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Abstract

This paper addresses the issue of river level prediction through the use of polynomial
regression models, employing solely elevation data and inflow forecasts. A variety of
models are considered, including an approximation of elevations by a quadratic func-
tion of inlet discharge and position. Additionally, a novel approach founded upon the
notion of virtual stations is introduced. It is demonstrated that when a station possesses
an adequate quantity of surface elevation data, the elevations at that station can be accu-
rately predicted by linear, quadratic, or cubic models as a function of inlet discharge.
In the event that elevation data are not concentrated at a finite number of stations, the
method of “virtual stations” is introduced. This method entails the establishment of
new stations at strategically selected locations, for which virtual elevation data are
derived from the existing stations. An algorithm is provided for the determination of
the positions where the virtual stations should be located. Arguments are presented to
explain why this procedure produces adequate predictions of surface elevations, but
is unlikely to be as efficient in predicting flow rates. The results of comprehensive
numerical experiments demonstrate the potential utility of this proposal as a tool for
making predictions when the physical characteristics of the river are uncertain.
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1 Introduction

River flow modelling is an important tool for analysing and predicting dam failures
and their consequences. The main mathematical procedure for this task is based on
the solution of partial differential equations (PDE). The equations of Saint-Venant
(1871) are the best known equations for this purpose. Their numerical solution requires
initial and boundary conditions in terms of river wetted cross-sections and flow-
rates. In addition, geometric descriptions of the cross sections and bed elevations
are required. Finally, Manning roughness coefficients, which may be spatially and
temporally dependent, must be determined. See Agresta et al. (2021), Ayvaz (2013),
Askar and Al-jumaily (2008), Birgin and Martinez (2022), Ding et al. (2004), Ding and
Wang (2005), Guta and Prasad (2018), Jia and Wang (2001), LeVeque (1992), Marcus
et al. (1992), Pappenberger et al. (2005), Piotrowski and Napiorkowski (2011), Porto
(2000), Saint-Venant (1871), Simdes et al. (2017).

Typically, partial observations of river surface elevations at different spatial and
temporal coordinates are available. These observations make it possible the estima-
tion of the unknown characteristics of the river, which are necessary for the numerical
integration of the partial differential equations. The resulting PDE-constrained param-
eter estimation problem can be difficult to solve, requires integration of the PDE’s
for different instances, and is subject to instability and lack of reliability of results.
However, this problem has been the subject of valuable research over many years. See
Agrestaetal. (2021), Ayvaz (2013), Askar and Al-jumaily (2008), Birgin and Martinez
(2022), Ding et al. (2004), Ding and Wang (2005), Guta and Prasad (2018), Marcus
et al. (1992), Pappenberger et al. (2005), Piotrowski and Napiorkowski (2011).

The PDE approach obtains predictions by means of the estimation of unknown
physical characteristics and associated PDE integration. Moreover, the estimation of
unknown physical characteristics is based on fitting the direct solution of the PDE’s
to available observations. This suggests the possibility of obtaining river predictions
directly from available data without the need to estimate the physical characteristics
of the river. The obvious drawback of this approach relies on the fact that we do
not have reliable physical models that directly link observations to predictions. For
this reason we believe that data-based predictions should generally be considered in
conjunction with PDE predictions, although the specific form of this relation is highly
problem-dependent (Birgin and Martinez).

Reliable data-based approaches should start with a reliable identification of cause-
effect relationships. For example, in the case of river flow phenomena, a high
correlation may be found between upstream discharge and downstream elevations.
Obviously, upstream discharges are the cause of downstream elevations and not the
other way round. If a cause-effect relationship is established, the next step could be to
propose an appropriate form of dependence relationship, the specific form of which
should be based on previous data analysis.

Let us consider an example that is well suited to introduce and motivate the rest
of this paper. It has been widely observed that water elevation at an arbitrary fixed
station of a natural river is a smooth function of the upstream (inlet) flow-rate. See
Jia and Wang (2001) and (Ayvaz (2013),Fig.12b). In Fig. 1, we consider data for the
Fork River published in Emmett et al. (1979). Figure 1a shows observations of the
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Fig. 1 Fork River: Observed elevations at a given station and their approximation as a (linear, quadratic
and cubic) fitting polynomial of the inlet discharge
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elevation z corresponding to the section x = 751 m, together with linear, quadratic
and cubic polynomials representing elevation as a function of the inflow rate Qmin
(in m?/s). The polynomials were fitted using simple least squares. Figure 1b shows
the same information but related to the section x = 3256 m. The observations are
taken every 12h starting at zero hours on day 3. The polynomial coefficients and the
corresponding root mean square deviation (RMSD) are given in Table 1.

It is interesting to fit the data of, say, the first 10 days and observe if the approxi-
mating curves fit well the data for the remaining days. Figure 2 and Table 2 show the
results. Throughout this paper surface elevations and the corresponding RMSD errors
are expressed in meters. So, for example, the testing error of the cubic polynomial
for x = 751 m is 4.80 cm according to Table 2. This error is quite small for practical
prediction purposes regarding a real river.

These results suggest that, for predicting elevations at a fixed station x in “future
days” under suitable forecast on the inlet discharge, it is enough to fit the curve of
the surface elevation z(x, t) versus Qmin(f) using available data at station x, with the
reasonable belief that, in the next days, this curve will provide reasonable elevation
estimates, provided that inlet discharge forecasts are reliable. In fact, this should be
the case if one has data for a suitable number of days before “today” and for all the
relevant stations along the river. Unfortunately both situations are unlike to occur.
Usually, one needs previsions for the future employing a possibly moderate number
of past data at a possibly moderate number of stations x.

For example, according to Table 1, for x = 751 m, the best third-order polynomial
that represents z(x, t) as a function of Qnn(#) is given by

2(751, 1) & 7.0249.97x 1072 Qpin (1) =2.61 X 1073 Qin (1) +2.47x 107> Qpin (1),

(D
while, for x = 3256 m, the best third-order polynomial that represents z(x, t) as a
function of Qmnin(#) is given by

2(3256, 1) ~ 5.25+7.49% 1072 Qyin (1) —1.46 X 107> Qyin (1)>+1.23% 107 Qpin ().

()
However, if x ¢ {751, 3256}, we do not know, for example, which is the best third-
order polynomial that fits the elevations z(x, ¢) at Section x = 555 m as a function of
Omin(2). This question is addressed in the present paper.

