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ABSTRACT. This paper introduced a parametric workflow for the design of
tensile structures, encompassing form-finding, patterning, flattening, and geo-
metrically nonlinear structural analysis of cables and membranes, and how these
design steps can be sequenced and iterated. The concepts of parametric design
and visual programming languages were outlined, with a particular focus on
structural design. The implementation of these concepts was straightforward,
and the paper explained their application into a new Grasshopper plug-in,
called BATS - basic analysis of tensile structures, capable of performing the
full design cycle of this type of structures.

1. Introduction. Tensile structures, such as membrane and cable structures, have
become prominent components within the realm of civil engineering and architecture
with a broad range of applications, from iconic architectural landmarks and large
enclosures to small, prosaic canopies. They usually consist of polyvinyl chloride
(PVC) or polytetrafluoroethylene (PTFE) coated fabrics made of polyester of fiber-
glass strands and reinforced with steel cables, which present very low resistance to
bending moments, and, therefore, also very low resistance to compressive forces,
since the material buckles under any compression state. These conditions render
tensile structures flexible structural systems that withstand only with internal tensile
forces. This often leads to large displacements and wrinkles during a load response,
which requires a nonlinear static analysis framework to properly evaluate the stress
and displacements.

Several authors [84, 4, 16, 22, 17, 26] commonly divide the design of tensile
structures into four main steps: (1) form-finding of the membrane shape in a
prestressed state, (2) geometrically nonlinear structural analysis, (3) patterning,
and (4) flattening of the fabric strips. Figure 1 shows one classic approach of a
design workflow. The form-finding process is performed to find a viable shape
in equilibrium under a predetermined initial stress field input and the boundary
conditions (supports, external loads) that fulfill architectural requirements. Once a
viable shape is found, structural analysis is performed to determine the response of
the system to external load conditions, where safety and functional requirements
must be met.
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Tensile structure fabrics are commonly manufactured as planar sheets, which
requires the 3D shape to be flattened in a 2D geometry, presenting some difficulties.
Tensile structure surfaces commonly present a high degree of double curvature, and
thus are non-developable, and it is impossible to find a flattened shape without
deviations. To minimize deviation from this process, the patterning (or cutting
pattern generation) step is performed, where the 3D surface is normally subdivided
into a set of fabric strips, which are flattened individually. Patterning reduces the
total level of double curvature and helps to reduce the deviation from the idealized
3D geometry and also fulfills the manufacturing restriction on the width of a 2D
fabric sheet, which is generally manufactured in 2-3m widths. Finally, the flattening
process takes each segmented strip and finds the unstressed 2D strip in which the
deviation from the 3D counterpart is minimized. Since the idealized assembled
fabric is under prestress, the flattening process also needs to take into account the
effect of compensation, in which the unstressed 2D fabric will achieve the desired
prestress when assembled into the idealized shape, and results in a slightly shorter
fabric than one from a flattening process with no considerations of the stress state
of the assembled shape. More details on this topic are given in Section 5.

Form Structural

Finding Analysis Patterning Flattening

FIGURE 1. Linear workflow in the design of tensile structures

In practice, this process is limited to flexible isotropic or slightly orthotropic
materials, since in structural analysis the stress field of the assembled surface is
assumed to be the same as the idealized stress field from the form-finding process.
Due to the inherent deviation error in the flattening process, the assembled surface
will also contain deviations in the resulting stress field, which increases with the
stiffness of the fabric. In nonlinear orthotropic materials, this process can also lead
to distortions because the layout of the fibers over the membrane surface usually is
not known a priori, usually requiring some design iterations to find a satisfactory
layout of the orthotropy direction for each fabric pattern.

Figure 2 shows alternatives to the design process, obtained by reordering the design
steps presented in Figure 1. The main idea is to move the patterning and flattening
processes prior to structural analysis. In this way, it is possible to determine the
real initial stress field that differs from the one prescribed in form-finding due to
the patterning and flattening geometry deviations, which is then used for further
load response analysis. The real initial stress field also contains information about
possible regions in which the fabric can wrinkle; although it is an acceptable effect
in load response, it is not desired to happen in the assembled state under normal
conditions. References [40, 54, 16] propose linear workflows to retrieve the stress
deviation from the flattening process and accurately define the fiber orientation of
each tensile seam for the final analysis. Other workflows were proposed by defining
energy minimization optimization problems between design steps [7, 42, 33, 48, 47].

The final design is usually the result of an iterative process between the outlined
design steps, a process that normally differs from the more ‘one-way’ process
used in the design of more conventional structural systems, which usually have an
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FIGURE 2. Iterative workflows in the design of tensile structures

architectural shape given beforehand, to which the structure must comply, while in
tensile structures geometry is strongly coupled to the structural performance.

The complexities arising from the aforementioned and design phases render the use
of analytical tools impractical for the proper design and analysis of tensile structures,
except for few particular cases. Only with advances in CAD (computer-aided design)
and CAE (computer-aided engineering) did the design of tensile structures reach
maturity. In fact, the history of modern tensile architecture is closely related to the
development of numerical methods for their design [1].

However, the use of general CAD and CAE software may be challenging when it
comes to tensile structural design, as it might require considerable effort to accurately
define all design stages and their information flow. To address this issue, many
specialized software have been developed for structural design [43, 31, 20] with
built-in features to handle these design steps. Additionally, some general CAE
software also offers special modules for form-finding, patterning, and flattening of
membranes in addition to the analysis itself. Although these solutions significantly
improve the user experience in the design process, they are usually provided as
sandbox software solutions that do not communicate directly with other CAD and
CAE systems, and provide only limited options to automate the integration between
the design phases.

Going beyond this paradigm, many CAD products offer visual programming
language (VPL) interfaces to enable the user to model geometry with the use of
parameters and design rules. Rhinoceros3D (Rhino) [50] is a well-known CAD
software in architecture and engineering industries and provides its built-in VPL
Grasshopper [71], which has components for manipulation of many Rhino geometries,
allowing the creation and modification of geometries ruled by parameters instead of
manual modeling. The user can define a logical sequence of events describing the
project as a function of predefined parameters and instantly retrieve geometry and
analysis feedback within the changes to them.

Besides, Rhino and Grasshopper both have their own application programming
interfaces (APIs), which enable the development of custom components and param-
eters for a variety of purposes. Karamba3d [66] was a pioneer in creating a finite
element analysis plug-in for Grasshopper, which revolutionized the way architectural
and structural modeling systems are integrated. This plug-in eliminates the need
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for external CAE systems, allowing users to define their architectural intentions and
automatically convert them into finite element models. This means that structural
analysis can be done directly within a CAD environment, with (almost) instan-
taneous analysis feedback, resulting in the use of a unified environment for CAD
and CAE modeling. This workflow can also be combined with other tools inside a
Grasshopper environment, such as heuristic optimization tools to minimize defined
objective functions in terms of the parameters prescribed in the Grasshopper script.
Integration of these optimization tools with structural analysis enables the setting
of structural optimization routines to minimize or maximize a given output of the
structure (weight, cost, stiffness, span, etc.) [75, 64, 65, 12, 13].

Grasshopper has become a popular choice for structural design, both for its ability
to handle complex shapes and for automating design tasks and geometry integration
with CAE systems. Some analysis softwares with tensile structure features have
developed Grasshopper interfaces to enable a parametric definition of their CAE
models, such as ix-Cube[31] and RFEM [19]. However, most of these packages only
provide a way to transfer Rhino/Grasshopper data to the original simulation system,
meaning that the user needs to manually open the CAFE software and initiate the
analysis, which still requires the operation of separate CAD and CAE frameworks.
However, some plug-ins were proposed to enable an approach to the design of
tensile structures fully inside the Grasshopper environment. Kangaroo [63] is a
general purpose physics simulation engine, which allows mesh-based form-finding of
tensile membranes and could theoretically support the full design cycle if custom
components for membranes are implemented. Kiwi3d is a Grasshopper plug-in that
allows parametric definition of the tensile structure design cycle, which includes
form-finding, analysis, patterning, and assembly of tensile structures with native
Grasshopper / Rhino surface CAD geometries combined with isogeometric analysis
[6, 22, 21]. EQIib [55] is a tool for the form-finding and analysis of tensile structures
considering a wide range of computational geometries such as meshes, nonuniform
rational b-splines (NURBS) surfaces, and subdivision surfaces. Other plug-ins are
available for the specific task of form-finding, such as RhinoMembrane[30] and
RhinoVault [23].

