.

3.5 Extension Summary

In this section, we summarize our proposed optimizations for
our previous differential approach [12]:

• We change our approach to find the contours. Previously,
we counted the number of background neighbors. In the
new approach, we erode the input image and find the
contour pixels by comparing their gray level in the input
and eroded images.

• We have introduced the set open, which keeps the set of
pixels open to be conquered by the seeds being processed.
Using this set, we could remove the predecessor test of
the previous approach.

• We have removed the predecessor map and its compu-
tation by rewriting the function treeRemoval (Algo-
rithm 2).

• We have introduced an adaptive adjacency relation that
avoids visiting redundant regions.

Table 1 compares the previous method with our proposed
optimizations.

4 Experimental Results

In this section, we present a quantitative evaluation of the
experimental results, comparing running times, as well as a
qualitative analysis of how the proposed attribute relates to
other existing attributes.

4.1 Execution Time Analysis

We have run experiments to measure the execution time
of our proposed method and to compare it against other
approaches for computing the maximum distance attribute.
We implemented four maximum distance approaches in
C++14 andused themorphotree library for building andman-
aging morphological trees [30]. We have implemented two
non-differential node-reconstruction approaches and two dif-
ferential approaches as follows:

• Exact EDT : We have implemented the EDT computation
method described in [31]. This method can compute the
exact EDT from a binary image in linear time (O(|D f |)

by scanning the image domain four times. To compute
the maximum distance in component trees, we generate
the map levelToNodes as done in Algorithm 3 and
build each level set of the input image in the same way as
the bin is created in Algorithm 3. Then, we run the exact
EDT approach in the level set and compute themaximum
distance for each node associated to the level by recon-
structing the node and finding the maximum value of the
EDT for the foreground pixels of the node.

• Non-differential approach: Similarly to the Exact EDT
approach, we compute the maximum distance level set
by using levelToNodes and bin. However, instead
of using the exact EDT algorithm, we compute the EDT
using IFTs (see Sect. 2.4 and 2.6).

• Differential approach: We compute the maximum dis-
tance attribute of the component tree using the incremen-
tal contour and DIFTs as described in [12].

• Optimized differential approach: We compute the maxi-
mum distance using Algorithms 1, 2, and 3.

We implemented the experiments in single-thread C++14
programs. The onlymulti-threaded operationwas the erosion
operation performed in line 7 of Algorithm 3 in the opti-
mized differential approach. For our IFT- and DIFT-based
approaches, we adopted the priority queue Q as presented
in [32]. The experiments were run on a laptop computer
with Ubuntu 19.10, 16GiB of RAM, and an Intel®Core™i7-
8750H CPU (2.20Ghz ×12) processor. We have adopted
the validation dataset of the Occluded RoadText Challenge
from the Robust Reading Competition portal [33]. It is com-
posed of 202 full-HD photographs (1920 × 1080 pixels)
taken during driving over different environments. To pro-
duce our experimental dataset, we converted the photographs
to grayscale. We also produce alternative datasets by scaling
down the photographs to 960× 540, 480× 270, 240× 135,
and 120 × 68 using the rescale method from the module
transform of scikit-image [34].

We ran each maximum distance attribute computation
approach 3 times for each image of all datasets (all image
scales) and the mean execution time for each image was reg-
istered. From the collected data, we analyze the execution
time by image resolution and the number of nodes of the
max-tree built from the images of the dataset.

Our optimized differential approach has run the quick-
est in our analysis by image resolution. It ran 5.00, 4.30,
and 2.13 times quicker (on average) than the exact EDT,
non-differential, and non-optimized differential approach,
respectively. Table 2 presents the computed speed-up per
image resolution.

We have also plotted the mean execution time “in log
scale” per image resolution to visualize how the execu-
tion time grows for each maximum distance computation
approach and how they compare in Fig. 9.
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Table 1 Summary of optimization introduced on the previous differential approach for computing maximum distance value attribute.

Previous approach Optimization

Identify contours by counting background
neighbors.

Identify contours by comparing the gray level of input and eroded images.

Use predecessor map following the generic
differential algorithm from [28].

