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Time of Flight Transmission Mode Ultrasound
Computed Tomography With Expected
Gradient and Boundary Optimization

Roberto C. Ceccato , Andre V. Pigatto , Richard C. Aster, Chi-Nan Pai ,
Jennifer L. Mueller , Senior Member, IEEE, and Sérgio S. Furuie

Abstract—Objective: Quantitative time of flight in trans-
mission mode ultrasound computed tomography (TFTM
USCT) is a promising, cost-effective, and non-invasive
modality, particularly suited for functional imaging. How-
ever, TFTM USCT encounters resolution challenges due to
path information concentration in specific medium regions
and uncertainty in transducer positioning. This study pro-
poses a method to enhance resolution and robustness,
focusing on low-frequency TFTM USCT for pulmonary
imaging. Methods: The proposed technique improves the
orientation of steepest descent algorithm steps, preventing
resolution degradation due to path information concentra-
tion, while allowing for a posteriori sensor positioning re-
trieval. Total variation regularization is employed to stabi-
lize the inverse problem, and a modified Barzilai-Borwein
method determined the step size in the steepest descent al-
gorithm. The proposed method was validated through sim-
ulations of data on healthy and abnormal cross-sections
of a human chest using MATLAB’s k-Wave toolbox. Ad-
ditionally, experimental data were collected using a Vera-
sonics Vantage 64 low-frequency system and a ballistic
gel torso-mimicking phantom to assess robustness under
a more realistic environment, closer to that of a clinical
situation. Results: The results showed that the proposed
method significantly improved image quality and success-
fully retrieved sensor locations from imprecise positioning.
Significance: This study is the first to address transducer
location uncertainty on a transducer belt in TFTM USCT
and to apply an estimated gradient approach. Additionally,
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low-frequency USCT for lung imaging is quite novel, and
this work addresses practical questions that will be impor-
tant for translational development.

Index Terms—Ultrasound computed tomography, bound-
ary optimization, time of flight transmission mode.

I. INTRODUCTION

U LTRASOUND (US) imaging is a safe, portable and cost-
effective method widely used by clinicians to diagnose

and identify early disease symptoms. The most common form
of ultrasonic imaging, B-mode, produces anatomical grayscale
images with each pixel proportional to the amplitude of the
logarithmically compressed envelope of the echoes produced
by the interrogated tissues from excitation pulses [2]. B-mode
ultrasound is currently used as a supplemental modality in breast
cancer screening when an abnormality is identified on a mam-
mogram or in evaluating a symptomatic breast. The American
College of Radiology recommends this imaging modality as the
preferred choice for women under 30, as well as for pregnant or
lactating women. It is also advised as a supplemental screening
tool for detecting occult breast cancer when MRI is unavailable
or contraindicated.

As a promising alternative, ultrasound computed tomogra-
phy (USCT) has several advantages over B-mode imaging.
The quantitative tomographic images are easy to interpret and
provide information on the physical properties of the tissue in
each pixel. Also, it is not subject to the ultrasound technician’s
operating skill, and provides a more spatially accurate anatom-
ical image. For breast cancer detection, the commercial USCT
Softvue system has been FDA approved for dense breast cancer
screening as an adjunct to mammography [3]. Such systems
make use of a ring transducer in a water-filled chamber with
the subject lying prone on a table and the breast suspended in
the water. Speed of sound (SoS), reflection, and attenuation are
reconstructed from data collected on many transducers (typically
over 2000) in the MHz range. Conventional US has also been
studied as a thoracic bedside technology for diagnosis and
monitoring [4], but due to the lack of signal penetration into
lung tissue, US images often contain more of their information
in artifacts than in the images themselves [5].
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In [6] it was shown that sound waves are efficiently transmitted
through the thorax for frequencies between 10 and 750 kHz,
with signal attenuation increasing as frequency increases. Rueter
et al. [6] found that transmission during expiration was signifi-
cantly decreased in patients suffering from pulmonary emphy-
sema or pneumothorax, but increased in patients with pleural
effusions. Morenz et al. [7] demonstrated US waves transmitted
at 1–40 kHz propagate through human lung tissue in patients
with COPD, and differences in the high pass frequency between
inspiratory and expiratory signals can be seen for patients in
diseased states. While the studies [6], [7] did not include tomo-
graphic reconstructions, the work inspired further research in
low-frequency (LF) USCT for lung imaging [8], [9].

The main quantitative USCT methods include Full Waveform
Inversion (FWI) [10], [11], [12], elastography [13], time of flight
in echo mode (TFEM) [14], [15], [16], and time of flight in trans-
mission mode (TFTM) [17], [18]. TFTM USCT reconstructs
the speed of sound distribution within the region of interest by
analyzing the travel path and time of flight of ultrasound pulses.
Transducers are distributed around the perimeter of the domain,
and the time of flight from the pulsed wavefront first arrival,
traveling from one transmitter through the medium to all other
transducers acting as receivers, is used to characterize the interior
(without accounting for reflections).

However, for the application of bedside lung imaging, an addi-
tional challenge arises. In contrast to breast imaging, the region
of interest cannot be suspended in a tank of water surrounded
by a rigid transducer ring. Instead, the transducers are in contact
with the body, arranged circumferentially around the torso on a
flexible belt. This inevitably results in uncertainties in transducer
location. In [8] LF USCT data was collected on a belt of 28
transducers placed around a phantom human torso constructed
of ballistic gel. As a fast or real-time reconstruction algorithm is
required for dynamic bedside lung imaging, TFTM USCT was
the quantitative method of choice.