We will start from the empirical observation that, in real rivers, inlet discharge is the
dominant cause of river elevations at different stations. This fact supports the idea that,
given a spatial position x, the elevation z(x, #) can be well approximated by a low-
order polynomial P (Qmin(7)). We will see that third-order polynomials are the more
appropriate for this purpose. In order to recover elevations at stations x that are not
represented in the data we analyse the employment of two-dimensional polynomials
in the variables x and Qmin(¢#). However, the need to preserve the accuracy of the
one-dimensional fits leads us to propose a different strategy based on the concept
of “virtual stations”. This paper proposes an algorithm for selecting suitable virtual
stations and demonstrates its reliability through detailed numerical experiments.

This research is conducted within CRIAB, a Latin-American academic group that
involves collaborators of several countries. The group is dedicated to analyzing, com-
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prehending and mitigating dam-breaking and related accidents. River modelling is
one of the techniques that must be mastered in the broader landscape of modelling
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Fig. 2 Fork River: Observed elevations at a given station and their approximation as a (linear, quadratic
and cubic) fitting polynomial of the inlet discharge. In this case, observations of the first 10 days were used
as training data to fit the polynomials. The remaining observations (20 days for x = 751 m and 21 days
for x = 3256 m) were not used in the fitting (training) phase and, then, were used to test the predictions
provided by the fitted polynomials
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embankments and basins. Optimization regression techniques are among the tools
used for this purpose.

This paper is organized as follows. Section2 analyses the compatibility of one-
dimensional regression with two-variable polynomial fitting. Section 3 introduces the
method of virtual stations and describes the algorithm that will be used in the exper-
iments. Section4 describes the generation of synthetic data. Numerical experiments
are reported in Sect. 5, while conclusions and future research directions are presented
in Sect. 6.

Notation. #A will denote the number of elements of the set A. If A and B are sets,
A\ B denotes the set of elements of A that do not belong to B.

2 Two-variable polynomial fitting

Consider an arbitrary one-dimensional flow where the spatial (length) coordinate x
goes from xpin t0 Xmax. The surface elevation for space coordinate x and time coor-
dinate ¢ will be denoted z(x, t). Assume that at p different stations x1,...,x, €
[*min» Xmax] We have observations of surface elevations at different times. The inlet
discharge (flow-rate at x = Xxpip) at time ¢ € [fmin, fmax] 1S denoted Qmin(?). For
simplicity, if confusion is not possible, we omit the dependence of ¢ in this nota-
tion (denoting Qmin = Qmin(?)). Assume that, at each station x ;, we fit a polynomial
P;(Qmin) with degree g, in the least-squares sense, in order to minimize the deviations
with respect to measured elevations.
We may consider the model

2(x, 1) = Wi(x) P1(Qmin (1) + - - - + Wp(x) Pp(Qmin (1)), 3)

where, for all j = 1,..., p, W;(x) is a polynomial with degree p — 1 such that
Wi(x;) =1and W;(xg) = 0if £ # j. Namely,

1_[. .(x — xj)
W) = 21— "1 )

[Tiej (xi = x)
The right-hand side of (3) is a sum of p(g + 1) monomials of the form y; jxi Q{;lin for

i=0,1,...,p—1land j=0,1,...,q.
This suggests the model
N q ) )

20~ Y Yy X Qmin(1). )

i=0 j=0
In (5), we postulate that the elevation at each point (x, ) is a two-variable polynomial

with variables x and Quin(?), with degree s in the variable x and degree g in the
variable Qpin. Note that in (3) we have thats = p — 1.
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The model (5) induces a linear least-squares problem, in which the coefficients y;_;
are the unknowns and observations are available at different stations and times. We
wonder whether, if observations are given at a finite number of stations xi, ... x,, the
solution of the least-squares problem comes from addressing p separate least squares
problems, one corresponding to each station. In this case, we could compute the best
polynomial of degree g with respect to measurements at the considered station and the
predicted values at arbitrary points (x, ) would come from interpolation according
to (3) and (4).

The following theorem gives an answer to this question.

Theorem 1 Assume that elevations zj ¢ are given at p stations xg, k = 1,..., p, and
time instants tg, £ =1, ..., ri. Assume, moreover, that for each observed zj ¢ the inlet
flow Omin(te) (in short Qg) is known. Consider the linear least-squares problems

2

pore | a s ,
Minimize Z Z Z Z Viojxh Q) — k¢ (6)

k=1¢=1 | j=0i=0

and
2

p | a ‘
Minimizezz Z,Bk,jQé_Zk,( ) @)

k=1¢=1 | j=0

Then, the objective function value at the solution of (7) is less than or equal to the
objective function value at the solution of (6). Moreover, if s > p — 1 both objective
functions are identical at respective solutions.

Proof Problem (6) is equivalent to

2
Ik q
Minimizez Zﬂk*fQé — 2kt 8)
k=1¢=1 | j=0
subject to
s
Br.j = Zl’i,jxli forallk=1,...,p,j=0,1,...,q. )

i=0
Therefore, problem (6) is equivalent to problem (7) with the additional constraints (9).
So, the feasible region of (7) contains the feasible region of (8,9). This implies that the
objective function of (7) at its solution is smaller than or equal to the objective function
of (8,9) atits solution. Both objective function values are identical if the feasible region
of (7) is the same as the feasible region of (8,9), that is, if for all B ; € R there exist
¥i,j such that the identity (9) holds. This would mean that the linear system (9) (with
unknowns ¥; ;) and independent term given by f ;) is compatible.
By (9),for j =0, 1,...,q, we have

Brj = voix) +yijxt 4yl (10)
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Baj = vo xS +y1jxa + -+ ys x5, (11)

Boj = V0iXy + V1% + -+ Vs X (12)

If s < p — 1 the systems (10)—(12) are overdetermined and the solution set may be
empty. In that case, the objective function value at the solution of (6) could be bigger
than the objective function value at the solution of (7). If s = p — 1, for each j =
0,1,...,q,the equations (10)—(12) define a p x p Vandermonde system. See (Golub
and Van Loan (2013), pp. 203-207). So, the g + 1 systems (10)—(12) are compatible
and the unknowns yy_;, ..., ¥p—1,; are (uniquely) determined by the constraints (9).
If s > p—1 the systems (10)—(12) are underdetermined and particular solutions come
from completing the solutions of the case s = p — 1 with yp j = --- = y;, = 0.
Therefore, when s > p — 1, the constraints (9) do not impose any constraint at all to
the solution of (8). Thus, the problems (6) and (7) are equivalent when s > p — 1.
This completes the proof. O

However, if observations zons(Xk, fx) are available at different times and stations
(xk, tk), k € Kobs, we must rely directly on the least squares problems induced by (5).
Namely,

2

N

q
Minimize Y | Y yi jx} Omin(t)) — Zobs (ot 1) | - (13)

keKobs | i=0 j=0

Note that problems of the form (6) are of the form (13) but the reciprocal is not
true. Observe, moreover, that the number of parameters y; ; that are estimated when
we use (13) is (s + 1)(g + 1), where s is the degree of the polynomial with respect to
the variable x and ¢ is the degree of the polynomial with respect to the variable Q ;.

