Nucl. Phys. B 1006 (2024) 116640

: : : : =
Contents lists available at ScienceDirect NUCLEAR
PHYSICS B

Nuclear Physics, Section B

journal homepage: www.elsevier.com/locate/nuclphysb

Quantum Field Theory and Statistical Systems :.)
. . . . . Check for
QO-boson model and relations with integrable hierarchies e

Thiago Araujo a,b, &

4 Instituto de Fisica Tedrica, UNESP-Universidade Estadual Paulista, Rua Dr. Bento T. Ferraz 271, BL II, SGo Paulo 01140-070, SP, Brazil
Y Instituto de Fisica, Universidade de Sdo Paulo, Rua do Matdo, Travessa 1371, 05508-090 Sdo Paulo, SP, Brazil

ARTICLE INFO ABSTRACT

Editor: Hubert Saleur This work investigates the intricate relationship between the q-boson model, a quantum integrable
system, and classical integrable systems such as the Toda and KP hierarchies. Initially, we analyze

MSC: scalar products of off-shell Bethe states and explore their connections to tau functions of integrable
22322 hierarchies. Furthermore, we discuss correlation functions within this formalism, examining their
representations in terms of tau functions, as well as their Schur polynomial expansions.

Keywords:

Integrability

Bethe states

Schur

Hall-Littlewood

Toda

KP

Contents
1. INtrodUCION . . . . vttt et e e e e e e e e e e e e e e e e e e 2
2. Phase model and Q-DOSONS . . . . . . . oL e e e e e 2
3. Taufunctionsin the phasemodel. . . . . . . . .. L 4
4.  Tau functions in the Q-bosons model . . . . . . . . . e e e e 10
5.  Discussion, conclusions and Perspectives . . . . . . . . . L e e e e e e 14

CRediT authorship contribution statement . . . . . . . . . . . . L L e e e e e e e 15

Declaration of COMPeting iNtEreSt . . . . . . . v ittt et et e e e e e e e e e e e e e e e e e e e e e 15

Data availability . . . . . . oo e e e e e e e 15

Acknowled@ements . . . . . . .. e e e e 15

REfEIOIICES . . o o ot i e e e e 15

* Correspondence to: Instituto de Fisica Teérica, UNESP-Universidade Estadual Paulista, Rua Dr. Bento T. Ferraz 271, Bl. II, Sdo Paulo 01140-070, SP, Brazil.
E-mail address: tr.araujo@unesp.br.

https://doi.org/10.1016/j.nuclphysb.2024.116640
Received 3 May 2024; Received in revised form 23 June 2024; Accepted 21 July 2024

Available online 26 July 2024
0550-3213/© 2024 The Author(s). Published by Elsevier B.V. Funded by SCOAP®. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).


http://www.ScienceDirect.com/
http://www.elsevier.com/locate/nuclphysb
http://orcid.org/0000-0001-5792-2530
mailto:tr.araujo@unesp.br
https://doi.org/10.1016/j.nuclphysb.2024.116640
http://crossmark.crossref.org/dialog/?doi=10.1016/j.nuclphysb.2024.116640&domain=pdf
https://doi.org/10.1016/j.nuclphysb.2024.116640
http://creativecommons.org/licenses/by/4.0/

T. Araujo Nuclear Physics, Section B 1006 (2024) 116640

1. Introduction

The study of connections between quantum and classical exactly solvable models is an important research program aimed at
elucidating the underlying structure of integrable systems. This research program has yielded fruitful insights, as evidenced by [11,
10,1,2], to name a few. The present work is situated within this research field.

Here, we examine the emergence of classical integrable structures within correlation functions of the q-boson system. This quantum
integrable system describes q-deformed bosons confined to a one-dimensional chain [5-7]. Interestingly, this model is closely related
to the AL (Ablowitz-Ladik) model, which is an integrable discretization of the nonlinear Schrodinger equation.

In [7], the author shows that the g = 0 limit of the g-boson, known as the phase model, is associated with the enumeration of plane
partitions. This connection allows for a Schur polynomials expansion for the Bethe states. Subsequently, this result was extended to
g > 0 in [28], where the Bethe states are expressed in terms of Hall-Littlewood polynomials.

The authors of [9,29] utilize a rich set of dualities between the ring of symmetric functions and g-deformations of the Heisenberg
algebra [12,13] to explore the combinatorial properties of this spin chain. As a consequence, it has been shown that the scalar products
of off-shell Bethe states are restricted tau functions of the KP (Kadomtsev-Petviashvili) hierarchy.

This underlying combinatorial structure underscores the significance of this model in various physical phenomena, notably in the
context of crystal melting and string theory [20,26]. The application of the q-boson model in these contexts has been demonstrated
in [25], with the string data recoverable as the chain length approaches infinity.

This paper builds upon these developments and aims to extend some of these results. Firstly, we investigate the connections
between the scalar product and tau functions, exploring them in a wider context, particularly in the case of the Toda hierarchy [27].
It is important to note that both the AL and the KP hierarchies are reductions of the Toda hierarchy. This paper takes steps towards
resolving this problem, which is instrumental in understanding the finer details of these relationships.

Additionally, we explore other correlation functions within this model and examine how they fit into the classical integrable
context. It is noteworthy that even when the object is not a tau function itself, it may have an interesting expansion in terms of
different types of Schur polynomials, highlighting some of its combinatorial properties.! We also investigate some of these expansions
in this paper.

