





setting H.J. Zassenhaus has formulated a conjecture that extends the result
above: if ¢ € Uy (ZG) is an element of finite order then there exists a unit
u € QG such that u"lzu € G. When such a unit exists, we say that z is
rationally conjugate to an element of G. This conjecture is denoted (Zc1)
in [12] and we shall keep this notation.

This conjecture has been confirmed for several classes of groups (see [5],
[9], [10], [12], [14] , [15]) and no counterexamples to (ZC1) are known. A
weaker version of this conjecture is stated as Resaerch Problem 8 in [12] and
it is as follows.

Problem 8. Let G be a group and let u € UhZG be a torsion unil.
Then there ezists an element g € G such that o(u) = o(g).

For example, it is known that this version of the conjecture holds for
metabelian groups ([12, Lemma 37.14]) though it is still undecided whether
(ZC1) holds in this case.

Let G be a finite Frobenius group with Frobenius kernel N and Frobenius
complement X . It is well-known that the order of every element of G divides
either |N| or |X| and, in a way, this property characterizes finite Frobenius
groups (see [8, Proposition 17.2]). We shall show that something similar
holds for units in the integral group ring of G; namely, we shall prove that if
G is a finite Frobenius group as above, then for every torsion unit u € Vh ZG,
we have that the order of u divides either |N| or |X]|.

This result will allow us to show that normalized group basis in the
integral group ring of a Frobenius group are themselves Frobenius groups
and will be useful in showing that Problem 8 has a positive answer for a
large family of Frobenius groups. Also, we prove that (ZC1) holds for some
of these groups.

2 Main result
We shall first prove our main result.

Theorem 2.1 Let G be a Frobenius group with Frobenius kernel N and a
Frobenius complement X. If u € UWZLG is a unit of finite order, then o(u)
divides either |N| or | X|.

Proof. Set n = |N} and m = |X|. Suppose, by way of contradiction,
that there exists a torsion unit v € ¥;ZZG that is not as in our statement;
i.e., such that (n,o(u)) and (m,o(u)) are both different from 1. Then, we
may also assume that there exists a unit u = )_ u(g)g € Uy ZG such that



o(u) = pq where p and ¢ are prime divisors of n and m respectively and,
taking adequate powers, we can write u = vw where o(v) = p and o(w) = q.

Let ¥ : ZG — ZLX denote the homomorphism of Z-algebras induced
by the natural homomorphism G — X. If ¥(v) #£ 1 then o(¥(v)) = p and
(12, Lemma 37.3) would imply that p | m, so we must have that T(v) = 1.
Since w has order g, it follows from [12, Lemma 7.3] that supp(w) contains
an element g of order g such that @(g) = > kg U(h) # 0. Then, T(w) # 1
and we have that ¥(u) = ¥(v)¥(w) = ¥(w) # 1.

Consequently, ¥(u) # 1 is a unit of finite order in ZX and it follows by
a theorem of Berman-Higman [12, Proposition 1.4] that

Y u(g)=0. (1)

g9eEN

Since p and g are different primes, it follows that ¢ Z 0 (mod p)so
we can find a positive integer ¢ such that ¢ = 1 (mod p). Asvand w
commute, we have that u? = v.

Using [12, Lemma 7.1] we can compute:

u' =) (u(g)9)" (mod (ZG,ZG)+ ¢ZG))
and, factoring, we can write this expression in the form
W' =Y u(g)g” (mod ((ZG, ZG)+¢ZG)),

where the sum runs over different elements of G. Notice that, since u?' is
a unit of finite order, we have that the coefficient of 1 in this expression is
0. Given an element g € G, if g9 € N we have that o(g?') is a divisor of
|N] and, since (n, m) =1 it follows that o(g) | n so g € N. Thus, g% € N if
and only if g € N. Also, [12, Lemma 7.2) shows that if a € [ZG, ZG] then
a(g) =0 for all g € G. Hence, we have that:

1=%()=TV(u")= ) v(g) (modqg).
geEN

Since each coefficient u/(g) is a sum of ¢g*th powers of coefficients of u
and, for every integer a we have that a?" = a (mod ¢), the relation above

shows that:
1= u(g) (modg).
gEN
This contradicts (1), proving our statement. n|

As an immediate consequence, using [12, Theorem 41.12] and a theorem
of Weiss [12, 40.4] we have the following.



