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Abstract

We consider an elliptic system with linear part depending on two parameters and a
sublinear perturbation. We obtain the existence of at least two solutions when the linear
part is near resonance. The system is associated to a strongly indefinite functional and the
solutions are obtained through saddle point theorem and Galerkin approximation.
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1 Introduction
In this paper we consider the following system of elliptic equations:

—Au=au+bv =+ (fi(z,v) + hi(z)) in Q,
—Av =bu+av + (fo(x,u) + he(z)) in Q, (1.1)
u(z) =v(x) =0 on 012,

where Q C R” is a bounded domain, hy,he € L?(Q2) and f1, fo are sublinear nonlinearities, in
particular, they satisfy

fi: @ xR — R is a Carathéodory function and there exist constants S > 0

1.2
and ¢ € (1,2), such that |f;(z,t)] < S(1 + [¢t|771), for i = 1,2. (1-2)

We will also assume one of the following two sets of hypotheses on the functions fi2 and hy o:

lim f;(z,t) = £oo, uniformly with respect to xz € Q, i = 1,2, (f)

t—+oo

or

(1))  Johi¢+hep =0, for every (¢,¢) € Z, (F)

where Fj(z,t) = fot fi(z,s)ds and Z is a space which will be defined in the statements of the
theorems.

{(z) limyy o0 Fi(w,t) = 400, uniformly with respect to z € 2, i = 1,2,
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We will refer to problem (1.1) as (1.14) or (1.1—), depending on the sign preceding the two
nonlinearities. Our purpose is to obtain a multiplicity result when the linear part of (1.1) is near
resonance (this situation is often called “almost-resonance” in literature).

Throughout the paper we denote by o(—A) the spectrum of the Laplacian in H{ (), that is
the set of the eigenvalues A\, where 0 < A\ < Ao < A3 < ... <\ < ..,and by ¢ (k=1,2,..) the
corresponding eigenfunctions, which will be taken orthogonal and normalized with ||¢y|| H = 1.
Finally, we denote by H), the eigenspace corresponding to the eigenvalue A;.

The main motivation for this paper is [dPMO08], where a similar result was proven in the
scalar case, in particular, it was considered the problem

—Au= M= f(z,u) + h(z) in Q,
u=20 on 0N

(1.3)

(again, we will refer to this problem as (1.3+) or (1.3—), based on the sign before the nonlinearity
f). The main result stated that given an eigenvalue \; and h € L?(Q), if f satisfies conditions
analogous to (1.2) and (f) (or (F)), then

a) there exists g9 > 0, such that for A € (A — €9, A\x) there exist two solutions of (1.3+);
b) there exists €1 > 0, such that for A € (A, A + 1) there exist two solutions of (1.3—).

As remarked in [dPMO08], the possibility to find two solutions is suggested by the following

observation: for A ¢ o(—A) there always exists a solution of problem (1.3), which (for A\ >
A1) may be obtained through the saddle point theorem, however, in the saddle geometry, the
dimension of the negative space is different if we are above or below the eigenvalue Ag.
This means that the geometry of the quadratic part of the functional changes when A passes from
below to above an eigenvalue A\, and then it is possible to have both saddle point geometries
at the same time, if A is near to Ay and the perturbation f makes the functional change sign
in the eigenspace H),. In order to achieve this, the term 4 f needs to have the appropriate
sing (different if we are above or below to ;) and to be “large enough”, in the sense of the
hypotheses (f) or (F).

In the case of system (1.1), the non-resonance condition reads a£b ¢ o(—A). Our aim is to
guarantee the existence of at least two solutions when a + b or a — b are near to an eigenvalue
of the Laplacian. We will first obtain a result in the case where one of the values a £+ b is
near resonance, while the other one is at a certain distance from the spectrum o(—A) (see the
Theorems 1.1-1.2). Then we will consider the case in which both values are near resonance (see
the Theorems 1.3-1.4).

The following theorem guarantees the existence of two distinct solutions when a+b is almost-
resonant, while @ — b is far from the spectrum o(—A).

Theorem 1.1. Let A\ be an eigenvalue of (—A), N\, the first eigenvalue above a — b and
Z = span{(6,0): 6 € Hy}.
Suppose hi,hy € L2(Q), f1, f2 satisfy hypotheses (1.2) and (f) (or (F)). Then

(a) given 6 > 0, there exists eg > 0 such that, if dist(a—b,o0(—A)) > 6 and a+b € (A\x—e0, A\k),
then problem (1.1+) has two distinct solutions,
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(b) given d > 0, there exists €1 > 0 such that, if dist(a—b,o(—A)) > 6 and a+b € (A\g, \p+e1),
then problem (1.1—) has two distinct solutions.

As a consequence of Theorem 1.1, it is simple to prove the corresponding result in the case
where a — b is almost-resonant, while a + b is far from o(—A).

Theorem 1.2. Let A\ be an eigenvalue of (—A), N\, the first eigenvalue above a + b and

Z = span{($,—¢): ¢ € Hy}.
Suppose hi,hy € L2(Q), f1, f2 satisfy hypotheses (1.2) and (f) (or (F)). Then

(c) given d > 0, there exists g > 0 such that, if dist(a+b,0(—A)) > 6 and a—b € (A, —¢o, Ak),
then problem (1.1—) has two distinct solutions,

(d) given 6 > 0, there exists €1 > 0 such that, if dist(a+b,0(—A)) > 6 and a—b € (A, \g+€1),
then problem (1.1+) has two distinct solutions.

By comparing item (a) of Theorem 1.1 with item (d) of Theorem 1.2, we observe that problem
(1.14) has two solutions when a + b is almost-resonant from below of the eigenvalue, and when
a — b is almost-resonant from above of the eigenvalue. In the following theorem we show the
existence of two solutions also when both resonances happen at the same time.

Theorem 1.3. Let A\, and \; be two eigenvalues (not necessarily distinct) of (—A), and

Z=span{($,6): ¢€Hy, (6,—0): d€Hy}.
Suppose hi,ho € L?(Q), f1, f2 satisfy hypotheses (1.2) and (f) (or (F)). Then

(e) there exists eg > 0 such that, if a—b € (N, \j+¢e2) and a+b € (A — €2, \g), then problem
(1.1+) has two distinct solutions.

The case when problem (1.1—) has, at the same time, a 4+ b almost-resonant from above of
the eigenvalue and a — b almost-resonant from below of the eigenvalue, follows again easily from
Theorem 1.3.

Theorem 1.4. Let A\, and \; be two eigenvalues (not necessarily distinct) of (—A), and

Z:Span{(¢7_¢): ¢€H,\k7 (¢7¢) ¢€HAZ}.
Suppose hi,hy € L?(Q), f1, fo satisfy hypotheses (1.2) and (f) (or (F)). Then

(f) there exists eo > 0 such that, if a —b € (A —e2, Ax) and a+b € (A, \; +€2), then problem
(1.1—) has two distinct solutions.

Joining the theorems from 1.1 to 1.4, it is possible to infer a qualitative sketch of the regions,
in the plane (a + b,a — b), where one can guarantee the existence of at least two solutions for
problem (1.1—): see Figure 1. The sketch for problem (1.14) would be analogous, with the axes
switched.