In Section 2, we provide a review of the phase model and g-bosons. This section serves to establish notation and emphasize the
key aspects relevant to our analysis. Section 3 delves into the analysis of the phase model and its connections with the KP and Toda
integrable hierarchies. We explore the general expansion of a phase model correlation function that yields a Toda system solution.
In Section 4, we shift our focus to the q-bosons. We discuss a determinantal formula for the scalar product of two off-shell Bethe
states and its expansion in terms of big, supersymmetric Schur functions, as well as in terms of Kostka-Foulkes polynomials. Finally,
in Section 5, we conclude with a discussion of our results and an overview of open problems.

2. Phase model and g-bosons

This section introduces the phase and g-boson models [5-7,28]. It serves as a comprehensive review of existing literature, offering
insights into established concepts. While the content does not introduce novel ideas, its presentation adds value, particularly from a
pedagogical standpoint. In structuring this discussion, we adopt certain conventions from [29], while aligning our presentation style
more closely with that of [28].

2.1. Phase model

Consider the (M + 1) set of operators {¢;, ¢:.r, N;} l";’ 0 such that

[Nl =—¢i6; [N dl1=0]6,; [1¢]1=m5, ¢))
where 7; = (|0)(0]); is the vacuum projection operator. These operators can be written as
b= ln)n+1] ¢" =Y In+1)nl N= nln)(nl, @
n>0 n>0 n>0

and it is easy to see that ¢"¢p =1 —]0)|0) and ¢¢p" = 1.
The Hamiltonian is given by

M
H=-3 b (B0 + 0,0, ) + A ®

where N = 2?;’0 N is the total number operator, and we also impose periodic boundary conditions ¢, ; = ¢, and (;b';“] = d)g.
These operators appear in the context of quantum optics, and for this reason, this model is referred to as the phase model. It
corresponds to the strongly correlated limit of the g-bosons model [6], which we will define shortly.

1 Results involving Schur and Hall-Littlewood polynomials have been confirmed using the software [3].
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2.1.1. Representation

The representation of the phase model algebra is constructed using the vacuum state defined by |0); by ¢,|0); = 0. In this context,
the state with n; bosons (oscillators) is given by |n;);, = (¢j)"i |0);.

Given the vacuum |0) = [0)q ® |0); ® --- ® |0),,, the Fock space is defined as

M
F=Q)F =span{|ii)=|ny) ® |n;) ® - @ |np) | n; EN} , @
i=0

where the states |i7) are defined as

[7) = Ing) @ ;) @ -+ ® |npg) = (B0 (b1)" -+ ($},)"M |0}, (5)

with d)j =1® - ® qu ® --- ® 1. Moreover, it is easy to see that these states are normalized, that is (#|m) = Oy i Finally, the actions
of the operators N and r; are

wli) =8, olf)  NliE) = nli) . ®

Given a state |ii) = |ng,ny,...,n,,), we associate a partition A = (1"12"2 ... M"M). It’s worth noting that this correspondence is
not unique, as the partition A does not account for the number of particles n,. If the total number of particles N is known, we can
determine ny = N — (1), where £(4) represents the number of rows in the Young diagram defined by partition A. This aspect is crucial
because, in our subsequent considerations, the N particle sector remains fixed owing to the integrability of the model. Consequently,
the value of n, becomes known once we specify the partition A.

Finally, based on the correspondence we mentioned in the introduction, Wheeler [29] defines a map M,, : F — F(O), where F]E,O)
denotes the Fock space of charged free fermions constructed from the neutral (fermionic) vacuum.

2.1.2. Bethe ansatz
The L-matrix is given by

X2 g
Lan = ( ¢n x1/2>a ° )

where x € S!. We also have the monodromy matrix

_ _ (A B(x)
T,(3) = Loy () =+ Lyg(x) = < oo D(x>>a : ®
With these expressions, one can finally build the Bethe states
N N
12y v)) = [[BONI0) (PG vl =01 [ Cop ©
Jj=1 j=1
where B(y) = yM/2B(y) and C(y) = yM/2C(1 /).
When the coordinates {y; | j =1,..., N} satisfy the Bethe equations
N
WM =DM ]y =N, (10)

J=1
J#i

we say that the Bethe states are on-shell; otherwise, we have off-shell states. In what follows, we will only consider off-shell states.
2.2. g-bosons

The set of operators {b;, b:.r, N} f‘i o constitute M + 1 independent q-boson algebras defined by
i i 0N N
[.N;-,b;]:&i,jbi B [Mabj]:_ai,jbi, [bi’bj]zé,',jq N =5,‘,jQ b (1n

where we denote the deformation parameter as Q = g~2.
The q-boson model is characterized by its Hamiltonian

M
1 : -
H=_§2(b,;bn+l+bnbz+l)+/\f, 12)

n=0
where N = Z,]Zo N;, and we also impose periodic boundary conditions b, = b, and b;\4+1 = bg.
In the limit O — 1, the g-bosons behave as ordinary bosons, while the limit Q — 0 (¢ — o) corresponds to the phase model
discussed earlier.
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2.2.1. Representation

Let us define the i-th vacuum |0); such that 5;|0); = 0. The representation of this Hilbert space, denoted by F’iQ, is defined by the
states |n;); (bj)"i [0);.

