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Abstract

We study some compactness properties of the set of conformally flat singular metrics
with constant, positive sixth order Q-curvature on a finitely punctured sphere. Based
on a recent classification of the local asymptotic behavior near isolated singularities,
we introduce a notion of necksize for these metrics in our moduli space, which we use
to characterize compactness. More precisely, we prove that if the punctures remain sep-
arated and the necksize at each puncture is bounded away from zero along a sequence
of metrics, then a subsequence converges with respect to the Gromov—Hausdorff met-
ric. Our proof relies on an upper bound estimate which is proved using moving planes
and a blow-up argument. This is combined with a lower bound estimate which is a
consequence of a removable singularity theorem. We also introduce a homological
invariant which may be of independent interest for upcoming research.
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1 Introduction

In recent years, there has been active research into analogs of the Yamabe problem
and its singular counterpart. In each of these problems, one seeks a representative
of a conformal class with constant curvature of some type, scalar curvature in the
classical case, and some oy -curvature or one of Branson’s higher order Q-curvatures
in more modern examples. Conformal invariance often complicates these problems,
leading to singular solutions and the lack of compactness in the space of solutions.
For this reason, it is always appealing to characterize which geometric properties in
the solution space imply compactness.

In the present paper, we study the moduli space of complete, conformally flat metrics
with constant sixth order Q-curvature on a finitely punctured sphere. Our main result
generalizes a theorem of Pollack [29] in the scalar curvature setting, stating that so long
as the punctures remain separated and certain geometric necksizes bounded away from
zero, the corresponding subset of moduli space is compact in the Gromov—Hausdorff
topology.

Let n > 7 and denote the n-dimensional sphere by S”. For N € N, we let A =
{p1,..., pn} C S" be a finite subset and seek complete metrics on 2 := S"\ A of
the form g = U "=%g,. where g is the standard round metric. The fact that g is
complete on €2 forces liminf,_, ,, U(p) = oo foreachi € {1, ..., N}. Furthermore,
we prescribe the resulting metric to have constant sixth order Q-curvature normalized
to be

n(n? — 4)(n® — 16)

(1.1)

which is the sixth order Q-curvature of the standard round sphere (S”, go).

The sixth order Q-curvature behaves well under a conformal change of metric.
More precisely, the condition that g = U* =9 g¢ satisfies Qg = Q,on Q2 =S"\A
is equivalent to the PDE

n+6
P§0U=cnUn—e on , (96,40,N)

where ¢, = % 0, is a normalizing constant. The operator on the left-hand side is
the sixth order GIMS operator on the sphere defined by

P — <_Ago L= 6)4(n +4)> <_Ag0 L= 4)4(n + 2))

nn—2)
Ay + ) (1.2)
4
and after a conformal change of metric g = U*/ "= g, it transforms as
6 —nt6 g 00
P =U 5P, (Up) forall ¢ e CT(R). (1.3)
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Compactness of solutions to the GIMS equations

For more details on this subject, we refer the interested reader to [9, 13, 15, 23].

The operator P; is one of a family of geometrically natural, conformally covariant
differential operators defined on a Riemannian manifold. This family includes the con-
formal Laplacian, which is described below and plays an important role in the study
of scalar curvature. In [17] Graham, Jenne, Mason and Sparling constructed confor-
mally covariant differential operators sz’” on a compact n-dimensional Riemannian
manifold (M", g) for any m € N such the leading order term of szm is (—Ag)™. One

can then construct the associated Q-curvature of order 2m by % Q?" = Pz’"(l)
In the special case m = 1, one recovers the conformal Laplacian

P%:—Ag—i— n-2 R with Q ; g,
8 4(n —1) 2(n—1)

where A is the Laplace-Beltrami operator of g and R, is its scalar curvature. More
generally, in [6, Theorem 2.8] Branson constructed a conformally covariant (nonlocal)
operator Pg of any order o € (0, n/2) in the case that the background metric is the
round metric go on the sphere S”. Subsequently, Graham and Zworski [18] and Chang
and Gonzdlez [11] extended Branson’s construction to any compact manifold that is
the conformal infinity of a Poincaré—Einstein metric. Once again, the leading order part
of ng’ is (—Ag,)?, understood as the principal value of a singular integral operator.
We write the formulae for sz, P; and ng explicitly in Appendix A. Nevertheless, the
expressions for P;" and Qi," for a general o € R are more complicated (see for
instance [14, 15, 23]).

We remark that the nonlinearity on the right-hand side of (Qg g, ~) has critical
growth with respect to the Sobolev embedding W32(R") < L2'(R"), where 2% =
ZT"(). It is well known that this embedding is not compact, reflecting the conformal
invariance of the PDE (Qg g, ).

It will be convenient to transfer the PDE (Qg ¢, ~) to Euclidean space, which we
can do using the standard stereographic projection (with the north pole in €2, and thus
a regular point of any of the metrics we consider). After stereographic projection, we
can write

4
g0 = u;’l;fS and wugpn(x) = (

6—n
1+ x 2 2
2 9

where § is the Euclidean metric. In these coordinates our conformal metric takes
the form g = U¥"=9¢; = (U - ugpn)*"=95. Thus, u € C°(R" \ T') given by
u = U - ugpy 18 a positive singular solution to the transformed equation

(—A)u = couiss in R"\T, (Q6.6.N)

where A is the usual flat Laplacian and I" is the image of the singular set A under the
stereographic projection.

As a notational shorthand, we adopt the convention that U refers to a conformal
factor relating the metric g to the round metric, i.e. g = U 4/(n—06) g0, while u refers to
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a conformal factor relating the metric g to the Euclidean metric, i.e. g = ut/ (=0,
with the two related by u = Uugph.

Remark 1.1 In this Euclidean setting, the transformation law (1.3) in particular implies
the scaling law for (Q¢ s.n), namely if u solves (Q¢ s ) then so does u;(x) =
A%u()»x) for any A > 0.

We study the compactness properties of both the unmarked and the marked moduli

spaces of admissible constant sixth order Q-curvature metrics. We define the unmarked
moduli space as

MS, = {g € [go] : g is complete on §" \ A with #A = N and Q° = Qn} (14
and the marked moduli space as
MS = [g € [go] : g is complete on S” \ A and Qg = n} )

Intuitively, in the unmarked moduli space we fix only the number of punctures, whereas
in the marked moduli space we fix the punctures themselves. We place the Gromov—
Hausdorff topology on both the marked and unmarked moduli spaces.

