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Abstract. The main purpose of this paper is to study the Bishop—Phelps—
Bollobéas property for operators on co-sum of Euclidean spaces. We show that
the pair (co(Pre, %), Y) has the Bishop—Phelps-Bollobés property for operators
(shortly BPBp for operators) whenever Y is a uniformly convex Banach space.

1. Introduction

In 1961, Bishop and Phelps [6] proved that, for any Banach space,
the subset of norm attaining functionals is dense in the topological dual
space. This result is known as Bishop—Phelps theorem. These authors posed
the problem of possible extensions of such a result to operators. In 1963,
Lindenstrauss [15], started the study of extensions of Bishop—Phelps theorem
for operators. In full generality there is no parallel version of Bishop—Phelps
theorem for operators. Motivated by this result, there has been an effort of
many authors to study some geometric conditions of the Banach spaces X
and Y in order to get the Bishop—Phelps theorem for operators. In 1970,
Bollobas [7], proved a “quantitative” version of the Bishop—Phelps theorem,
which stated that every norm one functional and its almost norming points
can be approximated by a norm attaining functional and its norm attain-
ing point. The result is known nowadays as the Bishop—Phelps—Bollobds
theorem. In 2008, Acosta, Aron, Garcia and Maestre [3] dealt with “quanti-
tative” versions of the Bishop—Phelps theorem for operators. They defined a
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new notion for a pair of Banach spaces, which is called the Bishop—Phelps—
Bollobas property for operators, and provided many notable results. We
recommend the surveys [2] and [12] on the recent progress concerning the
Bishop—Phelps—Bollobas property.

Many references in the field have appeared, among others, [1,3-5,8-11,
13,14].

In [3] the authors showed that (¢2,Y") satisfies the Bishop—Phelps-
Bollobas property for operators for every n € N, whenever Y is a uniformly
convex Banach space. They also raised the question if (cp,Y’) satisfies the
BPBp for operators, whenever Y is a uniformly convex Banach space. In this
sense, S. K. Kim [14], answered the question in a positive way. More gen-
erally, G. Choi and S. K. Kim [11] proved that (co (Br—; X),Y’) has BPBp
for operators, if X is uniformly convex Banach space and Y is C-uniformly
convex Banach space. Every uniformly convex complex space is C-uniformly
convex but the converse is not true.

The purpose of this paper is to show that (co (@?’:1 6’5) , Y) satisfies the
BPBp for operators whenever Y is a uniformly convex Banach space. In this
sense, we obtained a different result than the one in [11], since the ¢p-sum is
composed with different spaces. Notice that the Banach space ¢ (@zozl 6'5),
known as cp-sum of the Euclidean n-spaces, is not isometric to ¢g. The im-
portance of such a space is due to the fact that C. Stegall, in [16], showed
that KOO( i} 6’5) does not have the Dunford—Pettis property, but its pre-
dual, (1 (D52, ¢5) does.

Each z € co (@52, ¢5) can be represented by z =3 >, > _kel(n) TkEk
where for everyn € N, I(n) ={l e N:s(n—1)+1 <1< s(n)} with s: Ny —
Ny the auxiliar function defined by s(n) = 0ifn =0and s(n) =14+24---+n
if n#0, and (e;) is the standard basis of co(Dye; ¢5). The norm of  is

given by the formula ||z|| := sup,,cy (Zkel(n)\xk\2)l/z.

2. Results

It will be convenient to recall the following notation. Let X and Y be
Banach spaces (over the scalar field K =R or C). We denote by Sy, Bx,
X* and L(X,Y), the unit sphere, the closed unit ball, the topological dual
space of X and the space of all bounded linear operators from X into Y,
respectively. An operator T' € L(X,Y) is said to attain its norm at zg € Sx,
if |T|| = ||T(x0)||. Now, we recall a few definitions.