Given the vacuum |0) = [0)q ® |0); ® -+ ® |0),,, the Fock space is defined as

M

Fo =®F[Q =span {[i) = |ng) ® |n) ® - ® |ny) | m; €N}, 2
i=0

where the actions of the operators {b;, b;r} are given by the following relations

1-90m") 1

— il —
bo|"o>—(1—50,n0)(1_Q)1/2|"0—1> bd"o)—mho"‘” (14a)
_ (1_60’"1’) + _ (1_Qn,~+l) )
b[|n[)—m|ni—l) biln())—mlno'i‘l) l?éo (14b)
Consequently, the states |7i) € F are
i) = 1n9) @ [n)) @ +++ @ Iy ) 1= (b)) (B))™ -+ (b},,)"™ |0}, 15)

where we write b:.r =1 ® b:r ® -+ ® 1. Moreover, this space has an inner product that satisfies

- [mo]! " (1-Q") if n#0
iy = —mol 5 = { i b 16
IT.Z2, [m]! 1 otherwise
Similar to the phase model, we can associate to a given states |ii) = |ny,ny,...,ny), a Young diagram A= (1"12"2 ... M"M). It is

useful to define a proportionality factor relating these two objects
1Mo =b, @) . b =]]o1 .
i

where p;(4) denotes the number of parts of size i in the partition. These partition states satisfy (4|u)y = b,(Q)d, ,. Once again, we
see that the correspondence is not unique, as the number of oscillators at site i = 0 is completely ignored in the partition notation.
Finally, if the number of particles is fixed, then ny = N — £(A).

2.2.2. Bethe ansatz
The L-operator for the g-boson is given by

-1/2 et
L‘m(x, Q) _ pY | (1 Q)Z bn , (18)
(1-0)2p, x!/2 B

and the monodromy matrix is

T,(x,0) = Lyp(x.0)... Lo(x,0) = <2§’;g; ggg;)a . (19)
As before, the eigenstates of the Hamiltonian have the form
N N
12y yn:O) = [[BGLOI0) (PG yns 0 =01 [ €0y 0 (20)
j=1 j=1

where B(y.Q) = yM/?B(y,Q) and C(y.Q) = yM/2C(1/y,Q). When the parameters {y; | j = 1,..., N} satisfy the Bethe equations
given by
N
Oy -y,
yVM=T]—=., i=1...N, (21)
jer i~ Oy i
J#i
we have on-shell Bethe states; otherwise, they are off-shell states.
3. Tau functions in the phase model
This section explores the presence of integrable hierarchies in the phase model. We demonstrate its relations with the Toda
hierarchy tau function and discuss some implications, particularly its connection to a matrix model. We also argue that these results
imply that the scalar products in the model also serve as KP hierarchy tau functions, consistent with the findings of Wheeler [29].

Additionally, we highlight the existence of correlation functions in this model that satisfy the KP hierarchy equations.

4
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Bogoliubov [7] has demonstrated that the scalar product of two vectors in the N-particle sector of a chain with length M + 1 is

N N
(N, MlIx,y) = O [[ceo [ [ BOI0)
i=1 j=1 (22)
_ det H(x,y)
Hi<j(xi - xj)(y,- - J’j) ’

where H =[H, j] 1s an N X N matrix with components
1— (xiyj)M+N
Hyj=H(x.y)=——>"—. (23)
1—x;y;

3.1. Toda tau functions

We now argue that the scalar product defined above is a tau function of the Toda hierarchy. Let us first write the function H(z, w)
as the geometric sum

_ M+N
H(zow) = » (Zw) M Z(zw)kl 24)

Hence, we express the determinant of the H matrix as

M+N
— k—1_k—1
%t(H(x,v,y,-))—tiifejt( > X ) (25)

k=1

Furthermore, we can interpret this expression as the result of multiplying an N X (N + M) matrix X by another (M + N) X N matrix
Y, which are given by

0 1 M+N-1 0 0 0
X 1 X Y Yy YN
0 1 M+N-1 1 1 1
X X, ... X y Y, y
X = '2 2 2 and y: 1 .2 N , (26)
0 1 M+N-1 N+M-1  M+N-1 M+N-1
N XN XN 41 ¥y - IN
therefore
¢ ¢
det (H(x;,y;)) =det (X)) = det(x’ %)det(y %). 27
let (H(x;.y))) = det (XY) ) let(x; ) det(y7) 27)

0<ly << N+ M
If we now define ¢; = 4, — k + N, and using (22), we have

Ax—k+N Ak—k+N

det;; (x;

) det; (y )
I(N,M|x,y)= = 5,(0)s,(¥) » (28)
AQI;MI A(x) Ay Ag%;Ml e

where A(x) and A(x) are Vandermonde determinants. This formula agrees with the Schur expansion defined in [7].
Define two sets of Miwa coordinates t = (,,,,...) and ¢ = (¢ ,' ),...) as

X

™M=
Mz

p
J

v (29)

Q| =
»QI'—‘

1

J J

where p4(x) = qt, are power sums. One can write the inner product in terms of these coordinates, that is

IN. MLt = Y 5,(0)s,(t"). (30)
AC[N,M]

This expression is known to be a tau function for M, N — 0. As such, utilizing the free fermions representation [4], it can be written
as

im TN Mltt)= (0]e?+®e=T-D)0) . (31)

It is a tau function of the Toda hierarchy with trivial element 1 € GL(0), and it is nothing but the Cauchy’s identity

Zsﬂ(t)sll(t')zexp<zmlmt/_m> , (32)
A

m>1
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Bringing all these facts together, the truncation for finite M and N also yields tau functions of the Toda hierarchy. More specifi-
cally, according to [4,14,31], the truncation of the tau function corresponds to the inclusion of a projection operator in the expectation
value of the tau function written in the fermionic representation.