Corollary 2.2 Let G be a finite Frobenius group of order p™¢™, where p, q
are rational primes. Then ZC1 holds for G.

We now prove a particular case of the conjecture of Zassenhaus.

Lemma 2.3 Let G be a Frobenius group with Frobenius kernel N and Frobe-
nius complement X and let u € Uy ZZG be a torsion unit of prime order. Then
u is rationally conjugate to an element in G.

Proof. Let o(u) = p, a prime rational integer.Then, p divides either IN|
or | X|. Assume first that n | |N]. Since N is nilpotent, its Sylow p-subgroup
P is a direct factor of N and we can write G in the form Px H where p
does not divide |H|. Then, [12, Theorem 41.12] shows that u is rationally
conjugate to a group element.

On the other hand, assume now that p is a divisor of | X|. It was shown
in [3, Theorem 6.1] that if either p # 2 or p = 2 and G cannot be mapped
homomorphically to Ss then every finite p-subgroup of U ZG is rationally
conjugate to a subgroup of G. Thus, we need only to consider the case when
p = 2 and G can be mapped onto Ss. In this latter case, G is not solvable and
we know, from Zassenhaus’ theorem [8, p. 204] that X contains a subgroup
X such that [X : Xo} £ 2 and Xq = SL(2,5) x M, where M is a metacyclic
group whose Sylow subgroups are cyclic and |[M] is prime to 2,3 and 5.
Hence |M]| is relatively prime to its index in X and by Schur-Zassenhaus
Theorem [11, 9.1.2], there exists a subgroup H such that [H| = [X : M] and
we can write X = M x H. Also, notice that, if X = SL(2,5) x M, then G
cannot be mapped onto Sy, so we must have that [X : Xo] = 2. Hence, we
have that |H| = 2|SL{2, 5)] = 240.

Since H is a subgroup of X it is a Frobenius complement and [8, Theorem
18.1 (iii)] shows that H contains a unique element a of order 2, which is
central,

Let @ denote the image of u in Z(X/M) = ZZH. Then o(%) = 2 and we
know, from [12, Lemma 7.1) that a € supp(%). Since a is central, it follows
that a = 7. Hence, [2, Lemma 2.1] shows that u is rationally conjugate to a
group element. m]

As an applications of the results of this section, we prove the following.

Theorem 2.4 Let G be a finite Frobenius group and let H be a normalized
group basis of ZG. Then H is a Frobenius group.

Proof. Let G be a Frobenius group with Frobenius kernel N and Frobe-
nius complement X and let H be a normalized group basis: i.e., a subgroup
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H C UyZG such that |H| = |G]. Set Ho = HN (1+ A(G,N)) and let
h € Ho be an element of prime order p. We claim that p | |[N|. In fact,
write A = 14 7 with 7 € D(G, N)). According to Lemma 2.3, there exists
an element o € QG and g € G such that g = o~ 'ha = 1 + a—1ra, where
a—lra € Aq(G, N)NZG C A(G, N). Hence, a"ha € (1+A(G,N)NG =
N.

The argument above shows that every prime dividig [Hp| is a divisor of
|N|. Since |Ho| divides |G| = |N||X| and (IN|,1X[) = 1, it follows that
|Hol | V1.

Notice that H/Hp can be included in Z(G/N) & Z X, so [H : Hol | |X|.
Consequently, (|Ho|,[H : Hy]) = 1 and by the Schur-Zassenhaus Theorem
[11, 9.1.2] we can write H = Hox Xo, with (|Ho|, | Xo|) = 1. Since |H| =G|,
it follows that {Ho| = [N| and | Xy| = | X]. It follows from Theorem 2.1 that
if h € H then either o(k) | [Ho| or o(h) | {Xo|. Hence, [8, Theorem 37.17)
shows that H is a Frobenius groups. a

3 Problem 8

As a consequence of the results in the previous section, we shall show that
problem 8 has a positive answer for a large family of Frobenius groups. We
begin with two easy lemmas.

Lemma 3.1 Let H be a subgroup of a group G. If (ZC1) holds in G,
then problem 8 has a positive answer for ZH .

