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Abstract

This work deals with convergence to points satisfying the weak second-order necessary
optimality conditions of a second-order safeguarded augmented Lagrangian method
from the literature. To this end, we propose a new second-order sequential optimality
condition that is, in a certain way, based on the iterates generated by the algorithm
itself. This also allows us to establish the best possible global convergence result
for the method studied, from which a companion constraint qualification is derived.
The companion constraint qualification is independent of the Mangasarian-Fromovitz
and constant-rank constraint qualifications and remains verifiable without them, as it
can be certified by other known constraint qualifications. Furthermore, unlike similar
results from previous works, the new constraint qualification cannot be weakened
by another one with second-order global convergence guarantees for the method and
assures second-order stationarity without the need for constant rank hypotheses. To
guarantee the latter result, we established the convergence of the method under a
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property slightly stronger than the error bound constraint qualification, which, until
now, has not been known to be associated with nonlinear optimization methods.

Keywords Sequential optimality conditions - Second-order optimization methods -
Constraint qualifications - Error bound - Constant rank

Mathematics Subject Classification 90C46 - 90C30 - 65K05

1 Introduction

We consider the general nonlinear programming problem (NLP)

min f(x) st gx) <0, h(x)=0, (D)

xeR”

where f: R" — R, g: R* — R? and h: R" — R? are all twice continuously
differentiable. The feasible set of problem (1) is denoted by

2% (x eR" | g(x) <0, h(x) = 0).

Due to advances in computing hardware and algorithmic efficiency, there has been
anincrease in interest in optimization methods that utilize second-order information [1,
26, 29, 34]. It allows achieving high accuracy solutions [20], as it provides additional
information about the curvature of the objective and constraints; see, for example, [11]
and references therein. This work focuses on the second-order safeguarded augmented
Lagrangian method (SALM) proposed in [4], whose first-order counterpart method
ALGENCAN [3] is a celebrated algorithm with excellent convergence results [6, 10, 15]
and robust numerical performance [21, 22].

Ideally, one would like methods to find a local minimizer. However, practical meth-
ods can only guarantee stationary points. In the first-order case, the strength of an
algorithm can be measured by the strength of constraint qualifications that ensure
the Karush-Kuhn-Tucker (KKT) conditions at its accumulation points. Likewise, the
validity of second-order stationary conditions can be considered.

Preferably, as a second-order condition, one wants not only the KKT conditions
to hold but also that, for some Lagrange multiplier vector, no direction within the
linearized cone is simultaneously a non-ascending direction for the objective function
(Vf(x)Td < 0) and of negative curvature for the Hessian of the Lagrangian function
(w.r.t. x); that is, one wants that the Hessian of the Lagrangian function is positive
semi-definite in the strong critical cone

VimTd <o,
¢5(x)=1d eR"|Vhj(x)'d =0forall je(l,...,q}, ¢,
Vgi(x)Td <O0foralli € A(x)
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where A(x) = {j | gj(x) = 0} is the set of indexes of active inequality constraints at
x. Together with the KKT conditions, the resultant condition is called strong second-
order optimality condition (SSOC). Nevertheless, even testing such a condition at a
given and fixed point is hard [33]. For that reason, all commonly applied methods with
second-order optimality guarantees deal with the weak critical cone

“V(x) = {d eR" ; 2

Vhi(x)Td =0forall j € {l,...,q},
Vgi(x)Td =0foralli € A(x)

for instance, the methods in [11]. As easily seen, this cone is properly included in
the strong critical cone when KKT conditions hold. The practical condition associ-
ated with the weak critical cone is called weak second-order condition (WSOC); see
Definition 2.3.

Remarkably, even global minimizers fail to satisfy WSOC under assumptions that
are less stringent than the Mangasarian-Fromovitz Constraint Qualification (MFCQ);
see the counterexample in [18, Section 2.4]. Consequently, global convergence to
second-order stationary points of any algorithm whose set of acceptable solutions
includes points sufficiently close to local or global minimizers cannot be ensured even
when MFCQ is satisfied. For this reason, until recently, second-order methods had
the linear independence constraint qualification (LICQ) and strict complementarity
as requirements for convergence, conditions that guarantee that " (x) = ¢ (x) and
uniqueness of the multipliers. To guarantee convergence of implementable second-
order methods, one may require MFCQ together with some other constant rank-type
condition. In [14], this was done assuming MFCQ and that the gradients of all active
constraints in a neighborhood of x* have constant rank — a condition known as weak
constant rank (WCR), see Definition 2.4. In [5], it was proved that a constraint qual-
ification (CQ) of constant rank-type also fulfills this purpose. Finally, these results
were extended in [11] using a second-order sequential optimality condition called
second-order approximate KKT (AKKT?2).

Motivated by [11] and the recent results obtained for the first-order optimality in
[10], we identify precisely the strongest global convergence result associated with
SALM. This is done by showing that all possible accumulation points reached by the
method are fully characterized by a new proposed second-order sequential optimality
condition that we call second-order augmented Lagrangian AKKT (AL-AKKT?2),
following the terminology adopted in [10]. As a consequence, we prove that WSOC
holds at these points, which include minimizers of (1), under new weak constraint
qualifications. In particular, AL-AKKT?2 is stronger than AKKT2 and allows us to
obtain convergence of SALM in situations where WCR does not hold. It is worth
noting that this was not possible before, as AKKT?2 requires the validity of WCR to
attest WSOC [25, Proposition 5]. This is done with a slightly more stringent condition
than the error bound (EB) property, which we call strong-EB. Strong-EB is proven
weaker than a recently proposed CQ for WSOC in the conic programming context,
called strong-CRSC [8]. To the best of our knowledge, this is the first time that a
second-order method has its global convergence established under an error bound-
type condition.
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It has been recently discovered that a relaxed version of the quasinormality (QN)
[19, pp. 337] is sufficient for the boundedness of the multiplier sequence associated
with the first-order SALM [16]. This relaxed QN (RQN) condition is a weak CQ, less
stringent than QN itself and one of the weakest known CQs of constant rank-type, the
constant rank of the subspace component (CRSC) [12]. However, the boundedness
of dual sequences of SALM ensured by RQN is insufficient to assert WSOC. To
address this concern, we show that WSOC holds under RQN as long as WCR or even
strong-EB holds. This generalizes all the previous results from the literature regarding
second-order algorithms.

The paper is organized as follows. In section 2, we present SALM and the fun-
damental theory involving WSOC. In section 3, we establish the new sequential
optimality condition AL-AKKT?2. In section 4, we prove that strong-EB guarantees
WSOC under AL-AKKT?2 and the boundedness of the AL-AKKT2 multipliers. Fur-
thermore, we prove that WCR is independent of strong-EB and that WCR can also
guarantee WSOC under boundedness of the AL-AKKT?2 dual sequences. In section 5,
we prove that the AL-AKKT?2 conditions fully characterize the accumulation points
of sequences generated by SALM. Additionally, we define the weakest CQ for WSOC
under the AL-AKKT?2 condition. Finally, section 6 brings our conclusions and future
works.

Notation

We typically use boldface letters (i.e., v) for vectors and vector-valued functions;

— vj is the i —th component of the vector v. If v is a vector-valued function, v; is the
function given by its i —th component;

— Forv € R", vy = (max{0, v}, ..., max{0, v,});

— || - || denotes the Euclidean norm;

— B(x, €) is the open ball with center x, radius €, and the Euclidean distance;

— R; stands for the set of non-negative real numbers;

— R4 denotes the set of strictly positive real numbers;

— Givenanatural ¢, I = {k e N|1 <k < {};

— I denotes the identity matrix of appropriate size;

— Given an infinite subset L C N, limgcx w¥ denotes the limit of the subsequence
of {w*}en with indexes k € K;

— Sym(n) is the set of the symmetric matrices of order n;

— Given two symmetric matrices A and B of the same order, A > B indicates that

A — B is positive semi-definite.