As a final remark, we can also write

M+N-1
Hzw)= Y h(zwl, (33)
k=0

with hy =1 if k € [0,M + N — 1] and O otherwise. In this case, one can define a diagonal (N + M) X (N + M) matrix H =
diag(hy, ..., hpr4n—1)- Consequently, if we repeat the arguments above, we find

LN Mt = Y hys,(0s;). (34)
AC[N,M]

Here, h, is equal to 1 if A € [N, M, and it is zero otherwise.
In this case, we find that this tau function is a trivial example of the tau functions considered in [22]. We anticipate that in the
analysis of more general correlation functions, the diagonal terms A, will be more interesting. We will revisit this discussion soon.

3.1.1. Matrix models
It is also interesting to note the particular case when M — oo, but with a finite number of particles N. In this case, the partitions
A € [N, ] satisfy the condition #(4) < N. Therefore, the scalar product (28) becomes

ZN(t,t')EA}iinooI(N,Mlt,t’)= Y s, (35)
A
(AN

From [31], we know that this expression can be written as the following integral

N
n_ 1 dZp  czp)-et 22" -1
In(tt)= m;[l jzf pre AAETY, (36)
=
where
HEEED N R VEED WA (37)
k>0 k>0

See also [14] for a detailed proof of this relation, and [24] for other details.
From the results of [31], see citations therein, we have an interesting consequence of this representation. Impose the Bethe
equations (10) to one set of variables, say x ;= e P esl, Additionally, let us set ¢ = —t*. In this particular case, we have

Etz)— (' 1)2)=2 Re(Ztkzk> . (38)
k

Then, the phase model is equivalent to an ensemble of N 2D Coulomb particles on a circle. In this case, we find that the quantities
z, are eigenvalues of a matrix U.

Furthermore, according to Zabrodin [31], see citations therein, we also know that under the rescaling t, — T} /A, t;( —T_;/hand
N =T, /h, we obtain the dispersion limit tau function

Fy(T)=log Ip, (T, T") + O(h) (39)

that is a free energy, from the viewpoint of the matrix integral partition function.

It remains unclear how one can use this fact to determine properties of the integrable model, but it might be possible to study
the analytic structure of the free energy F, to gain some understanding of the Bethe roots x. This problem is currently under further
investigation, and we hope to report new results elsewhere.

3.1.2. KP tau function
Lastly, one may also observe that if we fix one set of coordinates, say y, then we can write

li I(N,M|t) = =
Jlim TN, M0 ; 51(0)s,(0) ; i(W)s;(0). (40)
with coefficients c¢,;(y) = det(h Amit (y)). But now, it is trivial to notice that these are Pliicker coordinates in the Jacobi-Trudi form,
as seen in [16,4].
Hence, the following expression

IN. M= Y 5,080, 41
AC[N.,M]
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is also a KP tau function, a fact that we already know from [29], where the author proved this statement using the free fermions
formalism.

3.2. Correlation functions

Bogoliubov has also shown, in [7], that the correlation functions

N N-1

An(N MIx,y\ {yy D = O[] €6 [ ] B0, 10)
j=1 k=1

J

(42a)
N N-1 N N-1
M/2 M/2 i
=TT TT o] carxp I Bwosh10)
j=1 k=1 j=1 k=1
can be written as
N N-1
(=Nt M)2 M)2 YN =Y\ detQ
An(NMIxy\ o D = [T T Hy— o LV Mlx.y) (42b)
Yy j=1 k=1 <N t
where Q is an N X N matrix with components
M+N-1-2m)/2
Ojn = x; " ™ and Qj=Hy, (43)

and Hj, = H(x;,y,) are the components of the matrix H in (23). The components Q,, are independent of the coordinates y;
therefore, we cannot express the above expression as a Toda hierarchy tau function.
We already know from (22) that

I(N,M|x,y) _ 1

= , 44
det H AX)AQY) (44)
then
det Q
Am(N,Mlx,y\{yN})fxWEAm(N,MIX,y), (45)
and we treat the coordinates {y} as a set of N fixed parameters.
Furthermore, we define vector field F(z) = (Fj, ..., Fy), where its components are given by
Fi(z)=H(zy)) ifj#N, and  Fy(z)=zMN-1=2m/2 (46)
As before, we expand F j(z), j # N, as the geometric sum
1_(ylz)M+N N+M-1 M+N-1
F)=— _’y.z = Y W'=Y fd fa=Y 47)
J n=0 n=0
We can also express the function Fy(z) in this form by setting fy , = 6, (m—N—1-2m)/2 and requiring (M — N — 1) to be an even
integer.
With these definitions, we conclude that
det;, F.(x;)
A, (N, M|x,y)= —2 & (48)
A(x)

From the expansion

M+N-1
(ﬁtFj(xk)zdjit< Z{) fj’,,xi), (49)

and utilizing the Cauchy-Binet formula, we get

I
det 4 (f; ¢,) det 5 (x,”)

A, (N, M|x,y)= A

0<n <<t SN+M

(50)

We now use the definition of the Schur polynomials and the Jacobi-Trudi expression of Pliicker coordinates, as detailed in [4],
leading to the following expression:

An(N,MIx, )= Y ¢;(0)s,(x), 1)
A

where ¢, = det jk(yfk ), €y = Ay — k + N. Putting all these facts together, we conclude that this expression is also a KP tau function.

