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1 Introduction

Integrability is a very important feature found in several instances of the AdS/CFT cor-
respondence. On the string theory side, formulated as a two-dimensional field theory, the
notion of integrability is associated to the existence of a Lax connection which ensures the
existence of an infinite number of conserved charges. In the case of AdS5 x S° superstring,
SV [1] and the Z4-gradin

SO(1,4)xSO(5) 4-8 g
of the psu(2,2|4) superalgebra is a fundamental ingredient to obtain the Lax connection [2].

the theory is described as a o-model on the supercoset

Recently, techniques to deform integrable theories while keeping their integrability have
been developed. One of them is based on r-matrices that satisfy the Yang-Baxter equation.
This kind of deformation was proposed by Klimcik as a way to obtain an integrable defor-
mation of the Principal Chiral Model [3, 4]. He used a Drinfeld-Jimbo r-matrix [5, 6] which
satisfies the modified classical Yang-Baxter equation (mCYBE). This deformation was also
applied to symmetric cosets o-model [7] and furthermore to the AdSs x S° o-model [8, 9].
In this last case the supercoset construction was performed and the background was named
n-deformed AdSs x S° [10, 11]. The important feature of this deformed background is that
it does not satisfy type IIB supergravity field equations which led to a proposal for gener-
alized supergravity equations [12, 13]. However, it was shown recently that the standard
supergravity equations are satisfied by an n-deformed background if the Drinfeld-Jimbo
r-matrix associated to this deformation is constructed in a specific form [14].



It is also possible to consider r-matrices that are solutions of the classical Yang-Baxter
equation (CYBE). The deformation of the symmetric coset o-model was performed in [15]
and for superstrings in AdSs x S° in [16]. The interesting property of these deforma-
tions is that they lead to several known backgrounds of type IIB supergravity [17-21],
namely Lunin-Maldacena-Frolov [22, 23], Hashimoto-Itzhaki-Maldacena-Russo [24, 25!
and Schrodinger spacetimes [27-29], which can also be obtained via TsT transforma-
tions [30]. In these cases the r-matrices are all Abelian. These results were extended
to the nonabelian case [31] and it was conjectured [32] that deformations using solutions of
the CYBE are equivalent to nonabelian T-duality transformations [33, 34]. An interesting
feature of these deformations is that they can generate partial deformations, i.e. either
in AdSs or in S° for the AdSs x S° case. In terms of TsT transformations this can be
explained by considering two-tori with directions either along the brane or transverse to
it, or with one direction along the brane and the other transverse to it [35]. In the first
case the directions of the two-torus will be generated by momenta operators and this cor-
responds to a noncommutative two-torus in the field theory, i.e. a noncommutative field
theory. By choosing one direction along the brane and one U(1) direction, generated by
a Cartan generator, transverse to the brane we get the so-called dipole deformation which
gives nonlocal properties to the dual field theory without noncommutativity. If there are
three U(1) possible transverse directions, that is three Cartan generators, we can perform
the deformation in three ways or more, generally a combination of them. This type of
deformation breaks supersymmetry and Lorentz symmetry in the dual field theory. If the
two-torus is in the transverse directions we get U(1) x U(1)-type deformations called (-
deformations (or vy-deformation if the parameter is real). In general, having three U(1)
directions in the transverse space allow us to construct the transverse two-torus in three
ways to get different deformations or a combinations of them. This type of deformations is
marginal, i.e. it does not affect the conformal symmetry of the dual field theory but reduces
the number of supersymmetries from N = 4 to A/ = 1. There is another way of getting a
deformation from the TsT perspective: the null Melvin twist or TsssT transformation [36].
This is similar to the procedure for dipole deformations and can be extended to multiple
parameters if the internal space has more than one U(1) direction, as it is the case of S°
and CP3. In general, by deforming the AdS subspace we expect, by the AdS/CFT corre-
spondence, to obtain either nonconformal or noncommutative or nonlocal theories as duals.
On the other hand, by deforming the internal subspace we expect, in general, to reduce
the supersymmetries on the field theory side. Thus, a combination of these deformations
in the gravity side leads to interesting dual field theories.