The first step to understanding the properties of either of these moduli spaces is to
study the conformally flat equation

n+6
(—A)%t:c,,uﬁ in Bf, (Pe.r)

where B}, := {x € R" : 0 < |x| < R} is the punctured ball for R < +o0. Allowing
R — 400 turns (Pe, r) into the following PDE on the punctured space

(—AYu = cuuis in R\ {0}, (Pb.00)

On this subject, the classification of non-singular solutions to (Pg o) is provided
in [33]. Later on, in [22] it is proved that blow-up limit solutions do exist. Recently,
based on a topological shooting method, the first and last authors classified all possible
solutions to this limit equation [3].

One can merge these classification results into the statement below
Theorem A Let u € CO(R" \ {0}) be a positive solution to (Pé.0c0)-

(a) If the origin is a removable singularity, then there exists xo € R" and ¢ > 0 such
that u is radially symmetric about xo and, up to a constant, is given by

n—6
”xo,e(x) = (2—8> i . (1.5)

1+ &2|x — xo|?

These are called the (sixth order) spherical solutions (or bubbles).
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Compactness of solutions to the GIMS equations

(b) Ifthe origin is a non-removable singularity, then u is radially symmetric about the
origin. Moreover, there exist eg € (0, &) and T € (0, Ty, ] such that

6—n
ue,r(x) = x| 2 vr(n|x| +T). (1.6)

Here &) = Kén_())/ 6, T: € R is the fundamental period of the unique T -periodic
bounded solution vy € C®(R) to the following sixth order IVP

v©® — K4v(4) + sz(z) — Kov = cnv%

v(0) = g0, vP(0) = &2, VW (0) = &4, vV (0) = P (0) = v (0) =0,

where K4, K>, Ko, € are dimensional constants (see (3.2)) and &3, £4 depend on
go. These are called (sixth order) Emden—Fowler solutions.

In [22], it is shown that solutions to (Pe r) with R < 400 satisfy a priori bound
near the isolated singularity, which implies that they behave like the solutions to the
limit equation near the isolated singularity

TheoremB Let u € C6(IB%}}) be a positive singular solution to (Ps r). Suppose that
—Au > 0and A*u > 0. Then

u(x) =1 +o)usr(x]) as x = 0, 1.7)

where ug T belongs to the family (1.6).
These two results combined motivate the following definition

Definition 1.2 Let g € My withasingularset A C S",#A = N,andlet p; € A.Let
g = U¥ =0 g5 — y*/(1=6) 5 where we choose stereographic coordinates centered at
pj- By (1.7) we know u(x) = ug; 1;(Ix])(1 4+ o(|x|)) for some ¢; € (0, ey ]. This ¢;
is the asymptotic necksize of the metric g at the puncture p;.

Now we have conditions to state our main compactness theorem for the unmarked
moduli space

Theorem 1.3 Let N > 3 and let 0 < 81,8y < 1 be positive real numbers. Then the
set

Qs 5 = {g € M, dgy(pj. pr) = 5y for each j # £ and j(g) > 52} .

is sequentially compact with respect to the Gromov—Hausdorff topology.

Remark 1.4 Notice that as a consequence of Theorem A (a), it follows that M| = &.
Also, from Theorem A (b), we have that M, ,, = (0, ;] for any p; # p>, where
gy € (0, 1). Moreover, it follows that M = (0, &}] x ((S* x S"\diag)/SO(n +
1, 1)), where the group SO(n + 1, 1) of conformal transformations acts on each S”
factor simultaneously. These metrics are called the Delaunay metrics. Furthermore,
by moving the singular points around via its conformal group, they all correspond to

a doubly punctured sphere and are rotationally invariant.
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p1— P2

(P2,52
(plv 51)

AN

(pa,€4) \/
(p3,€3)

54—>0

Fig. 1 The two possible degenerations in the moduli space Mg

Remark 1.5 1t is worthwhile to now describe the possible degenerations of a sequence
of metrics in M?\,. Let {gr = (U)*" Ogolren C M?V be a sequence that leaves every
compact subset. We denote the singular set of gy by Ay = {p1k, ..., pnk} and the
asymptotic necksize of g, at the puncture p; i as ¢; x. Then either limy & =0
for some j or limy oo pjx = limg 0o pjr i for some j # j'. We sketch these two
degenerations in Fig. 1 (It is possible that both degenerations happen simultaneously).
In either case, in the limit one obtains a metric goo € M?\,/ for some N’ < N. In this
way, one can compactify the moduli space M?\, by gluing copies of ./\/l?v, forN' < N
to BM?V. We speculate that this compactification would not give a smooth manifold
with boundary, but rather that BM?V is in general a stratified space.

Let us compare our main results with the second and fourth order analogs. In the
same spirit as our main result, it was proved in [29] and [2] that the moduli sets

le,éz - M%\, = {g € [go] : g is complete and R, = 27— 4)} (1.8)
and
Qig‘l,gz C M‘}V = [g € [go] : g is complete and Qg =2"nm? - 4)} (1.9

are also sequentially compact.

Based on classification results like Theorem A and Theorem B, much more is
known about the moduli spaces in (1.8) and (1.9). In fact, some classical works of
Mazzeo and Pacard [25] used gluing techniques to prove that there exists a family
of solutions in (1.8). Furthermore, Mazzeo, Pollack, and Uhlenbeck [26] proved that
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Compactness of solutions to the GIMS equations

this space turns out to be a finite-dimensional analytic submanifold furnished with a
natural Lagrangian structure.

On the moduli space (1.9), less is known. Some of the authors in [1] proved that
the moduli space contains a family of metrics with finitely many Delaunay-type ends
attached when the background manifold is non-degenerate and has a suitable higher
order derivative vanishing of the Weyl tensor. However, the standard round sphere is
not included in this class. Notice that if the singular set is empty, a recent result of
Gursky, Hang, and Lin [20] proves that the moduli space is non-empty.

Inspired by the arguments in [29], the proof of Theorem 1.3 is divided into three
parts that we describe as follows. First, we need to introduce the so-called sixth order
geometric Pohozaev invariant, which is related to the Hamiltonian energy of the limit-
ing ODE [28, 31]. Second, we obtain an apriori upper bound and for positive singular
solutions to (Qg gy, ), estimates which are accomplished by combining a sliding
method, a blow-up argument, and a Harnack inequality. From this, we obtain uniform
bound on certain Holder norms, which by compactness, allows us to extract a limit,
up to subsequence. Third, we use the first order asymptotic expansion for the Green
function of the sixth order GJMS operator near the pole and the fact the necksizes are
away from zero shows that this limit is non-trivial. Finally, one can apply a removable
singularity theorem to conclude the proof.

