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Abstract

We establish a coboundary condition for a sequence of ergodic sums (i.e. Birkhoff
partial sums) to be almost surely uniformly distributed mod 1. Applications are given
when the sequence is generated by a Gibbs-Markov map. In particular, we show that
for almost every real number, the sequence of denominators of the convergents of its
continued fraction expansion satisfies Benford’s law.
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1 Introduction

For z € (0,1) irrational, denote by [a1, as, . ..] its continued fraction expansion and
write p,/q, for the n-th convergent [a4,...,a,] = 1/(a; + -+ + 1/a,). The sequence
(log ¢n(2))new behaves much like a sum of i.i.d. random variables in that it obeys a range
of classical limit theorems ([14]), in this note we are interested in uniform distribution
(u.d.) mod 1. Recalling the definition, a sequence (z,) of real numbers is said to be
u.d. mod 1 if and only if for every ¢ € [0,1),

1
im — SN N @y Sty =1,
ngnooN#{l\n\N {z,} <t} =t
where {z,} represents the fractional part of x,,. Equivalently, on the circle T = R/Z
with Lebesgue measure dt, then for every continuous function f € C(T) we have:

1 &
p}%ﬁ;fm): /T F(b)dt.

Uniform distribution mod 1 is closely related to Benford’s law or the first-digit law,
that is, the proportion of entries with the first digit d, d € {1,...,9}, tends to lg(1 + 1/d).
Here lg = log;, is the decimal logarithm. First noted by Benford as well as Newcomb, this
specific distribution has been observed to occur in a variety of social science statistics
and data sets as well as in many number-theoretical experiments. We refer to [4] for
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Uniform distribution mod 1 for continued fractions

a comprehensive survey of Benford’s law. For a nonzero real number z, let s(x) be its
decimal significand, which is the unique number ¢ € [1,10) such that |z| = 10t holds for
some k € Z. A sequence of real numbers (z,)nen is said to be a Benford sequence if the
corresponding sequence of decimal significands (s(z,))nen is distributed in [1,10) with
density lg, that is,

lim i#{1 <n< Ni:s(a,) <t} =lg), Vte][l,10).
N—oco N

Many sequences are known to be Benford; examples are (2"),cn and the Fibonacci
sequence. The sequences of all natural numbers and of the prime numbers are not
Benford, but are weakly Benford (with the usual Cesaro density being replaced by
logarithmic density). Benford’s law is related to uniform distribution mod 1 via the
following equivalent condition (see e.g. [4, Theorem 4.2]):

(zn)nen is a Benford sequence if and only if (g x,,)nen is u.d. mod 1.

Hence the question under consideration can be rephrased by whether (¢, (z))nen is a
Benford sequence.

When z is a quadratic irrational, several authors at about the same time ([10, 11, 17])
showed that (g, (z))ren is indeed a Benford sequence. In particular this reconfirms that
the Fibonacci sequence, being equal to (g, ( 1+2V5))HE]N, is Benford. Jager (as mentioned
in [11]) asked whether (g, (x))nen is Benford for almost every x. In this note we answer

this question affirmatively.

Theorem 1.1. (¢,(z))nen is a Benford sequence for almost every x. Equivalently,
(Ig gn(x))nen is u.d. mod 1 for almost every z.

We note that Schatte in [18] presented a proof by way of a direct analysis of the
continued fractions. Some of his estimates were illustrated via examples, rather than
being given full proofs valid for the general cases. Here we present a new, detailed
proof, based on ergodic theory methods. We believe this more general and hopefully
more transparent approach will lead to new insights on this and other related questions.
For one example, it follows immediately from our proof that for any constant p € R the
sequence (1g ¢, (z) + np)nen is also u.d. mod 1 for almost every z; the same holds for the
sequences (a; + -+ + ap)nen and (Ig(ay -« - an))nen-

In what follows will use the natural logarithm log in place of lg; it will be clear that
the proofs work for both.