This paper presents BATS (basic analysis of tensile structures), a new mesh-based
Grasshopper plug-in for the complete design process of tensile structures. The first
of the BATS developments was on a high performance form-finding tool [15], and the
present version includes a series of components that allow the user to define structural
membranes and cables to carry out the entire design workflow, including form-finding,
patterning, flattening, and structural analysis considering geometric and material
nonlinearity. A relevant feature is the ability to handle wrinkling and slackening
effects naturally on the membrane and cable elements. The main objective of the tool
is to be a simple, fast, and flexible tool to handle the entire tensile structures design
workflow. For this purpose, simplex finite elements are implemented in a dedicated
C++ numerical solver, and tools to manipulate the meshes for each specific design
step are available, taking advantage of native Grasshopper mesh editing capabilities.
The use of meshes also has the advantage of being compatible with a wide range of
other analysis and editing tools for Grasshopper.

This paper introduces the fundamentals of geometrically nonlinear structural
analysis for cables and membranes, as well as the strategies for form-finding, pattern-
ing, and flattening, and how these design steps can be sequenced and iterated. The
paper discusses the concepts of parametric design and VPL programming and how
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they allow users with little knowledge of traditional programming to automate their
CAD/CAE workflows, with a special emphasis on structural design. Finally, the
implementation of the BATS parametric workflow for the design of tensile structures
is discussed, and some selected applications are briefly described.

2. Structural analysis. Structural analysis of possible load cases in a tensile
structure must be considered to check design ultimate (ULS) and serviceability
(SLS) limit states. This is the fundamental step to validate the structural safety
and determine the cross-sections needed for all elements. An extra type of analysis
for tensile structures is the assembly analysis, which is performed considering the
deformation from the flattened segments to the final structure in order to correctly
define the prestress conditions, which unavoidably deviates from the idealized stress
field determined by the form-finding algorithms, due to inherent error that comes
from the flattening of double curvature strips.

From the prestressed state (either idealized or real), the structure shall be analyzed
for all combinations of live loads. Traditionally, the analysis of tensile membranes
and cables net disregards gravity effects, since weight loads are small when compared
to the live loads, but they can also be considered without extra computational cost.
The main external loads that affect common tensile structures are wind and snow
loads, as tensile roofs usually consist of large-span systems with low stiffness. The
definition of wind loads can be challenging due to the surface shapes of membranes,
which increases the complexity in determining the pressure coefficients. Reference
[77] is a recent report on the design of tensile structures that gives general guidelines
for determining the pressure coefficients of the tensile shapes, which can be done by
small-scale physical models tested in wind tunnels or computational fluid dynamics
(CFD) models, although it is not recommended to rely only on CFD analysis. The
guidelines also refer to other works in which common shape pressure coefficients
such as hyperbolic paraboloids, conoids, and stadium roofs are given [17]. Other
specific geometries are studies in references [67, 68, 69, 28].

The evaluation of displacements and stresses can be done with the help of
numerical methods, especially the finite element method (FEM). In this paper, we
focus on very simple finite elements to model the main structural components of
tensile structures: straight trusses and cable elements, and flat triangular membrane
elements. In recent years, isogeometric analysis (IGA) for tensile structures has
been proposed [6, 22, 55] as an alternative to design and analysis. IGA directly
uses CAD generated surfaces as shape functions of the finite element problem, such
as NURBS, which is a valuable feature in terms of CAD/CAE integration and a
promising research field.

Nevertheless, in the authors’ experience, the choice of such simple elements with
more refined meshes provides good numerical performance and reliable results, and
simplifies both pre and post-processing of the structural model. The selection
of simple elements allowed us to focus on the bigger scope of this work, which
is the implementation of a computational framework capable of performing the
whole design cycle for those structural systems. However, the BATS framework is
sufficiently general to allow the future inclusion of more sophisticated elements.

2.1. Trusses and cables. Trusses are the simplest type of structural system widely
used in civil engineering. Each truss member is considered to be pin-jointed at
its ends, and external loads are considered to be applied only at the nodes, and,
consequently, the members are subjected only to an axial force. This leads also to a
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simplified mechanical formulation, in which only the structural axis of the truss is
relevant. The high axial stiffness presented in common civil structures makes the
displacement behavior of these systems mostly small enough to consider infinitesimal
displacements in the mechanical model.

Cables are a special type of truss system presented in most of tensile structures.
They can be represented, in a simplified way, by a chain of trusses that can only
withstand tensile forces, because of its lack of bending stiffness. This causes cables to
automatically buckle under compression, and a simplified approach of the behavior
is to neglect the stiffness of the cable during compression. This normally results in
highly flexible systems, and cable displacements cannot be considered infinitesimal
anymore, which requires a geometrically exact formulation [86, 58, 9, 5, 11]. Cables
can then be simplified as a chain of small truss elements.

The coordinate vector @ for a 2-node truss element is given by

. m 1)

where x; is the 3D coordinate of the node i of the truss. We can define the displace-
ment field in terms of the difference in length Al between different configurations.

Al=1-1" (2)
lv=mx5 — a1 (3)
P =(xy—x1) (2 — 1) = (Iv) - (I0) (4)

where [ and [" are, respectively, the current length and the reference length of the
truss, and v is the unit vector of the axis of the truss. It is possible to write equation
3 in terms of a linear transformation given by ¥ = [—I I ]

lv=Yx (5)

The uniform Green strain tensor g and its variation d¢g within the element is
given by the quadratic difference of the lengths in reference and in the current
configuration.

12— 1 () (Ya) 1
T T2 I’ o
1 9 1 s
09 = 70(lf) = 7z Ww - (Wom) = 5 WTv - bz (7)

The internal part of the weak form of the truss equilibrium 6W;,,; is

l "
Wins = / (Ndg)dl = / (le?xp%-(sm) di” (8)
0 0

where N is the normal force acting on the truss, and it is given by the constitutive
equation

N = FEg+ Npre (9)

where N, is the force related to the prestress applied to the truss and £ is the
linear Young modulus of the material. We can define equation 8 in terms of the
discretized internal force vector fi*:

Wi = f"t . b = (ler\I’Tv) -ox (10)
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For cables, there is a constraint to the normal force to not withstand compression,
which gives the following conditions:

, 0, N <0
fznt _ l
ZT”N Ty, N>0
The variation of the internal force vector results in the discretized stiffness matrix
K multiplied by the variation of the position vector.

(11)

6fi"t _ llr (l(;(N)‘I’T’U +N\IIT5<ZU)> = (Ke + K9) 6z (12)

where K€ is the elastic part and K9 the geometric part of the stiffness matrix
K = K¢+ K9, defined by recalling equations 12 and 5:

e
K= ZT?)EAlIIT(v ®v)¥ (13)
k= NgTy (14)

lr
For cables when N < 0, then also K = 0.

2.2. Membranes. Membrane elements are surface elements that can only resist
in-plane forces, having negligible bending stiffness and, therefore, are highly flex-
ible systems. Sophisticated formulations of membrane elements using continuum
mechanics is given by [24, 10, 80, 18, 81, 6].

