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Abstract 

Special cases of Bovdi's conjecture are provt"d. In particular the conjeclur,. is 
proved for supersolvab)t" and Frobt"nius groups. We also prove that if r:rp{ U / Z) ia 
finite, o E V7lG a torsion unit and m the smallest po,sitive integer such that o"' e (; 
then m divides ezp(C:/Z). 

Let (; be a ,;roup and let V1l(; bP the group of units of augm<'ntalion 011P of the 

integral group ring '/ZC:. Given an element z = E z(g ):g E 'll<; wt> set 

Tl'->(z) = L z(g), 
gECi(l:) 

called thP k-generalized tracP of z. Here G(k) = (g E (';: o{g) = k}. We also srl 

i(g) = L z(h). 
1a ... , 

A.A.Bovdi proved the following [I) 1: 

1 AMS Subject Clusiliat.ion: Primary 20C:05, 20C:07, 16S34. Sec■ ndary 16U60. 
Key words and (rues; Group Rings, torsion units, generalised l1·ace. 
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Lemma 1: If 71 i." ",,rirm. :r E V~G and o(:r) = p", then Tlr"l(:r) = l(mod p) and 

Th•' I ( r.) = 0( mod p) /or j < 11. In particular there i.~ an clement g E <: .,,uc/1 that 

o(.:r.) = o(g). 

Considning these statements he conjectured tha.t if z is a.s in Lemma. I thPn 

BCl: J'h•"l(:r)= I aud 7'IP'l(z)=0 /or· j<n. 

In (1) BC I is proved for metabelia.11 nilpotent groups. Bovdi also conjectured the 

followin~: 

BC2: let 11 = exp(G/Z(G)) be finite, wlm-c Z(G) dmote11 the center· of G. If 

u E V~<; i.'< a torsiou uuit aud m i.., tl,e 11111allest positive integer 11uch that a"' E G, then 

,,, divid<:." 11. 

We rerall that J.H.Zassenhaus had ronjectured the following: 

ZCI: Let et E \/~(: be a tur ... iou unit then a ill conjugated in QG, to an clement of 

Lemma I.I bPlow shows that ZCl implies BCI. In this pa.per we deal with thf' ron­

jPrtu rPs Ill· 1 a111I B< '.:.! and show that 8( '. 1 l1olds for Frobenius groups an<I polyrydir 

groups whosp cu11111111tat11r suhv;ruup is nilpotent or surh that all thPir Sylow subgroups 

,m• abPliau. Also, WP show that BC:l is true. 

In the text we dPnote by ""' the function which is O if j 'F n a.nd I if j = n. 

I - SOME TECHNICAL LEMMAS 

The following results are [8, Theorem 7), [13, 41.12) a.nd (13, 47.5). 
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• 
Lemma 1.1: Let(; a finite group and o E V1lG a unit of finitl' o,·dcr. Then /J- 1o/l E G 

for Bomc {J E U(Q(.) if and only if there i.• an clement go E G, unique. up to conjugacy, 

such that o(g0 ) # 0. 

Lemmal.2: LttG= P'XlX w/1crePi.11aSylowp.BUbgroupof(;. LetH ~ f/(1+.::l.(G,P)) 

be finite. Then tl1ere emu o E QG icuch t/1at H" ~ G. 

Lemma 1.3: Let c; be a nocthcrian group and u E V7LG a torsion clement. Let z E G 

bl' of infinite onlt:r·. Tl&en u(:i:) = o. 

We now prove some results that will be useful to produce au induction argument in 

the sequel. 

Lemma 1.4: Let c; be a finite group and B <I c; a non11al ~ubgroup of a. Let ,f, : 7l(; -+ 

7l(G/ ff) be the natural projection and o E V7LG such t/1at (o(o),IHI) = 1. If fl= t/1(0) 

tlic:n Tlkl(n) = Tll:l(IJ) for ""'11 k sv.d1 tl1at (l.:,jHI) = I auJ Tl"l(u) = 0 i/(1.:, IHI) f I. 