The rest of the paper is divided as follows. In Sect. 3, we define the logarithmic
cylindrical change of variables and we use the conformal invariance between the
punctured space and the cylinder to transform (Qg g, ~) into a PDE on the cylinder.
In Sect. 4, we describe all singular solutions on a doubly punctured sphere. These
Delaunay metrics are especially important because they provide asymptotic models
for the metrics in MS’\, near a given puncture point. In Sect. 5, we define the sixth order
Pohozaev invariants associated with (Qg ¢, ~)- In Sect. 6, we prove a priori upper and
lower bound estimates for positive singular solutions to (Q¢_g,, ~). In Sect. 7, we prove
the compactness statement in Theorem 1.3.

Remark 1.6 Several of our supporting results below generalize to the Paneitz operators
and Q-curvatures of any order o € (0, n/2), at least in the conformally flat setting. In
particular, the convexity result of Lemma 6.1 and the upper bound of Proposition 6.2
both generalize and may be of independent interest. On the other hand, some parts
of the proof of Theorem 1.3 do not carry over. In particular, at this time we cannot
classify all two-ended constant Q2 -curvature metrics on the sphere, which is very
important for our proof.

2 Notation

Let us establish some standard terminology and definitions. In what follows, we will
always be using Einstein’s summation convention.

8 = gprn denotes the standard Euclidean metric;

go = gs» denotes the standard round metric;

(ei)7_, denotes a local coordinate frame;

T (M) denotes the set of (r, s)-type tensor over M with Tg(M) =C>®(M);
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e Rm, € TOL (M) (or Rm, € ‘Z?(M )) denotes the (or covariant) Riemannian curva-
ture tensor,

e Ric, = trgRm, € T%(M ) denotes the Ricci curvature tensor, which can be

expressed as Ricj; = Romfjk = g"lRmijkg;

R, = trgRic, € fg(M ) denotes the scalar curvature given by R, = g"Ric; s

Ay = g'V;V; denotes the Laplace-Beltrami operator;

3y = divg denotes the metric divergence;

V, denotes the Levi-Civita connection;

trg : TL(M) — ‘Ig_z(M ) denotes a trace operator;

a1 Sapifay < Caz,a; 2 axifa; > Cay,and ay >~ ap if a; S ap and ay 2 as.

u = O(f) asx — xo for xo € RU {=oo}, if limsup,_, , (u/f)(x) < oo is the

Big-O notation;

e u=o0(f)asx — xo for xo € RU {£o0}, if limy_ x,(u/ f)(x) = 0 is the little-o
notation;

o u~u, ifu=0m) and ¥ = O(u) as x — xq for xo € RU {£o0};

o C/%(M), where j € Nand a € (0, 1), is the classical Holder space; we simply
denote C/ (M) when o = 0;

o v, = % is the Fowler rescaling exponent;

o 2 = nzT"G is the critical Sobolev exponent.

It is also convenient to define some operations involving two tensors.

Definition 2.1 Let (M", g) be a closed Riemannian manifold with n > 7. We define
the following operations with tensors

(a) cross product x : Sym, (M) x Sym,(M) — Sym, (M) given by

(h x k)ij i= & himkje = hiky;.
(b) dot product - : Curva(M) x Sym, (M) — R given by

Bk = trg(h x k) = gV g™ hi"™ ko = W™k jp.
(c) Kulkarni-Nomizu product @® : Sym, (M) x Sym,(M) — Té (M) given by
(h D K)ijme = hiekjm + hjmkie — himkje — hjekim.
(d) dot operator - : Sym, (M) — Sym, (M) given by
(Rm - ) = Rijmeh™®.

(e) L>-formal adjoint of the Lie derivative 8y : Sym, (M) — R given by

(8¢h), := — (divg h), = —Vihij,

where Sym, (M) is the set of nondegenerate symmetric bilinear forms and Curvy (M)
is the set of algebraic curvature operators.
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Compactness of solutions to the GIMS equations

3 Cylindrical coordinates

This section is devoted to constructing a change of variables that transforms the local
singular PDE (Pg r) problem into a nice ODE problem with constant coefficients.
This is the conformally flat problem associated with (Qg g, n)-

Definition 3.1 We define the sixth order autonomous Emden-Fowler change of vari-
ables as follows. Let R > Oand T = —InR and Cr = (T, 00) x S"~L. We then
define

T:C®(By) — C®°(Cr), Fw)(t,0)=e " ue™'0) =v(t,0), 3.1

where ¥, = %.

It is easy to show the inverse transform is given by
FC®Cr) > C® By, T )& = x| u(—In x|, x/|x]) = u(x).

Using § and performing a lengthy computation we arrive at the following sixth
order nonlinear PDE on Cr:

o

n+

—P6lv = cpvn—"6

;e on Cr. Cr)

Here Pfyl is the sixth order GIMS operator associated to the cylindrical metric gcy1 =
dt* +d6% on R x S*~!, and it is given by

6 . 6 6
Pcyl = Pyq + P,

ang>
where

PS =09 — K40 + K20 — Ko
and

PS =20 Ay — 1307 Mg + 102 Mg — 118, Mg + JoAg + 300 AL — LoAl + A}

ang *
with

Ko =28 —6)>(n —2)*(n +2)*

K> =27%@n* — 24n> + 720 — 96n + 304)
Ks=27%3n% — 12n + 44)

Jo=2733n* — 18n° — 19212 + 1864n — 3952)
Ji =27'3n? 4 3n% — 244n + 620)

Jy =2n%+13n — 68
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J3=2n+1)
Lo =2"2(3n> — 12n — 20) (3.2)

dimensional constants. For more details on these computations, we refer to [4,
Appendix A] (see also [10] for a general computation in product manifolds).

Remark 3.2 The following decomposition holds

6 _
Prag = Ly o Ly, 0 Ly,

where Ly, = —33 +Ajfor j =1, 2,3 with

(n —6)? (n -2 (n+2)°
= M= 3=

A =
! 2 2 2

We refer the reader to [3, Proposition 2.7] for the proof.