Use a map open to keep the pixel open for conquest.

Use predecessor map to remove the DIFT trees, Remove DIFT trees using only cost and root maps,

Fixed adjacency relation, Adaptive adjacency relation, which avoids redundant regions,

Table 2 Execution time speed-up of our proposed method obtained
over the other maximum distance attribute computing approaches orga-
nized by image resolution.

Speed-up
Resolution Exact EDT non-differential differential

120 × 68 4.38 3.49 1.65

240 × 135 5.73 4.97 2.39

480 × 240 5.52 4.81 2.30

1920 × 1080 4.04 3.61 1.95

mean 5.00 4.30 2.13

For analyzing the behavior of our implementations of the
different approaches in relation to the number of nodes of the
component trees, we create buckets for the number of nodes
such that eachbucket fits approximately 50 samples (images).
In this analysis, we just considered the collected data from the
experiments of the full-HD images and computed the mean
execution time and speed-up of our proposed approach over
the other approaches for each bucket. First, we present the
speed-up computed for each bucket in Table 3.

We also present the plot of the mean execution time of
each method by the number of node intervals in Fig. 10.

Table 3 Execution time speed-up of our proposed method obtained
over the other maximum distance attribute computing approaches by
the number of nodes of the component trees.

Number of nodes Speed-up with respect to:
intervals Exact EDT non-differential differential

[41665, 103000) 4.21 3.66 1.87

[103000, 131086) 3.99 3.57 1.92

[131086, 163296) 3.94 3.52 1.98

[163296, 298507) 4.02 3.69 2.03

mean 4.03 3.61 1.95

The details of the experiments, including source code,
scripts, and results, are available onGitHub [35]. In summary,
our experiments show that our proposedmethodwith all opti-
mizations described in this paper is the quickest method to
compute themaximumdistance attribute in the tested dataset.
It is between 4.03 and 5, 3.6 and 4.3, and 1.95 and 2.13
times quicker than the exact EDT, non-differential, and non-
optimized differential approaches, respectively, to compute
themaximumdistance attribute on average, depending on the
number of nodes of the component trees or image resolutions.

Fig. 9 Average execution time of each maximum distance computation approach per image resolution. Each plot depicts the average execution
time for a unique image resolution. Note that the vertical axes are in different scales for different image resolutions.
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Fig. 10 Average execution time of each maximum distance computation approach per the number of nodes of the component trees.

Fig. 11 Sequence of maxDist attribute openings demonstrating the
removal of objects based on their thickness for threshold values ranging
from 7 to 10. The sequence clearly shows how objects are progres-
sively removed as the threshold increases, illustrating the effectiveness

of maxDist as a simple yet powerful filter. From left to right: input
image, and results for maxDist < 7, maxDist < 8, maxDist < 9,
and maxDist < 10.

4.2 Possible Applications

In this subsection, we explore how the maxDist attribute
can be applied to define connected operators and segmenta-
tion of regions of interest (ROI) in various image processing
contexts. Each application described here illustrates the ver-
satility and potential of the maxDist attribute to solve
specific problems.

4.2.1 Illustrative Examples of Attribute Filters

In mathematical morphology, one of the most interesting
applications of attributes in morphological trees is the com-

putation of attribute filters [1, 10]. These filters represent
a large class of connected operators that have power-
ful contour-preservation properties. They act by removing
CCs from level sets, based on attribute values. Increasing
attributes, such asmaxDist, are particularly valued inmath-
ematical morphology, as they enable the computation of
various classes of order-preserving filters, including attribute
openings and closings, as well as extinction value filters. We
demonstrate through several examples how the increasing
attribute maxDist can be used to simplify image structures
according to themaximum thickness of regions, highlighting
its potential in various filtering approaches.
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Fig. 12 Demonstration of
extinction value filters applied
using different attributes to keep
L leaves for each attribute. The
sequence shows the input image
followed by the effects of
applying the extinction value
filter for area, inertia, and
maxDist attributes at
thresholds L = 5 and L = 4.

Fig. 13 Watershed
segmentation example: input
image (left), selected markers
(center), and final segmentation
result with watershed lines
overlay (right).