2.2.1. Natural membrane discretization. We herein focus on the natural membrane
finite element formulation given by [3] and further developed by [58]. Reference [3]
introduces the concept of natural stresses and strains in simplex finite elements. The
most common simplex membrane finite element is the 3-node CST (constant strain
triangle), in which the displacements are linearly interpolated, resulting in constant
strain and stress along its surface area [62, 61]. Figure 3 defines the membrane
element in three configurations. The shape is defined by a set of three coordinates
{x1, 22,23}, in which a local basis is set by the basis vectors {ej, ez, es}. The
coordinates are defined in the reference (-"), initial (-°), and current configuration (-).
The initial configuration refers to the element configuration before deformation on any
arbitrary basis, the reference configuration is the initial configuration transformed
to the working basis, and the current configuration describes the coordinates after
displacement.

P3 = Nywy — Novz

Py = Novp — Nyvs

Py = Navy — Nyvy

FIGURE 3. Natural membrane element: a) reference configuration,
b) initial configuration, and c) current configuration
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In the natural approach, the displacement field is given by vector Al, representing
the change in length between the edges of the element.

Al=1-1 (15)
livi =z, — x; (16)
= (zr — ;) (xh, — ;) = (Livy) - (Livy) (17)

where I and I” are, respectively, the current and reference length vectors, v; is the
unit vector of the membrane edge i, and i,j,k € {1,2,3} permute cyclically. It
is possible to write equation 16 in terms of a linear transformation of the global
position vector  with the operator W¥:

where
U, =[0 I I
U,=[I 0 —I (19)

U;=[-1 I 0]
The natural Green strain g” is then defined by

12 -1
=t L 20
gz 2 l,z,2 ( )
Introducing equations 17 and 18 in 20, we have
w1l - (L) =17 1 (9T W) -2 — 17 (1)
9; = 9 l:2 - 2 l:z
The variation of the strain vector 6g™ in function of & can be obtained as
l;
ogr = F\Il;‘rvl -z (22)
The conventional representation of the Green strain tensor E is given by
E=g,®e,+gs®es (23)

where gg = gsszej represents the membrane out-of-plane strain in the reference
configuration. An interesting property of the Green strain tensor is that the strain
vectors g, are defined in the reference plane e1”, e3”, which gives

gis=¢ge3 =0 for i=1,2 (24)
Also, E is a symmetric tensor, which gives gio = ¢o1. The tensor can be
represented in matrix form as
E 0 91 92 0
E = = 25
B 933] {0 0 g3 (25)

where (-) is the 2d representation of (-).
The natural Green strain in 20 can also be represented in terms of the conventional
Green strain tensor as
g9 =7; - Ev; =7 - (g, ® €,)v; = (V] - €,)(J, - 7;) (26)
Since the transformation between the reference configuration and the initial
configuration is only an imposed rigid body motion, we can define equation 26 in

terms of the initial configuration 3d vectors since v} - €., = v? - €2. Also, noting in
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3 that v) - e} =1 and v - €} = v - €] = 0, we can rewrite the relation as a linear

transformation T

g"=Tg" (27)
o e (ot e
T=|(vy-e}) (v3 €3)” (vy-e])(vy-ey) (28)
1 0 0
where g¥ is the green strain vector in the Voigt notation:
. T
g'=[9n1 g2 202 (29)

We can also define the second Piola-Kirchoff stress tensor S = s; ® e; in the
Voigt notation as s:

SU = [511 S99 812]T (30)

It is possible to define a natural stress vector s™, which is energetically conjugate
to the natural Green strain tensor with the use the theorem of virtual displacements

sU-8g" =s"-6g" =s"-5(Tg") =T"s"-5g" (31)
which gives
s"=T"Ts" (32)
The relationship between stress and strain is given by the constitutive equation,
also in terms of the Voigt notation C"

s'=C" + s, (33)

It is also possible to write a natural constitutive tensor C™ by inserting equations
27 and 32 into equation 33;

s" = T—TCUT—lgn + T—Ts;)we — C’ﬂgn + sZre (34)
cr=1"Tc'r! (35)

The discretized weak form of the internal work §WW™* can be written in terms of
natural variables.

SWint = t/ sl oglrdA =
A

i

tAl;

7..2
7

st Ty, s = Sz (36)

where £ is the discretized internal force vector. The external work contribution
SWert is given as

5Wezt — fext dx (37)
where f¢®! is the discretized external force vector given at each node as
A
ft =11+ 7 = 3 laeq + ) (38)

where f? is the constant force vector and fP the pressure force vector, ¢ is the constant
load magnitude, e, the direction of the load, p is the pressure load magnitude, and
n = e; X ey the normal vector of the CST element. The internal stiffness matrix of
the natural membrane K is given as

K™ =K+ K’ (39)
The elastic part of the stiffness contribution K€ is

Ll

r27r2
er

K°=tA

Cl ! (v; @ v;) W, (40)
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The geometrical part K9 is defined as
tA

2
T
li

KY P AR (41)
The contribution to external stiffness K¢*! is given only by the pressure forces.
Defining ¥? = [I I I]T7

K©' = S0P (ViWs - Vo)) (42)
where V; = Skew(v;) is the skew-symmetric matrix of vector v;.

2.2.2. Wrinkling. The inability of tensile membrane materials to withstand com-
pression makes them susceptible to easily buckle when there is a compressive load in
their plane, an effect commonly called wrinkle. To accurately retrieve the wrinkling
behavior of membrane elements, a dense mesh of shell elements with low flexural
stiffness can be used [53, 56|, but this leads to high computational cost due to the
addition of rotations degrees of freedom, mesh quality, and post-buckling effects.

However, in most applications of structural analysis of tensile structures, the
exact shape of the wrinkles does not matter to the engineer, but rather to the correct
in-plane stress and strain distribution of the membrane. In this sense, the tension
field theory [82, 76, 53] removes any compressive stress on the membrane element,
ignores out-of-plane displacements handling only in-plane strains, and states that if
a membrane region wrinkles, it is subjected to an uniaxial tension state. This leads
to a new nonlinearity as the new membrane stiffness become also a function of the
wrinkled uniaxial direction.

A way to add this behaviour to the membrane model is by a modified constitutive
tensor C’“, as several authors proposed [2, 32, 36, 85]. It is defined that a membrane
can be in 3 types of stress states : taut, winkled, or slack. The definition of the
membrane state can be defined by a mixed criterion of the principal stresses s1, s2
and strains ¢;, g2, which are obtained as the eigenvalues of the stress and strain
tensors. The definition of the membrane state can be defined by a mixed criterion
of the principal stresses s1, so and strains g1, go

o 5o >0 — taut
e 5o <0 and g3 >0 — wrinkled
e g1 <0 — slack

When the membrane is taut, there is no need for modifications of the constitutive
equations, and the constitutive tensor remains the same.

Cv=Cv (43)

If the membrane is slack, the membrane loses all compressive stiffness and all
components of the constitutive tensor are penalized.

Cv = PC® (44)
where P is the penalty factor that can be conveniently defined as
_ 1 5 Smaz < 82
P= {Smax/s2 ) Smax > 32} (45)

The penalty factor is used to avoid ill-conditioning of the stiffness matrix that
would appear if the whole constitutive tensor is set to zero.
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When the membrane is wrinkled, the first step is to find the wrinkling direction
w(f) = Q(F)el and uniaxial direction t(0) = Q(#)e], where Q(0) is the tensor
representing the rotation of a vector in the plane of the element basis.

cos?0 sin?0 2cosfsind ot
Q= sin20 cos?0 —2cosfsingd | = | T (46)
—cosfsinf  cosfsinf cos*0 — sin*0 I

A method for evaluating the direction of wrinkles is given by [32] by enforcing
the constraints of the wrinkle condition.

sgp = ¢2(0) -8V =0,  sih=3(0)-s" =0 (47)

The following condition leads, after some algebra [32],to the following nonlinear
equation, which solution 6 gives the wrinkling angle:

[P2(0) - C*D2(0)][d3(0) - 8°] — [@2(0) - C*¢3(0)][p2(0) - s"] =0 (48)

Equation 48 can be solved numerically with the Newton method. However,
another constraint to solution is the existence of uniaxial stresses in order that
s{j > 0. If a non-favorable solution is found during the Newton method procedure
(513 <0), a phase shift of £7 can be performed to force convergence into a feasible
domain.