7
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This expression underscores the non-trivial nature of these tau functions within the model. However, it also implies the existence
of other intriguing examples awaiting exploration. Let us now briefly investigate other cases.

3.2.1. Skew Schur polynomials expansion
It has also been demonstrated in [7,28] that the Bethe states exhibit a coordinate expansion

N N
[IBepin="3 s,u@i  A][Cep= D sl (52)
j=1 HUDA j=1 HOA

HEI[N,M] HC[N ,M]

where s u/s Are skew Schur polynomials [15].
Therefore, we can write the correlation function (42a) as

AN MY\ D=2 Y 53005, \ v D
’ ME[”I\?(—";?M]

= Y symW\ {ryDs,@,

puo(m)
HCI[N-1,M]

(53)

where we have used that ¢7|0) = |(m)), and in the second line we sum over all partitions, since s
also shows that the expression A,, can also be written as a tau function.
More generally, let us consider the correlation functions

w/my =0,V 2 (m). This expression

N N’
[ eepIBooii)
j=1 k=1

Z Sufay X)S3/1,(¥) 5

uC[min(N,N"),M]

A4 (NN, M[x,y)
(54)

where N’ +£(A,))+ny=N'+£€(4,) + n6 and we have also used that the skew Schur polynomial for any Young diagram y that does
not contain A, and/or A, vanishes.
In the limit M, N, N’ - oo, we can use the elementary properties of skew Schur polynomials [15]

250 @50 = 7=

I i i

s 51,0 ) (55)
\2
and the Cauchy’s identity, we have that

lim Ay, (NN MIx.y) = 5,5, D 55 1 (0)53,/,(¥)
v

M,N.N'>c0 -~
(56)
= 25,08, X 54, X515 D).
H v
Therefore, we write the finite case as
Ay (N'.N.M|x.y) = I(min(N', N). M.x.y) 3" 5, /(05,3 (57)
12

We observe that this correlation function can be expressed as the product of the off-shell norm (22) and a finite sum over skew Schur
functions.

3.2.2. Schur polynomials expansion of some correlation functions
Indeed, it is worth noting that other quantities, which are not tau functions, may have interesting Schur polynomial expansions.
Consider the state calculated in [7]

M
=2l =2w  Xn=N. (58)
i j=0 H

J
Then

N
I[[Bom = 3 s (59
j=1

AC[N,M]

While it may not be a tau function, it has an interesting expansion as a sum of skew Schur polynomials.



T. Araujo Nuclear Physics, Section B 1006 (2024) 116640

3.3. General tau functions

Based on the discussion we have had so far, and on the general mapping between the phase model and free fermions, one can
grasp the general form of tau functions in the context of this integrable chain.

Let us consider the vertex operator construction [19], as also discussed in [4,29]. We consider the vacuum state |0), often referred
to as a “Fermi sea”, defined by the conditions y,,|0) = y*|0) = 0 for m <0 and n > 0, where v, are components of a holomorphic
free fermionic field. In this formalism, the partition states are given by

d

) = Sign(d)Hlu/a W2y 100 (60)
j=
where sign(c) = =1 are defined in a such a way that the Shur coefficients of the vertex operators (defined below) have positive
coefficients.
The pairs {(a;|b j)};’:1 define the Frobenius notation of the partition u = (4, Uy, ..., ). In this notation, a; is given by u; — j
and b; is given by /4; — j, where d represents the number of boxes in the diagonal of the Young diagram, and 4’ is its conjugate, or
transpose, diagram. From these definitions, we have the equivalence

d

[T~ sign(o‘)Hwaju/fbj lul =Y kny=Y(a;+b))+d. 61)
k J

k=1 j=1

Finally, the gl(co) algebra has generators given by the bilinears X = jjez Xij - 1;/,-1//].* ! +c, wherec €C, x;; =0 for large |j — i,
say > M, and the colons denote the normal ordering

vyt =yl = Olyy o). (62)

The group G L(o0) is defined through the exponential map exp : gl(co) — G L(c0) as usual.

Note that these elements have only finitely many non-zero entries: the diagonal terms represent number operators N, the upper
triangular terms represent annihilation operators ¢, and the lower triangular terms represent creation operators ¢'. The central
charge corresponds to the vacuum projection z = |0)(0|. Therefore,

M 3
GL(x0)3 G~ G=exp [Z (Z ol + cni>:| € Aut(F), (63)

i=1 \a=1

where 7' € (.. 4]} 1.

The operators B(x) and C(x), for a large enough chain M — oo, are related to the vertex operators I'_(x) and I'  (x), respectively,
as

B(x) ~> I'_(x) = exp <2 %ﬂJ_,,) C(x) T, (x) =exp <2 %x".l,,) , (64)

n>1 n>1
where J, is written in terms of free fermions as J, = ), jez - lel/7+n . . This set of operators generates a Heisenberg subalgebra
gl(1) C gl(c0)

s I = M8,y - (65)

Putting all these facts together, we have that the tau functions of the Toda hierarchies, given by
76,9 = (s [ [T oG [ T-cxpls) (66)
i J

are mapped into objects of the form

©(x.y) = (P)IGI(y))
=0l [Tea)s ] Bo)I0) . (67)
i J

where we necessarily have s =0 in the phase model

3.3.1. Hypergeometric tau functions
From these expressions, we can conclude that if we consider a diagonal group element G = exp (ZIZO C,M), we have that (67)
becomes
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7(x,9) = (0] [ ] CepeZii [ By))10)
i J

(68)
= Y cwn®s
H.VC[N,M]
where
Cy = (uleZi i)y (69)
From the representation of the phase model, we have that for the partition y = (1"12"2 ... M"M), we have
Nilwy=mlw)  ng=N-2(u). (70)
Consequently, we have
Cy =8,6, =6, eili | (71)
i
and we conclude that
@)= Y s, (05,0 (72)

uveIN,.M]
We observe that this tau function has diagonal coordinates c;. These tau functions belong to the hypergeometric type considered
in [21-24].