• Attribute openings: Attribute opening is one of the sim-
plest and most effective filters that can be implemented
using a component tree. The result of this operator is
achieved by reconstructing a tree that has been pruned,
where nodes with values of an increasing attribute below
a specified threshold are removed. Figure 11 illustrates
a sequence of maxDist openings with threshold values
ranging from 7 to 10. As the threshold increases, objects
with thickness below the given value are progressively
removed, showcasing the ability of maxDist to act as
an intuitive and efficient filtering attribute.

• ExtinctionValueFilters:Unlike attribute openings,which
remove components based on a fixed threshold, extinc-
tion value filters adopt a hierarchical approach. These
filters are particularly useful for ranking and selectively
removing less significant structures from an image. The
intuition is as follows: in a grayscale image interpreted
as a topographic map, where the pixel intensities rep-
resent elevation, regional maxima correspond to peaks
in the landscape. Extinction values quantify the persis-
tence of these peaks, representing the minimum attribute
threshold required to eliminate each maximum. A high
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Fig. 14 Application of ultimate maxDist opening for detecting
objects with thin structures, such as text. The first column shows the
input images, the second column highlights the maximum residuals

extracted through the ultimate maxDist opening, and the third column
represents the objects colored randomly based on the indices associated
with the maximum residuals.

extinction value means that a regional maximum per-
sists acrossmany threshold levels, indicating a significant
structure.Conversely, a lowextinction value suggests that
themaximum is easily removed and is likely to be a small
or insignificant feature. By associating extinction values
with the leaves of the component tree, we construct con-
nected filters that organize and prune these leaves based
on their importance. Instead of setting a fixed attribute
threshold, extinction value filters remove the L least per-
sistent regional maxima, preserving only the L most
significant structures. Figure 12 presents a comparison
of extinction value filters applied to different attributes,
including area, moment of inertia, and maxDist. The
results illustrate how each attribute influences the selec-
tion of preserved maxima. Notably, maxDist provides
a more precise representation of thickness-based struc-
tures, effectively removing thin objects before affecting
thicker ones. To highlight the effectiveness of extinc-
tion value filtering, Fig. 12 illustrates the removal of thin
objects before thicker ones when using maxDist. This
behavior is particularly useful in applications requiring
selective filtering of components based on structural per-
sistence rather than a fixed attribute threshold.

4.2.2 Illustrative Examples of Segmentation

We present two examples of how the maxDist attribute
can be used to guide the segmentation process. Specifically,
we demonstrate its application in marker-based watershed
segmentation and ultimate attribute opening. Although we
focus on these two methods, the proposed attribute can be
employed in other segmentation techniques with the same
purpose.

• Watershed: This example demonstrates how the
maxDist attribute can be applied to identify relevant
markers that guide themarker-basedwatershed algorithm
in precise segmentation, particularly for objects with spe-
cific thickness. The watershed algorithm takes as input
the image gradient and the markers obtained from the
leaves (regional maxima) of the component tree, whose
extinction value with the maxDist attribute is in the
interval between7and10, andwhose areas exceed agiven
threshold to ensure that markers from noisy regions are
not selected. Figure 13 illustrates the segmentation pro-
cess, showing the input image, the selected markers, and
the watershed lines overlay. As observed, objects with
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low thickness values within the specified range (7 to 10)
are correctly segmented.

• Ultimate attribute opening: Now, we present an example
of applying the ultimate attribute opening operator using
the proposed maxDist attribute for the segmentation of
objects with thin structures. The ultimate attribute open-
ing operator analyzes the evolution of residual values
between consecutive operators in an attribute opening
scale-space, retaining the maximum residue for each
pixel [36, 37]. The residual values provided by these
operators can reveal important contrast details in images,
allowing the detection of high-contrast objects when a
significant residue is produced as they are filtered by one
of the attribute openings. Additionally, other associated
data, such as the indexes of the operators that produced
the maximum residual value, can also be obtained, which
are crucial for segmentation applications. In this exam-
ple, we use the maxDist operator to extract objects with
thin structures, such as texts. The residualswere extracted
only from maximally stable extremal regions (MSERs),
as employed in [36]. Figure 14 shows the input image, the
extracted maximum residuals, and a randomly colored
image based on the indices associated with the maximum
residuals. As can be seen, objects with thin structures
were effectively captured by the maxDist opening.