DEFINITION 2.1 [3, Definition 1.1]. Let X and Y be real or complex
Banach spaces. We say that the pair (X,Y") has the Bishop—Phelps—Bollobds
property for operators (shortly BPBp for operators) if given € > 0, there are
n(e) > 0 and B(e) > 0 with lim; 0 3(t) = 0 such that for all T' € Sz (x v, if
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xo € Sx is such that ||Txo|| > 1 —n(e), then there exist a point ug € Sx and
an operator S € Sg(y y) that satisfy the conditions

[Suoll =1, [luo — ol < B(e) and [|S =T <e.

A Banach space X is uniformly convex if for every ¢ > 0 there is a 0 <

§ < 1 such that for all z,y € Bx with || "}Y|| > 1— 6, we have ||z — y| <e.
In this case, the modulus of convexity is given by &(¢) = inf {1 — [|"3Y]| :

x,y € Bx, ||z —y|| > e}. A Banach space X is strictly convez if | "3 < 1
whenever z,y € Sx and x # y. We remark that uniform convexity implies
strict convexity, but the converse is not true.

We remark that in the following results we will use similar techniques
as can be found in [1,3,5,11,14]. We decided to include the proof of these
results for the sake of completeness.

LEMMA 2.2. Let Y be a strictly convex Banach space and T : cg (@z‘;l E’;)
— Y a bounded linear operator. If |T(x)| = ||T|| for some norm one vector

T=300 Zke[(n) Tpey, then
T(ej) =0 forall jelI(k)if Z|x2|2<1
i€l(k

PrOOF. We can assume that ||T'|| > 0, otherwise nothing is to be proven.
Letx =) ", > _kel(n) Tkek be an element of S, (= gx) such that [|T'(z)[| =
|T||. By the definition of co-sum, there is kg € N such that }_._ I(ko)\xiF
< 1, where I(ko) = {j,...,l}. Now, we argue by a contradiction, and assume

that T'(e;) # 0. Let v:= (z; + (1 — (Ziel(ko)|33i|2)1/2)v$j+17 ..,T) € 5o,

Then,
1/2
\|v||2_H<xJ (1-( > |g;2|> ),xj+1,...,xl>
i€1(ko) 2

< @ insera)], + H<1_< > |a;l|2>1/2,0,...,0>

€1 (k 2
1/2 1/2
:( > |g;2-|2> +1—< > |3:2-|2> =1.
i€l (ko) i€l (ko)
This implies that
1/2
() e e () i) <

i€l (k i€l (n)\I (ko)
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By assumption ||T(x)|| = ||T||, we have naturally ||T'(2z)|| = 2||T|,

2|17l < HT(H (1—< 2 ‘””i'2>1/2>6j>H

1€1(ko)

e (- ( Z)|xz-|2>1/2>ej>H <27,

i€l (ko
So, [|T(z % (1~ (s l2il®) ?)es) | = I, and

T % (1= (Cierrolwil?)'/)es)

€ Sy.
17l

Finally,
T(z+(1=(Cicrng il 2)es) | T@—0=(Zicrng lzil*)/?)es)
el el

_ H o7 (z)
2

2|7

-

Since Y is strictly convex we get that T'(e;) = 0. This is a contradiction,
as we are assuming that T'(e;) # 0. By similar argument one shows that
T(e;) =0 for each i € I(ko). O

Considering the real case, when Y is strictly convex, we prove that if
(co (@zozl K’g) , Y) satisfies BPBp for operators then Y is uniformly convex.

THEOREM 2.3. Let X be the real Banach space co(€Dr 05) and let Y
be a strictly convex real Banach space. If (X,Y') has the BPBp for operators,
then Y is uniformly convex.

PROOF. Suppose that Y is not a uniformly convex Banach space. Then
there exist € > 0 and sequences (yi), (zx) C Sy such that

(2.1) lim

k—o00

Hykgzkuzl and ||yr — 2x|| > ¢ for all k.

For each positive integer ¢ € N, we define T;: X — Y by

r1+x T — T
TZ(ZE):( 12 2>yi—|—( 12 2)22-, x = (z) € X.

