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1. Introduction

The notion of a partial group action on a C*-algebra, gradually introduced in [28], [37]

and [29], and its successful use (see, in particular, [31]) motivated a series of algebraic

developments (see the surveys [13] and [22]). In particular, a Galois theory based on

partial group actions was initiated in [25], which inspired its treatment from the point
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of view of Galois corings in [17] and the definition of a partial (co)action of a Hopf
algebra on an algebra in [18]. In the latter paper related concepts were also considered,
duality results were obtained and a partial Hopf-Galois theory was introduced. This
was a starting point for rich and interesting Hopf theoretic developments around partial
actions [4], [2], [10], [5], [20], [9], [16], [11], [8], [15], [32], [6], [11], [12], [19], [36], [40], [39],
[41], [14].

In particular, partial representations of a Hopf algebra H were introduced in [4],
extending the notion of a partial group representation (see [30] and [24]). Moreover, an
algebra H,q, was associated with # in [4], called the partial “Hopf” algebra, which has
the universal property that each partial representation of H can be factorized by an
algebra morphism from H,,,, being thus the Hopf analogue of the partial group algebra
(see [24]). It was also shown in [4] that there is a partial action of H on a subalgebra
B of Hpar, such that Hpe, is isomorphic to the smash product B#%H, generalizing an
earlier result from [23], established in the case of groups. In addition, if H possesses an
invertible antipode, then #,,, has the structure of a Hopf algebroid [4]. Dual concepts
were defined and investigated in [6].

In the present article we study the Hochschild homology and cohomology of the par-
tial smash product A#H by means of spectral sequences, where H is a cocommutative
Hopf algebra, whose partial action on the algebra A is symmetric (see Section 2.1 for
definitions). Earlier, in [1], group cohomology based on partial representations was in-
troduced and a Grothendieck spectral sequence was produced, relating the Hochschild
cohomology of the skew group ring A x G by a unital partial action of G on an algebra
A with the Hochschild cohomology of A and the partial group cohomology of G. This
was extended in [26] to the crossed product A *G by a unital twisted partial action of G
on A, whose twist takes values in the base field, establishing also a similar result for the
Hochschild homology. The treatment in [26] was based on the theory of partial projective
group representations and the related novel concept of a twisted partial group algebra.

We begin by giving some preliminaries around partial actions and partial representa-
tions of Hopf algebras and Hochschild (co)homology in Section 2. Section 3 is dedicated
to the Hochschild homology of the smash product A#H, where H is a cocommutative
Hopf algebra over a commutative ring K, whose partial action on a unital algebra A
is symmetric. For the main result we also assume that #H is projective over K. The
idea is to use Grothendieck’s Theorem [38, Theorem 10.48] to obtain a first quadrant
spectral sequence E” converging to the Hochschild homology of A#H with values in a
A#H-bimodule M, and such that

E} = Torlt»*(B, Hy(A, M)),

where B is the above mentioned subalgebra of H g
In order to prepare the ingredients for the use of Grothendieck’s Theorem, we work
with the right exact functors of the form
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F(—):= A#H (AgH)e —> Fi(-)=A®ase— and Fy(—):=B OHpar —>
where A€ stands for the enveloping algebra A ® A°P of A, with A°? denoting the opposite
algebra of A, and the meaning of (A#H )€ is similar. Observe that the left derived functors
of F1 and F' compute the Hochschild homology of A and A#H, respectively. One of the
main steps is to show that the functors FoF} and F are naturally isomorphic, when
applied to A#H-bimodules. It is obtained in Corollary 3.19 as a consequence of a more
general fact, Proposition 3.17, which states that the bifunctors

— Q%par (A®4e —) and (— Q@ A#H) ®(A#H)e —»

defined on Mod-Hpqr X (A#H)°-Mod, are naturally isomorphic. In fact, Proposition 3.17
is a crucial technical tool, which is also used to make the second main step towards the use
of Grothendieck’s Theorem, namely Proposition 3.24, which says that F} sends projective
A#H-bimodules to left Fy-acyclic modules.

A considerable point is to show in Lemma 3.12 that if H is projective over K, then
(A#H)¢ is projective over A°. Consequently, any projective (A#H)-bimodule is a pro-
jective A-bimodule, so that applying the left derived functor of F; to M via taking
a projective resolution of M in the category of A#H-bimodules computes the usual
Hochschild homology of A with values in the A-bimodule M (see Remark 3.13).

These facts are used to obtain the main result of the section, Theorem 3.25, which
states the existence of the above mentioned spectral sequence. As an application, if the
algebra A under the symmetric partial action of the cocommutative Hopf algebra H is
separable, then we obtain an isomorphism

H, (A#H, M) = Tor e (B, M/[A, M)),

(see Example 3.26). Furthermore, if # is the group algebra KG of a group G, then the
spectral sequence of Theorem 4.6 takes the form

Elth = HgaT(G7 HQ(A7 M)) = Hp-‘rq(A A G7M)a

where HE (G, —) := Torkr+»%(B, —), the partial homology of G introduced in [3] (see
Example 3.27).

A dual work is done in Section 4 to deal with cohomology. The main functors under
consideration are of the form

G :=Homac(A,—), Go:=Homy,, (B,—) and G :=Homaus)-(A#H,—).

Note that G; is used to compute the Hochschild cohomology of A, whereas for the
cohomology of A#H the functor G is employed. These functors are used to apply a
variation of the Grothendieck spectral sequence [38, Theorem 10.47]. The crucial steps
are Corollary 4.4, stating that the functor GoG; and G are naturally isomorphic, and
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Proposition 4.5, which says that G; sends injective A#H-bimodules to right Gs-acyclic
modules. Both of them are obtained applying an important technical tool, Proposi-
tion 4.3, which is a result dual to the above mentioned Proposition 3.17 on bifunctor
isomorphism. The main fact is Theorem 4.6, which asserts the existence of a third quad-
rant cohomological spectral sequence FE,. such that

Ey? =Exty, (B, HY(A,M)) = H" 1(A#H, M),
where H is a cocommutative Hopf K-algebra, projective as a K-module, whose par-
tial action on A is symmetric, and M is an arbitrary A#H-bimodule. Dually to the
homological case, in the proof of Theorem 4.6 we use that any injective resolution of
the A#H-bimodule M is also an injective resolution of M as an A-bimodule (see Re-
mark 4.2).

In Section 5, for a cocommutative Hopf algebra H and a left H,q,-module M, we
define the partial Hopf homology and cohomology of H with coefficients in M by

HE(H, M) := Tor[*"(B,M) and Hp, (H,M):=Ext3, (B,M),

respectively. Then the above mentioned spectral sequences take the following forms (see
Theorem 5.2):

Elqu = HZI:QT(’].L HQ(A7 M)) = HP‘HI(A#Ha M>7
and
EDT = HY L (H,HY(A,M)) = HPYI(A#H, M).
Note that the latter sequence extends for the Hopf theoretic setting the third quadrant
cohomological spectral sequence obtained for the case of unital partial group actions in
[1, Theorem 4.1]. It is also shown in Section 5 that if the action of H on A is global, then
we obtain the following global versions of our spectral sequences (see Corollary 5.9):
E127:q = TOI‘Z;L<K’ HQ(A’ M)) = HP+Q(A#H7 M)a
and
EDY = Exth (K, H1(A, M)) = HPY9I(A#H, M).
In the final Section 6 we construct a projective resolution of B (see Proposition 6.3)
by means of a simplicial module which gives rise to an acyclic complex. Note that a

projective resolution of B for the case of groups was obtained in [27].
In all what follows K will stand for a commutative (associative) unital ring.
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2. Preliminaries

In this section, for the reader’s convenience, we recall some facts on partial Hopf
representations, partial Hopf actions, and Hochschild (co)homology.

2.1. Partial representations and partial actions of Hopf algebras

The first definition of the concept of a partial representation of a Hopf algebra was
given in [4] in an asymmetric way, justified by the definition of a partial group action with
one-sided ideals considered in [18] and some constructions. Nevertheless, it became clear
that a symmetric definition introduced in [7] gives additional advantages. According to
[6], Paolo Saracco observed that some of the axioms on the definition in [7] are redundant,
so the final definition is as follows:

Definition 2.1. [6, Definition 2.10] Let H be a Hopf K-algebra, and let A be a unital
K-algebra. A partial representation of H in A is a linear map 7 : H — A such that

(PR1) 7(1y) = 1a,
(PR2) m(h)m(ke))m(S (ke

) = m(hky)m(S(ke2)),
(PR3) (R (1)) (S(h2))7(

)
k) = (h(l )W(S(h@)) )s

for all h,k € H.

Lemma 2.2. [6, Lemma 2.11] Let m : H — A be a partial representation. Then the
following axioms are satisfied as well

(PR4) m(h)m(S (k) (k(2)) = m(hS(k()))m (k)
(PR5) m(S(ha)))m(he))m(k) = 7(S(h)))m(h)k).-

Conversely, if a linear map © : H — A satisfies (PR1), (PR4) and (PR5), then it is a
partial representation.

As in the case of partial group representations, morphisms of partial representations
of a fixed Hopf algebra H are defined in most natural way: if the pair 7 : H — A and
7w’ : H — A’ are partial representations, then by a morphism m — 7’ we understand an
algebra homomorphism f : A — A’ such that 7’ = f o 7. Following [7] we denote by
ParRep4, the category of the partial representations of H and their morphisms.

Remark 2.3. As pointed out in [7, Remark 3.2], if the Hopf algebra H is cocommutative,
then a linear map 7 : H — A satisfying (PR1), (PR2), and (PR5) also satisfies axioms
(PR3) and (PR4), making 7 a partial representation.