4 Spherical and Delaunay metrics

In this section, we present some particular model metrics on the moduli space. Let
p1, p2 € S", which without loss of generality can be chosen such that p; = e, is the
north pole and p, = — p is the south pole. The conformal factor U : S"\{p1, p2} —
(0, 00) determines a metric g € M, ,, and after composing with a stereographic
projection it corresponds to a singular solution to (Pg o)

Applying the cylindrical transform (3.1) to this PDE in turn yields

n+6
—Pcﬁylvzcnvw6 on Ce:=R xS

Next, using that these solutions to (Qg ¢,, v ) are radially symmetric with respect to the
origin, Theorem A reduces (Cr) to a sixth order ODE problem

n+6

—0© + Kg® — Kv® + Kov = cpvn—6 in R. (O6.00)

From this last formulation, we quickly compute the cylindrical solution

12 6
Ko\ »—6 Ko\ m
Ucyl(f) = <C_0> = (C_O> ! = 8;: > 0,
n n

which is the only constant solution. Transforming back from the cylinder to R\ {0}
we see

12

_ Ko\»¢ _ i
ucy](x) = 8’ l(val) = (_) |x| Vn’ gcy] - ucy168.

Cn
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Compactness of solutions to the GIMS equations

We have already encountered the spherical solution, given by

L+ x>\ 7" 4/(n—6
Usph (x) = (T and  gsph = usé}g" s, 4.1)

which is the particular case of (1.5) with ¢ = 1 and x9 = 0. Applying the Emden-
Fowler change of variables to usp, we obtain

Usph (¢, 0) = F(uspn) (¢, 0) = (cosh )™ 7.

In this setting, Theorem A classifies all positive solutions v, € C6(R) to (O6,00)
in terms of the necksize g9 € (0, &'], where &g = mingv € (0, ]. Varying the
parameter ¢ from its maximal value of ¢ to 0, we see that the Delaunay solutions
in Theorem A (b) interpolate between the cylindrical solution vey1 and the spherical
solution vspn. We denote the minimal period of v, by 7.

Definition 4.1 For each ¢ € (0, &;/] the Delaunay metric of necksize ¢ is

4 4

ge = v 0 (dr? +d6>) = ul 58,

where u, = F!(v,). Observe that we have equivalently defined g, as a metric on
C_co, using v, as the conformal factor, and on R"\{0}, using u, = 5 L(v,) as the
conformal factor.

We can reformulate the expansion (1.7) to read

Proposition 4.2 Let g € MS’V with the singular set A and let p € A. Then there
exists a Delaunay solution ug such that in stereographic coordinates centered at p the
asymptotic expansion

g = +0(IXI))us,R(X))%3, Ue,R(X) = ue(Rx).

We can restate this asymptotic expansion as

4

4
g = (14 0(xNF ™ el + TN ()88 = (1 + 0(e™Nve(t + T)) 775 (d* + d6?).
In other words, any admissible metric is asymptotic to a translated Delaunay metric

near a puncture. In the formulae above R and T are related by R = —InT.

5 Pohozaev invariants

We now turn to a discussion of the existence and specific form of a family of homo-
logical integral invariants of solutions of equation (Qg g4, ~). These homological

invariants were discovered in their simplest form by Pohozaev [28], and general-
ized by Schoen [31] to the Riemannian setting. Later, Gover and @rsted [16] defined
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Pohozaev invariants for general conformally variational invariants, which includes
higher order Q-curvature operators.
As a starting point, we define the Hamiltonian energy by

Hey1(v) := Hrad (V) + Hang(v) + F(v), (5.1
where

Hea(v) = Lo 4 Koy@2 K2 a2 Koo s ,00 @ _ g, 0,0
2 2 2 2 ’
is the radial part,
3 2 VoXINGS 2 e 2
Hang(v) = —Ja (a} )Voud, Vov — |3 >v9u|2) _ 3‘3} )ng‘ _ 7‘3} )ng‘
Jo L> 2 Lo 2 1 2
— S ¥ovl + 7‘8,(2)A9v‘ 420 a,@)Agv( n E‘Agv‘

is the angular part and

Floy = =0 i
2n
is the nonlinear term.
Evaluating a derivative, one can easily verify Hcy(v) is constant for any solution
v of the PDE (C7). We further observe that the last term F in (5.1) is homogeneous
of degree nzTn6 while the remaining terms are all homogeneous of degree 2.

Definition 5.1 Letv € C° (Cr) be a positive solution to (C7). We define its cylindrical
Pohozaev invariant as

Peyi(v) := / Hey1(v)d6 forany 1> T.
{t}xSn—1

Observe that this integral does not, in fact, depend on 7.

In light of the cylindrical transformation from Definition 3.1, we can define this
invariant in spherical coordinates

Definition 5.2 Letu € C° (B%) be a positive solution to (Pg, g). We define its spherical
Pohozaev invariant as

Poon (1) = (Peyt 0§ (u) = / He @ w))ae.

{t}xSn=

Finally, in terms of conformal metrics, we have the following definition of an
invariant associated with metrics in the moduli space.
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Compactness of solutions to the GIMS equations

Definition 5.3 Letg € M?\, and p; € A. We define its radial (or dilational) Pohozaev
invariant at the puncture p; as follows. Choose stereographic coordinates sending p ;

4
to the origin and write g = u 764§ in these coordinates. Then define

Prad(g. pj) = Popn() = /

e chyl(s—‘(u»de.
t}xS—

The most important result of this section states that bounding the radial Pohozaev
invariants away from zero is equivalent to bounding the necksizes of the Delaunay
asymptotes away from zero.

Proposition5.4 Let g € M?V and pj € A. Then Praq(g, pj) is well-defined, negative
and depends only on the necksize € of the Delaunay asymptote at p; € A. Moreover,
decreasing ¢ will increase Prua(g, pj) and if € \ O then Prq(g, pj) /0.

Proof By construction, the integral defining Praq(g, pj) does not depend on which
sphere {r} x S"~! we choose, so long as ¢ is sufficiently large, and therefore Ppyq is
well-defined. By the asymptotics in Theorem B we know that the conformal factor is
asymptotic to a Delaunay solution u,, and so letting t — oo we see

Praa(g, pj) = lim Hey § ' ())d6 = lim Heyi (ve)dd < 0.
1700 Jirpxsn-! =00 Jiryxsn-1

The remaining properties follow directly from the energy ordering of the Delaunay
solutions as described in [3, Lemma 4.14]. O

Remark 5.5 One often finds integral invariants in geometric variational problems. For
more details on a class of general higher order conformally invariant locally conserved
tensors, we cite [ 16]. These invariants arise from the conformal invariance of (Qg g,, ¥),
by Noether’s famous conservation theorem.