Finally, the constitutive tensor in the wrinkled direction is defined by

C’U —Cv— (CU¢2) ® (¢2CU)
P2 - C¢o
For isotropic materials, the principal stress and strain directions are the same as
the wrinkling and uniaxial direction (6 = s,1,), which gives

w(f) = w(ys);  (0) =t(¢s) (50)

In orthotropic materials, the principal strain and stress angles differ, and so
does the wrinkling angle ( 15 # ¥, # 0). Some authors [87, 81] approximated the
wrinkling direction with the principal stress direction and showed a small deviation
from the exact solution.

(49)

2.3. Solution. As stated in the previous section, we want to find the displacement
field of the system in order that for all nodes i, the residual force is r» = 0. There
are multiple methods to find the equilibrium configuration, and this choice depends
mostly on the particular problem to solve. For tensile structures, there are two
main solution procedures: the Newthon-Raphson method (NRM) and the dynamic
relaxation method (DRM) [14]. As will be discussed further, the NRM is a classical
solver for nonlinear problems used in almost all finite element applications. However,
some particularities from tensile structures can lead to slow convergence or even
divergence of the solution using the NRM. To cope with this problem, the DRM is
a strong candidate, as it does not depend on the derivatives of the residual vector
and uses a pseudo-dynamic approach, which leads to a more stable solution. In this
work, both DRM and NRM are implemented, and they are options available for all
the steps that require structural analysis, since the best method needs to be defined
according to the specific problem to be solved. A mixed approach in which DRM is
used with a higher error tolerance and then moves to NRM for a refined solution is
also presented in a similar approach to [51].
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2.3.1. Newthon-Raphson method. The NRM is a classical method to numerically
solve nonlinear equations with multiple degrees of freedom. Generally, the problem
starts by defining the global initial current position as x*=° = £, and for each
iteration we find an increment Azt by solving the following linear equation system:

K(z")Azx' = r(z) (51)

where K is the global stiffness matrix and r is the global residual vector. Here, the
position in the next iteration is defined as

't =z + (Az) (52)

The iterations are then repeated until the norm of the residual vector r is below
a given threshold € ~ 0.
Il <e (53)
The NRM is very versatile and solves a wide range of structural problems.
However, in systems where the stiffness matrix is not well conditioned, it can
easily lose convergence. In tensile structures, the stiffness matrix can be highly
ill-conditioned because of mechanisms in the structure due to low prestress and
wrinkling conditions, making this method limited to cope with these structural types
and requiring stabilization methods in order to guarantee a solution, such as load
steps and penalty factors to artificially control the stiffness of the system to avoid
an ill-conditioned state [70, 32, 2, 60].

2.3.2. Dynamic relaxation method. The DRM was first proposed by [14] in the field
of linear elastic analysis of pressure vaults. In order to avoid high consumption
of memory required by the stiffness matrix, the DRM proposes the equilibrium
condition as the stationary phase of an explicit dynamic system, with time integration
usually made using the central difference method. As explicit time integration does
not require the use of the stiffness matrix, it is possible to operate only with the
vector global residual (r) and displacement (u) measures. The guarantee of the
stability of the explicit motion is directly related to the stiffness matrix, but there
are many methodologies to find a stable time step without the use of the global
stiffness matrix.

The avoidance of the use of the stiffness matrix in DRM made it widely used
to solve membrane displacement problems, especially when low or no prestress
is determined, which can easily lead to singular stiffness matrices. First uses of
the DRM to solve membrane problems are referred to in [4] and [38]. References
[59, 61, 26] give a systematic understanding of the history and development of the
dynamic relaxation method, with an eye on minimizing the computational cost of
the method.

At
For each time step At, the new nodal velocity s > and displacement ultAt
can be determined using the central difference method:
< 14+ At (ma Ca>*1 [_t,% (ma Ca) }
U =(—+ = U —+ =) 54
. At 2 * At 2 N (54)
At
ultAt =l + AN (55)

3. Form-finding. Generally, it is not possible to define the shape of a taut structure
a priori, but an appropriate shape is sought, compatible with an initial stress field
imposed to the system. This shape searching is commonly referred to as form-finding.
There are multiple methods for the form-finding of tensile structure shapes, and all
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F1GURE 4. Form-finding process from an initial flat mesh

of them are based on the equilibrium of the structural system for a given imposed
stress field and boundary conditions.

The force density method (FDM) [41] provides one of the most convenient
alternatives for shape finding, defining a linearized solution for a network of linear
elements. By its turn, the natural force density method (NFDM) [57] is an extension
of the FDM that preserves the linearity of the original method and overcomes some
of its limitations to cope with irregular meshes, which may arise from unstructured
tessellations of surface geometries. Other common form-finding methods are the
update reference stategy (URS) [8] and the DRM [1].

3.1. Force density method. One of the first alternatives of form-finding methods
was the FDM, proposed by [41] and [73], in the context of cable nets. Given a line
truss element, it is possible to define the force density n of the element as

n=N/I" (56)

where N is the normal force and [" is the reference length of the truss element.
Recovering the weak form of the 2 node truss element, and assuming that n is a
constant value, we have
Firt =neT oy (57)
Equilibrium conditions are held, such as

fint _ fea:t (58)

Since the term n®T W is constant, it is actually possible to define the coordinates
of the nodes as the solution of a linear system of equations.

K/ig = fer! (59)

K/ = n@Tw (60)

where K7/ is the force density sitffness matrix. The authors [41] and [73] derived
the equations 63 and 64 by finding the equilibrium of each node in a cable net. As
discussed in [8] and [62], the force density method is equivalent to a linearization of
the internal forces of the truss assuming that a given second-Piola Kirchhoff stress
is constant, in which the tangent stiffness results exactly in the geometric part of
the truss stiffness matrix.
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3.2. Natural force density method. The NFDM preserves the linearity of the
original FDM for the surface continua. The natural force density derives from the
natural forces defined at the natural membrane finite element, and was first proposed
by [57] with an extended discussion in [59].
The NFDM defines a similar approach to the FDM by defining a vector of natural
force densities n defined by N
t n

Ny = 755
™
l;

(61)

We can rewrite the vector of internal forces for the natural membrane as
fint = n1W?sz (62)
Assuming mn is constant and using the same approach as in equations 63 and
64, we get the linear system of equations for the node coordinates of the natural
membrane:
and$ _ fert (63)
K" = n,oTy, (64)
where K™/? is the natural force density stiffness matrix. As with the FDM, the
natural force density stiffness matrix is also equivalent to the geometric portion
of the natural membrane stiffness matrix with a constant prescribed Second-Piola
Kirchhoff stress. The NFDM was also extended to 4node elements and anisotropic
stress states by [60].

3.3. Iterative force density method. The linear solution for a shape in an
equilibrium state will result in a nonuniform distribution of stresses along the shape.
As proposed by [62], it is possible to impose a uniform stress field by an iteration
method in which each iteration uses the last iteration as a reference geometry.

Ki:l:i-‘rl — fext (65)

where K is the force density stiffness matrix given a reference configuration " = x'.
As noted by [62], this iterative method leads to a stress state condition in which
the Second-Piola Kirchhoff stress is equivalent to the Cauchy stress, resulting in a
minimal surface.

Unlike solving the uniform stress problem by means of a nonlinear system with
the help of the NRM, the iterative force density method does not show a quadratic
convergence rate. However, the main characteristic of this method is that every
iteration results in an equilibrium shape, even if the distribution of stresses will not
be uniform like in the case of the converged minimal surface, which is a very handy
feature to have in a form-finding framework that is not satisfied with the nonlinear
approach.