Another crucial for us concept is that of a partial Hopf action first defined in [18].
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Definition 2.4. (see [4]). A left partial action of a Hopf algebra H on a unital algebra A
is a linear map

CHRA—A
h®aw— h-a,

such that

(PA1) 1y -a=aforall a € 4;
(PA2) h-(ab) = (hqay-a)(he) - b), for all h € H, a,b € A;
(PA3) h-(k-a)= (ha)y-1a)(h@yk-a) for all h,k € H, a € A.

The algebra A, on which H acts partially is called a partial left H-module algebra. Recall
also that a partial action of H on A is said to be symmetric if in addition it satisfies

(PA4) h-(k-a) = (hayk-a)(h@)-1a) forall b,k € H, a € A.

Given a partial action of a Hopf algebra H on a unital algebra A, an associative
product on A ® H is defined by

(a®@h)(b® k) =a(hq) - b) @ hok.
Then the partial smash product (see [18]) is the unital algebra
A#H = (AQH)(1a®@1y) ={2(1la®1y) 2 € AQH}.
This algebra is generated by the elements of the form
a#h = a(h@y-14) @ hea).

Lemma 2.5. (see [/]). Let H be a Hopf algebra acting partially on a unital algebra A.
Then in the partial smash product A#H we have:

(1) (a#th)(b#k) = a(hq) - b)#th()k;
(ii) a#h = a(h(l) . 1A)#h(2),'
(iii) the map ¢o : A — A#H given by ¢o(a) = a#ly is an algebra homomorphism.

Lemma 2.6. The partial smash product A#H is a direct summand of AQH as A-modules.

Proof. Consider the following maps of algebras

L A#HH - AQH #:AQH — A#H

z— z, = 2(ly @ 1y).
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Then, the above maps are morphisms of left A-modules such that #o¢ = id g444. Whence
we obtain that A#H is a direct summand of A@ H. O

It is convenient for us to single out the following fact:

Lemma 2.7. Suppose that the partial action of a Hopf algebra H on a unital algebra A is
symmetric. Then

(b#13)(1a#S(h)) = (La#S(h(1y)) (hz) - b#13),

forallh € H and b € A.
Proof. Since our partial action is symmetric, in view of Lemma 2.5 we have:

(La#S(h))) (R - b#190) = S(h2))(hz) - D)#S(hq))
= (S(hz))hay)) - D) (S(h(z)) - 1a)#S(h())
= (e(h@))1n) - 0)(S(h(2)) - 1a)#S(h(1))
= b(S(h(2)) - 1a)#S(h))
= b#tS(h) = (b#13)(1a#S(h)). O

We proceed by recalling the definition of the associative algebra #,q, which governs
the partial representations of a Hopf algebra H.

Definition 2.8. [7, Definition 4.1] Let H be a Hopf algebra and let T'(#) be the tensor
algebra of the K-module H. The partial “Hopf” algebra H,q, is the quotient of T'(H)
by the ideal I generated by the elements of the form

(1) 13 = Ly

(2) h®@kay ® S(k@)) — hkay ® S(k()), for all h, k € H;
(3) h(l & S(h(g )Rk — h(l X S(h(g))k for all h, k € H;
4) h® S(k(l)) ® k(2) hS(k(l)) & k‘(g), for all h,k € H;
(5) S(h(l)) & h(g) Rk — S(h(l)) &® h(g)k for all h,k € H.

Observe that by [7, Theorem 4.10] the algebra H,,, possesses the structure of a Hopf
algebroid. Denote by [h] the class of h € H in H,q,, and consider the map

[ ]:H = Hpar
h > [h].

Recall from [7] the following easily verified relations:

(1) [ah + Bk] = afh] + Blk], for all a, 8 € K and h,k € H;
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(2) n] = 1a,,,;

(3) [Mlkw)[S(ke))] = [hk)][S(ke))], for all b,k € H;
(4) [h@)l[S(h2)][E] = [h)][S(h(2))K], for all h, k € H;
(5) [RI[S(ka)k@)] = [S(k))l[k2)], for all h, k € H;
(6) [S(ha))llh@)]k] = [S(h 1))][h(2)k] for all h,k € H.

Thus, the linear map [ ] is a partial representation H — Hpq,. The following universal
property of the partial “Hopf” algebra expresses the control of H,.. on the partial
representations of H.

Theorem 2.9. (see [7, Theorem 4.2]) For every partial representation 7 : H — A there is
a unique morphism of algebras & : Hpar — A such that m = o[ _]. Conversely, given an
algebra morphism 7 : Hpqr — A, there exists a unique partial representation w7y : H — A
such that ¢ = 7.

The universal property of Hpq, relates the modules over Hyq, with the partial H-
modules, the latter being defined as follows:

Definition 2.10. [7, Definition 5.1] Let H be a Hopf algebra. A partial module over H
is a pair (M,7), where M is a K-module and 7 : H — Endg (M) is a left partial
representation of H.

As in [7], by a morphism (M, n) — (M’,7’) of partial H-modules we mean a K-linear
map f: M — M’ such that fon(h) =x'(h)o f for all h € H, and by 3 MP*" we denote
the category of the left partial H-modules and their morphisms.

The following fact is [7, Corollary 5.3].

Proposition 2.11. There is an isomorphism of categories 3 MP" =2 Hq,.-Mod. Given a
partial H-module (M, ), the action of Hpar on M is determined by

[h] > m := 7 (m). (2.1)
2.2. Some background on Hochschild (co)homology

For the reader’s convenience, we proceed by recalling some well-known background
on Hochschild (co)homology.

Definition 2.12. If A is a K-algebra, where K is a unital commutative ring, then its
enveloping algebra is

A° = A@p AP,

where A°P stands for the opposite algebra of A.
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Proposition 2.13. Let X be an A-bimodule, then X is a left A°-module with action
(a®b)-x:=a-x-b

and is a right A¢-module with action
z-(a®b):=b-x-a.

Definition 2.14. Let A be a unital K-algebra and M an A-bimodule. The Hochschild
homology of A with coefficients in M is defined by

Hy(A, M) := Torl (A, M),

i.e., He(A,—) is the left derived functor of A ® 4e —. Dually, we define the Hochschild
cohomology of A with coefficients in M by

H*(A, M) := Ext%. (4, M).

The following easy property of tensor products of bimodules will be used constantly
in the development of this work.

Lemma 2.15. Let X and Y be A-bimodules. Then for everya € A, x € X and y € Y we
have

AT Rpe Y =T Qe Y- a
and
T-0RpcY =T Qge G-Y.

Proof. By direct computations we obtain

=r®a (la®a)-y =r®ac (@®14)-y
=x®AeYy-a, =T ®pea-y. O

3. Homology of the partial smash product

In all what follows H will be a cocommutative Hopf K-algebra, A a unital K-algebra

and

H®A— A
h®a— h-a
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a symmetric partial action of H on A.

Proposition 3.1. Let R be a K-algebra, m : H — R a partial representation and X an
R-bimodule. Then the map 7' : H — Endg (X), given by

wh () = 3 w(hn) - w(S(ha),
is a partial representation.
Proof. (PR1) w(z) = (1) -2 7(S(1)) =n(1) -z -7(1) = .
(PR2)
T Ty M) (2) = T, (7(S (k) -+ 7(5 (ki)
=, (w<k<l>>w<s<k<s>>> @ (5 )T (S (k@) )

= m(h))m (k) m(S(k(s))) - @ - w(S? (k) (S (k) m(S(h(2)))
(By the cocommutativity) = m(h(1)k1))m(S (k@) - 2 - m(S (k)7 (S (h2)k))
= Thi k) S(k<2))( z).
(PRS) TS (heay) Thepy Tk () = T(S(hy))m(hea) (k) - - (S (k@) (S(ha)))m (5% (hz)))
(By the cocommutativity) = m(S(hy))m(hyky) - & - 7(S(hayk2)m(S* (h(2)))

o !
—WS(hm)Wh(z)k(x)- U

Let M be an A#H-bimodule. Then, M is an A-bimodule with the actions induced
by the map ¢g from Lemma 2.5, i.e., the A-bimodule structure is defined by

a-m:= (a#ly) -mand m-a:=m- (a#ly). (3.1)

Since our partial action is symmetric, by [7, Example 3.7], the map 7o : H — A#H,
given by h — 14#h, is a partial representation of H into the partial smash product
A#H. Consequently, by Proposition 3.1 the map 7' : H — Endg (M), such that

mp(m) == (La#thy) - m - (La#S(hay)),

is a partial representation of H. Thus, by Proposition 2.11, M is an Hper-module with
action given by

[h] >m = W;L(m) = (lA#h(l)) -m - (1A#S(h(2))). (3.2)

Notice that given a partial representation ¢ : H — R into a unital algebra R, we have
that R becomes a left H,q-module by setting
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[h] > 7= ¢(h)r, (3.3)

in view of the isomorphism R = Endg(R).
It is easy to verify the next fact by a direct computation.

Proposition 3.2. Let f: X — Y be a map of A#H-bimodules. Then, f is a morphism of
Hpar-modules.

Recall that since our partial action - : H ® A — A is symmetric, then by [7, Example
3.5] the map h +— A, € Endg(A), where A\p(a) := h - a, is a partial representation of H
on A. Consequently, A is a Hpqr-module with action

[h>a:=h-a. (3.4)
For each h € ¢ define

en = [h)][S(he))],

explicitly we have that
en=po([ o[ ])o(1®S)oA(n),

where ;1 denotes the product in Hpq,. Thus, the map h +— ey is K-linear, in particular
exp = Xep for all A € K.