In addition to sensor positioning imprecision, TFTM USCT
faces challenges due to its reliance on the first arrival of the
wavefront and ray-path theory [18], [19]. Some pixels in the
discretized domain receive far more path information than oth-
ers, leading to solutions trapped in local minima with high
local contrasts. To address these issues without compromising
portability or requiring complex hardware, this work proposes
two key improvements to the standard TFTM USCT meth-
ods [17], [18]. First, the steepest descent algorithm steps are
calculated using an expected value for the gradient, reducing
path information discrepancies throughout the pixels, decrasing
the level of regularization and enhancing spatial resolution with
physical meaningful solutions. Second, a posteriori boundary
optimization based on normal directional offsets and estimated
boundary SoS is introduced to improve the sensor location
accuracy during the reconstruction.

To study the sensitivity of the algorithm to errors in trans-
ducer locations, numerical simulations of a simplified 2-D
cross section from the human chest with two different lung
injuries and sensor positioning perturbations were conducted
using the MATLAB toolbox k-Wave [20]. These simulations
allowed for quantitative evaluation and demonstrated how the

proposed method improves resolution and reconstructed sound
speed accuracy compared to the standard TFTM method. Ad-
ditionally, experimental data were collected using a Verasonics
Vantage 64 low-frequency system, 28 Tonpilz-type transducers
arranged in a belt, and a ballistic gel torso-mimicking phantom.
The reconstructions from simulated and experimental datasets
showed improvements in image resolution, both quantitatively
and qualitatively. In numerical simulations with known ground-
truth sensor positions, the method retrieved the positions within
2 mm root mean square error accuracy. This is the first work to
address the problem of uncertainty in transducer location on
a transducer belt, and the first to use the estimated gradient
approach in TFTM USCT. The application of LF USCT for
lung imaging is also novel, and this work addresses key practical
questions for translational development.

This paper is organized as follows, Section II-A presents the
theoretical background for TFTM USCT. The proposed method
theory and demonstration are detailed in Section II-B for the
expected gradient steepest descent step size determination and
Section II-C for the a posteriori sensor positioning and boundary
optimization. Sections III-A and III-B describe the materials
and methods used for in silico simulations and ex vivo exper-
imental reconstructions, respectively. A brief overview of the
chosen algorithms is provided in the Section III-C. The results
and discussions for both simulated and experimental data are
presented in Sections IV-A and IV-B. Finally, the conclusions
are presented.

II. THEORY

A. TFTM USCT Background

TFTM USCT is based on the relationship between the ultra-
sound pulse wavefront first arrival time delay between trans-
mitter and the receiver, its traveled path, and the slowness
distribution over a medium Ω. Let σ(r) denote the slowness
distribution of the medium in a position r, which is the inverse
of the SoS,H the system that models the paths from transmitters
to receivers, and t the observed time delay estimated data.

Typically to solve the inverse problem of determining σ from
measured data t, one would have to approximate the forward
problem H . The straightforward alternative is to solve the gen-
eral wave equation on the given domain while recording the time
of flight (ToF) and the path between transmitter and receiver. The
pressure p(r; t) satisfies the wave equation with point source
g(r; t),

∇2p(r; t)− 1

c(r)2
∂2

∂t2
p(r; t) = g(r; t). (1)

Here, for a general position r, c(r) = λ(r)f represents the local
SoS, λ(r) is the local wavelength, and f the source central
frequency.

Nevertheless, solving the aforementioned partial differential
equation is an extremely expensive computational task. If one
assumes a time-harmonic solution, such as,

p(r; t) = A(r) expjω(t−T (r)) (2)
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where A(r) is the amplitude of the ultrasound pulse in position
r, ω is the central angular frequency, T (r) is the front wave first
arrival time delay between the transmitter and the receiver, and
j is the imaginary unit, the wave equation can be expanded to(∇2A

ω2A
− 2j∇A · ∇T

ωA
+

jA∇2T

ωA

)

+

(
1

c(r)2
−∇T · ∇T

)
= 0. (3)

The first parenthetical part of (3) is called the Transport
Equation and the second one the Eikonal Equation [19]. For
ray-theory conditions – frequency considerably greater than the
wavefront amplitude and its first and second derivative [21] – the
two partial differential equations can be uncoupled by assuming
that the Transport Equation tends to zero. This results in the
Eikonal Equation,

‖ ∇T (r) ‖22=
1

c(r)2
= σ(r)2. (4)

Let Ω ⊆ R
3 denote the spatial domain of interest, where the

Eikonal Equation is formulated as an initial value problem [22].
The time delay phase field is represented by the mapping T :
Ω → R, satisfying the following conditions{

‖ ∇T (r) ‖22= 1
c(r)2 , r ∈ Ω

T (r) = T0(r) r ∈ Γ ⊆ Ω
(5)

where Γ specifies the initial boundary with known wavefront
shape, and T0 : Γ → R provides its initial condition values.
Typically, Γ is considered a point source with T0 = 0 within the
TFTM USCT field. For this study, it is assumed that all ray-paths
converge at the center of the transducer element, irrespective
of the transducer size. Consequently, the time delay map value
evaluated at position r from a source in ri is denoted as Tri(r).