Proof: The s«>rond part follows by [X, Theorem 7J and tbe fart that (;(I,) is a normal 

subset of(,'. So suppose (k, IHI)= I. Set 

S = {g E (;: o(g) = km,(k,m) = J,g" E 1'} 

S1 = {gES:o(g)=km,m,:;I} 

Note that if g e G is such that ( o(g ), IHI) = I then o(g) = o( ,f,(g )). Also if ( o(g ), IHI) 1 l 

then o(g) = O by (8, Theorem 7). Hence, a(g) = 0 for all g E S1 . Since Sa is a normal 
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subsPl of(; we have that L n(!J) = 0. Using these farts we have that: 
9E.'i1 

E o(g) = L o(g) = E a(g) + L o(g} 
oh'•(g)l=k ,es o(i)=l- ,esa 

= E o(g) = r<">(a) 
o(g)=l· 

□ 

Lemma 1.5: Ld 71 b, 11 prim,· and Ga finite group. Suppose that(.' l1as uniqur subgroup 

II u/ unl, ,. ,,. l1 t II E I · 7l< ,· bt. .,ud1 that o( a) = p". Tflf•n, with t/ir notation of Lemma 

I.J. "'' !1t11•t· Ilia/ TIP'+ 1l(n) = Tlr')(IJ). 

lu partin,for if 8(.'J lwl.I., for (i/ H t/1,:u BCJ holds for G. 

Proof: Let g E (,' be au element of order ,,; . Then gP'-
1 

E H, by the uniqueness of H. 

llenn· o(v'•(g)) = p1- 1• Aliso if o(v•(g)) =,,; then pie H - {1}. Hence o{g) = pi+l, Using 

these fart:; Wf' have that 

o(g)=pl+I 

The second statement is a consecp,ence of the first part and Lenima 1.4 □ 

Lemma 1.6: ld (; lH' " not lh,·,·i,m gr-ut,p ,-ouh,iuiug H <l ( ,' with H to,·.,iou /nc. If a E 

V7J,(,' i.," tm·.,iuu tl11mnt l/un. 111ilh tlwnotation of Luuma 1 . ./. wt· ha11f' tlmt 7•(kJ(o) = 

7'1kl(IJ). /u 1mrticulur IJ('J huld., for (i if it holds for G/ H. 

Proof: Let g E <:. We set g = T/i(g) and G = T/1(G). Let g E a be an element of 

finite ordN. Then, since H is torsion free , we have that o(g) = o(g). Hence we have that 

v,- 1(G(k)) = G(k)u{g E G: o(g) = oo,o(g) = k}. Now ,'i = {g E G: o(g) = oo,o(g) = k} 
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is a normal subset of G and hence it is a disjoint union of ronjugary classes. So, by Lemma 

1.3, E o(g) = 0 and bencP we have that T(")(fj = Tl">(a). 
,es □ 

Let G he a group and m, u positive integers. We shall say that (,' is ( m, u )-ab.~orvcnt if 

the subgroup {g E G: o(g)lmn) has expoent less or equal tom". If(; is (m,fl)-ahsorvent 

for all pairs ( m, n) then (,' is called ab.11on1cnt. Clearly aheliau group:., rrJ?;ular 7>-groups 

and /{11 arP absorvent. Here /i8 dt'nott>s the quaternion group of ordPr right. 

Lemma 1.7: Ld (; be group and o E V1lG an clement .~uc/1 that o(o) = p", JJ a prime. 

Proof: Sinct' G is (p, k)-absorvent we have that Hk :: {g E (,' : o(g)l7i} is a normal 

subgroup of G . Consider tht' projection ,j, : '/lG -. 'll( (: / H k ). Siu re o is a torsion unit WP 

have, by [12, III 1.3), that L o(g) E {0, 1}. Since L o(g) :: L T 1"'l(o) it follows 
,eH,. ,eH,. 0$J:Sk 

that L r(P'>(o) E {0, I} for all 0 ~ k ~ n. Since (12. III J.:J] shows that o( I) E {0.1} 
o:;:,~k 

we have. indurtively, that T(pl)( n) E {0, I} for all 0 $ j $ 11 • LPmma I now givPs us thr 

desired result . □ 

Thf' following rt'sull is Wf'll-known but we give thP proof for llw ~akr- of rnmplPteness. 