5 Conclusion

The use of the distance transform as a method to describe
the thickness of connected components in binary images has
been further enhanced in this extended study.We have signif-
icantly improved the computational efficiency of measuring
the maximum distance transform value in component trees
by refining both the incremental contour computation and the
differential image foresting transform (DIFT). These opti-
mizations have enabled our algorithm to achieve processing
speeds that are now twice as fast as those obtained with our
previous differential method.

In addition to these performance enhancements, we have
expanded the scope of applications for themaximumdistance
attribute. This extended study includes new demonstrations
of the attribute’s effectiveness through various image pro-
cessing techniques such as attribute opening, extinction value
filters, watershed segmentation, and ultimate attribute open-
ings. These applications highlight the attribute’s capability to
isolate and emphasize thin structures effectively, thus broad-
ening its utility in practical image processing scenarios.

Further research could explore the application of our
method for thickness characterization of 3D medical struc-
tures in CT and MR images. Another research avenue
could investigate adapting our proposed algorithm to effi-
ciently compute other binary image transforms, such as

the medial axis transform for component trees [38], or
examine additional attributes derived from thickness. Addi-
tionally, parallelization strategies could be explored to further
improve computational efficiency. Existing partitioned algo-
rithms for the IFT [39] and linear-time EDT algorithms [31,
40, 41] offer promising approaches for parallel execution.
Another research direction involves investigating hardware-
based implementations, such as FPGA architectures [42],
to accelerate processing in large-scale applications. These
optimizations could significantly enhance the scalability and
applicability of the proposed method in real-world scenar-
ios. We also plan to investigate the behavior of our proposed
algorithm for different (higher) bit-depth images.

Glossary

4-connected
adjacency relation

N4 2.1

8-connected
adjacency relation

N8 2.1

4-connected adjacent
arcs

A4 2.1

8-connected adjacent
arcs

A8 2.1

4-connected
neighborhood of p

N4(p) 2.1

8-connected
neighborhood of p

N8(p) 2.1

A-contour of X ∂A(X) 2.3
A4-contour of X ∂A4 (X) 2.3
A8-contour of X ∂A8 (X) 2.3
Adaptive adjacency
relation

Nadapt (s, ks) 3.2

Adjacent arcs A 2.1
Arbitrary
neighborhood of p

N (p) 2.1

Arbitrary node in a
tree

N 2.2

Binary image built
for our proposed
algorithm

bin 3.3

Border to maximum
Euclidean distance
transform value
map

Bedt 3.2

Children of N in T children(N , T ) 2.2
Compact component
tree

T̂ f 2.2

Compact component
tree edges

Ê(T f ) 2.2

Compact component
tree nodes

V̂ (T f ) 2.2

Compact node pixel CNP 2.2
Compact
representation of
node N

N̂ 2.2

Component tree of f T f 2.2
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Connectivity
function for
computing
Euclidean distance
transform

�Euc(π(p, q)) 2.6

Connected
component

CC 1

Connected
component of
GX ,A that contains
p

CC(GX ,A, p) 2.1

Connected
components of the
lower level sets

L( f ,A) 2.1

Connected
components of the
upper level sets

U( f ,A) 2.1

Contours of node N Ncontour 3.3
Differential Image
Foresting
Transform

DIFT 1

Distance transform DT 2.6
Distance transform
value at pixel p

edt(X , p) 2.6

Eroded f feroded 3.3
Extended adaptive
adjacency

N ∗
adapt (s, ks) 3.2

Full High Definition Full-HD 1
General attribute attr 2.2
General binary
image

X 2.1

General grayscale
image

f 2.1

Geodesic cost
function

�Geo 2.4

Graph representation
of a binary image

GX ,A 2.1

Graph representation
of a grayscale
image

G f ,A 2.1

Gray level associated
to node N

level(N , T f ) 2.2

Grayscale erosion of
f by structuring
element N4

ε f (N4) 3.3

i-th binary image of
a sequence of
nested binary
images

Xi 3.2

IFT and DIFT root
map

root 2.4

IFT and DIFT
connectivity
function

� 2.4

IFT and DIFT cost
function

cost 2.4

Image Foresting
Transform

IFT 1

Image codomain K f 2.1
Image domain D f 2.1
Infimum inf 2.2
Invalid pixel or value NIL 2.4