Proof. Let a € ZH be an element of finite order. Since (ZC1) holds
in ZG we have that « is conjugate, in QG, to an element g € G. It follows
that @(g) =1 and &(¢’) = 0if ¢’ £ g.

Since supp(a) C H, this shows that there exists an element k € H which
is conjugate to g in G. Consequently, o(h) = o(g) = o(a), as desired. a

Lemma 3.2 Let G = Gy x G2 be a direct product of two groups such that
(IG1l,1G2l) = 1. If problem & has a positive answer in ZG;, i = 1,2, then
it also has a positive answer in ZG.

Proof. Let a € ZG be an element of finite order. Then, we can
write & = ajay, where o(a;) | |Gil, i = 1,2, o(a) = o(a1)o(az) and thus
(o(@1),|Gal) = 1. So, using coprime reduction [2, Lemma 2.], we have that
a) is congruent, in QG, to an element #; € ZH;. As we are assuming
that problem 8 has a positive answer in ZZH,, it follows that there exists an
element g; € G1 such that o(;) = o(g;) and hence o{e;) = 0(g;). A similar
argument shows that we can find g; € G such that o{az) = o(g2).



Since g1 and g, commute, we see that o(g192) = o(g1)o(g2) =0(a). O

Now, we turn to Frobenius groups. Since the Sylow subgroups of a Frobe-
nius complement are either cyclic, with the possible exception of the Sylow
2-subgroups, which are either cyclic or generalized quaternion [8, Theorem
18.1], we begin with the following, which is actually an easy consequence of
known results. Notice that Frobenius complements of odd order are included
in the class considered.

Theorem 3.3 LetG be a group whose Sylow subgroups are all cyclic. Then,
(ZC3) holds in ZLG.

Proof. If all the Sylow subgroups of a group G are cyclic, it follows
from a theorem of Holder, Burnside and Zassenhaus [11, 10.1.10] that G has
a presentation i

G={(abla™=b"=1, b lab=d"),

where r* = (mod m), m is odd, 0 < r < m and m and n(r—1) are coprime.
Since G is thus split metacyclic, it follows from a result of Polcino Milies,
Ritter and Sehgal [12, Theorem 42.1] that (ZC3) holds for G. (]

I.N. Herstein raised, in 1953, the question of classifying finite groups of
the multiplicative group of a division ring D and showed that, if char(D) =
p > 0, then these are cyclic p/-groups and problem 8 clearly has a positive
answer in this case. The case when char{D) = 0 was solved by S. Amitsur
in 1955, so we shall refere to finite groups that can be realized in this way as
Amitsur groups. Amitsur groups are known to be Frobenius complements
(see {13, 2.1.2)). The classification theorem is as follows.

Theorem 3.4 ([1]) Let G be a finite group. Then G is a subgroup of a
division ring of characteristic 0 if and only if G is isomorphic to one of the
Jollowing groups.

(i) A subgroup of a division ring all of whose Sylow subgroups are cyclic.
(it} The binary octahedral group of order 48.

(iii) A group of the form C;mxx Qqn where Cy, is a cyclic group of odd order
m, Qan = {a,b] a®™ =, b* =1, a® = a"!) denotes a quaternion
group of order 2°, a centralizes C,, and b inverts elements of Cp,.

(iv) A group of the form Q@ x M, where Q is the quaternion group of order
8, M is a group of odd order, all of whose Sylow subgroups are cyclic
and 2 has odd multiplicative order modulo |M|.



(v) A group of the form SL(2,3) x M, where M is a group of order co-
prime to 6, all of whose Sylow subgroups are cyclic and 2 has odd
multiplicative order modulo |M|.

(vi) The binary icosahedral group SL(2, 5).

We are now ready to prove that problem 8 has a positive answer for this
family of groups.

Theorem 3.5 Let G be an Amitsur group. If o € U\(ZG) is a unit of
finite order, then there ezists an element g € G such that o(a) = o(g).

Proof. We shall study separately each of the possible cases.

(1) is an immediate consequence of Theorem 3.3 and (#%) follows from
the fact that (ZC3) holds for the binary octahedral group [2].

To prove our statement in case (iii), consider a € U; (ZG) of finite order,
which can be written in the form o = oy, where a; is of odd order and
a3 has order a power of 2. We claim that a; € 1 + A(G,Cp).