The almost sure behavior of the sequence (log ¢, (z))nen is somewhat different from
the situation where x is a quadratic irrational, which equivalently has an eventually
periodic continued fraction expansion. In this case, as shown by Jager-Liardet ([10]),
log ¢, (x) = %a(az) + ¢n(z) + o(1) for large n, where «(z) is an irrational number, I(z)
is the period in the continued fraction expansion of z, and ¢, = ¢,; takes a finite
number of values periodically. One can then deduce uniform distribution mod 1 of the
sequence (log ¢, (z))nen from that of the irrational rotation (na(x)),en, the classical
Weyl’s Theorem. In the almost sure case, lim,_, logq,(z)/n converges to the Lévy
constant ﬁ and the rate of convergence is of the order O(y/n~!loglogn) by the
law of iterated logarithm of Philipp-Stackelberg ([15]). However we do not know if
the Lévy constant is irrational; moreover this rate of convergence is too weak to show
almost sure uniform distribution of (log g, (z))nen as a direct consequence of that for a
rotation; an explanation is that this gives lim sup rather than the sought-for time average
information. Nevertheless, one might still guess that (log ¢, (z))nen is u.d. mod 1 for
almost every x, given that the statistics of log ¢, (x) resembles well that of a partial sum
of i.i.d. random variables and that, as shown by Robbins ([16]), the sequence of partial
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sums of i.i.d. random variables (if not supported on a rational lattice) is almost surely
uniformly distributed (a.s.u.d.) mod 1.

The main idea of our proof is to approximate the sequence (log g, (z))nen fast enough
by a series of sequences of ergodic sums (in other words, sequences of partial sums
of stationary processes), each of which is a.s.u.d. mod 1 (Lemma 3.4). Sequences of
partial sums of stationary processes were studied by Holewijn ([9]) and more recently
by Chenavier, Massé and Schneider ([6]) where they found a necessary and sufficient
condition for such a sequence to be a.s.u.d. mod 1. We use a classical argument of
Furstenberg to find a condition in terms of coboundaries for sequences of the partial
sums generated by ergodic maps (Theorem 2.1). When the sequence is generated
by a Gibbs-Markov map we give examples where the coboundary condition is verified
(Theorem 3.2), and these provide the approximating sequences to (log g,).

2 Sequence of ergodic sums

Let (X, ) be a standard probability space, T': X — X be a u-preserving transforma-
tion, and f : X — R be a measurable function (also called here an observable). For any
n € N, x € X, form the ergodic sum S,, f(z) = f(x) + --- + f(T" '2).

Assuming ergodicity of T, we apply an argument of Furstenberg ([7, Lemma 2.1];
see also [3, Theorem 4.4]) to show that S, f(z) is almost surely uniformly distributed
(a.s.u.d.) mod 1 under a coboundary condition for f. Note that we do not assume the
compactness of X as done in [7].

Theorem 2.1. Let T be an ergodic u-preserving transformation and f : X — R measur-
able. Suppose for all integers k # 0, the equation e?>"**/(*) = ¢(z)/g(Tx) (a.s.) has no
solution g € L?(X). Then S,,f(z) is a.s.u.d. mod 1.

Proof. We write T = R/Z with the Lebesgue measure dt. Let Y = X x T and define the
skew product Ty : Y — Y by T¢(z,t) = (T'x,t + f(z)). Then T} (z,t) = (I"z,t + S, f(2)).
Now firstly A = p X dt is an invariant measure for T; this is because for any F € L3°(Y)

/Y FoTyd\ - / /Y F(Ta,t + f())dtdp — / /Y F(Tx, t)dtdp

://YF(x,t)dtduz/YFdA

by the invariance of dt under translation and the invariance of ;1 under 7. Moreover the
skew product transformation is ergodic; we follow Furstenberg’s proof of this part. If
not, then there is a non-constant invariant function ' € Li(Y) for T, thatis, FFoTy = F
almost everywhere. Now for almost every x, F(z,:) € L*(T). We write its Fourier
expansion, F(z,t) = Y, .z an(x)e*™", with a, € L2(X). Then

