
Mathematical Methods in the Applied Sciences

RESEARCH ARTICLE OPEN ACCESS

Generalized 𝝋-Pullback Attractors in Time-Dependent
Spaces: Application to a Nonautonomous Wave Equation
With Time-Dependent Propagation Velocity
Matheus Cheque Bortolan1 | Carlos Pecorari Neto1 | Heraclio López Lázaro2 | Paulo N. Seminario Huertas3

1Departamento de Matemática, Centro de Ciências Físicas e Matemáticas, Universidade Federal de Santa Catarina, Campus Florianópolis, Florianópolis, Brazil
| 2Departamento de Matemática, Instituto de Ciências Matemáticas e de Computação - ICMC, Universidade de São Paulo, Campus São Carlos, São Carlos,
Brazil | 3Departamento de Matemática Aplicada a las Tecnologías de la Información y las Comunicaciones, Universidad Politécnica de Madrid, Campus de
Montegancedo, Madrid, Spain

Correspondence: Carlos Pecorari Neto (carlos.pecorari@ufsc.br)

Received: 25 January 2025 | Revised: 5 May 2025 | Accepted: 20 May 2025

Funding: The Article Processing Charge for the publication of this research was funded by the Coordenação de Aperfeiçoamento de Pessoal de Nível Superior -
Brasil (CAPES) (ROR identifier: 00x0ma614). This research was funded by the Fundação de Amparo à Pesquisa e Inovação do Estado de Santa Catarina
(FAPESC), Edital 20/2024, the Coordenação de Aperfeiçoamento de Pessoal de Nível Superior (CAPES), the Fundação de Amparo à Pesquisa do Estado de São
Paulo (FAPESP), the Fondo Europeo de Desarrollo Regional (FEDER), the Agencia Estatal de Investigación, and the Comunidad de Madrid.

Keywords: 𝜅-dissipativity | 𝜑-pullback | exponential decay | generalized 𝜑-pullback attractors | polynomial decay | wave equation

ABSTRACT
We present sufficient conditions to obtain a generalized (𝜑,𝔇)-pullback attractor for evolution processes on time-dependent phase
spaces, where𝜑 is a given decay function and𝔇 is a given universe. We deal specifically with the case in which𝜑has either exponen-
tial or polynomial decay, the universe is the one of uniformly bounded families, and apply the abstract results to a non-autonomous
wave equation with time-dependent propagation velocity.
MSC2020 Classification: 35B41, 35L20, 37L25

1 | Introduction

For nonautonomous systems, described in terms of evolution pro-
cesses, in which the time variable appears as an independent
parameter in the equations, the main feature of the solutions is
that they depend separately on the initial and final times, and
not simply on the elapsed time, as it occurs in the autonomous
case, described by semigroups. Hence, there are a few different
ways to define and study the asymptotic behavior of the system.
One can work with the forward attraction, in which a compact
set called the uniform attractor, that is minimal in some sense,
attracts all the solutions as the final time goes to infinity, uni-
formly for initial times and initial data in a bounded set of the
phase space. We could also work with the pullback attraction, in
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which for each fixed final time 𝑡, we have a compact and invariant
(in some sense) set 𝐴(𝑡) that attracts solutions when we let the
initial time 𝑠 tend to −∞, uniformly for initial data in bounded
subsets of the phase space. In this case, the family {𝐴(𝑡)}

𝑡∈ℝ is
called the pullback attractor of the system. There exist several sce-
narios in which the pullback attraction can be studied and the
forward attraction cannot, that is, we have the pullback attractor
and not the uniform attractor. These are two possible frameworks
that naturally appear when dealing with systems in a fixed phase
space.

In order to apply the obtained abstract results to a nonau-
tonomous wave equation with time-dependent propagation
velocity, we make use of the theory of time-dependent evolution
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process and their attractors, in the pullback sense. It should be
noted that this theory is a natural extension of the classical the-
ory for nonautonomous dynamical systems in fixed phase spaces,
and enables us to understand, for instance, the pullback dynam-
ics of noncylindrical problems in PDEs and equations in which
the coefficients depend on time, and influence in the choice of
the phase space, as is the case of the problem we discuss in this
work. Furthermore, the theory of pullback attractors, for instance
as developed in [1–3], is the natural candidate to extend the the-
ory of global attractors for semigroups (also called autonomous
dynamical systems), especially when we consider it in the frame-
work of time-dependent spaces because, to the extent of our
current knowledge, there is no theory of uniform attractors for
nonautonomous dynamical systems in time-dependent spaces.

Problems in a fixed space describe a vast number of phenom-
ena, but they do not exhaust them all. For instance, in [4], the
authors study the solutions of a Klein–Gordon equation with
time-dependent Hamiltonian density, with applications to cos-
mological theory. Many other researchers have used this frame-
work to study a number of problems. See, for instance, [5–10]
and references therein. That is the reason why we have chosen
this framework to develop our study.

Our goal is to generalize the theory developed in [11], for the
autonomous case, and in [12, 13] for the nonautonomous case
with a fixed phase space, to the nonautonomous framework
with time-dependent phase spaces. As an application, follow-
ing these three works mentioned and also [5, 6], we obtain the
existence of the so-called generalized 𝜑-pullback attractor for a
nonautonomous wave equation with nonlocal weak damping
and time-dependent propagation velocity.

To better outline our results, we introduce some terminology,
definitions and notations. Let us consider the set 𝕋 = ℝ or ℤ
and denote 𝕋 2

𝑑
∶= {(𝑡, 𝜏) ∈ 𝕋 2 ∶ 𝑡 ⩾ 𝜏}. We also consider a family

𝒳 = {(𝑋
𝑡
, 𝑑

𝑡
)}

𝑡∈𝕋 of complete metric spaces. A family  =
{𝑆(𝑡, 𝜏) ∶ (𝑡, 𝜏) ∈ 𝕋 2

𝑑
}, consisting of maps 𝑆(𝑡, 𝜏) ∶ 𝑋

𝜏
→ 𝑋

𝑡
, is

called an evolution process on 𝒳 if it satisfies:

∘ 𝑆(𝜏, 𝜏)𝑥 = 𝑥 for any 𝑥 ∈ 𝑋
𝜏

and 𝜏 ∈ 𝕋 ;

∘ 𝑆(𝑡, 𝜏) = 𝑆(𝑡, 𝑠)𝑆(𝑠, 𝜏) for any 𝑡 ⩾ 𝑠 ⩾ 𝜏;

∘ 𝑆(𝑡, 𝜏) ∶ 𝑋
𝜏
→ 𝑋

𝑡
is continuous for each (𝑡, 𝜏) ∈ 𝕋 2

𝑑
.

We say that the evolution process is time-discrete if 𝕋 = ℤ and
time-continuous if 𝕋 = ℝ.

Let us denote by𝔉 the class of all families 𝐷̂ = {𝐷
𝑡
}
𝑡∈𝕋 in which

𝐷
𝑡
⊂ 𝑋

𝑡
for each 𝑡 ∈ ℝ. We say that a family 𝐷̂ ∈ 𝔉 is nonempty,

open, closed, bounded, compact if each set 𝐷
𝑡

is nonempty, open,
closed, bounded, compact, respectively, for each 𝑡 ∈ 𝕋 . Further-
more, given 𝐷̂

1
, 𝐷̂

2 ∈ 𝔉, we say that 𝐷̂2
⊂ 𝐷̂

1 if 𝐷2
𝑡
⊂ 𝐷

1
𝑡

for each
𝑡 ∈ 𝕋 . A universe𝔇 is a subclass of𝔉which consists of families of
nonempty sets. We say that a universe𝔇 is of inclusion-closed if,
for any 𝐷̂

1 ∈ 𝔇 and 𝐷̂

2 ∈ 𝔉 such that 𝐷̂2
⊂ 𝐷̂

1, we have 𝐷̂

2 ∈ 𝔇.
In this paper, we will consider only inclusion-closed universes.

Given a family 𝒳 of complete metric spaces and  an evolution
process on 𝒳 , we say that a family 𝐷̂ ∈ 𝔉 is positively invariant

for  if
𝑆(𝑡, 𝜏)𝐷

𝜏
⊂ 𝐷

𝑡
for each (𝑡, 𝜏) ∈ 𝕋 2

𝑑
.

Also, for 𝑡 ∈ 𝕋 and 𝐴,𝐵 ⊂ 𝑋
𝑡

two nonempty subsets of 𝑋
𝑡
, we

denote the Hausdorff semidistance between 𝐴 and 𝐵 by

dist𝑋𝑡

𝐻
(𝐴,𝐵) = sup

𝑎∈𝐴
inf
𝑏∈𝐵

𝑑
𝑡
(𝑎, 𝑏).

Lastly, we say that a function 𝜑 ∶ [𝑎,∞) → [0,∞), where 𝑎 ⩾ 0, is
a decay function if 𝜑 is nonincreasing, 𝜑(𝑡) → 0 as 𝑡 →∞, and for
each 𝜔 > 0 and 𝜂 ∈ ℝ, we have

lim sup
𝑡→∞

𝜑(𝜔𝑡 + 𝜂)
𝜑(𝜔𝑡)

<∞.

Examples of decay functions are 𝜑(𝑡) = 𝑒
−𝑡 (exponential decay),

𝜑(𝑡) = 𝑡
−𝑟 (polynomial decay), and 𝜑(𝑡) = 1

ln 𝑡

(logarithm decay)
(see, for instance, [13, section 2]).

With that, we can introduce the object in which we focus our
efforts in this paper.

Definition 1. Given a family𝒳 of complete metric spaces, 
an evolution process on𝒳 , and𝔇 a universe, we say that a family
𝑀̂ ∈ 𝔉 is a generalized (𝜑,𝔇)-pullback attractor for  if 𝑀̂ is
compact, positively invariant for  , and 𝑀̂ is (𝜑,𝔇)-pullback
attracting, that is, there exists a constant 𝜔 > 0 such that for each
𝐷̂ ∈ 𝔇 and 𝑡 ∈ 𝕋 , there exist 𝐶 = 𝐶(𝐷̂, 𝑡) ⩾ 0 and 𝜏0 = 𝜏0(𝐷̂, 𝑡) ⩾
0 such that

dist𝑋𝑡

𝐻

(
𝑆(𝑡, 𝑡 − 𝜏)𝐷

𝑡−𝜏 ,𝑀𝑡

)
⩽ 𝐶𝜑(𝜔𝜏) for all 𝜏 ⩾ 𝜏0.

When 𝜑 is an exponential decay function, we also call 𝑀̂ a gener-
alized exponential𝔇-pullback attractor. The analogous definition
holds when 𝜑 is a polynomial decay function.

Our goal is to find conditions under which a given evolution pro-
cess  on𝒳 possesses a generalized (𝜑,𝔇)-pullback attractor, in
the specific cases of polynomial and exponential decay functions,
and a given universe 𝔇 that will later be defined. In Section 2,
we state and prove abstract results that ensure the existence of
such objects (namely, Theorem 2.5 for the exponential decay, and
Theorem 2.6 for the polynomial decay), so that, in Section 3,
we can apply them to the evolution process 

𝑝
generated by the

family of nonautonomous wave equations with nonlocal damp-
ing and time-dependent speed of propagation, indexed by the
parameter 𝑝 ⩾ 0, given below:

⎧
⎪
⎪
⎨
⎪
⎪
⎩

𝜀(𝑡)𝑢
𝑡𝑡
(𝑡, 𝑥) − Δ𝑢(𝑡, 𝑥) + 𝑘(𝑡)||𝑢

𝑡
(𝑡, ⋅)||𝑝

𝐿
2(Ω)𝑢𝑡(𝑡, 𝑥)

+ 𝑓 (𝑢(𝑡, 𝑥)) = ℎ(𝑥), (𝑡, 𝑥) ∈ [𝑠,∞) × Ω,
𝑢(𝑡, 𝑥) = 0, (𝑡, 𝑥) ∈ [𝑠,∞) × 𝜕Ω,
𝑢(𝑠, 𝑥) = 𝑢0(𝑥), 𝑢

𝑡
(𝑠, 𝑥) = 𝑢1(𝑥), 𝑥 ∈ Ω.

(W–Eq)

where Ω ⊂ ℝ3 is a bounded domain with smooth boundary 𝜕Ω.

We consider 𝑋
𝑡
= 𝐻

1
0 (Ω) × 𝐿

2(Ω) the Hilbert space with inner
product

⟨(𝑢1, 𝑣1), (𝑢2, 𝑣2)⟩𝑡 =
∫Ω
∇𝑢1 ⋅ ∇𝑢2𝑑𝑥

+ 𝜀(𝑡)
∫Ω

𝑣1𝑣2𝑑𝑥 𝑓𝑜𝑟(𝑢1, 𝑣1), (𝑢2, 𝑣2) ∈ 𝑋
𝑡
,
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and associated norm

||(𝑢, 𝑣)||2
𝑡
= ||𝑢||2

𝐻
1
0 (Ω)

+ 𝜀(𝑡)||𝑣||2
𝐿

2(Ω) for (𝑢, 𝑣) ∈ 𝑋
𝑡
,

which is equivalent with the usual norm in 𝐻
1
0 (Ω) × 𝐿

2(Ω), pro-
vided 𝜀(𝑡) > 0 for each 𝑡 ∈ ℝ. We consider the family of Hilbert
spaces

𝒳 = {(𝑋
𝑡
, || ⋅ ||

𝑡
)}

𝑡∈ℝ = {𝐻1
0 (Ω) × 𝐿

2(Ω), || ⋅ ||
𝑡
}
𝑡∈ℝ (1.1)

Taking into account (W–Eq), we assume the following:

H1 𝑝 ⩾ 0,

H2 ℎ ∈ 𝐿
2(Ω) and we set ℎ0 ∶= ||ℎ||𝐿2(Ω),

H3 𝑘 ∈ 𝐶(ℝ), and there exists 𝑘0, 𝑘1 > 0 such that 𝑘0 ⩽ 𝑘(𝑡) ⩽
𝑘1 for all 𝑡 ∈ ℝ;

H4 𝜀 ∈ 𝐶
1(ℝ) is such that 𝜀(𝑡) > 0 and 𝜀

′(𝑡) ⩽ 0 for all 𝑡 ∈
ℝ, and

𝐿 ∶= sup
𝑡∈ℝ

(
𝜀(𝑡) + |𝜀′(𝑡)|

)
< ∞;

H5 𝑓 ∈ 𝐶
1(ℝ) is such that 𝑓 (0) = 0 and

lim inf
|𝑢|→∞

𝑓
′(𝑢) > −𝜆1,

where 𝜆1 > 0 is the first eigenvalue of the negative Lapla-
cian operator−Δwith Dirichlet boundary conditions inΩ.
Additionally, there exist 𝑐0 > 0 and 1 ⩽ 𝑞 ⩽ 2 such that

|𝑓 ′(𝑢)| ⩽ 𝑐0(1 + |𝑢|𝑞) 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑢 ∈ ℝ.

H6 there exist 𝜂, 𝑐1 > 0 such that

𝐹 (𝑡) =
∫

𝑡

0
𝑓 (𝑠)𝑑𝑠 ⩾ 𝜂|𝑡|𝑞+2 − 𝑐1 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑡 ∈ ℝ.

Now we define the universe we work with. Consider a family𝒳 =
{(𝑋

𝑡
, 𝑑

𝑡
)}

𝑡∈𝕋 of Banach spaces and denote by 𝐵

𝑡

𝑟
the closed ball in

𝑋
𝑡

of radius 𝑟 > 0 centered at 0.

Definition 2. A family 𝐷̂ ∈ 𝔉 is called uniformly bounded if
there exists 𝑟 > 0 such that 𝐷

𝑡
⊂ 𝐵

𝑡

𝑟
for all 𝑡 ∈ 𝕋 . The universe of

uniformly bounded families is denoted by𝔇
𝑢𝑏

.

The main application of our results, proved in Section 3, is the
following theorem:

Theorem A. Assume that 1–1 hold. Then (W–Eq) generates
an evolution process 

𝑝
on the family 𝒳 defined in (1.1), for each

𝑝 ⩾ 0. Moreover:

a. 0 has a generalized exponential𝔇
𝑢𝑏

-pullback attractor 𝑀̂0;

b. for 𝑝 > 0, 
𝑝

has a generalized polynomial 𝔇
𝑢𝑏

-pullback
attractor 𝑀̂

𝑝
.

In any case,
𝑝

has also a𝔇
𝑢𝑏

-pullback attractor Â
𝑝
, with Â

𝑝
⊂ 𝑀̂

𝑝
.

2 | A Review on the Abstract Results

This section is devoted to stating the results concerning the exis-
tence of generalized (𝜑,𝔇)-pullback attractors associated with
evolution processes in time-dependent phase spaces. We point
out that not all the results stated in this section are proven, as
many of them follow similarly to those presented in [13]. In the
proofs we do present here, we carefully indicate where the differ-
ences lie when working in time-dependent phase spaces.

To begin, we provide some definitions. Given a family𝒳 of com-
plete metric spaces and an evolution process  on𝒳 , we say that
a family 𝐵̂ ∈ 𝔉 is

∘ positively invariant for if𝑆(𝑡, 𝜏)𝐵
𝜏
⊂ 𝐵

𝑡
for each (𝑡, 𝜏) ∈ 𝕋 2

𝑑
;

∘ invariant for  if 𝑆(𝑡, 𝜏)𝐵
𝜏
= 𝐵

𝑡
for each (𝑡, 𝜏) ∈ 𝕋 2

𝑑
;

∘ 𝔇-pullback absorbing for a universe 𝔇, if given 𝐷̂ ∈ 𝔇 and
𝑡 ∈ 𝕋 , there exists 𝜏0 = 𝜏0(𝐷̂, 𝑡) ⩾ 0 such that

𝑆(𝑡, 𝑡 − 𝜏)𝐷
𝑡−𝜏 ⊂ 𝐵

𝑡
𝑓𝑜𝑟𝑎𝑙𝑙𝜏 ⩾ 𝜏0.

When there exists 𝜏0 = 𝜏0(𝐷̂) ⩾ 0 independent of 𝑡 ∈ 𝕋 for
which the inclusion above holds for all 𝜏 ⩾ 𝜏0 and all 𝑡 ∈ 𝕋 ,
we say that 𝐵̂ is uniformly𝔇-pullback absorbing.

Remark 1. We point out that the definition of a uniformly
𝔇-pullback absorbing family presented here slightly differs from
[13, definition 2.3]. The property we ask here is stronger. How-
ever, in the application presented in [13], they obtain a uniformly
𝔇-pullback absorbing family according to our definition.

We will also need the following definition: if𝒳 = {(𝑋
𝑡
, || ⋅ ||

𝑡
)}

𝑡∈𝕋
is a family of Banach spaces, we say that a family 𝐷̂ ∈ 𝔉 is back-
wards bounded if given 𝑡 ∈ 𝕋 there exists 𝑟

𝑡
> 0 such that 𝐷

𝑠
⊂

𝐵

𝑠

𝑟
𝑡

for all 𝑠 ⩽ 𝑡.

As for the existence of generalized (𝜑,𝔇)-pullback attractors, we
can see, analogously to what already has been presented in the lit-
erature so far, that in the scenario in which the evolution proper-
ties enjoy some compactness property, the following result holds.

Proposition 2.1. (cf., [13, proposition 2.1]). Let 𝒳 be a
family of Banach spaces,  an evolution process on 𝒳 , and 𝔇 a
given universe. Assume also that

∘  is an eventually compact evolution process, that is, there
exists 𝜏 > 0 such that 𝑆(𝑡, 𝑡 − 𝜏) ∶ 𝑋

𝑡−𝜏 → 𝑋
𝑡

is a compact
map for each 𝑡 ∈ 𝕋 ;

∘ there exists a backwards bounded 𝔇-pullback absorbing
family 𝐵̂ ∈ 𝔇.

Then, given any decay function 𝜑, 𝑆 has a generalized
(𝜑,𝔇)-pullback attractor 𝑀̂ . Additionally if 𝐵̂ is closed, then
𝑀̂ ∈ 𝔇.

We recall that, given a metric space (𝑋, 𝑑) and 𝐵 ⊂ 𝑋 bounded,
we define its Kuratowski measure of noncompactness by

Mathematical Methods in the Applied Sciences, 202513458
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𝜅(𝐵) = inf{𝛿 > 0 ∶ 𝐵admits a finite cover by

sets of diameter less than or equal to 𝛿},

and its ball measure of noncompactness by

𝛽(𝐵) = inf{𝑟 > 0 ∶ 𝐵

admits a finite cover by open balls of radius 𝑟}.

We could replace less than or equal to by less than and open balls
by closed balls in the definitions of 𝜅 and 𝛽, respectively, and
obtain the same quantities.

We work in the framework of a family of spaces𝒳 = {(𝑋
𝑡
, 𝑑

𝑡
)}

𝑡∈𝕋
and hence, each 𝑋

𝑡
has its own Kuratowski measure of noncom-

pactness and ball measure of noncompactness, which we could
denote by 𝜅

𝑡
and 𝛽

𝑡
, for each 𝑡 ∈ 𝕋 . However, to simplify notation,

and in the understanding that this will not cause any confu-
sion, we denote the Kuratowski measure of noncompactness and
ball measure of noncompactness in every 𝑋

𝑡
simply by 𝜅 and 𝛽,

respectively.

As in [12, 13], inspired by [11] and [14], we make the following
definition:

Definition 2. Given a family 𝒳 of complete metric spaces,
an evolution process  on 𝒳 , and a universe 𝔇, we say that 
is (𝜑,𝔇)-pullback 𝜅-dissipative if there exists 𝜔 > 0 such that
for any 𝐷̂ ∈ 𝔇 and 𝑡 ∈ 𝕋 , there exist 𝐶 = 𝐶(𝐷̂, 𝑡) ⩾ 0 and 𝜏0 =
𝜏0(𝐷̂, 𝑡) ⩾ 0 such that

𝜅

(
⋃

𝜎⩾𝜏
𝑆(𝑡, 𝑡 − 𝜎)𝐷

𝑡−𝜎

)

⩽ 𝐶𝜑(𝜔𝜏) for all 𝜏 ⩾ 𝜏0.