4. Tau functions in the Q-bosons model

We now shift our focus to the case of g-bosons. The analysis parallels what we did before, but the specific details are markedly
different. We begin by examining the norm of two off-shell Bethe states.
It has been shown [28] (see also [25,29]) that the Bethe states |¥(x)) have coordinate expansions

[Px)= Y PxOlu)e (@)= Y Px0)ul, 73)
HC[N,M] UC[N,M]

where P, denote Hall-Littlewood polynomials. In this form, the scalar product of two off-shell Bethe states in the q-boson model can
be easily calculated to be

N N

LN, MIx, )= O [ o, O [[BOLOI0) = Y 5,(Q)P,(x,0)P;(y, Q) 74)
j=1 k=1 AC(NM]

where we use that (|u)o = b,(Q)5, , and the completeness relation
1
—4 Al=1. (75)
Z;‘ b Moot
It turns out that this expansion is the Cauchy identity for Hall-Littlewood polynomials [15]
> 1-0x;y;
> b, Q)P (x. 0P,y 0) = [ ——. (76)
7 k= Lo X

Our goal is to explore some properties of Hall-Littlewood polynomials to gain insight into aspects of this expansion.
4.1. Scalar product: determinant formula

We aim to refine the expressions above. First, we consider a determinant expression for the scalar product (74). We proceed with
the scenario where M and N are very large but finite. In this case, we express this scalar product as

LN, MIx,y) = [J (1= 0x; 9, [T =%, - 77)

Jtsh2 ka sk
Using the Cauchy’s identity for Schur polynomials, that is
1
5,05, =]]—- (78)
g 1,_11 1-xy,
and from the results derived in the phase model, we find that

T\ =1V, Mz yy = Et TP 79)
Iy, =70 Y= Tawag)

i.j

10
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where H is the matrix (23). Consequently, the scalar product (77) becomes
I(N,M|x,y)
I(N,M|x,0y)’
and we see that it is the quotient of scalar products of the phase model. Hence, it is the quotient of two Toda tau functions. Observe
that in the case Q =0, we have I(N, M |x,0) =1, then Io(N, M |x,y) =I(N,M|x,y), as expected.
Additionally, we write

A(Qy) detH(x,y)

Io(N,M|x,y)= (80)

I,(N,M|x,y)= . (81)
oMY= 5 et Hx, 09)
Using A(Qy)/A(y) =)' 0/, we have
_ det H(x,y)
I5(N, M|x,y)=QNN=-D/2 —— 2= 82
o( [x,y)=0 det H(x,0y) (82)
Let us denote H(x,Qy) = H, therefore
Io(N, Mlx,y) = QNN"D2 det H' det H = QVN=D/2 det H(x, y) (83)
where H = Hél H is a matrix with components H; JEHKLY) where
1- 1-
H(z.10) = Z (I =-2zy) (1-0xw) 84)

= (1-0zy) (I-xw)

Note that from this expression, we cannot decompose this function as in (24) since the coefficients in this expansion depend on x and
y.

4.2. Big Schur functions expansion

Now, let’s revisit the result originally derived in [9] which demonstrates that the scalar product (74) is a tau function of the KP
hierarchy. According to [15, Chapter 3, Section 4, Equation (4.7)], we can expand the Cauchy identity (76) as

© 1-0x;y
[T —2=Y50s0=Y 50.0sx). (85)
f= L=X 7 7

Here, the polynomials S;, which we will refer to as the big-Schur functions, are defined by a Jacobi-Trudi formula:

Sy, Q) =det(gy,_i1;(y.9Q)), (86)

where the coefficients g,, are obtained from the expression:
1-Q0y;z
m_ J
202" =77+ 87)
m J J

and z is a formal variable. It has been argued [9] in that if we interpret the big-Schur functions as Pliicker coordinates, the expression

LN Mlxy)= Y S;x0s,0= Y S50, (88)

AC[N,M] AC[N,M]

is a restricted KP tau function with respect to both set of coordinates, that is x and y.