F o Tf (x’ t) = Z an(Tx)eQﬂ'inf(m)eQTrint.
nez

F oT; = F implies a,(z) = a,(Tz)e* /@), hence |a,(z)| = |a,(Tz)|, for every n € Z
and almost every z. The ergodicity of T implies that |a, ()| is a.s. a constant for every
n € Z. Since F is not constant, one of |a, (z)| with n # 0 is not 0. Say for k # 0, |ax(x)| is
a nonzero constant. Then e>**/(*) = q; (x)/a;(Tx) a.s., a contradiction to the hypothesis,
proving ergodicity of 7.

Next we show how u.d. in T follows from this. Let h € C(T). We extend this to
H:Y — Rby H(z,t) = h(t). This is a measurable function which is continuous on the
fiber over z, for each z. Note that H € L}(Y).
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The Birkhoff ergodic theorem implies that for every such H, hence for each continuous
function h € C(T), there is a full measure set E;, such that for every (z,t) € E, CY,

N-1
.1 n _ _
ngnooﬁgﬂozﬂf (J;,t)_/de)\_/Thdt. (2.1)

Since T is compact, C(T) is separable. Suppose {h; };cn is a dense subset of C(T), then
(2.1) holds for every h; and all (z,t) in N;ewE},. This passes over to every h € C(T): we
approximate h e-uniformly by functions h;, and both sides of (2.1) are within .

In conclusion, A-almost every (z,t) is a fiber generic point, that is, (2.1) holds for
every h € C(T).

Suppose (z,t) is a fiber generic point, then (z,t + s) is also a fiber generic point for
any s € T. This is because, for every h € C(T) defining h4(-) = h(- + s) € C(T) and
Hy(z,t) = hs(),

N-—1 N—-1
. 1 n _ . 1 n _ _
NIEHOONZ%HOTf(x,t—I—S)—A}E}nOONZ;)HSOTf(x,t)— Thsdt— Thdt.

So the set of all fiber generic points is £ x T for some E C X. Since this set has full
A-measure, u(F) = 1. Now for every x € E (x,0) is a fiber generic point. This means that
for every h € C(T),

N—1

) 1
Jim 5 30 (S, 1) = [ ha,
n=0
equivalently S, f(z) is u.d. mod 1 for every = € F. O

The coboundary condition is close to being a necessary and sufficient condition.
Recall Weyl's criterion (e.g. [13]): (z,,) is u.d. mod 1 if and only if for every integer k # 0

Proposition 2.2. Let T' be an ergodic u-preserving transformation and f : X — R
measurable. Then if S, f(z) is a.s.u.d. mod 1, the equation ¢*™**/(*) = ¢(x)/g(Tx) (a.s.)
has no solution g € L' with [ gdu # 0, for each integer k # 0.

Proof. Suppose for some integer k # 0 and g € L', 2™*f(®) = ¢(2)/g(Tx) a.s. Then
lg| = |g o T'|. We can assume that |g|=1 by ergodicity of 7. So

N N

1 , 1 - i

O TSI = =% T g(x)g(T"e) = g(x) / gdp as.
n=1 n=1

by ergodic theorem. It follows from Weyl’s criterion that if S,, f(x) is a.s.u.d. mod 1 then
[ gdp = 0. O

For circle-valued skew products the coboundary condition is called aperiodicity in [1].
This terminology makes sense in view of [3, Proposition 4.3]. However that fact for the
skew product does not directly imply the uniform distribution, which is why we give this
argument.
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2.1 Gibbs-Markov maps

When 7' is a Gibbs-Markov map, we give some sufficient conditions for the coboundary
condition to hold that are easier to verify. First recall the definition of a Gibbs-Markov
map from [2, 1]. Let (92, B, 1) be a probability space and let T" be a non-singular trans-
formation as defined in ergodic theory; this weakens the usual condition of measure-
preserving, to being measure-class-preserving, i.e. preserving sets of measure zero: that
is for A € B, u(T—*A) = 0 if and only if 4(A) = 0. In the setting of Aaronson, Denker and
Urbanski, one generally studies maps which are non-invertible with a countable number
of branches. The map restricted to each branch is non-singular while it may or may not
be measure-preserving when taken as a whole.