As in [13], the following result holds.

Proposition 2.3. (cf., [13, proposition 2.8]). Consider a
family 𝒳 of complete metric spaces,  an evolution process on
𝒳 , and 𝔇 a universe. Assume that 𝐵̂ is a uniformly 𝔇-pullback
absorbing family for  , and that there exist a decay function 𝜑

and 𝜔 > 0 such that for each 𝑡 ∈ ℝ, there exist 𝐶 = 𝐶(𝑡) ⩾ 0 and
𝜏0 = 𝜏0(𝑡) > 0 such that

𝜅(𝑆(𝑡, 𝑡 − 𝜏)𝐵
𝑡−𝜏 ) ⩽ 𝐶𝜑(𝜔𝜏) 𝑓𝑜𝑟 𝑎𝑙𝑙𝜏 ⩾ 𝜏0.

Then  is (𝜑,𝔇)-pullback 𝜅-dissipative.

Also, with very similar proof as in [13] (which is inspired by [15,
16]), we have the following result presenting conditions to ensure
the existence of a generalized (𝜑,𝔇)-pullback attractor.

Proposition 2.4. (cf., [13, theorem 2.6]). Consider a
family of complete metric spaces 𝒳 , a time-continuous evolution
process  on𝒳 , and a given universe𝔇. Assume also the following
conditions:

C1 there exists a closed and bounded family 𝐵̂ ∈ 𝔇 such that 𝐵̂ is
uniformly𝔇-pullback absorbing;

C2 there exist 𝛾, 𝐿 > 0 for which

𝑑
𝑠+𝜏 (𝑆(𝑠 + 𝜏, 𝑠)𝑥, 𝑆(𝑠 + 𝜏, 𝑠)𝑦) ⩽ 𝐿𝑑

𝑠
(𝑥, 𝑦) 𝑓𝑜𝑟𝑎𝑙𝑙𝑥, 𝑦 ∈ 𝐵

𝑠
,

𝑠 ∈ ℝ𝑎𝑛𝑑𝜏 ∈ [0, 𝛾];

C3 for a given decay function 𝜑,  is (𝜑,𝔇)-pullback
𝜅-dissipative.

Then, there exists a generalized (𝜑,𝔇)-pullback attractor 𝑀̂ for  ,
with 𝑀̂ ⊂ 𝐵̂.

We now state and outline the proof of the two main results of
this section, in which we present sufficient conditions to obtain
a generalized exponential and polynomial 𝔇

𝑢𝑏
-pullback attrac-

tor, which are based on [12, theorem 2.5] and [13, theorem 2.7],
respectively.

Before that, we just introduce two concepts that are needed. For
a complete metric space 𝑋 and 𝐵 ⊂ 𝑋, a function 𝜓 ∶ 𝑋 ×𝑋 →
ℝ+ is called contractive on 𝐵 if for each sequence

{
𝑥
𝑛

}
𝑛∈ℕ ⊂ 𝐵

we have
lim inf
𝑚,𝑛→∞

𝜓(𝑥
𝑛
, 𝑥

𝑚
) = 0.

We denote the set of such functions by contr(𝐵).

A pseudometric in a set 𝑋 is a function 𝜌 ∶ 𝑋 ×𝑋 → [0,∞) that
satisfies:

∘ 𝜌(𝑥, 𝑥) = 0 for all 𝑥 ∈ 𝑋;

∘ 𝜌(𝑥, 𝑦) = 𝜌(𝑦, 𝑥) for all 𝑥, 𝑦 ∈ 𝑋;

∘ 𝜌(𝑥, 𝑧) ⩽ 𝜌(𝑥, 𝑦) + 𝜌(𝑦, 𝑧) for all 𝑥, 𝑦, 𝑧 ∈ 𝑋.

Also, for 𝐵 ⊂ 𝑋, we say that 𝜌 is precompact on 𝐵 if any sequence
in 𝐵 has a Cauchy subsequence with respect to 𝜌.

Theorem 2.5. (The exponential case). Consider a family
of Banach spaces 𝒳 , a time-continuous evolution process  on 𝒳 ,
and the universe 𝔇

𝑢𝑏
. Assume also that conditions 2.4 and 2.4 of

Proposition 2.4 hold, and that 𝐵̂ in 2.4 is also positively invariant
and 𝐵̂ ∈ 𝔇

𝑢𝑏
.

Furthermore, assume that there exist constants 𝜇 ∈ (0, 1), 𝑇 > 0
and 𝑟 > 0 satisfying: given 𝑡 ∈ ℝ and 𝑛 ∈ ℕ, there exist 𝑚(𝑛) ∈
ℕ, functions 𝑔

𝑛
∶ (ℝ+)𝑚(𝑛) → ℝ+

, 𝜓
𝑛
∶ 𝑋

𝑡−𝑛𝑇 ×𝑋
𝑡−𝑛𝑇 → ℝ+ and

pseudometrics 𝜌(𝑛)1 , … , 𝜌
(𝑛)
𝑚(𝑛) on 𝑋

𝑡−𝑛𝑇 such that

i. 𝑔
𝑛

is nondecreasing with respect to each variable,
𝑔
𝑛
(0, … , 0) = 0 and 𝑔

𝑛
is continuous at (0, … , 0);

ii. the pseudometrics 𝜌(𝑛)1 , … , 𝜌
(𝑛)
𝑚(𝑛) are precompact on 𝐵

𝑡−𝑛𝑇 ;

iii. 𝜓
𝑛
∈ contr(𝐵

𝑡−𝑛𝑇 );

iv. for 𝑥, 𝑦 ∈ 𝐵
𝑡−𝑛𝑇 we have

𝑑
𝑡−(𝑛−1)𝑇 (𝑆𝑛

𝑥, 𝑆
𝑛
𝑦)𝑟 ⩽ 𝜇𝑑

𝑡−𝑛𝑇 (𝑥, 𝑦)𝑟

+ 𝑔
𝑛
(𝜌(𝑛)1 (𝑥, 𝑦), … , 𝜌

(𝑛)
𝑚(𝑛)(𝑥, 𝑦)) + 𝜓

𝑛
(𝑥, 𝑦),

where 𝑆
𝑛
∶= 𝑆(𝑡 − (𝑛 − 1)𝑇 , 𝑡 − 𝑛𝑇 ).
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Then, for the decay function 𝜑(𝑠) = 𝜇
𝑠
,  is (𝜑,𝔇

𝑢𝑏
)-pullback

𝜅-dissipative, and it possesses a uniformly bounded generalized
(𝜑,𝔇

𝑢𝑏
)-pullback attractor 𝑀̂ ∈ 𝔇

𝑢𝑏
.

Proof. Because 𝐵̂ ∈ 𝔇
𝑢𝑏

, there exists a positive constant 𝑅 such
that 𝐵

𝑠
⊂ 𝐵

𝑠

𝑅
for all 𝑠 ∈ ℝ. As in [12, theorem 2.5], for 𝐴 ⊂ 𝐵

𝑡−𝑛𝑇
we obtain

𝜅(𝑆(𝑡, 𝑡 − 𝑛𝑇 )𝐴)𝑟 ⩽ 2𝑟

𝜇
𝑛

𝜅(𝐴)𝑟 ⩽ 2𝑟

𝜇
𝑛(2𝑅)𝑟,

which, in particular, implies that

𝜅(𝑆(𝑡, 𝑡 − 𝑛𝑇 )𝐵
𝑡−𝑛𝑇 ) ⩽ 4𝑅𝜇

𝑛

𝑟 .

Finally, for 𝑠 ⩾ 𝑇 let 𝑛 ∈ ℕ be such that 𝑠 − 𝑇 < 𝑛𝑇 ⩽ 𝑠.

From the positive invariance of 𝐵̂, we obtain

𝜅(𝑆(𝑡, 𝑡 − 𝑠)𝐵
𝑡−𝑠) = 𝜅

(
𝑆(𝑡, 𝑡 − 𝑛𝑇 )𝑆(𝑡 − 𝑛𝑇 , 𝑡 − 𝑠)𝐵

𝑡−𝑠
)

⩽ 𝜅

(
𝑆(𝑡, 𝑡 − 𝑛𝑇 )𝐵

𝑡−𝑛𝑇
)
⩽ 4𝑅𝜇

𝑛

𝑟 ⩽ 4𝑅𝜇
− 1

𝑟 𝜇

𝑠

𝑟𝑇 ⩽ 𝐶𝜇
𝜔𝑠

,

where 𝐶 = 4𝑅𝜇
− 1

𝑟 and 𝜔 = 1
𝑟𝑇

. It follows from Proposition 2.3
that 𝑆 is (𝜑,𝔇

𝑢𝑏
)-pullback 𝜅-dissipative, with decay function 𝜑

given by 𝜑(𝑠) = 𝜇
𝑠, and it follows from Proposition 2.4 that pos-

sesses a generalized (𝜑,𝔇
𝑢𝑏
)-pullback attractor 𝑀̂ with 𝑀̂ ⊂ 𝐵̂.

Because 𝐵̂ ∈ 𝔇
𝑢𝑏

, so does 𝑀̂ . ◽

Theorem 2.6. (The polynomial case). Consider a family
of Banach spaces 𝒳 , a time-continuous evolution process  on 𝒳 ,
and the universe 𝔇

𝑢𝑏
. Assume also that conditions 2.4 and 2.4 of

Proposition 2.4 hold, and that 𝐵̂ in 2.4 is also positively invariant
and 𝐵̂ ∈ 𝔇

𝑢𝑏
.

Furthermore, suppose also that there exist 𝛽 ∈ (0, 1), 𝑟 > 0, 𝑇 >

0, 𝐶 > 0 satisfying: given 𝑡 ∈ ℝ and 𝑛 ∈ ℕ, there exist 𝑚(𝑛) ∈ ℕ,
functions 𝑔

𝑛
, ℎ

𝑛
∶ (ℝ+)𝑚(𝑛) → ℝ+

, 𝜓
𝑛
, 𝜃

𝑛
∶ 𝑋

𝑡−𝑛𝑇 ×𝑋
𝑡−𝑛𝑇 → ℝ+

and pseudometrics 𝜌(𝑛)1 , … , 𝜌
(𝑛)
𝑚(𝑛) on 𝑋

𝑡−𝑛𝑇 such that

i. 𝑔
𝑛
, ℎ

𝑛
are nondecreasing with respect to each variable,

𝑔
𝑛
(0, … , 0) = ℎ

𝑛
(0, … , 0) = 0 and 𝑔

𝑛
, ℎ

𝑛
are continuous at

(0, … , 0);

ii. 𝜌
(𝑛)
1 , … , 𝜌

(𝑛)
𝑚(𝑛) are precompact on 𝐵

𝑡−𝑛𝑇 ;

iii. 𝜓
𝑛
, 𝜃

𝑛
∈ contr(𝐵

𝑡−𝑛𝑇 );

iv. for all 𝑥, 𝑦 ∈ 𝐵
𝑡−𝑛𝑇 we have

𝑑
𝑡−(𝑛−1)𝑇 (𝑆𝑛

𝑥, 𝑆
𝑛
𝑦)𝑟 ⩽ 𝑑

𝑡−𝑛𝑇 (𝑥, 𝑦)𝑟

+ 𝑔
𝑛
(𝜌(𝑛)1 (𝑥, 𝑦), … , 𝜌

(𝑛)
𝑚(𝑛)(𝑥, 𝑦)) + 𝜓

𝑛
(𝑥, 𝑦);

and

𝑑
𝑡−(𝑛−1)𝑇 (𝑆𝑛

𝑥, 𝑆
𝑛
𝑦)𝑟 ⩽ 𝐶

[
𝑑
𝑡−𝑛𝑇 (𝑥, 𝑦)𝑟 − 𝑑

𝑡−(𝑛−1)𝑇 (𝑆𝑛
𝑥, 𝑆

𝑛
𝑦)𝑟

+𝑔
𝑛
(𝜌(𝑛)1 (𝑥, 𝑦), … , 𝜌

(𝑛)
𝑚(𝑛)(𝑥, 𝑦)) + 𝜓

𝑛
(𝑥, 𝑦)

]
𝛽

+ ℎ
𝑛
(𝜌(𝑛)1 (𝑥, 𝑦), … , 𝜌

(𝑛)
𝑚(𝑛)(𝑥, 𝑦)) + 𝜃

𝑛
(𝑥, 𝑦),

where 𝑆
𝑛
∶= 𝑆(𝑡 − (𝑛 − 1)𝑇 , 𝑡 − 𝑛𝑇 ).

Then, for the decay function 𝜑(𝑠) = 𝑠

𝛽

𝑟(𝛽−1) ,  is (𝜑,𝔇
𝑢𝑏
)-pullback

𝜅-dissipative. Also,  has a uniformly bounded generalized
(𝜑,𝔇

𝑢𝑏
)-pullback attractor 𝑀̂ ∈ 𝔇

𝑢𝑏
.

Proof. As in [13, theorem 2.7], consider the function 𝑢 ∶ ℝ+ →
ℝ+ defined by 𝑢(𝑠) = (3𝐶)−1∕𝛽

𝑠
1∕𝛽 + 𝑠. Because 𝑢 is an increasing

bijective function, it has an inverse function that we will denote
𝑣 ∶ ℝ+ → ℝ+, which also is increasing. The composite functions
𝑢
𝑛 and 𝑣

𝑛 are also increasing for 𝑛 ⩾ 2 and satisfy 𝑢 ⩽ 𝑢
2 ⩽ 𝑢

3 ⩽
· · · and 𝑣 ⩾ 𝑣

2 ⩾ 𝑣
3 ⩾ · · · for any 𝑠 ⩾ 0.

Because 𝐵̂ ∈ 𝔇
𝑢𝑏

, there exists a positive constant 𝑅 such that
𝐵

𝑠
⊂ 𝐵

𝑠

𝑅
for all 𝑠 ∈ ℝ. For 𝑛 ∈ ℕ and 𝐴 ⊂ 𝐵

𝑡−𝑛𝑇 we have

𝜅(𝑆(𝑡, 𝑡 − 𝑛𝑇 )𝐴)𝑟 ⩽ 2𝑟

𝑣
𝑛(𝜅(𝐴)𝑟) ⩽ 2𝑟

𝑣
𝑛(2𝑟

𝑅
𝑟). (2.1)

From [13, proposition A.2], there exists 𝑛0 ∈ ℕ, such that for 𝑛 ⩾
𝑛0, we have

𝑣
𝑛(2𝑟

𝑅
𝑟) ⩽

[
(𝑛 − 𝑛0)

(
1
𝛽

− 1
)
(1 + 3𝐶)−

1
𝛽 + (2𝑅)

𝑟(𝛽−1)
𝛽

] 𝛽

𝛽−1

.

Thus for all 𝑛 ⩾ 𝑛0, it holds that

𝜅(𝑆(𝑡, 𝑡 − 𝑛𝑇 )𝐵
𝑡−𝑛𝑇 ) ⩽ 2

[
(𝑛 − 𝑛0)

(
1
𝛽

− 1
)
(1 + 3𝐶)−

1
𝛽

+ (2𝑅)
𝑟(𝛽−1)

𝛽

] 𝛽

𝑟(𝛽−1)

.

If 𝑠 ⩾ (𝑛0 + 1)𝑇 , take 𝑛 ∈ ℕ such that 𝑠

𝑇

− 1 < 𝑛 ⩽ 𝑠

𝑇

. We have 𝑛 >

𝑛0, and from the positive invariance of 𝐵̂, we obtain

𝜅(𝑆(𝑡, 𝑡 − 𝑠)𝐵
𝑡−𝑠) = 𝜅

(
𝑆(𝑡, 𝑡 − 𝑛𝑇 )𝑆(𝑡 − 𝑛𝑇 , 𝑡 − 𝑠)𝐵

𝑡−𝑠
)

⩽ 𝜅

(
𝑆(𝑡, 𝑡 − 𝑛𝑇 )𝐵

𝑡−𝑛𝑇
)

⩽ 2
[(

𝑛 − 𝑛0
)( 1

𝛽

− 1
)
(1 + 3𝐶)−

1
𝛽

+(2𝑅)
𝑟(𝛽−1)

𝛽

] 𝛽

𝑟(𝛽−1)

⩽ 2
[(

𝑠

𝑇

− 1 − 𝑛0

)( 1
𝛽

− 1
)
(1 + 3𝐶)−

1
𝛽

] 𝛽

𝑟(𝛽−1)

= 2(𝜔𝑠 − 𝜂)
𝛽

𝑟(𝛽−1) ,

where

𝜔 = 1
𝑇

(
1
𝛽

− 1
)
(1 + 3𝐶)−

1
𝛽 𝑎𝑛𝑑𝜂 = (1 + 𝑛0)

(
1
𝛽

− 1
)
(1 + 3𝐶)−

1
𝛽 .

Now, there exist 𝐶1 > 0 and 𝑠0 > 0 such that
2(𝜔𝑠 − 𝜂)

𝛽

𝑟(𝛽−1) ⩽ 𝐶1(𝜔𝑠)
𝛽

𝑟(𝛽−1) for 𝑠 ⩾ 𝑠0. Then, taking
𝑠 ⩾ 𝑠1 ∶= max

{
𝑠0, (𝑛0 + 1)𝑇

}
, we have

𝜅(𝑆(𝑡, 𝑡 − 𝑠)𝐵
𝑡−𝑠) ⩽ 𝐶1(𝜔𝑠)

𝛽

𝑟(𝛽−1)

for 𝑠 ⩾ 𝑠1.

It follows from Proposition 2.3 that  is (𝜑,𝔇
𝑢𝑏
)-pullback

𝜅-dissipative, with the decay function 𝜑 given by 𝜑(𝑠) = 𝑠

𝛽

𝑟(𝛽−1) ,

Mathematical Methods in the Applied Sciences, 202513460
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and therefore, from Theorem 2.4, there exists a generalized
(𝜑,𝔇

𝑢𝑏
)-pullback attractor 𝑀̂ for  with 𝑀̂ ⊂ 𝐵̂. Because 𝐵̂

belongs to𝔇
𝑢𝑏

, so does 𝑀̂ . ◽

3 | Application to a Nonautonomous Wave
Equation With Nonlocal Damping and
Time-Dependent Speed of Propagation: The Proof
of Theorem A

3.1 | Well-Posedness of the Problem

In order to obtain existence, uniqueness and continuity with
respect to initial data for (W–Eq), we first present some esti-
mates related to the functions 𝑓 and 𝐹 defined in 1 and 1. The
proof of the next result is standard, and can be found in detail, for
instance, in [17].

Proposition 3.1. For all 𝑢, 𝑣 ∈ ℝ, we have

i. |𝑓 (𝑢)| ⩽ 2𝑐0(1 + |𝑢|𝑞+1);

ii. |𝑓 (𝑢) − 𝑓 (𝑣)| ⩽ 2𝑐0(1 + |𝑢|𝑞 + |𝑣|𝑞)|𝑢 − 𝑣|;

iii. |𝐹 (𝑢)| ⩽ 4𝑐0(1 + |𝑢|𝑞+2);

iv. |𝐹 (𝑢) − 𝐹 (𝑣)| ⩽ 8𝑐0(1 + |𝑢|𝑞+1 + |𝑣|𝑞+1)|𝑢 − 𝑣|;

v. For each 𝐾 > 0,

∫

𝐾

−𝐾
|𝑓 (𝑢)|𝑑𝑢 ⩽ 8𝑐0(1 +𝐾

𝑞+2);

vi. There exist 𝜇0 ∈
(
0, 𝜆1

)
and 𝑀 > 0 such that

𝑓
′(𝑢) > −𝜇0 and 𝑓 (𝑢)

𝑢

> −𝜇0 for all |𝑢| > 𝑀 ; (3.1)

vii. For 𝜇0 and𝑀 given above, there exists a constant 𝑒0 > 0 such
that

𝐹 (𝑢) ⩾ −
(
𝜇0 + 𝜆1

4

)
𝑢

2 − 8𝑐0(1 +𝑀
𝑞+2) for all |𝑢| > 𝑀

(3.2)

𝐹 (𝑢) ⩽ 𝑢𝑓 (𝑢) +
𝜇0

2
𝑢

2 + 𝑒0 for all |𝑢| > 𝑀 (3.3)

and
|𝐹 (𝑢)| ⩽ 8𝑐0(1 +𝑀

𝑞+2) for all |𝑢| ⩽ 𝑀 (3.4)

In what follows ⟨⋅, ⋅⟩ denotes the usual inner product in 𝐿
2(Ω)

and ⟨⋅, ⋅⟩1 is the inner product in 𝐻
1
0 (Ω), where ⟨𝑢, 𝑣⟩1 ∶=

⟨𝐴
1
2 𝑢, 𝐴

1
2 𝑣⟩ = ⟨∇𝑢,∇𝑣⟩. Furthermore, to simplify notation, we set

|| ⋅ ||
𝐿

𝑝 ∶= || ⋅ ||
𝐿

𝑝(Ω), for 𝑝 ⩾ 1, and || ⋅ ||
𝐻

1
0
∶= || ⋅ ||

𝐻
1
0 (Ω)

.

Proposition 3.2. There exist 𝐶0 ⩾ 0 and 𝑞0 ⩾ 0 such that

⟨𝐹 (𝑢), 1⟩ =
∫Ω

𝐹 (𝑢)𝑑𝑥 ⩾ −
(
𝜇0 + 𝜆1

4

)
||𝑢||2

𝐿
2 − 𝐶0

⩾ −
(
𝜇0 + 𝜆1

4𝜆1

)
‖𝑢‖2

𝐻
1
0
− 𝐶0,

and
⟨𝐹 (𝑢), 1⟩ ⩽⟨𝑓 (𝑢), 𝑢⟩ +

𝜇0

2
‖𝑢‖2

𝐿
2 + 𝑞0 ⩽ ⟨𝑓 (𝑢), 𝑢⟩

+
𝜇0

2𝜆1
‖𝑢‖2

𝐻
1
0
+ 𝑞0.