Another well-known case of the AdS/CFT correspondence is the duality between N' = 6
superconformal Chern-Simons theory in three dimensions (or ABJM theory) and type ITA
superstrings in AdS;x CP? [37]. The string theory is partially described by a o-model on the
supercoset UOSp(2,2[6)/ (SO(1,3) x U(3)) [38, 39] and since the superalgebra uosp(2, 2|6)
has a Z4-grading it is possible to show its integrability [38]. Only recently Yang-Baxter

!This background was also obtained as a 7 — 0 limit of the n-deformed AdSs x S® background [10] after
a rescaling [11, 26], showing that there are particular limits of n-deformed theories for which we obtain a
standard supergravity solution.



deformations of the o-model on this supercoset has been considered [40]. A solution of the
CYBE for an abelian r-matrix, in which only the CP3 subspace was deformed, was found.
This deformation leads to a three-parameter S-deformation of the AdS,; x CP? background
that can be obtained also by using TsT transformation [35]. Motivated by this work our
aim is to study other possible integrable deformations of this background.

The r-matrices satisfying the CYBE are constructed in terms of combinations of gen-
erators of the superalgebra uosp(2,2|6). We discuss r-matrices that lead to gravity duals
of noncommutative ABJM theory as well as its three-parameter dipole deformation. These
backgrounds were found initially by performing TsT transformations on the AdS; x CP3
background [35]. In addition to this, we also present r-matrices that lead to gravity duals
of a nonrelativistic ABJM theory in a Schrédinger spacetime.

This paper is organized as follows. In section 2 we present a short review on the
construction of Yang-Baxter deformed o-models and in section 3 we derive the bosonic
deformed background for a generic Yang-Baxter deformation. In section 4 we build the
coset for AdSy x CP? paying attention to the relevant subalgebras that will be necessary
in the following section. In section 5 we discuss the NSNS sector of the new backgrounds
obtained by deforming AdSs; x CP? and in section 6 we discuss our results and future
perspectives.

2 Yang-Baxter deformed o-models

The action for the Yang-Baxter o-model on a Lie superalgebra g of a supergroup G with
Zy grading is given by [8]
(1+ c7]2)2

= 2 Paﬁ A, 2.1
s ﬂl_m%/da__&u (dJs) 2.1)

where the Maurer-Cartan one-form A = ¢g~'dg € g, with ¢ € G, having Z4-grading,
splits as
A:A@@Am@Am@A@,{MWAquﬂ“mmMZ¢ (2.2)

Also, PP = %('yaﬁ — ke®?), where 4*? is the worldsheet metric with dety = 1, and x* = 1
as required by kappa symmetry. The operator d and its transpose® d are

d=P +

P, — P 2.3
1_0772 2 3 ( )

d=—-P +

P+ P 2.4
1—cn? 2+ 13, (2.4)
where P; (i = 1,2,3) are the projectors on each subalgebra of g except Py on g(®). This is
required in order to have a g(®)-invariant action. The deformed current and its transpose

are defined as

1
J=——"A 2.5
1—-nRyod (25)
~ 1
J=———=A, (2.6)
1+nRyod

2The operators d and d are such that Str (MdN) = Str (JMN) with M, N € g.



where the operator I is
Ry(M)=Ad,'oRoAdy (M) =g 'R(gMg')g, g€G. (2.7)

R is the operator associated to the Yang-Baxter equation (YBE) which can be written, in
its modified version, as

c=0 CYBE
[RM, RN] — R ([RM, N] + [M, RN]) = ¢[M, N], { o eovRE (2.8)

where M, N € g. In (2.1) and (2.8) the parameter ¢ refers to either the classical Yang-
Baxter (CYBE) equation or to the modified classical Yang-Baxter equation (mCYBE).

3 Bosonic backgrounds

In order to discuss the bosonic backgrounds we switch off the fermionic generators so that
we now have g, = g(® @ g®. For the case of the CYBE we get from (2.3) and (2.4) that
d = d = 2P, where P, is the projector on g(?). The deformed Lagrangian in (2.1) reduces to

L= —% (v = 9) Str (Aa Py (J3) (3.1)

where we have chosen k = 1 for convenience.