Notice that for a general Hopf algebra one also needs to consider the elements &, :=
[S(h))l[h(2)), b € H, (see [7]), however, since our Hopf algebra is cocommutative, we
have that

= 6S(h)-

The following is [7, Lemma 4.7] stated for our particular case of a cocommutative
Hopf algebra.

Lemma 3.3. For every h,k € H the following properties hold:

(i
(ii

(iii

k[h] = [h (2)]6S(h(1))k; in particular ehm[h@)} [h];
[hlex = engy, k)], in particular [h)les(n ) = [h];
eh(l)eh(z) €h;

ERLEL — €ELER.

) e
)
)
)

(iv
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Definition 3.4. We define B as the subalgebra of H,q, generated by {es | h € H}.
The following lemma is a consequence of [7, Theorem 4.8] and Proposition 2.11.
Lemma 3.5. The algebra B is a left Hpar-module with the action
(0] > b i= [y B[S (heay)] (3.5)

Since H is cocommutative then we can consider the antipode S as an isomorphism
between H and H°P. Furthermore, it determines a partial representation

S H = (Hpar)?,
h = [S(h)],
and thus there exists a morphism of algebras
S Hpar = (Hpar)F, (3.6)
such that S([h1][h2] ... [ha]) = [S(hn)] ... [S(h2)][S(h1)]. Since, S : H — H is a K-linear
isomorphism, then S is an algebra isomorphism. Indeed, note that Hper = (Hpar)?
as K-modules. Then, we obtain a linear map T : (Hpar)®? — Hpar such that

T ([Pa]lhe] - - [hn]) = [S(hn)] .. [S(h2)][S(h1)]. Note that S and T are mutually inverses
since S? = 13 because H is cocommutative. Hence, we obtain the following lemma.

Lemma 3.6. The categories Hpqr-Mod and Mod-H,,, are isomorphic. In particular,
given a left Hpgr-module V', then V' is a right Hper-module with action

Analogously, if V' is a right Hper-module, then V' is a left Hpqr-module with action

[h] >z =z <[S(h)].

R

Proof. Obviously, B-Mod = Mod-B°? for any algebra B, and since Hpqr
then Mod-(Hpar)? = Mod-Hper. O

(Hpar)0p7
In particular, by Lemmas 3.5 and 3.6 we conclude that B is a right Hp.,-module with
action

Indeed,
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b [h] = [S(h)]>b = [S(h)1)bIS(S(h) )] = [S(h(2))Ib[S? (h1)] = [S(h))]blhe)),
thanks to the cocommutativity of H.
Lemma 3.7. For any w,u € B we have that w>u = wu.

Proof. Let h € H. Then, keeping in mind the cocommutativity of H and Lemma 3.3, we
have

envu=Y [h[S(ha)l>
= [l > ([S(he))]ulh)
= D _h@)llS(he)]ulha)][S(he)]
= [h)l[S(hez)ulhs)][S (hea)]
= Zeh(l)ueh@)
= Z En(1)€r(2)U

= EpU.
The statement with an arbitrary w € B follows immediately. O

Proposition 3.8. Let M be an A#H-bimodule. Then the map 7 : H — Endg (A @4 M)
such that

Th(a ®ae m) = [h)] > a @ae [h(g)] >m, (3.8)
is a partial representation of H. In particular A®ae M is a Hpar-module with the action
[h] > (@ ®ac m) := [h)| > a @ae [hy] >m. (3.9)

Proof. First, we have to verify that the map

'/Th:A@AEM—)A®A6M
a @ ae M — [h(l)] >a®ge [h(g)] >m

is well-defined. Indeed, for all b,¢ € A we obtain using Lemma 2.15 and the cocommu-
tativity of H that

[hl(a- (c®b) @ac [ha)]em
= [ha)] > (bac) ®ac [hiz)] >m
= hq)y - (bac) ® ae [h)]>m
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= (hqy - b)(h2y - a)(h) - €) @ac [hay]>m
= (hy - b)(hqy - a)(h) - ¢) @ac [h)]>m
= (hq) - a) ®ac (h) - c)([hez)] > m)(ha) - b)
= (h1) - @) ®ac ((h2) - )#13)(La#h)) - m - (La#S(hia))) ((hes) - 0)#1n)
(by Lemma 2.7) = (h(1) - @) ®ac ((h2) - )#h(z)) - m - (0#13)(1a#S(h(a)))
(h(1y - a) @ae (La##th))(c#la) - m - (b#13)(La#S(hs)))
(h1y - @) ®ac (LaFthz))(c-m-b)(1a#S(h()))
= ([hy] > a) ®ac [hx)] > ((c®b) -m).

Now observe that
Th(a®pem) =Rpe0(—>a®—>m)o[ Q[ |oA(h),

where (—>pa® —>m)(z®y) =zra®yp>m,foralla € A, m e M and z,y € Hpar
Therefore, 7 is a K-linear map. Furthermore, since we defined 7 using the Hq,-module
(partial representation of H) structures of A and M we have that 7 is a partial repre-
sentation of H. O

Remark 3.9. Let f: X — Y be a map of A#H-bimodules. Then, by Proposition 3.2, f
is a map of Hpq-modules, and, therefore, 14 ®4e f: A ®4e X = A®4e Y is a map of
‘Hpar-modules.

In what follows M will be an A#H-bimodule, and we shall only consider the left
Hpar-module structure on A ® 4 M defined by (3.8).
By Proposition 3.8 we can define the (covariant) right exact functor

Fi(—) == A®4c — : (A#H)*-Mod — Hper-Mod,
and by (3.7) the right exact functor

Fy(=) :=B®y,,, — = Hpar-Mod — K-Mod.

par

Recall that the Hochschild homology of A#H with coefficients in M is the left derived
functor of

F(=) = A#H @ (asnye —  (A#H)*Mod — K-Mod.
The following is Proposition 1.4 of [21].

Proposition 3.10. Let R and S be rings and f : R — S a homomorphism of rings such
that S is a projective R-module. Then, any projective S-module is a projective R-module.
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Using a straightforward dual basis argument one easily obtains the next:

Lemma 3.11. Let R and S be unital K-algebras. Suppose that X is a projective left R-
module and Y is a projective right S-module. Then X @Y is a projective left R® g S°P-
module.

Lemma 3.12. Suppose that H is projective over K. Then (A#H)¢ is a projective left
A¢-module.

Proof. Since H is projective over K, it is a direct summand of a free module, and
tensoring by A we readily see that A ® H is a projective left A-module. Then, A#H =
(A®H)(14®14) is projective over A as a left module, being a direct summand of AQH,
by Lemma 2.6. In view of Lemma 3.11 it remains to show that A#H is projective as a
right A-module.

Let {h;, fi}icr be a dual basis for H over K, where I is some index set. Then h =
> icr fi(h)hi, for each h € H. Define the mappings g; : A®@H — A, i € I, by

gi(a®h) = fi(ha))(S(hea)) - a).

Then for all a,a’ € A,h € H and i € I we have, using cocommutativity of #, that

Thus, each g; is a map of right A-modules. In particular,

gi(a#h) =g (e ®@h)(1a®1p)) = gi(a® h)la = gi(a ® h),

for all @ € A,h € H. Next we show that {14#h;,g;}ier is a dual basis for the right
A-module A#H, which will complete our proof. Indeed, for each a € A,h € H, using
that our partial action is symmetric and the cocommutativity of H, we see that

> (Ua#thi)gi(a#th) = (La#thi) fi(h))(S(he) - a)
i€l el

= Z(IA#hi)(fi(h(l))(S(h(Q)) ca) ® 1y)

icl
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= Z(lA ® hi)(1a @ 13)(fi(h))(S(he) - a) @ 1)

= .Z(lA @ hi)(fi(h))(S(h@z)) - a) @ 1y)
=(1a® Z Ji(h@))hi)((S(h(2)) - @) @ 13;)

el
= (La ®h))((S(h@) - a) ® 13)
= hqy - (S(hz) - a) @ hes)
= (h)S(hz) - a)(hs) - 1a) © hey
= a(hq) - 1a) ® hya)
= a#h,

as desired. O
From Proposition 3.10 and Lemma 3.12 we obtain the following:

Remark 3.13. If H is projective over K, then any projective (A#H)-bimodule is a pro-
jective A-bimodule. Therefore, any projective resolution of M in (A#H)¢-Mod is a
projective resolution of M in A°-Mod. Thus, considering M as an A-bimodule, the left
derived functor of F; computes the Hochschild homology of M, i.e.,

Ho(A, M) =2 L F1(M).
Lemma 3.14. Let X be an A#H-bimodule and Y a Hpar-module, then

(i) For all h € H we have that h - 14 is central in A.

(ii) en>a = (h-1a)a, for allh € H and a € A, considering A with the Hpqr-module
structure given by (3.4). Then, ep>14a =h-14 and w>a = (w>14)a foralla € A
and w € B;

(iii) en > = (hay-1a) -2 - (h) - 1a) h € H and x € X, considering X with the
Hpar-module structure given by (3.2);

(iv) en @npor ¥ = 18 @p,,, [S(R)] -y = 18 @, €n -y, as elements of B®y,,,. Y, for
allheH andy €Y,

(V) en>(a®ae ) = aQaeep>r = ep>aae xz, as elements of A @4 X; so that
Wk (a®pe ) =wWba®ae x =a Qe wbx, for all w € B.

