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ABSTRACT:- H.J. Zassenhaui has conjectured that every torsion unit 
in an integral group ring of a finite group is rationally conjugate 
to a trivial one. In this paper, we survey the known results 
regarding this conjecture; namely, that it holds when G is a nilpotent 
class 2 group or a split metacyclic group G" A~ B with some 
restrictions ·on the order of A and B. 

1. I NTROOUCTION 
Let G be a finite group. 

over the ring Z ~f rational 
·units of ZG. 

We denote by ZG the group ring of G 
integers and by U(ZG) the group of 

Let c: ZG + Z denote the augmentation function. The set 

V(ZG) " {a 6 U(ZG) I da) • 1} 

is cal le~ the group of no~matized un.UA of ~G. It is eastly seen 

that 

U(ZG) • {±1} x V(ZG) 

: For a given group X, we shall denote by TX the set of to~A~on 
; eternentA of X, ·i.e. the set of elements of finite order in X. 

i G. ·Higman, in the first classical paper on units in group rings 
![6] showed, among other things, that if G is abelian, then every 
1torsion unit of ZG is trivial, i.e. of the form ~g. g 6 G or, in 
iother words, that 
I 
~ TV(ZG) • G 

When G is not abelian, an obvious way to exibit new units of 
i finite order is to consider the conjugates of the trivial ones by 
· elements u 6 U(ZG). Of course, these units would have the same 
order as the elements in G. 

D.S. Berman [2] showed that, in general, if u e TY(ZG) then the 
order of u is a divisor of !GI. Also, S.K. Sehgal has shown that 
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ff u e TV(ZG) is a unit whose order is a power of a rational prim~ 
then there exists an element g e supp(u) such that o(u) a o(g) 
{see (15, theorem VI.2.1]). 

Hence, one might have a hope that eve~y element u S TV~~G) is 
conjugate to an element in G. 

This question was first considered by I. Hughes and K. R. 
Pearson [7J, who atribute it to Prof. H. Zassenhaus and showed 
that there exist torsion elements in V(zs3) which Me .not conjugate, 
in zs3, to a trivial unit. Shortly afterwords, C. Polcino Mi lies 
(10] showed that the same happens in zo4 • Nevertheless, it is easy • 
to show, in both ca~es, that this 1s not so if we allow conjugation 
to take place inside QG, the rational group algebra of the given 
group. 

Finally. H. Zassenhaus stated his conjecture precisely in (18): 
(1.1) Let u e TV(ZG). Then, there exists an invertible element 
a 6 ltG and an element g 6 G such that ci·

1ua • g. 

In this case, we shall say that u 1s rationally conjugate tog 
and write U"'9 •. 

The first positive result in regard to this conjecture is quite 
recent. It is due to A. K. Bhandari and I.S. Luthar [3] who (i'l) 
proved that the conjecture holds when G 1~ a metacyclic group of · 
order p9, where p and q are both primes _and q divides (p-1). 

2. SOME GENERAL RESULTS 

Before proceeding to survey the known results in regard to this 
conjecture. let us recall several well-known facts. 

A. Whitcomb [17) showed that if G 1s a ~etabelian group, i.e. 
1f it contains a normal subgroup A such that both A and G/A are 
abelian, then G is determined by its integral group ring. In 
other words, if H f s another group such that ~G:: ZZH then G • H. ./ 

Let us denote by _I(A) the kernel of the augmentation £A:"ll.A+'ll. 
and by l(G.A) the kernel of the map ~G + ZG/A induced by the 
natural homomorphism G + G/A. 

It is easily seen that: 

(2.1) I(G,A) • ZG.I(A) • { f Ya(a-l)jy 6 ZG}. 
• alA a 

' . 
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The essencial part of Whitcomb's argument consists in showing 

that, for each unit u E TV{7lG), there exists a unique element g e G 

such that 

(2.2) U:g {mod I{G).I(A)). 

This is derived from the following remark which we record for 
latter use: 

Given elements a,b EA we have that: 

.(a-1)(b-1) ■ ab-a-b+I • {ab-1)-{a-1)-(b-1) 

and hence: 

{2.3) 
J _(a-1 l+{b~O,. {ab-1) 

1-(a-1) = a- 1 • 1 

Also, we recall the following result. 

{mod l(G)I(A)) 

(mod l(G)IA()) 

(2.4) Pro position (G. Cliff, .S.K. Sehal and A. Weiss [4]) - The 
group u(1+I(G)I{Al) is torsion-free. 