The paper is structured as follows: in section 2 we discuss the techniques we use and the bib-
liography related to our problem, in section 3 we set the notation and we prove some preliminary
lemmas, while in section 4 we will prove the main results.
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Figure 1: Sketch of the regions of two solutions for problem (1.1—)
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2 Techniques, bibliography and remarks

The result in [dPMO08] was obtained by finding two saddle point geometries, once with a linking
of order k£ — 1, and another time with a linking of order k4 m — 1, where m is the multiplicity of
the eigenvalue \y); then one proved that these solutions were distinct since they lay at different
levels.

In the case of our system, we will always deal with a functional (see the definition in (3.1))
which is strongly indefinite, in the sense that there exist two infinite dimensional subspaces of its
space of definition, such that the principal part of the functional is unbounded from above in one
and from below in the other (see the estimates in Lemma 4.1). This implies that the standard
linking theorems are no more available in order to find critical points. Some of the techniques
used in approaching this kind of problems may be seen in [BR79, dFF94, HvdV93, dFdOR04,
Mas06, Mas07]. Here, we will use an approximation technique (Galerkin procedure), namely,
we will solve finite dimensional problems, where we can use the standard linking theorems, then
take limit on the dimension of such problems and prove that the limit is actually the critical
point we were looking for.

It is interesting to point out that, in [dPMO8], the authors had to consider different kinds
of saddle point geometries when the parameter X in (1.3) was approaching the eigenvalue from
below or from above. This was due to the fact that the situation was asymmetric in the sense that
the resonant subspace was part of the (finite-dimensional) negative subspace of the quadratic
part of the functional in one case, while it was in the (infinite-dimensional) positive one in the
other case. Since in this paper we use the Galerkin technique in order to deal with the lack
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of compactness in both subspaces, there is no more this difference and then the saddle point
geometries turn out to be the same in the two cases (compare section 4.1 with section 4.3).

Multiplicity results like those in [dPMO08] were known for the first eigenvalue and were studied
by many authors since the work of Mawhin and Schmitt [MS90], where the problem in dimen-
sion one is considered, using bifurcation from infinity and degree theory; we cite [BL89, LR9IO0],
which also consider the one dimensional case, and [CMN92, CdF93], which deal with the higher
dimension problems; these works are all based on bifurcation theory. Results for higher eigen-
values were obtained in [LR90], again using bifurcation from infinity and degree theory, but only
for the one dimensional case and making use of the fact that in this case all the eigenvalues are
simple. In [RS97, MRS97], the same kind of problems were analyzed from a variational point of
view and at least three solutions were found when approaching the first eigenvalue from below
and from above, under conditions which are basically our set of hypotheses (F). The variational
approach was later exploited in [MP02] to obtain a similar result for the p-Laplacian operator
(see also [DNMO1]).

After [dPMO8], some improvements were obtained in [KT11b], in the sense of considering
a somewhat weaker condition on the nonlinearity f and the forcing term h: instead of the
condition [, hu = 0 (which corresponds to (F-ii) here), a Landesman-Lazer type condition is
imposed, which in some cases allows the functions h to have a bounded (instead of necessarily
zero) component in the almost-resonant eigenspace.

Regarding almost-resonant problems in the case of systems, we cite [ST10, OT09, AS12,

KT1la]. The first three consider variational systems in gradient form, which means that the
principal part of the functional associated to the problem has a finite dimensional negative space,
so that many techniques used in the scalar case can be used directly in this case.
On the other hand, in [KT11a] the authors consider a system which is different from problem
(1.1) but, like in our case, the associated functional is strongly indefinite. They obtain two
solutions near resonance under a condition similar to the one they used in [KT11b], by using
generalized linking theorems for the case of strongly indefinite functionals (see [Rab86, MMP94]).
We remark that they consider a single variable parameter p which takes the system near reso-
nance, while here we study the behavior of our system (1.1) with respect to both parameters a, b
(see also Remark 2.2, where we discuss why we have only two parameters in system (1.1)). It is
also worth saying that in their approach they still need two different proofs for the case above
and below the eigenvalue, like in [dPMO8], which we could avoid in this paper, as explained
above.

We end this section with some remarks on our hypotheses and some model functions.

Remark 2.1. Hypothesis (f) is stronger than (F-i), but it does not require to impose the
additional “nonresonance” condition on hj o contained in (F-ii). For this reason we consider
both sets of hypotheses. Observe that our hypotheses only deal with the asymptotical behavior
of f: no condition in the origin is required for our multiplicity result.

Model functions for hypothesis (f) could be

filw,u) = |u|"u, or fi(z,u) = In(1 + |ul) arctan(u) .

For the case (F), one could consider, for example,

if |u| > 1.

e =

fi(w,u) = arctan(u) or Filz,u) = {u if lul <1,
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Observe that the last example would fit in the hypotheses used in [KT11b, KT11a], but not
even a null forcing term would satisfy their Landesman-Lazer type condition, while it satisfies
our (F-ii).

Remark 2.2. We observe that one could think of a more general system than (1.1), having four
different coeflicient for the linear part:

—Au=au+cv = (fi(z,v) + hi(z)) in Q,
—Av =du+ ev =+ (fo(z,u) + ho(z)) in €, (2.1)
u(z) =v(z) =0 on Of.

However, since we aim to use variational methods, we are forced to take a = e in (2.1). Moreover,
we need the eigenvalues of the matrix of the coefficients to be real, and for this we impose cd > 0.
If we also suppose cd # 0 then we may always transform (2.1) into (1.1) with b = v/ed, by the
change of unknowns (U, V) = (y/d/cu,v), which preserves the hypotheses (f) and (F) (see for
example in [Mas07]).

As a consequence, if a = e and ¢d > 0, it is no loss of generality, to consider the system (2.1)
in the form (1.1).
The case ¢ = d = 0 has no interest in this paper since it would never satisfy the hypotheses of
our Theorems 1.1 to 1.4.

3 Notation and preliminary lemmas

Throughout the paper we will use the notation H = H}(Q), E = H x H and we will use the
following norms: if u € H and u = (u,v) € E, then

2 2
lull 2 =/ Jo u?s [allzzyz = 4/ llullze +[lollZe
lullr =/ Jo [Vul?, hall g = /Il + ol

The internal products in L?(Q) x L?(2) and in E, associated to the above norms, will be denoted
by (-, -)iz2)2 and (-, -) g, respectively. Observe that, by Poincaré inequality, [lul| 2 < S'[lul|; for
some positive constant S, but we will assume throughout the paper that S = 1 in order to
simplify the estimates.

We will define the applications F : F — R and H : E — R, given by

f(u,v):/QFl(x,v)—i—/QFg(x,u), H(u,v):/ﬂhw—i—/ﬂhgu.

Moreover, we define the bilinear form B : E x E — R:

B((w,v), (6, ) :/QVuvw—i-/QVquﬁ—a/Q(uw—i—vqﬁ) —b/ﬂ(ugb—i—vw).