Proof. (i) By direct computations using the cocommutativity and the symmetry of the
partial action we obtain

(h-1a)a = e(h())(h2) - 1a)a
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= (h2 ((e(h))1n) - a)
= (h(1) - La)((h2)S(N(z))) - a)
= ha (S(h ) - a)
= (h

= (h

(

lA)
)
(1)S(h(3)) a)(he) - 1a)
1)S(h@) - a)(he) - 1a)

(e(h))1n) - a)(he) - 1a)
= a(5(h(1 )h(z 1a)

(ii) For any h € H and a € A we obtain

en>a = [h)][S(hg))]>a
= h(y - (S(h) -a)
= (hay - 1a)(h2)S(hs)) - a)
= (hay - 14)((he)) Ly - a)
=(h-1a)a.

(iii) Let h € H and = € X. Then,

ent = (Lagth(n))(La#S(hez))) - @ - (La#h))(1a#S5(h2)))
(hqy - La#h2)S(h))) -z - (his) - LaFthe)S(hs)))
= (hqy - La#h2)S(h))) - @ - (b - La#ths)S(he))
(hqy - Lafte(h))ln) - @ - (hesy - Ladte(hy)ln)
(h1y - 1a#1s) -z - (hey - La#ly)
(

h(l) . 1A) X (h(g) . 1A>~
(iv) For h € H and y € Y we have that
eh @1y, Y = [h)][S(h2)] @ny,, ¥y = 15 < [S(R)] @4, ¥ = 18 @y, [S(R)] -y

and

€h OHpar Y = €h(1)Chizy OHpar Y
= [h@)][S(h(2))]18[h)][S(h(1)] @140, ¥
= [h)](1B 2 [h2)])[S(h3))] ©Hyar Y
= [h)](18 <[ DIS(h2))] Orypar ¥
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= (1g alh(z)]) <[S(h1)] ®2,,,. ¥
= (1 < [h)l[S(h2)]) ®n,a, ¥
= (1p<en) On,,, ¥

=18 ®,,, € " Y-

(v) For a € A and = € X we obtain

en (a®ae x) = [h)] > ([S(he2))] > a ®@ae [S(h))] > )
= [hl[S(h@)] > a @ac [h)|[S(ha)] >
= [h)][S(h(2))] > a ®ac [he3))[S(he))] > @
= Chpyy DA Q4e ) DT

(by (ii) and (ii1)) = (hqy - 1a)a ®ac (hegy - 14) -z - (hez) - 14)

)
)

Now we have that

(h(l) . 1A)(l X Ae (h(g) . 1A) - X (h(g) . 1A) =a X ge (h(l) . 1A) - X - (h(g) . ].A)(h(g) . 1A)
=a®ae (hay-1a) -2 (h) - la)

=a ®pe ep > T,

and on the other hand

(hy - 1a)a®ae (hegy-1a) -2 - (hy - 1a) = (he) - 1a)(hay - 1a)alhe) - 14) @ac @
(by (i) = (hq1) - La)(h(2) - La)(h(z) - 1a)a ®ac @
=(h-1a)a®aex
(by (i7)) =ep>a®ae x. O

Proposition 3.15. The algebra A#H is a Hpar-module with action, given by
[h] > (a#k) := (La#th)(a#tk). (3.10)
In particular
en > (a#k) = (h- 1a#1ly)(a#k) = (h - 1a)a#k) = (e > a)#k. (3.11)
Proof. We know that mg : H — A#H such that mo(h) := 14#th is a partial representation

of H, whence we conclude that A#H is a Hper-module with action (3.10). Finally, by
direct computation we obtain
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en > (a#tk) = (La#thq))(La#S(h(2))) (a#k)

(
= (hq) - La#h)S(hes))) (a#tk)
= (h(1) - La#te(h(2)) 1) (a#k)

= (h- 1a#ly)(a#tk)
= (h-1a)a#k
= (en > a)#k

where the final equality is due to item (é¢) of Lemma 3.14. O

Proposition 3.16. Let X be a right Hpqer-module. Then, X @p(A#H) is an A#H-bimodule
with actions:

afth - (x @p c#t) ==z - [S(h))] @5 (afth))(c#t)
and
(¢ @5 L) - ath = x @ (c48) (ath).
Thus, we obtain a functor — ©5 A#H : Mod-Hper — (A#H)*-Mod.

Proof. The right action is well-defined since it is just the action induced by the right
multiplication on A#H. For the left action we want to verify that a#th- (x - ep @p c#t) =
afth - (x g e > (cHt)), e

(z - ex) - [S(h))] @85 (a#th@))(c#t) = x - [S(hq))] @5 (a#h2))(ex > (c#t)).

Starting the computations with the right part of the above equation we have

z - [S(h(1))] ®8 (a#th(2))(er > (c#t))
(by (3.11)) = x - [S(h(1))] @5 (a#th(2))(k - La#t1s)(c#t)
= [S(h))] ®5 (a(h) - (k- 1a))#hE) (c#)
= [S(ha))] @5 (alhe) - 14)(h)k - 1a)#h ) (cHt)
(by (3.11)) = @ - [S(h(1))] ®5 en, > ((alhek - La)F#h)) (cH#t))
=z [S(h))leny, @5 ((alha)k - 1a)#hy) (c#t))
(by Lemma 3.3 (ii)) = @ - [S(hq1))] ®5 ((alhezk - 14)#th)) (c#t))
(by (3.11)) = @ - [S(h(1))] ©5 enpyr > ((aths)) (c#t))
=z - [S(h))lenmk @5 ((aFth))(c#t))
ex|

(by Lemma 3.3 (i) = z - ex[S(h(1))] ®8 ((a#h))(c#1))
= (z-ex) - [S(hq))] @5 (atth(z)(c#t).
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Then, a#h-(x®@pc#t) = x-[S(ha))| ®@p (aFh(2))(c#t) is well-defined. Now observe that

(b#k) - (afth - (x @5 c#t)) = (b3tk
S(ha
s

(x- [S(h)] @85 (a#th))(c#t))
S(k))] @5 (b#k2))(a#th2)) (c#t)
ek, @5 (b#k))(adth(2)) (cft)

)
— - [5(
(By Lemma 3.3 (i) = = - [S(
[S( k@y)lern, @5 (0#ks)) (a#h))(cH#t)
-[S( k(1))] @B eng, > ((b#k(s)) (a#th)) (c#t))
=x- [S(ku)h 1)] ©B €k, > ((b#ks)) (ath ) (c#t))
[S(
[S(
[S(
(

=z [S(ka)yh))] @5 ((kq) - 14)b#k)) (adth2)) (c#t)
(by Lemma 2.5 (i) =z - [S k(l)h(l))] B (b#k2)) (adtha)) (cH#t)

=z - [S(k@)h))] ©@8 (b#k))(a#th(2))(c#t)

=z - [S(kio)h))] @8 (b(k(1) - a)#k3)h(2)) (c#t)

= (b(kq) - a)#k@)h) - (x ®p c#t)
= (b#k)(a#th) - (v ®p c#t).

Therefore, the left action is well-defined, and since

(a#h~ (z®p C#t)) -b#k =x- [S(h(l))] ®B (a#h(g))(c#t)(b#k) = a#h- ((l‘@zg C#t)-b#k),

we have that X ®p A#H is a A#H-bimodule. Finally, if f : X — Y is a map of right
Hpar-modules then f®pl: X @ A#H — Y ®p A#H is a map of A#H-bimodules.
Indeed, it is clear that f ®p 1 is a map of right A#H-modules. On the other hand,
observe that for any = € X and z € A#H we have

(a#h) - ((f @5 1)(z @5 2)) = (a#th) - (f(z) @5 2)
= f(@) - [S(h))] @5 (a#h(2)z
= f(z - [S(hw)]) ©8 (a#h(z)z
=(f®8 1)(m h(l B (a#h(g))z)
= (fesl)((a#h) - (x®52)). O

Proposition 3.17. The functors

— @, (A®@ac =) : Mod-Hpar X (A#H)*-Mod — K -Mod

and
(— @B A#H) @agr)e — : Mod-Hpar x (A#H)-Mod — K -Mod

are naturally isomorphic.
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Proof. Let X be a right Hp.-module and M and A#H-bimodule. For a fixed z € X
define

Yot Ax M — (X @p A#H) @ agrye M
(a,m) = (x ®p La#ly) @apwn) a-m,

Observe that 4, as is A®-balanced. Indeed, for d ® ¢ € A° we have

Yem(a - (d®c),m) = o, m(cad, m)
= (z @B 1a#t1ln) @agn)e cad -m
(by Lemma 2.15) = (v ®p 1a#1y) - (c#1n) @apn)e a- (d-m)
= (z ®p c#1n) agwny a- (d-m)
= (c#ly) - (z @5 1a#1y) @agnye a- (d-m)
(by Lemma 2.15) = (z ®p 1a#1%) @agn)e a- (d-m) - (c#1y)
= (z ®@p La#ln) @agny a-(d-m-c)
=% m(a,(d®c)-m),

S0, Yz, nr is A®-balanced. Therefore, the following map is well-defined

Y, M - AQ@pe M — (X Xn A#H) ®(A#H)e M

a@pge M > ($ KB 1A#17-L) Q(A#H)e @M.

Now define the function

Fexy : X X (A®ae M) — (X @5 A#H) @apnye M

(7,0 @ae M) = Yo (@ @ae m) = (2 @5 1a#1y) @agn)e a-m.

