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Self-duality and the Holomorphic Ansatz in Generalized

BPS Skyrme Model

Luiz Agostinho Ferreira1 and Leandro Roza Livramento1
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Abstract. W      BPS S  [1],  
 S        L  G   
  H   GH ⊗ U(1),  H     G. I
,            
, ,   G × G  h. W  
-           
 [2]. A     G = SU(2),  -    
   h     S ,    . I
,       h       
G. F,       -  
        ,  
  G = SU(p+ q)   H   SU(p+ q)SU(p)⊗
SU(q)⊗ U(1),   p, q ≥ 1.

1 Introduction
T   -          
                 
 . T -        . F, 
-        ,  -
  Q,            
 Aα Ãα,  Aα  Ãα  -    -   
  . T      α     . S,
                Aα 
Ãα         . I    -
-  Aα = ± Ãα,   BPS ,  - 
E-L             
   Q.

T -       ,   BPS
  -  . T      
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           . A
   -    . N   
   (1 + 1)  [3–6],    A C–S   (2 + 1)
 [7].

B           
(Aα, Ãα) → (A′

α, Ã
′
α) = (καβ Aβ , κ

−1
αβ Ãβ),  k     ,   

          -. T   -
           A′ 2

α = Aα hαβ Aβ  Ã′ 2
α = Ãα h

−1
αβ Ãβ , 

            h ≡ k kT . E
 BPS   (3+1)        - S 
  [1],     BPS S ,   -   
Y–M–H    [8].

T  S           
  (3 + 1)     [4, 9–12]. T       
      - S ,     
SU(2) L . T         S 
      ,        S3.
T S  U : S3 → S3      ,    
. T            
   -         S.
U,   S     - ,  
 [11, 13].

T BPS S    [1],  ,    S
              
h . T             -
       ,      . I ,  
   τab ≡ Ra

i R
b
i ,        M-C

 Rµ ≡ i ∂µU U−1 ≡ Ra
µ Ta,  a = 1, 2, 3,  Ta      L 

 SU(2). I    τ  -,   -   
         h     S , 
  . T SU(2)         τ
 . H,           h   .
T    S    -      ,
       -      Q.

I  ,       BPS S    [1], 
  S         L  G  
  H   GH ⊗ U(1),  H     G. T 
   G = SU(N)  N ≥ 2,     [1]   
 SU(2). E   h    ,  h   G × G 
      . T   h      
             M–C .
E  L     H    G = Ar, Br, Cr, Dr, E6, E7,
   G = E8, F4, G2. O       -
    BPS S        
 [2].

T     . I S 2,     BPS S
    -. I  3    -    
     [2]. I   4     .
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2 The model and its construction
T        L  G  π3 (G) = ZZ. T, 
 U : S3 → G            
     

Q =
i

48π2


d3x ijk T (RiRj Rk) (2.1)

 Rµ   M-C   

Rµ ≡ i ∂µU U−1 ≡ Ra
µ Ta (2.2)

 U       G, Ta       -
  L  G    G,  a = 1,    , G,  [Ta, Tb] = i fabc Tc,
 fabc    . I ,       -
  T (Ta Tb) = κ ab,  T       T (Ta Tb) ≡
κ−1T (Ta Tb) = ab.

T M-C  (2.2)     M-C 

∂µRν − ∂νRµ + i [Rµ , Rν ] = 0 (2.3)

        (2.1) 

Q =
1

48π2


d3x Aa

i
Aa
i (2.4)

 Aa
i ≡ Rb

i kba  Aa
i ≡ i

2 k
−1
ab ijk T (Tb [Rj , Rk ]),  kab     G×

G  . F       - 
        [1,6],     -
(BPS) 

λAa
i = Aa

i ⇔ λRb
i hba =

i

2
ijk T (Ta [Rj , Rk ]) (2.5)

 λ ≡ ±me      G× G   hab =

k kT


ab

=
kac kbc,     ,   . T BPS  (2.5)
  E-L        

E =
1

2


d3x


m2 (Aa

i )
2 +

1

e2


Aa
i

2


(2.6)

           S  [9, 10]. T, 
-        -  (2.5)    (2.6) 
             E-L 
  (2.6). T     (2.6)     BPS
S   

S =


d4x


m2

2
habR

a
µR

b , µ − 1

4 e2
h−1
ab Ha

µν H
b , µν


(2.7)

    Ha
µν ≡ −iT (Ta [Rµ , Rν ]).
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U   (2.6)     BPS      

E =
1

2 e2


d3x


λAa

i − Aa
i

2
+  (λ) 48π2 m

e
Q ≥  (λ) 48π2 m

e
Q (2.8)

      -  (2.5),     

E = 48π2 m

e
| Q | (2.9)

       E  -,     BPS  (2.8) 
 (Qλ) = 1. S  -  (2.9)        
,          BPS S    
EB = EQ=1 − EQ | Q |      Q.