3 Method of virtual stations

Assume that we have p observation stations with spatial coordinates x1, ..., x, and
that, foralli = 1, ..., p, N; elevation observations are available for N; different tem-
poral coordinates. It is plausible that, as suggested in Sect. 1, and as will be confirmed
by forthcoming experiments, the best model for the predicted elevations at any given
station should come from a least-squares fitting of a suitable polynomial using the
observed associated elevations. If the degree of each polynomial is g, the number of
coefficients of this model is p(g 4 1). It is disappointing that this number is, in general,
bigger than (s + 1)(¢g 4+ 1), which is the number of coefficients associated with the
two-variable polynomial model discussed in Sect. 2. Therefore, solving (13) does not
lead to the likely optimal elevation prediction, given the data availability mentioned
in this paragraph.

On the other hand, the procedure based on (13) seems to be suitable for the case
where one has observations at different space-time positions, not necessarily concen-
trated at fixed stations. In this section we will assume that available elevation data
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Zobs (Xk, fx) are given at ngy, space-time points (xx, fx) for k = 1, ..., ngy. We also
assume that inlet discharge Qmin(?) is available whenever necessary.
We consider that xmin < X1 < X2 < -+ < Xp,, < Xmax. Each spatial position

x; will be called “virtual station”. The unknowns of our problem will be the coef-
ficients cq,j, c1,j, c2,j, c3,j forall j = 1,...ngy. Note that our fitting problem has
4ng,e unknowns. The objective function f will be a sum of squared errors, each error
corresponding to an elevation observation. Namely,

Ndat

F©) = [zeal (k. k. €) — Zobs (i 1)1 . (14)

k=1

where c is the vector of estimated coefficients c¢;; stored columnwise and zcar (xx, #, )
is the elevation computed by the model at the point (x, #x) when the model coefficients
are given by the vector c.

Let us describe how zcq1 (xk, tx, ¢) is computed. Given k € {1, ..., ngat} we define
Xleft(k) as the biggest x; such that X; < x; and we define xgnix) as the smallest
X; such that x; < xj, except in the cases that x; < X1 or x; > Xp. If xp <
X1 we define Xy = X1 and Xghtr) = X2. If xp > Xpg,, we define xierer) =
Xnga—1 aNd Xright(k) = Xngy - The coefficients co lefi(k), C1,left(k)» €2, left(k)» C3,left(k) and
CO,right(k) > C1,right(k)» C2,right(k)» C3,right(k) Will be the only coefficients that appear in the
definition of zca (xg, %, ).

We define

Wieft(k) = C0.1efe(k) + 1 1efe(k) Qmin (k) + €2.1efe (k) Qmin (1) + €3 1efe () Omin () (15)

and

Wright(k) = C€0,right(k) + C1,right(k) Omin (?k) + €2 right(k) Omin(1)* + €3 right(k) Omin(t1)>.
(16)
Finally,

Xk — Xright(k) Xk — Xleft(k
Zeal (ks 1, €) = ———S00 ey + O Wright(k)- o))
Xleft(k) — Xright(k) Xright(k) — Xleft(k)

According to (15), (16), and (17), zca1(xk, tx, ¢) depends linearly on the unknown
coefficients c¢. Therefore, the minimization of (14) is a linear least-squares problem.
This problem has ng,; equations and 4ng, unknowns. Note that the number of virtual
stations and their positions are arbitrary and should be chosen taken into account the
coordinates of the available data.

3.1 Choosing virtual stations
The positions of the virtual stations Xi,..., Xy, € [Xmin, *max] are “hyper-

parameters” of the model presented in Sect.3. The objective function in the model
“with variable virtual stations” is given by (14) and each zca(xk, f, ¢) is defined
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by (17), but Xrighe(ry and Xiefx) are now variables of the problem that may change
in order to obtain better values of the objective function. Therefore, a more precise
definition of the objective function is

Ndat
- 2
fe.8) =Y [zeal (k. k€)= Zobs Xk 1)1 (18)
k=1
where the coordinates of x are Xy, ..., X, and, forallk =1, ..., nqa,
_ Xk — Xright(k) Xk — Xleft(k)
Zeal (ks e, X, €) = ——E80 e + Bl LG Wright(k)-  (19)
Xleft(k) — Xright(k) Xright(k) — Xleft(k)

Let us define now an algorithm that we effectively use for choosing the coordinates
of stations X1, ..., X,,. Let us initialize the set O in the following way:

O = {x € [Xmin, *max] Such that there exists k € {1, ..., ngat} with x = x;}. (20)
Note that we could define
O = {x19 cer xndm}3

but this definition should be ambiguous, inducing that the number of elements of
O is ngqa. This is not the case, because x-coordinates may be repeated in the set of
observations. In fact, the number of elements of O is less than or equal to 74,. From
now on, we will assume that the cardinality of O is not smaller than 2. Therefore,
one has at least two values of spatial coordinates x for which we have at least one
observation. Note that the number of elements of O is between 2 and nq, and that this
number may be strictly smaller than ng,. The set of positions of the virtual stations
will be called S. It will be defined recursively in the following way:

Algorithm 3.1.1. Initialize S < .

Step 1. If #S > ngae or O = @, stop.
Step 2. Compute a solution X of the problem

Maxir(,r)lize min {#L£(x), #R(x)} 2n
Xe

where

L(x) :={k €{l,...,nda} | Xiefi(xy = x} and
R(x) :={k e{l,..., nga} | Xright) = x}-

Step 3. Update S <— S U {x} and O « O\{x} and go to Step 1.
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At each iteration, the algorithm chooses the virtual station that maximizes the
minimum number of available observations to determine each of the ng, station cubic
polynomial by means of least-square calculations. It is clear that, after a finite number
of steps we have that the number of elements of S is ngy or that O is empty and the
algorithm stops.