Hence, we have: 

• {2.5) Corollary Let u 6 TV(7lG) and g £ G be as in formula (2.2). 

Then 
o(u) ■ o(g)" 

Proof Set o(u) ," n, o(g) ■ m. Then: 

(mod I(G)I{A)) 

Since gm .. 1, we have that um E 1 + I(G)I(A) and, because of 

Propositio~ (2.~). we must have u-1. Hence nlm, 

In·a similar way we also get that mjn. 

We now turn our attention to split metabelian groups f.e. ve 
shal 1 assume that G is a semi direct product of the form A >tB where 

A and Bare abelian. 

Hence, we have a split exact . sequence of groups: 

1 + A + G ! B + 1 

which, is turn, induces a sequence 

o + l(G,A) + ZG ! ZB + 0 

Since the sequence splits, the restriction to units Y(ZG)+Y(2B) 
1s onto and thus we have another split sequence: 

_1 + Y(l+I(G,A)) + V{7l.G) ! V(ZB) + 1 

I 
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Hence, we see that V(ZG), is agaio a semidirect product of 
· groups: 

(2.6) V(ZG) • V(1+l(G,A)) ,. V(ZB), 

We shall now show that the conjecture holds at least for some 
of t~e units in ZG. The technique involved goes back to Hilbert's 
theorem 90. First we need the following lemma. 

(2.7) Lemma Let G be a finite group and let A be a normal 
p-subgroup of G, where pis a rational prime, Then any element 
of the form a" t+cS, where tel is not divisible by panda e l(G,A), 
is invertible in QG. 

Proof Since ~G is semisimple, artinian, if a was not invertible 
it should be a zero divisor. Hence, there would exist an element 
II e ZG such that: 

Ila • llt+ll6 • 0 
thus, 

Since (t,p) - 1, we can find integers r,s such that rt+ps c 1 
so, if we work modulo p (1.e., if we go to 2'ZPG), we obtain: • 

B _ -rB6 (mod p), 

It follows immediately that: 

(mod p), for all neN. 

Since I(G,A) 1s nilpotent Jn 7lpG, we ·see that B = 0 (mod p) 
hence 

fl • PB1 with a, e7lG. 

Then, again we must have that e1a • 0 ·. and the same argument • 
above shows thH s1 is of the form 111 • pe2, with s2 EZG. 
Inductively, we would prove that all powers of p divide the 
coefficients of pa contradiction. A 

(2.8) Theorem (C. Polcino Mi lies and S.K.· Seh gal [ 11 ] ) Let 
G • A ,. B be such that (o(u). IAI) • 1. Then u is rationally . 
conjugate to an element be B. 

Proof We shall proceed by induction on the number of primes 
dividing IAI. So, let us first assume that A is a p-group, for 
some rational prime p. 

Let u E V(ZG) be as in the statement of the theorem and write u•vw, 
vith v E V(1+I(G,A)) and w6V(ZB) and set t • o(u). writing v •wvw- 1 
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we have that: 

Hence: 

t-1 
v.vw. .vw • \. 

Now, set: 

Then 

and hence 
I w w . wt- I 

vwzw.· .. v+v + ... +v.v ••••• v .. z • 

Now, since v = 1 (mod I(G,A)), it follows that z t (mod I(G,A)) 

thus, it exists .se I(G,A) such that z .. t+6 and, since (t,p) • 1, 

the previous lemma shows that z is invertible 

Consequently: 

z· 1uz ■ z· 1(vwlz = w with we TV(ZB). 

Since Bis abelian, the result by G. Higman mentioned in the 

i ntrodtic t ion shows that w •b, for some b e B. 

For the induction step, write A • A1 x A2 , where A
1 

is a p-group 

and A2 a p'-group for some rational prime p. Then writting 

G2 • <A2 ,B~ we have that G1 • A1 ~ G2 • 

If u e TV(7lG) is such that (o(u), IAI) • 1 then also (o(u), IA 1D-t 
and we can use the argument above to show that there exists an 

invert_ible ' elem~nt z 6 ~G such that z· 1uz ■ w.e TV(ZG2 ). From the 

induction hyp,othesis, since G2 • A2 >11 B, w itself is conjugate to 

an element g 6 G2 and the proof is completed. A ~ 

We still have another information about units in V(7lG) which is 

worth mentioning. 

(2.9) Pro position 

divisor of IA!_. 

If u e TV(l+l(G,A)) then the order of u is a 

Proof Assume u-1 +6 with o5 e I (G ,A). Then u is of the form: 

u • 1 +rya(a-1} 
a . 