We will consider the functionals J* : E — R, associated to the problems (1.1%), given by

JE(u,v) = :I:%B((u,v), (u,v)) = F(u,v) — H(u,v), (3.1)
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actually, one can prove in a standard way that J* are C! functionals and their critical points
are solutions for the problems (1.1+), respectively.
Denoting u = (u,v), ¢ = (¢,v) and ¢ = (¢, ¢), we have that

B(u, ¢) = (u,¢) g — alu, §) (122 — b(u, d) 122, (3.2)
JE(u) = £1/2B(u,u) — (F(u) + H(u)) , (3.3)
(J5) ()[¢] = £B(u, @) — (F'(w)[o] + H'(w)[4]) - (3.4)

We collect in the following lemma several estimates that will be used in the rest of the paper.
We will denote by C, C1, Cs, ... positive constants whose value is not important and which may
be different from line to line.

Lemma 3.1. Given fi, fo satisfying (1.2) and hy, ho € L?(Q), there exist constants So and H
such that

H(w)| < H [ullzzp H(w)[g]] < H 1] g - (3.5)
F()] < o (1+ [z ) - F @)g]] < So (1+ a2 ) 19l ge > (36)
for every u = (u,v) € E and ¢ = (¢,9) € E.

Proof. These estimates are rather standard. By Hoélder inequality,

'/thv

Then for a suitable H > 0, depending on hy and hs, we get

< |lhall g2 [l g2 - (3.7)

< Il ol and | [ oo
Q

H
H(W)| < < HUHLz + 5 lollze < Hlull 2 (3.8)

The second estimate in (3.5) follows immediately, since H'(u)[¢p] = H ().
Now, by (1.2), we have

Fl(-’IJ,U)
Q

< [+l =C (101 + ol < (1+ olL) (39)
Q

and an analogous estimate holds for [, F5(x,u). Then
[F()| < Cr(1+ [lvl|72) + CrL + [Jufl72) < 2C1(1 + [[ullf.pe), (3.10)

where we used that [lul[72 + [|v[[72 < 2max ([[ul[}2, [[v][72) < 2|[ulljz22. On the other hand,

[ o] + /Qf2<x,u>¢',

where | [, f1(z, )| < [, S(1+|v[?71)|¢]. Using Hélder inequality with r = ﬁ < 2, we get

| nwo| < (wuﬂ (L) uwm) <01 (Il + 5" 152

(3.11)

7 |—'/f1xv¢+f2xu '
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again, an analogous estimate holds for ‘ Jo fo(z, u)gb! and then

F[g]] < Cr(1 + ol 52 bl + Co(+ [ulls) 9l < Ca (1 + ke ) [l
[l
In order to study the functional J*, we define, as in [Mas07], an orthogonal basis for E

which diagonalizes B: let us consider the eigenvalue problem to find p € R and (u,v) € E such
that

B((u,v), (¢:9)) = p{(w,0), (6, 9)) 5, V(6 9) € E. (3.12)
We write u = Z cj¢; and v = Zdjgbj. By using (¢, %) = (0, ¢;) and (¢, ) = (¢i,0) in (3.12),
JEN JEN

since the eigenfunctions ¢; are mutually orthogonal, we get that (3.12) is equivalent to

a—Ai pAi+b) [e
/L)\Z‘-f—b a—)\i dz‘

=0, VieN, (3.13)

which has nontrivial solutions when g is such that the determinant of the above matrix is zero
for some i € N, that is, (a — \;)2 — (uX; +b)? = 0.
In view of the above computations, we define the two sequences of eigenvalues

b4 (N —
1
and the corresponding eigenfunctions (normalized in E)
(¢is £¢i) .
=———= 7€N.
'l:bzl:z \/5
As a consequence we have
Hd]zHE =1, <¢z’a1nbj>E = 5i,ja B("/’z’a’/’j) = Hiéi,j’ <¢z’a"/’j>[L2}2 = )‘|;|15i7j’ (3.14)
for i,j € Zo :=Z \ {0}. Moreover, if we write u = Z ¢, then
i€z
2 2 _
[l = 3 ¢ Blusw) = 3 e, Julfep = A (3.15)
1€Z0 i€z i€z

4 Proof of the main results

In this section we will give the proofs of the main theorems, in particular, we give in full details
the proof of point (a) in Theorem 1.1. We find two saddle point geometries in section 4.1,
from which we obtain (in section 4.2) two sequences of critical points of finite dimensional
approximations of the functional J* and we show, in section 4.4, how to obtain two distinct
solutions of problem (1.1) from these sequences. In section 4.3 we explain what has to be adapted
when dealing with the case (b) of Theorem 1.1, while Theorem 1.2 is proved at the end of section
4.4. Finally, in section 4.5, we prove the Theorems 1.3 and 1.4. Section 4.6, is devoted to the
proof of two technical lemmas (a kind of PS condition) used in the proofs of the main results.
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4.1 Two saddle point geometries when a + b is almost-resonant from below

In this section we build the saddle point geometries that will provide critical points for the
functional JT, when a + b is sufficiently near to Az from below and a — b is far from o(—A).

Let us fix A\; (of multiplicity m € N, in particular let Ay = Agym—1) and A;, the eigenvalues
stated in Theorem 1.1. We define the subspaces of F

V = span{v,; : i € Zy, p; <0 and p; # pg },
Z = span{a; : i € Lo, pui = p }, (4.1)
W = span{vp; : i € Zo, pr; > 0 and p; # py },

and we denote by By, Byz, By and Bzy the unitary closed balls, with respect to the norm
|-l 5, in the spaces V., V & Z, W and Z & W respectively, and by Sy, Syz, Sw and Szw their
relative boundaries. We also define the sets of indexes

Zy ={i € Zo: pu; <0and p; # pr},

Zz={i€Zo: i =ik},
Zyy = {i € Zo: pi >0 and p; # g} .

Observe that if a + b € (A — €, \;) for some € > 0, then

Mo — (a+b
0<”’“:%‘L+)<x\%' (4.2)

We start by proving a lemma which provides estimates is the subspaces V', Z and W.

Lemma 4.1. Suppose a £ b ¢ o(—A) and fix A\ being the first eigenvalue above a + b, of
multiplicity m, and \; the first eigenvalue above a — b.

If dist(a —b,0(—=A)) > § > 0, then there exists a constant K,y 5 > 0, depending on the sum
a+b and on §, such that

B(u,u) < —Kqyps [ull VueV, (4.3)
B(u,u) > K,yp5|ull% , YueZaW. (4.4)

Moreover, if a + b is near enough to A\, (in particular, if a +b > 0 and dist(a +b,0(—A) \
{A\e}) > a>0), then there exists G, 5 > 0, depending on o and 0, such that

B(u,u) < —Gusllul3 , VueV, (4.5)
B(u,u) > Gays|ul} Vuew. (4.6)

Remark 4.2. As will become clear from the proof below, the constants K, 45 and Gos also
depend on k and l, but we do not include this dependence in the notation since we are considering
them fixed along the proofs.