4 Generation of synthetic data

In order to evaluate the effectiveness of different regression models for river predic-
tions, we need to rely on synthetic experiments. In our present research we decided to
generate synthetic data by means of integration of the Saint-Venant equations (Saint-
Venant 1871), which are given by

A8y (22)
a - dx
and 5 s
20 8 (0 bz 12010
92 L (2 )y gaZ L 822 23
8t+8x<A)+g ox AR (23)

for x € [Xmin, Xmax] and ¢ € [fmin, Imax], Where A(x,t) = z(x,t) — zp(x) is the
depth of the river at (x, 1), A(x,t) = h(x,t) w(x) is the cross wetted area at (x, ¢),
P(x,t) = w(x)+2h(x, t) is the wetted perimeter at (x, ¢), R(x,t) = A(x,1)/P(x,1)
is the hydraulics radius at (x, t), V(x, ) = Q(x, t)/A(x, t) is the speed of the fluid at
(x,1),and g is the acceleration of gravity taken as 9.81m /s>. Equation (22) describes
mass conservation and equation (23) represents conservation of the linear momentum.
The coefficient n, is known as Manning roughness coefficient. It is unclear in which
way this coefficient depends on x or ¢. On the one hand, the roughness coefficient
depends on x due to the morphological differences of the river along its course. On the
other hand, sediment deposition can also affect the roughness coefficients over time.
In (23), 1, has units m /6.

The Saint-Venant equations were solved approximately by means of an explicit
diffusive finite-difference method (LeVeque 1992; Porto 2000) with the following
specifications:

® Xmin = 0 and xpax = 3000 (meters).

® fmin = 0 and fpax = 29 + % (days) or, equivalently, 719h or 2,588,400s.

Initial conditions z(x, fmin) given in Fig.3 and Q(x, tpin) = 3.9 m3 /s for all
X € [Xmin, Xmax]-

Boundary condition Q (xmin, #) given in Fig. 4.

e Manning coefficient ng (x) = 0.078 for all x € [Xmin, Xmax]-

e Time step Ar = 1 second, spatial step Ax = 30, and diffusion coefficient 0.99.

Note that, according to the considered discretization, the finite difference method
computes the values of z(x, #) and Q(x, ) at 101 x 2,588,401 points. We store only
the values of z(x,t) and Q(x,t) for x = 0,30, 60, ..., 3000 meters and for t =
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8.4

2(x, tmin) (in meters)

6.2 ‘

0 500 1000 1500 2000 2500 3000
z (in meters)

Fig.3 Initial condition for z used in the generation of synthetic data

0,1,2,...,719 hours. In other words, the “observed” elevations are given by a matrix
of 101 x 720 positions. The level sets defined by this matrix is given in Fig.5.

5 Numerical experiments

The data used in the numerical experiments are generated as described in Sect. 4. The
employment of synthetic data allows us to test regression models in situations in which
real data are not available.

5.1 Single-station one-dimensional models

In this short subsection, using synthetic data, we perform the same one-dimensional
models experiment described in Sect. 1. In this case we use the stations defined by
x = 720m and x = 3000 m. We wish to verify whether the performance of the
polynomial one-dimensional models for reproducing synthetic data is similar to the
performance reported for real data in Sect. 1. Figures 6 and 7 and Tables 3 and 4 show
the results. Clearly, in terms of quality of fitting and predictions, the performance of
the polynomial models using synthetic data is similar to the one that has been reported
in Sect. 1 for data of the real Fork River.
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Fig.4 Q boundary condition used in the generation of synthetic data
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Fig.5 Synthetic elevations
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(b) Section z = 3000 m.

Fig. 6 Synthetic observed elevations at a given station and their approximations as (linear, quadratic, and
cubic) polynomials of the inlet discharge. Observations up to 30 days were used to fit the polynomials

@ Springer



On polynomial predictions...

8.6

8.4

8.2

z(,t) (in meters)

7.8

7.6

7.4

6.7

6.6

6.5

6.4

6.3

6.2

z(+,t) (in meters)

6.1

T T T
observations used as training data
observations used as testing data

o linear fitting i
4 quadratic fitting
4 cubic fitting
L) P b
(3
[\
o
o y i
® o a
PN 4
] al A
L & <
P |
v 4 %
Ay £ L
3 h -
PN
% o h L8 ]
° A “
o A \
24
1 1 1 1 1
5 10 15 20 25
t (in days)

(a) Section x = 720 m.

30

T T T
observations used as training data
observations used as testing data

» linear fitting
G\ quadratic fitting i

L cubic fitting
A A |

o Y
M A
0y a —
A
) A N A
9 A -
o
o y A
y £ ag ]
L
" A

P d 4

/ b/ % /
o R 4

| | | | LAA\

5 10 15 20 25

t (in days)

(b) Section z = 3000 m.

30

Fig.7 Synthetic observed elevations at a given station and their approximation as a (linear, quadratic, and
cubic) polynomial of the inlet discharge. In this case, observations of the first 10 days were used as training
data to fit the polynomials. Observations of the remaining 20 days were considered unknown in the fitting
phase and, then, they were used to test predictions produced by the fitted polynomials

5.2 Experiments using observations on a mesh

In this subsection we consider as observations data between days ¢t = 3 and t =
10, every 12h, at 26 equally spaced stations between xpin = 0 and xmax = 3000
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Fig.8 RMSD of predictions of z(x, t) fort € {10, 11, ..., 29} when predictions are given by interpolating
polynomials (linear, quadratic, and cubic) computed using training data with # < 10. For each 7, the RMSD
of the 26 equidistant x € [0, 3000] meters is being displayed

0.12 ‘ ‘ ‘ \
linear fitting
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0.1 L cubic fitting | — |
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©
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Fig. 9 RMSD of predictions of z(x, t) for t € {10, 11, ..., 29} when predictions are given by best fitting
polynomials (linear, quadratic, and cubic) computed by solving a linear least squares problem using training
data with t € {3.5,4,4.5,...,9.5}. For each ¢, the RMSD of the 26 equidistant x € [0, 3000] meters is

being displayed

@ Springer



On polynomial predictions...