Now, each Ya is of the form: 

y • 
a 

ya e ZG. 

' I 
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Hence: 

Ya(a-1) ■ }: z 'j (b.-1 )(a-1 )aj + I 2 1 .(aja.1) 
i ,j l 1 i 'j J 

and thus 

Y (a-1) = }: z1j (a .a.1) a 1 ,j J . 
(mod I(G)l(A)) 

and formulas (2.3) show that 

ha(a-1}:a
0

-1(modl(G)l(A)) for some a
0

6A 
a . 

and, hence: 

_u: a
0 

{mod I(G).I{A)). 

Nov, corollary (2.5) shows that o(u) ■ o(a
0
), which is a divisor 

of !Al A 
No other general result 1s known so far, so we shall have to 

consider some special cases. However, we shall first show how 
representations can be used to help to solve this problem. 

3. CONNECTION WITH REPRESENTATIONS 

First; we shall prove a result that evables us to consider the 
problem in a bigger field. 

(3.1) Lemma Let k<=K be fields of characteristic O and G any finite 
group. If two given e 1 ements a, Se kG a re eonjuga te in KG then 
they are. also conjugate in kG, 

Proof Let x,e be given elements in kG and let us first consider 
the equati?n 

ax • xe 

wfth x • I x1g1 where x1, 1:S is n are unknowns. 
i 

If we write down explicitely both sides of the equation, we 
shall obtain a linear sistem of the form: 

MX ■ 0 

11ith X ■ [ .;q and MS knxn, where n,-IGI. 
n 

Since the assumptions of the theorem imply that there exists a 
non trivial solution fo Knxi then ~:e must have det M ■ 0 and hence 
there exists a non trivial solution also in knxl" Actually, we 
can find t independent vectors v1, ••• ,vt 6 ktxl such that every 
solution in knxl of the system is ,of the form: 

,,. 
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We wish to show first that at least for one of these solutions 

v .. [.:.1 ] the corresponding element u " }:aigi is not a zero divisor 
in kG~ 

Hence assume that all of them are. Let T be the regular 
representation of KG, We shall denote by T(vi)' for briefness, 
the representation of the element corresponding to v1 in kG. 

Then: 
t 

T(v) • I \.T(v.) 
i = 1 1 1 

Stnce we are assuming that T(v) is a zero divisor, for every 
choice of ). 1 , ... ,).t 6 le we have: 

t 
det(_! ).iT(vi)) • 0 

, .. 1 
t 

Since k is infinite, this means that the polynomial det(_}: XiT(v1D 
, .. 1 

in the indeterminates x1,-.,Xt is O. However, we know that there 
exists a solution of the system, in Knxl , say (r1, ••• ,rt) such 
that the corresponding element is invertible, and thus 

a contradiction. 

t 
det<.I r.T(v

1
.)) ~ 0 

i•1 1 

Hence, we must also have a solution :i. 1 , ••• ,).t e k such that the 
corresponding element u is not a zero divisor and verifies: 

au" uB. 

Since kG is artinian, semi simple, an element u e kG which is not 
a zero diviso~ is ' invertible. Thus u· 1au •Sand a,S are 
conjugate in kG, as desired. ,. 

As an immediate consequence, it follows: 

(3.2) Corollary Let u 6 TV(7lG). To show that u is rationally 
conjugate to an e I ement g e G is suffices to show that there exists 
an element a 6 U(l:G) such that a· 1ua • g. 

Hence, we have: 

(3.3) Lemma Let u e TV(ZG). Then u is rationally conjugate to an 
element g e G if and only if for every irreducible complex 
representation T of G the matrices T(u) and T(g) are conjugate. 
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Proof From Wedderburn's theorem we know that tG is of the form: 
t 

O:G - G 0: 
¢ i=1 nixni 

Let r1 be the irreducible representation corresponding to the 
i-th sir.iple component, and assume that there exists A1 6 tn.xn. 

1 1 
such that A11Ti(u)A1 • Ti(g). 

t 
We can assume that the isomorphism 4> is given by g," ~ T •• 

i = 1 1 

Then, if a e tG is the element corresponding to (A 1, ••• ,At) is 
isomorphism, we have that a· 1ua • g. 

(3.4) ler.ima Let u e V(ZG) and g £ G be elements such that 

the 

o(u) = o(g). If x(uk) • x(gk) for all p~sitive integers k and all 
complex irreducible characters x then u is conjugate tog in tG. 