Let us consider the case where g(? is a coset subalgebra g = g / g©. Thus, g©®
has the generators of the local bosonic symmetries while g contains the generators which
will allow us to construct the background. With this in mind, the projector P> can be
written as

Str (K, X Str (H; X
P (X)=2 Sttr ((KmKni)Km =X -2 5y ((HZ»HZ»)) H, (32)

where K,, are the generators of g@, H; are those of g(® and X € g.
The currents in (2.5) and (2.6) can be recast as

A= (1-2nR,0P)(J), (3.3)

A=(1+2nRy0 Py) (J),
and we can find P, (J) by projecting (3.3) into g(®,
Py (J)=Py(A)+2nPooRyo Py (J). (3.5)
We then find that P, acts as
Py(A) = E"Kp,  By()) ="K, P (J) ="K (3.6)
In addition, we are going to need the following projection
Py (R, (Kp)) = AVK,,. (3.7)

To do that we define from (2.5)

1 1
 1-2nRyo P’



so that

P, (07! (Km)) = C\' Ko, (3.9)
From (3.6), (3.7), (3.8) and (3.9) we find
or
C=(I-29A)"". (3.11)
Also, (3.5) becomes
E"K,, =37 (6, — 2nA,") K, (3.12)
so that
j™ = E"C,™, ™ =E"C,", (3.13)
with
C=(I+27A)7". (3.14)

Then, from (3.1), we can read off the metric and the B-field as
ds®> = Str (A Py (J)) = j™Str (AK,,,) = E™C, "Str (AK,,), (3.15)
B=Str(AANPy(J)) = —j" AStr(AK,,) = E™C,' A Str (AK,,) . (3.16)

4 Coset construction for AdS, x CP?

Arutyunov and Frolov [38] and Stefanski [39] proposed a supercoset o-model formulation for
type ITA superstrings in AdS; x CP? along the same lines as what it was done for type IIB
superstrings in AdSs x S°. In this formulation type ITA superstring theory in AdSy x CP3
is described by a g-model on the supercoset UOSp(2,2/6)/ (SO(1,3) x U(3)). However, in
this supercoset the spinors have 24 components instead of the usual 32 components so that
it does not describe the full superstring. This means that the missing components have
been gauged away so that this coset has a partially fixed k-symmetry [38].
The isometry group of AdS; x CP? is the coset

_SO(2,3) SU(4)
AdSy x CP3 = S0(.3) X UG) (4.1)

This bosonic group is part of the supercoset UOSp(2,2(6)/ (SO(1,3) x U(3)). The super-
group G = UOSp(2,2|6) has superalgebra g = uosp(2,2|6) on which the o-model can be

constructed. The generators of g can be written as supermatrices formed by blocks that
correspond to bosonic and fermionic generators. The bosonic part of g can be written as

g@
50(2,3) @ sud
= 2,3 4) = 1,3 3 —_— 4.2
g 1= 50(2,3) @ au(4) = (so(13) & u@) & ( S22 (12)
Then a supermatrix on g then has the following form
50(2,3)] Q
Mgy = , 4.3
(4]a) ( 0 511(4)) (4.3)



where @, Q are the fermionic blocks corresponding to the fermionic sector of g, gr = g(l) <)
g®). As discussed in [40], in order to get the Fubini-Study metric for CP3, we have to
extend the coset of CP3 with an su(2) algebra. Then the coset for AdS; x CP3 is now
written as

e

50(2,3) ® su(2) @ sud
50(1,3) ®su(2) ® u(3)> '

g©
gp = 50(2,3) @ su(2) @ su(4) = (s0(1,3) @ su(2) ®u(3)) ® (

(4.4)
The supermatrix for g will then have the following structure
s0(2,3) 0 | @
M gj2)x (6]4) = 0 jsu2)| 0 |, (4.5)
Q ' 0 ‘5u(4)

where the dashed line splits the algebras corresponding to the subspaces AdS; and CP?,
and the solid line splits the Mgxg and My« bosonic blocks. Notice that this extension
does not mix with the original fermionic blocks.

The basis of s0(2,3) & su(2) & su(4) that we will consider is composed of s0(2,3)
generators denoted by M;;, i, = 0,1,2,3,4, su(2) generators denoted by My, a = 1,2, 3,
and su(4) generators denoted by Ly,, m =1,...,15,

where m;; are the ten 4 x 4 antisymmetric matrices representing the generators of isometries
of AdS4 and o, and A, are, respectively, the conventional 2 x 2 Pauli and 4 x 4 Gell-mann
matrices of su(2) and su(4) (see appendix B and appendix A). The commutation relations
and supertraces are

[M;j, Mye] = 03 4+ 06 Mip — 1. Mg — 1;iMip,

(4.7)
Str (M;;Mye) = —nanje,

with n;; = diag (—, 4+, +,+, —, +,+,+,+,+), and
Lo L] = fru L, Str (L) = 0 (4.8)
(M, M) = €, °M., Str (M,M;) — —%5@. (4.9)