Table5 For a given day #oday
and a given experiment
(interpolating or fitting
polynomial of degree 1, 2, or 3)
the table shows the RMSD of the
next-day predicted elevation of
all 26 stations

ftoday ~ Interpolating Fitting

polynomial of degree polynomial of degree

1 2 3 1 2 3
2 0.0062  0.0069 0.0199  0.0141 0.0021  0.0199
3 0.0130  0.0679 0.4752  0.0421 0.0219 0.0426
4 0.0051 0.0011 0.0033  0.0302 0.0108 0.0057
5 0.0014  0.0154 0.0348  0.0329 0.0142 0.0043
6 0.0086  0.0120 0.0150  0.0248  0.0094  0.0022
7 0.0071  0.0071  0.0071  0.0266  0.0105 0.0052
8 0.0021 0.0005 0.0141  0.0176  0.0028  0.0047
9 0.0035 0.0038 0.0041  0.0303 0.0075 0.0030
10 0.0163 0.0295 0.5743  0.0461 0.0225 0.0055
11 0.0083 0.0018 0.0056  0.0035 0.0024 0.0056
12 0.0008  0.0030 0.0034  0.0133 0.0013  0.0037
13 0.0905 0.0246 1.1340  0.0357 0.0131  0.0053
14 0.0199  0.0089 0.0180  0.0043 0.0113  0.0081
15 0.0162  0.0038 0.0069  0.0484 0.0079 0.0010
16 0.0063 0.0122 0.0163  0.0600 0.0165 0.0059
17 37608 1.0794 0.2602  0.0075 0.0045  0.0021
18 0.0290 0.0174 39772 0.0297 0.0090  0.0008
19 0.0168 0.0198 0.0503  0.0391 0.0057 0.0012
20 0.0104 0.0121 0.0124  0.0405 0.0046 0.0021
21 0.0281 0.0142 0.3077  0.0299 0.0129  0.0055
22 0.0353  0.0331 0.0751  0.0174 0.0052  0.0060
23 0.0173  0.0048 0.0022  0.0656 0.0194 0.0076
24 0.0018  0.0015 0.0014  0.0635 0.0199 0.0094
25 0.0126  0.7339 33581  0.0019 0.0079 0.0043
26 0.0806  0.1488 0.2467  0.0230 0.0113  0.0035
27 0.0224  0.0517 0.3592  0.0396 0.0099  0.0030
28 0.0075  0.0044 0.0029  0.0430 0.0107 0.0054

0.7243  0.2537 1.0417  0.0353 0.0118 0.0102

The last row shows the overall RMSD of each approach

meters. The objective is, with these meshed data, to predict the elevation z(x, t) at
the 26 equally spaced stations between xpi, = 0 and xpax = 3000 meters and ¢ €
{11, 12, ...29}. We consider six different ways of prediction by combining two types
of polynomials (interpolating and least squares) and three possible degrees (linear,
quadratic and cubic). Specifically, each of the six experiments consists of:

Experiment 1: We assume that observed elevations correspond to instants #; = 9.5
and #, = 10 days and 26 equally spaced stations between xpi, = 0
and xpmax = 3000 meters. We consider that the inlet discharge Qmin (7)
at times #; and 7, are also observed. We employ the model (5) with
q = land s = p — 1 = 25. Note that, due to Theorem 1, it is
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Table 7 Results of the next-day predictions using 185 random observations in the first 10 days

RMSD training

RMSD testing

Virtual stations Minobs
2 185
3 91
4 47
5 46
6 46
7 22
8 22
9 22
10 22
11 22
12 22
13 22
14 10
15 10
16 10
17 10
18 10
19 10
20 10
21 10
22 10
23 8
24 8
25 8
26 8
27 8
28 5
29 5
30 5
31 5
32 5
33 5
34 5
35 5
36 5
37 5

5.1248811463696108E-002
3.2529197002708163E-002
3.1284750173733118E-002
2.9878458008594868E-002
2.2450370975549642E-002
2.1764814785424559E-002
2.0766831805240742E-002
2.0573231136337876E-002
2.0104363353167974E-002
1.8826320026367610E-002
1.8270195922934992E-002
1.5006593710845378E-002
1.4856901876581540E-002
1.4558586705511977E-002
1.4367127212092557E-002
1.4056078954309907E-002
1.3944065662380992E-002
1.2663706268095641E-002
1.2527967989703639E-002
1.2452824633423691E-002
1.2430540420894570E-002
1.2308000711774588E-002
1.2170734928201659E-002
1.0773903953212724E-002
1.0703768079820394E-002
8.0880895546961377E-003
8.0856468697171491E-003
8.0624368937640255E-003
7.5576773867298457E-003
7.4451793362722103E-003
7.3306658105015731E-003
6.9433436122286933E-003
6.7419124067725706E-003
6.7171350118954724E-003
5.1430668400310421E-003
2.7526193304603067E-003

7.4089510567510924E-002
3.5519815707586833E-002
4.3991827708239235E-002
8.3143696581750387E-002
6.8068533438989373E-002
6.5415859677875707E-002
6.7534463202462633E-002
6.6790025825457275E-002
6.3158699486610168E-002
7.3860255266057703E-002
9.1669436715929684E-002
7.7134955384989309E-002
7.7603153454404841E-002
7.0383131196731591E-002
7.2430701225312186E-002
7.6150540705157130E-002
7.3380393469394803E-002
9.2371846936037255E-002
9.3799256133081668E-002
9.2679586134847808E-002
9.2397760084283950E-002
0.10149722107077552
0.10745970660633239
0.11569597875671561
0.12342432166878507
0.13473581683984887
0.13471641725588770
0.13730815995101689
0.14055458227230450
0.14283338653559183
0.15803100201596343
0.20812431672514720
0.84362496442554258
0.84673106438894241
0.89984696571610800
1.5797211827586006

Effect of increasing the number of virtual stations. Reporting training and test RMSD
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Table 8 Results of the next-day predictions using 95 random observations in the first 10 days

Virtual stations Minobs RMSD training RMSD testing

2 95 5.1699965039000095E-002 6.3173540327799205E-002
3 47 3.1098552914075955E-002 3.7681240571308741E-002
4 23 3.0008346683687421E-002 5.4680180663268317E-002
5 23 2.7343428686985052E-002 0.10084121692806179

6 13 2.6263510371117418E-002 0.12687890844372421

7 13 2.5469694685872728E-002 0.14131992067387011

8 11 2.5009773875898412E-002 0.14894525241456291

9 11 1.8148205210940294E-002 9.3893818673443930E-002
10 11 1.7516836515265203E-002 0.13792608105500823

11 11 1.4868146929722386E-002 0.14102668906719881

12 7 1.4669480794577859E-002 0.14028858123690985

13 7 1.4344105609466579E-002 0.15561454960887050

14 7 1.3939622987893766E-002 0.17476910376467428

15 5 1.3899191317637099E-002 0.17136513895286537

16 5 1.3641822085803633E-002 0.17664288679815060

17 5 8.7311056846887617E-003 0.55468488663305626

18 5 8.4229878615030840E-003 0.55920223834725657

19 5 3.6141721204698040E-003 2.0837223835016192

Effect of increasing the number of virtual stations. Reporting training and test RMSD

not necessary to fit explicitly a polynomial with degree 25 in order to
obtain predictions for the future at the given stations. Using this fitting,
and considering suitable forecasts for the inlet discharges, we can pre-
dict elevations for days 11, 12, 13, ..., 29 for 101 values of x equally
spaced between xpin and xmax and we can compare these predictions
with the observed elevations. Note that, in this case, the RMSD corre-
sponding to the training set is necessarily equal to 0. The result of this
experiment is given in Table 9.