We want to show that §(x ar) is Hpar-balanced. Recall the A#H-bimodule structure of

X ®p A#H given by Proposition 3.16. Let h € H, thus

Yix,m) (@ - [h],a @4 m)

=(z-
=(z-[
=(z-

(by (3.11)) =

E%

h] @B 1a#1ly) @apn)e a-m

>

W)eS(hs)) @8 LaF#ly) @agwn)e a-m

h1)] @B €s(hy)) > (La#ln)) Sagn)e a-m

hy) @5 (S(h(2)) - 1a)#1u) @agnye a-m

h() @5 (La#S(h))(La#h(z)) Sagmy: a-m
A#S(hay) - (z @8 1a#1n) - (La#the2) @ag)e a-m

X -

[
-

&2

(
(z-
1
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(by Lemma 2.15) = (x ®p 1a#1y
z ®p laftly

( ®agrye (Latthe) - (a-m) - (La#S(hq)))
= (

= (z®p 1a#ly

(

= (

Dagnye (La##he))(a#ly) -m- (1a#S(ha)))

he) - a#thz)) - m - (La#S(hq)))

Qagrye (he2) - a#tla)(Lagtha)) - m - (La#tS (b))
T @5 1a##1ln) @agnye (hqay - a#tly)(LaFth)) - m-14#S(hs))
= (z @B La#ly) @agwne ([h] > a#ly) - ([he)]>m)

= Yx,m) (@, ([h1)] > a) @ae ([h(z)] - m))

= Yx,m)(z, [h] > (@ ®ae m)).

Q(A#H)e
= (v ®p la#ly

~— — ' ~— ~—

(
(
(
(
(
(

Then, the following map is well-defined
V(x,M) ¢ X OHpar (A®pe M) = (X @ A#H) Q(A#H)e M
x ®Hpar (a ®A4e m) = (55 ®B 1A#1H) ®(A#H)e a-m.

In order to obtain its inverse map we fix an m € M and define the map

Uxm 2 X X A#H — X @, (A@ac M)
(z,a#h) = © ®4,,, (1a @ac (afth) - m).

Then, ﬁX,m is B-balanced. Indeed,

z/NJX’m(ac “ek,a#h) =z - ey, @, (14 @ac (a#th) - m)
=T ®,,, ¢k > (1a ®ac (a#th) -m)
(by Lemma 3.14 (v) and (ii)) =  ®4,,, (k- 14 @ac (a#th) - m)
=2 @n,,, (14 ®ac (k- 1a#ly) - ((a#h) -m))
=2 ®,,, (1a ®ac (k- 1a)a#h) -m)
= Yxm(z, (k- 14)a#h)
(by (3.11)) = bx m(z, e > (a#h)).

Then, the following map is well-defined
wX,m : X ®p A#H — X ®’pr (A X Ae M)
r ®p (a#h) = T @, (1a @ac (a#h) -m).
So, we can define the map

Pixan o (X @p A#H) x M — X @y, (A M)
(x @B a#h,m) = Yx m(x @p a#th) = @y, (14 @a4e (aFth) - m),
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which is (A#H)c-balanced. Indeed, for the left action, we have

G (b#E) - (x @5 (azth)), m)
Pix,ay (- [S (ku))] ®g (b#k(2))(a#th), m)
)] @14y, (14 @ ac (b#k(s)) (a#th) - m)
z - [S(k1))] @1y, (b®ae (La#k(a))(adth) - m)
x - [S(ky)] (1a ®ae (La#tk(2))(a#th) - m - (b#1y))
=2 ®@n,,, [S(ka))]> (1a ®ae (La#tk(o))(a#th) - m - (b#1y))
& @1, ([S(k(1))] > 1a @ac [S(ki)] > (La#kes))(a#th) -m - (b#19)))
T, (5 k1)) - 1a @ae (1a#S (k) (La#tk)) (aFh) -m - (b#lﬂ)(lA#k(4)))
= 0 @1y, (SUhn)) - 1a @ac ((S(hea) - La(S Ui ew) (atth) - m - (bt 1) (Ladths))))

= 2@, (S0i) - 1a @ac ((S(he)) - Lage () 1aa) (adth) - m- (bt L) (L)) )

- [S(ka)

®Hpa7

— 2@y, (S(h) - 1a @ ((S(ke) - Lattla)(adth) - m - (b1 (Laks)))
= 2@, ((S(h) - 1a)(S(k) - 14) @ac ((adth) -m - (b#130) (Latthes))) )
=@ @y, ((S(k) - 1a) @ac ((afth) - m - (b1 (Lahiz))

=@, (La @ac ((afth) - m- (0F1) (Latthe) (S(h) - La)# 1) )

o ((ath) - (A1) (Ladth) (S () - 1a)# 1))

- ((ah) - m- (b1 (ki) - (S(hea)) - 1) #hea) )

 ((adth) - (010 (K - Ladthes))

e (L4 @ac ((agth) - m - (b#h)))

= Poxan (2 05 (afth),m - (#E),

and, for the right action

bixan((z @5 (a#th)) - (b#k),m) = Pixan) (x @5 (a#h) (b#k), m)
=T ®@n,,, (14 @ac (afth)(b#k) - m)
=T ®,,, (14 @ac (a#h) - ((b#k) - m))
= Y. ((x ®p afth), (b#k) - m).

Thus, the map
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Yixan) 2 (X @ A#FH) @aunye M — X @3, (A@ae M)
(z ®@p a#th) @agrye m = x D, (1a @ac (aFth) - m)

is well-defined. Observe that v(x ) and ¥(x pr) are mutual inverses since

P(x.a) (V(X,M)(x OHypar (@ D e m))) = 1/J(X,M)((CU ®B La#ly) @apn) a- m)
=T Oy, (14 ®ac a-m)

=z ®,,, (a®sem)
par

and

Yx.an (Vx ) (2 @8 adth) @asge m)) = Yx,m) (£ Do, (14 ©ac aFth - m))
= (v ®p La#lu) @agn)e a#th-m
= (:r KB a#h) ®(A#H)€ m.
Let X’ be another right H,.-module and M’ be a A#H-bimodule, f : X — X’

a map of right H,q--modules and g : M — M’ a map of A#H-bimodules. Then, the
following diagram commutes

X @, (Ao M) —L2 5 X' @y (A®ac M)

’Y(X,M)J( 'V(X’,M’)J(
(f.9)
(X ®@p A#H) @apnye M — (X' @ A#H) @agp)e M’

where, (f,9) = f ®u,,, (14 ®ac g) and (f,g) = (f @5 1a#1n) @agn)- g- Indeed,

e (9@ @y, (@840 m)) = vixan (F@) Oy, (@ a0 g(m))

(f(z) @B 1a#1ly) agn)e a- g(m)
(f(x) @B 1a#1ly) @agn)e 9(a-m)
(f,9) ((x @B 1a#1y) @agw)e a-m)
= (f,9) (vx.m) (@ @4, (@ @ac m))).

Thus, 7 is a natural isomorphism. O
Lemma 3.18. The isomorphism of K-modules

¢: AH#HH — Bep A#HH
a#th — 1 ®p a#h

is an isomorphism of A#H-bimodules.
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Proof. For any b#k, a#h, c#t € A#H we have that

o((b#k) (a#h)(c#1)) = 15 ®p (b#k)(a#th)(c#t)
= (1 @5 (b#k)(a#th)) - (c#t)
=15 @5 (k1) - La)b#k(2))(a#h)) - (c#1)
(by (3.11)) = 15 ®5 ex,, > (b#k(2)) (a#th))) - (c#t)

— 15 ey, ©5 (bitke ) (adth) - (c#t)

= ek 180k @ (k) (ath)) - (c#t)

= ek, @5 (b#k())(a#h)) - (c#t)

= ([k)]18[S (k)] @5 (b#ke)) (a#th)) - (c#t)
= (1sa[S(kq))] ©5 (b#ke2))(a#th)) - (c#t)
= (b#k) - (15 @5 (a#th)) - (c#t)
= (b#k) - ¢(adth) - (c#1). O

Corollary 3.19. The functors FoFy and F are naturally isomorphic.
Proof. Using Proposition 3.17 for the particular case X = B we obtain that the functors
B®44,,, (A®ae —): (A#H)*-Mod — K -Mod
and
(B®p A#H) @agn)e — : (A#H)*-Mod — K -Mod
are naturally isomorphic. Clearly, FoF} = B ®4,,, (A ®4 —). On the other hand, by
Lemma 3.18 we know that B @ A#H = A#H as A#H-bimodules. Therefore, F' =

(B®p A#H) @(agn)e — whence we get the desired conclusion. O

In all what follows in this section, we assume that the cocommutative Hopf algebra
‘H is projective over K.

Lemma 3.20. H ., is projective as a left B-module.

Proof. It was proved in [7, Theorem 4.8] that the partial action (3.5) of H on B is such

that @ : Hper — B#H is an isomorphism of algebras induced by the partial representa-
tion

m:H = B#H
h'—)lg#h.
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Recall that the structure of the left B-module H,q, is just the induced by the natural
inclusion B < Hpqr. On the other hand, the structure of B#H as a left B-module is
determined by the morphism of algebras ¢g : B — B#H such that w — w#1y. Let
h € H and x € Hpqr. Then,

*(enw) = 7 (en)f ()

(L#h)) (1#S (h2)))7 (z)
= (hqy - 1s#h(2)S(hs))) 7 ()
= (h- #1H) x)
(en#tla)(x

=ep - 7(x).

Therefore, 7 is an isomorphism of left B-modules. Therefore, it is enough to prove that
B#H is projective as a left B-module. Using the Lemma 3.11 for X = R=B,Y =H
and S = K we obtain that B ® H is projective as a left B-module. By Lemma 2.6 we
know that B#H is a direct summand of B ® H, whence B#H is projective as a left
B-module. O

By Lemma 3.20 and Proposition 3.10 we obtain the following proposition

Proposition 3.21. Any projective left Hpar-module is projective as a left B-module.

Lemma 3.22. Any projective right Hpar-module is a projective right B-module. Thus, any
projective resolution of B in Mod-Hpar is a projective resolution in Mod-B.