Proof of Lemma 4.1. By hypothesis, Ay is the first eigenvalue above a + b, then

a+be (M1, Ap), if £>2 or a+b< M. (4.7)
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If k> 2, then the sequence § pu; = 1 — %8 is increasing, with ux_1 < 0 and pg > 0, thus
[t > S e [t 1t

a+b a+d
3 N — 1 — _ = 1 1—— —_1 >0-
min || = min {pg, —pg—1} mln{ N N }

If a+b < A, then

a+b
inf |p;| > minq 1,1 — .
%2N|,ul| _mln{ , N } >0

In both cases, there exists a constant K, > 0, depending on a + b (and on k), such that
lpi| > Kotp, for every ¢ € N. (4.8)

In the same way, since ); is the first eigenvalue above a — b and dist(a — b,0(—A)) > 6 > 0,
we have

a—be N1 +0,N—06), if 1>2 or a—b< A —0. (4.9)

If [ > 2, the sequence { p_; = —1 + &2 is decreasing, with u_;_7) > 0 and p_; < 0, then
X (1-1)

1€EN

. . . 1 a—b a-b> s
min | = min {p_(1), =} = min g —1+ T T —>0.

If a—b< A — 4, then

i = bl 9 .

In both cases, there exists a constant K5 > 0, depending on § (and on 1), such that

lp—i| > Ks, for every i € N. (4.10)

From (4.8) and (4.10) we conclude that there exists a constant K,1,s > 0, depending on
a + b and 4, such that

|ptil > Kotos, for every i € N. (4.11)
If u e V, we can write u = Z cjp;, but p; < =K,y for j € Zy, implying, by (3.15), that
JELy
B(u,u) = Y pjc; < —Kayps |, which proves (4.3).
JE€Zy
In the same way, if u = Z cjp; € Zd W, since puj > Koyps for every j € Zz U Zwy
=
(actually pp > 0), we get B(u,u) = Z ,ujc? > Kaips ||lul|3, proving (4.4).

JEL 7 UZw
In order to obtain (4.5) and (4.6) we observe that if a+b > 0 and dist(a+b,0(—A)\ {\x}) >
a > 0 we have, if k > 2,

a+b a+b }
, —1ls
Metm Ak—1

min{ @ @ } C S0, (412

5 pu—
Aktm k-1 Aktm

min ;| = min ,—lk—1} =minq1—
GEN\ {F,...,-Fm—1} i {pthms = st} {
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If £k =1, one gets
> 0.

a+b _ «

; 1=1— >

A =TT 2N

In both cases, we get that |u;| is bounded from below, uniformly with respect to a + b, for

i € N\{k,...,k+m —1}. Then there exists G, 5 > 0, depending on o and ¢ (and on k, 1), such
that

il > Gas, for every i € Zo \ {k,...,k+m — 1}, (4.13)
from which it follows that B(u,u) < —Ggs ||ul| for every u € V and that B(u,u) > Ga ||lul/%
for every u e W. O

Remark 4.3. By comparing the estimates (4.10) and (4.13) with (4.2), we observe that, once
that « and 0 have been fized, for € small enough, p; = ux only fori==k,..k+m — 1, then the
Z defined in (4.1) is exactly the same as the one defined in the statement of Theorem 1.1.

Lemma 4.1 is what we need in order to obtain the two saddle point geometries described in
the following propositions.

Proposition 4.4. Under the hypotheses of Theorem 1.1, if dist(a —b,0(—A)) > § > 0, suppose
a+b ¢ o(—A) and N, is the first eigenvalue above a + b, then there exist Doips € R and
Pa+b,s > 0, such that

JT () > Dayps, YueZaW, (4.14)
JT (1) < Daybs, VuepSy, p> patbs. (4.15)

Proof. Let ue Z @ W. By (4.4) and (3.5-3.6), we have
W) > Kol = o (1+ [u%) = H ullg. (416)

Since Kq4p5 > 0 and ¢ € (1,2), the function of ||ul|; above is bounded from below, then there
exists Dgyps € R satisfying (4.14).
On the other hand, if u € V, by (4.3) and (3.5-3.6), we get

T () € =Kans [ullp+ So (1+ [[ulf) + H [l (4.17)

and then the above function goes to —oco when |jul| ; — 400, implying that there exists p,455 > 0
satisfying (4.15). O

Remark 4.5. We observe that the hypotheses (f) and (F) have not been used in the above proof,
actually, they are required only in the next proposition.

Proposition 4.6. Under the hypotheses of Theorem 1.1, if dist(a — b,o0(—A)) > 6 > 0 and
A, is the first eigenvalue above a + b, then there exists g > 0, depending on &, such that for
a+be (A, — o0, M), there exist Es, Dgyp5 € R, patps > Rs > 0, such that (4.14), (4.15) hold
and

Jt(u) > E;, VueW, (4.18)

Jt(u) < Es — 1, YV ue RsSyz, (4.19)
Jt(u) < Es — 1, VueV with ||ulz > Rs. (4.20)
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Proof. Set a = 1dist(A\, o(—A) \ {\}) and let a +b € (A\; — 0, \i;), where initially we only
impose gy < «, which implies dist(a + b,0(—A) \ {\x}) > a.

e Let ue W. By (4.6) and (3.5-3.6), we have
T () > Gog lJull = So (1+ [[ul}) — H [u] 5. (4.21)

Since G,5 > 0 and ¢ € (1,2), there exists Es € R, satisfying (4.18). We observe that the
constant F5 depends also on «, which we omit in the notation since at this point we may
consider it fixed.

e Let now u € V. By (4.5) and (3.5-3.6), we have
T () € ~Gag |l + So (1+ |[ul}) + H [u] 5. (4.22)

The estimate (4.20) will hold true provided Rs > R, where R > 0 may be chosen depending
only on § and «, but independent from a, b.

e In order to prove that there exists Rs > R satisfying (4.19) for some ¢ € (0, ), assume
for sake of contradiction that, for any sequences ¢; — 0% and {R;}, where R; > R for
every j € N, there exist u; € R;jSyz and aj,b; € R such that a; +b; € (A — €5, \p),
dist(aj — bj,o0(—A)) > ¢ and

J;r(uj) > E(; —1.

Here and below we denote by .J ]Jr (resp. Bj) the functional J* (resp. the form B) computed
with @ = a; and b = b;. Moreover {Mi} . will be the eigenvalues of B;, while the
1ELo

corresponding eigenfunctions do not depend on j.

Without loss of generality, we may assume that R; — oo and qR? — 0. We write
u; = v; + 2z, where v; € V and z; € Z, for every j € N.

