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ON A CONJECTURE OF ZASSENHAUS IN AN ALTERNATIVE
SETTING

EDGAR G. GOODAIRE AND CESAR POLCINO MILIES
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ABSTRACT. H. J. Zassenhaus has suggested that every finite subgroup of normalized
units in the integral group ring of a finite group G is conjugate to a subgroup of G.
While this conjecture has not been settled for group rings, a reformulation within the
context of alternative loop tings has recently been established and is discussed here.

1. Introduction. Let ZG denote the group ring of a finite group G over the integers.
What role does G play in determining the torsion units of ZG? H. J. Zassenhaus has
conjectured that every normalized unit inZGisa conjugate of an element of G via a unit
in the rational group algebra QG. Several years ago the authors established a variation
of this result for alternative loop rings. Specifically, we proved

Theorem 1.1. [5, 3] Let r be a normalized torsion unit in the integral alternative loop
ring ZL of a finite loop L which is not a group. Then there ezist units 7,7, € QL and
L € L such that ;' (77 'rm)ma =L

A second, far stronger conjecture of Zassenhaus says that every finite subgroup of
normalized units of ZG is conjugate to a subgroup of G, via a unit of QG. Recently,
the authors have shown that here too, with some modification, the conjecture is true
for alternative loop rings. We have established, and it is our intent to discuss here, the

following theorem.

Theorem 1.2. If H is a finite subloop of normalized units in an alternative loop ring
ZL which is not associative, then H is isomorphic to a subloop of L. Moreover, there

ezist units v;,72,... , 7% of QL such that

(1) % ('O Hn)me) - ) € L.
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Corollary 1.8. If H is a finite subloop of normalized units in ZL, then H| < \L). If
|H| = |L|, then H is isomorphic to L and there ezist unils 1,,... ,7x € QL such that
L=5"(..(' (O Hy)m) - e

2. Definitions and Terminology. An allernative ring is one which satisfies the left

and right alternative laws
z(zy) = =y and (yz)z = yz’.

Such rings are nearly associative; for example, the subring generated by any two elements
is always associative and also, if three elements of an altemativevring associate in some
order, then they too generate an associative subring. Composition algebras provide
examples of alternative rings, and examples of particular relevance to this work. A
composition algebra is an algebra A with 1 over a field F on which there is a multiplicative
nondegenerate quadratic form ¢: A — F. By multiplicative, we mean that q(zy) =
9(z)q(y) for all z,y € A. Since alternative rings satisfy the three Moufang identities

(zy)2)z = 2(y(=2)),  ((zy)2)y = z(y(zy)) and (zy)(2z) = (2(y2))=,

the loop of units in an alternative ring is necessarily a Moufang loop which is, by definition,
a loop in which any of these (equivalent) identities is valid. In particular, if RL is an
alternative loop ring for some commutative and associative ring R and loop L, then L is
a Moufang loop (of a very special nature). We refer the reader to the book by Zhevlakov,
Slin’ko and Shestakov [8] for a treatment of alternative rings and composition algebras,
to Pflugfelder’s text (7] for an introduction to Moufang loops, and to two papers in the
literature [2, 1] for the basic properties of loops which have alternative loop rings.

In an alternative loop ring RL, the map e: RL — R which sends T/l to T ay is a
homomorphism. Thus e(y~'¢y) = ¢(¢) = 1 for any ¢ € L and unit 7. So, if we hope to
establish (1), it is clear that we must restrict ourselves to subloops H whose elements are

normalized in the sense that (k) =1forall heH.

3. Sketch of the Proof of Theorem 1.2. Let H be a finite subloop of normalized

units in an alternative loop ring ZL. In a proof of the isomorphism theorem for alternative
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loop rings over Z [4), the authors constructed a map p from the normalized torsion units
of ZL to L. Restricted to H, this map turns out to be a one-to-one homomorphism, thus
H is isomorphic to a subloop of L. What is more difficult is to establish an equation of
the form (1). For this, we show that there exist units ~; in the rational loop algebra QL
such that ‘

(2) % (7' (7 am)) . ) = pla).

for all @ € H. We consider the three possibilities: (i) H is an abelian group, (ii) H is a
nonabelian group, and (iii) H is a Moufang loop which is not associative.

If H is an abelian group, we show that H is generated by a single element and elements
in the centre of ZL and then appeal to Theorem 1.1. Cases (i) and (iii) are more
delicate. Here we use the fact that the alternative loop algebra QL is the direct sum
of simple alternative algebras and observe that it is sufficient to establish (2) in each
simple component. Since the associative components are fields, as we are able to show,
and since the £ of Theorem 1.1 is, in fact, p(r), each element of H and its image under
p have equal images in the associative components. Thus we need consider only those
components which are not associative.

Now an alternative loop algebra ﬁas an involution (anti-automorphism of period 2)
a — a® such that aa® is central for any a. From this, one can show that n(a) = aa®
induces a multiplicative quadratic form on each simple component of QL. This form
turns out to be non-degenerate, so each simple component is a composition algebra. Let
A be such a component and x: QL — A be the natural projection. Let Lo = p(H).

If H is not associative, we show that each of #(H) and x(Lo) generate A and that p
induces an automorphism of A. By a theorem of Jacobson [6], any automorphism of a
composition algebra is the product of reflections (maps of the form z — y~1z7), so we
have the result in case (iii).

The most difficult case is that in which H is a nonabelian group. Here we let z and
y be noncommuting elements of Lo and let B be the subalgebra of QL generated by
z and y. Similarly, we consider the subalgebra B of QL generated by £ and §, the

preimages under p of z and y respectively. It can be shown that p: H — Lg extends to



78 E.G. Goodaire and C.P. Milies

a ring isomorphism B — B which induces.a ring isomorphism x(B) — x(B). We show
that this map extends to an automorphism of the composition algebra A which, by the
theorem of Jacobson already mentioned, is the product of reflections. Thus the proof is

complete.
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