For our later applications, we will need a slight refinement of Proposition 5.4.

Proposition 5.6 Let v € CO(Cr) be a positive solution to the following rescaled equa-
tion
6 n+6
— Py v = Avn=o

for some constant A and let

n—6)A
2n

ol .

HA1 (V) = Hraa (v) + Hang (v) +
Then
f HA()do
{t}xSn—1
is independent of t.
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Proof The proposition follows from taking the derivative with respect to ¢ and inte-
grating by parts. O

6 Uniform estimates

This section is devoted to proving uniform upper and lower estimates near the singular
set for positive singular solutions to (Qg, gy, N)-

We begin by quoting a superharmonicity result of Ng6 and Ye [27]. We also remark
on a similar superharmonicity result for a related integral equation Ao et al. [5].

Proposition A Letu € C°(R"\T") be a positive solutionto ( Qg s.n ). Then additionally
—Au > 0and A*u > 0inR*\T.

Proof Following [27, Proposition 1.5] we see that u is both weakly superharmonic and
weakly superbiharmonic in R”. In other words, for a smooth test function ¢ compactly
supported in R"\I", we have

/ u(—A)¢pdx >0 and / u(—A)’pdx > 0.

Standard elliptic regularity then implies u is superharmonic and superbiharmonic
where it is smooth, namely in R"\T". O

The first step is a sixth order version of the convexity result [30, Proposition 1],
which is proved using the Alexandrov’s moving planes (see also [12, Theorem 4.1]
for a fourth order version).

Lemma6.1 Let g = UY =g be a complete metric on Q@ = S"\A which is con-
formal to the round metric, such that Qg is a positive constant. Then the boundary
of any (spherically) round ball in Q2 has a non-negative definite second fundamental
form with respect to g.

Proof We let Bbe a geodesic ball with respect to the round metric such that B ¢ Q and
choose a stereographic projection that sends B to the half-space {x € R" : x; < 0}. As
before, we denote the image of the singular set A under this stereographic projection
by I'. With respect to these stereographic coordinates the metric takes the form g =
u/=0s where u € C*°(R" \ I') satisfies (Qe.s.N), namely u : R" \T'" — (0, co)
satisfy

3 n46 . n
(—=A)Y’u =cyun=t in R"\T.

Furthermore, the boundary of our round ball is 08 = {x € R" : x; = 0} and is
oriented by the outward unit normal n, = u=2/1=673 1t follows that the second
fundamental form II and mean curvature H of 9B are given by

2n 8-n
6'4”‘63x1’4-

2 8-n
IIlj = <Vaxj7], 8)6;) = mgijun—ﬁ axlu’ H = p—
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Compactness of solutions to the GIMS equations

Therefore, (weak) convexity of 9B follows once we show 9y, # > 0 along the hyper-
plane {x; = 0}.
By Proposition A, we have

—Au>0 and (—A)?u >0 in R"\T.
We now rewrite (Qg 5, n) as a second order system, namely letting

u =u, u;=—Au, and u = (—A)zu,
we obtain thatu; : R" \ I" — (0, co) fori =0, 1, 2 satisfy

—Aug=u; =20
—Aup=u >0 6.1)
+6

—Auy = cug™® > 0.

It follows from [32, Theorem 2.7] that the Newtonian capacity of the singular set
vanishes, i.e. cap(I') = 0. As a consequence, one can find ap > 0 and a; € R for
j =1,...,nsuch that

ug(x) = aolx|°™" + Y5 ajx; x|+ O (1x[*7)
Iuo(x) = —(n—6)apx;|x|*" + O (Ix[*™) (6.2)
a)%ixju()(x) = O (Ix[*™"),

which, by differentiating further, yields

up (x) = bolx[*" 4+ X5 bjxjx [P 4+ O (Ix1*7")
dui(x) = —(n—Hboxilx|™" + O (Ix]*") (6.3)
07 u(x) =0 (Ix[*™")

and
up (x) = colx[*™" + dhpexjlxlT +O(1xI7")
dgua(x) = —(n—2coxi|x|7" + O (Ix[>™") (6.4)
0F, u2(x) =0 (xI™")

as |x| — 0, where by, co > O0and bj,c; e Rfor j=1,...,n.

We are now ready to set up the method of moving planes applied to the triple
of functions (up, uy,uz). For any A € R, we let ¥, = {x € R" : x; > A} and
T, =0%, ={x e R":x; =21}. Wealsoset ¥ = X, \ I'. Forany x € X}, we let

x’\=(2k—x1,xz,...,xn)
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be the reflection of x across the hyperplane 7 = {x; = A}. Finally, our goal in moving
planes is to show that for any A < 0andi =0, 1, 2, we have

wh(x) >0 for i=0,1,2, (6.5)
where w? : £/ — Ris given by
Wi () = u; (x) — u; ().
Once we establish (6.5), letting A O the first inequality implies dy,u > 0 on
To = 9B, completing our proof.

Observe that the expansion (6.4) implies u; is not identically zero. Thus, using the
strong maximum principle and the last equation in (6.1), we see thatuy > 0 on R"\T".
Working backwards, the inequality u, > 0 and the same reasoning implies u; > 0 on
R\I', which then in turn gives us ug > 0 on R"\T".

The singular set I" is compact, so there exists Ry > O such thatI' C Bg,(0). We use

the extended maximum principle [24, Theorem 3.4] to conclude there exists § > O,
depending on R > Ry, such that

uolggonr =9, Ullggonr =9, and  wlgonr = 9. (6.6)

Combining our expansion (6.4) with [7, Lemma 2.3] there exists Ry > 0 and
A1 < Ag such that for each A < A; we have

wé(x) > 0, wf(x) >0, and w%‘(x) >0 for xe€ X, and |x|> R.