Consider a countable partition « of 2 mod u. Denote by agfl the refined partition
/7~y T~%a and by o(-) the generated o-algebra.

Definition 2.3. T is called a Gibbs-Markov map if the following conditions are satisfied.

(a) « is a strong generator of B under T, i.e. c({T "a:n € NU{0}}) =B mod u.
(b) iIelf w(Ta) > 0.

(c) Foreverya € a, Ta € o(a) mod p, moreover the restriction T, is invertible and
non-singular.

(d) For everyn € N and a € agfl, denote the non-singular inverse branch of T~™ on
T"a by v, : T™a — a. We denote the Radon-Nikodym derivative d’é% by v),. There

existr € (0,1) and M > 0 such that foranyn € N,a € agfl andz,y € T"a a.e.

Vg ()
V5 (y)

- 1‘ < M'T<‘:Cay)7

where 7(z,vy) is the metric r™®¥) with
m(z,y) = min{n € N : T""(z) and T" ' (y) belong to different elements of a}.

T is said to be topologically mixing if for any a,b € « there is n,; € IN such that
for any n > nq, T"a D b. Note that a topologically mixing and measure preserving
Gibbs-Markov map is always ergodic ([1, Corollary]). A function f is said to be locally
Lipschitz if

D, (f) =sup sup f
a€a z,y€a r(z,y)

and Lipschitz if

Let 3 be the finest partition such that o(T'a) = o(03).

Proposition 2.4. Let T be a topologically mixing and p-preserving Gibbs-Markov map.
Suppose ™ f(®) = g(x)/g(Tx) a.s. for some integer k # 0 and measurable g.

1. If f is a-measurable, then g is f-measurable.

2. Suppose p is a fixed point of T' and, with respect to the metric r, p lies in the interior
of a partition member and every open ball around p has positive measure. Ifp is a
continuity point of both T and f and if f is locally Lipschitz, then e*™**f(®) = 1.

Proof. 1. This is [1, Theorem 3.1].
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2. We can assume that |g|=1 by ergodicity of T'. According to [1, Corollary 2.2], the
condition that f is locally Lipschitz implies that g is Lipschitz. For a fixed point p in
the assumption, there is a sequence z,, tending to p such that |g(z,) — g(Tz,)| <
D(g)r(xp, Tx,) and e2™**/ (@) = ¢(x,)/g(Tx,). Since both T'z,, and z,, tend to p and
since f is continuous at p, it follows that 2 /() = 1. O

3 Applications to continued fractions

We return to continued fractions and prove Theorem 1.1 in this section. Let Q = (0, 1),
1 be the Gauss measure du = @ﬁdm, and T be the continued fraction map =z — {1/z}.
Denoting the continued fraction expansion of an irrational number z by [a1(z), az(2),.. ],
then T is equal to the shift map [a;,as,...] — [a2,as,...]. Let a be the partition into
cylinder sets determined by aq, i.e. a = {{z : ai1(x) = n} : n € N}. Let r(x,y) =
(1/2)mexin:a;(@)=a;(W).1SISM The constant r = 1/2 is chosen so that 72 - |[(T2)'| > 1. One
can check that 7' is a topologically mixing, u-preserving Gibbs-Markov map ([1, Example
2]), so we can apply results from the previous section to the continued fraction map.

Proposition 3.1. The equation ¢*>™**/(*) = ¢(z)/g(Tx) has no solution for any integer
k # 0 and measurable g in each of the following cases.