The global symmetry algebra of AdSy space can be written as
50(2,3) = s0(1,3) @ Zzggi (4.10)
where

Zzg g; —span{Kn}, m=0,1,23, (4.11)



with
Ky = 5M04, K; = §M14, K, = §M24, Ks = §M34 = §D= (4-12)

and 1
Str (K, K,,) = 7T m,n=0,1,2,3. (4.13)

The so(1,3) generators are {Mjo1, M2, Mos, M2, M3, M3} and an appropriate coset
representative for AdSy is

JAdS, = €Xp (xopo + xlpl + x2p2> exp (logrD), (4.14)

where p, = M3 + M4, p=0,1,2.
The CP? space can be written as the coset in

su(2) @ su(4)

2 4) = 2 3 —_— 4.15
su(2) @ su(4) = su(2) du(3) ® u(2) & u(3) (4.15)
A basis for this coset is
su(2) @ su(4)
e A kit S A Ko, —4,....,9, 4.16
@) ous Kl om (4.16)
where
K4 =Ly, K5 =Lz, Kg= L3, (4.17)
K7 = Ly, Ks = H, Ky = Ly,
and H = Lg + Lg + My, with L,, given in (4.6). We also have
1
Str (K, K,) = iémn’ m,n=4,...,9. (4.18)

The generators of 5u(2) D u(3) are {TQ, MQ, Mg, Ll, LQ, L3, L4, L5, L7, Lg, Tl, L15}, with
T = Lg — Lo, Ty = Le + Lg 4 2M;. (4.19)
An appropriate coset representative is then

Jop3 = €Xp ((p1L3 + o — I/JM;J,) exp (01L2 + (92 + 7T)L14) exp ((2§ + 7T) (L10 + Mg)) s

(4.20)
where
L= LrL V@L (4.21)
- \/g 8 3 15- .
Therefore, the full bosonic representative for AdS; x CP? is
g = gAds, X gcps- (4.22)

In order to find out the undeformed background we will use the procedure taken in sec-
tion 3. Now the bosonic algebra is 50(2, 3)®su(2)®su(4) so that the projector (3.2) becomes

1. Str(KpX)

Ly~ Str(KnX) Str (K X)
4 —~ Str (K, Kp,) Km, (423)
pn=0

P (X) = K, +



and (3.6) turns into Py (A) = E™K,,, m = 0,1,...,9. Using the parametrization (4.14)
and (4.20) we find

1 1 1 d
EY = Srda, B! = Srda!, E? = Srda?, B =
,
1 1 1
Ft= 3 sin 01 cos&dpy,  E° = 3 cosédfy,  E°= —5 sin 0 sin £deps,
1 1
E" = ) sin £dbs, E® = 1 (cos @1dpy — cos Badipy + 2dip) sin 26,  E? = d¢.
(4.24)

Then the undeformed AdS; x CP? metric? can be found from (3.15) with = 0 so that
from (2.5) we have J = A and then

1 dr?
dstas, = i <r2 (_dg;g + dz? + dxg) + 7"2> , (4.25)

and

1 1
dS%Pg =de? + 1 cos?¢ (dﬁ% + sin201dcp%) + 1 sin%¢ (dﬁ% + sin292d<p§)
1 1 9 (4.26)
+ <2 cos 01dpy — 3 cos adipo + dw) sin2§ 00825,

where (61, 1) and (6, p2) parametrize the two spheres of CP?, the angle ¢, 0 < & < /2,
determines their radii and 0 < ¢y < 27. This background comes from the eleven-dimensional
M-theory on AdSy x S7/Z; corresponding to N = 6 U(N) x U(N) superconformal Chern-
Simons theory at levels k and —k when we take large N and k [37]. Due to the Zj, quotient
the S7 can be expressed as a S' fibration over CP3. And since the radius of S' becomes
small as k increases the internal space reduces to CP? which gives the AdSy x CP? ten-
dimensional spacetime. The CP? metric (4.26) is a particular form of the Fubini-Study
metric [41].

5 Yang-Baxter deformed backgrounds

In this section we present some r-matrices satisfying the CYBE and build the corresponding
AdS, x CP? deformed backgrounds identifying their gravity duals.