By (4.2), the k-th eigenvalue of the form B; satisfies 0 < ui < /E\—i, then Bj(z;,z;) <
i—i ||zj||2E Using also (4.5), we have
€j 2 2
Bj(uj’uj) = Bj(zjﬁzj) + Bj(vjavj) < )\_; HZJHE - Ga,6 HV]'HEa (4'23)
and then, for every j € N| it follows that

N
By = 1< JF () < T g = G vyl = Fluwg) = H(wy). (4.24)

Dividing equation (4.24) by R? and reordering, we get

GQ#S 2 Ej; 2 E(; —1 F(u) +7‘l(u)
Il < 5Vl — Pt T (4.5

Pl S0 (M) Iz C (1R, +RE)
= 7 <=
Es 1l 4 0 and <Ly ||z;]|% < S — 0. Thus it follows that
XkR? JINE — )\k :

2
RJ'

We note that

— 0 when j — oo,
J

since ¢ € (1,2). Moreover

vl

0 4.6
R, -0, (4.26)
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and since ij||]25 = RJQ. - ||sz2E, we also get

12 £

R, — 1. (4.27)
Now, for every j € N, we define z; = Rj , V= ;’T? and u; = z; + v;. Then, by (4.26) and
(4.27), there exists zg € Z with ||Zg||; = 1, such that (up to a subsequence) z; — Zj in
E and uniformly (since the dimension of Z is finite) and v; — 0 in E, when j — co. We
denote by Pju and Pu the components of a vector u € FE, that is, u = (Pyu, Pyu). Since
l|zo||p = 1, it follows that at least one of the components, P, or P»l;, does not converge
to zero in E. Without loss of generality, we suppose that Piu; does not converge to zero
in E. Then we have

{P@ 2%, Py 0, uniformly in £ (429)

Pv; 2220, in L2(Q).
As a consequence, there exist x > 0 and jo € N such that, for j > jo, the sets Q; :=
{z € Q: [Piuj(z)] > x} satisfy Q] > x. Actually, by (4.28), there exists x > 0 such
that, for j large enough, there exist sets Q with ]Q | > x such that |Pyz;(z)| > 2x and
|P1v;(z)| < x, a.e. in Qj, so that |Piuj(x)| > x a.e. in Q
At this point we need to consider separately the hypotheses (f) and (F).

If hypotheses (1.2) and (f) hold, then given M > 0, there exists Cjy € R such that
Fio(x,t) > M|t| — Cpr. Then, by taking M = 1+H , we obtain, for j > jo, the estimate

| Fae Ry(Pu&)) = MRy [ Pisy| ~ Das = MB* - D, (4.29)
Q Q
where Dy = [, Cpy. Moreover, since Fy(z, Pauj) > —Chy,

/QF1 (z, Rj(P2u;)) > =D (4.30)

It follows from the last two estimates and from (3.5), that

F(R;u;) + H(R;1;) > MRjx* — 2Dy — R;H = Rj — 2Dy (4.31)

Inserting (4.31) in (4.24), we get

€j N ~
Es—1< |IR;Z; | — Gas | R¥ill % — Ry +2Dar (4.32)
and then
eiR?
215112 I
Ga,éRj HV]'HE—FR]‘ < X +2Dy — Es+ 1, (4.33)
k

which gives rise to a contradiction, since the right hand side of the inequality is bounded,
while the left hand side tends to +o0o, when j — oo.

We conclude that there exist Rs > R and g0 € (0, ) which satisfy (4.19).
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We consider now the case in which hypotheses (1.2) and (F) hold. We first show that

lim inf/Fg(x,RPl(ﬁj)):+oo. (4.34)
Q

R—o0 3>70

In fact, we show that given M > 0, there exists Ry large enough, such that
/ FQ(CC,RPl(ﬁ])) > M, VJ > jo and R > Ro. (435)
Q

First observe that there exists Cr > 0, such that
Fi(z,t) > —Cp, for every (z,t) e @ x Rand i = 1,2;

actually, by (F-i) there exists tc > 0 such that F;(x,t) > 0 for |[t| > ¢ and by (1.2)
Fy(w,t) > —S(to + 1§ /q) for [t| < to.
Then we define M; = %Q‘CF By point (F-i), there exists sg > 0 such that,

FQ(.’E,t) > My, \V/|t| > 50. (436)

Also, for every R > 3¢, we have €1; C {x € Q: |RPi(uj(x))| > so}. Then, since |2;] > x,
it follows that

/QFQ(.%’,RPl(ﬁj)) Z /Qj FQ(.%',RPl(ﬁj)) +/Q\Qj —CF Z

> [ M- i) = Mix - Crll = M. (437
Q;

Thus, (4.34) is satisfied, since [, Fi(z, RP>(u;)) is bounded from below; it follows that
F(u;) = F(Rju;) = +oo, when j — +oo. (4.38)
Moreover, by Remark 4.3 and (F-ii), we have that H(u;) = H(v;), then we may estimate
Gas Vil + H(w)) = Gas IVjll5 +H(vj) = Gas 1vil5 — H IVl - (4.39)

As a consequence, there exists d; > 0 such that G, 5 HVJH?E + H(u;) > —0do.
Then, from (4.24), we get

2
£ 1125l

F(uj) < "

— FEs+ 1+ 6o, (4.40)
which gives rise to a contradiction, as in the previous case, since the right hand side is
bounded, while the left hand side tends to +oo.

We conclude again that there exist Rs > R and g0 € (0, ) which satisfy (4.19).

The constants in the statement of the proposition can be obtained as follows: we first get
Es € R satisfying (4.18), then we obtain gy > 0 and Rs > 0 satisfying (4.19) and (4.20). These
estimates hold uniformly for a + b € (Ap — €9, Ax). Then, fixing a + b in this interval, we can
obtain a constant D,y € R satisfying (4.14). Finally, we get pgips > 0 satisfying (4.15);
observe that we may also choose p,445 > Rs, as desired. [l
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Remark 4.7. Proposition 4.4 holds for any fixed value of a + b in the interval (Ag_1, ). This
geometry will produce a solution of problem (1.1+). On the other hand, the geometry from
Proposition 4.6 holds for a 4+ b near to the eigenvalue A\, from below. This other geometry will
also give a solution of problem (1.1+). As a result, for such values of a + b, both geometries
hold, so that we will have two solutions of problem (1.1+). However, we will still need to prove
that they are not the same.

4.2 Obtaining two sequences of critical points

As observed in the introduction, the functional J* defined in (3.1) is strongly indefinite. In order
to overcome this difficulty, we will define a sequence of finite dimensional problems, where we
can apply the classical saddle point theorem, and then we will take limit to obtain the solutions
of problem (1.1).

We define, for every n > k + m,

En - spcm['(/)fm e 7'¢n] g E7
Ve=VNE, and W,=WnE,.

By Remark 4.3, we may assume that Z C £, for every n > k +m. We will denote by By, By,
and B%y;, the closed unitary balls, with respect to the norm of E, in the subspaces V,,, V,, ® Z
and Z @ W, respectively, and by S{%, S, and S7%,, their relative boundaries. Finally, let .J;"
be the functional J* restricted to the subspace E,,.

Under the hypotheses of Theorem 1.1, the claims in Proposition 4.6 hold. Then, fixed a,b
such that dist(a — b,0(—A)) > >0 and a + b € (A\x — €0, \x), the functional J,! satisfies the
same estimates in the subespaces V,,, Z and W,.

Moreover, the following lemma (whose proof is given in section 4.6) implies that the functionals
J;I satisfy the PS condition.

Lemma 4.8. Suppose a £b & o(—A), fi1, fo satisfy (1.2) and hy,hy € L*(Q). Fizn >k +m
and suppose {u;} C E, is a sequence such that

() (w)[@]| <cillllp,  for every ¢ € Ey, (4.41)
where €; — 0. Then {u;} admits a subsequence which converges in E, .