Lemma 1.8: Let H be an "bclian Sylow p-.~ubgrou7, of a finit, - .~11l1111bl,· g1·uu1, (,'. 1'l,m 

one of tl1r fallowing l1olds: 

i) H <l G 

ii) O,,,(G)-# 1. 

Proof: Denote by F the Fitting &ubgroup of a. We discuss separatPly two cases. 
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( 'a.w I: F is not a p-J!;roup. 

In this rns1> we d1om,c• a prime q-; p and let H be a Sylow q-subgrouJ> of F. Since H is 

normal in (,' we arf' doue. 

Case 2: F is a p-11;roup. Sinre G is solvable and a Sylow p-subgroup of G is abelian we 

have, by (9,5.4.4), that F is a Sylow p-subgroup of G. Tbe result is proved. □ 

Lemma 1.9: ld G be a g,·oup such that exp(G/Z(G)) i., finite. Leto E V7lG be a 

t,ll'sion u 11it ,md tJ, : 'fl<,· -, 'll( ( ,• / Z ( ( ,•)) the ,wtuml pf'Ojcdion. Set fJ = 1J',( a) and let m 

be tlu· .~11rnllt .~t 11ositi1,,· integer .~uch that om E G. If then: exists an rlement g E G such 

tlwt 0(1t) ~ o(t/1(g)) t/ma 111 i.~ a dilli.,or of exp((;/Z(G)). 

Proof: Let k = o(/J). Then by hypothesi we have that k I e?(p(U/Z(G)). Also, o" - l E 

A(<,', Z((,')). Sinn· n j,; a tor5io11 unit we ha.vt> by (la, 47.3) that a' = g E (i. By the 

111i11i111ality of m we must have tbat mlk and hence mlexp(G/Z(G)). □ 

Lemma 1.10: Ld n a11rl d be tor.~ion unit.• iu the infrgml group ring 'll(; .~ucll that 

( o( u ), o{/J)) = I. Let 11. 111 b,· t/ae smallest positiue integcn, sue/a that a", fl"' E (;. T/aen 

(n,m) = I. 

Proof: Not<> that nlo(n) a111I mlo(/J). llenre (n.m) = I. □ 

II - BCl 

The following two results appeared in [5). 

Theorem 2.1: BC! laold.~ Jo,· any finite sofoablc group ~uc/1 that c11cry Sylow 11ubgroup of 
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G i.• abdiau. 

Theorem 2.2: Ld G 6e a .finite 11ouablc group 11uch tlaat, for c11cr-y prime· p, if p I IC:I 
then p◄ / IGI, Tim, BC/ /&old.• for(; . 

In this this section we shall prove the foiling: 

Theorem 2.3: BC/ laold.• for 11uper110"1ablc group11. 

Theorem 2.4: BC/ laold.• for finite Frvbcniu.• g,·oup.•. 

Tht> following result also appeared in (5). 

Theorem 2.6: Let (; be a .finite Roltiablc group aud er E V7l(: au clement of order p". 

Suppose that a Sylow p-11Ubgroup of(; ui abclian. Tlu:t1 T("'l(o) = 6111 • 

Remark 2.6: Let 7,.(G) bP the smallest nontrivial tf'rm of the lowc-r renlraJ sPries of a 

group (:. ThPII thf' quotif'nt ( ,' /1 .. ( ( n is 11il1>0tf'lll a1ul a rPsuh of,\. WPiss 11 •I) shows that 

Z('l, and lwnrf' BC'I, holds for (,'h11(G). Thus LP111111a 1.4 shows that Tlkl(u) E {O, I} 

for PVPry n E V1L( i s11d1 that ( o( o ), b,.( (:)I) = 1. In parlirular, hy (:.!, pg 4:J 1-4:J:J ), thPrP 

exist an element g E ( i surh that o( g) = o( o ). 

So WP bavP the following improvement of Theorem 2.1. 

Corollary 2. 7: Ld r. be a .fiuitc lfOfoablc group sue/& ll,at if p I h .. ( ( n1 tl&t:11 (,' contain.• 

a Sylow p-liubgroup which i.ti abdian. Tl&m BCJ hold.• for ( i. 