Based on these findings, we conclude that the inner product can be expressed as a quotient of two Toda tau functions or as a KP
tau function with coefficients given by the big Schur polynomials. Nevertheless, further investigation of these results is necessary.
4.3. Kostka-Foulkes expansion

In a Schur polynomial basis, we write

Py(x.0)= Y K, (Q)s;(x), (89)
U

where K;Vl (Q) € Z[Q] are inverse Kostka-Foulkes polynomials [15,30].
If we now insert this expansion in the inner product, we have

Y b (OP,(x,Q)P,(y.0)= ), (Z K., Tlu(Q)KM‘> 5,(X)5,(¥) (90)
A A

v

and we have the coefficients

11
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UA

50,0 = Y K1 Th, (0K}, (o1)
A

for the double expansion of the inner product in terms of Schur polynomials. Based on our discussion so far, we know that these
coefficients are not Pliicker coordinates of the Toda hierarchy.
But we can say something interesting about these coefficients. Let us now expand the big-Schur functions as

$,(x,0)= Y CL(Q)s;(x), 92)
i

we can fix the coefficients C i‘ (Q) in terms of Kostka-Foulkes polynomials using the orthogonality relations of these polynomials [15].
In particular, there is an inner product in the ring of symmetric functions such that

b(Py(x,0). P,(x,0)) = (S,,(x,0).5,(x)) = §,,, . (93)

Therefore,

By = ; (s, (), 5,(x)) = ; Y CUK Ko (Pa(x,0), P, (x,0))

(94)
=D Y Kb Ky,

A c

and we conclude that
€= Kb (K, (95)

(2
and consistency with (91) implies that Cj =é,,.
Hence, we conclude that

S,,0)= Y &,,(Q)s, (1), (96)

\

where we have written the big Schur polynomial in terms of the Miwa coordinates .

Remark 1. This expression also reveals something interesting. We can formulate this problem in terms of partition states defined
in the phase model. Alternatively, we can utilize the conventional vertex operator construction rather than the q-deformed version
proposed by Jing [12,13], which is much more challenging to handle.

4.4. Supersymmetric Schur polynomials expansion

Based on this result, we argue that although Equation (74) is not a Toda tau function with respect to the coordinates {t;t'}, we
can define a new set of coordinates {t; T} such that the scalar product becomes a trivial Toda tau function.
Let us first decompose

Y 4,3, 0)z" = [[(1 + ¥, [[1 = 9™ = Y e, (p)(—QY 2/ . 97)
m J k J.k
Reorganizing this sum, we conclude that
1. 0= Y e;Why, M0Y =Y e;(=0Wh, ;). (98)
j=0 j=0

where in the last equality we have used the homogeneity of the elementary symmetric polynomials, and Qy = (Qy;, Oy, ...).
It is easy to see that

N N N oy

H(l —(Qypz)= Heln(l_(ny)z) = Hexp (— Z ! z")

=1 j=1 j=1 >0 " 99

N oy (99a)
= — Jon ) _ (Q) n
_exp< ’E)j; " z)—exp( rg})t" z>
where tﬁ,Q) = QT" Y ; y;.' = Q" . Additionally
ol - = v
L — —In(l-y;z) _ Jon | ! oon
H(l—y,z)_ e j _Hexp<z e >_exp<2t_nz > . (99b)
j=1 J j=1 Jj=1 n>0 n>0

12
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Consequently

1=0y.
2 4n(y,0)2" = H liyyjzz =exp <Z(1’_n - I;Q))z"> =exp <2 T,,z") s (100)
m Yk

J n>1 n>1

with T, = (1 — Q")r" ,- Then, we conclude that g, (y,Q) are homogeneous polynomials with respect the Miwa coordinates T =
(T}, T, ...). Then

S,(t'.0) = det (hAI_Hj(T)) =5,(T). (101

All in all, we conclude that the big Schur functions S,(¢', Q) are ordinary Schur functions with respect to the coordinates T'.
Moreover, a more refined approach is also possible. Supersymmetric (or Hook) Schur functions [8], as discussed in works such
as [15,17], denoted by s,(a/B), are defined as ordinary Schur functions evaluated at Miwa coordinates of the form

1 dim(a) dim(p)
Tn=;(z al - Z{(-ﬂg). (102)

i=1

Comparing this expression with the results above, we can see that the big Schur functions S,(#’, Q) correspond to the supersymmetric
Schur functions for @ = y and = —Qy, which is

S,t'.0)=s,ly/(-0p)]. (103)

Putting these facts together, we immediately conclude that

M}}i\[nlle(N,M|x,y): gsﬂ(T)Si(t) (104)

is a Toda hierarchy tau function with respect to {t;T'}. As a result, we obviously have that

Io(N,MIx, )= To(N,MIt,T)= " s,(T)s,;(0) (105)
AC[N,M]
is also a restricted tau function of the Toda hierarchy with respect to ¢ and T.

Let us also express the supersymmetric Schur polynomials in terms of ordinary Schur functions, as shown in [15, Sec. .5, exerc.
23]:

S,/ =D 50, D)5,(%) (106)

"

where the prime denotes the conjugate diagram. Compare this expansion with (92). Then

N s Mis; 0 =Y 50,y (—0W)s,(Ds,(t)) 107)
A

W

From this expression we conclude (and speculate) the following.

Remark 2. Since the skew Schur polynomials have determinant expressions, we can deduce that the y-dependent coefficients ¢, ; =
5(3/uy (—Qy) have Jacobi-Trudi expressions. It is tempting to regard these objects as y-dependent Pliicker coordinates. In this sense,
we would have a curve in the infinite Grassmannian instead of a point. Evidently, it is not a tau functions on any known integrable
hierarchy, but it might suggest some new generalizations that are worth investigating.

Remark 3. It is worth noting that one of the simplest nontrivial solutions of the KP hierarchies are the Schur functions themselves [32].
As we have just demonstrated, the big Schur polynomials can be expressed as supersymmetric Schur polynomials, which are essentially
ordinary Schur polynomials in a specific choice of Miwa coordinates. Therefore, we conclude that the big Schur polynomials are also
KP tau functions. This direct conclusion serves as an alternative proof of this fact, originally derived in [18] using the KP bilinear
identity.