2 Technical Background and the Augmented Lagrangian Method
The algorithm of interest for solving nonlinear programming problems is the
(Powell-Hestenes-Rockafellar — PHR) safeguarded augmented Lagrangian method

(SALM). This method successively minimizes the PHR-augmented Lagrangian func-
tion described below.
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Definition 2.1 Fixed a scalar p > 0, the Powell-Hestenes-Rockafellar (PHR) aug-
mented Lagrangian function £, : R" x R” x Ri is given by

3 (12

, )

Specifically, the idea behind SALM is to solve (1) through a sequence of problems

2

+ Hh(x) +

Lo V) ra+2 (H(g(x>+ )
P+

forallx € R”, p € RY and A € RY.

mlﬂg Lo, (x, it ) 3)

where {pr}ren is a non-decreasing and positive sequence of real numbers and

{):k}keN C RY and {jt"}reny C Rfi are bounded sequences, which are safeguarded
estimates of the Lagrange multipliers for (1). The scalar py is called the penalty param-
eter. Under reasonable conditions, local minimizers of (3) are also local minimizers of
(1), c.f. [19, Prop. 4.2.3]. Essentially, SALM is a method that controls the increasing
behavior of the sequence of penalty parameters to avoid ill-conditioned subproblems.

Unless (3) is a convex problem, globally minimizing it in practice is tough. Despite
the global problem (3) being hard, finding an approximate second-order stationary
point is not. Consequently, a natural idea would be to apply to (3) globally convergent
algorithms for unconstrained optimization that generate sequences whose accumula-
tion points satisfy a second-order optimality condition. However, the PHR augmented
Lagrangian function is not twice differentiable everywhere. To overcome this, we work
with a substitute for its Hessian, as stated in the next definition.

Definition 2.2 Considering the functions that appear in problem (1), x € R", i € R”,
A €R9, ne Ry and p € Ry, define the matrix

def

P
VeLh e, i M) S V@4 (Li+pgi(x), Vg (x)+p ) Vei(x)Vei ()"

i=l1 Litpgi (x)>—n

q q
+ ) (Rjtphj ) V2hjx)+p Y Vhi(x) V)"
j=1 j=l1

By [4, Proposition 1], it is possible to show that V%EZC, n, ):) is positive semi-
definite at unconstrained local minima of £, (-, i, ):), independently of 5. Thus, itis a
suitable substitute for the second-order derivative of £,(-, A, p) w.r.t. x, and it can be
employed in methods for unconstrained optimization with second-order convergence
guarantees. We expect that such methods applied to (3) are able to find x¥ fulfilling
(4) below. With this discussion, we enunciate the safeguarded augmented Lagrangian
method in Algorithm 1.

Remark 2.1 A small extension of [38, Corollary 1.4.3] can be used to guarantee
the existence of points fulfilling (4) under the assumption that the PHR augmented
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Algorithm 1 Second-order safeguarded augmented Lagrangian method (SALM)

step 1 Choose Apin < Amax, 0 < umax, ¥ > 1,0 <7 < L {flgen and {ng}gen With 6 | 0and ng | 0. Let ;11 € [0, pmax1?.,
1! € [pin. Amax19 and py > 0. Initialize k < 1.

step 2 Solve approximately (3) obtaining xk satisfying

IVx L K ik 7)) <6 and v,%c'],ﬁ ok gk 16y = g1 4)

step 3 Calculate ILk déf (ka + pkg(xk)) and lk (l + pph(x ))

step4 Foreachi € Ip, define
dEtmm{fgl(x ), —}

max { V¥ oo, 155 oo | < rmax {IVE~ oo, 186K~ oo

step5 Ifk=1or

do pg41 = pg- Otherwise, choose P41 = VPk- Also, take ﬁk+l € [0, wmax1? and ik+l € [Amin- Amax1?. Dok < k+ 1 and

return to 1.

Lagrangian function is bounded below; a similar result for twice continuously differen-
tiable functions can be seen in [17]. This can be ensured by assuming that the objective
function of (1) has a lower bound. Under such an assumption, any method generating
sequences with second-order properties for unconstrained optimization applied to (3)
can be used to obtain (4). Andreani et al. proposed an implementation of a SALM
meeting the requirements of this section, which they called ALGENCAN- SECOND, see
[4, Algorithm 3.1].

From now on, we will refer to the second-order augmented Lagrangian method
stated above as SALM. When we want to refer to the first-order method, that is, the
one with only the first condition in (4), we explicitly write “first-order SALM”. Addi-
tionally, any sequence satisfying the steps of SALM for a proper choice of parameters
is said to be generated by SALM. Similarly, we might also say that a sequence is
generated by the first-order SALM.

When a new method is proposed, it is desirable that the KKT conditions, i.e., for
some u € R, A € RY and x* € £2,

Vel(x*, 1, 2) =0 and p’g(x*) =0,

where L is the usual Lagrangian function associated with (1), hold at its accumulation
points under at least one constraint qualification. Moreover, the interest in CQs lies
in pursuing the least stringent condition. This is because weaker CQs, following from
their stronger counterparts, hold over a considerably broader set of feasible points. In
other words, any point satisfying a stronger CQ automatically meets the requirements
of the weaker one. Consequently, if an algorithm’s global convergence is proven under
a weaker condition, then any of its primal sequence limits that satisfy a stronger one
are guaranteed to comply with the KKT criteria. Furthermore, the existence of feasible
points that satisfy the weaker conditions but not the stronger ones significantly extends
the applicability of the convergence result.

With regard to SALM, in [10], it was established that the weakest CQ for which
it is possible to ensure the KKT conditions at the accumulation points of the first-

@ Springer



Journal of Optimization Theory and Applications (2025) 206:54 Page7of30 54

order SALM, namely, AL-regularity. In particular, AL-regularity is implied by the
quasinormality CQ and CRSC [12], two weak CQs used to guarantee convergence in
first-order optimization methods [7, 12, 23].

The most accepted second-order optimality notion linked to the convergence of
algorithms is the following:

Definition 2.3 We say that a feasible point x* satisfies the weak second-order condition
(WSOC) whenever there are vectors i € Ri and A € R? so that

VeLl(x*, e, 2) =0, uTg(x*) =0andd” VZL(x*, u, M)d > 0 Vd € €V (x*),

where €V (x*) is the weak critical cone (2). In this case, x* is called a WSOC point.

In other words, WSOC holds whenever the KKT conditions hold with (u, A) and
the Hessian of the Lagrangian L£(-, g, ) is positive semi-definite in the subspace
orthogonal to the gradients of active constraints at x*.

Since WSOC is stronger than the KKT conditions, and local minima need not
satisfy the first-order stationarity conditions, WSOC may also fail at certain local
minimizers. A suitable CQ can be imposed for this. The convergence analysis of
algorithms involving WSOC usually revolves around rigorous CQs. However, using
second-order sequential optimality conditions (SOC2), it has recently been shown
that this can be relaxed, allowing, for instance, the sequences of multipliers gen-
erated by the algorithm to be unbounded. Two such conditions were considered:
the second-order approximate-KKT (AKKT2) [11] condition and the second-order
complementarity-approximate-KKT (CAKKT?2) condition [24]. Optimization meth-
ods that employ second-order techniques, like SALM, can ensure both conditions; see
[11, 24] for more methods.

When an appropriate property on the constraints holds at a point that satisfies an
SOC?2, such a point also satisfies WSOC. These properties were usually composed of
a CQ together with a constant rank-type property, which we recall below.

Definition 2.4 A feasible point x* is said to satisfy the weak constant rank (WCR)
property if there exists a neighborhood V of x* such that the dimension of the space
generated/spanned by {Vg; (x)}ic Ax*) U{Vhj(x)}j=1,.. 4 1s constant for allx € V.

.....

Given an arbitrary SOC2, the weakest associated CQ can be built by the techniques
usedin [11], which, in the case of AKKT2, is the second-order cone continuity property
(CCP2) [11]. This CQ, together with WCR, guarantees WSOC. A similar discussion
is valid for the weakest CQ associated with CAKKT2, namely CAKKT2-regularity
[24].

The CQs required for convergence of methods like SALM are commonly related to
the problem’s stability. An instability happens when small changes in the constraints
cause significant differences in the optimum values. A well-known property linked to
the stability of a problem is the error bound [37, §3]. This work uses the validity of
a variation of the error bound condition in order to guarantee WSOC. As said in the
introduction, this is the first time a condition slightly stronger than the error bound has
been used to reach such a strong result.

@ Springer
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Definition 2.5 Let §2 be the feasible set of (1). We say that x* € £ meets the error
bound (EB) CQ when there are constants L > 0 and § > 0 such that

dist(x, £2) < L (JI[g) ]+l + [1Rx)]) forall x € B(x*, §).

We call L a local error bound constant for §2 at x*.