In these conditions, for every n > k + m, we can apply the saddle point theorem two times:
in fact, equations (4.14) and (4.15) define a saddle point geometry between the subspaces V,
and Z @ W, while equations (4.18) and (4.19) define a second saddle point geometry, between
the subspaces V,, & Z and W,,. As a consequence, we obtain the existence of the critical points
ul, v}t € E, of the functionals J,7, at the critical levels

ot = inf sup  JF(y(u)) > Dyyps, (4.42)
VELY  u€pyip,sBY
&= mf swp J() > By (1.43)

Y€y 2z veERs By,
where

v = {7 €CpatbsBy, En) : v(w) = uif |ullg = patest (4.44)
IVz = {veCRsByz En): y(v) =vif |[vlg = Rs}. (4.45)
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Since u, v, are just critical points of the functional J T restricted to certain subspaces, they
are not solutions of our problem. The solutions that we will find, in section 4.4, will be critical
points of J* whose critical levels will be the limit of subsequences of ¢, and d,. Thus, we need
estimates on ¢, d; that guarantee the existence of convergent subsequences and also that the
limit levels are distinct. Such estimates are given in the next lemma.

Lemma 4.9. Under the conditions of Proposition 4.6, fized a,b such that dist(a —b,o(—A)) >
§ > 0and a+b e (A — eo, M), there exists Ty > 0 such that ¢} € [Dyyps, Es — 1] and
dl € [Es,Ts|, for everyn >k +m.

Proof. The estimates from below come from (4.42-4.43), as a direct consequence of the saddle
point theorem.

In order to obtain the estimates from above, we first note that it is possible to build a map
Y0 € I'Y, such that vo(pa+s,6B87) is the union of the annulus {u € V,, : |[u||z € [R5, pats,5]} with
a hemisphere contained in RsSY;,, having R;S7, as boundary: for instance, we may take

if Rg < ||p||E < Pa+bs

D,
Yo(p) = { .
p+/(Rs)2 = |pl% ¥, if pllp < Rs.

Then, by (4.19) and (4.20), we get ~ sup  J, (yo(u)) < Es — 1, and then ¢} < E5 — 1.
ueﬁa—&-b,&B\r}

On the other hand, since the identity belongs to I'%.,, one has df < sup J'(v).
vER;BY, ,

IfueVadZ letze Zand v €V be such that u =z + v. Since a + b € (A — €9, \g), one has

—Kaqps <0< pp < i—o . (4.46)
k

Then by (4.46), (4.3) and (3.5-3.6), we have

€0 2 2
JT(m) < I 12l 5 — Katvs [IVIIE + So(1 + [lullp) + H[[ul 5
€0 2
< " [l + So(1 +[[ullf) + H [l g,

implying that J* is bounded from above (uniformly with respect to n), in the bounded sets
R;sBy; ;. As a consequence there exist Ts > 0 which bounds d; from above. [l

4.3 The saddle point geometries when a + b is almost-resonant from above

In this section we will show how to obtain critical levels analogous to (4.42) and (4.43), in the
case (b) of Theorem 1.1, by adapting the arguments used in the previous sections for the case
(a).

We consider the functional J~ defined in (3.1), which is the same as the functional JT,
except for the fact that it has the form (—B) in the place of the original form B. Thus, we
define the two sequences of eigenvalues of (—B):

—b+ ()\z — CL)

Y ;1 €N,

Pti = —fidi = —
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which correspond to the same eigenfunctions ¢, = (¢i \,;_;;52-)’ 1€ N.

Then we define the subspaces 17,2 and W in the same manner as in (4.1), but using the
eigenvalues f1; : i € Zg in the place of p; : i € Zo.
We observe that if a + b € (Ag, Ax + €), for some € > 0, then

b)— A
(a+0b) k<i

0<~ == )
Kk " M

(4.47)

analogous to (4.2).
We only need to show that Lemma 4.1 holds for (—B) with the new definition of the sub-
spaces: the rest of the arguments will follow as in section 4.1.

Lemma 4.10. Suppose a +b & o(—A) and fix A\ being the largest eigenvalue below a + b, of
multiplicity m, and X\; the first eigenvalue above de a — b.

If dist(a—b,0(—=A)) > § > 0, then there exists a constant K,y 5 > 0, depending on the sum
a+b and on §, such that

—B(u,u) < —Kgyp5ul%, VueV, (4.48)
—B(u,u) > Kqyp5|ul? VueZaoW. (4.49)

Moreover, if a+ b is near enough to A (in particular, if dist(a+b,0(—A)\ {\¢}) > a > 0),
then there exists Go 5 > 0, depending on « and 6, such that

—B(u,u) < —Gos|ul? , VueV, (4.50)
—B(u,u) > Gaylul% VueW. (4.51)

Proof. The proof of this lemma follows as in Lemma 4.1.

In fact, since we are considering the eigenvalues of the form (—B), the sequence fi;, with
i € N, is decreasing while the sequence ji_;, with i € N, is increasing. However, one can prove
as before that an estimate like (4.11) holds for these new eigenvalues. Then (4.48) and (4.49)
hold true, by the definition of V,Z and w.

Considering a + b near enough to A\, we also get, as in the proof of Lemma 4.1, the existence
of the constant G, s satisfying (4.50) and (4.51). O

Reasoning as in Remark 4.3, we observe that for € small enough, Z is exactly the same as
the Z defined in the statement of Theorem 1.1.
Thus, Lemma 4.10 and estimate (4.47) allow us to show an analogous of the Propositions 4.4

and 4.6 for the functional J—, with the new subspaces ‘N/, Z and W.

Proposition 4.11. Under the hypotheses of Theorem 1.1, if dist(a—b,o(—A)) > 6 > 0, suppose
a+b ¢ o(=A) and A is the largest eigenvalue below a + b, then there exist Doyps € R and

Patbs > 0, such that J~ satisfies (4.14) and (4.15) in the subspaces V.,Z and w.

Proposition 4.12. Under the hypotheses of Theorem 1.1, if dist(a —b,o(—A)) > § > 0 and
A, is the largest eigenvalue below a + b, then there exists €1 > 0, depending on J, such that for
a+be (Mg, A\, +€1), there exist Es, Doyps € R, payss > Rs > 0, such that J~ satisfies (4.14),
(4.15), (4.18), (4.19) and (4.20) in the subspaces V,Z and w.

The Propositions 4.11 and 4.12 are enough to guarantee, as in section 4.2, the existence of
two sequences of critical points {u,, } and {v,, }, of the functionals J, = J~|g,, at critical levels
¢, d,, , analogous to (4.42) and (4.43).

nYUn
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4.4 Existence of solutions in the limit

In this section we conclude the proof of Theorem 1.1, by showing that, up to subsequences, the
sequences of critical points {u;"} and {v;’} obtained in section 4.1 converge to distinct solutions
of (1.14), while {u;, } and {v,, }, from section 4.3, converge to distinct solutions of (1.1—). At
the end of the section we also prove Theorem 1.2.

We first state a lemma, which will be proven in section 4.6.