For each i € N and each x € Sx we have that
1
1)l < (21 + @2 + |21 — 2a]) < 1.
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THE BISHOP-PHELPS-BOLLOBAS PROPERTY FOR OPERATORS 215

As ||Ti(e1 + e2)|| = 1, it follows that ||T;]| = 1, for each i € N. We observe
that, for each i € N, || Ti(e1)|| = |37 ||, thus ||T;(e1)|| converges to 1 when
i — oo. This fact, together with the hypothesis that (X,Y") has the BPBp for
operators, guarantees that there are n(e) > 0, 8() > 0 with lim;_,¢ 8(¢t) = 0,
io € N such that [T} (e1)|| > 1 —n(5), an operator R € S;(xy) and a point
u € Sx such that

9 9
(22)  R@I=1, Ju—el <B(}) <1, IR-Tyl <.

Then (Ziel(k)|ui|2)1/2 <1 forall k € N\ {1}, and by Lemma 2.2,

R(ex) =0 forall ke N\ {1}.
Therefore, R(e1) = R(e; + e2) = R(e; — e2). This implies that

19i0 = 2io || = T3 (e1 + e2) — Ti (e1 — ea)|
= [ITi (e1 + €2) — R(e1 + e2) + R(e1 — e2) — Ti;(e1 — ea) |

S 9
< T — Blller + ez + 1B = Tio[lller —eall < o+, =

This is a contradiction, so Y is a uniformly convex Banach space. [

We need the next lemma to show the main result. In order to state it, let
us recall that for A C N (resp. A C {1,...,n}) and X = co(P)-, 675) (resp.
X =/ly (@Zzl Ké’)), Py: X — X is a projection on the components in A.

LEMMA 2.4. Let F C N and A= J,cp I(i). Suppose that 0 < e <1 and

Y is a uniformly conver Banach space with modulus of convezity 6(e). If
T € Sceo@=, t5),y) satisfy that |TPal| >1—6(e), then

IT(I = Pa)| <.

Analogously, if T €5, and A C {1,...,n} satisfy | TPall >

(loe (D1, 25).Y)
1—46(e), then ||T(I — Pa)|| <e.

PROOF. Let 0 <e <1 and T € Sg (@, ¢),y) an operator such that
[TPall >1—6(c). Then there exists an z € S. (@ ) N Palco(Br, 45))
such that [[TPa(z)| >1—4(e). Fix an element y =372 37 1, Y€k €
B @z, e5) with suppy C N \ A, then

||$iy||=sup{< > |$i|2>1/2»< > |y¢|2>1/2}§1.

IEN A Nier(),jer i€1(f),JEN\F
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This implies that |T(x +y)[| <1 for every y € B, (g= ) With suppy
C N\ A. Notice that, for every z € By, 5) the support of the vec-
tor (I — P4)(z) is a subset of N\ A and then, ||T'(z) £ T(I — P4)(2)]| < 1.
Moreover,

HT(:B—!—(I—PA)(Z’))—FT(:E—(I PA

; D = jrra@) > 1-6e)

As Y is uniformly convex Banach space, we conclude that

|T(x+ (I = Pa)(2)) = T(z — (I — Pa)(2))| <e.
That is, [|[T(I — Pa)(2)|| <5 <&, whenever z € Bx. This shows that
IT(I — Pa)|| <e. O

In [3] the authors proved that the pair (X,Y’) has the BPBp for operators
when X and Y are both finite-dimensional. The next proposition claims that
the pair (X,Y") has the BPBp for a specific finite dimensional space X and
any uniformly convex space Y. We remark that Proposition 2.6 is similar to
[11, Theorem 2.4] and can be proven in a completely analogously way, but
we give our version for reader’s convenience. We need the next lemma to
prove Proposition 2.6. We omit the proof because is just modifications of
[11, Lemma 2.3].