W    -  (2.5)       (2.5) 
Rc

i ,   
λ τcb hba = σca (2.10)



τab ≡ Ra
i R

b
i ; σab ≡ −1

2
ijk R

a
i H

b
jk (2.11)

T          GK,  K    
K = H ⊗ U(1). U           

[G , G ] ⊂ G [G , P ] ⊂ P [P , P ] ⊂ G (2.12)

T         P       
 Λ       

P = P+ + P− [Λ , P± ] = ±P± P± ∈ P± (2.13)

I    P−       P+,       
, .. P+ = P− = dimP

2 . C, Λ      L
 G     0  ±1,   P±   ( [2]   ).
T      GH ⊗ U(1) 

SU(p+ q)SU(p)⊗ SU(q)⊗ U(1) ; Sp(N)SU(N)⊗ U(1) ;
SO(N + 2)SO(N)⊗ U(1) ; E6SO(10)⊗ U(1) ;
SO(2N)SU(N)⊗ U(1) ; E7E6 ⊗ U(1)

(2.14)

3 The self-dual sector whithin the generalized rational map ansatz
I           ̈   [2]   E
 IR3,     L  G   GH ⊗ U(1)    H
 ,    H  G. F    U ∈ G,    


U = ei f(r) gΛ g1

(3.1)

 f (r)     , Λ      U(1)   G 
 H   GH ⊗ U(1),  g       
GH ⊗ U(1). U   (r, z, z̄)  

x1 = r
i (z̄ − z)

1+ | z |2 ; x2 = r
z + z̄

1+ | z |2 ; x3 = r


−1+ | z |2



1+ | z |2 (3.2)
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  g   

g(z, z̄) ≡ 1+
1

ϑ


i

S + S†


− 1

ϑ+ 1


S S† + S† S


; ϑ ≡

√
1 + ω (3.3)

 S         G    

S2 = 0 ;

S S†


S = ω S (3.4)

 ω     - . T  S   , ∂z̄S = 0,
 -, ∂zS = 0. F ,    S = S(χ),  χ = z (χ = z̄) 
   S  (-). I , S  S†    P+  P− 
, . F          η = 1 
χ = z,  η = −1  χ = z̄. T,   g  ,  -,
   - S2  IR3,   z  z̄,   H 
 GH ⊗ U(1).

T    M-C  (2.2)      
 (3.1) 

Rb
α = T (TbRi) = −T


V Tb V

−1Σα


= −T (TcΣα) dcb (V ) (3.5)

               G,
.. g Ta g

−1 = Tb dba (g). I , V ≡ e−i f Λ/2 g−1,    Σα   

Σr = f ′ Λ ; Σχ = −2 
f

2
P (+)
χ ; Σχ̄ = 2 

f

2
P

(−)
χ̄ (3.6)

 P
(+)
χ = iϑ−1 (1 + ϑ)2 ∂χ


(1 + ϑ)−2 S


∈ P+  P

(−)
χ̄ = −


P

(−)
χ̄

†
∈ P−. W 

   η′           f(0) = 2πm 
f(∞) = 0  η′ = −1,  m ∈ N,  f(0) = 0  f(∞) = 2πm  η′ = 1. T 
 (2.1) 

Q = η′mQtop  Qtop ≡ η
i

4π


dz dz̄ T


P (+)
χ P

(−)
χ̄


(3.7)

U (3.5)  (3.6)  BPS  (2.5)    

λ τcb h̃ba = σca (3.8)

   

h̃ab ≡ dac (V ) hcd d
−1
db (V ) ; τab ≡ dac (V ) τcd d

−1
db (V ) ; σab ≡ dac (V ) σcd d

−1
db (V ) (3.9)

T  h̃ab  τab      h  τ , ,   -
,         L     ,
  d    , .. dT = d−1. I    τab = Σa

i Σ
b
i  σab =

− i
2
T (TaΣi) ijk T (Tb [Σj , Σk ]).
F ,        H,      

     τ  σ,    a    Ta  
 H,   . A          
  (3.6)  (3.9)  τ̃aH = σaH = 0   a = 1, , G. C,
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   -  (3.8)    h̃HH ,    .
T,   H ̸= ∅,    τ   . O,    
-  (3.8)  τ−1

dc ,    h̃ ,     hHH
 .