4. Patterning. The final shape of the tensile membrane is rarely developable, and
the only exception to the exact extraction of developable flattened tensile sheets is
with single-curved shapes. For double-curved situations, it is not possible to flatten
the entire surface in a single fabric sheet, and the shape has to be subdivided into
strips, which are flattened later. However, these segmented stripes still present some
degree of double curvature and some error in the flattening process is expected.
The fundamental importance of the patterning process is to determine an optimum
point for maximum flattening performance and minimum surface subdivision. An
excessive subdivision, although significantly reducing the flattening error, can make
the assembly of the surface impracticable due to the excess of seam joints. Large
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FIGURE 5. (a,b) Plane cut segmentation to find initial straight lines
and (c) geodesic curve definition

subdivisions, on the other hand, dramatically increase the flattening error and are
limited in width due to fabric sheet fabrication.

An industry standard method of patterning is to divide surfaces using geodesic
lines [4, 84, 46, 26]. The geodesic line tends to deliver less distortions in the flattening
process, as it results in straighter lines when flattened, which helps to avoid material
waste during the fabric cutting.

When dealing with mesh geometries, a challenging aspect of this process is how
to define the subdivisions of the mesh between the geodesic lines and subsequently
divide the mesh into a set of mesh strips. Reference [16] proposes a method that
defines the geodesic line in the edges of the mesh using a geodesic line finite element.
The problem is set to find first the shortest path between two nodes of the mesh and
sequentially distort the mesh so that the short-path edges are close to a geodesic
line. However, this method has the disadvantage of distorting the mesh, which can
compromise their quality, especially for coarse meshes.

[26] gives a geodesic line finding method by finding the equilibrium shape of a
frictionless sliding cable in the membrane mesh projected to the mesh surface, which
allows the geodesic line nodes to walk through the edges and faces of the mesh.
[63] also gives a mesh-independent alternative to find geodesic lines by applying a
minimum energy optimization problem for a minimum length line constrained to
the mesh surface. Although the mesh is not distorted during those methods, the
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patterning still requires the mesh to be divided over the geodesic lines, which also
can lead to low quality distorted meshes (Figure 4).

An alternative to define the patterning is to find the geodesic lines directly in a
CAD surface geometry such as NURBS and BRep (boundary representation), which
can be obtained from IGA form-finding [6, 55] and can be obtained with the help of
geometric algorithms normally presented in CAD software. Using this approach, the
segmentation of the strips can be set as a collection of trimmed patches of the CAD
surface [22].

We propose a mesh-based solution in which geodesic lines are found with the help
of the Kangaroo Grasshopper plug-in [63], and instead of directly splitting the mesh
with the resulted segmentation lines, a complete re-mesh of each strip is performed
with the help of Grasshopper mesh management tools in order to guarantee good
mesh quality for each strip, imposing that nodes of the edges of the strips match
their neighbors, as seen in Figure 4.

FIGURE 6. (a) Division of a mesh from arbitrary curves generates
meshes with nonuniform elements. (b) Removing the strips with
node constraints in the edges to enforce they are coupled sort out
the issue.

However, the re-meshing occurs in a previous mesh in which a form-finding process
was executed with a defined stress field. To be able to use the new mesh in the
subsequent steps, a stress field mapping between the old and new meshes also needs
to be performed. We propose an algorithm in which we reduce the stress tensor of
an element in a set of the principal stress, second principal stress, and the direction
of the first principal stress {s1, s2,t}.

e For each reference mesh node, get stress contribution from each element
weighted by its area.

e With the stress defined by means of the reference mesh nodes, find the stress
in the target mesh nodes by means of interpolation based on the distance of
the three closest points.

e Find the target element stress by an average of the nodal stresses of the
element.

5. Flattening. With the correct definition of the surface patterning, each strip is
then flattened in a two-dimensional plane for production. The major drawback of
this process is that distortions between the flattened fabric surface and the double-
curved strip will always appear in a certain rate due to the non-developability of the
patterned surfaces. In addition, the flattening process of structural membranes is
not only a geometric problem, but also an elasticity one. Since the idealized shape
is assumed to be in a given prestress field, the flattened fabric needs to take into
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account the compensation of the amount of stretch required to achieve the desired
stress field and fabric geometry. These combined effects result in that the real stress
field obtained by the assembly of the fabric will also contain deviations from the
idealized stress field from the form-finding. Author [83] summarizes the main effects
of this deviation as: (a) orientation of the fabric, (b) shear deformation of the fabric,
(¢) orthotropic behavior of the fabric, and (d) distortion of the flattening process from
a spatial double-curved shape. Some materials, such as PVC fabric coats, tend to
have low shear stiffness, and many manufacturers are pushing the material behavior
to be as isotropic as possible, leading to small errors due to the flattening process,
as the distortions may be accommodated due to the shear flexibility and isotropic
behavior in the prestressing. However, shear-stretch and orthotropic materials, such
as PTFE coated fabric and ethylene tetrafluoroethylene (ETFE) foils, are highly
sensitive to these errors, and a careful flattening process is mandatory to deliver
good performance of the fabric assembly.

Final Flattened Configuration

Reference Configuration

Current Configuration
(Projection as first trial)

FIGURE 7. Flattening process of tensile surface strips. (a) Definition
of the structural problem with the 3D geometry in the reference
configuration and the projected geometry as a first trial for the
2D current configuration. (b) Resulted flattened strip with the
corresponding displacement field from the projected initial geometry.

In this work, the flattening process used is performed by a structural analysis of
each patterned strip constrained to a plane as in [46, 26]. The three-dimensional
shape is defined as the reference configuration with its initial stress field, the two-
dimensional flattened shape is defined as the current configuration, and a pinned
and a roller support are added on opposite sides to provide sufficient boundary
conditions. A first trial for the flattened shape can be obtained by projecting the
mesh into the plane. This process can be interpreted as pressing the prestressed
reference configuration on a flat surface without friction [16]. The strip will deform
to accommodate the initial stress given, resulting in a flattened strip that takes into
account the compensation of the stretch of the material for the defined initial stress.
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Other approaches are given by [40, 16], which proposes a minimal energy opti-
mization problem to minimize the strain energy of the assembly process by using
a modified weak form of equilibrium and defining the spatial configuration with
Cauchy stress and Euler-Almansi strain tensors. The 3D shape is defined as the
current configuration, and the flattened shape as an unknown reference configuration.
Although the derivatives of the Euler-Almansi strain are more complex to compute,
this approach also enables optimized flattening for large strains. For small strains,
the process is quite similar to the approaches of [46, 26], as all nonlinear strain
tensors can be approximated to the infinitesimal strain tensor of the theory of linear
elasticity.

6. Parametric design workflow. The design and analysis steps of the tensile
structures present some computational challenges, especially in communication
between the CAD and CAE systems. CAD generally has resources for the geometrical
definition of complex shapes and details, where CAE is used for computational
physical analysis. [27] addresses the main issues of CAD/CAE integration on loss
of data, compatibility during the process, and lack of automation. These issues
arise due to the different characteristics between processes. A CAD model is mainly
a computational representation of the geometry, which does not necessarily have
attributes and properties. These features are crucial inside a CAE environment, as
it needs data such as material properties, physical interfaces, and element types.

Many CAE softwares offer CAD modeling features inside its interfaces, but are
still very limited compared to CAD specialized software. Even when advanced
geometry manipulation is enabled, many times it is bounded to the features of the
CAE program.