5.1 Noncommutative ABJM theory
Let us first consider an Abelian r-matrix like
T:/,Lpl/\p27 (51)

involving momenta operators on AdSy along z!' and x? with x the deformation parameter.*
The nonzero components of A" in (3.7) are

Py (Rg (K1) = A °Ka, P2 (Ry (K2)) = A,'K;, (5.2)

3Henceforth, we set R%, = R®/k = 2°/?x\/N/k = 1, where R, is defined in [37].
4The deformation parameter 1 can always be absorbed in the R operator in (2.5) and (2.6) so that it is
present in p.



with

while the nonvanishing elements of C,* in (3.11) are

COO - 033 - 044 - 055 - 066 - 077 - 088 — 099 — 1,
Cll = 022 = M, (54)

1
Gy = =Cy* = =g pMr?,

where ) 4
Ar4:1+“5. (5.5)
The deformed metric can then be obtained from (3.15)
ds? = % <7«2 (—dad + M (dat + da3) ) + Cff) + ds? . (5.6)

The B-field is obtained from (3.16),

4
B:&%LMUMﬂ, (5.7)

which introduces the noncommutativity in the (x!,2?)-plane as [z1,22] ~ p [25, 42-45].

The commutative theory is recovered when = 0 since M =1 and B = 0.

This result agrees with the gravity dual of noncommutative ABJM obtained by TsT
transformations, with v = 2u, where v is the TST deformation parameter [35]. Other
choices for the r-matrix like py A p; and py A py leads to noncommutativity in (29, 2!)
and (2%, 22) directions, respectively, but they correspond to non-unitary and non-causal
quantum field theories [46, 47]. This is in agreement with the fact that Yang-Baxter
deformations of AdS, i.e. involving only generators of the conformal algebra, are dual to
conformal twists that give rise to general noncommutative structures in the field theory
side [48-50].

5.2 Dipole deformed ABJM theory
Let us now consider a r-matrix with three parameters
r = py A (1Lg + poL + pusMs) (5.8)

where L, defined in (4.21), Ls and M3 are the Cartan generators of su(2) & su(4) and p;,
i =1,2,3, are the deformation parameters. In this case (5.8) combines generators of both
subspaces which will lead to a deformation of the entire AdSy x CP? background. Taking
the same steps as in the previous case we find the nonzero components of A"

Ayt =—A2 = —%rsin@l cosé,

NS = —Ag% = % 7rsinfasin g, (5.9)
1
A® = A% = 3" (213 — 1 cos b1 + g cos B2) sin 2¢,



as well as the nonzero elements of C,"
COO 2011 - 033 = 055 = 077 = 099 =1,
022 :M7
4 2 1 .
Cy,"=—-0,"= —i—iMulrsmel cosé,
1
C,t = — C’62 = —iMugrsineg sin &,

1
028 = — 082 = _ZMT (23 — p1 cos b1 + pg cos B3) sin 2¢,

2 2
C,t =M (1 + %u% sin?6, sin%¢ + % (2u3 — p11 cos 01 + g cos B2)? sin22§>,

- 1
046 = 064 = —I—g./\/lm,ugrz sin 61 sin 6 sin 2¢,

1
CB =0t = +§M,u17'2 sin 61 (2us — pg cos 1 + py cos B3) cos € sin 2€,

2 2
066 =M (1 + %u% sin?6; cos?¢ + 71;6 (23 — p1 cos b + pg cos 02)2 Sin22§>,

1
CGS = 086 = —é./\/l,ugr2 sin 0y (2u3 — p1 cos 01 + e cos 62) sin € sin 2&,

2
Cg® =M (1 + TZ (,u% sin?6; cos’€ + 3 sinfs sin2£) ), (5.10)

where
MU =141+ 15+ 3

fi= %Ml sin 01 cos &,

5.11
Ja= %M281H92Sin§a (511

fz= 2 (2143 — 1 cos 61 + pig cos B2) sin 2€.