We uow state a slightly more general version of Theorem 2.2 which also appeared in 
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Theorem 2.8: Lei G be a finite .<iofoable group and ad L = "Yn(G) as in the remark above. 

Fur·thcnnurr, .~uppu!le that if" prime p i.<i such that p I ILi t/1en p4 J IGI. Then BC/ holds. 

If G is finite then Theorem 2.3 is a. consequence of the following resu1t. 

Theorem 2.9: Ld (; be a finite group wlaosc commutator subgroup i." nilpotent. Then 

B(.'J lwld.~ for·(:. 

Proof: l.f't ( ,• hf' a lf'asl 1·111111lf'fexample to our statement and o E V'll,G an element of 

urder u( u) = p". We fir:..t show that ( :' ha.s to be a p-group. In fact, since G' is nilpotent 

we may choose H <l G, H C (;', such that p does not divides IHI. Since(; is a lea.st 

countrrexamplt- we apply Lt-mma 1.4 to derive a contradirtion. Hence G' is a. p-group a.nd 

thus(,' has a uormal Sylow p-subgroup. It follows, by the Theorem of Schur-Za.ssenhuas 

(9, 9.1.2), that <; is as in Lemma 1.1 and hence Lemma. 1.1 and Lemma 1.2 give us that 

o(g0 ) ¢ 0 for an element Yu E (; which is unique, up to ronju,;acy. Hence T(P'>(n) = /J,., 

by Lemma 1.2. So B('I holds for(;, a final contra.diction. □ 

Proof of Theorem 2.3: Since(,' is supersolvab)e we have, by 19, 5.4.15], that(; ha.s a 

nurmaJ suhp;ruup II, which is torsion rrl'P and of finite indrx in (;. llenre (; satisfit-s lhf' 

rnudition or Lemma l.(i . Still by (9,5.4.15], we have that<:' is nilpotent. So the result 

follows from Theorem 2.9. a 

We now prorf'ed towards the proof of Theorem 2.4. We shall first handle the case 

where G is solvable. 
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Lemma 2.10: Lrt a be a finite 1~olt,ablc group sue!& tluit tl&c Sylo11• M,bf1rou7,.~ of(; arr 

abcliau or· gcncroli:cd quaternion gr·oup.-.. Then BC I lwld1o for G. 

Proof: If p 'I- 2 then a Sylow p-subgroup of G is abelian and henrf' we may apply 

Theorem 2.1. So we need only to consider the case where p = 2. We use induction on 

IGI. Let o E V1lG,. be such that o(o) = 2". By Theorem 2.1 Wf' may suppose that 

a Sylow 2-subgroup of G is a generalized quaternion group. Assume first that Fit(G) 

is not a 2-group. Then, it contains a subgroup H, of odd order, which is normal in G. 

Consider the projection T/1 : 1lG - 1l( G / H ). Since G / H also satisfif's the hypotheses of 

the theorem it follows, by induction, that BCJ holds for G/ II allll, by Lemma l.4, we 

have that T(kl(o) = T(kl(/J). 

So, we may suppose that Fit(G) is a 2-group. Since a Sylow 2-suhgroup of G is a 

generalized quaternion group we have that either Fit (G) is ryrlir or it is also a generalized 

quaternion grou1>. Hence, by j9, p. 141), we have that Pither Aul (Fit((;J) is a 2-group 

or it is isomorphic- lo S1 , wl, .. r .. th .. la.sL ca.a .. occurs only if FiL (G) ~ /,/!.. R .. call lhat if 

His a subgroup of<: then tht> quotient group Nc;(H)/C<;(ll) has a mouomorlic image 

in Aut( H ). Also, since (~' is solvable, it follows by (8,5.4.4] that thf' c-t>ntralizer of Fit( G) 

equals its centre. So if Aut (Fit(G)) is a 2-group then,(,' is a 1-group and lu•nc-e A.Weiss' 

result (t:i) applies. If Fit(G) ~ /\"8 then, IGI = 48. Set II = Z(Fit((,')); lhl•ll II is th" 

unique subgroup of order 2 of G. By Theororem 2.2 the quotieut group l; / H satisfies 

BCI. Hence we may apply Lemma 1.5 to conclude that(; satisfies BCt. □ 

If G is a finite solvable Frobenius group in Theorem 2.4, then the following result 

proves BC:I for G. 
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Lemma 2.11: /,tl (,' = t\XJ.\". wl1<u· A i.11 nilpotent all(l(l:tl,IXI) = I. Suppo.,;c that BCJ 

lwltl.,; f m· .\' : tl1m BC I nlso /,old.• for G. 