In fact, consider the natural projection ZG — Z(G/Cy,) and denote
by @y the image of @; under this mapping. Then o(@r) | a(a;) and is
thus odd. As G/Cy, is of order a power of 2, it follows that a1 = 1so0
a; € 14+ A(G, C,p), as claimed.

Now a result of Luthar and Trama [7, Corollary 1.2] shows that oy is
rationally conjugate to an element g, € G, so ofa;) = o(g1)-

On the other hand, as (o(a2),m) = 1 and C,, is, in particular, nilpotent
we can apply [12, Theorem 37.17] and it follows that a, is rationally con-
jugate to an element 8; € ZQ. As Qo is also nilpotent, a theorem of A.
Weiss [12, Theorem 40.4] shows that 8, is rationally conjugate to an element
92 € Qn. Since o(g2) < 2°~1, we can find an element a, € (a) such that
o(az) = o(f2) = o(az).

As g, € Cp, we have that g, and a; commute, so o{g1a2) = o(g1)o(az) =
o(a), as desired.

To prove our statement in case (iv) we observe that problem 8 has a pos-
itive solution Q and also for M, because of Theorem 3.3. Hence, Lemma 3.2
shows that it has a positive solution in this case.

The proof in case (v) is similar, as SL(2,3) is a subgroup of the binary
octahedral group, so problem 8 also has a positive solution in Z(SL2, 3))
by Lemma 3.1 and the argument proceeds as above.

Finally, it was shown in [3) that (ZC3) holds for SL(2,5), so the proof
is complete. w

Finally, we return to Frobenius groups.



Theorem 3.6 Let G be a Frobenius group with Frobenius kernel N and
Frobenius complement X. If X is an Amitsur group and a € Uy(ZG) is a
unit of finite order, then there ezists an element g € G such that o(c) = o(g).

Proof. Set n = o(g). In view of Theorem 2.1, we have that n divides
either |N| or |X|. Assume first that n is a divisor of [V|. Then, we can write
u as a product & = ujug...u; where each element u; has order a power of a
prime p; which is a divisor of [N|,1 <<t

Let P: denote the Sylow p;-subgoup of N, 1 < i < t. since N is nilpotent,
P: 4 N so also P; 4G and we can write G in the form G = Fix X; for some
subgroup X; of G and u; € P;. Then, by [12, Theorem 41.12] it follows
that there exists an element g; € G such that u; is rationally conjugate to
gi, 1 < i < t. Since N is nilpotent, the elements g;, 1 < ¢ < ¢t commute
pairwise, so if we set g = [J%, g; we have that o(g) = [Tix, o(g:) = o(u).

Assume now that n divides | X|. In this case, using [12, Theorem 37.17]
we see that u is rationally conjugate to an element uy € Uy ZX. In view of
Theorem 3.5, there exists an element z € X such that o(z) = o(u1) = o(a)
and the result follows. o.

Theorem 3.7 Let G be a Frobenius group of odd order. If a € U\ (ZG) iz a
unit of finite order, then there exists an element g € G such that o{a) = o(g).

Proof. Since all Sylow subgroups of a Frobenius complement of odd
order are cyclic, the result follows, as above, from Theorems 2.1 and 3.3. O

References

[1] Amitsur, S.A., Finite subgroups of division rings, Trans. Amer. Math.
Soc., 80 (1955), 361-386.

f2] Dokuchaev, M. A., Juriaans, S. O., Finite Subgroups in Integral Group
Rings, Canadian Journal of Math., 48, 6 (1996) 1170-1179.

{3] Dokuchaev, M. A., Juriaans, S. O., Polcino Milies, C., Integral Group
Rings of Frobenius Groups and the Conjectures of H.J. Zassenhaus,
Commun. in Algebra, 25, 7 (1997), 3211-3225.

[4] Gorenstein, D., Finite groups, Harper & Row, New York, 1968.

[5] Juriaans, S. O., Torsion units in integral group rings, Commun. Algebra
22 (12) (1994), 4905-4913.

[6] Juriaans, S. O., Torsion Units in Integral Group Rings II, Canadian
Mathematical Bulletin, 38, 3 (1995), 317-324.