Compared to other wavefront path-solver methods, the
Eikonal equation can be solved more efficiently using fast
marching methods (FMM) [22], [23], [24]. These methods pro-
vide a sufficiently accurate approximation of the first arrival of
the wavefront at receiver positions. Once the forward problem
Tri(r) is resolved for a transmitter at ri, the wavefront first
arrival path can be estimated for each receiver. This path may
be a straight line or a refraction-corrected path, obtained by
applying Fermat’s principle and utilizing a gradient descent
method starting from the location of the receivers [17], [18].
In this work, all paths are computed considering sound wave
refraction to enhance accuracy. Consequently, the observed ToF
between a transmitter and a receiver located at a general position
rj is represented by the path integral of the slowness along the
wavefront first arrival path Lri,rj as follows

Tri(rj) =

∫
Lri,rj

σ(l)dl. (6)

Assume that all valid observed times of flight, i.e., data with its
expected measurement errors within a desired limit, are stored in
a vector t. A general entry q corresponds to its respective numer-
ically calculated ToF as tq = Tri(rj) + εq , where εq represents

Fig. 1. Inverse problem equation and scheme representation.

Fig. 2. Illustrative depiction of the paths contributing to the i-th row
of the H matrix. The image highlights the significantly greater path
information captured by pixels closer to the transmitter at position ri
compared to those situated further within the domain.

the modeling and measurement error in the ToF estimation. This
leads to

tq =

∫
Lri,rj

σ(l)dl + εq. (7)

By approximating the measured and numerically calculated
times of flight while neglecting the measurement and modeling
errors ε, one can leverage the linearity of (7) and discretize it in a
vector form to solve the inverse problem computationally. After
discretizing the entire domain Ω into n pixels, the path-length
traveled by the wavefront per discrete element is stored in each
entry of a column vector h ∈ R

n. The slowness distribution is
represented by a vector σ ∈ R

n, containing pixel-wise approx-
imations of the property. This yields the following vector-form
approximation of (7)

h′
qσ = tq. (8)

Therefore, by stacking the transposed path vector and all
valid ToF combinations between transmitters and receivers, one
obtains the matrix form

Hσ = t. (9)

Here, H ∈ R
m×n represents the ray-path matrix [25] that

discretizes the space into n pixels or voxels and accumulates
the path length within each pixel or voxel associated with each
of the m reliable ToF measurements. The vector σ ∈ R

n stores
the slowness for each pixel or voxel, and t ∈ R

m denotes the
m measurements of ToF. In Fig. 2, the general formation of the
i-th row of the matrix H, originating from a transmitter located
at ri, is depicted under the straight-line approximation of the
wavefront path while assuming the validity of all observations.
It is evident that pixels closer to the transmitter will encapsulate
a significantly greater amount of path information per pixel. In
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contrast, pixels situated at greater distances within the domain
may contribute minimally or lack any path information, thereby
having negligible influence on the matrix formation.

It is important to note that a solution σ precisely satisfying
(9) is generally unattainable because t generally does not belong
to the range of H. This is mainly due to the system being
underdetermined, as certain pixels lack information because they
are not intersected by any ray paths. Therefore, the objective is to
find the best approximation of the input vector that minimizes
the discrepancy between the measured and achievable output
data vectors. This can be accomplished through least-squares
optimization by reformulating the problem as

argmin
σ

J(σ) =‖ Hσ − t ‖22 . (10)

The inverse problem associated with the forward problem
presented by (9) is well known to be ill-posed [26], [27], and the
matrix H is typically severely ill-conditioned [27], [28]. Con-
sequently, it is not advisable to solve the optimization problem
stated in (10) with elementary minimization methods or matrix
inversions [18], [27]. The cost function should be regularized
with a function G(σ) weighted by a α factor as follows

argmin
σ

J(σ) =‖ Hσ − t ‖22 +αG(σ). (11)

The function G(σ) is usually either a Tikhonov or Total Vari-
ation regularization function within the field of quantitative
ultrasound imaging reconstruction [17], [18], [29], [30]. To solve
this type of nonlinear optimization effectively and robustly, the
steepest gradient method is a well-established approach [26],
[31], [32].

B. The Expected Gradient

The general solution method for (11) uses an initial guess
for the SoS to approximate the forward problem and then solve
the inverse problem with any desired steepest gradient stopping
criteria. The steepest gradient solution is used to update the
forward problem approximation and try to avoid local minima.
This process of solving and updating is repeated until an overall
desired stopping criteria is achieved. A more precise general
description of it can be found in [18], but the main steps are

1) Approximate the forward problem using the Eikonal
equation and determine the wavefront first arrival path
with an initial SoS conjecture.

2) Solve (11) using a steepest descent algorithm until a
desired stopping criteria is achieved (e.g. number of it-
erations, or relative residual error).

3) Use the solution from step 2 as a new SoS conjecture in
order to re-approximate the forward problem system.

4) Repeat step 2 with the new approximation.
5) Repeat steps 3 and 4 until a global stopping criteria is

achieved (e.g. number of forward problem updates, or
relative residual error).

Now, assume a general l-th forward problem update, which
is not referenced in the following derivation equations for the
sake of notation simplicity. If one takes the main component
of the cost function in the k-th iteration of the gradient descent

algorithm,

J
(
σk
)
=‖ Hσk − t ‖22 +αG

(
σk
)
, (12)

the cost function gradient with respect to the slowness is given
by

∇σkJ
(
σk
)
= 2

(
H′Hσk −H′t

)
+ α∇σkG

(
σk
)

(13)

whereH′ is the transpose ofH. Thus, its steepest gradient update
with a βk step size should be

σk+1 = σk − βk

(
2
(
H′Hσk −H′t

)
+ α∇σkG

(
σk
))

.
(14)

Let us define δtk = Hσk − t and qk = 2(H′Hσk −H′t),
so that,

qk = 2H′δtk. (15)

Therefore, for a total of m valid time delay estimations, the j-th
entry of qk will be given by

qk
j = 2

m∑
i=1

H′
j,iδt

k
i = 2

m∑
i=1

Hi,jδt
k
i . (16)

