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 A B S T R A C T

In recent years there has been a significant interest in studying discontinuous piecewise differ-
ential systems, mainly due to the wide range of applications in modeling natural phenomena. To 
understand the dynamics of these systems in the plane one challenge is to control their number 
of limit cycles. In this paper we study the existence of limit cycles in planar discontinuous 
piecewise linear Hamiltonian systems with three zones separated by the line 𝑌 = {(𝑥, 𝑦) ∶ 𝑥 ≥
0and𝑦 = 0} ∪ {(𝑥, 𝑦) ∶ 𝑥 = 0and𝑦 ≥ 0} ∪ {(𝑥, 𝑦) ∶ 𝑥 ≤ 0and𝑦 = 0}. We provide the maximum 
number of crossing limit cycles intersecting each branch of 𝑌  in one point, and intersecting 
two branches of the 𝑌  each one in two points. So we have solved the extension of the 16th 
Hilbert problem to this class of differential systems.

1. Introduction and statement of the main results

The study of planar discontinuous piecewise smooth vector fields has been a subject of great interest over the last years, specially 
because of their great applicability as mathematical models of applied phenomena as relay systems, mechanics, electrical circuits, 
among others. The study of them is a problem that started with Andronov, Vitt and Khainkin [1] in the 1920’s, and nowadays is an 
important problem in the qualitative theory of the differential systems. Since then, these equations have been extensively studied 
due to a new range of applications in other areas such as electronics and economics, to cite a few, for a further discussion see the 
books of Simpson [2], di Bernardo et al. [3], the survey of Makarenkov and Lamb [4], and the references therein.

A discontinuous piecewise smooth vector field  with three zones in the plane is composed of three 𝐶𝑟, 𝑟 ≥ 1, vector fields 
 = (𝑋, 𝑌 ,𝑍) where 𝑋, 𝑌  and 𝑍 are defined in the regions 1,2 and 3, respectively, separated by a curve 𝛴, and the vector 
field  follows the Filippov rules [5] on 𝛴. Of course, here R2 = 1 ∪2 ∪3 ∪ 𝛴.

We are interested in studying the crossing limit cycles of discontinuous piecewise smooth differential systems. A limit cycle of a 
differential system is a periodic orbit of that system for which there is no other periodic orbit in some sufficiently small neighborhood 
containing it. And a crossing limit cycle in a discontinuous piecewise differential system is a limit cycle whose intersection with the 
separation line are isolated points.

The unsolved XVI Hilbert problem asked for an upper bound on the maximum number of limit cycles that a polynomial 
differential systems of degree 𝑛 can exhibit, see [6]. The extended version of this problem to distinct classes of differential systems is 
considered in several papers, in particular, for families of piecewise differential systems with two or more zones. There are several 
papers which focus on to determine the maximum number of crossing limit cycles in piecewise systems with two or more regions, 
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like one straight line [7], two parallel straight lines [8–11], or conics [12,13], or reducible cubics [14], or irreducible cubics [15], 
or two circles [16], or non-regular discontinuous line as in [17–20].

Concerning the piecewise linear Hamiltonian systems in the plane with three zones it is important to mention that they can 
be of three distinct classes: the ones without equilibria, the ones with a saddle and the ones with a center. So the combination of 
these three classes in the three pieces of the discontinuous piecewise differential systems produce 27 different types of such planar 
piecewise differential systems. In this paper we shall investigate all these 27 classes.

The three regions of the discontinuous piecewise differential systems that we are studying are
1 = {(𝑥, 𝑦) ∶ 𝑥 ≥ 0, 𝑦 ≥ 0 },
2 = {(𝑥, 𝑦) ∶ 𝑥 ≤ 0, 𝑦 ≥ 0 },
3 = {(𝑥, 𝑦) ∶ 𝑦 ≤ 0 },

which are separated by the curve 𝑌 = 𝛴1 ∪ 𝛴2 ∪ 𝛴3, where

𝛴1 = {(𝑥, 𝑦) ∶ 𝑥 > 0 and 𝑦 = 0},

𝛴2 = {(𝑥, 𝑦) ∶ 𝑥 = 0 and 𝑦 > 0},

𝛴3 = {(𝑥, 𝑦) ∶ 𝑥 < 0 and 𝑦 = 0}.