Lemma 4.13. Suppose atb & o(—A), f1, fo satisfy (1.2) and hy, ho € L?(Q). Suppose {u;} C E
is a sequence such that u; € E;, for every ¢ € N, and

() (u)lel| < eilgllp,  for every ¢ € B, (4.52)
where £; — 0. Then {u;} is bounded in E.

Now we are in the position to prove Theorem 1.1.

Proof of Theorem 1.1. We will only prove item (a), since item (b) follows by the same argument
when applied to the sequences obtained in section 4.3.

First, we note that, by Lemma 4.9, there exist ¢t € [Dyyp.4, Es — 1] and d* € [Ej, Ts| such
that, passing to a subsequence, ¢,/ — ¢t and df — d* for n — occ.

We claim that there exists u™ € E, critical point of the functional J*, such that J*(ut) =
c¢™. By the saddle point theorem, we know that, for every n > k + m,

Iy (a) = cf, (4.53)
(JHY (wh) ][] =0, for every ¢ € E,. (4.54)

As a consequence, we may apply Lemma 4.13, to deduce that the sequence {u;} is bounded in
E and then there exists u™ € E such that, passing to a further subsequence,

ul = (up,v,) = ut = (u,v) iTl E, (4.55)
ub = (un,v,) = ut = (u,v) in L? x L2,
Let h > k 4+ m. By testing (4.54) with (0,v¢) € E} and (¢,0) € Ej, we get, for n > h,
[ venvi—a [ wi=b [vp- [ plao)i- [ =0,

/Qanng—a/Qvngb—b/Qunqﬁ—/Qfg(x,un)qﬁ—/ﬂhgqﬁ:().

By (4.55) and the continuity of the Nemytskii operators associated to f; and fy (see for example
in [dF89]), we have, in the limit,

/wa—a/gw—bfﬂw—/Qfl(x,vW—/th=o,
[vove—a [ vt [ w- [ pwwo- [ oo

that is, (J*)'(ut)[¢] = 0, for every ¢ = (¢,1)) € Ej. Since |, oy En is dense in E, it follows
that (J*) (u™) =0, and then ut = (u,v) is a critical point of the functional J7.

(4.57)
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We show now that u — u™, strongly in E, which implies that J*(u") = ¢*.
Let P, : H — span{¢1,...,dn} be the orthogonal projection. Then P,u — u, P,v — v in H
and since (v, — Pyv,u, — Pyu) € E,, we can use it as a test function in in (4.54) to obtain

(5 (i v0) [ — Pov, up — Pou] = 0, for every n > k + m. (4.58)

Since u,, — Pyu, v, — Pyv — 0 in L? and u,, v, are bounded in L?, by using (1.2), we get the
following convergences:

.
a/ Un (v, — Pyv) +/ U (U — Pou) + b/ U (v, — Pyv) + / Up (U, — Pyu) — 0,
Q Q

Q Q
/ fi(x,vp)(uy — Pyu) +/ fa(x,up) (v — Pyv) — 0, (4.59)
Q Q

/ hi(u, — Pou) +/ ho (v, — Pyv) — 0.
Q Q

Then it follows by (4.58) that
/ Vo,V (v, — Py) + / Vu,V(u, — Pyu) — 0, (4.60)
Q Q

which implies

/|an|2—/anVv+/ |Vun|2—/VunVu+/anV(v—an)+/ Vu,V(u— P,u) — 0.
Q Q Q Q Q Q
(4.61)

The last two terms in (4.61) go to zero because (P,v, P,u) — (v,u) in E and (v, uy,) is bounded
in E. It follows that

/|an|2—/anVv+/ |Vun|2—/VunVu—>O,
Q Q Q Q

that is, ||(un,vn)|lp = ||(u,v)| p and then (uy,,v,) = (u,v) strongly in E.

We then conclude that J*(u) — J*(u') and then J*(u™) =c".

By the same argument, there exists v € FE, critical point of J*, such that v;i — v* in E
and J*(vt) =d". Moreover, u # v since J(ut) = ¢t < Es—1 and J(v') =dt > Ej.

We have then proved point (a) of Theorem 1.1. O

Theorem 1.2 follows now easily by a change of variables.

Proof of Theorem 1.2. This result is a direct consequence of Theorem 1.1: let (u,v) be one of
the solutions of (1.1+) and define (u,v) = (u, —v). Then

—Au=au—bv—[—fi(x,—v) — hi(x)] in Q, (4.62)
—AT = —bu+av — | fo(z,u) + ho(z)] in Q, '
that is, (u,) is a solution of problem (1.1—) with the new coefficients @ = a and b= —b, the

new nonlinearities fi(x,v) = —fi(x, —v), E(CE,U) = fa(z,u), which still satisfy (1.2) and (f)
(resp. (F-i)), and the new L?(Q) functions hy = —hy, hy = hs.

If we are considering hypothesis (F), the condition [ h1¢ + hotp = 0 for (¢,1)) € Z which
appears in Theorem 1.1, becomes [, hid + hotp = 0 for (¢, —1) € Z, as in Theorem 1.2.

The proof of item (d) follows in the same way from item (b) of Theorem 1.1. O
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4.5 Double almost-resonance

In this section we outline the proof of the multiplicity results stated in the Theorems 1.3-1.4,
which deal with two cases of double almost-resonance, that is, when the values a + b and a — b
are near to eigenvalues of the Laplacian operator, at the same time.
The proof will follow the same lines as that of Theorem 1.1 item (a).

Let us fix Ag (of multiplicity m € N, in particular Ay = Agym—1) and A; (of multiplicity
t € N, in particular \; = \j14_1) the eigenvalues stated in Theorem 1.3.

Observe that if a—b € (A, \j+¢) and a+b € (A, —&, Ag), for some € > 0, then i = 1— a)\—"];b

and yu_; = a/\—:l’ — 1 satisfy

0 < pgs pi—y < (4.63)

9
min { A, A}

In order to reproduce once more the geometry of Proposition 4.6, we define the spaces V, Z, W
in the following way:

V = span{t,; : i € Zo, j1; <0, p; # p—y and p; # iy },
Z = span{tp; : i € Zo, ji = pg O i = fi—q }, (4.64)
W = span{t; : i € Zo, pi >0, p; # p—y and p; # . }.

We describe below how to build the geometry which guarantees the existence of critical levels
analogous to (4.42) and (4.43), stressing the main differences in the proofs.

We start with a lemma, similar to Lemma 4.1, which gives estimates in the subspaces V', Z and
w.

Lemma 4.14. Suppose a £b & o(—A) and fix N\ being the first eigenvalue above a + b, of
multiplicity m, and N\; the largest eigenvalue below a — b, of multiplicity t. Then there exists a
constant Bqp > 0, depending on a and b, such that

B(uw,u) < —Bap|[ull3 VueV, (4.65)
B(u,u) > By ul? VueZoWw. (4.66)

Moreover, if a+b > 0 is near enough to N\, and a —b to A\; (in particular, if dist(a+b,o(—A) \
{Ae}) > a >0 and dist(a — b,0(=A) \ {\}) > a > 0), then there exists o, > 0, depending on
«, such that

B(u,u) < =1, ul% , VuelV, (4.67)
B(u,u) > nq ul? VueWw. (4.68)

Remark 4.15. As observed in Remark 4.2, about Lemma 4.1, here the constants Bqp and 1,
also depend on k and I, which we are considering fized along the proofs.