Using this inequality together with (6.6) then implies that there exists Ay < A such
that

wé(x) > 0, wi‘(x) >0, and w%(x) >0 on Zi for each X < Asp.
By construction
AWA(x) = ¢ (uo(x*)% _ uo(x)%) <0 on ¥ foreach A< i (6.7)
On the other hand, the asymptotic expansion (6.4) implies
w%(x) — 0 as |x| > oo. (6.8)

Putting together (6.7), (6.8) and w%‘ |Tx = 0, we see by the maximum principle that

W% (x) > Oforeachx € & & and A < Ap. However, by the completeness of the metric g
on 2 we know that w%‘ is not identically zero on ¥, so again the maximum principle
actually implies w%(x) > 0 for each x € X} and A < A2. Once again, analogous
arguments imply W%‘ > 0 and w(*) > 0 on X} foreach A < As.
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Compactness of solutions to the GIMS equations

At this point, we define
A% =sup{h <0:wH(x) > 0foreach u <randi =0, 1,2}
and prove that A* = 0. Following our definitions, we have
AWS(x) = —Aug(x) + Aug(x*) < 0

for each x € ¥} and 1 < A*, and so Awé* < 0 on Xj.. By similar arguments, we
also have

Aw} <0 and Aw; <0 on X..

Now suppose 1* < 0 and let x* € f;* such that Wl?”* (x*) =0forsomei =0,1,?2.
If x*" X}, is an interior point then the maximum principle implies w?‘* = 0, which
in turn means u; is symmetric about the hyperplane 7). This is impossible because
the singular set I" lies to one side of Tj+. On the other hand, if x* € Tj+ then by the
Hopf boundary lemma (together with the fact that wf‘* may not be constant in X}.)
we have

0 < 0y, W (x*) = 20,,u; (x*). (6.9)

However, the asymptotic expansions (6.2), (6.3) and (6.4) combined with A* < 0 tells
us

u; (x) — u,-(xk*) >683 for |x| >Ry and x| = A" (6.10)

for some positive numbers §3 and R,. Combining (6.9) and (6.10) implies the inequality
W?‘ continues to hold for some small value A < A*, contradicting the definition of 1*.
O

Next, we prove the upper bound estimate. Our proof borrows from Pollack’s proof
of the corresponding upper bound in the scalar curvature case.

Proposition 6.2 Let u € C*°(2) be a positive singular solution to (Qg 4, N). There
exists C1 > 0 depending only on n and d satisfying

u(x) < Crdgy(x, A)™".

Proof Let pg ¢ A, and p > 0 such that B,(po) C 2, where B, (po) is a geodesic ball
with respect to the round metric. We define the auxiliary function ¥, : B,(po) — R
by

VYo (x) = (p — dgy(x, x0))"u(x).
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Notice that choosing p = %dgo (xg, A), it follows

Vp(x0) = p""u(xg) = 27""dg, (x0, A" u(xo).

We claim that there exists C > 0 depending only on n such that ¥,(x) < C for
all admissible choices of A, u, xo, and p. We suppose by contradiction that one can
find sequences {Ax}keN, {Uk}keN, {Pok}ken, and {px}ken of admissible parameters
satisfying

My =vY,(p1i) = sup Yp(x) > +o0o.

x€Bp, (po.k)

Also, we observe 1//p| = 0, so p1x € int(B,, (po,x)). Next, by taking ry =

9B, (po.k)
Pk — dgo(P1.ks Po.k), and defining be geodesic normal coordinates centered at pj x,

denoted by y, we set
_ _ _ _ 1 v
M= 2up(pr)™" and Rp = reat =27 re(ur(pr ) T =2 le/y .

We now construct a blow-up sequence {wyi}ren C C(”“(IB%Rk) for some o € (0, 1) by
wy : Bg, (0) — Ris such that

wi(y) = )»Z"uk()»y) for all k e N.

Whence, using the conformal invariance in Remark 1.1, one can verify that the function
wy € CO (Bg,) satisfies

6 n+6
n—>6 .
ngkwk = cpwy, in Bg,.

Moreover, by construction, one has

2" = wi(0) = sup wi(x) forall k €N,
B, (0)

which, by Arzela—Ascoli theorem, means there exists a subsequence that converges
uniformly on compact sets.

In addition, it is not hard to check that the rescaled metrics Ago converge to the
classical Euclidean metric § as k — oo. Therefore, by taking the limit of the blow-
up sequence, we obtain a positive function ws, € CO%(R") satisfying weo(0) =
SUp Weo = 27 and

n+6

(=M we = cuwls® in R

By the classification theorem in Theorem A (a), we must have
_ 2\ " Vn _
woo() 1= 27 (1 [x2) 7 =2 g (o),

@ Springer



Compactness of solutions to the GIMS equations

Thus each solution u; has a bubble for k > 1 sufficiently large. In other terms, a
small neighborhood of pj x is close (in C%%-norm) to the round metric, and hence has
a concave boundary, for k > 1 sufficiently large.

We verify this by computing the mean curvature of a geodesic sphere explicitly.
Using go = 4(1 + |x|2)~28, a direct computation shows the mean curvature of a
hypersurface is given by Hy = — trg(Vyevs, 0,y), where vy is the unit inward normal
vector of X.

A geodesic sphere centered at p = 0 coincides with a Euclidean round sphere
centered at the origin (with a different radius), and so

1+ x1?\
= — Oy, .
v ( 2| ) O

A straightforward computation yields

n—1+nlx|?

Hy = —2n|x|(1 + |x|*) + |x| ,

which is negative when |x| > 3. Additionally, since
klggo lwe — w00||C6’°‘(B3Rk/4(O)) =0,

it holds that 9B3g,/4(0) is also mean concave with respect to the metric g, €

Met™ (Bsg, /4(0)) defined as g, = wz/(n_@égm, whichin turnimplies dB3, ,1/8(P1.k)

is mean concave with respect to the metric g € Met® () givenby g, = ui/ ("_G)ng.

This is contradiction with Lemma 6.1, which proves the claim. O
Second, we obtain a lower bound estimate.

Proposition 6.3 Let u € C°°(Q) be a positive singular solution to (Qg, g, n). There
exists Co > 0 depending only on u satisfying

C> min dg)(x, pj)~ 7" < u(x).
Jely

Proof Indeed, notice that by applying [21, Theorem 1.3] in cylindrical coordinates
v = §(u), we obtain that Pcyi(v) < 0 with equality if and only if

liminf v(¢, ) = limsupv(¢, 8) = lim v(r,0) = 0.
1—00 {00 1—00

Otherwise, if Pey1(v) < 0, there exists C; > 0, which depends on the solution v, such
that v(¢, 8) > C,. This proves the proposition. O

Third, we have a version of Harnack inequality for our setting, which will be
important in the proof of our main result.
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Proposition 6.4 Let @ C R" and u € C*°(2). Assume that —Au > 0, A%u >0, and

(=AY u = fu),

where f is either linear or superlinear and f(0) = 0. Then, there exists py > 0 such
that for p € (0, po] and C3 > 0 depending only on , f, and p, it holds

sup u < C3 inf u.
B,(0) B, (0)

Proof The proof is a straightforward adaptation of [8, Theorem 3.6]. O

7 Compactness result

In this section, we prove the main result of the manuscript.