1. f(z) = ai(x)
2. f(z) = log(ax(z))
3. f(z) = —log(T'z), where | € N U {0}.
Proof. This follows immediately form Proposition 2.4, since

1. ai(x) is a-measurable and 8 = {Q}. For g to be S-measurable, it has to be constant,
but €271 is not.

2. The same reason as item 1.

3. Firstlet ! = 0. Note that log z is locally Lipschitz, because Dj,(log) has the order

of 1. Consider the fixed point p = @ =[1,1,...], which is in the interior of the
cylinder set {z : a;(z) = 1}. Both T and log are continuous at p, but e~ 27 108(r) £ |
for any integer k # 0. For | € N, log oT" is locally Lipschitz, as Dj,(logoT") has the

order of . But again e=2mik1og(T"'p) £ 1 for any integer k # 0. O

Consequently, applying Theorem 2.1,

Theorem 3.2. With respect to i, hence also with respect to Lebesgue measure, each of
the following sequences is a.s.u.d. mod 1.

(1) (a1(z) + -+ an(x))nen
(11) (log(al (1') e an(m)))nelN
(iii) (=S, log(T'x))nen, wherel € N U {0}.

Remark 3.3. Item (ii) implies that (a1 (x) - - - a,(z))nen is a Benford sequence a.s.

Now we prepare for the proof of Theorem 1.1. Recalling that ¢,, denotes the denomi-
nator of the convergent [aq,...,a,], to extend the previous theorem to sequences such
as (log g,,) that are not necessarily ergodic sums, we make use of a simple approximation
lemma. Given a sequence (u,(x)),en and a series of sequences (u%k)(m))nem, where
k€ Nandz € Q,
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Lemma 3.4. Suppose that for every k € IN the sequence (u%k)(x))nem is a.s.u.d. mod 1
and that

lim sup ||u7(f) — Uplleo =0,
k—o0 n>k

then (u,(z))nen is also a.s.u.d. mod 1.
Proof. For every m € N, choose k = k(m) such that

27 sup |[u® — up oo < 1/m.
n>k

So there is a full-measure set 2/, such that for every z € Q0 ,

2 sup |ull) (z) — u, (x)| < 1/m.
n>k

Again by assumption, there is a full-measure set 2, such that for every = € ,,,
(u%k(m))(x))nem is u.d. mod 1. Put Qp = Niens2, N O, which is a full-measure set.
Let z € Q. Since (u%k(m))(x))nem is u.d. mod 1, in view of Weyl’s criterion, choose

Ny > 2km such that for all N > N,

So forall N > Ny

i Z 627riu,, (z) < i iv: eQ‘n’iu(k)(:v) + i iv: ‘eZWiqu)(m) _ e27riun(x)
N n=1 h N n=1 N n=1
N
<v 3 2+ 2msup @) — ()
< 3/m.
Hence limy_,o0 77 25:1 e?™n(®) = 0, and (up(2))nen is u.d. mod 1. O

Now consider the difference 0, (z) = log g, (z) — (=S, log(x)). It is well-known that
0 () is uniformly bounded; in fact (see e.g. [12]),
Lemma 3.5.
On(x) =—=log(1+T"x - [an,...,a1])

where [a,, ..., a;1] represents the finite continued fraction 1/(a, +---+ 1/a1).

Proof. Because
T = Pn—1Tn + Pn—2

Gn—1Tn + Qn—2 ’
where r,, = 1/(T" 'z), one finds
Trg — Zdn — Pn .
Pn—1 — TGn-1
So
qn T Tnilx = (_1)nilqn(xq”—1 - p’n—l)-
Because p,¢n—1 — Pn_1qn = (—1)""! and q’;—*l = [an, - - -,a1], it follows that
8 = log(gn -x---T" '2)
dn—1

=—log(l1+T"x - [an,...,a1]). O
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Moreover, we can approximate (J,(z))nen by a dynamical sequence up to a uniformly
small error.