SALM constructs a sequence of approximations of the primal and dual solutions.
Even though the primal sequence has an accumulation point, the dual sequence may be
unbounded if no extra assumptions about the problem hold. In [16], a weak extension
of the quasinormality CQ called relaxed quasinormality has been proposed that assures
boundedness of the dual sequences of the method. We will use this condition in the
following sections to obtain WSOC.

Definition 2.6 ( [16]) It is said that the relaxed quasinormality (RQN) CQ holds at
the feasible point x* of (1) whenever there is no sequence {xk}keN converging to x*
and vector (i, A) € Rf_ x RY satisfying the following requirements:

Lo iV () + 35 A Vhj(x*) = 0;
2. (u, ) #(0,0);
3. foralli € I, j € I; and k € N,

if i # 0, then g;(x*) > 0; if ; # 0, then A/ (x*) > 0;
if i =0, then g;(x*) 1 = o(t); if A; = 0, then h;(x*) = o(1y),

where #; = min{min,;, - g; (x5, miny, ;o |hj(xk)|}.

Some CQs, necessarily not weaker than MFCQ, guarantee WSOC at local mini-
mizers. An example is the relaxed constant rank constraint qualification (RCRCQ)
[11, Proposition 4.12]. This CQ needs the local constant dimension of the subspace
generated by many subsets of the gradients of active constraints. This was relaxed
in the context of nonlinear conic programming with the strong-constant rank of the
subspace component (strong-CRSC) [8, Definition 4.1], by reducing the number of
subsets needed to obtain WSOC. In the next sections, we will prove, in addition, the
global convergence of SALM under strong-CRSC.

Definition 2.7 Considering a feasible point x* of (1), we define the set

J-(x") = {i € A(x™)

p e RE, 3x e RY,
—VEi(x") = Y ic A HiVE8IX™) + 2 jeq, AjVhj(x*) |

Definition 2.8 The strong-CRSC condition is valid at a feasible point x* of (1) when
for every J_(x*) C A C A(x*), the dimension of the subspace generated/spanned

by the set {Vg;(x)};cq U {th (x)}jelq remains constant in a neighborhood of x*.
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3 A New Second-Order Sequential Optimality Condition

In recent years, the global convergence of the first-order SALM has been improved
by associating it with increasingly strengthened sequential optimality conditions [6,
7,11, 15, 24, 35]. A recent proposal has provided a definitive answer to such an issue.
In [10] (see also [9]), a sequential optimality condition inspired by the augmented
Lagrangian method itself was proposed, namely Augmented Lagrangian AKKT (AL-
AKKT). This condition provides the best possible global convergence result for the
first-order SALM in a suitable sense. Motivated by these ideas, we define the second-
order counterpart of AL-AKKT for SALM.

Definition 3.1 We say that a feasible point x* for problem (1) fulfills the second-
order augmented Lagrangian AKKT (AL-AKKT?2) condition if there are sequences

_ ~k
(xFlken € R, (¥ hen C RY, (A Jken € RY, {pihken C Ry, {Oidken € Ry
and {n}reny C Ry such that limg_, o0 X% = x*, limg_ o0 O = limg_ 00 75 = 0, the

sequences (MY ken and {):k}keN are bounded,

IV L (%, B, X5 < 6, forall k € N, ®)
V2L (K, 5k, X = —6, 1, forallk € N, ©)
and
ik
lim min { —g;(x%), =% 1 = 0, foralli € I,,. (7
k—o00 Pk

As it is natural, we call {pr}ren the penalty parameter sequence and both
{(pxg(x*) + [Lk)+}keN and {(ph(x*) + ):k)}keN the AL-AKKT2 dual sequences
or AL-AKKT?2 multipliers. Furthermore, the sequence of tuples {(6k, ok, Nk, xk, ;lk,
):k)}keN is said to be associated with the AL-AKKT2 conditions.

Remark 3.1 The AL-AKKT condition is defined precisely like the AL-AKKT?2 con-
dition but without requiring (6).

To begin the analysis, we first establish that AL-AKKT? is a necessary optimality
condition.

Theorem 3.1 The AL-AKKT?2 condition is valid at every local minimizer of (1).

Proof Follow the proof of [11, Theorem 3.4], noting that the constructed sequence
satisfies the AL-AKKT?2 properties. O

4 Convergence of SALM Under an Error Bound Condition
The work [25] suggests that second-order algorithms generally try to compute a
negative-curvature direction from the second-order derivative of the Lagrangian func-

tion. However, this procedure can fail to identify WSOC points correctly. As shown
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in [25], this problem is present in AKKT2 sequences, making WCR necessary; see
[25, Definition 1 and Proposition 5]. On the other hand, closely investigating the proof
of [25, Proposition 5], and comparing the terms in AL-AKKT?2 sequences, the prob-
lematic part related to the necessity of WCR is closely linked with the uncontrolled
growth of the penalty parameter sequence {py }xeN, see Definition 5. Since pg appears
in the dual sequences of the AL-AKKT?2 condition, its growth is somehow bounded
by the growth of the dual sequences. This leads us to ask whether it is possible to
guarantee convergence to WSOC points without requiring the WCR condition. This
section shows it is possible.

Next, we will define the first two concepts required to derive the basic results of
this section.

Definition 4.1 For each x* € R"”, x € R"” and A C A(x*), define the vector space

%X(x,x*) = {d e R”

Vhi(x)'d =0forall j €I,
Vgi(x)Td =0foralli € A

and the set
p={xeR"| g4(x)=0, h(x) =0},

where g 4(¥) = (gi(x))ica. Note that €} . (x*, x*) = € (x*) (see (2)). Addi-
tionally, define the set

A—o={iel,|35>0,Vy e Bx* 5N, gy =0}
Next, we define a slightly stronger condition than EB, which we use to guarantee
WSOC at points fulfilling the AL-AKKT?2 conditions.

Definition 4.2 We say that the strong error bound (strong-EB) condition holds at the
point x* for §2 whenever £2 and §2 4 fulfill EB at x* for each A with A_o C A C
A(x*), that is, there are L > 0 and § > 0 such that

dist(x, £24) < L (Ilg4C)ll + 1R (x)]) and
dist(x, £2) < L (I[g )41 + 1RGO

for all x € B(x*, §).

Abadie’s CQ holds at x* when the linearized cone of £2 at x* and the tangent cone
to 2 at x*,

*

To (¢*) & lim sup = {v e R" | 3(vF}ren € R”, Htxheen C Ry

110
such that lim v* = v, lim 7% = 0 and (v* + x*) € 2, Vk € N}
k— o0 k—o00
[36, Definition 6.1], coincide. It is known that WSOC can be ensured at local mini-
mizers if Abadie’s CQ is valid regarding the set £2 4(x+) [2, Theorem 3.1], which has
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&V (x*) as the linearized cone at x*. The next technical lemma involves the validity
of Abadie’s CQ in an intermediate set 2 4, see Remark 4.1.

Lemma 4.1 Fora set A C A(x*), suppose that

liminf T, (x) = €y (x*, x*). (8)
x—>x*

24
Then

%X/(x*)(x*, x* cli inf%j‘v(x, x*).
x x*

m
i
24

Proof For a set A C A(x*), v € %X/(x*)(x*, x*) and a sequence {x"}rey C 24,
as ‘KX/(x*)(x*, x*) C %X(x*, x*), by (8), there exists v¥ — v with v* ¢ To, (x5
and, by the definition of T , (x%), we have Tg 4 x5 c CKX/ (x*, x*), from which
vk e %X (x*, x*), and the statement follows. O

Remark 4.1 Clarke’s regularity is a well-known type of regularity in variational anal-
ysis and optimization [27, 28, 36]. Considering a closed subset X C R”, Clarke’s
regularity is defined in [36, Definition 6.4] by asking for the equality

N (x*) = limsup Ny (x*) = Ny (x*),

x—x*
X

where N x (x*) is the regular normal cone and Ny (x*) is the limiting (Mordukhovich)
normal cone. In view of [36, Corollary 6.29], Clarke’s regularity can be stated as

*

X —
Ty(x*) = limsup —— > — liminf
140 t x7x*,tl0

X —x “
E T (x¥),

where f";((x*) is the regular tangent cone (see [36, Definition 6.25] or [32, Defini-
tion 1.8]). Additionally, by [36, Theorem 6.26],

liminf Ty (x) = Ty (x™).
x—>x*

Therefore, since fX (x*) C Ty (x*) C Ly(x™), where Ly (x™*) is the linearized cone
of X at x*, the condition (8) is equivalent to asking for Abadie’s CQ and Clarke’s
regularity at x* w.r.t. the set £2 4.