LEMMA 2.5 [11, Lemma 2.3]. Let Y be a Banach space and 0 <n <1
be given. Assume that T € Spq_ @y e)y): Y € Sy- and © € Sy (gr_ o)
satisfy the estimate y*(Tx) = || Tz| > 1 —n. Then for all 0 <’ < 1, the sets

:{ke{l, ,n}: ]§|T* *) |7é0}

and

A={keN:Re > (T%y)(j)(j) 7)Y I(Ty)
{ 2l

JEI(k) jel(k)
satisfy the estimate 3y 4D ie o |(T*y*)(F)] > 1 — 7’77 In particular,
* * 77
Re>" S (17y )><1— ,)(1—77’)-
keA jel(k) K

To prove the next proposition, we recall that NA(X,Y") is the subset of
L(X,Y) of all norm attaining operators between X and Y.
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PROPOSITION 2.6 [11, Theorem 2.4]. If Y is a uniformly convex Banach
space with modulus of convexity 6(¢), then (Eoo (@Z:l E’g) , Y) has the Bishop—
Phelps—Bollobas property for operators.

PROOF. Let 0<e<1. We define n(¢) = min{ 5, ( 6),61(3), L 0a(5) ),
where d3,(¢) is the modulus of convexity of the spaces £5, forall k = 1,...,n.
Let T€Sru_ (@r_, e),y) and zo=3_p_, > et Told)es € Se@r_, o) such
that
n(e)°

64
Choose a y € Sy- such that y§(T(x0)) = ||T(x0)|| and define the subsets

:{ke{l, n} Z|T** |7éo}

jel(k

1T (o)l > 1 -

and
3
kN [ . e * K\ [ ¢
a={renre ¥ @it > (1- ") T (o).
jEI(k) jel(k)
According to Lemma 2.5,
T Pall = IT Pa(zo)ll = [yo(T'Pa(0))|=[T"yo(Pa(z0))| = Re T yp(Pa(wo))
n(e)° 3
* 64 _ n(e) YA
=Re) > (I"y )><1 77(8)3><1 8 )>1 5<16>'
kEA jel(k) 8
Then, Lemma 2.4 implies that [|TP4 — T < . Now, let

. u Zje[(k) zo(j)e;
To: =P
i A<k§ (5 jerwlzo )P )”2>

Then
1T (Zo)l| = |y (TTo)| = [(T*ys(T0) \>Rez Z (T"y5)(7)%0(4)
jeAjel(k)
1
%zjg \o<>\>/< >Z<k
") n(e)? n(e)? n(e)?
( )ZZ‘T (1 8)(1_8)>1_4’

JEA jel(k)
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and

<Z‘“0 el |2>1/2 H 2 jerr) To(d)e; S S nlie

1/2
jeI(k) ]61 |93 () ) / jel(k)

()"

jel(k

2

3
< 77(;) for all k € A.

Choose yi € Sy such that yj(T (o)) = |T(Z0)|. Let R: Pa(los (Pr_y £5))
— Y be the linear bounded operator defined by

T(xo)

R(z) = T'Pa(2) + n(e)y1(TPa(2)) TG

As Py (Eoo (@Zzl E’g)) is finite dimensional,

(@) () )

Then, there is Q € NA(Pa(loo (Bj 1€k)) Y) such that ||Q — R|| < 77(5)
That is, there exist wo € Sp, ¢ (@r_, ¢5)) such that [[Q(wo)|| = [|Q], HQH

|R]| and [|Q — R < n(i)g. Furthermore, we obtain the following estimate
for [[R(zo) |

| R(Z0)|| = HTPA(io) + n(e)yi (T Pa(Zo)) H;EZ;H H

= [z + nemicran 70 |
— 17@0) + (TG ) 1= 7)1+ )

- <1 B n(i)?’)(l ) =1 n(i)?’ () <1 B n(i)3>

and

[R(Zo) || <[]l = Q] = |Q(wo)]]

n(e)?