CAE Software

CAD features

i

[ Geometry Drawing }——D[ P'E;hp':%izgd ]—P[ Pre-Processing ]—b[ Analysis ]—D[ Post-Process ]

: CAE Plug-in ;
[Geometry Drawing H le:shgglgtézd H Pre-Processing J—P[ Analysis J—)[ Post-Process ] i
| Results | :

FI1GURE 8. Possibilities in the integration of CAD and CAE interfaces
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Some specialized CAD software such as Rhino3D [50] have been delivering scripting
features with API giving the developer access to the geometrical objects of the CAD
system inside an object-oriented programming language. With these features, it is
possible to develop CAE structural applications with full use of CAD capabilities, or
to communicate CAD and CAE systems by API integration. With this functionality,
a constant mapping between the CAD geometry and the finite element model can
be established, which avoids data loss during the design process, enables automation
of tedious tasks such as meshing, patterning, and flattening, and drastically reduces
manual data transfer between different softwares.

In the CAD scripting context, mainly two types of programming are featured:
VPL and textual programming languages (TPL). A VPL consists of visual block
elements, which contain algorithms and can be manipulated in a logical sequence of
inputs and outputs. On the other hand, TPL systems are based on a sequence of
linear characters that describes the commands the program should execute [37].

VPLs are advantageous, as they do not require a broad knowledge of programming
syntax and are easier to use for general CAD users. The possibility of association
of inputs and outputs in VPLs is interesting for CAE, as association between
geometrical and analysis data can be made. However, VPLs are strictly dependent
on TPLs, as each block component on the VPL is produced from a TPL code.

A big trend in computational design is the use of parametric (or algorithm-
oriented) design in architecture and engineering with the use of VPLs. Parametric
design environments usually offer the designer a user-friendly interface in which
he visually assembles a sequence of components blocks that receive, process, and
output data. The addition of CAE components to these systems is very promising in
terms of task automation, design flexibility, and architecture/engineering integration.
Rhino3D offers its VPL Grasshopper [71], which has become an industry standard
for architectural design and has built a wide ecosystem of third-party plug-ins for a
wide range of applications, from simulations to rendering and detailing. [49]. There
are also VPL-focused platforms like Synera [79] that offer the definition of automated
engineering processes in a “low code” environment for industrial engineers.

With the implementation of a structural analysis tool kit inside a VPL language
such as Grasshopper, it is possible to integrate the architectural model into the
structural analysis by assigning rules for the geometry, meshing, and definition
of boundary conditions. The environment allows the user to implement routines
for specific and interconnected tasks based on the geometry and properties of the
structure, which can even be integrated with the architectural model if it is also
defined parametrically. The conversion of data is automated by assembling a series
of VPL algorithms, where any change in geometry returns a suitable new structural
model, avoiding rework in mesh generation and other possible tedious tasks.

[66] describes parametric structural analysis as a powerful tool for geometry
development because it feeds the architectural design space with structural feedback.
In this perspective, these tools are known to be very effective in developing the
geometry and materiality of complex structures. In addition, these are also interesting
tools for the structural design itself, even when based on predefined geometries,
considering the possibility of constructing automation’s for detailing and member
sizing [64], or feed production plant with specific machining files. The benefits of
adopting a parametric approach for the structural design can be summarized as
follows.
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e Integration with the architectural model, further processes like detailing and

fabrication by common parameters, and rules shared between architects, engi-
neers, manufacturers, and builders.

e Immediate feedback of the structural analysis within changes in the architec-

tural and structural model.

e Flexibility in the automation of the workflow as the user has freedom to define

the design rules using a user-friendly programming interface.

e Direct interface with other tools such as thermal, acoustics, wind, and circula-

tion analysis, as well physic simulation, fabrication algorithms, and heuristic
optimization by sharing common design parameters of the architectural and
analysis models.

7. Proposed framework and implementation. Our proposed framework for
tensile structures is based on a set of VPL components in a custom Grasshopper
plug-in named BATS [74], which enables the automation of tensile structural design
processes with the definition of a logic sequence of components that describes a set
of defined parameters and design rules (Figure 9).

drchicausl Form Finding Patterning Flattening ST

Intention Analysis

* Supporting structure
* Initial shape guess

* Prestress of cables * Membrane strip + Material * Loads
and membranes subdivision + Cross Section + Support conditions

I I l |

FiGure 9. Workflow driven from parameter and design rules with
integrated feedback between the design steps.

The main requirements for BATS:

e The data model is the same for all the design steps, and the transfer between
them should be as automatic as possible.

e All relevant properties and objects should be accessible by the user as an
output during any design step.

e Fast response in each design process to enable design feedback in almost
real-time.

e Advanced users should be able to use BATS API to develop their own custom
functionality, even outside Grasshopper.

To achieve those requirements, we propose the software architecture described in

Figure 10. BATScore is the main data model that provides a set of constructors and
modeling algorithms for the structural model. BATS++ is the numerical library
for finite element analysis calculations used by BATScore, written in C++, and
designed for performance with the help of low-level memory management resources.
BATSgh is the model with the definition of Grasshopper components that exposes
the BATScore API to the VPL user.
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C++ c#

FIGURE 10. Software architecture of BATS

The choice of using different languages for model management and the FEA
solution is to balance healthy development of the application and communication with
external software such as Rhino and Grasshopper with a higher level programming
language such as C#, but also taking advantage of C++ resources and libraries to
improve memory management and performance of intense computations required

for FEA.

7.1. Data model. Figure 11 shows the data model defined in BATScore. 1t provides
a set of structural objects to be created and modified, as well as a structural model
in which objects can be assigned and built in a set of FEA nodes and elements. The
model can be constructed automatically by assigning a set of structural elements,
supports, and loads, where the nodes are assigned by collecting the element nodes
and using an RTree spatial data structure [44] to increase the performance of finding
duplicate nodes.

Since the finite elements proposed in this work are defined by low-order poly-
nomials, the representation of real structural members (beams, cables, and fabric)
needs to be a set of individual finite elements that constitute the discretization of
a given member. Having a model capable of mapping the individual elements to
their original members is of great interest to enable enhanced preprocessing and
post-processing of the model.

We propose in our data model element patches for that purpose, in which a real
structural member can be defined in a patch that contains the discretized set of
finite elements. For the specific case of fabric membranes, the patch also contains a
set of strips that can be flattened and reassembled to the main patch.

7.1.1. Element patches. Element patches are data structures for cable, membrane,
and beams that describe them in a set of discrete finite elements and can be observed
in Figure 12. The results of the analysis can be accessed per patch for further design
checks, and the re-mesh of patches is possible with the stress and strain field mapped
from the old to the new mesh.

7.1.2. Surface strips. For surface patches, an additional dataset is the definition of
the membrane strip geometries. Each strip contains its mesh geometry in both a
flattened state and an assembled state. Starting with the desired assembly geometry,
this data structure provides algorithms to perform the flattening step on each strip,
thus providing the flattened state and then being pulled back to the assembly state
for the assembly static analysis, as given in Figure 13.

Assembly automation is possible because each strip is also informed about the
mapping from its own nodes and elements to the global patch mesh, and instead of
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FIGURE 11. BATS data model

Linear Patch Surface Patch

FIGURE 12. Linear and surface patch for cable and membrane members.

defining the ideal stress field from the form-finding for the analysis, the real prestress
condition can be found by a static analysis where the flattened strips are defined as
each element reference geometry and the form-found shape is set as the first solution
guess.

7.2. Numerical engine. The numerical engine BATS++ is a library written in
C++ in which the elements and solvers are described in Sections 2, 3, and 5. In
addition, a geometrically exact beam is implemented from the formulation described
in [52], where a special routine for finite rotations is implemented for the dynamic
relaxation method, details of which will be given in a forthcoming paper. The data
model is consistent with the one defined in BATScore and contains the functionality
to calculate the residual force vectors and stiffness matrices of the local elements and
to further integrate the global residual force vector and the global stiffness matrix.
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FIGURE 13. Definition of surface strips. A surface strip contains
the assembled and flattened geometry and its topological reference
to the main surface patch.