T    c  H   BPS  (3.8),    λ τH b h̃b a = σH a,
     (3.6). O   ,  (3.6),  
BPS   (3.8)   

σΛ b = λ τΛΛ h̃Λ b ⇒ h̃Λ b =
σΛ b

λ τΛΛ
(3.10)

0 = τP+ P h̃P P+
= τP+ P h̃P H = τP P+

h̃P+ P = τP P+
h̃P+ H (3.11)

0 = τP P+


h̃P+ P+

+ η λ−1 f ′ 1

= τP+ P


h̃P P + η λ−1 f ′ 1


(3.12)

A            h̃ ,     
  h̃ab ,  (3.10)        ,   
 U(1)  Λ. T, hΛ a    

h̃ΛΛ = α ηT

P (+)
χ P

(−)
χ̄


; h̃ΛH = α ηT


H


P (+)
χ , P

(−)
χ̄


; h̃ΛP± = 0 (3.13)

 α ≡ 2 sin2 f

2

λ f ′ Tr(Λ2)
(1+|z|2)2

r2     T       

T,   κ     -  (3.8).
O,    τP P+

 ,  (3.11)  (3.12)  

h̃P± H = 0 h̃P P = −η λ−1 f ′ 1 (3.14)

N,     τP P+
  ,   (3.13)  (3.14)  

   -   (3.8). R,  -    
h̃P± H  (3.11)    

T

P− P (+)

χ


h̃P H = T


P+ P

(−)
χ̄


h̃P+ H = 0 (3.15)

S     BPS     h̃P± H,    H 

    h̃P+ H,        H  

   h̃P H. A  ,     2 H (P+−1) 

 h̃HP . T  -   (3.11)   P+  
  h̃P P+

    

T

P− P (+)

χ


h̃P P+

= 0 (3.16)

A       P+      T

P+ P

(−)
χ̄


h̃P+ P = 0

 (3.11),           (3.16). F (3.6) 
   τ ,      BPS ,   (3.12), 

T

P+ P

(−)
χ̄


h̃P+ P+

= −η λ−1 f ′T

P+ P

(−)
χ̄


(3.17)

T

P− P (+)

χ


h̃P P = −η λ−1 f ′T


P− P (+)

χ


(3.18)
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T,   P+     P+ (P+ + 1)2  h̃P+ P+
,

       h̃P P . O    h̃PP   P × P
  ,   (3.16), (3.17)  (3.18)    
 3 P+     P+ (2 P+ + 1)    h̃-,
   2 P+ (P+ − 1)  .

T      P+ = 1      h̃PP  
    -  (3.8). M,   ,    
τP P+

 ,    h̃PP      (3.14). C,
P+ = 1       τP P+

  ,     
G = SU(2).

N        G        S ∈
P+   (3.4),      (3.13)  (3.14)   
 h̃ΛΛ, h̃ΛH, h̃ΛP± , h̃P± H, h̃P P ,        h̃HH, 
      BPS  (3.8). S     ,
              L G 
   H  ,   (2.14). I ,    
 S     ,       BPS   
.

B ,      H   SU (p+ q) SU (p)⊗SU (q)⊗U (1),
 S     [2]    (p + q) × (p + q)   
 G = SU(p + q). I   ,  S     p  
 ua = ua(χ),  a = 1, , p,  q    vb = vb(χ),  b = 1, , q,
       uT = (u1, , up)  vT = (v1, , vq). T Λ 
S ,        (3.1)  (3.3),   

Λ =
1

p+ q


q 1p×p Op×q

Oq×p −p 1q×q


 S =


Op×p u ⊗ v
Oq×p Oq×q


(3.19)

 Op×q   p× q  ,   . W S  (-),    u
 v  (-),  S  (3.4)  ω =| u |2 | v |2. T, (3.13) 
(3.14)        BPS S ,    
f    S   (3.19)  , .., u  v    . T
  (3.7) 

Q = η′mQtop ; Qtop = − i η

2π


dz dz̄

ϑ2


∂χ∂χ̄ω − ∂χω ∂χ̄ω

1 + ω


(3.20)

A      -        -
    u  v     (-)   u1(χ) =
pu(χ)qu(χ)  v1(χ) = pv(χ)qv(χ), ,   R  S2. T-
,    (3.20)    Q = η′ ηmn,  n =  (u1 v1)  
     u1 v1           
   u1  v2. O    ,      ,  
              Q. U 
,    u v = χ

√
p q,         

    . T,     
   ,      BPS S    
Q.
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4 Conclusion
W         BPS S     L 
G    H  ,      h     
S       G = SU(2). T     
      - ,    
   h̃ΛΛ, h̃ΛP± , h̃ΛH     S ,    

     h̃HP± , h̃P±P± , h̃P±P . O   G = SU(2), 

  ,    2 P+ (P+ − 1)   h̃PP 
2 H (P+ − 1)   h̃HP  .

I    G    S  (3.4)   ,  
             
  . W     S    H 
 SU(p+ q)SU(p)⊗SU(q)⊗U(1),  S      p   ui(χ)
 q   vi(χ),     . T       
       Q. I   ,     ui 
vi    u1(χ)  v1(χ), ,          
             
 n = (u1 v1)     u1 v1.

T     S        
 ,            -S  
  . F ,          
 BPS ,      F V S  [14]. N,
        -S    
Q     G = SU(N),       SU(N) F V
S [14].
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T́ - CNP ( 307833/2022-4),  F̧̃  A  P  E
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