8



(7] Luthar I. S. and Trama P., Zassenhaus Conjecture for certain integral
group rings, J. Indian Math. Soc., 55 (1990), 199-212.

(8] Passman, D. S., Permutation groups. W.A. Benjamin, Inc. N.Y., 1968.

(9] Polcino Milies, C., Ritter, J., Sehgal, S. K., On a conjecture of Zassen-
haus on torsion units in integral group rings I, Proc. Amer. Math. Soc.
97 (2) (1986), 206-210.

[10] Polcino Milies, C., Sehgal, S. K., Torsion Units in integral group rings
of metacyclic groups, J. Number Theory 19 (1984), 103-114.

(11] Robinson, D. J. S., A course in the theory of groups, Springer-Verlag,
New York, Heidelberg, Berlin, 1980.

[12]) Sehgal, S. K., Units of Integral Group Rings, Longman’s, Essex, 1993.

[13] Shirvani, M. and Wehfritz, B.A.F. Skew Linear Groups, London Math.
Soc. Lecture Notes Series 118, Cambridge U. Press, Cambridge, 1986.

(14] Valenti, A., Torsion Units in Integral Group Rings, Proc. Amer. Math.
Soc. 120(1) (1994), 1-4.

[15] Weiss, A., Torsion units in integral group rings, J. Reine Angew. Math,
_ 415(1991), 175-187.



97-01

97-02
97-03

97-04

97-05
97-06
97-07
97-08

97-09

97-10
97-11
97-12
97-13
97-14

97-15
97-16

97-17

97-18

TRABALHOS DO DEPARTAMENTO DE MATEMATICA
TITULOS PUBLICADOS

ABDOUNUR, 0.}, and BOTTURA, C.B. From Mathematics to Music: A
Numerical Journey through Sounds. 20p.

ALMEIDA, R. The 3-dimensional Poincaré conjecture. 17p.

BAEZA-VEGA, R, CORREA, I, COSTA, R. and PERESI, L.A. Shapes
identities in Bernstein Algebras. 21p.

GIANNONI, F., MASIELLO, A. and PICCIONE, P. A variational theory
for light rays in stably causal Lorentzian manifolds:
regularity and multiplicity results. 47p.

DOKUCHAEYV, M.A. and SINGER, M.L.S. Units in group rings of free
products of prime cyclic groups. 15p.

BENAVIDES, R., MALLOL, C. and COSTA, R. Weak isotopy in train
algebras. 8p.

LOCATELI, A.C. Hochschild Cohomology of Truncated Quiver
Algebras. 22p.

ARAGONA, J. Generalized Functions on the Closure of an Open Set.
25p.

GIANNONIL, F., PICCIONE, P. And VERDERESI, J.A. An Approach to
the Relativistic Brachistochrone Problem by sub-
Riemannian Geometry. 25p.

COELHO, F. U. On the Number of Indecomposable Modules of Infinite
Projective Dimension. 9p.
COELHO F.U., PLATZECK, M.I. On Artin Rings whose Idempotent
Ideals have Finite Projective Dimension. 12p.
ANGELERI-HUGEL, L. and COELHO, F.U. A note on a certain class of
tilted algebras. 9p.

GUZZO JR., H. and VICENTE, P. On Bernstein and train algebras of rank
3.12p.

CARRARA, V.L. The connected components of the space of special
generic maps. 17p.

FERNANDEZ, J.C.G. Structure of Stationary Populations. 43p.

PERLICK, V. and PICCIONE, P. The brachistochrone problem in
arbifrary spacetimes. 7p.

HENTZEL, L.R. and PERES]I, L.A. Degree Three, Four and Five Identities
of Quadratic Algebras. 16p.

MILIES, C.P. The Torsion Product Property in Alternative Algebras II.
7p.



98-01
98-02

98-03
98-04

98-05
98-06
98-07
98-08
98-09
98-10
98-11
98-12
98-13
98-14

98-15

98-16

98-17
98-18

98-19

ASSEM, 1. and COELHO, F.U. On postprojective partitions for torsion
pairs induced by tilting modules. 16p.

HUGEL, L.A. and COELHO, F.U. On the Auslander-Reiten-quiver of a
A-hereditary artin algebra. 27p.