The deformed metric is now

1

d 2
ds* == <r2 (—dazg + dx%) + Mr?dz3 + T)

4 r2

2 1 9 2 2 1 £2) win2 2
+d&* + 7 €08 E(dOT + M1+ f3 + f3 ) sin“O1dypy

1
+ ;sin’ (463 + M (1+ 2+ f3) sin®02di3)
1 1 2

+ M (1 + 2+ f22) (2 cos B1dp — 5 cos Oadipa + dw) sin?¢ cos?¢ (5.12)
+ M f3 (f1sin by cos€dpr + fosin by sin Edes)

1 1
X (2 cos B1dp — 5 cos Oadpa + dw) sin € cos &

— %flfg sin @1 sin 0 sin & cos Edp1dpa,

~10 -



while the B-field is
1
B = 5/\/17‘ cos& (fysin@y — fzcos @y sin€) dz? A dipy

1
+ iMr sin & (f3 cos Bz cos & + fasinbs) dz? A dpsy (5.13)
— Mrfycos&da® A di.

It is worth mentioning that the choice of generators in (5.8) is dictated by the place where

we want put the two-tori from the TsT perspective. In the present case we have one

coordinate in AdS, and a combination of the U(1)’s in CP3. The resulting metric (5.12)

has deformations along the z2-direction in AdSy and along the (1, 2, %) angles in CP3,
For p; = pa = 0 and p3 = p the last two lines in (5.12) vanish and we obtain

1 r2 dr?
2 2 2 2 2
ds :Z (T (—dx0+d$1> +1—|—f§dl‘2+7’2>
2 1 2 2 . 9 2 1 .2 2 2 2
+d&* + 708 19 (d@l + sin 01dg01) + 1 Sin £ (d92 + sin 02dg02> (5.14)
+; <1cosc9 dpy — 1cos@ d +d¢)28' %€ cos’¢
T4 7z \2 7 mp fon e " ’
and
B——l( IE )de /\(1(:080(1 L osnd —|—dz/1>sin£cosf 5.15
T\ gz) g e deL T g rosad ’ (5:15)
with
fs = %Sin2£. (5.16)

This agrees with the dipole deformed ABJM theory obtained by a TsT transformation [35].
The B-field (5.15) does not give rise to noncommutativity in the dual field theory because
it has legs in AdSy as well as in CP?. Instead, the components Bs; for i being the labels
for the CP3coordinates o1, @2, 1, give rise to a dipole vector that introduces nonlocality in
the field theory [51, 52].

5.3 Nonrelativistic ABJM theory

In order to construct this deformation we must use light-cone coordinates in AdS4. Then
the coset representative is now

JAdS, = €Xp (x_p_ +xip, + xlpl) exp (logrD), (5.17)
with ) .
= _ 170 2
P = 7 (Po£Pp2). ﬂfﬂ:—ﬂ(l“ +2?), (5.18)

while for CP? we keep the same form as (4.20). The AdS; metric is then

d 2
d8124d54 = —2r2dx+dl‘, + rzdx% + TLQ’ (5.19)

while the CP? metric is still given by (4.26).

- 11 -



Let us now consider the r-matrix (5.8) with p, replaced by p_
r=p_A (,ung + ol + /L3M3) . (5.20)

The nonzero components of A, (3.7) are

At = A0 = L rsin g cos ,
0 NG 108§
A = AL = — 2 1 in gy sin ,
0 6 4\@ 2 3
1
Ag® =A% = ———=7 (2u3 — cos By + pg cos By) sin € cos €,
4v2 (5.21)
A= A2 = P ging, cos ,
2 4 4\/§ 1 6
Al = —Ag% = P2 gin fasin €,
44/2
1
A = —A2 = ———r (2u3 — cosby + ps cosfy)sin € cosé,
2 8 VG (2p3 1+ piz cos f) sin { cos §

while the nonzero elements of C,,* are now

2
COO =1+ % (u% sin%6, cos2§+u§ sin?6s sin?¢ + (2p3 — 11 cos 01 4 pig cos 62)2 sin?¢ cos2§) ,

Cy? = -C,"

= _;2 (/ﬁ sin6 cos€ + 2 sin?0, sin¢ + (23 — 1 cos 01 + pug cos O)” sin¢ coszf) ,
Cyt=0,"= QTWMI sin 6; cos ¢,
Co8=Cy° = —%m sin 0> sin €,
C'08 = C’SO = —2\7}5 (23 — p1 cos @1 + pa2 cos f2) sin & cos &,
Cy?=1- T; (u% sin?6 cos® ¢ + i sin®60y sin®€ + (2p3 — 11 cos By + i cos 02)2 sin2¢ 00825) ,
Cyt=-c,2 = %Ml sin 6 cos &,
0 = —C4% = —2—:/5/;2 sin p sin &,
= —Cg% = —% (213 — 1 cos 01 + g cos B2) sin € cos &,
Cl=C3=0C"1=0C"=C"=C,"=C%=Cy° = 1. (5.22)

The deformed background is then

1 dr?
ds® = 4( — 2r%dx do_ + rida? + TLQ - M rgdxi) + dséw’ (5.23)
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with
M= fi+ 3+ 13,

,
= —— 1 sin 6y cos &,
f1 ol 1cosé

5.24
fo= %ugsinﬁgsinf, ( )
fz= % (2u3 — p1 cos 1 + p2 cos B2) sin € cos €.