Proof IfT is the irreducible representation corresponding to the 
character X, then: 

g-+ T(g} and g --+ u -.. T(u) 

are two representations of the cyclic group <9> which afford the 

same character; hence, they are similar and thus T(g)~T(u). 

Since this happens for all irreducible complex representations, 
the result follows from lemma (3.3). A 

4. NILPOT~NT CLASS 2 GROUPS 

J. Ritter and S.K. Sehgal [13] have shown that the Zassenhaus 
Conjecture holds for nilpotent class 2 groups. More precisely, 
their result is as follows: 

{4.1).Theorem let G ~ea nilpotent class 2 group and 

u e TV(ZG). Let g be the unique element of G such that 
l(G)IG')). Then u Is rationally conjugate tog, 

set 
u = g (mod 

Proof • Let X be one s~ch irreducible character and 1 et N <1 G be the 
kernel of x. For an element u E7lG -we shall denote by ii its image 
in ZG/N. 

Since I(G)I(G') l(G)I(G') we have that 

u = ii (mod I (G) I (GI ) ). 

Write 

u .. i a-.x 
xE"G" x , 
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If ax~ 0 for same x in the center of 'Ci, then a well-know 
theorem of Berman (2) shows ~hat actually u • i. Because of 
the uniqueness of the correspondence modulo l(rr)I(~') we must 
have: 

hence, obviously x(ul • x(g) in this case. 

Then, we can assume that all elements in the expression of u 
are noncentral, 

N-otice that also g must be non-central, since otherwise we 
would have 

.-:1 - - I 9 • u := mod( I ('Ci) I ('G'') 

. and ~1 ~ would be of finite order, contradicting (2.4). 

Now, T.R. Berger [1] has shown that irreducible complex 
characters of nilpotent class 2 groups vanish outside the center. 
Hence we have: 

x(g) • o 

xCu> • I ax-.x<x> • o 
xerr 

Thu's, x{g) • x(u) also in this case. 

Finally, since u = g (mod I(G}I(G')) also implies that uk = gk 

(mod I(G)I(G')), our proof is complete because of Lemma (3.4). A 

The resu1t above might suggest that, in the metabelian case,if 
u = g{mod I (G). I (A)) and the Zassenhaus conjecture holds, then u 
is rationally conjugate precisely tog. However, this is not the 
case.· 

Actually _G. Gliff, S.K. Sehgal and A. Weiss gave in [4] a 
whole family of idea 1 s I k such that for each unit u 6 TV(ZG) there 
exists _ an element gk e G such that u = gk (mod lk). 

In the very same paper [13] , J. Ritter and S.K. Sehgal gave 
the following example: 

Set 010 • <a,bla5 • b2 •1 , ab -i • a > • <a> x <b> • 

Then, all the ideals Ik coincide with either l(G)l(A) or 
l{All(G), where A• <a>. 

The element u ■ -a2+a3+a 4+C-1+a 3)b is a unit of order S such 
that: 



• 10 • 

u = ai mod I(A) I (G) 

us a2 mod l(G)I(A). 

On the other hand, they show that u is rationally conjugate to 
both a and a4• 

5. HETACYCLIC GROUPS 

As we mentioned in the introduction, the first positive result 
on the Zassenhaus conjecture was obtained by A.K. Bhandari and I. 
S. Luther (3) who proved it for the metacyclic group: · 

G • <a,bjaP • bq • 1, ba b-l = aj> • <a>><1<b> 

where p,q are primer, p odd, q[(p-1) and/= 1 (mod p). 

This result has been extended to the following. 

Theorem (C. Polci.no Milies, J. Ritter, S.K. Sehgal [12)) Let G be 
the split metacycl ic group G • <a> >4 <b> with (o(a) ,o(b)) • 1. 
Then every unit u e TV(ZG) ,is rationally conjugate to an element 
g e G. 

Actually, this result was achieved in several steps. With the 
notations of the theorem, wr have: 

The Zassenhaus conjecture holds if <a> is a p-group, 
<b> a p'-group and the action of b on <a> is faithful [11]. 

In [13], the restriction about the faithfullness of the action 
vas removed and it was also shown that the conjecture holds when 
o{a) •nan odd integer and o(b) c q, a prime not dividing n. 

The final result was obtaJned in [12]. 

To give an idea of the methods involved in the proof, let us 
consider the first case, where o(a) • pm , o(b) • s, o(p,s) • 1 
and b a b-f • ~j- and o(j) • s in Z/p!nz. • 

Given an element g e G !e can write it on the form g •aS where 
ae<a> and fle<b>. 