If one replaces (15) in (14)

σk+1 = σk − βk∇σkJ
(
σk
)

(17)

= σk − βk
(
qk + α∇σkG

(
σk
))

. (18)

It then becomes evident that each entry qk
j arises from the

product of different columns of the matrix H with the same δtki
values. Consequently, variations in these entries from qk are
attributable to differences in the construction of the matrix H.
Hence, the solution to the problem, as expressed in (14), empha-
sizes updates on pixels that contain more path information. This
is due to the fact that columns of the matrix H with a greater
number of nonzero elements will yield larger multiplication re-
sults with the δtki vector, as all entries of the matrix and vector are
non-negative. Pixels in proximity to the transducers are likely to
intersect more paths since all paths originate from and terminate
at a transducer, thereby contributing more substantially to the
overall path information. Conversely, some pixels situated away
from the domain boundary may lack any intersecting paths.
This phenomenon is illustrated in the Fig. 2 from the previous
subsection. Essentially, the straightforward computation of the
Jacobian results in updates that disproportionately affect cer-
tain positions. Consequently, the gradient descent step applies
with greater intensity at these positions, potentially leading to
local minima that do not necessarily reflect reality or maintain
consistent physical significance.

The suggestion proposed here to overcome this matter is to
get a general expected path-per-pixel value considering every
observation by calculating a expected gradient in each update.
This would be given by

σk+1 = σk − βk
E
[∇σkJ

(
σk
)]

= σk − βk
(
E
[
qk
]
+ E

[
α∇σkG

(
σk
)])

. (19)
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Here E[qk] is approximated as follows for the sake of simplicity

E
[
qk
j

] ≈ 1

1 + wj
2

m∑
i=1

H′
j,iδt

k
i (20)

where wj is the number of nonzero elements in the j-th col-
umn of matrix H. Also, as the regularization function term is
independent of the number of observations per pixels

E
[
α∇σkG(σk)

]
= α∇σkG

(
σk
)

(21)

Therefore, the steepest descent algorithm update procedure pro-
posed in this work is the following for any slowness vector entry

σk+1
j = σk

j − βk

(
1

1 + wj
2

m∑
i=1

H′
j,iδt

k
i + α∇σkG(σk)j

)
.

(22)

C. Boundary Optimization

A notable problem in TFTM USCT imaging is the imprecision
regarding transducers positioning. Along with inherit measure-
ment error there is an uncertainty associated with basal move-
ments, such as chest expansion and relaxation. To overcome
this issue, it is proposed to optimize the transducer positions a
posteriori, starting from the best possible estimate, as a new cost
function for every l-th forward problem update. This concept is
based on the static correction term used in seismic tomographic
imaging to correct for Earth properties near the surface [33],
[34]. This method tries to best fit the forward model to the
observed ToF by adding a sensor-specific correction term. For
the TFTM USCT problem, this would have the following format

Hlσl,k + ξl ≈ t (23)

where ξl ∈ R
m is the correction term for each observation after

the SoS optimization in the l-th forward problem update.
To establish the relationship between the correction term ξl

and the displacement of the sensors in (23), one shall assume
a known slowness σ̃|∂Ω at the boundary ∂Ω of the domain and
postulate that the initial arrival ray-paths intersect the sensor
surface perpendicularly. Additionally, assuming approximately
uniform lateral displacement due to the equal transducer spacing
in the belt, sensor position errors can be constrained to the normal
direction. Consequently, displacement in this direction can be
related to the temporal correction term using the estimated speed
of sound at the boundary, effectively reducing the problem to
one degree of freedom per transducer. This relationship can be
expressed in matrix form as follows

Hlσl,k + ξl = Hlσl,k +CΔrl ≈ t. (24)

Let Δrl ∈ R
ns represent the array of displacements in the

normal direction for each of the ns sensors. Then, the matrix
C ∈ R

m×ns is structured such that each row has non-zero entries
equal to the prior boundary slowness σ̃|∂Ω only at the entries
corresponding to the transmitter and receiver associated with
the same row in the matrix H. For example, consider the i-th

row of H, which relates to a specific transmitter-receiver pair
(tx, rx). The i-th row of C is then defined accordingly

Ci,j =

{
σ̃|∂Ω, if j = {tx, rx}
0, otherwise.

∀j = {1, . . ., ns}

(25)

Moreover, to maintain the integrity of the boundary shape,
regularization with a smoothing operator is applied to the dis-
placement array optimization. This approach is essential because
the boundary optimization problem is highly overdetermined,
since there are many more ToF observations than sensors, and
abrupt changes in the boundary topology are undesirable and
unrealistic due to tension on the belt. Therefore, changes in
the boundary should remain locally smooth relative to the po-
sitions of the transducers. Although constrained L1 norm regu-
larizations are typically recommended for overdetermined prob-
lems [35], this particular problem is formulated using Tikhonov
regularization with a second-order first derivative operator, since
a damped result is preferred over an edge-sharpening one. The
Tikhonov regularization serves as a direct method to address
a Morozov and Ivanov multi-objective optimization [36], [37],
[38], streamlining computational processes. In this context, the
Morozov regularization enforces the second-order first deriva-
tive of the displacement array to be zero, while incorporating the
optimization of sensor positioning as constraints. The Laplacian
differential regularization operator is henceforth denoted by the
matrix D, constructed as follows

Di,j =

⎧⎪⎨
⎪⎩
−2, if j = {i}
1, if j = {i− 1, i+ 1}
0, otherwise.