The first term in (5.23) is a Schrédinger spacetime.> The B-field is now
1
B =— —rcos{(fisinf; — fzcosfysing) dxy A dpy
V2
1
— —=rsiné (f3cosby cos + fasinby) dry A dps (5.25)

V2
1
+ —rsin 2§ fsdz A di.

V2

The choice of generators in (5.20) is very similar to the one in (5.8). Now, however, the
two-tori defined by the TsT transformation takes the x_ coordinate and a combination
of the internal U(1)’s in CP? and does not introduce any noncommutativity in the dual
field theory.

The metric (5.23) has the form of a Schrédinger spacetime with dynamical exponent
two [55, 56].° This type of background corresponds to gravity duals of nonrelativistic
field theories in M-theory [58]. The nonrelativistic ABJM theory has its origin in M-
theory where it is described as the dual field theory of M2-branes in an orbifold space. It
has been suggested that there are several nonrelativistic gravity duals with Schrédinger
symmetry [59]. The number of Schy x CP? spaces is equal to the degeneracy of a scalar
harmonic function ® on CP3, for which —V2® = \,® with A, = 4k (k + 3). For each )\
we have deg(\,) = &5 (1+k)2(2+k)%(2k +3) [60]. The value of k is fixed by requiring that
the R4 component of the Ricci tensor, which involves ®, vanishes [61]. Our background
has ® = M/r? and —V2® = 401®,7 with A\; = 16, which has multiplicity deg(\;) = 15.
This indicates that the Schrodinger background we obtained is one of a family of fifteen
solutions. The others solutions can be obtained from the fourteen r-matrices of the form
r=p_AY,; T where T; are generators of su(2) @ su(4) that are not Cartan generators
and v; are the deformation parameters. The r-matrices generating these others Schy x CP3
solutions have the form r = u;p_ A L;, with ¢ = 1,2,4,5,6,7,9,10,11,12,13,14 and
r = e pP_ N My, with a = 1,2. In the first case, with ¢ = 1 we have

r=pp_ALjp, (5.26)

5The Schrédinger symmetry is the maximal symmetry group of the free Schrédinger equation. It is
the nonrelativistic version of the conformal algebra [53, 54]. This symmetry is realized geometrically as
Schrédinger spacetimes.

5The dynamical z factor is the exponent in the power of the radial direction in the rQdei term. To have
Schrédinger symmetry we must have z = 2. The relativistic symmetry corresponds to z = 1. A Schrédinger
spacetime Schy x CP® with dynamical exponent three was reported in [57].

"The factor 4 in the Laplace-Beltrami equation comes from the fact that the radius of CP? is twice the
radius of AdSy.
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and we get

1 dr?
ds? = 1 <—2r2dx+d:c_ + r?da? + r% - M Tde?F) + dsZps,

_ rcos§
V2
+ f3co8 02 sin Edpa — 23 sin 5d1/)> ,

B

dry A <f2d91 + (f1sinfy — f3cosfysing) dpy (5.27)

with
M= fi+ f + f3,
r
= ——pcos By cos 1 cosé,
fi Wola 1.COS (p1 €OS .
fo = #\/ﬁusinﬁl cosé&, (5.28)
f3 = %ﬂusinﬁl cos 1 sin € cos €.
For the second family of r-matrices, taking a = 2 we have
r=pup_ A Mo, (5.29)
and we find
d2_1 9 2de.d 2 702 dr? 2,2 7,2 ds2
57 =7 | —2rday T_+r atl—i-r—g—f rodzy | + dsgps,
. (5.30)
B=— Md&r A (cos B1dp1 — cos Oadps + 2d1))
V2
with
f= LM cos 2€ sin 1. (5.31)

2v2
These deformed backgrounds are all Schy x CP? and belong to the family of nonrelativistic
ABJM theories mentioned above.

