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When evaluating beam shape coefficients which encode the description of laser beams, for use in some T-matrix
approaches such as generalized Lorenz-Mie theory or Extended Boundary Condition Method for structured
beams, by using finite series, blowing-ups are observed. When numerical inaccuracies are ruled out, it has been
firmly demonstrated that such blowing-ups correspond to genuine physical phenomena, namely they describe
evanescent waves. We propose a method to eliminate these blowing-ups and the corresponding evanescent
waves (at least most of them).

1. Introduction

In some T-matrix approaches with arbitrary shaped beam illumina-
tion, specifically in Generalized Lorenz-Mie Theory (GLMT), e.g. [1-3],
or in Extended Boundary Condition Method (EBCM) [4-6] when ap-
plied to structured beams [7,8], illuminating beams may be expressed
by an expansion over Vector Spherical Wave Functions (VSWFs) and
the expansion coefficients are then expressed in terms of Beam Shape
Coefficients (BSCs), e.g. [9-11] and references therein for reviews of
these theories and applications.

The BSCs are in general constituted from two sets, and are denoted
most usually as grru and gnrE with n ranging from 1 to oo, m from (—n)
to (+n) and in which TM stands for “Transverse Magnetic” while TE
stands for “Transverse Electric”. There exist several methods to evalu-
ate the BSCs, including (i) the original quadrature method, e.g. [12,13],
(ii) the localized approximations which have a long story with a review
in [14] to be completed by [15-17], and by a series of paper devoted
to the limitations of localized approximations when dealing with beams
exhibiting an axicon angle and/or a topological charge, e.g. [18-25],
(iii) the use of an Angular Spectrum Decomposition (ASD), e.g. [26] for
a review and [27-38], for recent implementations, and (iv) the recently
introduced R-quadrature method [38-42].

In the present paper, we are concerned with another technique,
named the finite series technique. This technique has been introduced
several decades ago [43,44] and has been essentially forgotten for a
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long time, particularly due to the efficiency of localized approximations
in terms of formal flexibility and computing speed. It has recently
been set again on the stage due to the above mentioned limitations of
localized approximations for beams exhibiting an axicon angle and/or
a topological charge, e.g. [45-53].

It has soon been observed that the use of finite series generates
blowing-ups in the values of the high-order BSCs, e.g. section 6.7
in [1]. These blowing-ups were attributed to a genuine phenomenon
but without any physical explanation of their origins. The renewal
of the finite series technique set again the blowing-up issue on the
stage. It has then been firmly demonstrated by analytical means that
indeed, once numerical inaccuracies are ruled out, blowing-ups are
genuine phenomena and, furthermore, it has been demonstrated that
they are a signature of the existence of evanescent waves [54,55], and
see particularly Eqs. (48)—(49) in [56]. Furthermore, in the case of
Gaussian beams characterized by a beam confinement factor s, various
criteria to evaluate the critical value of the order of BSCs have been
established [54]. These criteria will be discussed as well in the present
paper.

Specifically, the present paper presents a method to get rid of these
blowing-ups and of the associated evanescent waves (at least most of
them). It is interesting to note that the method relies on a mathematical
step which, in utmost rigor, is not allowed but which nevertheless
provides a correct solution to the issue at stake.
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The paper is organized as follows. Section 2 provides a background
and poses a problem to be solved in which BSCs have to be evaluated.
Section 3 deals with a first method to the evaluation of these BSCs.
Section 4 deals with a second method to the evaluation of the same
BSCs. In section 5, we provide a comparison of the results obtained
in sections 3 and 4, exhibit the fact that they disagree, one exhibiting
the evanescent wave behavior and the other getting rid of them,
and explain the reason of this difference of behaviors. Section 6 is a
conclusion.