Experiment 2: Observed elevations correspond to instants 11 = 9,7 = 9.5, and 13 =
10 days. Elevation data correspond to these instances and the model
(5)uses ¢ = 2 and p — 1 = 25. So, the elevation at each station is
modelled by a quadratic interpolating polynomial. The result of this
experiment is given in Table 10.

Experiment 3: Observed elevations correspond to instants 1| = 8.5, = 9,13 = 9.5,
and #4 = 10 days. Elevation data correspond to these instances and
the model (5) uses ¢ = 3 and p — 1 = 25. So, the elevation at each
station is modelled by a cubic interpolating polynomial. The result of
this experiment is given in Table 11.

Experiment 4: Observed elevations correspond to instants r € {3.5,4,4.5, ..., 10}
days. Elevation data correspond to these instances and the model (5)
is a line that fits the observed elevations at those instants in the least-
squares sense. The result of this experiment is given in Table 12.
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Experiment 5: Observed elevations correspond to instants ¢ € {3.5,4,4.5, ..., 10}
days. Elevation data correspond to these instances and the model (5)
is a quadratic polynomial that fits the observed elevations at those
instants in the least-squares sense. The result of this experiment is
given in Table 13.

Experiment 6: Observed elevations correspond to instants ¢ € {3.5,4,4.5, ..., 10}
days. Elevation data correspond to these instances and the model (5)
is a cubic polynomial that fits the observed elevations at those instants
in the least-squares sense. The result of this experiment is given in
Table 14.

5.3 Next-day predictions using observations on a mesh

In this experiment, we evaluate the six approaches considered in the previous sub-
section to predict the “elevation of the next day”. We consider tioqay € {2, 3, ..., 28}
days and fomorrow = ftoday + 1. Available data of z(x, ) with # multiple of half day
and ¢ < tiday Was used as training data. For the interpolating polynomials, only the
most recent information was considered, while for least squares, all available data
was considered. For each of the 26 equally spaced stations x between xmpi, = 0
and xpmax = 3000 meters, the six approaches were used to predict the elevation
Z(X, fomorrow )- Table 5 shows the details. As seen in previous experiments, least squares
polynomials gave very reasonable predictions (with an average error of 1cm in the
case of the cubic polynomial) and performed better than interpolating polynomials.
Among the least squares options, as expected, the cubic was better than the quadratic,
which was better than the linear. Unlike previous experiments, interpolating polynomi-
als were also useful in many cases, because in the present experiments we are dealing
with next-day predictions, i.e. interpolating polynomials are used to extrapolate only
a little outside the interpolating range.

5.4 Next-day predictions using irregularly distributed data

In the experiments of the previous subsection, we considered observations every 12h
between day + = 3 and day + = 10 (15 time instants) at 26 stations equidistant
between 0 and 3000 ms, totalizing 390 observations. However, considering our syn-
thetic data, in that same domain of space (x, r) we have available data from hour to
hour and at 101 equidistant stations, amounting to 101 x 169 = 17069 available data.
With the intuition of using random subsets of data with uniform distribution, in the
next exg)enment we draw the observations among the available data with probability
390/ 17069 00288 , with v € {1, 2, 4}. With this way of determining the observations,
we constltuted tralmng data sets with 394, 195, and 95 elevation observations. The
rationale behind this choice was to conduct experiments with random observations,
using the same number of observations as in the previous experiments (this corre-
sponds to v = 1). Additionally, we considered the cases v = 2 and v = 4 to analyze
the quality of the results as the number of observations decreases. It is expected that,
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below a certain threshold, the lower the number of observations, the lower the quality
of the results.

The experiment consists of (a) positioning ngg Stations using Algorithm 3.1.1,
(b) with the stations already positioned solve the linear least squares problem (18)
that computes the cubic polynomial of each station, and (c) use those polynomials to
predict the elevation of the “next day”, that is, the day #omorrow = 11 at 101 equidistant
points between 0 and 3000 ms. We wish to understand how the predictions behave for
different values of ngg,¢.

Table 6 shows the results when 394 observations are available with the number of
virtual stations varying from 2 to 100. The first column shows the number of stations.
The second column reports “minobs”, the minimum number of observations that were
used, given the positions of the virtual stations, to determine each of the ngy cubic
polynomials by means of least-square calculations. The third column shows the RMSD
of the training data. The last column shows the RMSD of the next-day prediction at
the 101 points equidistant between 0 and 3000 ms. It is clear from the figures in the
table that the RMSD of the training data decreases monotonically as the number of
stations increases. On the other hand, the RMSD of the next-day prediction remains
more or less constant (between 3 and 6 cms) when the number of virtual stations is
between 2 and 49 and deteriorates rapidly when this number is 50 or more. In fact,
the optimal number of virtual stations is, in this case, 19, for which the RMSD of the
next-day prediction is about 3 cms. As Fig.5 shows, the observations vary from 5.5
to 9ms. This means that in that case the average error is less than 1% and that the
forecasts are, on average, two digits correct.

In Tables 7 and 8 we report the same type of results when the number of available
observations is 185 and 95, respectively. In the first case, the number of virtual stations
goes from 2 to 37 and in the second case it goes from 2 to 19 because larger numbers
of virtual stations yield prediction errors that are bigger than 1 m. Again, the error in
the training set decreases with the number of virtual stations, as the number of free
parameters is increased. Looking at Tables 6, 7 and 8 together, we observe that for
the cases with 394, 195 and 95 observations, the lowest RMSD of the test data was
achieved with 19, 3 and 3 virtual stations. This corroborates the fact that, with less
data, the optimal number of virtual stations decreases, because each station needs a
minimum amount of data to be able to construct its least squares polynomial. Still, for
these 3 cases, the RMSD of the test data is approximately 3.17 cm, 3.55 cm, and 3.76
cm, respectively, showing that although the variation is small, the fewer observations
available, the larger the average error of the predictions.