Before proceeding to the proof, we need to obtain the existence of a positive Green
function for the sixth order GIMS of the round sphere with a prescribed asymptotic
rate near a pole given by the fundamental solution to the flat tri-Laplacian.

Proposition 7.1 Let p € A C (S", go) be a point on the standard round sphere. There
exists a Green function with pole at p, denoted by G, : S" \ {p} — (0, 00), that
satisfies

PgyGp = 8p,
where Py is the sixth order GIMS operator of the round metric given by (1.2) and 5,

is the Dirac function concentrated at p. Furthermore, there exists C, > 0 depending
only on n such that

Gp(x) = Cyds(x, p)o" (7.1)

in Euclidean coordinates.

Proof This is a direct application of [13, Proposition 2.1] for the standard round sphere
(5", g0)- o

Proof of Theorem 1.3 Let {gi}xen = {(Ux)*" g0} C M?\, be a sequence of admis-
sible metrics, each of which is a complete, conformally flat metric on 2 = S"\ A

4 2
with ng =Q, = W. We denote the punctures of g; by

Ay = sing(Ux) = {p1k, ... pnk} CS"
The proof will be divided into a sequence of steps.

The first step will simplify our later analysis since it allows us to assume the singular
points are fixed.
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Compactness of solutions to the GIMS equations

Step 1. After passing to a subsequence, we may assume that for £ >> 1 sufficiently
large each Uy, is non-singular on the set K := S" \ (valeal/z(Pj,i)).
Indeed, for 0 < §; < 1 small enough, the set

S\ @ a0 € S : dgy(gj.q0) > b for each j # ¢

is compact and contains each singular set Ay for all k € N. Thus, there exits
{P1,00s--+» PN,oco} C S", and a convergent subsequence such that p;r — pj
as k — o0, proving Step 1.

To set notation, we define the compact sets

Ky :=8"\ (Uj-\;lgz—ial(m,oo)) foreach ¢ e N.

Notice that by construction the family {K;},cn is a compact exhaustion of the limit
singular set

Qoo = 5"\ Ao, Where Aco = {Pl.co----» Pk.co)-

Furthermore, by the convergence p;x — pj oo as k — 400, for each fixed £ € N
there exists ko > 1 such that k > kg implies Uy is smooth in K.

The second step is based on the uniform upper bound and states that we can extract
a limit.
Step 2. The exists Uy, € C%°(Q200) solving (Qg g,,n) such that

lim ||Uso — Ukl () = 0. (7.2)
k—>+00 oc

In fact, using the upper bound in Proposition 6.2, one has that for each compact subset
K C Qu, there exists ¢ € (0, 1) and C; > 0 depending only on n, 2, and « such
that

”Uk”Cf’Dl(K) < Cl f0r all k (S N
Therefore, as a consequence of the Arzela—Ascoli theorem, one can find a limit Uy, €

Cé*“(K ) solving (Ps, ) and a convergent subsequence, which we again denote the
same, such that

(2 1Weo = Ukl gy =0
Furthermore, by applying standard elliptic regularity, we directly obtain that (7.2)
holds, and so Step 2 is proved.
The next step is to show that this limit is non-trivial.
Step 3. Uso > 0 0n Q.

If this step were false, there would exist p, € Q2 such that

0=Ux(ps) = lim Ur(ps).
k— 00

@ Springer



Andrade et al.

Foreach k € N, we define ¢, = Ui (p,) and the rescaled function ﬁk € C* () given
by

ﬁk(x) =g 'Up(x) forall k e N.

A direct computation shows that

e U™ in @ forall keN.
In addition, by construction, the sequence {ﬁk JkeN satisfy the normalization
Uc(py) =1 forall keN. (7.3)

By the Harnack inequality in Proposition 6.4 with f(u) = cnuz#_l and Q = Ky, there
exists a positive constant C; depending only on n and £ such that

sup |uspn Ux| < Ci. (7.4)
Ky

However, there is another positive constant C5, again depending only on n and £, such
that

G < Usph <27, (7.5)
Combining (7.4) and (7.5) there exists a uniform constant C3 such that

sup Uy < C3,
Ky

and so by the Arzela—Ascoli theorem we may pass to a subsequence U, « that converges

uniformly on compact subsets of €24, to a smooth function Ux.
This limit function Uy, : 2o — R satisfies

PSUsx =0 in Qo
and so it has the form
N
UOO = Zﬂij_j,oo
j=1
for some collection of numbers fy, ..., By € R. The normalization (7.3) implies that
one of the coefficients B, is positive, so after possibly relabeling the punctures we

may assume f1 > 0.
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Compactness of solutions to the GIMS equations

We now choose a stereographic projection sending p1 o to the origin and perform
the Emden-Fowler change of coordinates in Definition 3.1, which yield the functions

ve = FusphUy) and Ty := F(uspnUx)
and their respective limits
Voo 1= FUsphUso) and Voo 1= S(usphﬁoo).
The expansion (7.1) implies

Voo (t,0) = e " (cosh )™V (Cpre "' + O(1))
=Cp+ 0™ as t > +o0. (7.6)

Also, observe that 7y € C®(Cr) satisfies the PDE

=

1 n+

Pc6ylﬁk =& c,v,° in Cr forall keN,

which we combine with (7.6) and Proposition 5.6 and the convergence Uy — Uno tO
see that for ¢ sufficiently large

1

5,{"76 Cn e ~ n — 6 12 . 2n
HC 1 do = Hrad (Vk) + Hang(vk) + &n=6 ¢, [ | -6 d6
y
{t}xSn—1 {ryxsn—1 n
= —CoBt + O™, 7.7

for some C n > 0. On the other hand, by our construction we have
Peyi () = / Heaa(06) + Hang (vg) + F (130
{r}xsn—1
on
= / 1 e,% (Hrad(ﬁk) + Hang(ﬁk)) + 8/:_6 F@)do — 0 (7.8)
(£} xS

From (7.7) and (7.8), we find
lim  Praa(gk, p1.k) =0,
k— 400

which, together with Proposition 5.4, implies lim_, + €1(gr) = 0. This contradicts
the hypothesis that the necksizes are bounded away from zero, that is, € (gx) > &1 for
some 0 < §; < 1.