2. Background to a problem to be solved

We recall that Gaussian beams may be described by using a scheme
of successive approximations due to Davis [57-59]. In this scheme,
using Cartesian coordinates (x,y,z), a x-polarized potential vector is
introduced for a beam propagating along the z-direction. The nonzero
x -component of the potential vector is expressed in terms of a potential

function y which is expressed by an infinite series reading as:
o

u/=2521w2j =y + 7w, + sty + o (9]
j=0
in which s is a small parameter, called the beam confinement factor
(or beam shape factor) defining the focusing of the beam, reading as
1/(kwg) in which k is the wavenumber and w, the beam waist radius
of the beam. Eq. (1) allows one to introduce successive approximations
called the first-order, third-order, ...approximations. Once an approx-
imation is obtained, the corresponding electric and magnetic fields, E
and H respectively, may be obtained, for instance by using the Lorenz
gauge.

The first-order approximation is called the L-approximation (“L”
standing for lowest) in which the nonzero field components are E,,
E,, H, and H, given by Egs. (4.24)-(4.27) in [1]. Neglecting the
components E, and H,, we obtain a still simpler approximation called
the L~ approximation in [1], section 4.1.6. In this approximation which
is to be used in the present paper, the electromagnetic fields read as [1]:

E(r) = e, EQ exp(—Q0” /w} — ikz) 2

H(r) = e, HyQ exp(-Q0” /w} — ikz) 3

in which e, and e, are unit vectors in the x- and y-directions respec-
tively, E, and H, are field strengths, p> = x> + )7, and Q, which is
defined in a way slightly differently from in [1], reads as:

1

=—— 4
e 1—2iz/(kw(2)) @

The radial components of the electric and magnetic fields may be
obtained in spherical coordinates (r, 6, ) from Egs. (3.10) and (3.19)
in [1]. Together with Egs. (2) and (3), we then obtain:

E.(r) = EyQ exp(—Qr2 sin? 9/w(2) — ikrcos 6) sin 6 cos ¢ 5)
E ey +n
= 70 Z Z cPn(n + 1)g' i (kr) PI (cos 0) exp(ime)
n=1m=—n
H.(r) = HyQ exp(—Qr2 sin? 0/14% — ikrcos 0)sin 0 sin ¢ 6)
+
_Hos oy e " Il ,
=~ XD cln(n+ D)gly i (kr) P (cos 0) exp(imep)
n=1 m=-n

in which j, (kr) are spherical Bessel functions of the first kind, P,!'"‘ (cos 0)
are associated Legendre functions defined according to Hobson’s nota-
tion [60], and ¢/, with “pw” standing for “plane wave”, are plane
wave coefficients given by Eq. (3.3) in [1], reading as:

, 1 2n+1
pw — L _pntl 7
€n k( ) nn+1) @
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Introducing R = kr and rearranging, Egs. (5)—(6) may be rewritten

as:
RO exp(—QszR2 sin? @ — iR cos ) sin 0 cos @ 8)
©  +n

= Z Z (=Y @0+ 1Dgl" 0 Jn(R)PY™ (cos 0) exp(ime)
n=1 m=-n
RQ exp(—Qs’ R? sin? @ — iR cos 0) sin f sin ¢ 9
o +n

= Z Z (=Y @+ 18" i (RIP™ (cos 0) exp(ime)
n=1 m=-n

We then multiply both sides by exp(—im’¢) and carry out the in-
tegration over the interval [0,2x], using classical expressions reading

as:
2z . ,
/0 M=) = 276, (10$)
2z ) ,
/ sin e ™A@ = in (8 41 = Oppmr—1) 11
0
2r . ,
/ cos (pel(mim )(pd(p = ﬂ"(am,m’-f—l + 5m,m’—1) (12)
0
to obtain:
RO exp(—Qs® R sin® @ — iR cos 0) sin 0(6,, + 6,,_1) (13)

=2 Z(—i)"“ @n+Dglry Jn(R)P!™ (cos 8)

n=1
—iRQ exp(—Qs® R? sin® § — iR c0s 0) sin 0(6,, | — 6,,_1) 14)

=2 Z(—i)”“ @n+ 1)g" i (R) P (cos 0)

n=1

These Egs. (13)-(14) imply that the non-zero values for the BSCs
are for m = +1, and that they satisfy a relation allowing one to define
uni-index BSCs g, reading as:

&n _ 1 -l
2 T 8urm T 8urm T8 TE = TIuTE 15)

This relation is typical of on-axis Gaussian beams, e.g. Eq. (6.3) in
[1], more generally of on-axis axisymmetric beams of the first kind.
Such beams are defined by the fact that the z-component .S, of the time-
averaged Poynting vector does not depend on the azimuthal coordinate
@, in a coordinate system in which the axis z is the symmetry axis of
the beam. Such beams may be viewed as z-axisymmetric, e.g. Eq. (1)
in [61], and Egs. (6) and (7) in [62]. It has recently been demonstrated
that such beams are actually circularly symmetric, i.e. all components
of the Poynting vector does not depend on ¢ [63].

As a result, Egs. (13)-(14) may be expressed using a single equation
reading as:

o0
RO exp(—Qs>R? sin® 6 —i R cos 0) sin 6 = Z(—i)"“ 2n+1)g,j,(R)P! (cos 0)

n=1

(16

In the next step, which is typical of the finite series approach, we
specify a xy-plane location, i.e. = z/2, leading to:

[Se]
Rexp(—s*R?) = Z(—i)”“(zn + g, j,(R P 0) a7
n=1
When 6 = z/2, P}*(cos6) is nonzero only for (n — m) even, which
again is a typical result of the finite series approach in which the case
(n — m) odd requires another treatment (see Appendix A). For (n — m)

even, we then set n = 2p + 1, leading to:
[s+]

xexp(—SZXZ) = Zapj2p+1(x) (18)
p=0
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in which we conveniently change R (related to the physical problem in
hand) to x (to insist on the mathematical problem in hand), and to:

ay = (1" @p+3)g3p01 Py, (0) (19)

We then use [60]:
5 (n+m—1!!

m — (—1\(n+m)/ _
PM0) = (-1) 2(n—m)/2(%)!’ (n—m) even (20)

and a classical expression for n!! = 1.3.5...n reading as:

— "
rhem= Gz 2 1)
2 n

to obtain:
Py 0) = (=1 H@\/——Jrf/z) (22)

zp!
so that Eq. (19) becomes:

2I'(p+3/2

ay=tp+ 322D, 23)

Vap!

The problem is then to evaluate the expansion coefficients a, of

Eq. (18) from which we can obtain the uni-index BSCs g,, n odd, using
Eq. (23).

3. First method

We provide two approaches to illustrate the first method used to
evaluate the expansion coefficients.

3.1. First approach

Let us introduce the function A(x) reading as:
h(x) = x3/? exp(—s>x?) 24)
and introduce its Maclaurin expansion reading as:

3/2 2.2 T (—s2) 2q+3/2
x°/% exp(—s*x*) = Z Lyt (25)
q!

We next use a Bessel expansion reading as [64]:

S 20+ 1/2)I 1/2
a2 z(q+ p+1/DI(g+p+ /)q+2p(x) 26)

\/;p=0 P

leading to:

+2k+1/2)F(;4+k+1/2)

2 [o]
/20" = N Z o

Ju+2k (x) (27)

We may afterward use:

() =) 5= T2 (28)

in which J, 20 denotes Bessel functions [65], allowing one to rewrite
Eq. (27) as:

o (p+ 26T (u + k
(x/2)F = Z %Jﬁzk(w 29)

We may then return to Eq. (25) and express x24+3/2 using the Bessel
series of Eq. (29) to obtain:

Y i i (2q + 2k +3/2)I"(2q + k + 3/2) (—4s2)4

X312 exp(—szxz)

=5 k! q!
X Jogiok43/2(%) (30)
which, with p = ¢ + k, may be rewritten as:
x*/? exp(—s*x?) (31)
© p 2
_ 32 (2p+3/2)I'(q+ p+3/2) (—4s5°)1
=22 »-9! gt et

p=04=0
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T 3/2
=232 Z<2p+3/2>2 (” +"+ / )< 4523 p032(x)

Using Eq. (28), Eq (31) may be given the form of Eq. (18) with:
r (p +q9+3/2)

— C —4s%)1 (32)

= 7(211 +3/2) Z
which is the first solution to the evaluation of the expansion coeffi-
cients a,. The correctness of this result has been numerically checked
with high precision calculations as follows. Relying on Eq. (18), and
defining:

Pmax

x exp(—szxz) — Z Apjops1(X)
p=0

fx)= (33)

it is indeed found that f(x) - 0 when p,,,, — o for various values of s
and x.