Proof. The first inequality follows directly from (3.2), by tak-
ing 𝐶0 = 8𝑐0(1 +𝑀

𝑞+2)|Ω| > 0. The second one is a consequence
of inequalities (3.3) and (3.4) taking 𝑞0 = 𝑒0|Ω1| + 8𝑐0(1 +
𝑀

𝑞+2)|Ω2| + 8𝑀𝑐0(1 +𝑀
𝑞+2). ◽

Lemma 3.3. There exists a constant 𝐶
𝑅
⩾ 0 such that

‖𝑓 (𝑢) − 𝑓 (𝑣)‖
𝐿

2 ⩽ 𝐶
𝑅
‖𝑢 − 𝑣‖

𝐻
1
0

for all 𝑢, 𝑣 ∈ 𝐻
1
0 (Ω) satisfying ||𝑢||

𝐻
1
0
⩽ 𝑅 and ||𝑣||

𝐻
1
0
⩽ 𝑅.

Proof. This result is a consequence of item 3.1 of
Proposition 3.1. ◽

Definition 3.4. A weak solution of (W–Eq), associated to the
initial condition (𝑢0, 𝑢1) ∈ 𝐻

1
0 (Ω) × 𝐿

2(Ω), is a function 𝑢 such
that for all 𝑇 > 𝑠,

𝑢 ∈ 𝐿
∞(𝑠, 𝑇 ;𝐻1

0 (Ω)),

𝑢
𝑡
∈ 𝐿

∞(𝑠, 𝑇 ;𝐿2(Ω)), 𝑢
𝑡𝑡
∈ 𝐿

2(𝑠, 𝑇 ;𝐻−1(Ω)),

which, for a.e. 𝑡 ∈ (𝑠, 𝑇 ) and all 𝑣 ∈ 𝐻
1
0 (Ω), satisfies

𝜀(𝑡)⟨𝑢
𝑡𝑡
, 𝑣⟩−1 + ⟨∇𝑢,∇𝑣⟩ + 𝑘(𝑡)⟨||𝑢

𝑡
(𝑡, ⋅)||𝑝

𝐿
2𝑢𝑡, 𝑣⟩

+ ⟨𝑓 (𝑢), 𝑣⟩ = ⟨ℎ, 𝑣⟩,
(3.5)

where ⟨⋅, ⋅⟩−1 denotes the duality from 𝐻
−1(Ω) and 𝐻

1
0 (Ω), and it

satisfies the initial conditions 𝑢(𝑠) = 𝑢0 and 𝑢
𝑡
(𝑠) = 𝑢1.

The proof of the following theorem is based on [18, theorem 6.1,
p. 222] and [19, section 7.2.2].

Proposition 3.5. (Existence of weak solutions). Suppose
that conditions 1–1 hold. Then, for each (𝑢0, 𝑢1) ∈ 𝐻

1
0 (Ω) × 𝐿

2(Ω),
there exists at least one weak solution 𝑢 of (W–Eq).

Sketch of the proof using the Faedo–Galerkin method. Consider
an orthonormal basis {𝑤

𝑘
} of 𝐿2(Ω), consisting of eigenvectors of

−Δ, each associated to the eigenvalue 𝜆
𝑘
, with 𝑤

𝑘
∈ 𝐻

1
0 (Ω) for all

𝑘 ∈ ℕ. Let 𝑢
𝑚 =

∑
𝑚

𝑘=1𝛾
𝑚

𝑘
(𝑡)𝑤

𝑘
∈ 𝑊

𝑚 ∶= span{𝑤1, … , 𝑤
𝑚
} and

consider the following ordinary differential equations

⎧
⎪
⎨
⎪
⎩

⟨𝜀(𝑡)𝑢𝑚
𝑡𝑡
, 𝑤

𝑘
⟩ + ⟨∇𝑢𝑚,∇𝑤

𝑘
⟩

+ ⟨𝑘(𝑡)||𝑢𝑚
𝑡
(𝑡, ⋅)||𝑝

𝐿
2𝑢

𝑚

𝑡
, 𝑤

𝑘
⟩ + ⟨𝑓 (𝑢𝑚), 𝑤

𝑘
⟩ = ⟨ℎ,𝑤

𝑘
⟩,

𝑢
𝑚(𝑠) = 𝑃

𝑚
𝑢0, 𝑢

𝑚

𝑡
(𝑠) = 𝑃

𝑚
𝑢1,

(3.6)

for 𝑘 = 1, … , 𝑚, where𝑃𝑚 ∶ 𝐿
2(Ω) → 𝑊

𝑚 is the orthogonal pro-
jection of 𝐿

2(Ω) into 𝑊
𝑚. It follows from [20, theorem 3.4 pg.

287] that, for each 𝑇 > 0, (3.6) has a unique maximal solution
𝛾
𝑚 = (𝛾𝑚1 , … , 𝛾

𝑚

𝑚
) ∈ 𝐶([𝑠, 𝑡

𝑚
],ℝ𝑚) with 𝑠 < 𝑡

𝑚
⩽ 𝑇 . The a priori

estimates below will show that 𝑡
𝑚
= 𝑇 .
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We multiply the 𝑘th equation of (3.6) by 𝑑

𝑑𝑡

𝛾
𝑚

𝑘
(𝑡) and add the

equations for 𝑘 = 1, … , 𝑚 to obtain

𝜀(𝑡)
2

𝑑

𝑑𝑡

||𝑢𝑚
𝑡
||2
𝐿

2 +
1
2
𝑑

𝑑𝑡

||∇𝑢𝑚||2
𝐿

2

+ 𝑘(𝑡)||𝑢𝑚
𝑡
(𝑡, ⋅)||𝑝+2

𝐿
2 + ⟨𝑓 (𝑢𝑚), 𝑢𝑚

𝑡
⟩ = ⟨ℎ, 𝑢𝑚

𝑡
⟩.

Note that

⟨𝑓 (𝑢𝑚), 𝑢𝑚
𝑡
⟩ = 𝑑

𝑑𝑡 ∫Ω
𝐹 (𝑢𝑚)𝑑𝑥 and 𝜂|𝑢𝑚|𝑞+2 − 𝑐1

⩽ 𝐹 (𝑢𝑚) ⩽ 32𝑐0(1 + |𝑢𝑚|𝑞+2),

and also that ||𝑃𝑚
𝑢0||𝐻1

0
⩽ ||𝑢0||𝐻1

0
and ||𝑃𝑚

𝑢1||𝐿2 ⩽ ||𝑢1||𝐿2 for all
𝑚 ∈ ℕ and (𝑢0, 𝑢1) ∈ 𝐻

1
0 (Ω) × 𝐿

2(Ω). Therefore, it follows from 1
and the Gronwall inequality that

⎧
⎪
⎨
⎪
⎩

{𝑢𝑚
𝑡
} is bounded in 𝐿

∞(𝑠, 𝑇 ;𝐿2(Ω)),
{𝑢𝑚} is bounded in 𝐿

∞(𝑠, 𝑇 ;𝐻1
0 (Ω)),

{𝑢𝑚} is bounded in 𝐿
𝑞+2(𝑠, 𝑇 ;𝐿𝑞+2(Ω)).

(3.7)

Using that |𝑓 (𝑢𝑚)| ⩽ 8𝑐0(1 + |𝑢𝑚|𝑞+1), (3.7), Proposition 3.1, and
Banach–Alaoglu’s Theorem, it follows that, up to a subsequence,

⎧
⎪
⎪
⎨
⎪
⎪
⎩

𝑢
𝑚

∗
⇀ 𝑢 in 𝐿

∞(𝑠, 𝑇 ;𝐻1
0 (Ω)),

𝑢
𝑚

𝑡

∗
⇀ 𝑢

𝑡
in 𝐿

∞(𝑠, 𝑇 ;𝐿2(Ω)),

𝑓 (𝑢𝑚)⇀ 1 in 𝐿

𝑞+2
𝑞+1 (𝑠, 𝑇 ;𝐿

𝑞+2
𝑞+1 (Ω)),

||𝑢𝑚
𝑡
||𝑝
𝐿

2(Ω)𝑢
𝑚

𝑡
⇀ 2 in 𝐿

𝑝+2
𝑝+1 (𝑠, 𝑇 ;𝐿2(Ω)).

(3.8)

Note that, for 𝑣 ∈ 𝐻
1
0 (Ω), we have

|⟨𝜀(𝑡)𝑢𝑚
𝑡𝑡
, 𝑃

𝑚

𝑣⟩| = |⟨ℎ, 𝑃𝑚

𝑣⟩ − (∇𝑢𝑚,∇𝑃𝑚

𝑣⟩

− ⟨𝑘(𝑡)||𝑢𝑚
𝑡
||𝑝
𝐿

2(Ω)𝑢
𝑚

𝑡
, 𝑃

𝑚

𝑣⟩ − ⟨𝑓 (𝑢𝑚), 𝑃 𝑚

𝑣⟩|

⩽ ||ℎ||
𝐿

2 ||𝑣||
𝐿

2 + ||𝑢𝑚||
𝐻

1
0
||𝑣||

𝐻
1
0

+ 𝑘(𝑡)||𝑢𝑚
𝑡
||𝑝+1
𝐿

2 ||𝑣||𝐿2 + ||𝑓 (𝑢𝑚)||
𝐿

𝑞+2
𝑞+1
||𝑣||

𝐿
𝑞+2

⩽ ||ℎ||
𝐿

2 ||𝑣||
𝐿

2 + ||𝑢𝑚||
𝐻

1
0
||𝑣||

𝐻
1
0

+ 𝑘(𝑡)||𝑢𝑚
𝑡
||𝑝+1
𝐿

2 ||𝑣||𝐿2 + ||𝑓 (𝑢𝑚)||
𝐿

𝑞+2
𝑞+1
||𝑣||

𝐻
1
0
,

because𝐻1
0 (Ω) ⊂ 𝐿

𝑞+2(Ω) continuously. Then, the sequence {𝑢𝑚
𝑡𝑡
}

is bounded in 𝐿
2(𝑠, 𝑇 ;𝐻−1(Ω)). From this last fact, we deduce

𝑢
𝑚

𝑡𝑡
⇀ 𝑢

𝑡𝑡
in 𝐿

2(𝑠, 𝑇 ;𝐻−1(Ω)) (3.9)

Now, let us fix 𝑘 ∈ ℕ. Using (3.6), (3.9), and making 𝑚→ ∞, we
obtain

⟨𝜀(𝑡)𝑢
𝑡𝑡
, 𝑤

𝑘
⟩−1 + ⟨∇𝑢,∇𝑤𝑘

⟩ + ⟨𝑘(𝑡)2, 𝑤𝑘
⟩ + ⟨1, 𝑤𝑘

⟩ = ⟨ℎ,𝑤
𝑘
⟩.

Hence, for all 𝑣 ∈ 𝐻
1
0 (Ω), we obtain

⟨𝜀(𝑡)𝑢
𝑡𝑡
, 𝑣⟩−1 + ⟨∇𝑢,∇𝑣⟩ + ⟨𝑘(𝑡)2, 𝑣⟩ + ⟨1, 𝑣⟩ = ⟨ℎ, 𝑣⟩ (3.10)

Finally, because 𝑓 ∈ 𝐶
1(ℝ) and 𝑢

𝑚 → 𝑢 a.e. in Ω × (𝑠, 𝑇 ), we
obtain 𝑓 (𝑢𝑚) → 𝑓 (𝑢) a.e. in Ω × (𝑠, 𝑇 ). Thus, by (3.8) we have
1 = 𝑓 (𝑢). With an analogous reasoning we deduce that 2 =

||𝑢
𝑡
||𝑝
𝐿

2(Ω)𝑢𝑡. Therefore, from (3.10) and (3.9), 𝑢 is a weak solution
of (W–Eq).

Remark 3.6. Any weak solution 𝑢 to (W–Eq) has a contin-
uous representative, in the sense that 𝑢 ∈ 𝐶([𝜏, 𝑇 ],𝐻1

0 (Ω)) and
𝑢
𝑡
∈ 𝐶([𝜏, 𝑇 ], 𝐿2(Ω)). Moreover, by a density argument, we can

multiply (W–Eq) by 𝑢
𝑡
to we obtain the following energy equality:

𝜀(𝑡)
2

𝑑

𝑑𝑡

||𝑢
𝑡
||2
𝐿

2 +
1
2
𝑑

𝑑𝑡

||𝑢||2
𝐻

1
0

+ 𝑘(𝑡)||𝑢
𝑡
(𝑡, ⋅)||𝑝+2

𝐿
2

+ ⟨𝑓 (𝑢), 𝑢
𝑡
⟩ = ⟨ℎ, 𝑢

𝑡
⟩for a.e. 𝑡 ∈ (𝑠, 𝑇 ).

(3.11)

Also, the uniqueness of weak solutions, their continuous depen-
dence on initial data, and the fact that weak solutions are glob-
ally defined (that is, defined in [𝑠,∞)), will be proven later (see
Proposition 3.7).

Translated problem. We use the translations of the original
nonautonomous problem in order to obtain a problem defined in
[0,∞) rather than on [𝑠,∞). To be more specific, fixing 𝑠 ∈ ℝ and
setting 𝑣(𝑡, 𝑥) ∶= 𝑢(𝑡 + 𝑠, 𝑥) for 𝑡 ⩾ 0 and 𝑥 ∈ Ω, we formally have

𝜀
𝑠
(𝑡)𝑣

𝑡𝑡
(𝑡, 𝑥) − Δ𝑣(𝑡, 𝑥) + 𝑘

𝑠
(𝑡)‖‖𝑣𝑡(𝑡, ⋅)‖‖

𝑝

𝐿
2𝑣𝑡(𝑡, 𝑥) + 𝑓 (𝑣(𝑡, 𝑥)) − ℎ(𝑥)

= 𝜀(𝑡 + 𝑠)𝑢
𝑡𝑡
(𝑡 + 𝑠, 𝑥) − Δ𝑢(𝑡 + 𝑠, 𝑥)

+ 𝑘(𝑡 + 𝑠)‖‖𝑢𝑡(𝑡 + 𝑠, ⋅)‖‖
𝑝

𝐿
2𝑢𝑡(𝑡 + 𝑠, 𝑥) + 𝑓 (𝑢(𝑡 + 𝑠, 𝑥)) − ℎ(𝑥) = 0,

where the boundary and initial conditions become

𝑣(𝑡, 𝑥) = 𝑢(𝑡 + 𝑠, 𝑥) = 0 𝑓𝑜𝑟(𝑡, 𝑥) ∈ [0,∞) × 𝜕Ω,

𝑣(0, 𝑥) = 𝑢(𝑠, 𝑥) = 𝑢0(𝑥), 𝑣
𝑡
(0, 𝑥) = 𝑢

𝑡
(𝑠, 𝑥) = 𝑢1(𝑥) 𝑓𝑜𝑟 𝑥 ∈ Ω.

Thus, we will study the boundary and initial conditions problem

⎧
⎪
⎪
⎨
⎪
⎪
⎩

𝜀
𝑠
(𝑡)𝑣

𝑡𝑡
(𝑡, 𝑥) − Δ𝑣(𝑡, 𝑥) + 𝑘

𝑠
(𝑡)‖‖𝑣𝑡(𝑡, ⋅)‖‖

𝑝

𝐿
2𝑣𝑡(𝑡, 𝑥)

+ 𝑓 (𝑣(𝑡, 𝑥)) = ℎ(𝑥), (𝑡, 𝑥) ∈ [0,∞) × Ω,
𝑣(𝑡, 𝑥) = 0, (𝑡, 𝑥) ∈ [0,∞) × 𝜕Ω,
𝑣(0, 𝑥) = 𝑢0(𝑥), 𝑣

𝑡
(0, 𝑥) = 𝑢1(𝑥), 𝑥 ∈ Ω,

(tNWE)

instead of (W–Eq). This problem is equivalent to the initial one,
but with the nonautonomous terms being 𝜀

𝑠
(⋅) = 𝜀(⋅ + 𝑠) and

𝑘
𝑠
(⋅) = 𝑘(⋅ + 𝑠) instead of 𝜀 and 𝑘.

Fix 𝑠 ∈ ℝ and consider the initial data 𝑉0 ∶= (𝑢0, 𝑢1) ∈ 𝑋
𝑠
. For 𝑉0,

we denote by𝑉
𝑝
(⋅, 𝑉0) ∶ [0,∞)→ 𝑋⋅+𝑠 a weak solution of (tNWE),

which for now we assume that is defined in [0,∞).

Let 𝑉1, 𝑉2 ∈ 𝑋
𝑠

be the initial data for (W–Eq) such that ‖‖𝑉1
‖‖𝑋

𝑠

⩽
𝑅 and ‖‖𝑉2

‖‖𝑋
𝑠

⩽ 𝑅. We have that there exists a constant 𝑐
𝑅
⩾ 0

such that for all 𝜏 ⩾ 0, ‖‖‖𝑉𝑝
(𝜏, 𝑉1)

‖‖‖𝑋
𝜏+𝑠

⩽ 𝑐
𝑅

and ‖‖‖𝑉𝑝
(𝜏, 𝑉2)

‖‖‖𝑋
𝜏+𝑠

⩽
𝑐
𝑅

(see Proposition 3.14, which, in particular, proves that weak
solutions are globally defined). The next result refers to the conti-
nuity of the problem with respect to initial data and, in particular,
gives us the uniqueness of solutions.

Proposition 3.7. Given 𝑅 > 0, there exists a constant 𝐾 =
𝐾(𝑅) ⩾ 0 such that

‖‖‖𝑉𝑝
(𝜏, 𝑉1) − 𝑉

𝑝
(𝜏, 𝑉2)

‖‖‖𝑋
𝜏+𝑠

⩽ 𝑒
𝐾𝜏‖‖𝑉1 − 𝑉2

‖‖𝑋
𝑠

Mathematical Methods in the Applied Sciences, 202513462
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for every 𝑉1, 𝑉2 ∈ 𝑋
𝑠

where ‖‖𝑉1
‖‖𝑋

𝑠

⩽ 𝑅 and ‖‖𝑉2
‖‖𝑋

𝑠

⩽ 𝑅.

Proof. If 𝑉
𝑝
(𝜏, 𝑉1) = (𝑣(𝜏), 𝑣𝑡(𝜏)) and 𝑉

𝑝
(𝜏, 𝑉2) = (𝑤(𝜏), 𝑤𝑡

(𝜏))
for 𝜏 ⩾ 0, denote 𝑍(𝜏) = (𝑧(𝜏), 𝑧

𝑡
(𝜏)), where 𝑧 = 𝑣 −𝑤.

Then 𝑉
𝑝
(𝜏, 𝑉1) − 𝑉

𝑝
(𝜏, 𝑉2) = (𝑣(𝜏) −𝑤(𝜏), 𝑣

𝑡
(𝜏) −𝑤

𝑡
(𝜏)) =

(𝑧(𝜏), 𝑧
𝑡
(𝜏)) = 𝑍(𝜏). Because 𝑣 and 𝑤 are weak solutions of

(W–Eq), we formally obtain that

𝜀
𝑠
(𝜏)𝑧

𝑡𝑡
− Δ𝑧 + 𝑘

𝑠
(𝜏)(‖‖𝑣𝑡‖‖

𝑝

𝐿
2𝑣𝑡 − ‖‖𝑤𝑡

‖‖
𝑝

𝐿
2𝑤𝑡

) + 𝑓 (𝑣) − 𝑓 (𝑤) = 0
(3.12)

Multiplying formally (3.12) by 𝑧
𝑡

and integrating overΩ, we have

𝜀
𝑠
(𝜏)⟨𝑧

𝑡
, 𝑧

𝑡𝑡
⟩ − ⟨Δ𝑧, 𝑧

𝑡
⟩ + 𝑘

𝑠
(𝜏)⟨‖‖𝑣𝑡‖‖

𝑝

𝐿
2𝑣𝑡

− ‖‖𝑤𝑡

‖‖
𝑝

𝐿
2𝑤𝑡

, 𝑧
𝑡
⟩ + ⟨𝑓 (𝑣) − 𝑓 (𝑤), 𝑧

𝑡
⟩ = 0.

(3.13)

Now observe that

1
2
𝑑

𝑑𝑡

‖𝑍(𝜏)‖2
𝑋

𝜏+𝑠
= 1

2
𝑑

𝑑𝑡

(
‖𝑧‖2

𝐻
1
0
+ 𝜀

𝑠
(𝜏)‖‖𝑧𝑡‖‖

2
𝐿

2

)

= −⟨Δ𝑧, 𝑧
𝑡
⟩ + 1

2
𝜀
′
𝑠
(𝜏)‖‖𝑧𝑡‖‖

2
𝐿

2 + 𝜀
𝑠
(𝜏)⟨𝑧

𝑡
, 𝑧

𝑡𝑡
⟩

and (3.13) becomes

𝑑

𝑑𝑡

‖𝑍(𝜏)‖2
𝑋

𝜏+𝑠
= 𝜀

′
𝑠
(𝜏)‖‖𝑧𝑡‖‖

2
𝐿

2 − 2𝑘
𝑠
(𝜏)⟨‖‖𝑣𝑡‖‖

𝑝

𝐿
2𝑣𝑡

− ‖‖𝑤𝑡

‖‖
𝑝

𝐿
2𝑤𝑡

, 𝑧
𝑡
⟩ − 2⟨𝑓 (𝑣) − 𝑓 (𝑤), 𝑧

𝑡
⟩.

We know from [21, lemma 2.2] that

⟨‖‖𝑣𝑡‖‖
𝑝

𝐿
2𝑣𝑡 − ‖‖𝑤𝑡

‖‖
𝑝

𝐿
2𝑤𝑡

, 𝑧
𝑡
⟩ ⩾ 2−𝑝‖‖𝑧𝑡‖‖

𝑝+2
𝐿

2 ,

which implies

−2𝑘
𝑠
(𝜏)⟨‖‖𝑣𝑡‖‖

𝑝

𝐿
2𝑣𝑡 − ‖‖𝑤𝑡

‖‖
𝑝

𝐿
2𝑤𝑡

, 𝑧
𝑡
⟩ ⩽ −21−𝑝

𝑘
𝑠
(𝜏)‖‖𝑧𝑡‖‖

𝑝+2
𝐿

2 ,

and by Lemma 3.3 we can show that there exists a constant 𝐶
𝑅
⩾

0 such that

− 2⟨𝑓 (𝑣) − 𝑓 (𝑤), 𝑧
𝑡
⟩ ⩽ 2‖𝑓 (𝑣) − 𝑓 (𝑤)‖

𝐿
2‖‖𝑧𝑡‖‖𝐿2

⩽ 2𝐶
𝑅
‖𝑧‖

𝐻
1
0
‖‖𝑧𝑡‖‖𝐿2 .