6 Conclusions

We computed explicitly backgrounds generated by some r-matrices which satisfy the CYBE
in deformed AdS; x CP?. By considering an abelian Jordanian r-matrix we obtained the
metric and B-field of the gravity dual of the non-commutative ABJM theory. By choosing
a r-matrix with three Cartan generators, one in AdS; and a combination of two generators
in CP3, we obtained backgrounds for a dipole deformed ABJM theory. These backgrounds
coincide with those obtained via TsT transformations [35]. We also considered a r-matrix
built in a similar way but using a light-cone component of the momenta. Such deformed
backgrounds are the gravity duals of nonrelativistic ABJM theories in Schrédinger space-
time. These backgrounds are also expected to be obtained by an appropriate null Melvin
twist [36]. An interesting point is to compute the corresponding TsT null Melvin twist
of the undeformed AdS; x CP? background since it should give the same Yang-Baxter
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deformed backgrounds we derived. All these deformations of AdS,; x CP3 lend support
to the relation between TsT transformations and solutions of the CYBE known as the
gravity /CYBE correspondence [17].

We have focused only on the NSNS sector of the background. To compute the RR
fields we must take into account the fermionic degrees of freedom. Since the RR fields can
be obtained by TsT transformations [35] it should be straightforward to obtain them by
just including fermions in our parametrization as it was done for the AdS5 x S° case [21].

A A basis for the so(2,3) algebra
The 10 generators of SO(2,3) can be written as
]
mij = [T, ], (A1)

and satisfy

[mij, mpe] = @ (Niemji + Njemie — Njemar, — NakMje) (A.2)
where i,7,k,¢ = 0,1,2,3,4. We choose the following representation for the SO(2,3) T';
matrices

{T4, T} =2n,5, (A.3)
Y57, 1=a=0,1,2,3
T = ‘ (A.4)
Y5 = 1v0M2Ys =4

with 7;; = diag(— + + + —), and ~, being the gamma matrices in a Dirac representation
SO(1, 3) [62] (see [38] for a different choice)

IQ 0 0 o3 0 o1 0 o9
Y0 <0 —.[2> ) Y1 (_0_3 0 ) y V2 (_0_1 0 ) ) 3 (_0_2 0 ) ( )

and
0 Iy
— . A6
vs (1.2 0) (A.6)

From (A.1), we get

1 .
Mah = 4 [Ya» V0] 5 Ma4 = %'Yaa a,b=0,1,2,3. (A7)

In order to make explicit the conformal group let us split the indices as
ml] = {mMV7 mu37 mu47 m34} 9 ,U,, V= 07 17 27 (AS)

such that 7, = diag(—, +,+).® Let us also define [62]

Dy = Mpyg + my3,
k?u = mu4 — m'ug,
D= m3q. (Ag)

8This is going to be the signature on the Minkowskian boundary of AdSj.
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Then the conformal algebra SO(2, 3) is

(M, Mpe] = amyp + MupMpo — NupMuve = MvaMyp,
[mwv D] =
[D,pu] =
[D,k,] = kﬂ, (A.10)
(ks o] = 200 D + 2myu
(M, Ppl = —NpPv + NwpPps
(M, kpl = —nupky + Mupky-

B A basis for the su(4) algebra

A basis for su(4) can be constructed in terms of anti-hermitian 4 x 4 matrices known as
Gell-Mann matrices,

0100 0-i00 1000

A |1000 o |0 00] o 0100
0000 0000 0000
0000 0000 0000
0010 00 —i0 0000

1

A |0000 o |00 00F o 0010
1000 i0 00 0100
0000 0000 0000
0000 1000 0001
00 —i0 1 o100 0000

"“loi oo 57 /3 loo 20| °“loooo|’
0000 000 0 1000
000 —i 0000 000 0
000 0 0001 000 —i

1000 0 " loooo]’ 2" 1ooo o |’
i00 0 0100 0i0 0
0000 000 0 100 0
0000 000 0 1 o100

Y7 10001 Y000 —i|’ BT 6 loo1 o (B-1)
0010 007 0 000 —3

The first 8 matrices form a basis for su(3) C su(4). Furthermore, these matrices are
orthogonal and satisfy

Tr M) = 260,  m=1,...,15, (B.2)

and commutation relations
A, An] = 202 Ap. (B.3)

A list of non-vanishing structure constants can be found in [63]. In this representation the
Cartan generators are given by A3, Ag and A1s.
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