3.2. Second approach

Let us again consider Eq. (18) and implement Eq. (28) to obtain:

x*? exp(—s>x?) = \/7 z a,d2p372(X) (34)

We are now going to apply the Neumann Expansion Theorem (NET)
which is the basic theorem used in the finite series technique to the
evaluation of BSCs, see Chapter 5 in [1] and [64]. For this, Eq. (34)
must be given the form of Eq. (5.2) in [1] reading as:

0

X2 = Y,

n=0

Jps172(%) (35)

This is done by introducing:
g(x) = xexp(—s2x?) (36)

so that Eq. (34) becomes:
x2g(x) = \/g Y aydapis () 37
p=0

which is to be compared with Eq. (35). Setting n = 2p + | in the r.h.s.
of Eq. (37) and equating with the r.h.s. of Eq. (35), we obtain:

\/7 z Ap1y2dn1 2 (X) = chJn+1/2(X) (38)

1, odd n=0
so that:
¢, =0, n even (39
39
¢, = \/ga(n_l)/z, n odd

that is to say:

¢, =0
'z (40)
CZp+1 - \/;ap
The next step requires us to obtain the expansion coefficients b,
defined by the expansion, see Eq. (5.3) in [1]:

g0 =Y bx" 1)
n=0

From Egs. (36) and (41), we then have:

2\n,.2n+1 e
800 = Z( A (42)
leading to:
b, =0, n even
{ by = (=D /[(n — 1)/21!, n 0dd “3)
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The relationship between the coefficients ¢, of Egs. (39)-(40) and
the coefficients b, of Eq. (43) are given by the NET, see Eq. (5.4) of [1]:

w2 L-m+1/2),
!

1 _
¢, = (f’l + E) go on 2m+1/2 — o (44)

Since we only deal with non-zero values of ¢,, i.e. those for n odd
as shown in Eq. (40), we have:

P
T 3 _ I'2p—m+3/2)

Copr1 = \/;’p =Qp+ E) Z 22p 2m+3/sz2p_2m+l (45)

m=0 :

which, setting ¢ = (p — m) becomes:

p
7 3 I'(p+q+3/2)
Coptl = \/;a,, =Q2p+3) 2622‘”3/2wb2q+1 (46)
-

in which we only need the coefficients b, with n odd, rewritten from
Eq. (43) with n = 2q + 1, reading as:

bags1 = (=s7)1/q! (47)

Inserting Eq. (47) into Eq. (46), we obtain:

2 2
Lo =032 3% L0 +q+3/2)(=4s°)
\/;ap 2 (2P+ Z)qzo q!(p—q)! (48)

which identifies with Eq. (32) as it should.
4. Second method

We multiply Eq. (18) by j,,,(x) and integrate from 0 to o, leading

to:
o co X
/ x exp(—52x2) japp1 (X)dx = / X pinps1 (X (X)dx (49)
0 0 p=0
Interchanging the integral and the summation, we obtain:
© 2 2. _ - © . .
X exp(=s°Xx")jppp (N)dx = Zap J2pi1 (X1 (X)dx (50)
0 =0 0

so that, from Egs. (49) and (50), we obtain:

co X Rl o
/ 2 apj2p+1 (x).j2n+l (X)dX = 2 ap / j2p+l (X)j2n+l (x)dx (51)
0 p=0 p=0 0

But we have [65]:

<o _sin[(n —m)(z/2)]
/0 ./n(X)Jm(X)dX = m for n 7’2 m (52)
/0 Jn(X)jm()dx = m forn=m (53)

In Eq. (51), we have to deal with n =2p+ 1 and m = 2n + 1, so that
Egs. (52) and (53) reduce to:

© . . T
/0 J2p1 Xjopp1 (Xdx = m5np 54

Inserting Eq. (54) into Eq. (50), we readily obtain:
24p+3) [® .
a,= (pT /0 xexp(—32x2)12p+1(x)dx (55)

which is the second solution to the evaluation of the expansion coeffi-
cients a,.