Then,

𝑑

𝑑𝜏

‖𝑍(𝜏)‖2
𝑋

𝜏+𝑤
⩽ 𝜀

′
𝑠
(𝜏)‖‖𝑧𝑡‖‖

2
𝐿

2 − 21−𝑝
𝑘
𝑠
(𝜏)‖‖𝑧𝑡‖‖

𝑝+2
𝐿

2

+ 2𝐶
𝑅
‖𝑧‖

𝐻
1
0
‖‖𝑧𝑡‖‖𝐿2

(∗)
⩽ 𝜀

′
𝑠
(𝜏)‖‖𝑧𝑡‖‖

2
𝐿

2 − 𝑘(𝜏)21−𝑝‖‖𝑧𝑡‖‖
𝑝+2
𝐿

2

+ 𝑘
𝑠
(𝜏)21−𝑝‖‖𝑧𝑡‖‖

𝑝+2
𝐿

2 + 𝐶̂
𝑅
‖𝑧‖

𝑝+2
𝑝+1

𝐻
1
0

⩽ 𝜀
′
𝑠
(𝜏)‖‖𝑧𝑡‖‖

2
𝐿

2 + 𝐶̂
𝑅
‖𝑧‖2

𝐻
1
0

(∗∗)
⩽ 𝐶𝜀

𝑠
(𝜏)‖‖𝑧𝑡‖‖

2
𝐿

2

+ 𝐶̂
𝑅
‖𝑧‖2

𝐻
1
0
= 𝐶̃

𝑅
‖𝑍(𝜏)‖2

𝑋
𝜏+𝑠
,

(3.14)
with 𝐶̃

𝑅
∶= max{𝐶, 𝐶̂

𝑅
}.

To obtain (∗) we note that, applying Young’s inequality,

2𝐶
𝑅
‖𝑧‖

𝐻
1
0
‖‖𝑧𝑡‖‖𝐿2 = [𝑘𝑠

(𝜏)(𝑝 + 2)]
1

𝑝+2 2
1−𝑝
𝑝+2 ‖‖𝑧𝑡‖‖𝐿2 2

𝐶
𝑅
[𝑘

𝑠
(𝜏)(𝑝 + 2)]−

1
𝑝+2 2

𝑝−1
𝑝+2 ‖𝑧‖

𝐻
1
0

⩽

(
[𝑘

𝑠
(𝜏)(𝑝 + 2)]

1
𝑝+2 2

1−𝑝
𝑝+2 ‖‖𝑧𝑡‖‖𝐿2

)
𝑝+2

𝑝 + 2

+

(
2𝐶

𝑅
[𝑘

𝑠
(𝜏)(𝑝 + 2)]−

1
𝑝+2 2

𝑝−1
𝑝+2 ‖𝑧‖

𝐻
1
0

) 𝑝+2
𝑝+1

𝑝+2
𝑝+1

= 𝑘
𝑠
(𝜏)21−𝑝‖‖𝑧𝑡‖‖

𝑝+2
𝐿

2 + 𝐶̂
𝑅
‖𝑧‖

𝑝+2
𝑝+1

𝐻
1
0
,

where 𝐶̂
𝑅
=
(

𝑝+1
𝑝+2

)
(2𝐶

𝑅
)
𝑝+2
𝑝+1 [𝑘(𝑝 + 2)]−

1
𝑝+1 2

𝑝−1
𝑝+1 . In (∗∗) we observe

that for each 𝑡 ∈ ℝ we have 𝜀
′
𝑠
(𝑡) ⩽ 0 ⩽ 𝐶𝜀

𝑠
(𝑡), by hypothesis.

Integrating (3.14) from 0 to 𝜏, we obtain

‖𝑍(𝜏)‖
𝑋

𝜏+𝑠
⩽ 𝑒

𝐶̃
𝑅

2
𝜏‖𝑍(0)‖

𝑋
𝑠

,

and the result is proved taking 𝐾 = 𝐶̂
𝑅

2
. ◽

Hence, under conditions 1–1, for 𝑝 ⩾ 0, 𝑠 ∈ ℝ, 𝑉0 ∈ 𝑋
𝑠

and 𝑡 ⩾
0, we can define the map 𝑆

𝑝
(𝑡, 𝑠) ∶ 𝑋

𝑠
→ 𝑋

𝑡
by

𝑆
𝑝
(𝑡, 𝑠)𝑉0 = 𝑉

𝑝
(𝑡 − 𝑠, 𝑉0).

The family 
𝑝
= {𝑆

𝑝
(𝑡, 𝑠) ∶ 𝑡 ⩾ 𝑠} defines a time-continuous evo-

lution process on the family 𝒳 = {(𝑋
𝑡
, || ⋅ ||

𝑡
)} defined in (1.1).

The proof of the existence of a generalized (𝜑,𝔇
𝑢𝑏
)-pullback

attractor for the evolution process
𝑝

involves, as a key step, show-
ing the existence of a uniformly 𝔇

𝑢𝑏
-pullback absorbing family

for 
𝑝
, as required by condition 2.4 of Proposition 2.4, and this is

done in Section 3.2. The obtained family, while closed and uni-
formly bounded, does not have the property of positive invari-
ance. However, this is not an issue, as Proposition 3.23 enables
the construction of a new family that preserves these properties
and it is also positively invariant (hence, satisfying 2.4).

We provide, separately, the proofs for the cases 𝑝 > 0 and 𝑝 = 0.
The case 𝑝 > 0 follows the ideas of [22] and [13] while the case
𝑝 = 0 is inspired by the work developed in [6] and [12].

3.2 | Existence of a Uniformly𝕯
𝒖𝒃

-Pullback
Absorbing Family

Case 𝑝 > 0. Consider a constant 𝛿 > 0. Multiplying formally
(tNWE) by 𝑣

𝑡
+ 𝛿𝑣 and integrating over Ω, we obtain

𝜀
𝑠
(𝑡)⟨𝑣

𝑡
, 𝑣

𝑡𝑡
⟩−1 + ⟨𝑣𝑡, 𝐴𝑣⟩ + 𝑘

𝑠
(𝑡)‖‖𝑣𝑡‖‖

𝑝+2
𝐿

2 + ⟨𝑣
𝑡
, 𝑓 (𝑣)⟩

+ 𝛿𝜀
𝑠
(𝑡)⟨𝑣, 𝑣

𝑡𝑡
⟩−1 + 𝛿⟨𝑣, 𝐴𝑣⟩ + 𝛿𝑘

𝑠
(𝑡)‖‖𝑣𝑡‖‖

𝑝

𝐿
2⟨𝑣, 𝑣𝑡⟩

+ 𝛿⟨𝑣, 𝑓 (𝑣)⟩ = ⟨ℎ, 𝑣
𝑡
⟩ + 𝛿⟨ℎ, 𝑣⟩.

(3.15)
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Noting that

𝑑

𝑑𝑡

(1
2
‖𝑣‖2

𝐻
1
0
+ 1

2
𝜀
𝑠
(𝑡)‖‖𝑣𝑡‖‖

2
𝐿

2

)

− 1
2
𝜀
′
𝑠
(𝑡)‖‖𝑣𝑡‖‖

2
𝐿

2 = 𝜀
𝑠
(𝑡)⟨𝑣

𝑡
, 𝑣

𝑡𝑡
⟩−1 + ⟨𝑣𝑡, 𝐴𝑣⟩,

𝑑

𝑑𝑡

⟨𝐹 (𝑣), 1⟩ = ⟨ 𝑑
𝑑𝑡

𝐹 (𝑣), 1⟩ + ⟨𝐹 (𝑣), 0⟩

= ⟨𝑓 (𝑣)𝑣
𝑡
, 1⟩ = ⟨𝑓 (𝑣), 𝑣

𝑡
⟩,

𝛿⟨𝑣, 𝐴𝑣⟩ = 𝛿⟨𝐴
1
2 𝑣, 𝐴

1
2 𝑣⟩ = 𝛿‖𝑣‖2

𝐻
1
0
,

𝑑

𝑑𝑡

(
𝛿𝜀

𝑠
(𝑡)⟨𝑣

𝑡
, 𝑣⟩

)
= 𝛿𝜀

′
𝑠
(𝑡)⟨𝑣

𝑡
, 𝑣⟩ + 𝛿𝜀

𝑠
(𝑡)‖‖𝑣𝑡‖‖

2
𝐿

2 + 𝛿𝜀
𝑠
(𝑡)⟨𝑣, 𝑣

𝑡𝑡
⟩−1,

and
𝑑

𝑑𝑡

⟨ℎ, 𝑣⟩ = ⟨ℎ, 𝑣
𝑡
⟩,

Equation (3.15) becomes

𝑑

𝑑𝑡

(1
2
‖𝑣‖2

𝐻
1
0
+ 1

2
𝜀
𝑠
(𝑡)‖‖𝑣𝑡‖‖

2
𝐿

2 + ⟨𝐹 (𝑣), 1⟩ + 𝛿𝜀
𝑠
(𝑡)⟨𝑣

𝑡
, 𝑣⟩ − ⟨ℎ, 𝑣⟩

)

= −𝑘
𝑠
(𝑡)‖‖𝑣𝑡‖‖

𝑝+2
𝐿

2 − 𝛿𝑘
𝑠
(𝑡)‖‖𝑣𝑡‖‖

𝑝

𝐿
2⟨𝑣, 𝑣𝑡⟩ − 𝛿‖𝑣‖2

𝐻
1
0

+ 𝛿𝜀
′
𝑠
(𝑡)⟨𝑣

𝑡
, 𝑣⟩ + 𝛿𝜀

𝑠
(𝑡)‖‖𝑣𝑡‖‖

2
𝐿

2 +
1
2
𝜀
′
𝑠
(𝑡)‖‖𝑣𝑡‖‖

2
𝐿

2

− 𝛿⟨𝑣, 𝑓 (𝑣)⟩ + 𝛿⟨ℎ, 𝑣⟩.
(3.16)

For each initial data 𝑉0 = (𝑢0, 𝑢1) ∈ 𝑋
𝑠
, we set the function

𝐸
𝑠
(⋅, 𝑉0) ∶ [0,∞)→ ℝ+ by

𝐸
𝑠
(𝑡) = 1

2
‖𝑣‖2

𝐻
1
0
+ 1

2
𝜀
𝑠
(𝑡)‖‖𝑣𝑡‖‖

2
𝐿

2 + ⟨𝐹 (𝑣), 1⟩ +
𝜆1 + 𝜇0

4
‖𝑣‖2

𝐿
2 + 𝐶0,

where the constant 𝐶0 was obtained in Proposition 3.2. and
(𝑣(𝑡), 𝑣

𝑡
(𝑡)) is the solution related to this initial data. Understand-

ing this function is paramount to prove the existence of a uni-
formly 𝔇

𝑢𝑏
-pullback absorbing family for the evolution process


𝑝

related to (W–Eq).

For this purpose, we first define, for a positive 𝛿 (which will
be conveniently chosen later), the auxiliary function Ψ𝑠

𝛿
(⋅, 𝑉0) ∶

[0,∞) → ℝ by

Ψ𝑠

𝛿
(𝑡) = 1

2
‖𝑣‖2

𝐻
1
0
+ 1

2
𝜀
𝑠
(𝑡)‖‖𝑣𝑡‖‖

2
𝐿

2 + ⟨𝐹 (𝑣), 1⟩ + 𝛿𝜀
𝑠
(𝑡)⟨𝑣

𝑡
, 𝑣⟩ − ⟨ℎ, 𝑣⟩.

To simplify notation we write 𝐸
𝑠
(𝑡) and Ψ𝑠

𝛿
(𝑡) instead of 𝐸

𝑠
(𝑡, 𝑉0)

and Ψ𝑠

𝛿
(𝑡, 𝑉0), but we keep in mind the dependence of both func-

tions on the initial data 𝑉0. The next result establishes a relation
between these two functions.

Proposition 3.8. For a constant 0 < 𝛿 ⩽ 𝛿0 ∶=
min

{
𝜆1−𝜇0

8𝐿
,
𝜆1−𝜇0

8𝜆1
,
𝜆1−𝜇0

6𝐿2 ,
𝑘0
4𝐿

}
, there exists 𝑑0 > 0 such that,

for 𝑡 ⩾ 0,

(
𝜆1 − 𝜇0

4𝜆1

)
𝐸

𝑠
(𝑡) − 𝑑0 ⩽ Ψ𝑠

𝛿
(𝑡) ⩽ 11

8
𝐸

𝑠
(𝑡) + 𝑑0.

Proof. Note that

1
2
‖𝑣‖2

𝐻
1
0
+ 1

2
𝜀
𝑠
(𝑡)‖‖𝑣𝑡‖‖

2
𝐿

2

+ ⟨𝐹 (𝑣), 1⟩ = 𝐸
𝑠
(𝑡) −

(
𝜆1 + 𝜇0

4

)
‖𝑣‖2

𝐿
2 − 𝐶0 ⩽ 𝐸

𝑠
(𝑡)

and using the Poincaré’s inequality, we obtain

𝛿𝜀
𝑠
(𝑡)|⟨𝑣

𝑡
, 𝑣⟩| ⩽ 𝛿𝜀

𝑠
(𝑡)‖‖𝑣𝑡‖‖𝐿2‖𝑣‖𝐿2

⩽
𝛿𝜀

𝑠
(𝑡)

√
𝜆1

‖‖𝑣𝑡‖‖𝐿2‖𝑣‖𝐻1
0
= 𝛿𝜀

𝑠
(𝑡)‖‖𝑣𝑡‖‖𝐿2

1
√
𝜆1

‖𝑣‖
𝐻

1
0

⩽
𝛿𝜀

𝑠
(𝑡)

2

(
‖‖𝑣𝑡‖‖

2
𝐿

2 +
1
𝜆1
‖𝑣‖2

𝐻
1
0

)

⩽ 𝛿𝐿

2𝜆1
‖𝑣‖2

𝐻
1
0
+

𝛿𝜀
𝑠
(𝑡)

2
‖‖𝑣𝑡‖‖

2
𝐿

2

⩽ max
{

𝛿𝐿

2𝜆1
,

𝛿

2

}(
‖𝑣‖2

𝐻
1
0
+ 𝜀

𝑠
(𝑡)‖‖𝑣𝑡‖‖

2
𝐿

2

)

⩽ max
{

𝛿𝐿

𝜆1
, 𝛿

}
𝐸

𝑠
(𝑡) ⩽

𝜆1 − 𝜇0

8𝜆1
𝐸

𝑠
(𝑡) ⩽ 1

4
𝐸

𝑠
(𝑡).

Additionally, we have that

|⟨ℎ, 𝑣⟩| ⩽ 1
16

(
1 −

𝜇0

𝜆1

)
‖𝑣‖2

𝐻
1
0
+ 4

𝜆1 − 𝜇0
ℎ

2
0 ⩽ 1

8

(
1 −

𝜇0

𝜆1

)
𝐸

𝑠
(𝑡)

+ 4
𝜆1 − 𝜇0

ℎ
2
0 ⩽ 1

8
𝐸

𝑠
(𝑡) + 4

𝜆1 − 𝜇0
ℎ

2
0.

Then, for 𝑡 ⩾ 0 and 0 < 𝛿 ⩽ 𝛿0,

Ψ𝑠

𝛿
(𝑡) ⩽ 𝐸

𝑠
(𝑡) + 𝛿𝜀

𝑠
(𝑡)⟨𝑣

𝑡
, 𝑣⟩ − ⟨ℎ, 𝑣⟩ ⩽ 11

8
𝐸

𝑠
(𝑡) + 4

𝜆1 − 𝜇0
ℎ

2
0.

On the other hand,

Ψ𝑠

𝛿
(𝑡) = 𝐸

𝑠
(𝑡) −

(
𝜆1 + 𝜇0

4

)
‖𝑣‖2

𝐿
2 − 𝐶0

+ 𝛿𝜀
𝑠
(𝑡)⟨𝑣

𝑡
, 𝑣⟩ − ⟨ℎ, 𝑣⟩

⩾ 𝐸
𝑠
(𝑡) −

(
𝜆1 + 𝜇0

2𝜆1

)
𝐸

𝑠
(𝑡) − 𝐶0

−
(
𝜆1 − 𝜇0

8𝜆1

)
𝐸

𝑠
(𝑡) −

(
𝜆1 − 𝜇0

8𝜆1

)
𝐸

𝑠
(𝑡) − 4

𝜆1 − 𝜇0
ℎ

2
0

=
(
𝜆1 − 𝜇0

4𝜆1

)
𝐸

𝑠
(𝑡) − 𝐶0 −

4
𝜆1 − 𝜇0

ℎ
2
0.

The proof is concluded if we set 𝑑0 ∶= 𝐶0 +
4

𝜆1−𝜇0
ℎ

2
0. ◽

The following Lemmas 3.9, 3.10, and 3.11 will be necessary for
the proof of Proposition 3.12 .

Lemma 3.9. There exists a constant 𝑔0 > 0 such that for all 𝑡 ⩾
0, we have

− ⟨𝑓 (𝑣), 𝑣⟩ ⩽ −⟨𝐹 (𝑣), 1⟩ −
(
𝜆1 + 𝜇0

4

)
‖𝑣‖2

𝐿
2 − 𝐶0

+ 1
4

(
3𝜇0

𝜆1
+ 1

)
‖𝑣‖2

𝐻
1
0
+ 𝑔0

⩽ 1
4

(
3𝜇0

4𝜆1
+ 1

)
‖𝑣‖2

𝐻
1
0
+ 𝑔0,
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where 𝐶0 is given in Proposition 3.2.

Proof. It is a consequence of Proposition 3.1. Here, 𝑔0 ∶=
𝑒0|Ω1| + 8𝑐0(1 +𝑀

𝑞+2)|Ω2| + 8𝑀𝑐0(1 +𝑀
𝑞+2) + 𝐶0 > 0. ◽

Lemma 3.10. There exists a constant 𝐾∗
> 0 such that for 𝑡 ⩾

0 and 𝛿 > 0, we have

− 𝑘
𝑠
(𝑡)‖‖𝑣𝑡‖‖

𝑝+2
𝐿

2 − 𝛿𝑘
𝑠
(𝑡)‖‖𝑣𝑡‖‖

𝑝

𝐿
2⟨𝑣, 𝑣𝑡⟩

⩽ −𝑘0
‖‖𝑣𝑡‖‖

𝑝+2
𝐿

2

(
1 −

𝛿𝐾
∗
𝑘1

𝑘0
‖𝑣‖

𝑝

𝑝+1

𝐻
1
0

)

+ 𝛿

12

(
1 −

𝜇0

𝜆1

)
‖𝑣‖2

𝐻
1
0
.

Proof. The proof is analogous to that one of [13, lemma 3.16].◽

Lemma 3.11. For all 0 < 𝛿 ⩽ 𝛿0,

|𝛿𝜀′
𝑠
(𝑡)⟨𝑣

𝑡
, 𝑣⟩| ⩽ 1

2
‖‖𝑣𝑡‖‖

2
𝐿

2 +
𝛿

12

(
1 −

𝜇0

𝜆1

)
‖𝑣‖2

𝐻
1
0
. (3.17)

Proof.

|𝛿𝜀′
𝑠
(𝑡)⟨𝑣

𝑡
, 𝑣⟩| = 𝛿|𝜀′

𝑠
(𝑡)||⟨𝑣

𝑡
, 𝑣⟩| ⩽ 𝛿𝐿

‖‖𝑣𝑡‖‖𝐿2‖𝑣‖𝐿2

⩽ 1
2
(‖‖𝑣𝑡‖‖

2
𝐿

2 + 𝛿
2
𝐿

2‖𝑣‖2
𝐿

2 )

⩽ 1
2
‖‖𝑣𝑡‖‖

2
𝐿

2 +
𝛿

2
𝐿

2

2𝜆1
‖𝑣‖2

𝐻
1
0

= 1
2
‖‖𝑣𝑡‖‖

2
𝐿

2 +
𝛿

2
𝐿

2

2𝜆1
.

6
𝜆1 − 𝜇0

.

𝜆1 − 𝜇0

6
‖𝑣‖2

𝐻
1
0

⩽ 1
2
‖‖𝑣𝑡‖‖

2
𝐿

2 +
𝜆1 − 𝜇0

12𝜆1
.

6𝛿2
𝐿

2

𝜆1 − 𝜇0
‖𝑣‖2

𝐻
1
0

⩽ 1
2
‖‖𝑣𝑡‖‖

2
𝐿

2 +
𝛿

12

(
1 −

𝜇0

𝜆1

)
‖𝑣‖2

𝐻
1
0
,

(3.18)

where in the last inequality we used that 6𝛿2
𝐿

2

𝜆1−𝜇0
⩽ 𝛿 when 𝛿 ⩽ 𝛿0 ⩽

𝜆1−𝜇0
6𝐿2 . ◽

Proposition 3.12. There exist 𝜂1, 𝜂2 > 0 such that for 0 < 𝛿 ⩽
𝛿0 and 𝑡 ⩾ 0, we have

𝑑

𝑑𝑡

Ψ𝑠

𝛿
(𝑡) ⩽ −𝑘0

‖‖𝑣𝑡‖‖
𝑝+2
𝐿

2

(1
2
− 𝛿𝜂1

(
Ψ𝑠

𝛿
(𝑡) + 𝑑0

) 𝑝

2(𝑝+1)

)

− 8
11

(
1 −

𝜇0

𝜆1

)
𝛿Ψ𝑠

𝛿
(𝑡) + 𝜂2.