7.2.1. Parsers. The communication between BATScore and BATS++ is made by
external functions written in C+4++, which can be called from the C# code using
platform invocation (P/Invoke). P/Invoke enables the declaration of a C# method
that calls code from external dynamic linked libraries (dll). The declaration must
match the corresponding C++ function, with special attention to the variable types
used in the variables. The C# and C++ classes are different concepts, and it is not
possible to directly parse an object from the C# class to a C++4 function, which
requires considerable effort to produce equivalent wrappers between classes. An
alternative approach is to transfer structure objects since both can be defined as
immutable types, with just some attribute declarations regarding array sizes in the
C# counterpart.

BATScore have external function declarations for form-finding, nonlinear struc-
tural analysis, and flattening of membrane strips, with the conversions between the
structural model and the structure parser objects. On the other hand, BATS++
receives the structures as input and output data to construct and solve the model.

7.2.2. Optimized code generation with symbolic programming. One of the most time-
consuming steps in the FEA process is to calculate the residual forces and the
stiffness matrices of the elements. For the NRM, this process is not as relevant since
there is a solution of the linear system of equations, which tends to be the bottleneck
for this solver. On the other hand, the matrix-free nature of the DRM makes this
step the critical path from a performance point of view, since the number of total
iterations for solutions is higher.

In nonlinear analysis schemes, the calculation of the force and stiffness of the
element is performed at each iteration step and is composed of a series of matrix and
vector operations. A lot of computation overhead can occur due to those operations
if the implementation is done naively, like numerically defining the inverse of a
matrix where the inverse could be computed directly using the analytical expression.
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FIGURE 14. Flowchart of the communication between BATScore
and BATS++

Multiplying multiple matrices often introduces overheads since common terms during
multiplication can be repeated excessively. However, finding the exact analytical
expression of residual forces and the stiffness matrix based on the elements variables
is often impossible to do by hand.

The use of symbolic programming languages can be quite beneficial in these
terms. A symbolic programming language enables the evaluation of mathematical
expressions in their exact form, without introducing numbers. They can be used to
find the exact form of the individual components of the force vectors and stiffness
matrix in terms of the input parameters, thus reducing repetitive operations due to
numerical matrix and vector operations. Languages such as Mathematica offer an
extensive library for symbolic math with automatic differentiation and expression
simplification functionality, which can be used in third-party libraries like AceGen
[35] to automatically write optimized C++ functions. AceGen defines a hierarchy of
symbolic variables in a graph structure in which common products are found for
subsequent steps and drastically reduces the number of required numerical operations
compared to traditional numerical evaluation processes.

All element computations in our work were first written in AceGen and the
generated code was inserted into the BATS++ code. A simple benchmark was
performed for the evaluation of a relevant and complex operator for the analysis
of the geometrically exact beam [52] by comparing the pure numerical calculation
of the function with native C++ arrays and third-party libraries Eigen [25] and
Armadillo [72], as well as the code generated by AceGen, both in single thread and
parallel threads, and considerable performance was obtained by running the AceGen
code. Another use of automatic differentiation for structural design frameworks is
given by [55].

7.2.3. Solver. Both NRM and DRM solvers were implemented in BATS++ and
can be called from the same data model. The code uses multi-thread parallelism to
accelerate the computations when possible. While the calculation of each element
local residual force and stiffness matrix can be parallelized, the assembly of the
global variables in parallel can find race-condition problems where different threads
might try to access the same memory location at the same time.
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FI1GURE 15. Benchmark of function implemented using third-party
linear algebra libraries, native C++ arrays, and AceGen generated
code.

For the NRM, we compute each individual element local variables in parallel,
but run both the global vector/matrix global assembly and the linear system solver
sequentially. In order to solve the linear equations, the C++ Eigen library was used,
which provides fast solvers with some degree of parallelism under the hood.

The DRM method is more interesting in terms of parallel computing. Since
we do not need to handle with global matrices, the only processes in which race
condition can occur are during the global residual vector assembly and kinetic energy
evaluation, which are the only processes done sequentially, with element evaluation
and time-step updates done in parallel.

7.3. Grasshopper components. To allow the use of BATS in Grasshopper, a
series of components were developed for the creation, editing, process, and analysis
of tensile structural models. An overview of the automated design workflow it
generates can be observed in Figure 17.

e Assemble Model: From geometric inputs from Rhino and Grasshopper and
relevant structural data, it is possible to define BATS objects such as element
patches, supports, and loads, and assign them to an FEA model.

e Form-Finding: A component performs the form-finding process using the
NFDM (see Section 3) from the boundary conditions of the assembled model
and using the input mesh as a reference mesh for the shape-finding algorithm.

e Patterning/Remap: The patterning algorithm in BATS is the only one that is
not directly implemented as a component. The main idea is that the patterning
step can be set as a mechanism in which the user can recover the meshes
from the form-found model and perform its own patterning using Grasshopper
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algorithms, to then feedback the re-meshed strips inside the surface patches,
where the remap of the stresses and strain fields are computed using the method
in Section 4. A standard patterning process defined by a segmented division
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via geodesic lines is implemented as a Grasshopper cluster, in which we use
the native Grasshopper physic engine Kangaroo [63] to perform the geodesic
line computation, and a special re-meshing algorithm is set to generate mesh
strips that are compatible with good mesh quality. Users can then use the
cluster as a base to implement more advanced patterning techniques.
Flattening: With the model updated with the segmented surface patches in
strips, a component is available for performing the flattening process on all
strips. The user can see the results of the flattening to obtain the flattened
shape for production and can also analyze the residual stresses left after the
flattening process.

Assembly Analysis: Once a model contains the surface patches with their
corresponding strips, it is possible to use the assembly analysis component to
get the actual resultant stress field of the real assembly, which is different from
the idealized form-found shape due to the inherent errors generated from the
flattening process. This step is important to ensure that no wrinkles will occur
during the construction stage and to have a more accurate initial stress field
for subsequent analysis.

Multiphase Load Response Analysis: Once the assembled geometry and stress
field are determined, it is possible to add new loads to the model to perform a
load response analysis due to wind, snow, and pressure. In BATS Grasshopper,
each model that is given as an output of a process can be used as an initial
condition for a subsequent analysis, enabling the user to set a chain of load
actions and track the response of the load combinations.

Build Model Form Finding Patterning/Remap Flattening

P
= e

FIGURE 17. Parametric workflow for design and analysis of tensile
structure implemented using BATS Grasshopper plug-in.

In addition to building this classic workflow automation, the BATS components are
flexible and each step can be called totally independent of the others. If the user
already has a shape with an initial stress field, it can process the patterning and
flattening algorithm directly. In addition, the multiphase load response solver can
be called at any time for any geometrically exact elasticity problem that combines
truss, membrane, and beam elements. In the following section, we present some
study cases that gives a clearer understanding of the benefits and limitations of the
proposed workflow.

8. Applications and discussion. We present some study cases for the design of
tensile structures using the proposed tool to show the capabilities of the workflow in
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terms of design exploration and automation. We then highlight some discussions
concerning the performance, flexibility, and limitations of the framework.

8.1. Applications. The design of a hyperbolic canopy is proposed as follows. From
an initial 20x20 meters flat surface with cables on its edges, a form-finding procedure
is established by imposing a vertical displacement on diagonal points and the intended
stress field for the fabric and the cables. Figure 18 shows the initial conditions and
alternative shapes of different displacement magnitudes and the cable-to-fabric stress
ratio.