BENAVIDES, R. and COSTA, R. Some remarks on genetic algebras. 11p.

COSTA, R, IKEMOTO, L.S. and SUAZO, A. On the multiplication
algebra of a Bernstein algebra, 11p.

GONCALVES, D. L. Fixed point free homotopies and Wecken
homotopies. 4p.

POLCINO MILIES, C. and SEHGAL, S. K. Central Units of Integral
Group Rings. 9p.

BOVDI, V. and DOKUCHAEV, M., Group algebras whose involuntary
units commute. 15p.

FALBEL, E. and GORODSKI, C. Some Remarks on the Spectrum of
Sub-Riemannian Symmetric Spaces. 16p.

FUTORNY, V.M., GRISHKOV, A.N. and MELVILLE, D.J. Imaginary
Verma Modules for Quantum Affine Lie Algebras. 24p.

BARBANTI, L. Simply regulated functions and semivariation in
uniformly convex spaces. 5p.

BARBANTI, L. Exponential Solution for Infinite Dimensional Volterra-
Stieltjes Linear Integral Equation of Type (K). 10p.

BARBANTI, L. Linear Stielties Equation with Generalized Riemann
Integral and Existence of Regulated Solutions. 10p.

GIULIANI, M.L.M. and POLCINO MILIES, C. Linear Moufang Loops.
15p.

COSTA, E. A. A note on a theorem of Lawson and Simons on compact
submanifolds of spheres. 8p.

GIANNONI, F., MASIELLO, A. and PICCIONE, P. Convexity and the
Finiteness of the Number of Geodesics. Applications to the
Gravitational Lensing Effect. 26p.

PICCIONE, P. A Variational Characterization of Geodesics in Static
Lorentzian Manifolds. Existence of Geodesics in Manifolds
with Convex Boundary. 39p.

POLCINO MILIES, C. The Torsion Product Property in Alternative
Algebras II. 7p.

BASSO, I, COSTA, R. Invariance of p-Subspaces in Algebras Satisfying
the Identity x*=A(x)x*. 12p.

GORODSKI, C. Delaunay-type surfaces in the 22 real unimodular group.
12p.



98-20

98-21
98-22

98-23
98-24
98-25
98-26

98-27

98-28
98-29
98-30

98-31
98-32

98-33

JURIAANS, S.0. and PERES], L.A. Polynomial Identities of RA2 Loop
Algebras. 12p.

GREEN, E.L. and MARCOS, E.N. Self-Dual Hopf Algebras. 10p.

COSTA, R. and PICANCO, J. Invariance of Dimension of p-Subspaces in

Bernstein Algebras. 18p.

COELHO, F.U. and LIU, S.X. Generalized path algebras. 14p.

CATALAN, A. and COSTA, R. E-ideals in train algebras. 13p.

COELHO, F.U. and LANZILOTTA, M.A. Algebras with small

homological dimensions.15p.

COSTA, R. and LELIS, ML. Recurrent linear forms in Bernstein

algebras. 29p.

GIANNONI, F., PERLICK, V., PICCIONE, P. and VERDERESI, J.A.

Time minimizing trajectories in lorentzian geometry. The general-

relativistic brachistochrone problem. 28p.

BARDZELL, M.J., LOCATELI, A.C. and MARCOS, EN. On the

hochschild cohomology of truncated cycle algebras. 24p.

ALMEIDA, D. M. Sub-Riemannian Symmetric Spaces in Dimension 4.

16p.

COELHO, F. U,, MARTINS, M. L. R, DE LA PENA, J. A. Projective

dimensions for one point extension algebras. 7p.

BOVDI, V. On a filtered multiplicative basis of group algebras. 10p.

BOVD], V., ROSA, A. L. On the order of the unitary subgroup of modular

group algebra. 8p.

JURIAANS, O. S. and POLCINO MILIES, C. Units of integral group

rings of Frobenius groups. 9p.

Nota: Os titulos publicados nos Relatérios Técnicos dos anos de 1980 a 1995 estéio A disposigio
no Departamento de Matemética do IME-USP,

Cidade Universitaria “Armando de Salles Oliveira”

Rua do Matdo, 1010 - Cidade Universitiria

Caixa Postal 66281 - CEP 05315-970