< || Q(wo) — R(wo) || + [[R(wo)| < 4

+ 1+ () |y (T (wo))l-
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By composing with an isometry on Py (Eoo (@Z;l E’g)) if necessary, we may
assume that |y} (T (wo))| = Rey] (T (wp)). Combining the estimates obtained,
we see that Rey? (T (wo)) > 1 — n(e)?. Thus,

Rey! <T<w0 ;rfo» > ;(1 e 41— "(i)g)

2, ne)?
- TETE S ey
2
Now, we define the subset
w wyy o [ W ) +20(J * *
B:{keA:ReZ(T yl)(j)< 0(])2 O(J)) Z\ Ty }
jel(k) Jel(k)

Applying Lemma 2.5 we see that

\TPy| > HTPB<wO ‘2|'$0)

>
(e (1)

—Rez Z (T*y?) ( o(j);'fo(j)>

JjEB jel(k)

> (1— 7;;2;)(1—77(5)) >1 —5(1‘56).

Then, Lemma 2.4 implies that ||TPp —T'|| < . Further, for each k € B we
have

w—l—a:
y1<TPB 0 0 '

B o (T"y7)(5) wo(j) + Zo(J)
<R 3 s o)

> WO o),

JEI(k)

<

2

That is, 1 — HZ]eI wo(J) +x°(] ¢j]|, for every k € B. As f§ is uni-
formly convex w1th modulus of convexity Ok, then

> (wolj) = Fo(4))e;

JEI(K)

< ° for every k € B.
9 2
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Now, we define the linear bounded operator S: Py (oo (Br_1 65)) —
Y by

S(2) = QPp(2) + Q(I — Pp)U(2),
where U € Br(p, (0., (@7, 64)),Pa (b (@7, %)) 18 chosen such that

U<Ek< 3 io(j)ej>> :Ek< > wo(j)€j>

jel(k) JEI(k)

for every k € A and Ej: €’§ — PA(EOO (@Zzl E’;)) is the k' injection map.
Moreover, for each z = >, 4 jer(k) i€ € SPalte (@, 1))

1561 = o 3 > st 33 vt )| <1

keB jel(k keA\B jeI(k)

so, ||S]|<||Ql|- Let S: £og (51 5) — Y be the canonical extension of ”2”
and define

ZQ—Z Z wo eJ—i— Z Z xo

keB jel(k) ke A\B jel(k)

Y > zoli)es € Sep, -

ke{l,..n\AjeI(k)

Then
1> |IS(z0)|l = H (ZZwo )e; + Z Zwo >
IS] keB jel(k keA\B jel(k)
1 [|Q(wo)|
- ||@||HQ<Z 2 woliest 3 D wolj > e T
keB jel(k) keA\B jel(k)

Thus, S attains its norm at zg. Furthermore, if £ € B then

< Z o _330(]')|2>1/2 = ( Z lwo (7) —5:0(]')|2>1/2

jel(k) Jel(k)

1/2 3
_ )2 e n(e)
< Z |£l?0 ZEO | ) < 9 + g

jel(k
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If k€ A\ B then

(Z\zo ) (Zm ) <"

JEl(k jel(k)

1/2

and, if k € {1,...,n}\ A then (Zje](k)|20(j) —z0(j)[*)’" = 0. Thus,

1/2
|20 — 0| :max{( Z |20(j) — xo(y \2> :ke{l,...,n}}

jel(k)

Finally,

1S =TI < IS = TPa| + [[TPs =T =

=%, ~ 7P|+ ITPa -
18]

S - -
<| &=+ 15—+ 10-mi+in-rea 4 ey
. n(e)? e
<=+ 1Q(Ps = 1) + QU = PR)U + 7 7 +n(e) + |
g 3 £
<[t &1+ 21U - o)l + ") a4
€ n(e)?
< () + 20Ty~ @l + 2T - Po)+ 1) )+
€ € n(e)? €
= 16—|—77(€)+ 8 —|—3< 4 +77(€)> + g <6

and the proof is complete. [J

THEOREM 2.7. If Y is a uniformly convex Banach space, then

(1))

has the Bishop—Phelps—Bollobds property for operators.