∀i = {1, . . ., ns}

(26)

Therefore, the reconstruction problem now comprises two cost
functions states as

argmin
σl,k

J
(
σl,k

)
= ‖ Hlσl,k − t ‖22 +α1G

(
σl,k

)
argmin

Δrl
F
(
σl,k,Δrl

)
= ‖ CΔrl +

(
Hlσl,k − t

) ‖22
+ α2 ‖ DΔrl ‖22 (27)

where α1 and α2 are the respective regularization weighting
factors. The minimization process of the first cost function was
previously explained in Sections II-A and II-B. Now, for the
second cost function F (σl,k,Δrl), it is easy to see that its parts
can be stacked in order to gather everything in one single least
squares problem,

F
(
σl,k,Δrl

)
= ‖ CΔrl +

(
Hlσl,k − t

) ‖22 +α2 ‖ DΔrl ‖22

=

∥∥∥∥∥
[

C

α2
2D

]
Δrl +

[
(Hlσl,k − t)

0

]∥∥∥∥∥
2

2

. (28)
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TABLE I
SUMMARY OF THE NUMERICAL PHANTOM CHARACTERISTICS

Fig. 3. Speed of sound distribution of the simplified human chest cross-section phantom reference (a), with bilateral edema (b), and multiple
collection of fluids in both lungs (c).

The Moore-Penrose pseudo inverse solution for the cost function
F (σl,k,Δrl) is defined as follows

Δrl =

([
C

α2
2D

]′ [
C

α2
2D

])−1 [
C

α2
2D

]′ [
(Hlσl,k − t)

0

]

(29)

Therefore, the proposed solution method for the inverse problem
with boundary optimization is

1) Initialize the slowness distributions values for the medium
and boundary.

2) Estimate the forward problem by running the Fast March-
ing Method (FMM) and thus generate matrix Hl.

3) Solve the optimization over theJ(σl,k) cost function until
a desired stopping criteria is achieved (e.g. number of
iterations, or relative residual error).

4) Solve the optimization problem regarding the F (σl,k,
Δrl) cost function with the Moore-Penrose Pseudo in-
verse.

5) Use the calculated displacement to update the sensor
positions’ coordinates. This procedure will apply the
displacement changes directly in the execution of the
forward problem.

6) End if a global stopping criteria is achieved, otherwise
return to step 2.

The adjustment of the sensor position may be interpreted
as a modification within the solution space, resulting from
alterations in the Hl,k matrix, to minimize the residual of the
J(σl,k) cost function. Rather than solely adjusting the solution
space of Hl,k through path updates with refraction corrections,
the relocation of the sensor introduces an additional degree of
freedom. This facilitates a more precise alignment of the so-
lution while ensuring the preservation of physical significance
and hence reducing the cost function residual. Along with the

expected gradient method, the boundary optimization is part of
the complete solution method used to compute the results in this
paper.

III. MATERIALS AND METHODS

A. Numerical Simulations

To validate the proposed method, one reference and two
distinct abnormal numerical phantoms were generated and sim-
ulations executed using the k-Wave toolbox for MATLAB [20],
[39]. Consistent with previous group studies and the primary
objective of respiratory activity monitoring [8], [30], [40], each
phantom represents a simplified DICOM oriented cross-section
of the human thorax. The reference phantom representing a
healthy subject, is shown in Fig. 3(a). Abnormal numerical phan-
toms, shown in Fig. 3(b), and 3(c), include regions designed to
simulate high-density, viscous purulent areas commonly found
in ground-glass opacities in early-stage COVID-19 patients.
The assumed acoustic properties of the anatomical structures
are detailed in Table I [41], [42]. The SoS value for the spine
was selected to represent the average of its trabecular bone
composition: red marrow (lower SoS) and a thin outer layer
of compact bone (higher SoS). The same SoS was assigned to
the ribs, as they consist of flat bone with a similar structure.

The simulation domain was defined as a rectangular prism of
400× 400× 22.5mm3 discretized into 251× 251× 16 pixels.
The third dimension was introduced solely to account for the
transducer width. The time sampling period was 6.67 μs. For the
transducer belt modeling, 52 elements with 10 mm width were
evenly distributed along an ellipse with minor and major axes
of 240 mm and 340 mm, respectively. The transducer elements
are depicted to scale as black lines in in Fig. 3(a)–(c). Given
the aim to reconstruct a domain analogous to the human torso, a
low center frequency of 150 kHz was selected, based on [6]. A
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Fig. 4. Top view of the torso phantom. Posterior (back) at the top of
image, anterior (chest) at the bottom. Right and left cavities are labeled
R and L.

Fig. 5. Body-torso phantom anterior view (a), right-lateral view (b) and
anterior view with the transducers belt (c).

Gaussian envelope with three cycles was used as the transmitted
pulse morphology. Acquisition noise was simulated by adding
normally distributed noise with a standard deviation equal to 5%
of the average dynamic range of all received amplitudes.