Image domain with
an invalid pixel

D∗
f 2.4

Level to nodes map levelToNodes 3.3
Lower level set of f
wrt. λ

[ f ≤ λ] 2.1

Maintained, inserted,
and removed seed
sets

MIR 3.3

Map that maps a p to
an adaptive index

adjmap 3.2

Maximally Stable
Extremal Regions

MSER 4.2

Maximum distance
transform value
attribute

maxDist 3.1

Node to contours
map

contours 3.3

Number of children
of N

cN 3.4

Number of leaves L 4.2
Parent of N in T parent(N , T ) 2.2
Path from s to p
computed by an
IFT

π∗(s, p) 2.4

Path from p to q π(p, q) 2.1
Predecessor path pred 2.4
Priority queue Q 3.2
Region of Interest ROI 4.2
Result of an IFT
considering S i

I FT(S1) 2.4

Root node of the tree
T

rootTree(T ) 2.2

Rooted directed tree T 2.2
Seeds that were
inserted into S i−1

to create S i

�+
Si 3.2

Seeds that are
removed from S i

to create S i

�−
Si 3.2

Set of all adjacent
pixels (arbitrary
adjacency relation)

A(X) 2.1

Set of all possible
paths in GX ,A

�(GX ,A) 2.4

Set of all possible
paths in GX ,A
ending at q

�q (GX ,A) 2.4

Set of connected
components of
GX ,A

CC(GX ,A) 2.1

Set of (directed)
edges of T

E(T ) 2.2

Set of nodes between
N and P

between(N , P, T f ) 2.2

Set of positive
integers

Z
+ 3.3

Set of positive real
numbers

R
+ 2.4

Set of seeds S 2.4
Set of seeds for the
i-th IFT in a
sequence of IFTs

S i 2.4
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Set of vertices/nodes
of T

V (T ), V 2.2

Small component of
p

SC(T f , p) 2.2

Standard Euclidean
L2 norm

||.|| 2.6

Supremum sup 2.2
The biggest �−

S �−
S,max 3.4

The biggest set of
updated nodes in
DIFT

U 3.4

The length of the
longest contour

δmax 3.4

Upper level set of f
wrt. λ

[ f ≥ λ] 2.1

Variable that keeps
the set of pixels in
Xi \ Xi−1

open 3.2

Appendix A Worst Case Analysis of
Non-exact DT by IFT

As stated in Sect. 2.6, when |S| ≥ 3, the IFT algorithm with
connectivity function �Euc may not output the exact DT, if
the adjacency relation is not big enough. An example of a
non-exact DT calculation by IFT using �Euc in a graph with
A8 is presented in Fig. 15. However, in practice, the DT
errors by IFT with 8-connected adjacency and �Euc are so
small and unusual that they can be neglected for most appli-
cations. In this appendix section,we present an analysis of the
upper bound of the error of non-exact DT by IFT using �Euc

withA8, which follows arguments similar to those presented
in [43].

As indicated in [19], the computed path tree of each seed
r ∈ S will always contain the subset of its discrete Voronoi
region which is 8-connected to r . The approximation error
occurswhen theVoronoi polygonhas a thin corner that passes
between two neighboring lateral pixels, because the regions
of the discrete Voronoi diagram may not be 8-connected
(Fig. 15).