Proof. Let X be a projective right Hyq,-module. Then, by Lemma 3.6 we have that X
is a projective left H,q,-module with action

zpxi=198(2), V2 € Hpar.
Observe that by the cocommutativity of H we have that

S(en) = S([h(l)][s(h@))]) = [52(h(2))][5([h(1)])] = [h(l)][s([h@)})] = €h,

and since B is commutative we conclude that S|z = idg. Now by Proposition 3.21 we
have that X is projective as a left B-module with action

wrr:=rdS(w) =z qw.

Using again that B is commutative we have that any right B-module is a left B-module
with the natural action. Thus, X is projective as right B-module. O
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Lemma 3.23. Let M be a left Hpar-module, and let Py — B be a projective resolution of
left (right) Hpar-modules of B. Then, H,,(Py ®3 M) =0 for alln > 1.

Proof. Notice that by Proposition 3.21 or Lemma 3.22, for the left and right case re-
spectively, we have that Py — B is also a projective resolution of B in Mod-B. Therefore,

0 ifn>1
M ifn=0.

H, (P, @3 M) = Tory, (B, M) = {
Proposition 3.24. I sends projective (A#H)-bimodules to left Fy-acyclic modules.
Proof. We have to see that
(LpyFo)(A®ae P) =0, Vn > 1,

for any projective (A#H)®-module P. Now observe that

(LnF2)(A®ae P) = Ly(B®3,,, —)(A®aec P)
Ln(= ®%,,, (A®a- P))(B)
Ly,

((— @8 A#H) @(ann)- P)(B).

1

(by Proposition 3.17) =
Let Qo — B a projective resolution of B in Mod-H,q,. Then,
(LnF2)(A®ae P) = Ly, ((— @8 A#H) @ (aprye P)(B) = Hy ((Qo @8 A#H) @(apr)e P) .
Observe that if the complex (Qo ®p A#H) is exact for all n > 1 then the complex

(Qe @B A#H) @(agp)e P is exact for all n > 1 since P is projective as (A#H)°-module,
and so

Hy ((Q- ®p A#H) Q(A#H)e P) =0,Vn > 1,

which is exactly what we want. Therefore, it is enough to show that (Qe®pA#H) is exact
for all n > 1. Recall that (Qe®p A#H) is exact in n if, and only if, H,,(Qe®@p A#H) = 0.
But the latter equality holds by Lemma 3.23. O

Theorem 3.25. Let ‘H be a cocommutative Hopf K -algebra, such that H is projective as
a K-module. If - : H® A — A is a symmetric partial action of H on a unital algebra
A, then for any (A#H)%-module M there exists a first quadrant homological spectral
sequence E” such that

B2, = Tor/'rr (B, Hy(A, M)) = Hyyo(A#H, M).
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Proof. Keeping in mind Remark 3.13 we know that
LoFi(=) = Hy(A, =), LyFa(—) = Torz)'L”“T (B, =) and Ly F'(=) = Hpyq(A#H, —).

We also have that F} and Fy are right exact functors, by Proposition 3.24 the functor Fy
sends projective (A#H )-bimodules to Fy-acyclic modules and by Corollary 3.19 we have
that Fo Fy = F. Thus, by [38, Theorem 10.48] we obtain the desired spectral sequence. 0O

Example 3.26. If A is a separable algebra, then

_ 0 ifg>1
Hq(A, M) = {M/[A,M] it q=0.

Therefore, the spectral sequence in Theorem 3.25 collapses on the p-axis, and thus we
obtain the following isomorphism:

H,(A#H, M) = Tor = (B, M/[A, M]).

Example 3.27. Let G be a group. If H = KG then the spectral sequence of Theorem 4.6
takes the form

B2, = HP (G, Hy(A, M)) = Hpiq(A x G, M),
where HY*" (G, —) := TorkrG(B, ).

Example 3.28. From [7] we know that there exists a partial action of H on B such that
Hpar = B#H. Therefore,

E. = Tor)lr*r(B, Hy(B, M)) = Hpq(Hpar, M).
In particular if H = K G then the spectral sequence takes the form

E2 = HI"(G,Hy(B,M)) = Hpiq(KparG, M).
Observe that B¢ is generated as a K -algebra by the set of idempotent {e,®es, : g, h € G}.
Therefore, B¢ is a Von Neumann regular algebra, and consequently, B is flat as a B°-
module. Thus, the above spectral sequence collapses on the p-axis, and we obtain the
following isomorphism

HE (G, M[[B, M]) = Hp(Kpar G, M).

The above isomorphism generalizes the Mac Lane isomorphism (see for example [35,
7.4.2]) in the sense that if M is a G-group. Then,
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H,(KG,M) = Hy(KparG, M) = H}*" (G, M) = Hy(G, M),
as it is shown in [26].
4. Cohomology of the partial smash product

Now we proceed to show the existence of a dual cohomological spectral sequence
for the Hochschild cohomology. Recall that H is a cocommutative Hopf K-algebra, A a
unital K-algebra and

THRA—= A
h®a— h-a

a symmetric partial action of H on A.

Proposition 4.1. Let M be an A#H-bimodule. Then, Hom e (A, M) is an Hpqr-module,
with the action determined by

((hl> f)(a) = (bl > (1S (k)] > a). (4.1)

Proof. For h € H define 7, : Home (A, M) — Homae(A, M), by mn(f)(a) := [ha] >
F([S(he))]>a), for all f € Homye(A, M) and a € A. Then,

7m:H — Endg (Homye (A, M))

h — my,

is a partial representation. Indeed, for any h,t € H we have

= [tyl[h)][S(h@)] > (f([h)][S(h@)IIS ()
= [tw)][ha) S(h@))} > (f([he)][S(ha)I[S(te))
= [tayh)][S(he))] > (f( h(3 S(tayhw)] > a))

(

>
[tayhayl > (s (he) (I 2)h(3))]>a))
= [ty ] > (750 (N (S he)] > 0)

- ﬂ-th(l) 7TS(h(2>) (f) (a)

IS
Il

Analogously, we have that
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WS(h(l))ﬂ-h(z)ﬂ—t(f)(a) = Wh(l)ﬂs(h<2))t(f)(a).

It is clear that m1,,(f) = f. Then, 7 is a partial representation and thus Hom 4. (A, M)
is a Hpgr-module. O

Now we can define the following functors, by Proposition 4.1
G1:=Homae (A, —) : (A#H)*-Mod — H p,-Mod. (4.2)
Recall that B is a left Hp.--module with the action given by (3.5), thus we can define
G = Homy,,, (B, —) : Hpar-Mod — K-Mod. (4.3)

The functor used to compute the Hochschild cohomology of A#H with coefficients in M
is

G := Hom(gpup)e (A#H, —) : (A#H)*-Mod — K-Mod. (4.4)

Recall that by Lemma 3.6 any left H,q,-module X is a right Hp4-module. If X is a
left Hpqr-module, then by Proposition 3.16 we have that X ®3 A#H is a A#H-bimodule
with actions:

agth - (z @p c#t) =z - [S(hq))] @5 (a#th@))(c#t) = [hw)] - © @5 (atho)(c#t) (4.5)
and
(x ®@p c#tt) - a#th := x Qg (c#t)(a#th). (4.6)
For the cohomological setting we have the dual version of Remark 3.13.

Remark 4.2. Recall that the morphism of rings A¢ — (A#H)¢ induced by the natural
inclusion of A into (A#7H) determines the structure of A°-module of (A#7H)°, and by
Lemma 3.12; if H is projective over K, then (A#H)¢ is projective as A°-module. Thus,
by [34, Corollary 3.6A] we conclude that any injective (A#H)¢-module is an injective
A¢-module. Consequently,

H*(A,M) = R*G1(M),
for any (A#H)%-module M.
Proposition 4.3. Let M be a fired A#H-bimodule. Then, the functors

Homyy,,, (—, Hom4e (A, M)) : Hpar-Mod — K-Mod
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and
Hom 43 (— ®p A#H, M) : Hpar-Mod — K -Mod

are naturally isomorphic. On the other hand, if X is a fized left Hpar-module, then the
functors

Homy,,,, (X, Homae (A, —)) : (A#H)°-Mod — K -Mod
and
Hom(gu90) (X ®p A#H, —) : (A#H)*-Mod — K-Mod
are naturally isomorphic.
Proof. Let X be a left Hpq-module and M be an (A#H )-bimodule. Define
Yx,m) : Homsyy,, (X, Hom e (A, M)) — Hom(guyy)e (X @p A#H, M)
f= 7(X,]\/I)(f)a

such that

Yx.m) () (@ @5 (adth)) = fo(14) - (a#h),

where f € Homy,, (X,Homue(A, M)) and f, := f(x). First, we have to verify that
Yx,m) (f) is well-defined. Indeed, notice that

V) () (@ - en @5 (agth)) (4.7)
= fo-en(1a) - (agth)
= fen-o(1a) - (ath)
= (en> fz)(1a) - (a#th)
= ([h)l[S(h@)] > fo)(1a) - (ath)
= (!> ([s(h@)] > f2)) (1a) - (asth),

by Equation (4.1) we have that

(o) o (1521 f2)) (La) - (ath) (4.8)
= (h] e ((18(h)]> ) (S > 1)) - (ah)
= [h@)[S(h@)] > fo([h@)][S(h@)] > 1a) - (a#th)

() = (enq > fulhez) - 1a)) - (afth),
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where (b) holds by item (i) of Lemma 3.14 (i7). Moreover, observe that:

(eh<1>'>fw(h(2) 1A>) - (a#th) (4.9)
(La#ha)Qa#S(h)) - falhesy - 1a) - (Latthay)(La#S(hs)))) - (ah)
(hqy - La#h(2)S(hez))) - fo(hay - 14) - (hes) - La#the)S(her))) - (a#th)
(hay - 1a#1%) - fo(hia) - 1a) - (h) - 1a#ly)) - (a#h)

((hqy - 1a)(he2) - La) () - 1a)) - (adth)
w(h-14) - (a#th)
fo(La) - (h- 1a#13)(asth)
fo(La) - ((h-1a)a#h)
(bb) = fa(1a) - (en > a#th)
=yx,m)(f)(@ @8 en > (a#h)),

(
= (
(
fa
f

where the equality (bb) holds by (i7) of Lemma 3.14. Thus, by Equations (4.7), (4.8) and
(4.9) we get

Yex ) (F)(@ - en ®p (a#h)) = vx,an) (f)(x @5 en > (adth)).