PROOF. Given 0 < e < 1, choose n(e) > 0 the positive number in Propo-
sition 2.6.  Assume that T € Sp (e, (e, st)y) and z = Y2, Dkel(n) ThEk

€ Seo@:=, ) satisfy [|Tz|| > 1 - n(e)? and also ||[Tx| >1—6(e), where
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222 T. GRANDO and M. L. LOURENCO

d(e) > 0 is the modulus of convexity of Y. Since ¢gp is a dense subspace
of ¢ (@?’:1 6'5), we can choose a vector u € 500(632‘114’2“) with finite support
such that -

1T >1=n()? [T >1-05E) and [z—ull <e.
We define n = min{k € N : suppu C U?Zl I(j)}, and A =;_, I(k). Thus,
ITPall = ITPa(u)]| = |T(w)] > 1= 5(c) and ||TPal > 1~ 1n(e)*.

According to the Lemma 2.4, | T(I — Pa)|| <e. Now, let J: loo (B, E’;)
— ¢ (s ¢5) be the map defined by

) wy, if jeA,
J@O_{Q if j e N\ A.

Then,
/2

2

1)) = g > b )" = i

jel(k
for all w € loo (B}_1 65). Let Q: lso (@k:l ¢5) =Y be the bounded linear
operator defined by Q(w) = |I££ﬁll (w) and the vector z=(2;) € loo (D)1 ¢5)
given by z; = u;, if j € suppw and z; = 0if j € A\ suppu. It is easy to check
that ||Q| = ||zl = 1. As ||[TPaJ|| <1, then
TPAJ (2)
TPaJ||

and thus, |Q(2)|| > 1 —n(e). By Proposition 2.6 the pair (o (Bj_; 45), )
has the BPBp for operators, then there are () > 0 with lim;_,q B( ) =0,

R S SL(Zx(@zzl 5),Y) and u € Sgoo(@zzl 25y such that

(2.3) Q)] = H ” > |TPA(w)] = |T(w)]].

(2.4) IR@| =1, |z—all <B(e) and [R—-Q|<e.

Let (e;), (f;) be the canonical basis of co(pe £5) and (oo (D)_; 65), re
spectively, and R: ¢ (@z‘;l ok ) — Y be the bounded linear operator given by

ZZ% (),

k=1jel(k)

where

R@ﬂ_{a ' if j € N\ A
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. _ . o0 k
Moreover, consider the vector v = (v;) € co (P, €5) defined by

b €A,
7 Yz, ifjEN\A

So R € Sp(eo(@r, )7 U € Seo(@r=, e5) and | R(v)|| = | R(w)|| = 1.
It follows that R attains its norm at v. Next we will show that ||R — T'||
< e. We have

TPy

TPy
|R—T|| < H \ H _rPy|| 4+ |TPs - 1)
| TPal | T P4
~ TPaJ H H TPy
= —TPa||+|TPa—T]|
H ireaai|| e
- TPsJ H 1
- TPy —11+HTPA—T||
H ITPAT| TPl

=||R= Q|+ |1 = [|TPa|l| + |TPs —T|| <e+1—1+n(e)* + ¢ < 3¢.

Finally, we show that the vectors x and v are close. Indeed,

[v—z| = [[Pa(v — )|
1/2 1/2
— _ _ ]2
= 1@,33”( Z o — a5 ) 1rglg<xn< > iy — ))
jel(k JeI(k)
1/2 1/2
< _ ]2
< 12?%%( Z |12, UJ| > +11£I?§n< Z luj — 4] )>
jel(k) JEI(k)

<o =zl + [Jlu — 2] < B(e) +e,

where lim;_,o(B(t) +t) = 0. Therefore (co(Pr>; ¢5),Y) has the BPBp for
operators. [
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