The form-finding component provides real-time feedback for the resultant shape
due to the high performance of the implemented form-finding procedure [15]. This
enables the use of parameters to quickly navigate through design solutions and find
the best shape for a given context, and heuristic optimization algorithms can be
applied over the parameters by use of Galapagos, a genetic algorithm presented in
the ecosystem of Grasshopper. After the form-finding, we can retrieve the mesh

F1GURE 18. Model definition and solutions from the form-finding
component for different vertical displacement of the supports and
different ratio between the membrane and cable stresses.

geometry of the fabric shapes and process the patterning step. We implemented a
Grasshopper script that can take a 4 side mesh surface, find an equally spaced array
of geodesic lines around the surface, and create the strip meshes by reconstructing
the meshes split by the geodesic lines. This algorithm can be modified to create
other patterning logic as well as custom algorithms for arbitrary patterning. This
is possible since the requirement for the patterning is simply to take the resultant
geometry, create a logic to process in strips, and feedback the strips to the model.
Once fed back to the model, the strips are set as surface strips of the surface patch,
and the stress-field remap algorithm finds the equivalent stresses on the elements
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FIGURE 19. Patterning and re-meshing of the defined shape into
different number of strips and remapping of the stress field to the
new mesh. First principal stress field displayed in Pa.

of the new segmented meshes. Figure 19 shows the patterning process for different
numbers of strips generated from the algorithm and the stress field of the new mesh,
which is ready to be processed by the flattening step.

Figure 20 shows the flattening and assembly processes. The flattening component
takes the model updated with strips on its surface patches and applies the flattening
algorithm to each strip, and the resulted flattened strips are stored in the surface
strip. With this new model, it is possible to export the flattened strips meshes for
production and send them to the assembly component, which solves the displacement
of the flattened strips to their assembled position, resulting in the real prestress
applied to the surface. This method enables the validation of the flattening algorithm
and can also predict whether any wrinkles can occur to the fabric when assembled.
The assembled mesh model can be further edited to add and combine new loads to
the meshes to perform geometrically nonlinear static analysis. Figure 21 shows the
first principal stress, second principal stress, and displacement fields of a membrane
under a load pressure of 800Pa inward in half of the surface section and upward in
the other section. It is possible to see the wrinkled region in the second principal
stress plot, where the stresses are zero (blue). In this scenario, a membrane model
without wrinkling could result in a large error on the support reactions, which is
why before the adoption of a wrinkling model, the condition for safety was to never
let the membrane wrinkle. With the wrinkling model, it is possible to reduce the
prestress on the membrane by letting the membrane wrinkle under extreme loading
conditions, since they are temporary and aesthetics is not a priority as is in the
assembled state.

Figure 22 shows the same workflow for the design of the surface of a conoid. The
conoid was designed to explode possibilities of having an inclined axis for the top
ring as well as to define a torsional patterning of the strips. This example is one of
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F1GURE 20. Flattening process generates the production strips of
the fabric, which can be used for the further assembly analysis to
find the real stress field resultant from the assembly.First principal
stress field of the assembled fabric is displayed in Pa.
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FIGURE 21. Load response analysis of a wind pressure of 800Pa.
From left to right: first principal stress (Pa), second principal stress
(Pa), and displacement fields (m).

particular difficulties for patterning and flattening, since the best-fit plane having
an initial guess of the flattened geometry can be hard to achieve.

Figure 23 shows an example of a tensile structure formed by multiple surface
patches. Those typologies cannot have their strips directly defined from a single
mesh, requiring the definition of patches that must be segmented individually and
match their nodes on their edges for proper FEA analysis of the assembly and load
response analysis.

Both examples show the convenience of letting the designer choose his own
patterning strategies directly from Grasshopper. Those strategies can be automated
for the design in question, and the rest of BATS workflow will just ask for the final
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F1GURE 23. Example of multi-patch membrane. At the top from
left to right: a) Geometry and first principal stress obtained from
form-finding (Pa), b) Patterned geometry, c) First principal stress
from real assembly (Pa). At the bottom: Flattened strips with
residual stress with legend omitted for simplicity.

patterning solution to continue the design workflow. In Figure 22, it was possible to
define the points for the generation of torsioned geodesic lines, as well as customize
the planes in which the first flattening guesses will be produced from the projection
of the surface strip. In Figure 23, it was possible to customize the patterning strategy
to match both the individual patterning of each surface patch and to make each
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mesh patch share the same nodes with others at their edges, allowing the use of
FEA algorithms for assembly and load response.

8.2. Discussion. The implementation of this design automation gives feedback
throughout the design cycle of tensile structures, and any change in a design step
will provide immediate feedback for the next steps. This approach makes the need
to locally iterate between steps in a manual fashion unnecessary, since the output
and inputs on each step are strongly defined, allowing the user to just worry about
the input data for each step, and the transitions between them are handled by the
software and can save considerable time during design modeling for both design
exploration and optimization. The algorithmic nature of tensile structural design
makes parametric design an excellent tool for handling those systems, since the
algorithms can be set in components that communicate between others, enabling
also the use of external components of diverse fields to complete the design, such as
CFD and daylight simulation tools.

It is important that these systems give flexibility in the workflow to avoid the
biased design imposed by the tool. This requirement shows the importance of
having separate modules for the plug-in BATSgh and the data model BATScore,
since the plug-in can receive and send structured data as the design model, and
the Grasshopper components can modify this data independently, allowing users to
implement their own routines for any of the design steps if the BATScore API is used
correctly. This modular behavior can enable the implementation of a diverse range
of new form-finding, patterning, flattening, and structural analysis algorithms inside
the environment, and even components that establish local optimization routines
between the steps. In terms of patterning, enabling mesh division to be set directly
in Grasshopper opens up a wide range of custom patterning algorithms without the
need for deep programming experience and cannot be constrained to only geodesic
lines depending on the context. If the designer wants to have colored strips that
produce some kind of drawing in the mesh, creating a proper script to segment the
shape in the desired strips for this drawing is sufficient, since the rest of functionality
is automatically handled by BATS.

However, there are still some limitations to the proposed tool, and they can be
topics for future research. Although the form-finding process is fast and provides
real-time feedback, the same does not apply for the subsequent processes. The
patterning process requires a series of algorithms to find geodesic lines, split, and
reconstruct the original mesh, which can be consuming. Also, the flattening and
structural analysis steps both require the use of geometrically nonlinear analysis,
which is by nature much slower than linear algorithms such as those used in the
form-finding. Even with the large set of optimizations proposed for the solver,
there is still a gap to fulfill real-time feedback for all the steps, and the current
implementation might take some seconds to complete the full computation of the
entire workflow. Having the ability to process all those steps in seconds is already a
good achievement, but real-time feedback would be ideal to unlock the full potential
of parametric systems. Graphics processing unit (GPU) based solvers are promising,
especially for DRM since they have an algorithm well suited for parallelization
[45, 29, 34]. Deep learning models that predict results are also promising candidates
for this task [39].

Another issue concerns the limitation of parametric workflows with respect to
design edge cases. Since all designs are defined on the basis of VPLs, adding edge
cases requires defining algorithms to detect them and treat them separately. As the
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number of edges cases increases, the VPL code starts to grow and becomes hard
to manage. To overcome this issue, an alternative is to combine the data model to
be accessible both by the CAD and its VPL, in this case enabling BATS objects
to be modeled directly in Rhino and have bidirectional communication with the
Grasshopper components. This requires a modeling framework that can automate
the workflow using both traditional and parametric modeling, which requires a
totally new approach to implement such technology. An example of such systems is
Branch [78], an internal software product of Structurecraft, a timber engineering
company that proposes automated design and detailing of timber structural design
using this approach.

9. Conclusion. In this work, we show the implementation of BATS, a new compu-
tational framework for the parametric design of tensile structures in Grasshopper
that enables the automation of the design workflow of tensile structures that enhance
the design exploration and optimization of those systems. We showed that para-
metric design is very suitable for the design of tensile structures to handle complex
shapes, automate the design workflow, and set optimization routines. With our tool,
the user can define its own design automation for the full tensile structure cycle
that includes form-finding, patterning, flattening, and structural analysis steps. The
presented tool is available for public testing [74].

We highlighted the benefits of our parametric tensile structural design workflow
and also some of the limitations, especially with respect to the performance and
manual modeling of edge cases, which are good candidates for further research. Al-
though not extensively mentioned in this work, the tool also includes a geometrically
exact beam element, which is not yet in maturity to be inserted into the present
workflow and is going to be the topic of a forthcoming paper.
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