And the vector field of the piecewise differential systems that we shall study are 

(𝑥, 𝑦) =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝑋(𝑥, 𝑦) =
(

𝜕1
𝜕𝑦

,−
𝜕𝐻1
𝜕𝑥

)

if (𝑥, 𝑦) ∈ 1,

𝑌 (𝑥, 𝑦) =
(

𝜕2
𝜕𝑦

,−
𝜕𝐻2
𝜕𝑥

)

if (𝑥, 𝑦) ∈ 2,

𝑍(𝑥, 𝑦) =
(

𝜕3
𝜕𝑦

,−
𝜕𝐻3
𝜕𝑥

)

if (𝑥, 𝑦) ∈ 3,

(1)

where 

𝑖(𝑥, 𝑦) = 𝑎𝑖𝑥 + 𝑏𝑖𝑦 + 𝑐𝑖𝑥
2 + 𝑑𝑖𝑥𝑦 + 𝑒𝑖𝑦

2, (2)

with 𝑎𝑖, 𝑏𝑖, 𝑐𝑖, 𝑑𝑖, 𝑒𝑖 ∈ R for 𝑖 = 1, 2, 3.
For these piecewise differential systems we investigate two types of limit cycles. First, the crossing limit cycles which intersect 

𝑌  in one point in each 𝛴𝑖, for 𝑖 = 1, 2, 3. Second, the crossing limit cycles intersecting 𝛴1 and 𝛴2 in two points. Of course, it is not 
necessary to consider the crossing limit cycles intersecting 𝛴2 and 𝛴3 in two points due to the symmetry of the problem.

The main results of this paper are the following two theorems.

Theorem 1.  Consider discontinuous planar piecewise linear Hamiltonian systems with three zones of 𝑌 -type as in (1). For these systems 
the maximum number of crossing limit cycles intersecting 𝛴𝑖, 𝑖 = 1, 2, 3 in one point is at most three, and there are systems with three limit 
cycles, see Fig.  1.

Theorem 2.  Consider discontinuous planar piecewise linear Hamiltonian systems with three zones of 𝑌 -type as in (1). For these systems 
the maximum number of crossing limit cycles having two intersection points with 𝛴1 and 𝛴2 is at most one, and there are systems with one 
limit cycle, see Fig.  2.

Theorems  1 and 2 are proved in Sections 2 and 3 , respectively.
Linear Hamiltonian systems can be of three distinct classes: without equilibria, with a saddle or with a center. So the combination 

of these three classes of linear Hamiltonian systems in the three pieces of the discontinuous piecewise differential systems that we 
want to study produce 27 different types of such piecewise differential systems. From these 27 types in the paper [19] it is study the 
type in which the three linear Hamiltonian systems forming the piecewise differential system are without equilibria. So it remains 
to study the other 26 types. Moreover the proof of this upper bound in the particular type of piecewise differential systems studied 
in the paper [19] is different from the one that we shall provide here and it is specific for the piecewise differential systems formed 
by three linear Hamiltonian systems without equilibria. While the proof of Theorem  1 is easier and works for all the 27 types of 
piecewise differential systems. So here we complete the other 26 cases did not considered until now.

We must mention that in the paper [21] the authors also study piecewise differential systems separated by the line 𝑌  and formed 
by linear differential systems, that do not need to be Hamiltonian. Their main result for such kind of piecewise differential is that 
a lower bound for the maximum number of crossing limit cycles intersecting 𝛴𝑖, 𝑖 = 1, 2, 3 in one point is three. In Theorem  1 we 
have proved that this lower bound is also the upper bound when we restrict the class of piecewise differential systems to the ones 
formed by linear Hamiltonian systems.
2 
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Fig. 1. Example of differential system (1) having 3 crossing limit cycles intersecting 𝛴𝑖, 𝑖 = 1, 2, 3 in one point.

Fig. 2. Example of differential system (1) having one crossing limit cycle with two intersection points with 𝛴1 and 𝛴2.