5. Discussion

The two solution of Egs. (32) and (55) are compared in the figure,
using logarithmic scales. Furthermore, absolute values are used because
the series may become alternating, e.g. the Table in Appendix C. The
results for four values of the beam confinement factor s are displayed,
namely 1/10, 1/13, 1/17 and 1/20. We observe that the first solution
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of Eq. (32) displayed with a blue line and blue symbols blows up in
contrast with the second solution of Eq. (55). These behaviors may be
checked analytically, see Appendix B.

The ranges chosen for p depend on s and have been chosen to
visually exhibit the blowing-ups, from 0 to 40 when s = 1/10, up to from
0 to more than 80 for s = 1/20. From [54], we extract two successful
criteria to the evaluation of the critical values n, = 2p, +1 for the onset
of the blowing-ups (see Fig. 1).

One criterion is theoretical and reads as p, = int[e/(165%)] leading
to p, =17, 29, 49 and 68 for s = 1/10, 1/13, 1/17 and 1/20 respectively.
The second criterion is empirical and can read p, = int[3/(16s%) — 1/2]
leading to p, = 18, 31, 54 and 74 respectively. Both criteria agree
reasonably well with the critical values available from the figure. It
should be noted that, for p < p,, the two solutions seem to provide the
same results. This is actually not true. The results are different although
the differences are so small that they cannot be seen on the figure, see
however the Table in Appendix C. These differences are 0 only for s = 0.

From a physical point of view the blowing-ups correspond to the
presence of evanescent waves, see [54,55] , [56], while the other results
correspond to the elimination of the evanescent waves (at least most of
them).

The reason for the disagreement between the two solutions is the
fact that the interchange between the integral and the summation
carried out in the step from Eq. (49) is not allowed (see Appendix C).
By nevertheless carrying out the interchange, we therefore force the
mathematics to produce a solution in which the interchange is allowed,
and “indirectly” eliminate the evanescent waves (or at least most
of them). We may demonstrate that this last interchange is indeed
allowed using the Dominated Convergence Theorem [66], but such a
demonstration may be omitted since it is a direct consequence of the
procedure used to obtain the second solution of Eq. (55), in which
Eq. (51) is indeed used to force it.

As a last word, let us mention that, although the obtained second
solution is physically of interest, we have to insist on the fact that it
is mathematically incorrect. Indeed, we may numerically check that
Eq. (18) is not satisfied when we use Eq. (55) to specify the values of
a, ’s. This is maybe the most important message of the present paper,
namely that a mathematically incorrect procedure may be used to pro-
duce a physically correct solution of interest. Actually, any set of BSCs
generates a genuine electromagnetic field, even if these coefficients
were tossed, and therefore generates a physically correct solution. But,
in the present case, the solution obtained is not only physically correct
but it is also of interest since it eliminates the evanescent waves (or at
least most of them).

6. Conclusion

Usually, physicists do not care too much with interchanges between
integrals and summations. This is usually justified by the fact that
equations, in physics, most often do not exhibit “pathological” features
which would prevent such interchanges to be carried out. The present
work provides a counter-example.

But there is an interesting consequence to be noted. Namely, by
using an “incorrect” mathematical step, we force the mathematics
to provide a solution which is physically a “correct” solution, by
eliminating evanescent waves (or at least most of them).