Proof: trl (; hP a least rounterexample to the statement a.nd o E V7LG an element of 

ordPr o(") = 7,", pa prime. We first show tha.t A ha.s prime power order. In fa.rt, suppose 

that two distinct J>ri111Ps clivicle IAI. Then we may choose a. primP q "F p such that q I IAI, 

I.rt II hP a Sylow c1-s11hgro11J> of A; then H <1 G. Consider tbP projection V' : 7LG ..... 

'//,( G /II) aud set /J = t/•( (t ). Then, hy Lemma l A, we have tha.t TIP'>(o) = Tl,,,l(IJ). Now, 

l,_v lhP miuimality of(,',(,'/ H satisfirs BCI and hence, Wf' have a contradiction. 

Now WP shall i;how th,ll tl1e prime, envolved in IAI is not p. In fart, if A is a p-group 

tllf'n. hy our hipotPsP, A is a Sylow p-subgroup of G and hence, by Lemma 1.2, ZCl, and 

lll'urP II(' I. l1olds, a coutrndktiun. 

Su WP 11111st have that JJ di.vides IX I- ln this rase consider the projection t/' : 7LG -4 

'/1,( <:/A). TliP11, with thf' notation of Lemma J.4, we have tha.t T(P')( o) = T(P'l(/j). Since 

BC:I holds for.\'. hy our hypot)1Psis. WP have a. final c.ontradiction. □ 

Proof of Theorem 2.4 ( solvable case) : By the rPsults of ThomJ>sou a.nd Burnside 

011 linitr Frol11•11i11s gron ps, l!l, I 0.!'1.6J, WP have that (; is as in Lemma 2.11 aud thP Sylow 

s11liJ1,l'Ollps of .\· arP <·ydir or ,;rnrra.lizPd ,111atPrnion groups; henrP, by Lemma. 2. JO, .\' 

satisliP11 IJ(' I. Th<' rPs1ill lhPn follows once more from Lemma 2.11. O 

LPm111a 'l.11 tells us tha.t in ordPr to prove the non-solvable case we only have to prove 

UC'l for 11011-solvable Frobenius complements. 
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Remarks 

1: In LPmma 2.10 we may c-hangP g"nerali:ted quaternion by dihPdral .. Tht> proof is tbP 

sa.me if WP use tht" cla.ssifica.tion of tht"se groups (4,pg 462]. 

2: Let(; be a group a.nd pa. prime such the Sylow p-subgroups of(; art' elementary abelian. 

Suppose that o E 1l( G) is an element whose order is a power of p, say o( o) = p". By 18, 

Theorem 7] we have that o(g) = 0 if g is not a p-element. Hence, siurP n( t) E {O, I} by 

II 2,111 .1.JJ, we have that T" E { 0, 1}. 

Lemma 2.12: BCI l&old.• for(;= SL(2,5). 

Proof: Let G = S L(2,5). By 115,18.6] we have that G is a Frobeuius romplPment and 

hence a Sylow 2-subgroup of G is isomorfic to the quaternion group of ordn X. Observe 

that IGI = 120 = 23 .3.5. Hence, by item 2 of the remarks above, wP may consider units 

o E V7l(i such that o(o) = 2". By the Theorem of Brauer-Suzuki (6, pg 102 Theorem 

7.8). <: has a unique subgroup H of order 2 and hence<:/ H has elementary ahelian Sy lows 

2-suhgroups. So Lemma 1.5 applie&. □ 

We arP uow rPacly to prove: 

Lemma 2.13: let<: be a ,auu-.s11foabl1 Frvbu,iu.~ 1·omplnnn1t. Tiu 11 8('/ lwl,l.~ for(,'. 