When applying a second-order method, the algorithm should obtain accumulation
points fulfilling a second-order stationarity condition in at least one good context. In
the case of methods that penalize infeasible constraints, such a context is when the
sequence of penalty parameters ({ ok }xen) is bounded. The following result shows that
it is possible to guarantee WSOC under the boundedness of this sequence.
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Proposition 4.1 Suppose that x* is a feasible point fulfilling the AL-AKKT?2 conditions,
where the associated sequence of penalty parameters { pi }keN is bounded. Then, WSOC
holds at such a point.

Proof Let us fix the point x* for which AL-AKKT?2 holds, and consider an associated
sequence {(6k, ok, Nk, xk, ik, ):k)}keN as in Definition 3.1. By the hypothesis, the AL-

AKKT?2 multipliers AR = ():k + ,okh(xk)) and uk = ([Lk + pr g(xk))Jr are bounded.
Thus, there exists an infinite subset o C N such that

lim A, b)) = (A, p) and  lim p = poo,
keko ke

with g > 0 and ps > 0. As limg_, oo min{—g; (x¥), /li.‘/pk} = 0 for all i, we
have limg_ o0 it¥ /px = 0 whenever g; (x*) < 0. Thus, 1t; = limk— oo ok ((Z¥/01) +
gi(x*))+ = 0, and therefore the KKT complementarity is satisfied. Taking the limit
in (5) over Ky, we conclude that (x*, p, L) is a KKT triple.

Second-order stationarity follows by taking an arbitrary direction d € €% (x*),
multiplying equation (6) on the right by d and on the left by d”, and then taking the
limit with respect to K¢ of the resulting expression. Since d does not depend on the
multipliers A and g, this ends the proof. O

The boundedness of the dual sequences generated by the method is an important
point for the stability of algorithms. RQN condition [16] (Definition 2.6) guarantees
the boundedness of multipliers generated by first-order SALM; it is weaker than CRSC
[12] and QN, indicating that the boundedness of AL-AKKT multipliers can be obtained
under weak and typical CQs. The compelling thing about this is that WSOC can be
brought under the boundedness of the approximate Lagrange multipliers and strong-
EB, as shown in the next result.

Proposition 4.2 Suppose that x* € §2 conforms to strong-EB and that there is an AL-
AKKT?2 sequence converging to x* with bounded AL-AKKT2 multipliers. Then WSOC
holds at x*.

Proof Let us consider the AL-AKKT2 sequence {x*};cy associated with the bounded
AL-AKKT2 multipliers {(oxg (x*) + %) , Jren and {(porh (x*) + ) }een. By Propo-
sition 4.1, the WSOC is valid when the sequence of penalty parameters is bounded.
Thus, to prove this result, it is necessary to consider only the case in which {px }xeN 1s
unbounded, which is assumed from now on. Observe that this allows us to relabel the
sequences involved in the AL-AKKT?2 conditions so that the entire sequence {pk }reN
can be assumed to diverge to infinity, which is also assumed. Then there are vectors
JINS Ri and A € R? and an infinite set of indexes M C N such that

. —k k _ . -k Ky
klél.}\l/t (M + org(x ))+ =p and klgl/l(l + prh(x")) = A.
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Also, the sequences {oe[g(xF) ] lken and {prh(x¥)}ren are bounded, so there is
K > 0 such that

oe (I @)1+ 1RGO < K. forallk € . ©)

Now, by a recursive construction, it is possible to obtain an infinite subset X of M
so that, forall i € I,

lim Pk&i xk e {—oo} UR.
Consider the set of indexes

fl:{iel,,

li xFHeRr}. 10
lim prg; () } (10)

We can, for each k € N, project x* onto the feasible set £2. Let us choose y* € 2
to be one of these projections. We have y* € £ and, since the function that defines
the distance from a point to a fixed set is Lipschitz with constant 1, xk — y&| =
dist(x¥, £2) = | dist(x*, 2) — dist(x*, £2)| < ||x¥ — x*||. Consequently, y* — x*.
Also, ifi ¢ A, necessarily,

lim [(xF) = —o0.
kelekgl( )

Observe that, for each k € N big enough, px|gi (¥%) — gi (x¥)| < Lg, orlly* — x| =
Ly, pr dist(x*, 2) < Lo, Lok (181l + 1R < Ly Lo K, where Ly, is
the local Lipschitz constant of the function g; and L, is a local error bound constant
for £2 at x* — strong-EB assumes EB, see Definition 4.2. Hence, for each k € N big
enough,

orgi (V) = pr (gi O — & (xk)) + kg (xF) < Ly, LoK + prgi(xF).

Thus, as limgexc prgi (xF) = —o0, also limycxc prgi (¥¥) = —oo. Consequently, since
limgexc y¥ = x* and y¥ € £2, it cannot be i € A—_. This all means that A_y C A.
Additionally, by the divergence to infinity of the sequence of penalty parameters,
notice that it cannot be i ¢ A(x*) andi € A. Thus, A C A(x*).

Since A_g C A C A(x*), it is possible to take A = A and see that, by the
definition of the strong-EB condition, see Definition 4.2, EB is valid for the set £2 A
at x*. Consequently, there exists L > 0 such that, for all k € K big enough,

q
prdist(x®, 20 < Lo | Y 18+ ) 1hjxb)]
icA j=1

Now, considering that all the limits appearing in the definition (10) exist and, conse-
quently, the associated sequences are bounded, the right-hand side of the last inequality
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must be bounded. Consequently, there exists M > 0 such that, for all k € IC,

pr dist(x*, 2 1) < M.

Now, for each k € /C, we can define the set 7 &ef (i ely| prgi (xky + [TL;( > —nk}.
In this setting, for each i € 7y and k € K, prgi (x%) > —Ng — ﬁ{.‘. Hence, due to (9),
ok lgi (x%)| < max{n + ﬁf, K}. Consequently, 7 C A, fork e K big enough.

As 2 Py fulfills error bound, by [31, Proposition 1], it holds

To,(x*) = Lo ;(x¥).

Consequently, considering Remark 4.1, not only £2 ; satisfies Clarke regularity but
also Abadie’s constraint qualification.

Now, we have all the necessary ingredients to prove the validity of WSOC at x*.
Thus, take d € €V (x*) = %X’(x*)(x*, x*). Hence, considering the sequence AL-
AKKT?2 {xk}keN, we can, for each k € N, project x¥ onto the set £ 4. Let jrk be a
projection. Observe that y* € £2 g and, since the function that defines the distance from
a point to a fixed set is Lipschitz, we have also that jik — x*. Thus, by Lemma 4.1,
we can find a sequence {d*}rcxy converging to d such that d* € %}V (¥¥, x*) for all
k € N. Consequently,

Vg (3)7d* = 0and Vi;(3*)7d* =0, foralli € Aand j € 1,.

Given k € K big enough, as 7 C A, it holds

o Y (Ve d) = o Y (Ve - vah) d">2

P gi () + ik =y €T
T 2
5> ((Vgi (&) = Vi (3h) d")
ieA
<Yy L llx* =5 12 1a" 2
icA
= pr dist(x*, 2 p) Z L2 |ld¥|? dist(x¥, £2 5)
iceA
2 kN2 sk L K
< MZLgin |17 dist(x*, 2 1) = 0
ieA

and, similarly,
d T k)2 K
ka<th(x )Td ) Ko.
j=1
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Finally, multiplying (6) by d* on the right and (d*)T on the left, we obtain
@’ (V%E(x", (b +pigeh)) A pkh<xk>)> d*

q
Foe Y (Ve ) 4o Y0 (Ve d) = 6ty
=1

kg (R k= —ny

for each k € K. Taking the limit w.r.t. IC, we get

4 q
VA 4+ wiVeix*) + Y ajVh(x*) =0,
i=1 j=1

wgx*) =0, p>0,

P q
d’ <V2f(x*) + ) Vi) + Z,\jvzh,-(x*))d > 0,

i=1 j=1
which implies WSOC, since d is a vector that does not depend on g and A. O

The following result gives a situation where WSOC is guaranteed at points satis-
fying AL-AKKT?2 and strong-EB.

Corollary 4.1 WSOC hold at AL-AKKT? points under strong-EB and RQN.