It must be furthermore noted that the blowing-ups observed with
the correct solution do not imply a blowing-up of the associated physi-
cal quantities, in particular do not imply a blowing-up of the associated
fields. This is because, actually, when dealing with physical quantities,
BSCs which blow-up are multiplied by functions decreasing to zero fast
enough to compensate for the blowing-ups. We then have obtained two
solutions which, both of them, are physically correct. Comparisons be-
tween physical quantities, using either of the two solutions would then
allow one to characterize the influence of the evanescent waves [67].
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(b) .
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P
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Fig. 1. Expansion coefficients a, for various values of the beam confinement parameter. Blue: blowing-up solution. Black: blowing-up eliminated.
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Appendix A

The paper deals with the case (n — m) even. The case (n — m)
odd is not considered in this paper because it would behave in a
completely similar way, and then would unnecessarily increase the size
of the paper. The similarity between the two cases is obvious from two
equations below, providing the expressions of BSCs using finite series

for on-axis Gaussian beams at an order of approximation called L-,
see [1], page 167:

2 T(p+j+3/2)

_ p! N
Sapet = Zoj!(p—j)! T &)
P .
_ p! T'(p+j+5/2) N
B2 = X o T T To S Ty (4% (57)

J=0

Appendix B

In a first step, we analytically demonstrate that the second solution
of Eq. (55) does not blow up. Using Eq. (28), Eq. (55) may be rewritten
as:

2 o
a,=(4p+ 3)% /0 exp(=s2x?)J 55 (x)x ' 2dx (58)

From Eq. (6.631.1) of [68], with Re(a) > 0 and Re(n + 1) > —1, we
have:

[s+]
/ exp(—ax?)J, (bx)x'dx
0

b
= 2l g+ D/2 P (4 1) L1 Fi(
bnr(%) —b? n—t+1
T D2 (1) exp(g (=

2
n+t+1_n+1;_b)]

; 59
2 4a 9

bZ
+1; —
" 4a)

in which | F; is a hypergeometric function, also called the Kummer’s
function of the first kind, and in which we have used the Kummer’s
transformation [69]:

LFy(a; b; x) = exp(x); Fy (b — a; b; —x) (60)

Letting a = s%, b=1, n=2p+3/2 and t = 1/2, we then obtain:
272-15=20=3 T'(p+3/2) -1 1
= exp(— ) Fi(p+ 1;2p+5/2;
K Jr T@p+3/2) P A+ 2P 457205

(61)
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We then use a classical expression reading as:
o (@),z4
\Fi(a;b;2) = Z — (62)
= (0),4!
in which (c), is the Pochhammer symbol defined as:

() =1 (63)

(€)g=clc+D(c+2)..(ctq-1),q9#0 (64)

so that the hypergeometric function of Eq. (61) may be rewritten as:

S (p+ D)
)= Z—"(—)‘f (65)
q

1
Fi(p+1;2p+5/2; —
1Filp p+5/ 452 =0(2p+5/2) 452

Similarly:

1
P+, 1 )ql 66)

Fip+1:2p+2 5) = 3 o l(
1Fi P ) 20(211+2)q et

from which we readily deduce:
1F1(P+12p+5/2 )<1 Fi(p+1;2p+2; 41 ) 67)

But, from [69], we have:

1 F1(v.2v,2) = T(v + 1/2) exp(z/2)(z/4) 21, 15(2/2) (68)

in which I,(x) is the modified Bessel function satisfying the relation:
< 1 2s+a

Talx) = 2 si(s +a)' ) 69

Using Egs. (61) and (68), and the inequality of (67), we may then
establish another inequality reading as:

22 (M +3/2))” 1
b =T Tapean SRR 70

Using I'(x + 1) =
sufficiently large:

ap

xI'(x) and Eq. (69), we finally find that, for p

1
b I30(53)
Oor1  TP3/27827 (71)

1
bP 1p+1/2(@)
meaning that the b,s, and therefore the a,s according to Eq. (70), do
not blow up.
In a second step, we analytically demonstrate that the first solution
of Eq. (32) indeed blows up. To begin with, this equation is rewritten
as:

24p+3) I'(p+3/2) i(p) F(p+q+3/2)(_4sz)q 72)
q

YT TR P T(p+3/2)

P
_ 2@4p+3) I'(p+3/2) 2 <§>(p+ 3/2),(=4s%)

\/; P 4=0
4 4p+3
= ENGE 3l +5/2)z< )p+3/2)q(—452)4

in which (Z ) is the binomial coefficient and (a), is again the Pochham-
mer coefficient.