6 Conclusions

This paper discusses the potential of methods based on surface elevation data alone
for predicting river levels, provided that reliable inlet discharge forecasts Q (Xmin, t)
are available. Importantly, the physical characteristics of the river are assumed to
be unknown. We have focused on low-degree polynomial models because they are
simple and economical in terms of the number of unknown parameters. The various
alternatives presented in this paper can be considered successful in the sense that they
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provide results that are accurate enough for predicting the levels of real rivers. (In
this context, the term “accurate enough” is used to describe the fact that the observed
surface elevations in question are within the range of 5 to 9 ms, while the associated
errors are below 10cms.) In particular, the strategy of virtual stations presented in this
paper seems to be useful in the case where observations are irregularly distributed.
Moreover, this strategy preserves the best third-order polynomial approximations in
the regularly distributed case.

Tables 9, 10, 11, 12, 13 and 14 in Appendix A show the results. Figures 8 and 9, that
correspond to experiments 1-3 and 46, respectively, give a graphical representation of
the predictions’ RMSD as a function of ¢ € {11, 12, ..., 29}. For each ¢, the RMSD of
the 26 equally spaced x € [0, 3000] meters is shown. Experiments 1, 2, and 3 show that
polynomial interpolators of past data are bad at extrapolating to predict the future. One
reason may be that they are based on little data and focus on capturing local behavior.
Thus, the linear and quadratic options are less bad than the cubic, which quickly goes
to infinity under the influence of local behavior. On the other hand, in experiments 4,
5, and 6, least squares polynomials computed with more data better capture the trend
implicit in the data and thus better predict the future. Of the three least-squares options
(linear, quadratic, and cubic), the cubic provides the best predictions.

It is interesting to consider the problem of predicting flow-rates Q(x, ¢) from ele-
vation observations z(x, ¢) only. From the mass-conservation equation we have that

IA 90
@2, % .
ot + ax
Therefore,
* 0A
Q(-x9 t) = Q(xmil‘ls t) _'/ E(Ev t)ds
Xmin

Thus, an approximation to Q(x, ) can be obtained from an approximation to the
cross wetted area A(x, t). Moreover, according to the results of the present paper,
an approximation to z(x, f) can be obtained using elevation observations and Qmin
forecasts. However, the cross wetted area A(x, t) can be obtained from z(x, #) only
if we already know the bed elevation z,(x) and the geometric characteristics of the
river, assumed to be unknown in the present work. In other words, the problem of
predicting flow rates from elevations alone is an underdetermined inverse problem.
Numerical evidence of this difficulty can be obtained by making different assumptions
about the dependence of A (x, ¢) on z(x, t). Therefore, we cannot expect good flow rate
predictions from observations only. The use of flow rate observations in the context
of polynomial predictions and virtual stations will be the subject of future studies.

Appendix A: Additional tables

See Tables 9, 10, 11, 12, 13 and 14.
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On polynomial predictions...
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18000 €S100 69000 €I100 9¥I00 ILIOO 68100 6¥000 6L100 LTIOO SITO0 €L00°0 12000 <CIIO0 LEEO0 0TST
#900°0 8CIO'0 #9000 S6000 O0£I00 L¥IOO 19100 6€£000 87100 10100 68000 %SO00 O0OI000 S6000 99200 00¥C
6€00'0 S600°0 +900°0 1L00°0 OIT00 61100 SCIO0 <TCO0O0 €0100 65000 #7000 <TCO0'0 CIO00 %LO00 6¥I0°0 08T
€€00°0 88000 8S00'0 L9000 SOIO0 TITOO SITO0 8I000 L6000 SSO0'0 L¥OO'O LTOOO #0000 S900°0 SSIO0 091T
62000  0L00°0 9¥00°0 SS00'0 #8000 16000 €600°0 O0OI000 08000 +¥00'0 €¥000 62000 #0000 0S00°0 I¥I0°0 0r0T
¥700°0 L6000 CSO000 €L00°0 <COI00 SI10°0 TCIO'0 S2C00'0 TI10°0 <TLOO0 99000 <T¥00'0 60000 69000 €0C00 0T61
79000 1TIO0 8S00'0 68000 8ITO0 LETOO 6VI00 6£000 6£100 66000 L8000 +S00'0 #1000 L8000 09T00 008T
§900°0 STIO0 8S000 <T6000 0OTIOO OFIOO €SI00 THOO'0 +¥I0°0 €010°0 16000 95000 SI000 06000 69200 0891
99000 STIO'0 LSOO'0 16000 8ITO0 6£100 CTSIOO €000 €¥I0°0 SOTIO0 T600'0 SSO0'0 SI000 16000 69200 09SI
¥900°0 CCIO0 95000 68000 SITO0 SEI00 87100 €¥000 6£10°0 <COI00 88000 <TSO00 €1000 68000 6SCO0 0¥yl
69000 ¥CI00 +S000 68000 €I100 ¥E€I00 8¥I00 87000 I¥I0°0 80I00 T6000 €S000 SI000 06000 L9200 OTEl
LLOO0  9€10°0  LSOO'0 L600°0 0OCTIOO ¥¥I00 19100 #5000 +SI0°0 ICIO0 TOI0O'0 65000 81000 86000 €600 00CI
CLO0'0 9TI00 €S00°0 06000 <CITO0 +EI00 6FI00 <TSO00 €¥I00 €I10°0 #6000 €S00°0 SI000 T600'0 0LCO0 0801
SLO0O'0 0100 €S00°0 <T6000 €IT00 9€10°0 <TSIO0 +S00°0 LPIO'0 LITOO 86000 SS00°0 LIOOO %6000 08200 096
79000 CITO'0  0S00°0  6L00°0 1010°0 8ITO0 I€I00 L¥000 +CI00 86000 8LOO0 1+¥00°0 80000 <T800'0 SCCO0  O¥8
€€00°0 69000 8¢€00'0 0S00'0 TL000 6L000 €8000 STOO0 +LO00 +SO0'0 TKOO'O 12000 10000 0SO00 6CI100 0OCTL
67000 88000 8£00'0 T900'0 8LOO0 €6000 <TOIOO 8E€0O00 L6000 6L000 +9000 +€00°0 01000 €9000 #8100 009
65000 10100 T1¥00°0 0L00°0 98000 #0100 9I100 9¥00°0 <TIT00 €6000 SLOOO 0¥00'0 TIOOO TLOOO ¥#ITOO  0O8%
[¥00°0  SL00'0 +€00°0 <TS00'0 8900°0 6L00°0 98000 €£000 08000 S9000 67000 ¥2000 #0000 +#SO00 H¥IO0  09¢€
LSO00  €600°0 S€000 #9000 SLOO'O0 €6000 #0100 9¥00°0 <COI00 06000 T1L000 LEOO'O TIOO'O 99000 66100  0O¥C
1L00°0 6010°0 9¢00°0 +#L000 <8000 SOIO0 0CIO0 85000 ICIOO OITO0 88000 9%00°0 81000 8L000 <TFCO0 0TI
9L00°0 SIT0'0 9¢000 LLOOO #8000 80100 SCIO0 €900°0 LTIOO LITOO T6000 87000 61000 T00'0 €STO0 0 siopwurx
001 S6 06 S8 08 SL oL S9 09 Y 0°¢ 4 oY S'¢ 0¢
sKep ur J- SUONIBAISQO JO (QSINY
skep {01 """ ‘S’ ‘¥ ‘S'€} D 718 PIAIasqO Byep osn sAep ()] < 7 J0J SUONOIpaid ‘Uwnjoo IS Y} UT X JO ANJBA [OBD 10, "7°G199S L 3d|qel