Proof The expression of the AL-AKKT2 multipliers is the same as the multipliers
generated by the first-order SALM. Consequently, only assuming RQN, we can follow
the proof of [16, Theorems 3] and prove that the dual sequences of the AL-AKKT?2
conditions are bounded. Thus, strong-EB and RQN are enough to guarantee WSOC
at AL-AKKT? points. O

The following result directly applies the previous one and shows that strong-CRSC
is enough to guarantee WSOC at points satisfying the AL-AKKT?2 conditions.

Proposition 4.3 Strong-CRSC guarantees strong-EB and RQON.

Proof First, note that, by hypothesis, CRSC is valid. Thus, £2 not only satisfies EB at
x*(by [12, Theorem 5.5]) but also RQN (by [16, Theorem 2]). Additionally, 7— (x*) C
A_o by [12,Lemma 5.3]. Hence, letus fix A with A_g C A C A(x*) and consider the
set £2 4. It is only necessary to prove the validity of CRSC at x* applied to §2 4, since
CRSC implies error bound [12, Theorem 5.5]. As §2 4 has only equality constraints,
it is only necessary to prove the constant rank of the gradients of the active con-
straints in a neighborhood of x*, i.e., the constant rank of {Vg; (x)};c 4U{V 5 (x) }jelq
in a neighborhood of x*. Notice that 7_(x*) C A C A(x*). Consequently, by
Definition 2.8, strong-CRSC says that the dimension of the subspace generated by
{(Vgi(x)}icaU{Vh; (x)}qu is constant for x in a neighborhood of x*, as we wanted
to prove. O
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The nextresult shows that the quasinormality CQ for £2 4(,+) is enough to guarantee
WSOC at points satisfying the AL-AKKT?2 conditions.

Proposition 4.4 If $2 4.+ satisfies ON, then 2 satisfies strong-EB and RQON.

Proof Quasinormality applied to the set §2 4(,+) implies the quasinormality CQ applied
to the set §2 4 in which A satisfies A C A(x™*). Additionally, quasinormality w.r.t. the
feasible set §2 can be derived from thatin £2 4(,+). Consequently, not only quasinormal-
ity and relaxed quasinormality hold, but also EB for §2 4 and §2 by [30, Theorem 2.1].
Thus, strong-EB and RQN hold. O

The following example shows that the hypothesis of Proposition 4.4 does not depend
on the WCR condition. Thus, although the results previously known in the literature
are not broad enough to guarantee WSOC without asking for WCR, the following
result shows that this is no longer true.

Example 4.1 Consider the set 2 C R? formed by the constraints (example modified
from [24, Example 1]): A(xy, x2) = x; = O0and g1 (x1, x2) = x1e*? < 0. Additionally,
take the point x* = (0, 0)”. The set £2 does not meet the WCR condition at the origin,
but the set §2 4(x+ fulfills quasinormality. Furthermore, notice that the Mangasarian-
Fromovitz and constant-rank constraint qualifications are both invalid at x*.

In the following example, WCR holds while strong-EB fails. Thus, both are inde-
pendent conditions.

Example 4.2 Considering the functions ¢y, ¢, ¢3: R2 — R such that ¢;(xq, x2) =
—x1, ca(x1,x2) = xp — x12 and c3(x1, x2) = —xp — )cl2 for each (x1, x2)T € R2, the
set 2 = {(x1, x2)T € R2 | c1(x1,x2) <0, ca(x1,x2) <0, c3(x1, x2) < 0} meets the
WCR conditions at the origin. However, considering the subset §2 4 with A = {2, 3},
we have that 2 4 = {0}, also, taking the sequence xk = (1/k, O)T, forall k € N,
dist(x¥, £24) = ||Ix¥|| = 1/k, but |c2(x*)| = (1/k)? and |c3(x¥)| = (1/k)?. Hence,

dist(x*, 24)
m X A
k—o0 e (xX)| + |e3(xF)|

Consequently, the set £2 4 does not meet the error bound property at the origin, and
strong-EB is violated.

The previous example shows that some problems are not naturally qualified con-
cerning the local EB-type condition. Hence, presenting convergence results for WSOC
points involving the WCR condition is still valid. Next, we use the boundedness of
AL-AKKT?2 multipliers and WCR conditions to obtain WSOC, as done in [11, 24].

Proposition 4.5 WCR and boundedness of the AL-AKKT2 multipliers are sufficient
for WSOC.

Proof By the boundedness of the AL-AKKT2 multipliers, there are vectors u € Rg_
and A € R? and an infinite subset X C N such that limgej (X + pr g (x¥)); = p and
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limg e ):k + prh(x*) = L. Now, givend € €" (x*), we have that the WCR condition
guarantees, by [14, Lemma 3.1],

lim inf C Ry (X, ) =GV (x¥),

and thus, considering the AL-AKKT?2 sequence {x*}xen, there is a sequence {dk}keN
such that limy_oo d* = d, Vg;(x*)Td* = 0 and Vh;(x*)Td* = 0,foralli €
A(x*) and j € I, and for all k € N. Therefore, the first-order part of WSOC holds
by taking limits w.r.t. IC in (5). Additionally, the second-order part of WSOC holds by
multiplying (6) by (d)T on the left and d* on the right and by taking limits w.r.t.
in the resulting expression, similarly to the end of the proof of Proposition 4.2. O

The following two results give practical situations where WSOC can be guaranteed
at points satisfying AL-AKKT?2.

Corollary 4.2 WSOC holds at AL-AKKT?2 points under WCR and RQON.

Proof The boundedness of the AL-AKKT?2 multipliers can be guaranteed under RQN,
as discussed in the proof of the Corollary 4.1. Thus, we have, by Proposition 4.5, the
validity of WSOC. O

Proposition 4.6 Strong-CRSC implies WCR and RON simultaneously.

Proof By Definition 2.8, strong-CRSC ensures that the rank of the Jacobian matrix
with only the active constraints is constant. Consequently, WCR holds. Additionally,
strong-CRSC implies CRSC, which implies RQN [16, Theorem 2]. O

5 The Strongest Possible Sequential Optimality Condition for SALM

In this section, we show that AL-AKKT?2 is the strongest second-order sequential
optimality condition related to SALM. Part of the theory presented here could be seen
as the counterpart of the theory for first-order SALM discussed in [10].

First, we prove that, as expected by the design of Definition 3.1, SALM’s feasible
accumulation points meet the AL-AKKT?2 condition.

Theorem 5.1 The AL-AKKT?2 condition is valid at every feasible accumulation point
of SALM.

Proof Let x* be a feasible accumulation point of SALM. In step &, an unconstrained
optimization algorithm is applied to (3) to obtain x* that fulfills (4). Hence, the first
and second-order stationarity conditions related to AL-AKKT?2 are valid.

It remains to prove (7), that is, limg_ oo || V¥[leo = O. If the sequence {px }xen
generated by the method is bounded, 1 and r < 1 guarantee limg_, o0 || V¥|loo = 0. If
{pr}ken 1s unbounded, then by the definition of Vik we have |Vl.k + gi (xk)+| < [Lf.‘ / Pk
for all £ € N. Consequently, the boundedness of {[Lf.‘ }en and the feasibility of x*
imply limy_; o Vik = O foralli € I,. This concludes the proof. O
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Next, we show that if the sequence of penalty parameters associated with the second-
order sequential optimality condition is bounded, a primal sequence generated by
SALM exists. This key result is essential to prove that the AL-AKKT?2 conditions are
the strongest optimality conditions valid at SALM accumulation points.

Proposition 5.1 Suppose that x* is afeasible point fulfilling the AL-AKKT? conditions,
where the associated sequence of penalty parameters { py }reN is bounded. Then, there
exists a convergent sequence approaching x* that satisfies all SALM steps for a proper
choice of input parameters.

Proof Let us fix the point x* for which AL-AKKT?2 holds, and consider an associated
sequence {(6k, Pk, Nk, xk, ik, ):k)}keN as in Definition 3.1. By the hypothesis, the AL-

AKKT2 multipliers A = A* + peh(x%)) and g = (& 4 peg (x*)).. are bounded.
Thus, there exists an infinite subset Xy C N such that

lim A\F, pb) =, p) and  lim o = poo,
kE]Co kE]C()

with g > 0 and psy > 0. Furthermore, following the proof of Proposition 4.1,
(x*, A, u) is a KKT triple.