The worst case is the one depicted in Fig. 16, where the
pixels in D and E are neighbors of P throughA8, but D and
E do not belong to the Voronoi cell of seed inC . The pixel at
P will be incorrectly assigned to the seed at B with distance
‖P− B‖ = r +1, where ‖·‖ denotes the standard Euclidean
L2 norm on D f ⊂ Z

2. Note that by triangle inequality of
triangle CEP we have that d < r + 1, therefore C should
be the correct seed to conquer P . The error ε is:

ε = r + 1 − d. (A1)

The maximum error occurs when d is as small as possible
(without causing the Voronoi cell of seed inC to expand over
the two neighbor pixels D and E) which means that C is at
distance r +δ from E with δ ≈ 0. Applying the Pythagorean

theorem and some geometric relationships we can conclude
that:

r2 = (d · cos θ − 1)2 + (d · sin θ)2, (A2)

r2 = d2 · cos2 θ − 2 · d · cos θ + 1 + d2 · sin2 θ,

r2 = d2 · (cos2 θ + sin2 θ) − 2 · d · cos θ + 1,

cosθ = 1 + d2 − r2

2 · d . (A3)

To find angle θ , we consider the following relationships
between points:

D = P − (1, 1), (A4)

C = P − (d · sin θ, 1 + d · cos θ − 1)

= P − (d · sin θ, d · cos θ). (A5)

Combining the previous equations, we have:

C − D = P − (d · sin θ, d · cos θ) − P + (1, 1),

C − D = (1 − d · sin θ, 1 − d · cos θ). (A6)

Given that ‖C − D‖ = r + 1 − √
2 and combining with

Eq.A6, we have:

‖C − D‖ =
√

(1 − d · sin θ)2 + (1 − d · cos θ)2

= r + 1 − √
2,

(1 − d · sin θ)2 + (1 − d · cos θ)2

= (r + 1 − √
2)2,

d2 · (sin2 θ + cos2 θ) + 2 − 2 · d · (sin θ + cos θ)

= (r + 1 − √
2)2,

sin θ + cos θ = d2 + 2 − (r + 1 − √
2)2

2 · d . (A7)

By combining Eqs. A3 and A7, we have:

sin θ = d2 + 2 − (r + 1 − √
2)2

2 · d + r2 − 1 − d2

2 · d ,

sin θ = 1 − (r + 1 − √
2)2 + r2

2 · d ,

sin θ =
r2 + 1 −

[
r2 + 2 · r · (1 − √

2) + (1 − √
2)2

]
2 · d ,

sin θ = 1 − 2 · r + 2 · r · √
2 − (1 − 2 · √2 + 2)

2 · d ,

sin θ = (−2 · r)(1 − √
2) − 2 + 2 · √

2

2 · d ,

sin θ = (
√
2 − 1) · (r + 1)

d
, (A8)
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Fig. 15 Example of a non-exact DT calculation by IFT using �Euc in
a graph with A8. a Input graph with three marked seeds given by the
colored nodes. bThe arrows indicate the predecessor of each node in the
computed paths, and their costs by�Euc are indicated inside the nodes. c
TheVoronoi diagram is depicted under the nodes, indicating that node p
should belong to theVoronoi cell of seed c in an exactDT. The computed
Euclidean distance to node p is

√
cost(p) = √

170 ≈ 13.0384, while
the exact value would be ‖c− p‖ = √

52 + 122 = √
169 = 13, leading

to an error of 0.0384.

Fig. 16 Worst-case error for non-exact DT calculation by IFT using
�Euc in a graph with A8.

which for large r becomes:

sin θ ≈ (
√
2 − 1) �⇒ θ ≈ 24.46980052◦ (A9)

Isolating d in Eq. A2, we have:

d =
√
r2 − 1 + cos2 θ + cos θ. (A10)

which for large r becomes:

d = r + cos θ (A11)

Therefore the error ε for large r becomes:

ε = r + 1 − (r + cos θ) = 1 − cos θ ≈ 0.090 (A12)

Therefore, for large r , the error is bounded to be less than
0.090 pixel units, which is negligible for most practical pur-
poses.

The resulting errors for small r values (1 ≤ r ≤ 20),
were analyzed in detail in [43], and all of them fell below
the calculated upper bound of 0.090 pixel units. Also in our
experiments, no approximation error exceeding this value
was found.
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