Proof. From the hypotheses imposed on the function 𝜀,
we have

1
2
𝜀
′
𝑠
(𝑡)‖‖𝑣𝑡‖‖

2
𝐿

2 ⩽
1
2
𝐿
‖‖𝑣𝑡‖‖

2
𝐿

2 (3.19)

𝛿𝜀
𝑠
(𝑡)‖‖𝑣𝑡‖‖

2
𝐿

2 ⩽ 𝛿0𝐿
‖‖𝑣𝑡‖‖

2
𝐿

2 (3.20)

and
𝛿

2
𝜀
𝑠
(𝑡)
(

1 −
𝜇0

𝜆1

)
‖‖𝑣𝑡‖‖

2
𝐿

2 ⩽
𝛿0

2
𝐿
‖‖𝑣𝑡‖‖

2
𝐿

2 (3.21)

Adding and subtracting 𝛿

2
𝜀
𝑠
(𝑡)
(

1 − 𝜇0
𝜆1

)
‖‖𝑣𝑡‖‖

2
𝐿

2 to the
Equation (3.16), we obtain

𝑑

𝑑𝑡

Ψ𝑠

𝛿
(𝑡) = −𝑘

𝑠
(𝑡)‖‖𝑣𝑡‖‖

𝑝+2
𝐿

2 − 𝛿𝑘
𝑠
(𝑡)‖‖𝑣𝑡‖‖

𝑝

𝐿
2⟨𝑣, 𝑣𝑡⟩

− 𝛿‖𝑣‖2
𝐻

1
0
+ 1

2
𝜀
′
𝑠
(𝑡)‖‖𝑣𝑡‖‖

2
𝐿

2

+ 𝛿𝜀
′
𝑠
(𝑡)⟨𝑣

𝑡
, 𝑣⟩ + 𝛿𝜀

𝑠
(𝑡)‖‖𝑣𝑡‖‖

2
𝐿

2 − 𝛿⟨𝑣, 𝑓 (𝑣)⟩ + 𝛿⟨ℎ, 𝑣⟩

+ 𝛿

2
𝜀
𝑠
(𝑡)
(

1 −
𝜇0

𝜆1

)
‖‖𝑣𝑡‖‖

2
𝐿

2 −
𝛿

2
𝜀
𝑠
(𝑡)
(

1 −
𝜇0

𝜆1

)
‖‖𝑣𝑡‖‖

2
𝐿

2 .

(3.22)
Joining the inequalities (3.19)–(3.21), Lemmas 3.9, 3.10, and 3.11
and Equation (3.22), we obtain

𝑑

𝑑𝑡

Ψ𝑠

𝛿
(𝑡) ⩽ −𝑘0

‖‖𝑣𝑡‖‖
𝑝+2
𝐿

2

(
1 −

𝛿𝐾
∗
𝑘1

𝑘0
‖𝑣‖

𝑝

𝑝+1

𝐻
1
0

)

+ 𝛿

12

(
1 −

𝜇0

𝜆1

)
‖𝑣‖2

𝐻
1
0
− 𝛿‖𝑣‖2

𝐻
1
0

− 𝛿

[
⟨𝐹 (𝑣), 1⟩ +

(
𝜆1 + 𝜇0

4

)
‖𝑣‖2

𝐿
2 + 𝐶0

]

+ 𝛿

4

(
3𝜇0

𝜆1
+ 1

)
‖𝑣‖2

𝐻
1
0
+ 𝛿0𝑔0

+ 𝛿

16

(
1 −

𝜇0

𝜆1

)
‖𝑣‖2

𝐻
1
0
+

4𝛿0

𝜆1 − 𝜇0
ℎ

2
0

+ 1
2
‖‖𝑣𝑡‖‖

2
𝐿

2 +
𝛿

12

(
1 −

𝜇0

𝜆1

)
‖𝑣‖2

𝐻
1
0

+ 𝐿

2
‖‖𝑣𝑡‖‖

2
𝐿

2 + 𝛿0𝐿
‖‖𝑣𝑡‖‖

2
𝐿

2 +
𝛿0𝐿

2
‖‖𝑣𝑡‖‖

2
𝐿

2

− 𝛿

2
𝜀
𝑠
(𝑡)
(

1 −
𝜇0

𝜆1

)
‖‖𝑣𝑡‖‖

2
𝐿

2 .

(3.23)

Now observe that setting𝐶1 ∶=
1
2
+ 𝐿

2
+ 𝛿0𝐿 +

𝛿0𝐿

2
⩾ 0 and𝐶2 ∶=

𝛿0𝑔0 +
4

𝜆1−𝜇0
ℎ

2
0𝛿0 ⩾ 0, we have

𝑑

𝑑𝑡

Ψ𝑠

𝛿
(𝑡) ⩽ −𝑘0

‖‖𝑣𝑡‖‖
𝑝+2
𝐿

2

(
1 −

𝛿𝐾
∗
𝑘1

𝑘0
‖𝑣‖

𝑝

𝑝+1

𝐻
1
0

)

+ 𝐶1
‖‖𝑣𝑡‖‖

2
𝐿

2 − 𝛿

[
⟨𝐹 (𝑣), 1⟩ +

(
𝜆1 + 𝜇0

4

)
‖𝑣‖2

𝐿
2 + 𝐶0

]

+ 𝐶2 −
𝛿

2
𝜀
𝑠
(𝑡)
(

1 −
𝜇0

𝜆1

)
‖‖𝑣𝑡‖‖

2
𝐿

2 −
25𝛿
48

(
1 −

𝜇0

𝜆1

)
‖𝑣‖2

𝐻
1
0

⩽ −𝑘0
‖‖𝑣𝑡‖‖

𝑝+2
𝐿

2

(
1 −

𝛿𝐾
∗
𝑘1

𝑘0
‖𝑣‖

𝑝

𝑝+1

𝐻
1
0

)
+

𝑘0

2
‖‖𝑣𝑡‖‖

𝑝+2
𝐿

2

+ 𝐶3 − 𝛿

[
⟨𝐹 (𝑣), 1⟩ +

(
𝜆1 + 𝜇0

4

)
‖𝑣‖2

𝐿
2 + 𝐶0

]

+ 𝐶2 −
𝛿

2

(
1 −

𝜇0

𝜆1

)(
‖𝑣‖2

𝐻
1
0
+ 𝜀

𝑠
(𝑡)‖‖𝑣𝑡‖‖

2
𝐿

2

)

⩽ −𝑘0
‖‖𝑣𝑡‖‖

𝑝+2
𝐿

2

(
1
2
−

𝛿𝐾
∗
𝑘1

𝑘0
‖𝑣‖

𝑝

𝑝+1

𝐻
1
0

)

+ 𝐶3 − 𝛿

[
⟨𝐹 (𝑣), 1⟩ +

(
𝜆1 + 𝜇0

4

)
‖𝑣‖2

𝐿
2 + 𝐶0

]

+ 𝐶2 −
𝛿

2

(
1 −

𝜇0

𝜆1

)(
‖𝑣‖2

𝐻
1
0
+ 𝜀

𝑠
(𝑡)‖‖𝑣𝑡‖‖

2
𝐿

2

)
,

(3.24)
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where

𝐶3 ∶=
𝑝

𝑝 + 2

(
4

𝑘0(𝑝 + 2)

) 2
𝑝

𝐶

𝑝+2
𝑝

1

arises from an application of the Young’s inequality to obtain
𝐶1
‖‖𝑣𝑡‖‖

2
𝐿

2 ⩽
𝑘0
2
‖‖𝑣𝑡‖‖

𝑝+2
𝐿

2 + 𝐶3.

From Proposition 3.8 and from the fact that ‖𝑣‖
𝑝

𝑝+1

𝐻
1
0
⩽ (2𝐸

𝑠
(𝑡))

𝑝

2(𝑝+1) ,
we have

− 𝑘0
‖‖𝑣𝑡‖‖

𝑝+2
𝐿

2

(
1
2
−

𝛿𝐾
∗
𝑘1

𝑘0
‖𝑣‖

𝑝

𝑝+1

𝐻
1
0

)

⩽ −𝑘0
‖‖𝑣𝑡‖‖

𝑝+2
𝐿

2

[
1
2
−

𝛿𝐾
∗
𝑘1

𝑘0

(
8𝜆1

𝜆1 − 𝜇0

) 𝑝

2(𝑝+1) (
Ψ𝑠

𝛿
(𝑡) + 𝑑0

) 𝑝

2(𝑝+1)

]

.

(3.25)
On the other hand,

1
2

(
1 −

𝜇0

𝜆1

)
(‖𝑣‖2

𝐻
1
0
+ 𝜀

𝑠
(𝑡)‖‖𝑣𝑡‖‖

2
𝐿

2 )

+ ⟨𝐹 (𝑣), 1⟩ +
(
𝜆1 + 𝜇0

4

)
‖𝑣‖2

𝐿
2 + 𝐶0

= 1
2

(
1 −

𝜇0

𝜆1

)
(‖𝑣‖2

𝐻
1
0
+ 𝜀

𝑠
(𝑡)‖‖𝑣𝑡‖‖

2
𝐿

2 )

+ 𝐸
𝑠
(𝑡) − 1

2
‖𝑣‖2

𝐻
1
0
− 1

2
𝜀
𝑠
(𝑡)‖‖𝑣𝑡‖‖

2
𝐿

2

= −
𝜇0

2𝜆1

(
‖𝑣‖2

𝐻
1
0
+ 𝜀

𝑠
(𝑡)‖‖𝑣𝑡‖‖

2
𝐿

2

)
+ 𝐸

𝑠
(𝑡)

⩾ −
𝜇0

𝜆1
𝐸

𝑠
(𝑡) + 𝐸

𝑠
(𝑡) = 𝐸

𝑠
(𝑡)
(

1 −
𝜇0

𝜆1

)
,

which implies, again using Proposition 3.8, that

− 𝛿

[
1
2

(
1 −

𝜇0

𝜆1

)
(‖𝑣‖2

𝐻
1
0
+ 𝜀

𝑠
(𝑡)‖‖𝑣𝑡‖‖

2
𝐿

2 )

+⟨𝐹 (𝑣), 1⟩ +
(
𝜆1 + 𝜇0

4

)
‖𝑣‖2

𝐿
2 + 𝐶0

]

⩽ −
(

1 −
𝜇0

𝜆1

)
𝛿𝐸

𝑠
(𝑡)

⩽ − 8
11

(
1 −

𝜇0

𝜆1

)
𝛿Ψ𝑠

𝛿
(𝑡) + 8

11
𝑑0𝛿0

(
1 −

𝜇0

𝜆1

)
.

(3.26)

Joining (3.25) and (3.26), we conclude that

𝑑

𝑑𝑡

Ψ𝑠

𝛿
(𝑡) ⩽ −𝑘0

‖‖𝑣𝑡‖‖
𝑝+2
𝐿

2

[
1
2
−

𝛿𝐾
∗
𝑘1

𝑘0

(
8𝜆1

𝜆1 − 𝜇0

) 𝑝

2(𝑝+1) (
Ψ𝑠

𝛿
(𝑡) + 𝑑0

) 𝑝

2(𝑝+1)

]

− 8
11

(
1 −

𝜇0

𝜆1

)
𝛿Ψ𝑠

𝛿
(𝑡) + 8

11
𝑑0𝛿0

(
1 −

𝜇0

𝜆1

)
+ 𝐶2 + 𝐶3.

The proof is done taking 𝜂1 =
𝐾
∗
𝑘1

𝑘0

(
8𝜆1

𝜆1−𝜇0

) 𝑝

2(𝑝+1) and

𝜂2 =
8

11
𝛿0𝑔0

(
1 − 𝜇0

𝜆1

)
+ 𝐶2 + 𝐶3. ◽

From Proposition 3.12 and with a similar reasoning of [13, lemma
3.18], we have the following lemma.

Lemma 3.13. Assume 0 < 𝛿 ⩽ 𝛿0. If for a fixed 𝜏 ⩾ 0 we have

Ψ𝑠

𝛿
(𝜏) ⩽ (2𝜂1𝛿)

− 2(𝑝+1)
𝑝 − 11

8
𝜆1

𝜆1 − 𝜇0
𝜂2𝛿

−1 − 𝑑0,

then for all 𝑡 ⩾ 𝜏 we have

Ψ𝑠

𝛿
(𝑡) ⩽ (2𝜂1𝛿)

− 2(𝑝+1)
𝑝 − 𝑑0.

Proposition 3.14. Given 𝑅 > 0, there exists a constant 𝑐
𝑅
⩾ 0

such that 𝐸
𝑠
(𝑡) ⩽ 𝑐

𝑅
for all 𝑉0 ∈ 𝐵

𝑠

𝑅
and 𝑡 ⩾ 0.

Proof. Using 3.1 from Proposition 3.1 and considering the con-
tinuous inclusion 𝐻

1
0 (Ω) → 𝐿

𝑞+2(Ω), we can prove that there
exists a constant 𝛼0 ⩾ 0 such that |⟨𝐹 (𝑣), 1⟩| ⩽ 𝛼0(1 + ‖𝑣‖

𝑞+2
𝐻

1
0
). Fix

𝑅 > 0 and let 𝑉0 = (𝑢0, 𝑢1) ∈ 𝑋
𝑠

such that 𝑉0 ∈ 𝐵

𝑠

𝑅
. We deduce

𝐸
𝑠
(0) = 1

2

(
‖‖𝑢0

‖‖
2
𝐻

1
0
+ 𝜀(𝑠)‖‖𝑢1

‖‖
2
𝐿

2

)

+ ⟨𝐹 (𝑢0), 1⟩ +
𝜆1 + 𝜇0

4
‖‖𝑢0

‖‖
2
𝐿

2 + 𝐶0

⩽ 1
2
‖‖𝑉0

‖‖
2
𝑋

𝑠

+ 𝛼0(1 + ‖‖𝑢0
‖‖
𝑞+2
𝐻

1
0
) +

𝜆1 + 𝜇0

4𝜆1

‖‖𝑢0
‖‖

2
𝐻

1
0
+ 𝐶0

⩽ 1
2
𝑅

2 + 𝛼0𝑅
𝑞+2 +

𝜆1 + 𝜇0

4𝜆1
𝑅

2 + 𝛼0 + 𝐶0.

By Proposition 3.8,

Ψ𝑠

𝛿
(0) ⩽ 11

8
𝐸

𝑠
(0) + 𝑑0

⩽ 11
8

(
1
2
𝑅

2 + 𝛼0𝑅
𝑞+2 +

𝜆1 + 𝜇0

4𝜆1
𝑅

2 + 𝛼0 + 𝐶0

)
+ 𝑑0 ∶= 𝛾

𝑅
.

By an analogous process to the one carried out in the proof of [13,
proposition 3.14], we obtain that there exists a constant 𝑐

𝑅
⩾ 0

such that 𝐸
𝑠
(𝑡) ⩽ 𝑐

𝑅
for 𝑡 ⩾ 0. ◽

Again, analogous proofs to [13, proposition 3.20] and [13,
theorem 3.12] yield the next two results, where the second is
almost an immediate consequence of the first.

Proposition 3.15. There exists a constant 𝑅0 > 0 such that for
any 𝑅 > 0 and 𝑠 ∈ ℝ, we have

lim sup
𝜏→∞

⎛
⎜
⎜
⎝

sup
‖𝑉0‖

𝑋
𝑠

⩽𝑅
𝐸

𝑠
(𝜏)
⎞
⎟
⎟
⎠
⩽ 𝑅0.

Proposition 3.16. (Existence of a pullback absorbing
family). There exists 𝑟0 > 0 such that for each 𝑅 > 0, there exists
𝜏0 = 𝜏0(𝑅) ⩾ 0 with

‖‖‖𝑆𝑝
(𝑡, 𝑡 − 𝜏)(𝑢0, 𝑢1)

‖‖‖𝑋
𝑡

⩽ 𝑟0

for all 𝜏 ⩾ 𝜏0, 𝑡 ∈ ℝ and (𝑢0, 𝑢1) ∈ 𝑋
𝑡−𝜏 with ‖‖(𝑢0, 𝑢1)‖‖𝑋

𝑡−𝜏
⩽ 𝑅.

This implies that the family 𝐵̂ =
{
𝐵

𝑡
∶ 𝐵

𝑡
⊂ 𝑋

𝑡
, 𝑡 ∈ ℝ

}
with 𝐵

𝑡
=

𝐵

𝑡

𝑟0
for all 𝑡 ∈ ℝ is a uniformly𝔇

𝑢𝑏
-pullback absorbing family for


𝑝

which is, additionally, uniformly bounded, that is, 𝐵̂ ∈ 𝔇
𝑢𝑏

.
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Case 𝑝 = 0. For each initial data 𝑉0 = (𝑢0, 𝑢1) ∈ 𝑋
𝑠
, we set the

function 𝐸
𝑠
(⋅, 𝑉0) ∶ [0,∞)→ ℝ+ by

𝐸
𝑠
(𝑡) = ‖𝑣‖2

𝐻
1
0
+ 𝜀

𝑠
(𝑡)‖‖𝑣𝑡‖‖

2
𝐿

2 .

Additionally, for a positive 𝛿 (which we will choose later) we
define the auxiliary function Ψ𝑠

𝛿
(⋅, 𝑉0) ∶ [0,∞)→ ℝ by

Ψ𝑠

𝛿
(𝑡) = 𝐸

𝑠
(𝑡) + 𝛿𝑘

𝑠
(𝑡)‖𝑣‖2

𝐿
2 + 2𝛿𝜀

𝑠
(𝑡)⟨𝑣

𝑡
, 𝑣⟩ + 2⟨𝐹 (𝑣), 1⟩ − 2⟨ℎ, 𝑣⟩.

Proposition 3.17. For 0 < 𝛿 ⩽ 𝛿0 and ‖𝑣‖
𝐻

1
0
⩽ 𝑅, there exists

𝐶̂
𝑅
⩾ 0 (depending on 𝑅) such that for all 𝑡 ⩾ 0, it holds that

(
𝜆1 − 𝜇0

4𝜆1

)
𝐸

𝑠
(𝑡) −

(
4ℎ2

0

𝜆1 − 𝜇0
+ 𝐶0

)

⩽ Ψ𝑠

𝛿
(𝑡) ⩽ 𝐶̂

𝑅
𝐸

𝑠
(𝑡) + 2𝑞0,

where 𝐶0 and 𝑞0 are the constants that arise from Proposition 3.2
and 𝛿0 is again taken as in Proposition 3.8.

Proof. Firstly, note that

2|⟨ℎ, 𝑣⟩| ⩽ 2‖ℎ‖
𝐿

2‖𝑣‖
𝐿

2

= 2

(
2

√
𝜆1 − 𝜇0

‖ℎ‖
𝐿

2

√
𝜆1 − 𝜇0

2
‖𝑣‖

𝐿
2

)

⩽
4ℎ2

0

𝜆1 − 𝜇0

+
𝜆1 − 𝜇0

4𝜆1
‖𝑣‖2

𝐻
1
0

(3.27)
and

2𝛿𝜀
𝑠
(𝑡)||⟨𝑣𝑡, 𝑣⟩|| ⩽ 2𝛿𝜀

𝑠
(𝑡)‖‖𝑣𝑡‖‖𝐿2‖𝑣‖𝐿2

= 2𝜀
𝑠
(𝑡)

(
1
√

2
‖‖𝑣𝑡‖‖𝐿2𝛿

√
2‖𝑣‖

𝐿
2

)

⩽ 𝜀
𝑠
(𝑡)
(1

2
‖‖𝑣𝑡‖‖

2
𝐿

2 + 2𝛿2‖𝑣‖2
𝐿

2

)

⩽
𝜀
𝑠
(𝑡)
2
‖‖𝑣𝑡‖‖

2
𝐿

2 + 2𝛿2
𝜀
𝑠
(𝑡)‖𝑣‖2

𝐿
2

⩽
𝜀
𝑠
(𝑡)
2
‖‖𝑣𝑡‖‖

2
𝐿

2 + 2𝛿2
𝐿‖𝑣‖2

𝐿
2

⩽
𝜀
𝑠
(𝑡)
2
‖‖𝑣𝑡‖‖

2
𝐿

2 +
𝛿𝑘0

2
‖𝑣‖2

𝐿
2 ,

(3.28)

where in the last inequality we consider that 0 < 𝛿 ⩽ 𝑘0
4𝐿

.

It follows from inequalities (3.27), (3.28), and Proposition 3.2 that

Ψ𝑠

𝛿
(𝑡) = ‖𝑣‖2

𝐻
1
0
+ 𝜀

𝑠
(𝑡)‖‖𝑣𝑡‖‖

2
𝐿

2 + 𝛿𝑘
𝑠
(𝑡)‖𝑣‖2

𝐿
2

+ 2𝛿𝜀
𝑠
(𝑡)⟨𝑣

𝑡
, 𝑣⟩ + 2⟨𝐹 (𝑣), 1⟩ − 2⟨ℎ, 𝑣⟩

⩾ ‖𝑣‖2
𝐻

1
0
+ 𝜀

𝑠
(𝑡)‖‖𝑣𝑡‖‖

2
𝐿

2 + 𝛿𝑘0‖𝑣‖
2
𝐿

2 −
𝜀
𝑠
(𝑡)
2
‖‖𝑣𝑡‖‖

2
𝐿

2 −
𝛿𝑘0

2
‖𝑣‖2

𝐿
2

−
(
𝜇0 + 𝜆1

2𝜆1

)
‖𝑣‖2

𝐻
1
0
− 𝐶0 −

4ℎ2
0

𝜆1 − 𝜇0
−
(
𝜆1 − 𝜇0

4𝜆1

)
‖𝑣‖2

𝐻
1
0

⩾
𝜆1 − 𝜇0

4𝜆1
‖𝑣‖2

𝐻
1
0
+

𝜀
𝑠
(𝑡)
2
‖‖𝑣𝑡‖‖

2
𝐿

2 +
𝛿𝑘0

2
‖𝑣‖2

𝐿
2 −

4ℎ2
0

𝜆1 − 𝜇0
− 𝐶0

⩾
𝜆1 − 𝜇0

4𝜆1

(
‖𝑣‖2

𝐻
1
0
+ 𝜀

𝑠
(𝑡)‖‖𝑣𝑡‖‖

2
𝐿

2

)

−
4ℎ2

0

𝜆1 − 𝜇0
− 𝐶0 =

𝜆1 − 𝜇0

4𝜆1
𝐸

𝑠
(𝑡) −

(
4ℎ2

0

𝜆1 − 𝜇0
+ 𝐶0

)

,

because 1
2
⩾ 𝜆1−𝜇0

4𝜆1
and 𝛿𝑘0

2
‖𝑣‖2

𝐿
2 ⩾ 0.