Now we have to verify that v(x ar)(f) is @ morphism of (A##H)-bimodules. It is clear
that v(x ar)(f) is a morphism of right A##-modules, so we only have to see that it is a
morphism of left A#H-modules. Observe that

Yo () (0#t - (z @5 (a#th))) = vxan () ([Ew)] - = @5 (b#t(2)) (a#th))

= fity)=(1a) - (b#L(2)) (a#h)

= ([t)] > fz)(1a) - (b#t(2))(a#th)

= ([t > fo([S(t2)] > 1a)) - (b#t(s))(ath)
(La#tty) - fo(S(ty) - 1a) - (La#S(t(2))) (b#t(a)) (aFth)
(La#tty)) - fo(S(ts) - 1a) - (S(t2) - b#S(E3))E()) (adth)
(La#t)) - fo(S(tay)) - 1a) - (S(tz)) - b#e(t(s))1n) (a#th)
= (La#tay) - f2(S(t) -1 ) (S(t(2)) - b#19)(a#h)
=(
=(
= (
(
=(

) - fal
La#ta)) - f2((S(ta)) - 1a)(S(t2) - b)) - (a#th)
La#tt) - f2((S(t) - ) (a#h)

La#t 1)) ((S(t2)) - 0)#1n) - fo(1a) - (a#th)
b#tt) - fz(1a) - (a#h)

b#t) - yx,an) (f)(x @5 (a#h)).

(by Lemma 2.7) =
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To show that 7(x a7) is an isomorphism of K-modules for any X € Hp.-Mod and
M € (A#H)°-Mod we will define its inverse map

A(X,M) : HOHI(A#H)e (X XnB A#H, M) — HOH’IHPM (X, Hom 4e (A, M))

such that

(Ax,an) (), (a) = flz @5 a#ly),

for all f € Hom(auy)- (X ®p A#H, M). Observe that (A(XﬁM)(f))x is a morphism of
A¢-modules. Indeed,

(Axan(f)),(bac) = f(x @p bac#1y)
f(z @p (b#1n)(a# 1) (c# 1))
f((0#13) - (z @5 (a#1n)) - (c#1w))
= (b#1n) - f((z @5 (a#1y))) - (c#1n)
=b- ( XM)(f))m<a) - C.

Now observe that A(x ) (f) is a morphism of H,q,-modules.

(Acean) () .o (@) = f
=f

[h] - x ®p a#tly)

€hery [h(2)] - * ®p aftly)

Chery ([h(2)] - ) @B a#ln)

([h)] - ) - €hy OB a#ly)

[h)] -z @5 eng,, > (a#1n))

[h)] - @ @B (Lagth(1)) (1a#S(h2))) (a#1n))

o~ o~ o~ 2~

((La#thy) - (z @8 (La#S(he)))(a#ly)))

((La#hqy) - (z @5 (S(he)) - a#S(he)))))

(( (z @5 (S(h(2)) - a#ly)) - (1a#S(he))))
x @5 (S(hes)) - a#ly))) - (1a#S(h)))

([S(h@)] > a)#1n))

Thus, A(x ) is well-defined. Finally, by direct computations we obtain that v x ) and
A(x vy are mutually inverses:
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(Ax,an) (Yex,a) ()2 (@) = vx a0 (f)(z @5 adfly)
= fz(1a) - (a#1y)
= fﬂc(a)

and

(v (A xan (D)) (@ @5 (a#th)) = (Axan(f)) ,(1a) - adth
= f(x ®@p La#ly) - afth
= f(x ®p a#th).

For a fixed M define var(X) = v(x,ar)- Then,
YM - HOIDHMT (7, Hom 4e (A, M)) — HOIH(A#H)e (7 R A#HH, M)

is a natural transformation. Indeed, let £ : X — X’ be a map of left H,,,-modules.
Then, we want to verify that the following diagram commutes

Homy,, (X, Hom ac (A, M)) «*— Homs,, (X', Hom e (A, M))

Y(X,M) l V(x’, M) l

Hom sz (X ®5 A#H, M) <= Hom aup) (X' @5 A#H, M)

where

¢ = Homy,,,, (¢, Homae (4, M)),
and

€. 1= Hom e (6 0 A#H, M),
Indeed,

(vx ) (€ ()@ @5 adth) = (€°(f))2(1a) - a#th
= Je)(1a) - agth

and

E(vxr o () (x @5 adth) = v(xr ) (f)(E(2) @5 adth)
= fg(m)(lA) . a#h.

Thus, the above diagram commutes. Finally, for a fixed H,,--module X we define
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vx : Homyy,,, (X, Homge (A, —)) = Hom(agy) (X ®p A#H, —),

par

such that yx (M) := v, x). Analogously we have that yx is a natural transformation.
Indeed, we have to see that for any ¢ : M — M’ morphism of A#H-bimodules the
following diagram commutes

Homy,., (X, Hom ae (A, M)) —— Homgy,, (X, Hom 4 (A, M"))

Y(X,M) l Y(x,m’) l

Hom ) (X @5 A#H, M) —— Hom sup)- (X @5 A#H, M)

where

(" := Homy,,,, (X, Homa (4, (),
and

¢, == Hom( gy (X @5 A#H, ().
Observe that

(Y, (CF () (z ®p adth) = (C7(f))2(1a) - (ath)
= ((f2(14)) - (adth)

and

G (vx, ) () (x @5 adth) = C(vix,an) (f)(z @5 adth))
(fz(1a) - (a#th))
(fz(14)) - (asth).

¢
¢
Thus, the above diagram commutes. O
Corollary 4.4. The functors GoG1 and G are naturally isomorphic.
Proof. By Proposition 4.3, taking X = B we have that the functors

Homy,,,, (B,Hom4e (A, —)) : (A#H)*-Mod — K-Mod
and

HOIII(A#'H)e (B XnB A#H, —) : (A#H)G—MOd — K-Mod
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are naturally isomorphic. It is clear that G2G1 = Homy,, (B, Home (A, —)). On the
other hand by Lemma 3.18 we have that B®pg A#H = A#H as A#H-bimodules. Thus,
G = Hom (A#H)e (B ®B A#H ) O

In all what follows, we assume that H is projective over K.

Proposition 4.5. G sends injective (A#H)-bimodules to right Gs-acyclic modules.
Proof. We have to see that

(R"G5)(Homue(A,Q)) =0Vn > 1,
for any injective (A#H)%-module Q). Now observe that

(R"G2)(Homye (A, Q)) = R"(Homy,,,, (B, —))(Homa-(4,Q))
>~ R" (Homq{par (_, Hom 4 (A» Q)))(B)
(by Proposition 4.3) =2 R™(Hom sy (— ®5 A#H, Q))(B).

Let P, — B a projective resolution of B in Hp.--Mod. Then,

(R"G2)(Homy-(A,Q)) = H” (Hom(A#H)e (Pe @B A#H, Q)) .

Observe that if the complex P, ® 5 A#H is exact for all n > 1 then the chain complex
Homau90) (Po @5 A#H, Q) is exact for all n > 1 since @ is injective as (A#H)®-module,
and so

" (HOm(A#H)e(P. ®p A#H, Q)) =0,Vn > 1,

which is exactly what we want. Therefore, it is enough to show that P, @ g A#H is exact
for all » > 1, but this follows from Lemma 3.23 since P, @3 A#H is exact in n if, and
only if, H,(Ps ®p A#H) =0. O

Theorem 4.6. Let H be a cocommutative Hopf K-algebra, which is projective as a K-
module, and - : H® A — A be a symmetric partial action of H on A. Then, for any
(A#H)e-module M there exists a cohomological spectral sequence E,. such that

By? =Exty, (B, HY(A,M)) = H"TI(A#H,M).
Proof. Recalling Remark 4.2 we know that
RIGy(=) = HI(A, =), R?Gs(—) = Extl, (B,—) and RFHIG(=) = HPHI(A#M, —).

We also have that G; and G5 are left exact functors, by Proposition 4.5 the functor
G sends injective (A#H)-bimodules to right Ga-acyclic modules and by Corollary 4.4
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we have that GoG1 = G. Thus, by [38, Theorem 10.47] we obtain the desired spectral
sequence. [

5. Hopf (co)homology based on partial representations

In analogy with the case of groups (see [1] and [3]) we give the following definition:

Definition 5.1. Let H be a cocommutative Hopf algebra. For a left H,q,-module M, we
define the partial Hopf homology of H with coeflicients in M by

HP (H, M) := Toreer (B, M). (5.1)
Analogously, we define the partial Hopf cohomology of H with coefficients in M by

HY,,(H, M) := Ext}, (B, M). (5.2)

r

Observe that as in the case of groups, the above-defined cohomology differs from the
cohomology based on partial actions introduced in [15].
In view of Definition 5.1 we can reformulate Theorem 3.25 and Theorem 4.6 as follows:

Theorem 5.2. Let - : H® A — A be a symmetric partial action of a cocommutative Hopf
algebra on A, such that H is projective over K. Then for any (A#H)®-module M there
exists a first quadrant homological spectral sequence E™ such that

By g = H}(H, Hy(A, M) = Hpyq(A#H, M),
and a third quadrant cohomological spectral sequence E, such that
By = HE,, (H,HY(A,M)) = H'T(A#H, M).