Lemma 3.6. Forallk € N, n > k and z € (0,1),
16, (T F2) — 6, (2)] < —log(1 — 27F/2),

Proof. Fixn € IN. Forevery 1 < k < n, let pr/Gx = [an, - .., an_r+1] be the k-th convergent
of the finite continued fraction [ay, ..., a1], 7x = 1/[@n—k+1, ..., a1] be the k-th remainder
and let pg = 0,9y = 1, then

D DT Do —
:]zi:pk k+1 + Dk—1 1<k<n.

Apyeey @ < ~ 9
lan 1 Qn QkTk+1 + Qr—1

One calculates

S (T ) — 6, ()
=—log(1+T"x - [an,...,an—k+1]) +log(l +T"z - [an,...,a1])
B Tz - ([an, -« Gn—k+1] — [Gn, - -, a1])
N 10g<1+ 1+ Trx - [ay,...,a]

_ T"x - (PrQr—1 — Pk—1Gk)
=—log |14+ —=—= p — -
G (@rTrs1 + Qe—1) + T2 - G (PrTrt1 + Pr—1)

TV - (—1)’“’1
:—log 14+ ——— p — - = ~ )
Gk (GeTr+1 + Ge—1) + T2 - Gk (PrTr+1 + Dk—1)

hence the lemma follows from the estimate
T (_ l)k—l

Gk (QeTr+1 + Ge—1) + T2 - Gk (PrTr+1 + Dk—1)
1 1 1

—~ —~ < ——= —~ = —
G (@1 + @o—1) Gk (Gk@nk + Go—1)  GeGrt1

< <27k2, O

Proof of Theorem 1.1. Let h(z) = —log(z), and for every k € IN let
%) =hoT* — 6,46, 0T.
Note that for all n > &,
10g ¢n () = Sph + 8, = Sp_kh'™ + Sph+ 6, — 0 0 T"F 4 6,,.

In order to show that (log ¢, (2))nen is a.s.u.d. mod 1, applying Lemmas 3.4 and 3.6, it
suffices to show that for every k the sequence

(Sn—ih® (2) + Sph(x) + 6k (%)) >k

is a.s.u.d. mod 1. For every k, subtract Syh(z) + x(z) from every entry of the latter
sequence. Since a translation does not change equidistribution, the equidistribution of
the sequence (S,,_xh® (2)) sk = (S, h*®) (2)),en will complete the proof.

According to Proposition 3.1, the equation ¢2*™"°T" = g/ o T has no solution for any

integer m # 0 and measurable g, so e27imh" = g/g o T also has no solution. Thus, by

Theorem 2.1, (S,2*)(2)),en is a.s.u.d. mod 1. O

Remark 3.7. Lemma 3.6 may be of independent interest. With 7" being u-preserving,
Lemma 3.6 implies that lim,, f 0n(x)dp exists and together with the ergodic theorem
this implies that for almost every «
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The limit on the left hand side can be explicitly calculated. Let ¢,(z) = T"x - q”q%(lg’),

then Bosma, Jager and Wiedijk ([5, Theorem 3]) found that for a.e. z, < > =1 Lo, (t(2))
converges to F(z) at every z € [0, 1], where

1 z
F(z)= Tog2 (log(1+z)— 1+Zlogz).

Since 6, (x) = —log(1 + t,,(«)) and since log(1 + z) is a bounded and continuous function
on [0,1], one has that for almost every z

n

1 ! 1
nl;ngoﬁz5j(x) 7/0 —log(1 +2)dF(2) = —1— S log2 +

Jj=1

2

12log2’

So lim,, o f dndp is equal to this number as well.
Let
Gn(m) = Qn|$Qn _pn|~

Since 6,, = log 6,1 + log quil, it follows that for almost every x,

DR 1
nl;n;oEZIOgﬁj(m) ——1—§1og2.

Jj=1

This gives an alternative proof of a result of Haas ([8]).
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