On the other hand, it follows from Proposition 3.2 and Lemma 3.3
that for 𝑣 ∈ 𝐻

1
0 (Ω) satisfying ‖𝑣‖

𝐻
1
0
⩽ 𝑅, we have

2⟨𝐹 (𝑣), 1⟩ ⩽ 2⟨𝑓 (𝑣), 𝑣⟩ +
𝜇0

𝜆1
‖𝑣‖2

𝐻
1
0
+ 2𝑞0

⩽ 2‖𝑓 (𝑣)‖
𝐿

2‖𝑣‖
𝐿

2 +
𝜇0

𝜆1
‖𝑣‖2

𝐻
1
0
+ 2𝑞0

⩽ ‖𝑓 (𝑣)‖2
𝐿

2 + ‖𝑣‖2
𝐿

2 +
𝜇0

𝜆1
‖𝑣‖2

𝐻
1
0
+ 2𝑞0

⩽ (𝐶2
𝑅
+ 1

𝜆1
+

𝜇0

𝜆1
)‖𝑣‖2

𝐻
1
0
+ 2𝑞0.

(3.29)

Applying (3.27), (3.28), and (3.29) to the expression for Ψ𝑠

𝛿
(𝑡), we

obtain

Ψ𝑠

𝛿
(𝑡) ⩽ ‖𝑣‖2

𝐻
1
0
+ 𝜀

𝑠
(𝑡)‖‖𝑣𝑡‖‖

2
𝐿

2 + 𝛿𝑘1‖𝑣‖
2
𝐿

2

+
𝜀
𝑠
(𝑡)
2
‖‖𝑣𝑡‖‖

2
𝐿

2 +
𝛿𝑘0

2
‖𝑣‖2

𝐿
2

+ (𝐶2
𝑅
+ 1

𝜆1
+

𝜇0

𝜆1
)‖𝑣‖2

𝐻
1
0
+ 2𝑞0

+
4ℎ2

0

𝜆1 − 𝜇0
+

𝜆1 − 𝜇0

4𝜆1
‖𝑣‖2

𝐻
1
0

⩽ ‖𝑣‖2
𝐻

1
0
+ 𝜀

𝑠
(𝑡)‖‖𝑣𝑡‖‖

2
𝐿

2 +
𝛿𝑘1

𝜆1
‖𝑣‖2

𝐻
1
0

+
𝜀
𝑠
(𝑡)
2
‖‖𝑣𝑡‖‖

2
𝐿

2 +
𝛿𝑘0

2𝜆1
‖𝑣‖2

𝐻
1
0

+ (𝐶2
𝑅
+ 1

𝜆1
+

𝜇0

𝜆1
)‖𝑣‖2

𝐻
1
0
+ 2𝑞0

+
4ℎ2

0

𝜆1 − 𝜇0
+

𝜆1 − 𝜇0

4𝜆1
‖𝑣‖2

𝐻
1
0

⩽
(

1 +
𝛿0𝑘1

𝜆1
+

𝛿0𝑘0

2𝜆1
+ 𝐶

2
𝑅
+ 1

𝜆1
+

𝜇0

𝜆1
+

𝜆1 − 𝜇0

4𝜆1

)
‖𝑣‖2

𝐻
1
0

+
3𝜀

𝑠
(𝑡)

2
‖‖𝑣𝑡‖‖

2
𝐿

2 + 2𝑞0

⩽ 𝐶̂
𝑅
𝐸

𝑠
(𝑡) + 2𝑞0,

where 𝐶̂
𝑅
= 𝑚𝑎𝑥

{
1 + 𝛿0𝑘1

𝜆1
+ 𝛿0𝑘0

2𝜆1
+ 𝐶

2
𝑅
+ 1

𝜆1
+ 𝜇0

𝜆1
+ 𝜆1−𝜇0

4𝜆1
,

3
2

}
. ◽

Proposition 3.18. For any fixed 𝛿 > 0,

𝑑

𝑑𝑡

Ψ𝑠

𝛿
(𝑡) +

(
2𝑘

𝑠
(𝑡) − 𝜀

′
𝑠
(𝑡) − 2𝛿𝜀

𝑠
(𝑡)
)‖‖𝑣𝑡‖‖

2
𝐿

2

+ 2𝛿‖𝑣‖2
𝐻

1
0
+ 2𝛿⟨𝑓 (𝑣), 𝑣⟩ − 2𝛿⟨ℎ, 𝑣⟩ = 2𝛿𝜀′

𝑠
(𝑡)⟨𝑣

𝑡
, 𝑣⟩.

Proof. This result is obtained by multiplying 𝜀
𝑠
(𝑡)𝑣

𝑡𝑡
+ 𝑘

𝑠
(𝑡)𝑣

𝑡
+

𝐴𝑣 + 𝑓 (𝑣) = ℎ by 2𝑣
𝑡
+ 2𝛿𝑣 and integrating over Ω. ◽

Proposition 3.19. The function

Γ𝑠

𝛿
(𝑡) =

(
𝑘
𝑠
(𝑡) − 𝜀

′
𝑠
(𝑡) − 3𝛿𝜀

𝑠
(𝑡) −

𝑘0

𝑘0 + 1

)
‖‖𝑣𝑡‖‖

2
𝐿

2

+
(
𝛿 −

(1 + 𝑘0)𝛿2
𝐿

2

𝑘0𝜆1

)
‖𝑣‖2

𝐻
1
0
− 𝛿

2
𝑘
𝑠
(𝑡)‖𝑣‖2

𝐿
2 − 2𝛿2

𝜀
𝑠
(𝑡)⟨𝑣

𝑡
, 𝑣⟩

−
𝛿𝜇0

𝜆1
‖𝑣‖2

𝐻
1
0

13467
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is positive for 0 < 𝛿 ⩽ 𝛿0 sufficiently small fixed.

Proof. Note that, because −2𝛿2
𝜀
𝑠
(𝑡)⟨𝑣

𝑡
, 𝑣⟩ ⩾ −𝛿2

𝜀
𝑠
(𝑡)‖‖𝑣𝑡‖‖

2
𝐿

2 −
𝛿

2
𝐿‖𝑣‖2

𝐿
2 ⩾ −𝛿2

𝜀
𝑠
(𝑡)‖‖𝑣𝑡‖‖

2
𝐿

2 − 𝛿
2
𝐿

𝜆1
‖𝑣‖2

𝐻
1
0

and −𝛿2
𝑘
𝑠
(𝑡)‖𝑣‖2

𝐿
2 ⩾

−𝛿2
𝑘1‖𝑣‖

2
𝐿

2 ⩾ −
𝛿

2
𝑘1
𝜆1
‖𝑣‖2

𝐻
1
0
, we have

Γ𝑠

𝛿
(𝑡) ⩾

(
𝑘
𝑠
(𝑡) − 𝜀

′
𝑠
(𝑡) − 3𝛿𝜀

𝑠
(𝑡) − 1

𝜂

− 𝛿
2
𝜀
𝑠
(𝑡)
)
‖‖𝑣𝑡‖‖

2
𝐿

2

+
(
𝛿 −

𝛿
2
𝑘1

𝜆1
− 𝜂𝛿

2
𝐿

2

𝜆1
−

𝛿𝜇0

𝜆1
− 𝛿

2
𝐿

𝜆1

)
‖𝑣‖2

𝐻
1
0
,

where 𝜂 ∶= 1+𝑘0
𝑘0

>
1
𝑘0

. It is clear that there exists 0 < 𝛿 < 𝛿0 suffi-

ciently small such that 3𝛿 + 𝛿
2 ⩽ 𝑘0𝜂−1

𝜂𝐿

and 𝛿 ⩽ 𝜆1−𝜇0
𝑘1+𝜂𝐿+𝐿

. Then,

3𝛿𝜀
𝑠
(𝑡) + 1

𝜂

+ 𝛿
2
𝜀
𝑠
(𝑡) ⩽ 3𝛿𝐿 + 1

𝜂

+ 𝛿
2
𝐿 ⩽

(
𝑘0𝜂 − 1
𝜂𝐿

)
𝐿

+ 1
𝜂

⩽ 𝑘0 ⩽ 𝑘
𝑠
(𝑡) ⩽ 𝑘

𝑠
(𝑡) − 𝜀

′
𝑠
(𝑡),

and, consequently,

(
𝑘
𝑠
(𝑡) − 𝜀

′
𝑠
(𝑡) − 3𝛿𝜀

𝑠
(𝑡) − 1

𝜂

− 𝛿
2
𝜀
𝑠
(𝑡)
)
‖‖𝑣𝑡‖‖

2
𝐿

2 ⩾ 0.

On the other hand, because 𝛿 ⩽ 𝜆1−𝜇0
𝑘1+𝜂𝐿+𝐿

, we conclude that
(
𝛿 − 𝛿

2
𝑘1
𝜆1
− 𝜂𝛿

2
𝐿

2

𝜆1
− 𝛿𝜇0

𝜆1
− 𝛿

2
𝐿

𝜆1

)
‖𝑣‖2

𝐻
1
0
⩾ 0. ◽

Proposition 3.20. It holds that

𝑑

𝑑𝑡

Ψ𝑠

𝛿
(𝑡) + 𝛿Ψ𝑠

𝛿
(𝑡) + 𝑘

𝑠
(𝑡)‖‖𝑣𝑡‖‖

2
𝐿

2 + Γ𝑠

𝛿
(𝑡) ⩽ 2𝛿𝑞0,

where Γ𝑠

𝛿
is the function defined in the previous proposition.

Proof. Note that for any 𝜂 > 0 fixed we have

2𝛿𝜀′
𝑠
(𝑡)⟨𝑣

𝑡
, 𝑣⟩ ⩽ 2𝛿𝐿‖‖𝑣𝑡‖‖𝐿2‖𝑣‖𝐿2 = 2

(
1
√
𝜂

‖‖𝑣𝑡‖‖𝐿2

)(√
𝜂𝛿𝐿‖𝑣‖

𝐿
2

)

⩽ 1
𝜂

‖‖𝑣𝑡‖‖
2
𝐿

2 +
𝜂𝛿

2
𝐿

2

𝜆1
‖𝑣‖2

𝐻
1
0

which, together with Proposition 3.18, implies that

𝑑

𝑑𝑡

Ψ𝑠

𝛿
(𝑡) ⩽

(
𝜀
′
𝑠
(𝑡) + 2𝛿𝜀

𝑠
(𝑡) + 1

𝜂

− 2𝑘
𝑠
(𝑡)
)
‖‖𝑣𝑡‖‖

2
𝐿

2

+
(
𝜂𝛿

2
𝐿

2

𝜆1
− 2𝛿

)
‖𝑣‖2

𝐻
1
0
− 2𝛿⟨𝑓 (𝑣), 𝑣⟩ + 2𝛿⟨ℎ, 𝑣⟩

and then, by Proposition 3.2, we have

𝑑

𝑑𝑡

Ψ𝑠

𝛿
(𝑡) + 𝛿Ψ𝑠

𝛿
(𝑡)

⩽ 𝛿𝐸
𝑠
(𝑡) + 𝛿

2
𝑘
𝑠
(𝑡)‖𝑣‖2

𝐿
2 + 2𝛿2

𝜀
𝑠
(𝑡)⟨𝑣

𝑡
, 𝑣⟩ + 2𝛿⟨𝐹 (𝑣), 1⟩

− 2𝛿⟨ℎ, 𝑣⟩ +
(
𝜀
′
𝑠
(𝑡) + 2𝛿𝜀

𝑠
(𝑡) + 1

𝜂

− 2𝑘
𝑠
(𝑡)
)
‖‖𝑣𝑡‖‖

2
𝐿

2

+
(
𝜂𝛿

2
𝐿

2

𝜆1
− 2𝛿

)
‖𝑣‖2

𝐻
1
0
− 2𝛿⟨𝑓 (𝑣), 𝑣⟩ + 2𝛿⟨ℎ, 𝑣⟩

⩽ 𝛿𝐸
𝑠
(𝑡) + 𝛿

2
𝑘
𝑠
(𝑡)‖𝑣‖2

𝐿
2 + 2𝛿2

𝜀
𝑠
(𝑡)⟨𝑣

𝑡
, 𝑣⟩ + 2𝛿⟨𝑓 (𝑣), 𝑣⟩

+
𝛿𝜇0

𝜆1
‖𝑣‖2

𝐻
1
0
+ 2𝛿𝑞0 +

(
𝜀
′
𝑠
(𝑡) + 2𝛿𝜀

𝑠
(𝑡) + 1

𝜂

− 2𝑘
𝑠
(𝑡)
)
‖‖𝑣𝑡‖‖

2
𝐿

2

+
(
𝜂𝛿

2
𝐿

2

𝜆1
− 2𝛿

)
‖𝑣‖2

𝐻
1
0
− 2𝛿⟨𝑓 (𝑣), 𝑣⟩.

Therefore,

𝑑

𝑑𝑡

Ψ𝑠

𝛿
(𝑡) + 𝛿Ψ𝑠

𝛿
(𝑡) + 𝑘

𝑠
(𝑡)‖‖𝑣𝑡‖‖

2
𝐿

2

⩽ 𝛿𝐸
𝑠
(𝑡) + 𝛿

2
𝑘
𝑠
(𝑡)‖𝑣‖2

𝐿
2 + 2𝛿2

𝜀
𝑠
(𝑡)⟨𝑣

𝑡
, 𝑣⟩

+
𝛿𝜇0

𝜆1
‖𝑣‖2

𝐻
1
0
+ 2𝛿𝑞0 +

(
𝜀
′
𝑠
(𝑡) + 3𝛿𝜀

𝑠
(𝑡) + 1

𝜂

− 𝑘
𝑠
(𝑡)
)
‖‖𝑣𝑡‖‖

2
𝐿

2

+
(
𝜂𝛿

2
𝐿

2

𝜆1
− 𝛿

)
‖𝑣‖2

𝐻
1
0
− 𝛿𝜀

𝑠
(𝑡)‖‖𝑣𝑡‖‖

2
𝐿

2 − 𝛿‖𝑣‖2
𝐻

1
0
,

(3.30)
which can be written as

𝑑

𝑑𝑡

Ψ𝑠

𝛿
(𝑡) + 𝛿Ψ𝑠

𝛿
(𝑡) + 𝑘

𝑠
(𝑡)‖‖𝑣𝑡‖‖

2
𝐿

2 + Γ𝑠

𝛿
(𝑡)

⩽ 𝛿𝐸
𝑠
(𝑡) + 2𝛿𝑞0 − 𝛿𝜀

𝑠
(𝑡)‖‖𝑣𝑡‖‖

2
𝐿

2 − 𝛿‖𝑣‖2
𝐻

1
0
= 2𝛿𝑞0.

◽

It is a consequence of Propositions 3.19 and 3.20 that for a suffi-
ciently small 0 < 𝛿 < 𝛿0 fixed we have for all 𝑡 ⩾ 0 that 𝑑

𝑑𝑡

Ψ𝑠

𝛿
(𝑡) +

𝛿Ψ𝑠

𝛿
(𝑡) ⩽ 2𝛿𝑞0. Therefore, for a fixed 𝛿 > 0 sufficiently small,

Ψ𝑠

𝛿
(𝑡) ⩽ Ψ𝑠

𝛿
(0)𝑒−𝛿𝑡 + 2𝑞0 (3.31)

for all 𝑡 ⩾ 0.

Lemma 3.21. Let 𝑅 > 0 and 𝑉0 = (𝑢0, 𝑢1) ∈ 𝑋
𝑠

be such that
‖‖𝑉0

‖‖𝑋
𝑠

⩽ 𝑅. If 𝛿 > 0 is sufficiently small, then there exist 𝛼
𝑅
> 0

and 𝛽 > 0 (which does not depend on 𝑅) such that

‖‖𝑉0(𝑡, 𝑉0)‖‖𝑋
𝑡+𝑠

⩽ 𝛼
𝑅
𝑒
− 𝛿

2
𝑡 + 𝛽 𝑓𝑜𝑟𝑎𝑙𝑙𝑡 ⩾ 0.

Proof. From Proposition 3.17 and inequality (3.31)

‖‖‖𝑉𝑝
(𝑡, 𝑉0)

‖‖‖
2

𝑋
𝑡+𝑠
= 𝐸

𝑠
(𝑡)

⩽
4𝜆1

𝜆1 − 𝜇0
Ψ𝑠

𝛿
(𝑡) +

16𝜆1ℎ
2
0

(𝜆1 − 𝜇0)2
+

4𝐶0𝜆1

𝜆1 − 𝜇0

⩽
4𝜆1

𝜆1 − 𝜇0

(
Ψ𝑠

𝛿
(0)𝑒−𝛿𝑡 + 2𝑞0

)
+

16𝜆1ℎ
2
0

(𝜆1 − 𝜇0)2
+

4𝐶0𝜆1

𝜆1 − 𝜇0

⩽
4𝜆1

𝜆1 − 𝜇0

((
𝐶̂

𝑅
𝐸

𝑠
(0) + 2𝑞0

)
𝑒
−𝛿𝑡 + 2𝑞0

)
+

16𝜆1ℎ
2
0

(𝜆1 − 𝜇0)2
+

4𝐶0𝜆1

𝜆1 − 𝜇0

⩽
4𝜆1

𝜆1 − 𝜇0

(
𝐶̂

𝑅

‖‖𝑉0
‖‖

2
𝑋

𝑠

+ 2𝑞0

)
𝑒
−𝛿𝑡 +

8𝑞0𝜆1

𝜆1 − 𝜇0

+
16𝜆1ℎ

2
0

(𝜆1 − 𝜇0)2
+

4𝐶0𝜆1

𝜆1 − 𝜇0

⩽
4𝜆1

𝜆1 − 𝜇0

(
𝐶̂

𝑅
𝑅

2 + 2𝑞0
)
𝑒
−𝛿𝑡 +

8𝑞0𝜆1

𝜆1 − 𝜇0
+

16𝜆1ℎ
2
0

(𝜆1 − 𝜇0)2
+

4𝐶0𝜆1

𝜆1 − 𝜇0

⩽ 𝛼
2
𝑅
𝑒
−𝛿𝑡 + 𝛽

2
,
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where 𝛼
𝑅
=
√

4𝜆1
𝜆1−𝜇0

(
𝐶̂

𝑅
𝑅

2 + 2𝑞0
)
> 0 and 𝛽 =

√
8𝑞0𝜆1
𝜆1−𝜇0

+ 16𝜆1ℎ
2
0

(𝜆1−𝜇0)2
+ 4𝐶0𝜆1

𝜆1−𝜇0
> 0. ◽

Thus, we have proven the following.

Proposition 3.22. There exists 𝑟0 > 0 such that the family 𝐵̂ =
{
𝐵

𝑡
∶ 𝐵

𝑡
⊂ 𝑋

𝑡
, 𝑡 ∈ ℝ

}
where 𝐵

𝑡
= 𝐵

𝑡

𝑟0
, is uniformly 𝔇

𝑢𝑏
-pullback

absorbing for the evolution process 0.

Proof. Set 𝑟0 ∶= 1 + 𝛽 > 0. Let 𝑅 > 0. For every 𝑡 ∈ ℝ, if 𝜏 ⩾
𝜏0(𝑅) ∶= ln(𝛼2∕𝛿

𝑅
) and ‖‖𝑉0

‖‖𝑡−𝜏 ⩽ 𝑅, we have

‖‖𝑆0(𝑡, 𝑡 − 𝜏)𝑉0
‖‖𝑋

𝑡

= ‖‖𝑉0(𝜏, 𝑉0)‖‖𝑋
𝑡

⩽ 𝛼
𝑅
𝑒
− 𝛿

2
𝜏 + 𝛽 ⩽ 1 + 𝛽 = 𝑟0.

◽

Similarly to [13, theorem 3.21], we obtain the following result.

Proposition 3.23. For both cases, 𝑝 = 0 and 𝑝 > 0, there exists
a family 𝐶̂ =

{
𝐶

𝑡
∶ 𝐶

𝑡
⊂ 𝑋

𝑡
, 𝑡 ∈ ℝ

}
which is closed, uniformly

bounded, positively invariant and uniformly𝔇
𝑢𝑏

-pullback absorb-
ing for the respective process 

𝑝
. Additionally, 𝐶

𝑡
⊂ 𝐵

𝑡

𝑟0
for each 𝑡.

With the family 𝐶̂ obtained in the previous theorem, in the next
section, we show that

𝑝
is (𝜑,𝔇

𝑢𝑏
)-pullback 𝜅-dissipative, where

𝜑 is a polynomial decay function for 𝑝 > 0 and an exponential
decay function for 𝑝 = 0. To that end, we verify the conditions
of Theorems 2.5 and 2.6, respectively. As a consequence, we will
obtain condition 2.4. Finally, Proposition 2.4 ensures the exis-
tence of a generalized (𝜑,𝔇

𝑢𝑏
)-pullback attractor for 

𝑝
.