Proof: liy (15, IX.6) a ha.s a normal subgroup H such that H = .',L(2,5) x Ho where 

2, J and 5 do not divide IHol and henc-e all Sylow subgroup of Ho must be c-ydic-, so Ho 

satisfies BC I. Moreover we have that either: 

i) G = H or ii) (G: H) = 2. 

Not" that if p E {3, 5} than a Sylow p-subgroup of G is elementary abelian and hence, 
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a.'l rema.rkrd 11hovP. WP 11Prd only to consider units whose orders a.re powers of a prime 

7,. wilh 7, ;listinrl from :J or .5. Rerall also that a Sylow 2-subgroup of G is a generalized 

<111a.ternio11 group so the Throrem of Brauer-Suzuki, {6, pg 102 Th 7.8), applies. We now 

disruss thr two ra.<;Ps, mentioned above, separately. 

C"a.s<• I:<:= H. 

In this rasP WP may apply thP LPmma.s 1.4, 2.12 and 2.13 to obtain the result. 

( ·a:-.l' 2:1(,': I/] = 2. 

l.1•1 n E \ '7l< ,· l>P ,l torsiou elPmPnl surh that o( o) = p". We disruss two suh-ra.sPs. 

Case (i): 7,-;/- 2. NotP that SL(2,.5) <J a, henre we may apply Lemma 1.4, with H = 

S/,(2,!i), and then Lemma 2.10 to obtain that T(P'>(o) = 6,.;. 

Case {ii): 7, = 2. NotP that Ho <J G. Consider the quotient group G=(;J H0 • Then 

l<:I = 2-10. Nuw 7: has a 1111i<111e subgroup of order 2, say H 1• So we may apply Lemma 1.5 

for i; ,u11l // 1. Th" <111111 i.-11t J?.1"1111 p. <:/II I must he non-solvable, of order l 2T> and l1e11re 

11111st lu• ."I\. for whid1 Z<"l l1olds. (sf'P Ii]). So. by Lemma 1.5, WP have that 8('1 holds 

for<:/ llu. ll1•11re, appyinJ?; Lemma 1.4 for<: and Ho, we obtain that Tl"l'J(n) = b,.r D 

Proof of Theorem 2.4 ( non-solvable case) : The proof is the same as in the solvahlP 

rn~•·· usinJ?; I.rm ma 2. 1:1 instf'ad of LPmma 2.10. a 

The sam" proof of Lemma 2.10 together with Leunua 1.4 and the remark 2.6 give us 

thP followiu,; result: 
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Theorem 2.14: L,· . (i bP a finite solvable group Su<"h that if a pri111P 1' dividPs h,.((:)I 

then a Sylow p-subgroup of(: is cyclic or a generalized <Jllaternion group .. Thru IJ( :1 holds 

for a. 

Remark 

l. ln the statement of Theorem 2 we may change poliryrlk by the ass11111 pti1111 that (; 

contains a normal torsion free subgroup of finite index an is uoetheriau. 

III - BC2 

In this section we shall prove that BC2 holds. 

Theorem 3.1: Lctn = exp(G/Z(G)) be finite, whcrr: Z(G) dcuotr." thr ,·<111,rof(i. If 

o E V'll,G i.-1 a torllion unit and m i1r t/ac Mnallcst positi1w intcgn· ... ud, tlmt o'" E (:. ll1w 

m diuidu, 11. i.r, BC2 hold..". 

Proof: Let O E V1LC: be a torsion unit. Write o(o) = p;• • • • ,,~ .... LPt m; = n ,{' and set 
J-/-1 

o; = o"'•. Then o(o;) = p~•. DenotP by k, the smallest positive intPr;Pr sud1 that 11~• E <i. 

Then, by Lemma I and Lemma 1.9. we have that k,lexp(<i/Z((,')). lle111·1•. hy LNnma 

I. IO, k = n I.:; divides exp( (: I 2( <:)). Since ( m1 ........ 111,.) = I WP may d1nos1• inlPf!;PrS 

C1' ••••••• r,. E 'll, such that C1 m1 + ...... + Cn'1&11 = 1. So we have that O = n ( Uj r. 
Thus ok E G and hence mlk. Consequently we have that ml exp( (: / Z( (:)). a 
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