We proceed by showing that the above-defined (co)homology is a generalization of
the usual (co)homology for H-modules.

Remark 5.3. It is easy to see that the identity map idy : H — H is a partial representa-
tion. Thus, by Theorem 2.9 we have a surjective homomorphism of algebras Hpq, — H
such that [h] — h. Consequently, any left (right) H-module will be a left (right) Hpe.-
module.

Items () and (4¢) of [38, Lemma 10.69] directly lead to the following lemma.

Lemma 5.4. Let P be a projective left (right) Hpar-module. Then, H®4y,,, P (P®4,,, M)
is projective as left (right) H-module.
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Recall that the co-unit € : X — K is a homomorphism of algebras, thus we have a
homomorphism of algebras H,q — K such that [h] — e(h).

Lemma 5.5. The functors —®3,,, H and —®p K are naturally isomorphic. Analogously,
the functors H ®4y,,, — and K ®p — are naturally isomorphic.

Proof. Let X be a right Hpq,-module.

ix: X xH— XopK
(x,h) = x - [h] ®p 1.

Notice that f is Hpar-balanced. Indeed,

ix(x - [t h) =z - [t][h] @51

[
= & - [t][h1))es(ng)) @5 1
=z - [thalesine,) ©5 1
=z - [th(1)] ®B €s(h,y) > 1
= - [thay) @5 £(S(h)))
=z - [tha)] @5 e(h()
= - [tha)e(h)] @5 1
=z [thl®s1
= nx (x,th) = ix (z,[t] > h)
Therefore, the map
nx X @, H— X @5 K

$®Hparh0—>l‘~[h]®51

is well-defined. Let f : X — X’ be a morphism of #,,-modules. Then, the following
diagram commutes

Indeed,
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nx: 0 (f @, 130)(T @, h) = nx (f(2) @34,,, )

f(z)-[hesl
f(x-[h]) ®@p1
=(fesl)(z-[h]esl)

1)
= (fopl)onx(r ®u,,, h).

Thus, 7 : (— ®u,., H) = (= ®p K) is a natural transformation. Finally, consider the
map

Py : X XK — Xy, H

par

(z,7) = T @%n,,, 71

Observe that @y is B-balanced. Indeed,

Ox(z-ep,r)=x-€,@prly
=z ®pepd>(rly)
=2 ®pe(h)rly
=x Qg (en>r)ly

=dox(z,en>T).
Thus, the map

(I)X5X®BK‘>X®’HWT,H

TRBT T D, Tln
is well-defined. The maps nx and ®x are mutual inverses:
nx o Px(zr®p 1) =nx (T ®n,,,. ly) =z (rly)@pl=r®5sT,
and
Ox onx(x @, h) =Px(z-[h]®p 1) =z [h]| ®n,,, 1y =2, h. O

Proposition 5.6. Let P, — B be a projective resolution of right Hyqr-modules of B. Then,
Py ®3,,, H is a projective resolution of right H-modules of K.

Proof. By Lemma 5.4 we know that Py ®3,,, H is a complex of projective right H-
modules. Then, Py ®7,,, H is a resolution of K if, and only if,

0 ifn>1
H, (Po ®34,,, M) = {K if n = 0.
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Observe that by Lemma 5.5 and Lemma 3.22 we have that

Hy (Py ®4,,, H) = Hy(Ps ®5 K)

0 ifn>1

= Tor;}(B, K) = {K ifn =0,

Remark 5.7. It follows from the proof of Proposition 5.6 that

0 ifn>1

H2™ (H,H) = Tor}t»*(B,H) = Tory, (B, K) = {K if n = 0.

Proposition 5.8. Let X be a left (right) H-module. Then,
Tor}r*(B, X) = Tor}'(K, X) and Extj, (B, X) = Ext},(K, X).

Proof. Let P, be a projective resolution of B in Mod-H . Then, if X is a left H-module
we have
TOI-%:DG-T (67 X) = Hn (P. ®Hpar X)
= H,,(Po ®,,, (H®n X))
= Hy((Ps @4, M) @3 X)
(by Proposition 5.6) = Torl! (K, X).
In the dual settings, if X is a right H-module, we have
Ext%pw (B, X) = Hp(Homyy,,, (Ps, X))
= H,, (Homy,,, (P, Homy (H, X)))
=H, (Homﬂpw (Po,Homyy,,, (H, X)))

=H, (Homﬂpw (Po @3, M, X))
(by Proposition 5.6) = Ext}, (K, X). O

Assume that we have a global action - : H ® A — A. Then, any A##H-bimodule M
is an ‘H-module, consequently, H, (A, M) and H"(A, M) are H-modules. Therefore, by
Proposition 5.8 the spectral sequences of Theorems 3.25 and 4.6 take the global forms:

Corollary 5.9. Let H be a cocommutative Hopf algebra, which is projective as K-module,
and let - : HR A — A be a global action. Then there exist spectral sequences

B2, = Tort (K, Hy(A, M)) = H,\q(A#H, M),
and

EDY = Ext? (K, Hi(A, M)) = HP T AH#H, M).
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6. A projective resolution of B

Finally, we construct a projective resolution of B. Define the map

Y Hpar =+ B

T — x>lg.
Notice that 1 is a morphism of H,4,-modules. Indeed, let x, 2z € Hpq,. Then,
Y(xz) =zzplp=ab>(2>1) =x>Y(2).
We define the modules of our resolution by

Cl(H) = HEE T, (6.1)
as the tensor product of n+1 copies of H,qr over B. Henceforth, for the sake of simplicity,
since there is no ambiguity we will denote C),(#) just by CJ,.

Proposition 6.1. C), is projective as left (right) Hpar-module.

Proof. By induction, obviously C{, = Hp,, is free as left (right) Hpe-module. Assume
that CJ, is projective as left (right) H,q,-module, by [33, Proposition 3.9] we know that
C,, 11 is projective if, and only if, Homy,,, (C},,,, —) is exact. First, we consider the right
module case. Then, by [38, Theorem 2.75] we have that

Homy,, (C,

n

par (Hpar ®p Cylm _)
= Homp (Hpam Hom’;{pa'r‘ (Crlu _))

4+1,—) = Homy

Thus, Homy,,, (C}, 41, —) is exact since C;, is projective as a right H,q,-module by hy-
pothesis and H,qr is projective as a right B-module. Analogously for the left module
case by [38, Theorem 2.76] we have that

Homea'r~(C7{L+1’ _) = Homear (C’I/’L ®B HPCLT7 _)
= Homg(Hpar, Homyy,,, (C}, —)),

from which we conclude that C}, ,; also is projective as a left H,q,-module. O
Observe that product in H,q, is a well-defined morphism of H,q,-bimodules.

J7n Hpar ®B Hpar — Hpar

T QB Y +— TY.
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Using this map we are able to define the following face maps of left H,q,-modules for

n>1.I0<i<n-—1wesetd,;:C] — Cl_, such that

d; = idy KRB ... URB... A8 ’L'd'Hpm.,
——

i-position

par

In particular, for a basic element of C/,, this formula is determined by
di(xo @B ... QB Xp) =T RB ... B TiTiy1 QB ... B Tp,.
For i = n we define
dy = idy,,, @5 ... pidu,,, @5 1)).
Thus, for the basic elements of C/,, we obtain
dn (2o ®B ... @B Tp) =20 OB ... B Tn_1YP(Tn)

Analogously, we define the maps s; : C;, — C},, 1,0 <i <nandn >0, by

Si(l‘o KB ...R8 .Tn) =2og B ... 0B T; A 1pr ®B Tpn+1 OB ... OB Tn.-

Proposition 6.2. (C.,d;, s;) is a simplicial module.
Proof. Direct computations. O

Consequently, (C,,,) is a complex where

Proposition 6.3. C/, % Bisa projective resolution of B in Hpar-Mod.
Proof. For n > 0 consider the map s : C;, — C,_; such that

5(xg ®p ... @p Tp) = 13, O To QB ... O Tn.
Observe that such a map satisfies

(a) dos = idcy,,
(b) diS = Sdi_l, for all 4 Z 1.
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Thus,
n+1 n+1
Ont18 = Z( 1)id;s = idcr + Z Visdi_y
=0
=idcy, — Y (=1)'sd; = idc; — sy
i=0
Therefore,

80p + Ony18 =idcr, Yn > 1.

Whence H,(C,,0,) = 0 for all n > 1. Now counsider the map 9;. Explicitly this map
takes the form

01(z0 ®p 71) = 21 — ToY(T1).
Thus,
Ydo(zo ®p 71) = P(Tox1) — P(T0P(21))
=xpx1 > 1l — .To’(/J(l‘l) >1p

:1301>($1l>15)—560[>( (111 l>13)

)
(by Lemma 3.7) = z¢ > ¢(x1) — o > (z1) = 0.

Then, C, KA B is a complex. Now, let z be in the kernel of v, then
015(2) = 01(13,,, @B 2) =2 —P(2) = 2.

Whence, z € im 9. Thus, ker ¢ = im 9;. Thus, C., % Bis an exact sequence. Finally, by
Proposition 6.1 each C, is projective. O
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