3.3 | Generalized (𝝋,𝕯
𝒖𝒃
)-Pullback Attractors

Case 𝑝 > 0. If 𝑠 ∈ ℝ and 𝑉1, 𝑉2 ∈ 𝐶
𝑠
⊂ 𝑋

𝑠
, we know there exists

a constant 𝑐
𝑟0
> 0 such that ‖‖‖𝑉𝑝

(𝑡, 𝑉1)
‖‖‖𝑋

𝑡+𝑠
= ‖‖(𝑣(𝑡), 𝑣𝑡(𝑡))‖‖𝑋

𝑡+𝑠
⩽

𝑐
𝑟0

and ‖‖‖𝑉𝑝
(𝑡, 𝑉2)

‖‖‖𝑋
𝑡+𝑠
= ‖‖(𝑤(𝑡), 𝑤𝑡

(𝑡))‖‖𝑋
𝑡+𝑠

⩽ 𝑐
𝑟0

for all 𝑡 ⩾ 0.
Setting 𝑍(𝑡) = (𝑧(𝑡), 𝑧

𝑡
(𝑡)) = 𝑉

𝑝
(𝑡, 𝑉1) − 𝑉

𝑝
(𝑡, 𝑉2), we have 𝑧(𝑡) =

𝑣(𝑡) −𝑤(𝑡) and 𝑧
𝑡
(𝑡) = 𝑣

𝑡
(𝑡) −𝑤

𝑡
(𝑡) and, formally proceeding, it is

clear that

𝜀
𝑠
(𝑡)𝑧

𝑡𝑡
− Δ𝑧 + 𝑘

𝑠
(𝑡)
(‖‖𝑣𝑡‖‖

𝑝

𝐿
2𝑣𝑡 − ‖‖𝑤𝑡

‖‖
𝑝

𝐿
2𝑤𝑡

)
+ 𝑓 (𝑣) − 𝑓 (𝑤) = 0

(3.32)
which, when formally multiplied by 𝑧

𝑡
and integrated over Ω,

results in

𝜀
𝑠
(𝑡)⟨𝑧

𝑡
, 𝑧

𝑡𝑡
⟩−1 − ⟨Δ𝑧, 𝑧𝑡⟩ + 𝑘

𝑠
(𝑡)‖‖𝑣𝑡‖‖

𝑝

𝐿
2⟨𝑣𝑡, 𝑧𝑡⟩

− 𝑘
𝑠
(𝑡)‖‖𝑤𝑡

‖‖
𝑝

𝐿
2⟨𝑤𝑡

, 𝑧
𝑡
⟩ + ⟨𝑓 (𝑣) − 𝑓 (𝑤), 𝑧

𝑡
⟩ = 0.

For a fixed 𝑇 > 0 (which will be chosen later), integrating from 𝑡

to 𝑇 , we obtain

∫

𝑇

𝑡

𝜀
𝑠
(𝜏)⟨𝑧

𝑡
, 𝑧

𝑡𝑡
⟩−1𝑑𝜏 −

∫

𝑇

𝑡

⟨Δ𝑧, 𝑧
𝑡
⟩𝑑𝜏

+
∫

𝑇

𝑡

𝑘
𝑠
(𝜏)⟨‖‖𝑣𝑡‖‖

𝑝

𝐿
2𝑣𝑡

− ‖‖𝑤𝑡

‖‖
𝑝

𝐿
2𝑤𝑡

, 𝑧
𝑡
⟩𝑑𝜏 +

∫

𝑇

𝑡

⟨𝑓 (𝑣) − 𝑓 (𝑤), 𝑧
𝑡
⟩𝑑𝜏 = 0.

Defining the function 𝐸
𝑠
∶ ℝ+ → ℝ+ by

𝐸
𝑠
(𝑡) = 1

2
‖𝑍(𝑡)‖2

𝑋
𝑡+𝑠
= 1

2

(
‖𝑧‖2

𝐻
1
0
+ 𝜀

𝑠
(𝑡)‖‖𝑧𝑡‖‖

2
𝐿

2

)
(3.33)

and noting that

𝐸
𝑠
(𝑇 ) − 𝐸

𝑠
(𝑡) =

∫

𝑇

𝑡

𝑑

𝑑𝜏

𝐸
𝑠
(𝜏)𝑑𝜏 =

∫

𝑇

𝑡

𝜀
𝑠
(𝜏)⟨𝑧

𝑡
, 𝑧

𝑡𝑡
⟩𝑑𝜏

−
∫

𝑇

𝑡

⟨Δ𝑧, 𝑧
𝑡
⟩𝑑𝜏 +

∫

𝑇

𝑡

𝜀
′
𝑠
(𝜏)‖‖𝑧𝑡‖‖

2
𝐿

2𝑑𝜏,

we have

𝐸
𝑠
(𝑡) = 𝐸

𝑠
(𝑇 ) +

∫

𝑇

𝑡

𝑘
𝑠
(𝜏)⟨‖‖𝑣𝑡‖‖

𝑝

𝐿
2𝑣𝑡

− ‖‖𝑤𝑡

‖‖
𝑝

𝐿
2𝑤𝑡

, 𝑧
𝑡
⟩𝑑𝜏 +

∫

𝑇

𝑡

⟨𝑓 (𝑣) − 𝑓 (𝑤), 𝑧
𝑡
⟩𝑑𝜏

−
∫

𝑇

𝑡

𝜀
′
𝑠
(𝜏)‖‖𝑧𝑡‖‖

2
𝐿

2𝑑𝜏.

(3.34)

Now, an integration of this previous equation from 0 to 𝑇 leads
us to the equation

𝑇𝐸
𝑠
(𝑇 ) =

∫

𝑇

0
𝐸

𝑠
(𝑡)𝑑𝑡 −

∫

𝑇

0 ∫

𝑇

𝑡

𝑘
𝑠
(𝜏)⟨‖‖𝑣𝑡‖‖

𝑝

𝐿
2𝑣𝑡

− ‖‖𝑤𝑡

‖‖
𝑝

𝐿
2𝑤𝑡

, 𝑧
𝑡
⟩𝑑𝜏𝑑𝑡

−
∫

𝑇

0 ∫

𝑇

𝑡

⟨𝑓 (𝑣) − 𝑓 (𝑤), 𝑧
𝑡
⟩𝑑𝜏𝑑𝑡

+
∫

𝑇

0 ∫

𝑇

𝑡

𝜀
′
𝑠
(𝜏)‖‖𝑧𝑡‖‖

2
𝐿

2𝑑𝜏𝑑𝑡.

(3.35)

On the other hand, multiplying (3.32) by 𝑧 and integrating over
Ω, we obtain

∫

𝑇

0
𝜀
𝑠
(𝑡)⟨𝑧, 𝑧

𝑡𝑡
⟩−1𝑑𝑡 −

∫

𝑇

0
⟨Δ𝑧, 𝑧⟩𝑑𝑡

+
∫

𝑇

0
𝑘
𝑠
(𝑡)⟨‖‖𝑣𝑡‖‖

𝑝

𝐿
2𝑣𝑡 − ‖‖𝑤𝑡

‖‖
𝑝

𝐿
2𝑤𝑡

, 𝑧⟩𝑑𝑡

+
∫

𝑇

0
⟨𝑓 (𝑣) − 𝑓 (𝑤), 𝑧⟩𝑑𝑡 = 0.

(3.36)
Plotting

𝜀
𝑠
(𝑡)⟨𝑧, 𝑧

𝑡𝑡
⟩−1 − ⟨Δ𝑧, 𝑧⟩ = 𝜀

𝑠
(𝑡) 𝑑

𝑑𝑡

⟨𝑧
𝑡
, 𝑧⟩ − 2𝜀

𝑠
(𝑡)‖‖𝑧𝑡‖‖

2
𝐿

2 + 2𝐸
𝑠
(𝑡)

into (3.36) results in

∫

𝑇

0
𝐸

𝑠
(𝑡)𝑑𝑡 = −1

2 ∫

𝑇

0
𝜀
𝑠
(𝑡) 𝑑

𝑑𝑡

⟨𝑧
𝑡
, 𝑧⟩𝑑𝑡 +

∫

𝑇

0
𝜀
𝑠
(𝑡)‖‖𝑧𝑡‖‖

2
𝐿

2𝑑𝑡

− 1
2 ∫

𝑇

0
𝑘
𝑠
(𝑡)⟨‖‖𝑣𝑡‖‖

𝑝

𝐿
2𝑣𝑡 − ‖‖𝑤𝑡

‖‖
𝑝

𝐿
2𝑤𝑡

, 𝑧⟩𝑑𝑡

− 1
2 ∫

𝑇

0
⟨𝑓 (𝑣) − 𝑓 (𝑤), 𝑧⟩𝑑𝑡.

(3.37)
Joining (3.35) and (3.37), we obtain the following result.
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Lemma 3.24. Let 𝑇 > 0 fixed. Then,

𝑇𝐸
𝑠
(𝑇 ) = −1

2 ∫

𝑇

0
𝜀
𝑠
(𝑡) 𝑑

𝑑𝑡

⟨𝑧
𝑡
, 𝑧⟩𝑑𝑡 +

∫

𝑇

0
𝜀
𝑠
(𝑡)‖‖𝑧𝑡‖‖

2
𝐿

2𝑑𝑡

− 1
2 ∫

𝑇

0
𝑘
𝑠
(𝑡)⟨‖‖𝑣𝑡‖‖

𝑝

𝐿
2𝑣𝑡 − ‖‖𝑤𝑡

‖‖
𝑝

𝐿
2𝑤𝑡

, 𝑧⟩𝑑𝑡

− 1
2 ∫

𝑇

0
⟨𝑓 (𝑣) − 𝑓 (𝑤), 𝑧⟩𝑑𝑡

−
∫

𝑇

0 ∫

𝑇

𝑡

𝑘
𝑠
(𝜏)⟨‖‖𝑣𝑡‖‖

𝑝

𝐿
2𝑣𝑡 − ‖‖𝑤𝑡

‖‖
𝑝

𝐿
2𝑤𝑡

, 𝑧
𝑡
⟩𝑑𝜏𝑑𝑡

−
∫

𝑇

0 ∫

𝑇

𝑡

⟨𝑓 (𝑣) − 𝑓 (𝑤), 𝑧
𝑡
⟩𝑑𝜏𝑑𝑡

+
∫

𝑇

0 ∫

𝑇

𝑡

𝜀
′
𝑠
(𝜏)‖‖𝑧𝑡‖‖

2
𝐿

2𝑑𝜏𝑑𝑡.

(3.38)

Proposition 3.25. Let 𝑇 > 0 fixed. Given 𝑡 ∈ ℝ, there exist Γ =
Γ(𝑡, 𝑇 ) > 0 and 𝐶 > 0 such that

𝐸
𝑠
(𝑇 ) ⩽ Γ(𝑡, 𝑇 ) sup

𝑡∈[0,𝑇 ]
‖𝑧(𝑡)‖

𝐿
2

+ 𝐶

(

𝐸
𝑠
(0) − 𝐸

𝑠
(𝑇 ) +

|||||∫

𝑇

0
⟨𝑓 (𝑣) − 𝑓 (𝑤), 𝑧

𝑡
⟩𝑑𝜏

|||||

) 2
𝑝+2

+ 1
𝑇

|||||∫

𝑇

0 ∫

𝑇

𝑡

⟨𝑓 (𝑣) − 𝑓 (𝑤), 𝑧
𝑡
⟩𝑑𝜏𝑑𝑡

|||||
.

(3.39)

Proof. It follows from [13, proposition A.4] that ⟨‖‖𝑣𝑡‖‖
𝑝

𝐿
2𝑣𝑡 −

‖‖𝑤𝑡

‖‖
𝑝

𝐿
2𝑤𝑡

, 𝑧
𝑡
⟩ ⩾ 0, which implies that

−
∫

𝑇

0 ∫

𝑇

𝑡

𝑘
𝑠
(𝜏)⟨‖‖𝑣𝑡‖‖

𝑝

𝐿
2𝑣𝑡 − ‖‖𝑤𝑡

‖‖
𝑝

𝐿
2𝑤𝑡

, 𝑧
𝑡
⟩𝑑𝜏𝑑𝑡 ⩽ 0.

Additionally, because 𝜀
′
𝑠
(𝜏) ⩽ 0 for every 𝜏 ∈ ℝ, we have

∫
𝑇

0 ∫
𝑇

𝑡
𝜀
′
𝑠
(𝜏)‖‖𝑧𝑡‖‖

2
𝐿

2𝑑𝜏𝑑𝑡 ⩽ 0. In what follows we explore the other
terms appearing on the right side of Equation (3.38).

− 1
2 ∫

𝑇

0
𝜀
𝑠
(𝑡) 𝑑

𝑑𝑡

⟨𝑧
𝑡
, 𝑧⟩𝑑𝑡 = −1

2
𝜀
𝑠
(𝑡)⟨𝑧

𝑡
, 𝑧⟩|𝑇0 +

1
2 ∫

𝑇

0
𝜀
′
𝑠
(𝑡)⟨𝑧

𝑡
, 𝑧⟩𝑑𝑡

⩽
√
𝐿𝑐

𝑟0
sup

𝑡∈[0,𝑇 ]
‖𝑧(𝑡)‖

𝐿
2

+
𝐿

3
2 𝑐

𝑟0
𝑇

𝜀(𝑡 + 𝑇 )
sup

𝑡∈[0,𝑇 ]
‖𝑧(𝑡)‖

𝐿
2 ,

noting that 𝜀
𝑠
(𝜏) ⩾ 𝜀

𝑠
(𝑇 ) > 0 for 𝜏 ∈ [0, 𝑇 ], and then

1
2 ∫

𝑇

0
𝜀
′
𝑠
(𝜏)⟨𝑧

𝑡
, 𝑧⟩𝑑𝜏 ⩽ 𝐿

2 ∫

𝑇

0

𝜀
𝑠
(𝜏)

𝜀
𝑠
(𝑇 )

‖‖𝑧𝑡(𝜏)‖‖𝐿2‖𝑧(𝜏)‖𝐿2𝑑𝜏

⩽ 𝐿

2𝜀(𝑡 + 𝑇 ) ∫

𝑇

0
𝜀
𝑠
(𝜏)‖‖𝑧𝑡(𝜏)‖‖𝐿2‖𝑧(𝜏)‖𝐿2𝑑𝜏

⩽
𝐿

√
𝐿

2𝜀(𝑡 + 𝑇 ) ∫

𝑇

0

√
𝜀
𝑠
(𝜏)‖‖𝑧𝑡(𝜏)‖‖𝐿2‖𝑧(𝜏)‖𝐿2𝑑𝜏

⩽
𝐿

3
2 𝑐

𝑟0
𝑇

𝜀(𝑡 + 𝑇 )
sup

𝜏∈[0,𝑇 ]
‖𝑧(𝜏)‖

𝐿
2 .

In the previous inequalities we used that 𝜀
𝑠
(𝑇 ) = 𝜀(𝑠 + 𝑇 ) ⩾

𝜀(𝑡 + 𝑇 ), because 𝑠 ⩽ 𝑡 and 𝜀 is decreasing, the fact that 𝜀
𝑠
(𝑇 ) ⩽√

𝐿

√
𝜀
𝑠
(𝑡) and

√
𝜀
𝑠
(𝑡)‖‖𝑧𝑡‖‖𝐿2 ⩽ 2𝑐

𝑟0
.

From [13, proposition 3.22, inequality (3.21)],

0 ⩽
∫

𝑇

0
𝜀
𝑠
(𝑡)‖‖𝑧𝑡‖‖

2
𝐿

2𝑑𝑡 ⩽ 𝐿

∫

𝑇

0

‖‖𝑧𝑡‖‖
2
𝐿

2𝑑𝑡

⩽ 𝐿(4𝑇 )
𝑝

𝑝+2 𝑘

−2
𝑝+2
0

(

∫

𝑇

0
𝑘
𝑠
(𝑡)⟨‖‖𝑣𝑡‖‖

𝑝

𝐿
2𝑣𝑡 − ‖‖𝑤𝑡

‖‖
𝑝

𝐿
2𝑤𝑡

, 𝑧
𝑡
⟩𝑑𝑡
) 2

𝑝+2

.

(3.40)

In addition, (3.34) implies that

0 ⩽
∫

𝑇

0
𝑘
𝑠
(𝑡)⟨‖‖𝑣𝑡‖‖

𝑝

𝐿
2𝑣𝑡 − ‖‖𝑤𝑡

‖‖
𝑝

𝐿
2𝑤𝑡

, 𝑧
𝑡
⟩𝑑𝑡

= 𝐸
𝑠
(0) − 𝐸

𝑠
(𝑇 ) −

∫

𝑇

0
⟨𝑓 (𝑣) − 𝑓 (𝑤), 𝑧

𝑡
⟩𝑑𝜏

+
∫

𝑇

0
𝜀
′
𝑠
(𝜏)‖‖𝑧𝑡‖‖𝐿2𝑑𝜏

⩽ 𝐸
𝑠
(0) − 𝐸

𝑠
(𝑇 ) +

|||||∫

𝑇

0
⟨𝑓 (𝑣) − 𝑓 (𝑤), 𝑧

𝑡
⟩𝑑𝜏

|||||
.

(3.41)

Therefore, from (3.40) and (3.41), we obtain

∫

𝑇

0
𝜀
𝑠
(𝑡)‖‖𝑧𝑡‖‖

2
𝐿

2𝑑𝑡

⩽ 𝐿(4𝑇 )
𝑝

𝑝+2 𝑘

−2
𝑝+2
0

(
𝐸

𝑠
(0) − 𝐸

𝑠
(𝑇 )

+
|||||∫

𝑇

0
⟨𝑓 (𝑣) − 𝑓 (𝑤), 𝑧

𝑡
⟩𝑑𝜏

|||||

) 2
𝑝+2

.

Considering that 𝜀
𝑠
(𝑡)‖‖𝑣𝑡‖‖

2
𝐿

2 ⩽ 𝑐
2
𝑟0

and 𝜀
𝑠
(𝑡)‖‖𝑤𝑡

‖‖
2
𝐿

2 ⩽ 𝑐
2
𝑟0

,

− 1
2 ∫

𝑇

0
𝑘
𝑠
(𝜏)⟨‖‖𝑣𝑡‖‖

𝑝

𝐿
2𝑣𝑡 − ‖‖𝑤𝑡

‖‖
𝑝

𝐿
2𝑤𝑡

, 𝑧⟩𝑑𝜏

⩽ 1
2
𝑘1
∫

𝑇

0

(
‖‖𝑣𝑡‖‖

𝑝+1
𝐿

2 + ‖‖𝑤𝑡

‖‖
𝑝+1
𝐿

2

)
‖𝑧‖

𝐿
2𝑑𝜏

⩽
𝑘1

2𝜀(𝑡 + 𝑇 )
𝑝+1

2
∫

𝑇

0
(
𝜀
𝑠
(𝜏)

𝑝+1
2 ‖‖𝑣𝑡‖‖

𝑝+1
𝐿

2 + 𝜀
𝑠
(𝜏)

𝑝+1
2 ‖‖𝑤𝑡

‖‖
𝑝+1
𝐿

2

)
‖𝑧‖

𝐿
2𝑑𝜏

⩽
𝑘1

2𝜀(𝑡 + 𝑇 )
𝑝+1

2
∫

𝑇

0
((

𝜀
𝑠
(𝜏)‖‖𝑣𝑡‖‖

2
𝐿

2

) 𝑝+1
2 +

(
𝜀
𝑠
(𝜏)‖‖𝑤𝑡

‖‖
2
𝐿

2

) 𝑝+1
2

)
‖𝑧‖

𝐿
2𝑑𝜏

⩽
𝑘1𝑐

𝑝+1
𝑟0

𝑇

𝜀(𝑡 + 𝑇 )
𝑝+1

2

sup
𝜏∈[0,𝑇 ]

‖𝑧(𝜏)‖
𝐿

2 .

(3.42)
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Finally, from Lemma 3.3, there exists a constant 𝐶
𝑟0
⩾ 0 such that

− 1
2 ∫

𝑇

0
⟨𝑓 (𝑣) − 𝑓 (𝑤), 𝑧⟩𝑑𝑡 ⩽ 1

2 ∫

𝑇

0
‖𝑓 (𝑣) − 𝑓 (𝑤)‖

𝐿
2‖𝑧‖

𝐿
2𝑑𝑡

⩽
𝐶

𝑟0

2 ∫

𝑇

0
‖𝑧(𝑡)‖

𝐻
1
0
‖𝑧(𝑡)‖

𝐿
2𝑑𝑡

⩽ 𝐶
𝑟0
𝑐
𝑟0
𝑇 sup

𝑡∈[0,𝑇 ]
‖𝑧(𝑡)‖

𝐿
2 ,

(3.43)
because ‖𝑧(𝑡)‖

𝐻
1
0
⩽ 2𝑐

𝑟0
.

Plotting all these considerations into (3.38) and setting

Γ(𝑡, 𝑇 ) = 1
𝑇

⎛
⎜
⎜
⎝

√
𝐿𝑐

𝑟0
+

𝐿

3
2 𝑐

𝑟0
𝑇

𝜀(𝑡 + 𝑇 )
+

𝑘1𝑐
𝑝+1
𝑟0

𝑇

𝜀(𝑡 + 𝑇 )
𝑝+1

2

+ 𝐶
𝑟0
𝑐
𝑟0
𝑇

⎞
⎟
⎟
⎠

and

𝐶 =
𝐿(4𝑇 )

𝑝

𝑝+2 𝑘
− 2

𝑝+2
0

𝑇

we conclude the proof. ◽

Remark 3.26. It is an immediate consequence of (3.41) that

𝐸
𝑠
(𝑇 ) ⩽ 𝐸

𝑠
(0) +

|||||∫

𝑇

0
⟨𝑓 (𝑣) − 𝑓 (𝑤), 𝑧

𝑡
⟩𝑑𝜏

|||||
(3.44)

Setting 𝜓
𝑠
, 𝜃

𝑠
∶ 𝑋

𝑠
×𝑋

𝑠
→ ℝ+ by

𝜓
𝑠
(𝑉1, 𝑉2) = 2

|||||∫

𝑇

0
⟨𝑓 (𝑣) − 𝑓 (𝑤), 𝑧

𝑡
⟩𝑑𝜏

|||||

and

𝜃
𝑠
(𝑉1, 𝑉2) =

2
𝑇

|||||∫

𝑇

0 ∫

𝑇

𝑡

⟨𝑓 (𝑣) − 𝑓 (𝑤), 𝑧
𝑡
⟩𝑑𝜏𝑑𝑡

|||||
,

we can show that 𝜓
𝑠
, 𝜃

𝑠
∈ contr(𝐵

𝑠

𝑟0
). See [13, proposition 3.25].

Additionally, setting

𝜌
(𝑠)(𝑉1, 𝑉2) = 2 sup

𝑡∈[0,𝑇 ]
‖𝑧(𝑡)‖

𝐿
2 ,

we can prove that 𝜌(𝑠) is a precompact pseudometric on 𝐵

𝑠

𝑟0
.