Combining these observations, we conclude that the left-hand side of equation (107) is a tau function with respect to the coordi-
nates {t;T}. Furthermore, by employing the vertex operator formalism, we can express the Schur polynomials as

s;@)=(ae™=10) s, (0= (0™ O |p) . (108)
Hence

Y €@, 3)s, ()5, 1) = D (0le”+ O u)e, (0. y)(Ale’-T)0) . (109)

A AH

13
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It is important to reiterate that this expression does not constitute a tau function with respect to {t,¢'}. Despite this crucial distinction,
we proceed under the assumption that the coefficients can be expressed as

(0, ) =(ulGo(NI4), (110)
where G (y) € GL(). Hence

: o)) = ()] 0@ J_(t)
Wlm  Zo(N. MILE () = (01" Go(y)e~10). (111)

;o1
wheret’ =37 y!.
To derive the expression for this group element, recall that 7,, =’ — Q™ . With this in mind, we can express the scalar product
as follows:

(0le”+Oe?-D]0) = (0]e”+ Ve~ 1=t g (112a)

From the Heisenberg algebra, we deduce that [J_(t), J_(t')] = 0, therefore

(0]’+® =D 0) = (0]e”+ VeI~ I-1)g) (112b)

We finally conclude that
n
Go=exp(-J_('D)) 1= % 2 (113)
J

Generally, the expectation values involving coordinate-dependent group elements G (y) do not form Toda hierarchy tau func-
tions. However, in the example above, the coordinates combine in such a way that they generate a tau function with respect to the
coordinates T and t.

5. Discussion, conclusions and perspectives

In this work, we have explored the connections between a quantum integrable system, the gq-boson model, and solutions of a
classical integrable system, the Toda hierarchy. Our investigation has extended some early findings in this field and has also unveiled
new research avenues, which we aim to explore in future studies. Let us now discuss some of these promising directions.

In Section 3, we explored various aspects of the phase model, presenting the scalar product of two off-shell Bethe states as an
elementary example of a Toda system tau function. This section overlaps with existing literature, particularly a paper by Wheeler and
Foda [29,9]. In their work, they demonstrate that the inner products of two Bethe states are KP hierarchy tau functions. Our current
work builds on this by arguing that these scalar products are also Toda hierarchy tau functions, as they can be expanded as a Cauchy
identity, with the coefficients being Schur functions. When one set of coefficients is fixed in this expression, Wheeler’s results are
recovered.

We also extend this analysis to other correlation functions, determining when these functions satisfy integrable hierarchy equa-
tions. Using expressions derived by Bogoliubov and collaborators [6], we reformulated them to check if the correlation functions
are KP/Toda tau functions. Although these objects cannot generally be written as Toda tau functions, with some adjustments, they
can be expressed as KP tau functions. We have elucidated how various correlation functions align with this framework, revealing a
remarkably rich structure.

The main results are discussed in Section 3.3, where we examine the general form of tau functions associated with this phase
model. Notably, we explored a mapping between the phase model data and the vertex operator representation of free bosons. An
intriguing avenue for future research is to delve into the properties of the hypergeometric tau functions uncovered in Section 3.3.1.
Exploring these functions is expected to provide significant understanding, and comparing them with existing literature will further
enrich our comprehension of their characteristics and implications within the context of integrable systems. This problem is currently
under investigation.

Additionally, we revealed an intriguing alternative portrayal of these scalar products using a matrix integral framework, which
corresponds to an ensemble of Coulomb particles. This discovery opens up promising avenues for further inquiry. Specifically, it
would be intriguing to further explore this subject and investigate whether the matrix model description provides valuable insights
into the phase model and its Bethe roots. Such an investigation promises to illuminate the underlying dynamics of the phase model
and its relationship with classical integrable systems.

In Section 4, we addressed the same problem within the context of the q-boson model, attempting to replicate the analysis done in
Section 3. There are few known results in the literature regarding the relationship between these objects and KP/Toda tau functions,
so we used established formulas to investigate if the scalar products are also tau functions.

Initially, we derived a determinant formula for the gq-boson scalar products and discussed their expression in terms of the phase
model data. This result establishes a connection between the g-boson and phase model quantities. Furthermore, we explored different
expansions for these scalar products. Notably, we observed that they can be expanded in terms of Big Schur and supersymmetric tau
functions. Consequently, we introduced a new set of coordinates, demonstrating that scalar products can be precisely expressed as
Toda tau functions within this transformed coordinate system.

14
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We also write these formulas in terms of simpler orthogonal polynomials. Firstly, we show that these scalar products cannot be
naively written as Toda tau functions. However, using some known expansions, we expand the inner products in different forms. In
one of these expansions, we define a new set of coordinates, making the scalar product of q-bosons Toda tau functions with respect
to these new coordinates. This is the main result of this section.

One of our most pressing challenges lies in elucidating the intricate connection between our findings and the Ablowitz-Ladik
hierarchy. Since this hierarchy arises as a reduction of the Toda hierarchy, it becomes imperative to understand how we can capture
the structure of the AL hierarchy using the results we have derived. Considering that the g-boson model effectively quantizes the
Ablowitz-Ladik equation, it follows that we should detect some resemblance of this classical problem within the g-boson system. This
understanding holds the promise of shedding significant light on the interplay between classical and quantum integrable systems.

We hope to address some of these challenges in future publications.
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