B. Experimental Torso-Shaped Phantom

Besides in silico data validation, reconstructions were com-
puted using ex vivo experimental data. This methodology aimed
to reveal the method’s performance under conditions that more
closely resemble clinical settings and applications. For this
purpose, a torso-shaped phantom was constructed by filling a
standard mannequin with ballistic gel. The ballistic gel was
prepared according to a target volume (Vt) recipe, consisting of
0.216Vt grams of gelatin, 0.3Vt liters of glycerin, and 0.9Vt liters
of saline with 0.042% concentration. The resulting phantom ex-
hibited an average SoS of 1870 m/s. To simulate lung structures,
two 110 mm diameter cylinders were immersed in the gel during
the curing process and later removed. The resulting cavities can
be seen in Fig. 4. More views of the experimental setup and phan-
tom are provided in Fig. 5. Regarding ultrasound transmission
and acquisition, 28 Tonpilz-type transducers, each with a center
frequency of 125 kHz, were attached to the inframammary fold
line using a belt, as illustrated in Fig. 5(c). An initial estimate
of the boundary and sensor positions was obtained with an
ArtecTM 3-D scanner. These transducers were interfaced with
a Verasonics Vantage 64 Low-Frequency Research Ultrasound
System for electrical signal excitation and reception. During
each transmission cycle, one transducer emitted a pulse modu-
lated by a Gaussian envelope comprising 2.5 cycles, while the
remaining 27 transducers served as receivers for the wavefront
propagating through the medium. The received analog signals

were filtered and sampled by the Verasonics Vantage System,
followed by a post-processing in MATLAB.

The post-processing procedure encompasses the following
main steps. Initially, signal calibration based on a sensitivity co-
efficient experimentally identified for each transmitter-receiver
pair is conducted. Subsequently, the DC component and voltage
drift are eliminated using a moving average subtraction method.
The third step involves windowing the signal, with the start posi-
tioning settled to the first arrival instant calculated by threshold
detection. The window duration is set to match the duration of the
transmitted pulse. Finally, the signal undergoes filtering using a
12-th order low–pass Butterworth filter, with a cutoff frequency
equal to 175 kHz. More details on hardware, experimental setup,
data acquisition, and post-processing are available in [8], [9].

C. The Speed of Sound Reconstruction

Once in possession of the simulated or experimental radio-
frequency ultrasound signal (rf-US), the ToF has to be calcu-
lated. For computer-simulated data, the ToF estimation was con-
ducted using a normalized cross-correlation (NCC) maximum
search method. To minimize the influence of spurious data,
a threshold of 0.65 was heuristically established and applied
to the NCC ToF estimations for all transmitter-receiver pairs
and reconstructions. To avoid using echo information, the NCC
maximum search was restricted to a time window around the first
arrival time based on the a priori SoS, with a margin of ±0.15
times the estimated travel time for each transmitter-receiver pair.

For the experimental data, post-processing isolated the first
arrival and significantly reduced noise. As a result, a simplified
Balda-based algorithm [43], [44] was used to identify the onset
of the first arrival and estimate the ToF. The parameters of the
Balda algorithm were set to their standard values [44]. Similar to
the approach used for the simulation data, to minimize the impact
of spurious data, ToF estimations were considered valid for each
transmitter-receiver pair only if they fell within an interval of
±0.10 times the standard deviation of all estimated travel times
for the same transmitter.

As described in Section II-A, the forward problem must be
estimated in order to solve the reconstruction inverse prob-
lem. For that, a Multi-Stencil High Accuracy Fast Marching
Method (MSHAFMM) with eight neighbors was implemented
based on [23] and [45]. The ray-paths were determined by
back-propagating a descent gradient over the MSHAFMM-
computed time delay maps, initiating from each receiver for
every transmitter. For solving (12), the steepest descent method
with Total Variation L1 [31] regularization was conducted. To
enhance stability and ensure convergence a modified Barzilai-
Borwein method [46], [47] was preferred over the traditional
approach [48] for calculating the step size in each descent
iteration. As the main goal of this work is not to investigate
the best reconstruction parameters, the regularization parameters
were determined heuristically. All codes were implemented
in MATLAB 2020b, except for the MSHAFMM, which was
implemented in C++ with a MEX interface for the computa-
tional efficiency. No parallelization was performed. For solving
the boundary optimization problem, a straightforward approach
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using the mldivide (\) MATLAB 2020b built-in function was
applied to the Moore-Penrose pseudo-inverse as outlined in
(29). This method proved to be both rapid and robust for the
matrix conditions, as evidenced by the results discussed in
Section IV. All reconstructions were conducted on a Thinkpad
L14 Gen1 Laptop, equipped with a Ryzen 7 Pro 4750 1700 MHz
CPU, no dedicated GPU, and 32 GB of RAM. Henceforth, the
reconstruction method without expected gradient and boundary
optimization is referred to as the standard method.

IV. RESULTS AND DISCUSSION

A. Numerical Simulation Results and Discussion

The in silico data reconstructions were computed on a square
discretized grid of 151× 151 pixels. As previously mentioned,
the regularization parameters were determined heuristically. To
ensure unbiased results across the different abnormal phantoms,
the parameters were first set using the reference phantom for
each method (standard or proposed) and then used for all patho-
logical cases. The regularization parameter for speed of sound
optimization was set to α1 = 1× 10−4 for the standard method
and α1 = 1× 10−8 for the proposed method. For boundary op-
timization, the parameter was set toα2 = 0.05. Additionally, the
total variation L1 norm approximation constant for large-scale
problems was set to β = 5× 10−7 for the standard method and
β = 7.5× 10−13 for the proposed method.

The global stopping criterion involved five forward prob-
lem updates. For the steepest descent algorithm, the algorithm
stopped after a maximum of 100 iterations or a dual-condition
criterion requiring a relative residual error (RRE) smaller than
1× 10−10 and a derivative less than 1× 10−14 in absolute value
to ensure minimal change in the RRE. The a priori speed of
sound was set to 1540 m/s in both the domain and its boundary,
following the standard convention for the average body speed
of sound in the ultrasound field [49].