Now, it is necessary to construct a convergent sequence fulfilling all the steps of the
SALM. In fact, for each k € Ko, let us define A = {i € Ip | pigi (x*) + [_Li-( > —nk}.

As the number of subsets of 1, is finite, there are an infinite subset of natural numbers
M C Ky and a finite set A with A C I, such that Ak = Aforall k € M.Insuch a
way, by (6), given k € M,

_ -k _ -k
V2L (xk, 55 30 = 2Lk, (BF 4+ prg (xF)) 4, A+ prh(x¥))

x5 pp
o Y Veix*) Ve (xHT
ieA

q
e Y Vhi(x*) VR =~
j=1

Consequently, taking the limit w.r.t. M in the above expression, (x*, u, 1) is a KKT
triple such that, for some matrix H,

H = V2L(x* L)
q
+ooo ) V&IV +poo Y VRV (xH)T = 0,

ieA j=1
Now, as limj_, o min{—g; (x%), [Lf.‘/,ok} = 0,if g; (x™) < 0,necessarily, limj_, oo [Lf =
0. This means that there cannot existani € A such thati ¢ A(x*). Thus, A C A(x™).
Furthermore, notice that, for any n € Ry, A(x*) C {i € I, | poogi(x™) + ;i > —n}.
All these observations implies that, for any n € Ry,

VL (x*,p.A) = H, (11)

@ Springer



Journal of Optimization Theory and Applications (2025) 206:54 Page 190f30 54

since V,%CZOO (x*, m, L) is equal to H added to positive multiples of positive semi-
definite matrices Vg; (x*)Vg; (x*)T with indexes in {i € Iy | poogi(x™) + i = —n)
but not in A.

Now, choosing {ni}ren to be any positive sequence converging to zero, since
VLo (x*, M) = Vi L(x*, p, L) = 0 and (11) hold with the terms of the sequence
{7k }ren in place of n, for all k£ we have

Vel @ 5 3 =0 and V,%Egi(ik,;lk,):k)zH, (12)

with the constant sequences {frk = X*}reN, {[Lk = W}kenN, {):k = Aken and {pf =
Poo tkeN- Additionally, notice that, since, for all k € N,

V' S min | —g @), @/} =0 and h@E =0,

we have that the following measure always vanish:
max {7, 1r@} =0, vken. (13)

Finally, it is necessary to define the input parameters of the SALM. In fact, we can
choose {6 }ren to be a positive sequence converging to zero in which its terms are
associated with the criterion in (4), max» *max, and Amin to be large enough in modulus

to satisfy ;lk =n € [0, max]? and ):k = A € [Amin, Amax]?, for all k. In such a way, if
we put o1 = po as the input penalty parameter, since (12) and (13) hold, forall k € N,
xk respects 1 (with the criterion (4)) and 1 is always done maintaining the penalty
parameter unchanged from the previous iteration, which aligns with the constructed
sequence of penalty parameters. Thus, the constant primal sequence {ik}keN respects
all the steps of SALM. O

The following lemma shows that the Hessian surrogate of the PHR-augmented
Lagrangian function (see Definition 2.2) satisfies a lower semi-continuity property.
This property is crucial for proving that the limit points of SALM are exactly the
AL-AKKT?2 points.

Lemma 5.1 Assume that all functions describing problem (1) are twice continuously
differentiable. For any p € R4, n,n € Ry withn > 1, (z, i, A) € R" x Rf_ x RY
and € € Ry, there is 8 > 0 such that for any (x, it, ) € B((z, jt, 1), ),

2 = 5 2o, = 7
VL, i, d) = ViLl(z, it d) — el (14)
Proof First, notice that tlle function (x, u,A) — _V%ﬁ(x, I, A) is continuous.
Now, the function (x, g,A) — (x, (& + pg(x))+, A + ph(x)) is also continu-
ous. Thus, their composition is continuous. Furthermore, with p fixed, the functions

x> pVgi(x)Vgi(x)" and x — pth(x)th(x)T are all continuous, withi € I,
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and j € I,. Thus, for the given € > 0, we can take a small §o > 0 so that, for all
(x, &, A) € B((z, i, 1), o),

VL(x, (i + pg(x)) 1. A + ph(x))
— VIL(, (i + pg(2)+. A+ ph(2)) = — €/6l, (15)
p (Vain)Vei ) —Vei@Vai@") = —e/6p)L Vi€, (16)

and p (Vhj@®)Vhj@®)" = Vhj@Vh@") = /6L Vjel,. (7)

In addition, take § < §p small enough so that if (x, i, )) € B((z, I, 1), d), then

n—1 n—1
5 lgx) — g(2) o>
0

> [l — tloo-

Under these considerations, for any (x, ji, A) € B((z, ft, 1), ), defining 7, dof {i €
~ ~ def . —
Iy | pgi(z) + ju; = —n} and 7, = {i el,|pgi(x)+pm; > —n}, wehave I, C Iy,

since if pg;(z) + fi; > —1), then pg; (x) + ft; = pgi(z) + iLi + p(gi(x) — gi(2)) +
(i — i) = —n — (n —1)/2 > —n. Consequently, we can sum the expressions (15),

(16) with indexes in i € Z; and (17) with indexes in j € I;, obtaining exactly

p Y Ve®)Veex) — (Z:]/p +2)e/6l,
e \Z;

with |Z; | being the number of elements in Z. Thus, since Vg; (x)Vg; (x)T are always
positive semi-definite for all i € 1, we have (14). m]

Next, we show that when the AL-AKKT?2 condition is ensured, it is possible to
find a sequence accepted by SALM for a particular choice of input parameters. This
is consistent with previous results for the first-order SALM discussed in [10]. In other
words, AL-AKKT?2 provides the strongest global convergence result for SALM.

Theorem 5.2 Let x* be a feasible point of problem (1) satisfying the AL-AKKT?2 con-
ditions, then, for a proper choice of input parameters, there is a convergent sequence
to x* fulfilling the steps of SALM.

Proof The proof is separated into two cases: x* is an unconstrained second-order

stationary point for the objective function f or not. In the first case, choosing {7 }ren
to be any non-negative sequence converging to zero, notice that, for all k, (12) and
(13) hold with H = 0, {#* = x*}ery, (" = O}een, (X' = Ohken, [k = poclien and
Poo € Ry Thus, with similar reasoning, we might define the input parameters as the
second part of the proof of the Proposition 5.1 and obtain that the constant sequence
{ik}keN satisfies all the steps of the SALM.
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In the second case, suppose that x* is not an unconstrained second-order station-
ary point for the function f. Additionally, consider the sequence {(6%, ok, 7k, -, ﬁk ,

~k . . ... .
X )}ken, which satisfies the AL-AKKT2 conditions and has {z*}ren converging to
x* (see Definition 3.1, noting the ordering in the tuple). Next, we introduce a small

perturbation in the sequence {(6, ok, 7k, zx, ;Zk , Xk)}keN. To do so, define the set
R, ={x eR" | gx)=0,h(x) =0},

and observe that there cannot exist an infinite subset X C N such that, for each k € IC,
there is at least one open neighborhood V of z* satisfying x € 2, forallx € V.
If, for the sake of contradiction, such a subset K did exist, then for all £k € IC, the
expressions (5) and (6) would simplify to

IVFE) <6 and VZf(z5) = —6;1.

Taking the limit w.r.t JC would then imply that x* is an unconstrained second-order
stationary point of f, which leads to a contradiction. Therefore, for each sufficiently
large k, there exists a sequence { y]é}(EN converging to z¥ such that ylg ¢ .Q]p for all
£ € N. Next, for simplicity, let us assume that, for every natural &, such a sequence
exists.