At last, we can complete oBr argument

Step 4. The metric goo = Ug? go is a complete metric on Qqc.
Indeed, suppose by contradiction that is g is incomplete. Then, using that Uy, €
CO(R™ \ {0}) satisfies (P6,00), there exists an index j € {l,..., N} such that

@ Springer



Andrade et al.

liminfy—, ,;  Us(x) < co.In this case, the removable singularity result in Proposi-
tion 6.3 implies

Prad(goos Dj.oo) = 0. (7.9)

However, by construction
0 ="Praa(8o0: Pjoc) = lLim Praa(gk, pj k) = 82,
k—+o00

which, by Proposition 5.4 implies &;(gx) = 82, which is contradiction with (7.9).
By putting all these steps together, our main theorem is proved. O

Appendix A: Higher order curvature tensors

Let (M", g) is a Riemannian manifold with n > 7. We define the Schouten tensor,
Weyl tensor, and Bach tensor, respectively, by

1 1
Ag = —— (Ricg ———R
8 n—2< T2 —1) gg)
We:=Rmg —A; D g
By = AgAg — Vatrg Ag +2Rmg - Ay — (n — 4)Ag x Ay — |Aglg — 2(try Ag) Ay,

where these expressions are written in an abstract index-free manner.
Based on the last notation, we provide explicit formulas for curvatures of order two,
four, and sixth as follows

Q2 R 1 R
$T2m—1 ¥
n—4
Qf = —Ag01(Ag) +402(Ag) — — o (Ag)?,

n+2
05 == —312605 — TAg(ol(Ag)z) + 40, || A, |

— 884 (Ag#do) (Ay)) + Ajo1(Ag)

01(Ag)Ago1(Ag) — 4(n — 6)a1(Ag) || Al

n (n—6)(n+6)

n o1(Ag)3, (A.1)
where

6 . 1
Vg 1= _§03(Ag) 3

m(Bg, Ag>g~

is the third volume normalized coefficient.
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Associated with these curvatures, we have the following conformally invariant
operators

PZi=—Ag+ %Qﬁ
Pgi= A2 — 5, T2#d + #Qé
PO = — A} — A8, TH#d — 8, T #dA, — "z;zAg (01(Ag)A)
— 8, Ti#d + " ©0s. (A2)

Here

T; := (n — 2)01(Ag)g — 8A,,

3n? —12n — 4
g (Ag)?g +4(n — D AglPg +8(n — 2)01(Ag) Ag

16
+ (1= 0)Ag01(Ag)g + 4845 — — By,

4._
T, =

where oy denotes the £-th elementary symmetric function for each ¢ € N. Notice that
sz is the conformal Laplacian and P2, P; are their higher order conformally invariant
powers.

Appendix B: Modica estimates

In this appendix, we discuss possible pointwise estimates for positive smooth solu-
tions to (Ps.o0). These estimates have strong geometric implications in terms of the
associated conformally flat metric.

In [19, Theorem 1.4], it is proved that positive smooth solutions to

— 2 — n+
(=AU = Wuﬁ in R"\ {0}

satisfies the following pointwise inequality

4 |Vul? —4
—Au— Vul™ S "= i mo o).

n—2 u n

This implies in particular that the scalar curvature Qi, of the conformally flat metric
g = u®/ =5 is positive. These types of results are known in the literature as Modica-
type estimates.
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n=2 4
In our situation, we start by writing the metric g € [go] as g = (un=0)7=2§, we
see

) 2 e n=2 2 a2 4 |Vul?
0, =— u n=6 A(un—é)z— u =6 { Au+ .
8 n—=6 n—6 u

(B.1)
From this, we conclude that Qz, > 0 implies —Au > 0, and in fact is a stronger
n—4
condition. Similarly, writing g = (um)ﬁé, it follows

2

n—

0} = ——u (- (ui) (B2)

Furthermore, a long computation shows

8(n — 4) 8n

AR (i) = P Ay -

(—A) (u 6)_’17614 A Ut e (Vi V)
4(n—4) s 5 8(n 4)(8—n) 20D o

=6|D I S D u(Vu, v
O ey UV, Vi)
An—H@—n) -2 2= =8) w4
—_— Vul"Au + —— Vu
(=67 IVuldu+ =G vl
where
n n
|D?ul* = Z “;%,-xj and D*u(Vu, Vu) = Z Uy;xjUx; Uy -

i,j=1 ij=1

Hence, the conditions Qf, > 0and Q‘; > 0 are not enough to guarantee that A%y >0
directly.
Based on this, it is natural to ask whether the following result holds.

Conjecture B.1 The sixth-order Delaunay metrics satisfy Qé > 0 and Qg > 0. In
other words:

Let u € C*°(R" \ {0}) be a positive solutions to (Pe ). Then, the conformally flat
metric given by g = u*/"=9§ satisfies the following pointwise estimate

—6 —6
020) > /2w and Quw) > [ T—=um in R\ (0},
n n

where
4 |Vul)?
Oo(u) == —Au —
n — u
and
8 8—n 4 8—n
= —(—A)u — T (Vu, VAu) — 7 |D%u)?
Q4(u) (=A)7u 6" (Vu, VAu) 6" |D7ul
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8( n) 7 n

_ 2
” —6)2 D~u(Vu, Vu)
4(8 n) WVl A — 2<n_7)(n_8)u¥|Vu|4.
n—672" (n—6)3(n —4)

In particular, it follows that the curvatures Q§ and Qg associated with the conformally
flat metric g = u*'"=9§ are both positive.

Remark B.2 Notice that if u € C*°(R" \ {0}) is a positive solution to (Ps ), then by
Theorem A (a) the conformally flat metric given by g = u*/ =98 which is the round
metric in this case, satisfies that Q>(u) > 0 and Q4(u) > 0. Nevertheless, the last
conjecture asks for an improved estimate of the type

Qg(u) 0 and Q4(u) 0 in R™\ {0},

where

N n—6 _n ~ n—=6 n_
Q2(u) = Q2(u) —/ s and Q4(u) = Qs(u) — —u.
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