pringer

as



E. G.Birgin, J. M. Martinez

cel00
€10°0
0€10°0
100
91100
cclo0
6010°0
01100
88000
LS00°0
99000
0L00°0
87000
5000
65000
86000

€500°0
£€500°0
05000
S¥00°0
0¥00°0
1¥00°0
¥€00°0
¥€00°0
€000
91000
91000
S100°0
80000
L0000
¥000°0
20000

S1200 12S0°0
§CC00 ¥¥S0°0
92¢0°'0 1¥S0°0
61200 C1S0'0
€C0'0 6€50°0
LST00 ¥650°0
6£20'0 ¥¥S0°0
6¥20'0 6950°0
00200 62100
CI10°0 L¥20'0
89100 £€8¢0°0
L6100 ¥¥¥0°0
€€10°0 18200
68100 0¢0'0
€£€2¢0°0 02S0°0
9¥c0'0 S¥S0°0

Y10
YLC1'0
8¢CI0
1c11ro
S0CI'0
clero
L8IT0
€eClo
§980°0
¥950°0
0880°0
06600
26500
§260°0
€SIT0
00CI°0

CLIT0 88500
12¢1°0 ¥190°0
6811°0 11900
1801°0 9LS0°0
€911°0 €190°0
69C1°0 9L90°0
0SI1°0 61900
L6110 6¥90°0
1780°0 €8¥0°0
SyS0°0 18200
¥$80°0 ¥¥0°0
£960°0 €150°0
LLSO'0 12€0°0
$060°0 68+0°0
LTIT'0 6090°0
SLIT'0 6£90°0

<2000 19100
§200°0 $910°0
82000 €910°0
1€00°0 9S10°0
6£00'0 SS10°0
LY00°0 L9100
L¥00'0 ¥S10°0
0S00°0 LSTO0
S¥00°0 0€10°0
£€200°0 0800°0
6£00°0 10100
0S00°0 ¥110°0
9€00°0 18000
¥600°0 0010°0
0L00°0 STT10°0
9L00°0 6110°0

06000
£600°0
6000
L8000
L8000
¥600°0
$800°0
88000
69000
01000
§S00°0
29000
1+00°0
§S00°0
§900°0
89000

68000 €500
6800°0 SSSO0
06000 15500
88000 1200
2600°0 S¥S0°0
1010°0 00900
$600°0 8¥50°0
86000 CLSO'0
68000 €00
0S00°0 05200
L9000 Z8€0°'0
8L00°0 I¥¥0°0
LS00°0 08200
¥L00°0 ¥1¥0°0
88000 CISO'0
£600°0 9¢50°0

€501°0 0€80°0
L601°0 $980°0
€L0T°0 €580°0
7860°0 ¢6L00
0S01°0 1+80°0
8V11°0 ¥260°0
I¥01°0 0¥80°0
9801°0 6800
69L0°0 9€90°0
98170°0 98¢0°0
€9L0°0 9090°0
$980°0 €690°0
0200 ¥20'0
1180°0 £590°0
0101°0 ¥180°0
€601°0 05800

8¢€00
700
S¥e0'0
(43300}
£6€0°0
16€0°0
29¢0°0
8L£0°0
$6C0°0
S910°0
LSTO0
10€0°0
96100
06200
09€0°0
6L£0°0

£€600°0
¥600°0
26000
98000
£€800°0
88000
8L00°0
6L00°0
29000
8¢€00°0
Ly00°0
15000
¥€00°0
1%00°0
9%00°0
9¥00°0

8100
68100
16100
88100
L6100
81200
§020°0
[y
€810°0
80100
SY10°0
0L10°0
§CI00
19100
6100
L0200

65000
£€900°0
$900°0
¥900°0
CLO00
£800°0
8L00°0
8000
89000
1€00°0
75000
89000
S¥00°0
89000
88000
96000

#020°0 0081
7120°0 0891
L1200 0961
€100 0¥l
§C0'0 0Tl
¢SC0'0 00T
9€20°'0 0801
Syc0'0 096
CcIcoo or8
€¢100  0TL
L910°0 009
66100 08%
SY10°0  09¢
06100 OvC
1€20°0 0cCI
8¥¢0°0

0 sIdjow ur x

6¢

8¢

LT 9¢

4

¥C

€C

(44 1c

0¢

6l

81

Ll 91

Sl

jd!

€l

4!

Il

sAep ur 7 - suonoipaid Jo QSINY

¥900°0
6L00°0
€L00°0
§L000
8L00°0

61100
SE10'0
LETOO
0r10°0
6¥710°0

¥500°0
¢S00°0
1900°0
29000
89000

98000
86000
<0100
¥010°0
01100

11100
91100
6C10°0
cel100
w100

0€10°0
w100
¥S10°0
9¢10°0
L9100

ev10°0
9100
0L10°0
€L10°0
¥810°0

¥¥00°0
05000
<000
S¥00°0
9%00°0

SE100
09100
£€910°0
S910°0
SLI00

1010°0
12100
¥110°0
L1100
cCI00

L8000
6010°0
L0100
L0100
Clrioo

¢S00°0
69000
0L00°0
89000
1L00°0

S100°0
§200°0
£200°0
1200°0
1200°0

98000
86000
66000
0100
8010°0

¥520°0
€1€0°0
€1€0°0
€1€0°0
6200

000€
088¢
09LT
0r9¢

001

S6

06

S8

08

S'L

0L

S9

09

Y

0°S

Sy

0y

Se

0¢

sAep Ul /- SUOIIBAIASQO JO (JSIATY

panunuod

Clolqel

-
I
50
=)
ke
a,
7
Al



On polynomial predictions...
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On polynomial predictions...
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