If fl" 1,itis of the form S • bh. As before, we see that: 
s jh jh(s-1} s _(1+jh~--~Jh(s-1)) : g = a.a ..•.. a .S • ~ • 

And we have: 

(l-jh)(l~jh+ •• ~jh(s-1)) • l-jhs _ O (mod pm). 

If Pl(1-jh) we can write jh • 1~kp, hence 
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and, inductivelly 
h m-1 

j p • 1 

So we would have sjhpm-l and since (s,p)z1, we have that slh, 

a contradiction. Then pt(1-jh) so 

1+jh + : •• + jh(s-1) 5 -0 (mod pm) 

This argument shows that, for any e 1 ement g e G we have that 
ei~her o(g)ls or o(g)lpm. 

Because of Corollary (2.5), the same is true for a unit 
u e TV(ZG) and Theorem (2,8) shows that we only need to consider 

units u such that o(u)lpm. 

Notice also tha·t, if u .. v.w with v€V(1+I(G,<a>)) and 

w6 V(Z<b>). with w;o 1, the initial part of the argur.ient in 
theorem (2.8) shows that (O(u).s)" 1. 

Hence, we only have to consider units u e V( l+I(G,<a>) and 
Proposition (2,9) shows that these are certainly p-elements. 

To treat this case we shall use representations. It is shown 
in Curtis-Reiner, [Srp.336] that the irreducible representations 
o~ G a~e among the ones given by: 

D 

• . 1 

D 
where-C is a pmth root of unity. 

s-1 k 
Write u in the form u • I ak(a)b where ¾(a) EZ<a> 1H.Ss-1. 

k ■o 

If ♦: -(C) .. . ,Cc) denote·s the automorphism such that¢(()• Cj, 

it is easy to see that: 

ao (Ci) a 1 Ct1 l as_,<ci) 

T1(u) • a£_ 1 ( C 1) at<ci) at.2<ti> 

s-1 l-1 ; •s-1 i 
af (ci) az (E; ) ••• a0 Ct ) 

Now,we notice that 
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m 
Since T.(u)P = 1, the matrix is diagonalizable and, because 

l r• of the observat,on above, we see that if E; 1 is an eigenvalue of 
T1(u), then E;r;J is again an eingenvalue. Thus: 

r. 
E; , 

.s-1 
l',J E; , 

The rest of the proof, which is still rather long, consists in 
showing that actually the element ar; does not depend an the 
representation Ti considered. 

In the general case additional difficulties arrise, since the 
reduction to the case where u 6 TV(1+I(G,<a>)) is more delicate 
and the representations of G' , up to rational equivalence, are 
given by: 

0 

0 

where d runs over the divisors of n, E; is a fixed n-th root of 
unity; td is the order of j in Z/~, n is a primitive t/td-th root 
of unity andµ•. 0,1,2, ••• ,t/td-1. 

6. RECENT RESULTS 

Recently, some results regarding the Zassenhaus Conjecture have 
been obtained for some special classes of split metabelian groups, 
which we wish to mention. 

Theorem (S.K. Sehgal and A. Weiss [16)) Let G • A >t B be a sp 1 it 
metabelian group, where A is an elem~ntary abelian p-group and B 
is any abelian group. If B acts faithfully irreducibly on A then 
the Zassenhaus Conjecture holds for ~G 

Theorem {Z. Marciniak, J. Ritter, S.K. Seh gal and A. Weiss [ S 1) 

• , r . • 'L . 
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Let G • A,. B be a split metabel ian group. Then the Zassenhaus 

conjecture holds for ZG in the following two cases: 

(i) When A is abelian, Bis of prime order q and q< p for every 

prime p dividing IAI, 
(ii) When A- • <a> , Bis abelian of order 111 and m<p for every 

prime p dividing !Al, 

7. FINAL REMARK 

There is anothe conjecture due to H.J. Zassenhaus which is 

stronger then the one we have considered, namely: 

Every finite subgroup of units in V(ZG) is rationally conjuga­

te to a subgroup of G. 

If we restrict ourselves to consider only maximal subgroups of 

V(7lG) i.e. subgroups H c: V(ZG) such that IHI • IGI then some 

results are known, 

For example, in 1969, S.K. Sehgal [14) showed that this 1s 

true for nilpotent class 2 groups and in 1976 G. Peterson ( 9] 

showed . that it is also true for the symmetric groups Sn. In his 

conference in this same meeting, prof. K.W. Roggenkamp has 

announced that the res~lt also holds for arbitrary nilpotent 
groups. 

No results are known in regard to the conjecture in its full 

generality as stated above. 
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