Now, for each k € N, define uniformly bounded sequences {ﬂ’g }een and {):]2} 2eN

~ ~k . T -
that converge to [Lk and A , respectively, with ;L'z > [Lk for all £ € N. Furthermore,
take {ni}xen, converging to zero, with n; > 1 for all & € N. In this setting, for each

k, considering that the point of interest is (z, ik, }:k) and the fixed penalty parameter
is px, we apply Lemma 5.1 and conclude that, for all sufficiently large ¢,

V2L (pk, ik 1Y) = 2Lk k) — gL

x =~ x=~pp

Additionally, notice that
. _p Tk ~r =k
Jim VL (v g, Ag) = Ve Ly, (28, 1),
Consequently, for sufficiently large £, we have

_k Tk _k Tk
IV Lo (¥5. 5 ANl < 26, and VILIE(yy, iy, Xy) = =26, 1. (18)
From these observations, for each k € N, we can select a term from the sequence
{(ylz, [_le, Xlz)}geN satisfying (18) and define it as (xk, ;lk, ):k), so that the sequence
{26, pr, nx, x*, ik, ):k)}keN still satisfies the AL-AKKT?2 conditions as in Defini-

tion 3.1, with {x*}rery converging to x*, but now with ik > 0 and x* ¢ 21, for all
k € N.
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With the established modification, it is ensured that

k

deéfmin{—g(xk),ﬁ—}yéﬂ or  h(xk)£0 (19)
k

for all k. In fact, if this were not the case, for some k, since x* ¢ ‘le’ it must be
g(xk) # 0. Thus, there exists i € I, with g; (xh) Z 0. In this case, since Vl.k =0, it
holds [L{.‘ = 0. However, i* > 0, which leads to an absurd. Therefore, (19) holds for
all k.

Now, if {pr }ken is bounded, Proposition 5.1 allows us to conclude the result. On
the other hand, if {pg }rcn is unbounded, fixing any r < 1 and y > 1, itis possible to
recursively construct a strictly increasing sequence of natural numbers {o }xen such
that, for all &,

IO(TkJrl > Y Poy.

and  max {| V|, |R(x7) oo} < rmax {[IV ! [loo, |R(x7")loo} -
Define the new sequence {0 }xen by putting

_ def | o%/2 ,if k is even,
o) = . .
O(k+1)/2 » if k is Odd,

for all k € N. As can be seen, the terms repeat for two iterations before changing their
value:

{613 621 63’ 547 659 66’ o } = {01’ 01, 02,02,03,03, """ } (20)

Let us take, for all k € N,

e S o5, Y0, gk E o XHER
_ _ _ 7 Ok
VE 4 yo = min | —g ), B L 1)
Loy

We proceed by showing that these sequences respect the SALM steps. When k = 1,
as it is easy to verify, ox = or+1 and pr = pr+1 (see (20)), following 1 and all other
steps of the method in the first iteration. Then, we analyze separately when k is even
orodd fork > 1.

If k is even, we have k = 2/ for some £ and thus 6; = 631 (see (20)). Furthermore,

Ok+1 = 02441 = O(Q2¢4+1)+1)/2 = 0¢+1 and Oy = 02¢ = 02¢/2 = Oy.
Therefore, pr+1 = P54, = Loy = VPo, = VP& = ¥ Pk and
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e 5 G
max {17 oo, 115 lloe | = max {1V oo, 17l |

max {1V oo, 1) 1 |

—k—1 _
max {1V oo, 1BGF Do
Thus, since (19) holds, (Vk, h( yk)) does not vanish. Consequently,

ok ok
max {17 oo, 1155 lloo | > 7 max {1V oo, 18 oo

—k—1 —
= rmax {1V oo, 180G Dl

agreeing with 1 from SALM when px11 > y pk-
Now, suppose that k = 2¢ + 1 for some £ € N. Similarly,

Ok—1 = 0(204+1)—1 = 02¢ = 02¢j2 = 0¢ and

Ok+1 = Ok = OQU+1)+1 = O((20+1)+1)/2 = Ot+1

and so

max {1V oo, 1B oo} = max {1V oo, 18 G™) o]

max { |V oo, 1R (x741) oo }

rmax ([ V7 oo, 1) oo
rmax ([ VA oo, G oo

Al

—k—1 —
= rmax {1V oo, 10GF D |

which corroborates pr+1 = pk. Thus, 1 is being respected.

The validity of the first- and second-order stationarity stated in equation (4)
can be seen by noticing, considering expression (20), that the sequences { ¥,
{(ﬁk + ﬁkg(yk))+}keN, (A% + ih (Y) been may be regarded as sequences contain-
ing some repeated terms of the AL-AKKT?2 sequences {xk}keN, {(;Zk + Pk g(xk)) +}k€N

and {():k + prh(x*))}ken. Hence, the defined sequences in (21) must also be AL-
AKKT?2 sequences.

The ideas regarding SALM’s input parameters are straightforward. Here, it is only
needed to choose [tmax, Amax and Amin to be big enough in modulus so that the bounded

sequences satisfy [:Lk € [0, max]? and AK€ [Amin, Amax]? for all k € N. Notice that
the sequences {0 }ren and {9k }ren in SALM can be taken as those associated with
AL-AKKT2 (compare SALM’s requirements with Definition 3.1). In such a way,
{¥*)xen respects all the steps of SALM, concluding the proof. O

Remark 5.1 Our proof is built upon the original argument presented in [10, The-
orem 1], and, as such, it shares certain similarities. However, the original proof
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may fail in extreme cases. Let {x};cny be a primal AL-AKKT sequence and
{([Lk + pkg(xk))+}keN and {(pkh(xk) + ):k)}keN be the associated dual sequences;
cf. [10, Definition 1]. The proof fails when the given AL-AKKT sequences do
not satisfy both conditions in (19) for infinitely many iterations, while the penalty
parameter sequence remains unbounded. Specifically, within the notation of [10,
Theorem 1], the case of consecutive elements where # =12 o %% is not ade-
quately addressed, because the term ||‘7i’f ~1/2|| may vanish. This would invalidate
the inequality || Vik—1/2|| > T Vik—l/ZH, which is crucial for the proof to hold; see
[10, Theorem 1].

Several approaches can be considered to address the issue in the original proof. One
effective strategy is to divide the original proof into two cases: one where (19) fails
for infinitely many iterations, and one where it does not. In the first case, when (19)
fails for infinitely many iterations, it suffices to recognize that the KKT conditions
are satisfied at the accumulation point of interest. Consequently, the first-order SALM
with constant primal sequences converges to this KKT point, as rigorously analyzed
in [10, Theorem 1] for the case where the penalty parameter sequence is bounded.
In the second case, when (19) holds for sufficiently large indices k, we can proceed
with the proof as originally presented, as the original technique remains valid for such
values of k.

The next result is a direct consequence of Theorems 5.1 and 5.2.

Corollary 5.1 AL-AKKT?2 is the strongest sequential optimality condition valid at
SALM accumulation points. In particular, it implies AKKT2.

Remark 5.2 An analogous result to the above corollary is valid for CAKKT?2 instead of
AKKT?2, provided that the quadratic-like penalty measure of infeasibility associated
with problem (1) satisfies the generalized Kurdyka-Lojasiewicz (GKL) inequality
[15], a mild hypothesis valid, for example, if the data functions of the problem are
subanalytic. GKL is required for SALM to converge to CAKKT/CAKKT?2 points, see
[15, 24].

5.1 The Least Stringent CQ Associated With SALM

In this section, we present the least stringent CQ associated with AL-AKKT?2. In other
words, in view of Corollary 5.1, we state the weakest possible CQ for which SALM
accumulation points fulfill WSOC. Evidently, the weaker the CQ used, the better the
method’s theoretical reliability, so ultimately, we are expanding the class of problems
for which SALM converges.

As we already mentioned, whenever an SOC?2 is proposed, it is possible to construct
its weakest companion CQ following the techniques in [13] or [11]. Next, we recall
some concepts necessary to build such a CQ for AL-AKKT?2.

Consider a multivalued function F: R* == R™ and C C R". The Painlevé—
Kuratowski outer/upper limit [36, p. 152] of F(x) as x — x* is the set

lim sup F(x) = (v € R" | 3{xF}ren, (0¥ Jeen such that

x—>x*
c
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lim v* = v, lim x* = x*, x¥ € C,Vk € N, and v* € F(x*), vk € N}.

k— 00 k—o00

When it holds lim sup,__, .« F(x) C F(x*), the multifunction F is said to be outer
C

semicontinuous in x* relative to C.
Below, we define the condition we call the weakest CQ for obtaining WSOC points
associated with SALM’s accumulation points.