Finally consider the functions 𝑔, ℎ ∶ ℝ+ → ℝ+ given by 𝑔(𝛼) = 0
and ℎ(𝛼) = Γ(𝑡, 𝑇 )𝛼. It is obvious that 𝑔, ℎ are non-decreasing,
𝑔(0) = ℎ(0) = 0 and that they are continuous at 0.

Therefore, from (3.39) and (3.44), we get

𝑑
𝑋

𝑇+𝑠

(
𝑆
𝑝
(𝑇 + 𝑠, 𝑠)𝑉1, 𝑆𝑝

(𝑇 + 𝑠, 𝑠)𝑉2
)2

= ‖‖‖𝑆𝑝
(𝑇 + 𝑠, 𝑠)𝑉1 − 𝑆

𝑝
(𝑇 + 𝑠, 𝑠)𝑉2

‖‖‖
2

𝑋
𝑇+𝑠

= ‖‖‖𝑉𝑝
(𝑡, 𝑉1) − 𝑉

𝑝
(𝑡, 𝑉2)

‖‖‖
2

𝑋
𝑇+𝑠
= ‖𝑍(𝑇 )‖2

𝑋
𝑇+𝑠
= 2𝐸

𝑠
(𝑇 )

⩽ 2Γ(𝑡, 𝑇 ) sup
𝑡∈[0,𝑇 ]

‖𝑧(𝑡)‖
𝐿

2

+ 2𝐶

(

𝐸
𝑠
(0) − 𝐸

𝑠
(𝑇 ) +

|||||∫

𝑇

0
⟨𝑓 (𝑣) − 𝑓 (𝑤), 𝑧

𝑡
⟩𝑑𝜏

|||||

) 2
𝑝+2

+ 2
𝑇

|||||∫

𝑇

0 ∫

𝑇

𝑡

⟨𝑓 (𝑣) − 𝑓 (𝑤), 𝑧
𝑡
⟩𝑑𝜏𝑑𝑡

|||||

⩽ 2𝐶
(
𝐸

𝑠
(0) − 𝐸

𝑠
(𝑇 ) + 1

2
𝜓

𝑠
(𝑉1, 𝑉2)

) 2
𝑝+2

+ Γ(𝑡, 𝑇 )𝜌(𝑠)(𝑉1, 𝑉2) + 𝜃
𝑠
(𝑉1, 𝑉2)

= 2
𝑝

𝑝+2 𝐶
(
2𝐸

𝑠
(0) − 2𝐸

𝑠
(𝑇 ) + 𝑔(𝜌(𝑠)(𝑉1, 𝑉2))

+𝜓
𝑠
(𝑉1, 𝑉2)

) 2
𝑝+2

+ ℎ(𝜌(𝑠)(𝑉1, 𝑉2)) + 𝜃
𝑠
(𝑉1, 𝑉2)

= 2
𝑝

𝑝+2 𝐶
(
𝑑
𝑋

𝑠

(𝑉1, 𝑉2)2

− 𝑑
𝑋

𝑇+𝑠
(𝑆(𝑇 + 𝑠, 𝑠)𝑉1, 𝑆(𝑇 + 𝑠, 𝑠)𝑉2)2

+𝑔(𝜌(𝑠)(𝑉1, 𝑉2)) + 𝜓
𝑠
(𝑉1, 𝑉2)

) 2
𝑝+2

+ ℎ(𝜌(𝑠)(𝑉1, 𝑉2)) + 𝜃
𝑠
(𝑉1, 𝑉2),

and

𝑑
𝑋

𝑇+𝑠
(𝑆

𝑝
(𝑇 + 𝑠, 𝑠)𝑉1, 𝑆𝑝

(𝑇 + 𝑠, 𝑠)𝑉2)2

= 2𝐸
𝑠
(𝑇 ) ⩽ 2𝐸

𝑠
(0) + 2

|||||∫

𝑇

0
⟨𝑓 (𝑣) − 𝑓 (𝑤), 𝑧

𝑡
⟩𝑑𝜏

|||||
= 𝑑

𝑋
𝑠

(𝑉1, 𝑉2)2 + 𝜓
𝑠
(𝑉1, 𝑉2)

= 𝑑
𝑋

𝑠

(𝑉1, 𝑉2)2 + 𝑔(𝜌(𝑠)(𝑉1, 𝑉2)) + 𝜓
𝑠
(𝑉1, 𝑉2).

Now, a direct application of Theorem 2.6 ensures that the process

𝑝

has a generalized (𝜑,𝔇
𝑢𝑏
)-pullback attractor 𝑀̂ ∈ 𝔇

𝑢𝑏
, where

𝜑(𝑠) = 𝑠

𝛽

𝑟(𝛽−1) = 𝑠
−1∕𝑝

,

because 𝑟 = 2 and 𝛽 = 2
𝑝+2

.

Case 𝑝 = 0. Taking 𝑝 = 0 in (3.32), we obtain

𝜀
𝑠
(𝑡)𝑧

𝑡𝑡
− Δ𝑧 + 𝑘

𝑠
(𝑡)𝑧

𝑡
(𝑡, 𝑥) + 𝑓 (𝑣) − 𝑓 (𝑤) = 0 (3.45)

Considering again 𝐸
𝑠
(𝑡) as in (3.33) and setting Ψ

𝑠
(𝑡) =

𝐸
𝑠
(𝑡) + 𝛿0

2
𝜀
𝑠
(𝑡)⟨𝑧, 𝑧

𝑡
⟩, where 𝛿0 is a constant satisfying 0 < 𝛿0 ⩽

min
{

𝜆1
𝐿

, 1, 𝑘0
𝐿

}
, we reach the following result.

Lemma 3.27. For 𝑡 ⩾ 0, we have

1
2
𝐸

𝑠
(𝑡) ⩽ Ψ

𝑠
(𝑡) ⩽ 3

2
𝐸

𝑠
(𝑡).

Proof. This result follows directly from

||||

𝛿0

2
𝜀
𝑠
(𝑡)⟨𝑧, 𝑧

𝑡
⟩
||||
⩽

𝛿0𝜀𝑠(𝑡)
2

‖‖𝑧𝑡‖‖𝐿2
1

√
𝜆1

‖𝑧‖
𝐻

1
0

⩽
𝛿0𝜀𝑠(𝑡)

4

(
‖‖𝑧𝑡‖‖

2
𝐿

2 +
1
𝜆1
‖𝑧‖2

𝐻
1
0

)

⩽
𝛿0𝜀𝑠(𝑡)

4
‖‖𝑧𝑡‖‖

2
𝐿

2 +
𝛿0𝐿

4𝜆1
‖𝑧‖2

𝐻
1
0
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⩽ max
{

𝛿0𝐿

4𝜆1
,

𝛿0

4

}(
‖𝑧‖2

𝐻
1
0
+ 𝜀

𝑠
(𝑡)‖‖𝑧𝑡‖‖

2
𝐿

2

)

⩽ max
{

𝛿0𝐿

2𝜆1
,

𝛿0

2

}
.

[1
2

(
‖𝑧‖2

𝐻
1
0
+ 𝜀

𝑠
(𝑡)‖‖𝑧𝑡‖‖

2
𝐿

2

)]
⩽ 1

2
𝐸

𝑠
(𝑡).

◽

Formally multiplying (3.45) by 𝑧
𝑡
+ 𝛿0

2
𝑧 in 𝐿

2(Ω),

𝜀
𝑠
(𝑡)⟨𝑧

𝑡𝑡
, 𝑧

𝑡
⟩−1 − ⟨𝑧𝑡,Δ𝑧⟩ + 𝑘

𝑠
(𝑡)‖‖𝑧𝑡‖‖

2
𝐿

2 + ⟨𝑓 (𝑣) − 𝑓 (𝑤), 𝑧
𝑡
⟩

+
𝛿0

2
⟨𝑧

𝑡𝑡
, 𝑧⟩−1 −

𝛿0

2
⟨Δ𝑧, 𝑧⟩ +

𝛿0

2
𝑘
𝑠
(𝑡)⟨𝑧

𝑡
, 𝑧⟩

+
𝛿0

2
⟨𝑓 (𝑣) − 𝑓 (𝑤), 𝑧⟩ = 0.

(3.46)
Because

𝑑

𝑑𝑡

Ψ
𝑠
(𝑡) = 𝑑

𝑑𝑡

(
𝐸

𝑠
(𝑡) +

𝛿0

2
𝜀
𝑠
(𝑡)⟨𝑧, 𝑧

𝑡
⟩
)

= 𝑑

𝑑𝑡

𝐸
𝑠
(𝑡) +

𝛿0

2
𝜀
′
𝑠
(𝑡)⟨𝑧, 𝑧

𝑡
⟩

+
𝛿0

2
𝜀
𝑠
(𝑡)‖‖𝑧𝑡‖‖

2
𝐿

2 +
𝛿0

2
𝜀
𝑠
(𝑡)⟨𝑧, 𝑧

𝑡𝑡
⟩−1,

(3.47)

we have

𝑑

𝑑𝑡

Ψ
𝑠
(𝑡) + 𝛿0Ψ𝑠

(𝑡) = 𝑑

𝑑𝑡

𝐸
𝑠
(𝑡) +

𝛿0

2
𝜀
′
𝑠
(𝑡)⟨𝑧, 𝑧

𝑡
⟩

+
𝛿0

2
𝜀
𝑠
(𝑡)‖‖𝑧𝑡‖‖

2
𝐿

2 +
𝛿0

2
𝜀
𝑠
(𝑡)⟨𝑧, 𝑧

𝑡𝑡
⟩−1

+
𝛿0

2
‖𝑧‖2

𝐻
1
0
+

𝛿0

2
𝜀
𝑠
(𝑡)‖‖𝑧𝑡‖‖

2
𝐿

2 +
𝛿

2
0

2
𝜀
𝑠
(𝑡)⟨𝑧, 𝑧

𝑡
⟩

= 𝜀
𝑠
(𝑡)⟨𝑧

𝑡𝑡
, 𝑧

𝑡
⟩−1 − ⟨𝑧𝑡,Δ𝑧⟩ +

1
2
𝜀
′
𝑠
(𝑡)‖‖𝑧𝑡‖‖

2
𝐿

2

+
𝛿0

2
𝜀
′
𝑠
(𝑡)⟨𝑧, 𝑧

𝑡
⟩ +

𝛿0

2
𝜀
𝑠
(𝑡)‖‖𝑧𝑡‖‖

2
𝐿

2

+
𝛿0

2
𝜀
𝑠
(𝑡)⟨𝑧, 𝑧

𝑡𝑡
⟩−1 +

𝛿0

2
‖𝑧‖2

𝐻
1
0

+
𝛿0

2
𝜀
𝑠
(𝑡)‖‖𝑧𝑡‖‖

2
𝐿

2 +
𝛿

2
0

2
𝜀
𝑠
(𝑡)⟨𝑧, 𝑧

𝑡
⟩

⩽ −𝑘
𝑠
(𝑡)‖‖𝑧𝑡‖‖

2
𝐿

2 − ⟨𝑓 (𝑣) − 𝑓 (𝑤), 𝑧
𝑡
⟩

−
𝛿0

2
𝑘
𝑠
(𝑡)⟨𝑧

𝑡
, 𝑧⟩ −

𝛿0

2
⟨𝑓 (𝑣) − 𝑓 (𝑤), 𝑧⟩

+
𝛿

2
0

2
𝜀
𝑠
(𝑡)⟨𝑧, 𝑧

𝑡
⟩ + 𝛿0𝜀𝑠(𝑡)‖‖𝑧𝑡‖‖

2
𝐿

2

+
𝛿0

2
𝜀
′
𝑠
(𝑡)⟨𝑧, 𝑧

𝑡
⟩,

(3.48)

where in the last inequality of the calculation above we applied
(3.46).

Note that, because 𝛿0 ⩽ 𝑘0
𝐿

, we have

−𝑘
𝑠
(𝑡)‖‖𝑧𝑡‖‖

2
𝐿

2 + 𝛿0𝜀𝑠(𝑡)‖‖𝑧𝑡‖‖
2
𝐿

2 ⩽ 0.

Additionally, it follows from Lemma 3.3 that there exists 𝐶
𝑟0
> 0

such that

−
𝛿0

2
⟨𝑓 (𝑣) − 𝑓 (𝑤), 𝑧⟩ ⩽

𝛿0

2
‖𝑓 (𝑣) − 𝑓 (𝑤)‖

𝐿
2‖𝑧‖

𝐿
2

⩽
𝐶

𝑟0
𝛿0

2
‖𝑧‖

𝐻
1
0
‖𝑧‖

𝐿
2

⩽
𝐶

𝑟0
𝛿0

2
‖𝑧‖

𝐻
1
0
‖𝑧‖

𝐿
2 ⩽ 𝛿0𝐶𝑟0

𝑐
𝑟0
‖𝑧‖

𝐿
2 .

Also, observe that

𝛿
2
0

2
𝜀
𝑠
(𝑡)⟨𝑧, 𝑧

𝑡
⟩ ⩽

𝛿
2
0

2
𝜀
𝑠
(𝑡)‖‖𝑧𝑡‖‖𝐿2‖𝑧‖𝐿2

⩽
𝛿

2
0

2

√
𝐿

√
𝜀
𝑠
(𝑡)‖‖𝑧𝑡‖‖𝐿2‖𝑧‖𝐿2 ⩽ 𝛿

2
0

√
𝐿𝑐

𝑟0
‖𝑧‖

𝐿
2 .

Inserting these estimates into (3.48),

𝑑

𝑑𝑡

Ψ
𝑠
(𝑡) + 𝛿0Ψ𝑠

(𝑡) ⩽
(
𝛿0𝐶𝑟0

𝑐
𝑟0
+ 𝛿

2
0

√
𝐿𝑐

𝑟0

)
‖𝑧‖

𝐿
2

− ⟨𝑓 (𝑣) − 𝑓 (𝑤), 𝑧
𝑡
⟩ +

(
𝛿0

2
𝜀
′
𝑠
(𝑡) −

𝛿0

2
𝑘
𝑠
(𝑡)
)
⟨𝑧, 𝑧

𝑡
⟩.

Let 𝑇 > 0 fixed.

𝑑

𝑑𝑡

(
𝑒
𝛿0𝑡Ψ

𝑠
(𝑡)
)
= 𝛿0𝑒

𝛿0𝑡Ψ
𝑠
(𝑡) + 𝑒

𝛿0𝑡
𝑑

𝑑𝑡

Ψ
𝑠
(𝑡)

= 𝑒
𝛿0𝑡
(
𝑑

𝑑𝑡

Ψ
𝑠
(𝑡) + 𝛿0Ψ𝑠

(𝑡)
)

⩽ 𝑒
𝛿0𝑡
(
𝛿0𝐶𝑟0

𝑐
𝑟0
+ 𝛿

2
0

√
𝐿𝑐

𝑟0

)
‖𝑧‖

𝐿
2

− 𝑒
𝛿0𝑡⟨𝑓 (𝑣) − 𝑓 (𝑤), 𝑧

𝑡
⟩

+
𝛿0𝑒

𝛿0𝑡

2
(
𝜀
′
𝑠
(𝑡) − 𝑘

𝑠
(𝑡)
)
⟨𝑧, 𝑧

𝑡
⟩.

Integrating from 0 to 𝑇 ,

𝑒
𝛿0𝑇Ψ

𝑠
(𝑇 ) − Ψ

𝑠
(0) ⩽ 𝑒

𝛿0𝑇
(
𝛿0𝐶𝑟0

𝑐
𝑟0
+ 𝛿

2
0

√
𝐿𝑐

𝑟0

)

∫

𝑇

0
‖𝑧(𝑡)‖

𝐿
2𝑑𝑡

+
|||||∫

𝑇

0
𝑒
𝛿0𝑡⟨𝑓 (𝑣) − 𝑓 (𝑤), 𝑧

𝑡
⟩𝑑𝑡
|||||

+
𝛿0𝑒

𝛿0𝑇

2 ∫

𝑇

0

||𝜀
′
𝑠
(𝑡) − 𝑘

𝑠
(𝑡)||||⟨𝑧, 𝑧𝑡⟩||𝑑𝑡.

(3.49)
Additionally,

𝛿0𝑒
𝛿0𝑇

2 ∫

𝑇

0

||𝜀
′
𝑠
(𝜏) − 𝑘

𝑠
(𝜏)||||⟨𝑧, 𝑧𝑡⟩||𝑑𝜏

⩽
𝛿0𝑒

𝛿0𝑇

2
(𝐿 + 𝑘1)

∫

𝑇

0

𝜀
𝑠
(𝜏)

𝜀
𝑠
(𝑇 )

‖‖𝑧𝑡(𝜏)‖‖𝐿2‖𝑧(𝜏)‖𝐿2𝑑𝜏

⩽
𝛿0𝑒

𝛿0𝑇

2
𝐿 + 𝑘1

𝜀(𝑠 + 𝑇 ) ∫

𝑇

0
𝜀
𝑠
(𝜏)‖‖𝑧𝑡(𝜏)‖‖𝐿2‖𝑧(𝜏)‖𝐿2𝑑𝜏

⩽
𝛿0𝑒

𝛿0𝑇

2
𝐿 + 𝑘1

𝜀(𝑡 + 𝑇 ) ∫

𝑇

0

√
𝐿

√
𝜀
𝑠
(𝜏)‖‖𝑧𝑡(𝜏)‖‖𝐿2‖𝑧(𝜏)‖𝐿2𝑑𝜏

⩽
𝛿0𝑒

𝛿0𝑇

2
𝐿 + 𝑘1

𝜀(𝑡 + 𝑇 )
2𝑐

𝑟0

√
𝐿

∫

𝑇

0
‖𝑧(𝜏)‖

𝐿
2𝑑𝜏.

(3.50)

Mathematical Methods in the Applied Sciences, 202513472
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From (3.49) and (3.50), and considering that ∫ 𝑇

0 ‖𝑧(𝜏)‖𝑑𝜏 ⩽
𝑇 sup

𝑡∈[0,𝑇 ]
‖𝑧(𝑡)‖

𝐿
2 , we obtain

Ψ
𝑠
(𝑇 ) ⩽ 𝑒

−𝛿0𝑇Ψ
𝑠
(0) +

|||||∫

𝑇

0
𝑒
𝛿0(𝑡−𝑇 )⟨𝑓 (𝑣) − 𝑓 (𝑤), 𝑧

𝑡
⟩𝑑𝑡
|||||

+ Γ(𝑡, 𝑇 ) sup
𝑡∈[0,𝑇 ]

‖𝑧(𝑡)‖
𝐿

2 ,

(3.51)

where

Γ(𝑡, 𝑇 ) = 𝑇

(
𝛿0𝐶𝑟0

𝑐
𝑟0
+ 𝛿

2
0

√
𝐿𝑐

𝑟0

)
+

𝑇 𝛿0(𝐿 + 𝑘1)𝑐𝑟0

√
𝐿

𝜀(𝑡 + 𝑇 )
> 0.

This implies that

𝐸
𝑠
(𝑇 ) ⩽ 2Ψ

𝑠
(𝑇 ) ⩽ 3𝑒−𝛿0𝑇

𝐸
𝑠
(0)

+ 2
|||||∫

𝑇

0
𝑒
𝛿0(𝑡−𝑇 )⟨𝑓 (𝑣) − 𝑓 (𝑤), 𝑧

𝑡
⟩𝑑𝑡
|||||

+ 2Γ(𝑡, 𝑇 ) sup
𝑡∈[0,𝑇 ]

‖𝑧(𝑡)‖
𝐿

2 .

(3.52)

Finally,

𝑑
𝑋

𝑇+𝑠
(𝑆0(𝑇 + 𝑠, 𝑠)𝑉1, 𝑆0(𝑇 + 𝑠, 𝑠)𝑉2)2 = ‖𝑍(𝑇 )‖

2
𝑋

𝑇+𝑠
⩽ 2𝐸

𝑠
(𝑇 )

⩽ 3𝑒−𝛿0𝑇
𝑑
𝑋

𝑠

(𝑉1, 𝑉2)2

+ 4
|||||∫

𝑇

0
𝑒
𝛿0(𝑡−𝑇 )⟨𝑓 (𝑣) − 𝑓 (𝑤), 𝑧

𝑡
⟩𝑑𝑡
|||||

+ 4Γ(𝑡, 𝑇 ) sup
𝑡∈[0,𝑇 ]

‖𝑧(𝑡)‖
𝐿

2

= 𝜇𝑑
𝑋

𝑠

(𝑉1, 𝑉2)2 + 𝑔(𝜌(𝑠)(𝑉1, 𝑉2)) + 𝜓
𝑠
(𝑉1, 𝑉2)

(3.53)
setting 𝜇 ∶= 3𝑒−𝛿0𝑇 , 𝜌

(𝑠) ∶ 𝑋
𝑠
×𝑋

𝑠
→ ℝ+ given by 𝜌

(𝑠)(𝑉1, 𝑉2) =
4 sup
𝑡∈[0,𝑇 ]

‖𝑧(𝑡)‖
𝐿

2 , 𝑔 ∶ ℝ+ → ℝ+ given by 𝑔(𝛼) = Γ(𝑡, 𝑇 )𝛼 and 𝜓
𝑠
∶

𝑋
𝑠
×𝑋

𝑠
→ ℝ+ by 𝜓

𝑠
(𝑉1, 𝑉2) = 4||| ∫

𝑇

0 𝑒
𝛿0(𝑡−𝑇 )⟨𝑓 (𝑣) − 𝑓 (𝑤), 𝑧

𝑡
⟩𝑑𝑡|||.

Note that 𝜇 ∈ (0, 1) if we fix 𝑇 >
𝑙𝑛3
𝛿0

. Additionally, 𝜌(𝑠) is a pre-

compact pseudometric in 𝐵

𝑠

𝑟0
and 𝜓

𝑠
∈ contr(𝐵

𝑠

𝑟0
). Finally also

note that 𝑔 satisfies the conditions required in Theorem 2.5. All
these considerations leads us to the existence of a generalized
(𝜑,𝔇

𝑢𝑏
)-pullback attractor 𝑀̂ ∈ 𝔇

𝑢𝑏
for 0, where 𝜑(𝑠) = 𝜇

𝑠.
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