The quantitative metrics used for evaluating the proposed
method in silico were the Root Mean Square Error (RMSE)
and Universal Quality Index (Q) [50], defined as following for
discrete (x, y) positions

RMSE =

√∑Nx
x=1

∑Ny
y=1(R(x, y)−G(x, y))2

NxNy
(30)

Q =

(
σGR

σRσG

)(
2μGμR + sc

μG
2 + μR

2 + sc

)(
2σRσG + sc

σR
2 + σG

2 + sc

)
(31)

where, G, R, μ, σ and σGR are the gold standard image, the
reconstruction image, the mean, standard deviation and images
covariance, respectively. The sc parameter is a stabilizing coef-
ficient defined as

sc =
(max(G(x, y))−min(G(x, y)))2

1000
. (32)

Also, the root mean square error (RMSE) was calculated be-
tween the perturbed sensor positions and the ground truth,
following a definition similar to (30), as the metric for the sensor
positioning optimization.

To assess the optimization of sensor positions, normally
distributed perturbations were introduced along the normal di-
rection with zero mean and standard deviations of 0 mm (no
perturbation), 5 mm (low perturbation), 10 mm (medium per-
turbation), and 15 mm (high perturbation). These imprecision
levels simulate the measurement and basal activity-induced
errors in a reasonable way. In practical applications, boundary
errors typically affect sensor clusters rather than isolated units.
Therefore, these perturbations were smoothed by averaging
the disturbances from the six nearest neighboring sensors. To
evaluate the impact of this smoothing process, 1000 random
perturbations were generated for each perturbation level. Prior
to smoothing, the average standard deviations corresponded to
the specified values, and the L∞ norm positioning errors were
13.03 mm for the low perturbation, 26.21 mm for the medium
perturbation, and 39.06 mm for the high perturbation. The
smoothing process resulted in an average reduction of 64.56%
in standard deviation and 66.14% in L∞ norm positioning error
for all perturbation levels. Consequently, the post-smoothing
average L∞ norm positioning errors were 4.39 mm, 8.95 mm,
and 13.18 mm for the low, medium, and high perturbation levels,
respectively. Despite the substantial reductions, the smoothed
perturbations provides a more realistic condition, accounting
for belt tension.

Reconstructions for all phantoms, under low and high per-
turbations, using the standard and proposed methods, can be
seen in Figs. 6 and 7, respectively. The red scattered dots
represent the imprecise sensor center positions resulting from the
perturbation noise addition, while the updated center positions,
after applying the boundary optimization algorithm, are shown
as black scattered dots. As the displacements are assumed to
be in the normal direction, the positions were represented by
the center of the transducer without loss representation. The
qualitative evaluation of the aforementioned figures shows a
clear improvement, especially for high perturbation scenarios,
as the original boundary shape defined by the transducers almost
perfectly recovered. This suggests that the method is capable of
accurately retrieving the sensor positions in a fully a posteriori
approach.

The organs boundaries and details are better retrieved, and the
outer boundary is exceptionally well recovered. Also, the small
pathologies in phantom 2 are better visualized with the proposed
method. Notably, the new method achieves convergence in the
reconstructions with a smaller regularization factor, improving
the quality of details, as evidenced by the universal quality index
comparison for all phantoms with some kind of boundary per-
turbation included. Additionally, this less regularized scenario
is crucial for maintaining the physical realism of the recon-
struction without altering its morphology and values to achieve
convergence. It is also noteworthy that high speed regions are
observed in the edema areas. These regions are particularly
evident in the reconstructions shown in Fig. 6(c), (d), (e), and (f).
This phenomenon arises due to an averaging effect inherent to
the solution method, which is influenced by the higher SoS in
the bones and edemas. Interestingly, these high-speed regions
outline the inner contours of the edemas, a feature that could
potentially assist in diagnosing abnormalities.
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TABLE II
QUANTITATIVE COMPARISON BETWEEN THE RESULTS WITH NONE, LOW, MEDIUM AND HIGH PERTURBATIONS USING THE STANDARD METHOD AND THE

PROPOSED METHOD

Fig. 6. Reference phantom, phantom 1, and phantom 2 reconstruc-
tions with the low perturbation in sensor positions using the standard
method (a), (c), (e) and the proposed method (b), (d), (f). The red
scattered dots represent the imprecise sensor positions and the black
ones the optimized.

The sensor position RMSE improvement is shown in Table III
for all phantoms and perturbation levels. Quantitative results
for the reconstructions and their respective perturbation levels
are presented in Table II. The effects of the expected gradient
without the sensor positioning optimization can be seen in the
results with no position perturbation. These were computed
without the sensor correction algorithm part. It is observed

Fig. 7. Reference phantom, phantom 1, and phantom 2 reconstruc-
tions with the high perturbation in sensor positions using the standard
method (a), (c), (e) and the proposed method (b), (d), (f). The red
scattered dots represent the imprecise sensor positions and the black
ones the optimized.

that the proposed method produces slightly better or similar
results to the standard method in the no-perturbation scenario.
However, when perturbations were added, the proposed method
consistently outperforms the standard method across all met-
rics. Additionally, the optimized sensor positioning reduces the
position RMSE in every perturbed scenario as can be seen in
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TABLE III
SENSOR POSITIONING RMSE FOR THE EVALUATION OF

SENSOR POSITIONS RETRIEVAL

Table III. The similar performance of the methods in scenarios
with no or minimal perturbations may be due to numerical
approximations and discretization imprecision, as the sensor
positioning optimization relies on the sensor grid positioning
when executing the forward problem approximation.

B. Experimental Data Results and Discussion

After demonstrating the feasibility of the proposed method
through numerical results, we validated its robustness in a
real-world scenario using rf-US signals acquired with a ballistic
gel phantom. The ex vivo experimental data reconstruction was
performed on a square grid of 71× 71 pixels. This grid is
coarser than the numerical data reconstruction grid to reduce
the problem’s ill-conditioning and underdetermination by using
fewer pixels. This adjustment is necessary due to the reduced
amount of information from the 28 transducers compared to the
52, and is feasible given the simpler geometry of the ballistic
gel phantom.