Proof of Lemma 4.14. The proof of this lemma follows by the same argument as that of Lemma
4.1, however, here a — b is not bounded away from the spectrum o(—A), as a consequence,
the constant in the first two estimates depends also on the difference a — b. In particular, we
can set fBqp = inf {|p], i € Zo} (the infimum is positive since p; — £1 when i — +o00) and

N = {inf [pil, i € Zv UZw} > sty O
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Again, for £ small enough, the space Z defined in (4.64) is exactly the same as the Z defined
in the statement of Theorem 1.3.
Thus, in view of Lemma 4.14, we obtain the geometries in the propositions below.

Proposition 4.16. Under the hypotheses of Theorem 1.3, suppose a £b & o(—A), A\ is the
first eigenvalue above a+b and )\, is the first below a — b, then there exist Aqp € R and wyp > 0,
such that

JT(a) > Agyp, Yuec Za W, (4.69)
J+(11) < Aa,b, Yu € wSy, w> Wa,b- (4.70)

Proof. The existence of A, € R satisfying (4.69), follows from (4.66) as in Proposition 4.4,
while the existence of w,p > 0 satisfying (4.70), follows from (4.65). O

Proposition 4.17. Under the hypotheses of Theorem 1.3, suppose A is the first eigenvalue
above a+b and N\; is the first below a—b. Then there exists e9 > 0, such that for a+b € (A\p—e2, \g)
and a —b € (N, \j + €2), there exist ©, Ayp € R, wep > 19 > 0, such that (4.69), (4.70) hold
and

JT(u) > 6, Yue W, (4.71)
Jt(u) <o -1, Yu € 1Sy z, (4.72)
Jtu) <o -1, Yu € V with ||ullg > ro. (4.73)

Proof. Set .
a=g min { dist( A, o0(=A) \ {Ax}), dist(N,o(=A)\{\})}

and let a +b € (\p —e2,M;) and a — b € (N, \; + €2), where we initially only impose €2 < «,
which implies dist(a + b,0(—A) \ {\x}) > @ and dist(a — b,o(—A) \ {\}) > a.

e The existence of O satisfying (4.71) follows directly from (4.68) as in Proposition 4.6. Since
we fixed o we omit its dependence in the notation for the constant ©.

e Let ue V. By (4.67) and (3.5-3.6),
JH(u) < =a ullf + So(L+ [ullf) + H [l 5. (4.74)

Since 1, > 0 and g € (1,2) the estimate (4.73) will be satisfied provided rg > 7, where
r > 0 can be chosen depending only on «, not on a or b.

e In order to prove that there exists ro > 7 satisfying (4.72) for some €2 € (0, a), reasoning
as in Proposition 4.6, we suppose by sake of contradiction that for any sequences ; — 0T
and {r;}, with r; > 7 for every j € N, there exist u; € r;Syz and a;,b; € R such that
a; + bj € ()\k — Ej,)\k), a; — bj € ()\l,)\l + 8]') and J;r(u]') >0 1.

Without loss of generality we may assume that r; — oo and 5jr]2- — 0. We write u; =

vj + 2z, where v; € V and z; € Z, for every j € N. By (4.63) and (4.67), we have

&j

2 2
——|zi|% — 7a . 4.75
iy el el @7)

Bj(uj,u;) = Bj(vj,vj) + Bj(z;,2;) <
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Then, for every j € N, it follows

0-1<J(u) < —22

2 2
i AT 1255 — el — F(u;) = H(uy). (4.76)
Now, proceeding as in the proof of Proposition 4.6, we reach a contradiction analogous to
(4.33) or to (4.40).

The constants in the statement of the proposition can be obtained as follows: we first get
© € R satisfying (4.71), then we obtain €2 > 0 and ro > 0 satisfying (4.72) and (4.73). These
estimates hold uniformly for a +b € (A\y — 2, ;) and a — b € (A\;, \; + £2). Then, fixing a,b
respecting these conditions, we can obtain a constant Aqp € R satisfying (4.69). Finally, we get
wa,p > 0 satisfying (4.70); observe that we may also choose wqp > 79, as desired. O

With the geometries obtained above and the estimate (4.63) in the place of (4.46), by re-
peating the same arguments from sections 4.2 and 4.4, we conclude that the functional J* has
two distinct critical points in F, corresponding to solutions of problem (1.1+), and then proving
Theorem 1.3.

Theorem 1.4 follows from Theorem 1.3 by the same argument used to prove Theorem 1.2.

4.6 The PS-conditions

In this section we give the proof of the Lemmas 4.8 and 4.13, which show that the functionals
Jni satisfy the PS-condition in the finite dimensional space FE,,, for every n > k + m, and that
the sequences of constrained critical points obtained in the sections 4.2 and 4.3 are bounded.

Proof of Lemma 4.8 and Lemma 4.13. The two lemmas have different statements but the proof
in quite similar.

By the hypothesis a £ b € o(—A), the eigenvalues yu; : @ € Zg are all different from zero,
then we may divide the space F in the two orthogonal components

E™ = span{, : i € Zg, p; < 0} and ET = span{, : i € Zg, u; >0},
and for every j > k + m, we set E]Jr = EtTNE; and E; = E"NE; Since p; — +1 when

i — 400, we may set £ :=inf {|u;| : i € Zo} > 0 and we have

{B(u, u) < —¢|ul%, for every u e E~, (4.77)

B(u,u) > ¢ ||ul|%, for every u € Et.

Obviously & depends on a, b, but this in of no importance in this proof.
We write u; = z; +p;, where z; € £~ and p; € ET. We will show that z; and p; are bounded
in E.
Actually, by testing (4.41) (resp. (4.52)) with ¢ = z; we get
|B(wi,z;) F F'(w)[zi] FH' (wi)[z]| < ezl g (4.78)
By (3.14), we have B(u;,z;) = B(z;,2;), then

—¢; ||zill p < B(zi,2:) + So (1 + \|ui\|cf{fl> Izl p + H ||2ill g - (4.79)
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Using (4.77), it follows that
2 -1
—eillzillp < —€llzilly + So (1+ Il 5 ™) Izill g + H il (4.80)
dividing by | z;||p and reordering, we get

& |zill p < & + So lwl|% " + (So + H). (4.81)

On the other hand, by testing (4.41) (resp. (4.52)) with ¢ = p; and reasoning as above, we
get

B(pi.po) ~ S0 (1 s ) il — H 19l < < 1pil: (1.52)
by using (4.77), reordering and dividing by ||p;| z, it follows that
éllpill p < e + Solluill " + (So + H). (4.83)
From (4.81) and (4.83), we get
¢l g < 28 + 250 w4 +2(So + H), (4.84)

implying that {u;} is bounded in E, since ¢ — 1 < 1.
This concludes the proof of Lemma 4.13. In the case of Lemma 4.8, since {u;} C E,,, which

is finite dimensional, it follows that it has a convergent subsequence. O
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