Definition 5.1 Define the multivalued function KW : R" x RY xRY xRy x R4} =
R” such that

p q
(Z(uiwgi(x) + Y 3 Vhj(x), H) € R" x Sym(n) |

i=1 j=1

p q
qor | H =) )4 V2gix) + ) V2h;(x)
i=1 j=1

q
+o Y. VeV +p) Vhi(x)Vhjx)", where
ni=—6 j=1

p=(@+pgx) and A=@&+ph)

forallx e R, ju € R",i € R?, p € Ry and § € Ry We say that a feasible point
x* fulfills the AL2-regularity CQ when, for all € Ri and A € RY, the multivalued
function fulfills

lim sup KW(x,ﬁ,i,p,S) C K*(x™),
(x,ﬁ,i,p,é)%(x*,/l,):,—t-oo,O*)

where

Oy miVgi(x*) + 39_ 4 Vh(x*), H) € R" x Sym(n)|
df | peRY, and AeRY

H <37 wiV2gi () + Y0 A V2 (x*)ing W (x*)

and  g(x)Tp=0

K2(x*)

Remark 5.3 Considering the previous definition, note that the point x* satisfies WSOC
if and only if (—=V f(x*), =V2 f(x*)) € K?(x*).

Guaranteeing that AL2-regularity is sufficient to ensure WSOC under AL-AKKT?2
shows that it is, in fact, a CQ for WSOC since AL-AKKT?2 is valid at every minimizer.
On the other hand, the reciprocal of this result guarantees that any CQ that guarantees

WSOC under the validity of AL-AKKT2 must be stronger than (or equivalent to)
AL2-regularity. These two results are fundamental to achieving our objective.

Theorem 5.3 The point x* fulfills the AL2-regularity CQ if and only if, for every twice
continuously differentiable objective function f considered in (1), if x* satisfies AL-
AKKT?2 with respect to this objective function, it also satisfies WSOC.
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Proof Suppose that x* meets with AL2-regularity and that it fulfills AL-AKKT2. Let

{Ox, P, Nk, xk, [Lk, ):k)}keN be a sequence fulfilling Definition 3.1. We analyze the
cases where {px }xen has a bounded subsequence or not separately.

If {px }xen has a bounded subsequence, by taking a subsequence, we may assume
that { o }xeN 1s convergent since subsequences of AL-AKKT?2 sequences are also AL-
AKKT?2 sequences. Then, by Proposition 4.1, WSOC is held, and the necessary result
is proven. If no subsequence of {px}ren is bounded, necessarily limg_, oo pr = 00.
Taking 8y = ni for all k € N, we have that, for some sequence {vk}keN converging to

zero, (—V f (&%) + 5, =V f (k) D) € K" ek, ik 1Y, pr. 8). Thus, as (@ Jren
and {):k}keN are bounded, we can assume, without losing generality, that (iKY ken and

{X" }xen converges to jt and A, respectively. Consequently, taking the limit, we derive
that

(—V F(x*), —V2f(x*) € lim sup KV (x, ji, %, p, 5).
(x,/i,i,p,é)%(x*,/l,):,+oo,()+)

Hence, by the AL2-regularity at x*, (—=V f(x*), —V2 f(x*)) € K?(x*). That is, x*
is a WSOC point.

Let us prove the reciprocal; that is, we now show that if the point x* satisfies WSOC
whenever it fulfills the AL-AKKT?2 condition, then the function K" satisfies, for a
given L € Rf_ and A € R,

lim sup KV (x, i, A, p,8) C KX(x*).
(x,ﬁ,i,p,a)ﬁ(x*,/l,):,+oo,0+)

Indeed, let

d,H) e lim sup KW(x,ﬁ,i,p,S).
(x,[i,i,p,ﬁ)%(x*,ﬁ,)_»,+00,0+)

Then, there are sequences {d" ey C© R, (HMjen C Sym(n), (xFlen € R7,
_ ~k

{ﬂk}keN C Ri» A Jken C RY, {pr}ken C R-H- and {8 }reny C R_H_ such that
@, 1 e KV ek gk X pr, 80, (@, HY))eew convergesto (d, H).{x*}en con-

verges to x*, { iKY ken and {):k}keN converge to i and x, respectively, {px }xen diverges
to 400 and {8k }xen converges to zero. Therefore, considering the problem

1
min —d’ (x —x*) — —(x —x)THx —x*) st. gx) <0
xeRn 2

and h(x) =0, (22)
x*is an AL-AKKT?2 point with the primal sequence {x*};cn. Thus, by the hypothesis,
the problem (22) fulfills WSOC at x*. And finally, (d, H) € K*(x*). This concludes
the proof. O
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The least stringent CQ associated with the AKKT2 conditions is called CCP2, while
the one associated with CAKKT?2 is called CAKKT2-regularity. Since AL-AKKT?2
is stronger than AKKT2 and CAKKT?2, it is natural to wonder whether the AL2-
regularity is weaker than CCP2 and CAKKT2-regularity. Interestingly, it is, but not
only that, AL2-regularity weakens all possible constraint qualifications that can be
used to guarantee convergence to WSOC points for SALM’s accumulation points.
Understanding this matter is straightforward. A proof is given below.

Proposition 5.2 The least stringent CQ necessary for WSOC points at the SALM accu-
mulation points is AL2-regularity. In particular, CCP2 implies AL2-regularity.

Proof Let x* be a feasible point, and assume that a constraint qualification that guar-
antees WSOC at SALM accumulation points is valid at x*. Let

d, H) e lim sup KV (x, i, X, p, 5).
(x,ﬁ,i,p,&)—)(x*,ﬂ,):,+oo,0+)

Then, there are sequences {dk}keN c R, {H" ey C Sym(n), (x" ey C R7,
{iiF)ken C RY, {Xk}keN C RY, {ortken C Ry and {Sgren C Ry such that
(dk, Hk) € KW(xk, ﬁk,ik, Pk, k), With pr — 00, {Sx}ren converging to zero,
{(xF}ren converging to x*, (@, H)}xen converging to (d, H) and {ji*};en and
{):k}kEN converging to i € Ri and A € RY, respectively. Therefore, considering
the problem (22), x* is an AL-AKKT2 point with the primal sequence {xk}keN. Since
AL-AKKT?2 guarantees a sequence convergent to x* generated by SALM applied
to (22), and a constraint qualification that guarantees WSOC at SALM accumula-
tion points is valid at the same point, we have the validity of WSOC. Consequently,
(d, H) € K?(x*) and the inclusion in Definition 5.1 follows.

Since AL-AKKT?2 implies AKKT?2, the second statement can be proved using the
same reasoning applied to the first part of the proof. O

Remark 5.4 1t is possible to prove straightforwardly that CAKKT2-regularity implies
AL2-regularity under the GKL inequality, as discussed in Remark 5.2.

Considering the developments in this article, we provide the landscape of CQs
associated with WSOC in Figure 1.

6 Final Remarks

Safeguarded augmented Lagrangian methods have been widely studied recently due to
their broad applicability and general global convergence results. When one can solve
the subproblems of an algorithm by obtaining second-order stationarity, a second-
order stationary accumulation point for the original problem is expected to be found.
The first-order variation of this idea and reasonable assumptions that guarantee a
similar first-order property are well known. However, very few results are known for
the second-order case. Previous results suggested that a constant rank property of the
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CR\EQ QNQN,‘)
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Fig. 1 Landscape of the new constraint qualifications for which accumulation points of the safeguarded
augmented Lagrangian method are WSOC points. Here, QN Al) is the quasinormality CQ applied to
the set £2 4(x*)

gradients of active constraints was needed to guarantee the inner continuity of the
linearized subspace, inherent to second-order stationarity.

In this paper, however, we propose a strong error bound property, which is enough to
guarantee second-order stationarity. The condition corresponds to the traditional error
bound constraint qualification for constraint sets formulated with selections of the
constraint functions. Our result also requires boundedness of the dual sequences, which
can be achieved with the so-called relaxed quasinormality condition. Connections with
several other conditions known in the literature are studied; in particular, we show that
the recently introduced strong constant rank of the subspace component is sufficient
for guaranteeing second-order stationarity without any additional requirement.

To formulate our results, we present a new second-order sequential optimality con-
dition, particularly tailored to the algorithm, which allows us to characterize the least
restrictive condition that guarantees second-order stationarity, called AL2-regularity.
This condition is the least stringent CQ associated with the algorithm in the sense
that any CQ that guarantees second-order stationarity at feasible accumulation points
reached by the algorithm is necessarily more stringent than AL2-regularity. This sug-
gests a relevant research topic related to our results, which is the characterization of
conditions that ensure the boundedness of the dual sequences generated by the algo-
rithm. We conjecture that this property can be characterized in terms of error bound
type conditions. This will be the subject of future research.
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