We then introduce the generalized Bessel polynomial y,(x; a) which,
according to Grosswald [70], see as well Eq. (29) in [55], reads as:

P
yxia)=Y, (Z) (p+a=1y(3)" (73)

q=0
allowing one to deal again with Eq. (72) to rewrite it as:
_ 2p+3) I'(p+3/2) Z”:

a, \/_ o
T . q=0

N

({q’ > (p+3/2),(=4s>)1 74)
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But, when p is large, y,(x; a) tends to the expression of Eq. (75) given
below, see again Grosswald [70] and as well Eq. (31) in [55]:
2 _
yy(x;a) = (fp)ﬂz“ 32eM*[1 4+ 0(1/p)] (75)

so that, for p large enough, we have:

4(4p+3) I'(p+3/2) —16s2 -1
a2 2D 0L 2165 ) oy Ly 76)
\/; p! e 8s
leading to:
a 1652
p+l ~ 16s 77
a e

P
implying the blowing-up of the coefficients a,,.

Appendix C
Let 1.5 be:
IS = / Z apjrpr1 (R)jopy (R R 78)
and ST be:
SI= ioap /O°° J2pr1(R)jzus1 (R)AR 79)

both quantities being taken from Eq. (51). In I.S, the summation §
is carried out first and the integral I afterward. In S/, the integral is
carried out first and the summation afterward.

We also define the difference:

D=IS-SI (80)

All these quantities are displayed in the Table below, using for q,
the first solution of Eq. (32), setting the beam confinement parameter
s to 1/10, and running the computations with 3000 digits.

P 1S S1 D

1 2.120575 2.120575 1.38E-10
2 2.194795  2.194795  -1.65E-10
3 1953446  1.953446 2.11E-10
4 1.547777 1.547777 —-2.93E-10
5  1.109633  1.109633 436E-10
6 0.72692 0.72692 -6.97E-10
7 0438198  0.438198 1.20E-09
8 0.244416 0.244416 —2.19E-09
9 0.126731  0.126731 4.29E-09
10 0.061333  0.061333  —8.94E—09
11 0.027806  0.027806 1.98E-08
12 0.011848  0.011848  —4.65E—08
13 0.004759  0.004759 1.15E-07
14 0.001807  0.001807  —-3.02E-07
15 0.00065 0.000649  —8.34E—-07
16  0.000222  0.000225  -2.42E-06
17 7.23E-05 6.49E-05 7.37E-06
18 224E-05 459E-05 -2.349E-05
19 6.66E-06 —7.2E-05 7.8332E-05
20 1.89E-06 0.000275  —0.0002727
21 5.15E-07 —0.00099  0.00098976
22 1.35E-07  0.00374 —0.0037395
23 339E-08 —0.01469  0.01468854
24 820E-09 0.059904  —0.0599044
25 1.29E-09 —0.25336  0.25335919
26 4.32E-10 1.109987  —1.1099872
27 941E-11 -5.03193 5.031922733
28 1.98E-11  23.5799 —23.579905
29 4.05E-12 —114.109  114.109102

We observe that, for p > 1, I.S decreases steadily when p increases
while ST decreases steadily up to p = 18. From this value p = 18, ST
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becomes alternating with absolute values increasing steadily, exhibiting
a blowing-up. For small values of p up to 14, I.S and S perfectly agree
up to 6 digits and afterward disagree more and more. We recall that we
found that the critical value p, was found to be 17 using the theoretical
criterion and 18 using the empirical criterion. These values are well
confirmed by the table. Apart of these remarks, the most important
message is that interchanging the integral and the summation as in
Eq. (51) is indeed forbidden. Doing this, we then generate another
solution, which eliminates the evanescent waves, and for which the
interchange is allowed since it is forced to obtain the second solution,
which does not blow-up.

Data availability

No data was used for the research described in the article.
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