The regularization parameter for speed of sound optimization
was set to α1 = 5× 10−5, while the parameter for boundary
optimization was set to α2 = 0.05. Additionally, the total vari-
ation L1 norm approximation constant for large-scale prob-
lems [31] was set to β = 1× 10−7 for the standard method and
β = 1× 10−11 for the proposed method. The same global and
steepest gradient stopping criteria from the in silico reconstruc-
tions were applied to the experimental data reconstruction. Given
the higher average speed of sound in ballistic gel compared
to water, the a priori conjectured speed of sound was set to
1700 m/s in both the domain and its boundary.

Two different setup scenarios were presented for the phantom
and its cavities. The first scenario involved the phantom with
empty cavities containing only air, simulating high contrast in
speed of sound and attenuation. The second scenario involved
the phantom with cavities filled with water and a cylindrical
plastic container with air, negligible walls, and a 33.9 mm radius,
immersed in the center of the right cavity. This setup aimed to
evaluate the method precision regarding smaller structures in a
complex environment with three different speed of sound regions
(ballistic gel, water, and air).

Fig. 8. Reconstruction of the ballistic gel torso with empty cavities
reconstruction using the standard method (a) and the proposed method
(b). Reconstruction of the ballistic gel torso with the left cavity filled
with water, and right cavity also filled with water and a empty plastic
bottle immersed in in it using the standard method (c) and the proposed
method (d). The red scattered dots represents the imprecise sensor
positions and the black ones the optimized.

Since no ground truth was available for the ballistic gel
phantom reconstruction, the evaluation was primarily quali-
tative. The only quantitative metric used was the transverse
cross-sectional area of the cavities and the plastic container. The
cavities and plastic container were segmented using a threshold
segmentation approach. To estimate the areas containing only
air, pixels with a speed of sound below 1500 m/s were classified
as air regions. Hence, areas were computed by multiplying the
number of thresholded pixels by the pixel area. The expected
values for transverse cross-sectional area of the cavities and
the plastic container are respectively 1.9007× 10−2 m2 and
3.6104× 10−3 m2.

Qualitative results using both methods for the empty cavities
setup are shown in Fig. 8(a) and (b), while those for the the plastic
container setup are shown in Fig. 8(c) and (d). The proposed
method clearly provided better geometry retrieval for both the
cavity and the plastic container. The relative error (E%) between
the actual transverse cross-sectional area of air regions (Aactual)
and the estimated values (Aestim) was used as a quantitative
evaluation metric. It was calculated as

E% =
Aactual −Aestim

Aactual
· 100. (33)

The quantitative results of the air regions, presented in Table IV,
support the qualitative evaluation. The standard method tends
to overestimate areas of higher contrast, which would definitely
hinder clinical lung imaging.
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TABLE IV
RELATIVE ERROR OF THE AIR REGION AREA

One can observe in Fig. 8, a small low speed of sound region
in the phantom posterior. Although this might appear to be an
artifact, it is actually due to the phantom posterior dip filled
with ultrasound coupling gel, which has a lower speed of sound
compared to ballistic gel. Before acquiring this experimental
setup, the region was completely filled with gel to ensure a
better fit for the transducer belt. In a qualitative evaluation, it is
notable that the proposed method was able to better handle the
dip geometry and the positioning imprecision than the standard
method.

Furthermore, high SoS contrast reconstruction remains a chal-
lenge in quantitative TFTM USCT. As a result, the reconstructed
SoS value for air does not match the expected 340 m/s. In
Fig. 8(d), the air region shows a lower SoS than in Fig. 8(b),
which is due to the size of the air region. Larger heterogeneous
structures contribute more information to the reconstruction
system, influencing the gradient step direction. Since the air
region is smaller in Fig. 8(d), the gradient step towards a lower
SoS is less pronounced in the optimization method, reducing
contrast. Additionally, smaller structures are more affected by
smoothing due to regularization.

It is also noteworthy that the experimental data reconstruction
used fewer transducers but had a less intricate inner structure
than the numerical simulated data. Future work should evaluate
the impact of a more complex inner structure with few trans-
ducers. Nonetheless, the results demonstrate greater robustness
with the proposed method, indicating it is the right approach for
future studies.

V. CONCLUSION

This work presents a method to improve the quality and ro-
bustness of time of flight transmission mode ultrasound tomog-
raphy (TFTM USCT) encompassing two key improvements. A
new approach for calculating the step in each steepest descent it-
eration was proposed by using an expected value for the gradient.
The motivation for this new approach was the concentration of
information and high penalization of specific pixels (especially
near transducers) during the reconstruction procedure. Also, as
the patient presents a basal movement, and measurements are
always imprecise, there is uncertainty in the assumed transducers
locations. Since TFTM USCT is completely based on positions
and delays, and bedside imaging relies in non-rigid hardware,
the results are severely compromised by this type of error.
Therefore, along with the expected gradient, an a posteriori
sensor positioning optimization method is proposed in order
to address this issue. The results demonstrate that the proposed
method outperforms the standard method for TFTM USCT in
every metric used for all of the presented numerically simu-
lated perturbed scenarios and experimental data. Moreover, the

proposed method was capable of retrieving the morphology of
the known sensor distribution of numerically simulated data.
Future work shall comprise the exploration of the sensor po-
sitioning error character and how it affects imaging in other
scenarios.
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