2. Proof of Theorem  1

In what follows instead of saying crossing limit cycle we simple say limit cycle.
We consider the piecewise differential systems  , see (1), formed by three linear Hamiltonian systems with Hamiltonians 𝑖, 

for 𝑖 = 1, 2, 3 given in (2).
If the piecewise differential system  has a limit cycle interesting the discontinuity line 𝑌 = 𝛴1 ∪ 𝛴2 ∪ 𝛴3 at the three points 

of the form (𝑥1, 0), (0, 𝑦1) and (𝑥2, 0) where 𝑥1 > 0, 𝑦1 > 0 and 𝑥2 < 0, then the coordinates 𝑥1, 𝑦1 and 𝑥2 must satisfy the following 
three equations

𝐸1 = 1(𝑥1, 0) −1(0, 𝑦1) = 𝑎1𝑥1 + 𝑐1𝑥21 − 𝑏1𝑦1 − 𝑒1𝑦21 = 0,
𝐸2 = 2(0, 𝑦1) −2(𝑥2, 0) = −𝑎2𝑥2 − 𝑐2𝑥22 + 𝑏2𝑦1 + 𝑒2𝑦21 = 0,
𝐸3 = 3(𝑥2, 0) −3(𝑥1, 0) = (𝑥2 − 𝑥1)(𝑎3 + 𝑐3(𝑥1 + 𝑥2)) = 0.

As 𝑥 ≠ 𝑥 , from 𝐸 = 0 we have 𝐹 = 𝑎 + 𝑐 (𝑥 + 𝑥 ) = 0.
1 2 3 3 3 1 2

3 
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Fig. 3. A configuration that can produce three limit cycles.

Note that 𝑐3 ≠ 0, otherwise the equation 𝐸3 = 0 has no solution if 𝑎3 ≠ 0, or the system 𝐸1 = 𝐸2 = 𝐸3 = 0 has infinitely many 
solutions if 𝑎3 = 0, and consequently the differential system cannot have limit cycles.

Since 𝑐3 ≠ 0 we get 𝑥2 = −(𝑎3 + 𝑐3𝑥1)∕𝑐3. So the equations 𝐸1 = 0 and 𝑐23𝐸2 = 0 reduce to 

𝐸11 = 𝑎1𝑥1 + 𝑐1𝑥21 − 𝑏1𝑦1 − 𝑒1𝑦21 = 0,
𝐸21 = −𝑎3(𝑎3𝑐2 − 𝑎2𝑐3) − 𝑐3(2𝑎3𝑐2 − 𝑎2𝑐3)𝑥1 − 𝑐2𝑐23𝑥

2
1 + 𝑏2𝑐23𝑦1 + 𝑐23𝑒2𝑦

2
1 = 0.

(3)

The system 𝐸11 = 𝐸21 = 0 admits until four zeros (intersection of two conics) what means that there are at most four crossing 
limit cycles, but we shall prove that these piecewise differential systems have at most three limit cycles. We shall consider different 
cases.

If 𝑎3(𝑎3𝑐2−𝑎2𝑐3) = 0, then system (3) has the solution (𝑥1, 𝑦1) = (0, 0). Consequently under this assumption the differential system 
has at most three limit cycles.

In what follows we assume that 𝑎3(𝑎3𝑐2 − 𝑎2𝑐3) ≠ 0, and we distinguish some cases.
Case 1: 𝑐1 = 𝑐2 = 0. Then system (3) has at most two positive solutions for 𝑦1 because the resultant of the polynomial 𝐸11 and 𝐸21
with respect to the variable 𝑥1 is the following polynomial in the variable 𝑦1 of degree 2

𝑎1𝑎2𝑎3𝑐3 + (𝑎2𝑏1 + 𝑎1𝑏2)𝑐23𝑦1 + 𝑐23 (𝑎2𝑒1 + 𝑎1𝑒2)𝑦21.

Consequently at most two limit cycles in this case.
Case 2: 𝑐1 = 0 and 𝑐2 ≠ 0. Now we have that 𝐸11 = 0 reduces to a parabola symmetric with respect to some horizontal straight line, 
passing through the origin. The conic 𝐸21 = 0 can intersect the parabola only in two points with coordinates 𝑦1 positive. So the 
piecewise differential Eq. (1) has at most two limit cycles in this case.
Case 3: 𝑐1 ≠ 0 and 𝑐2 = 0. This case follows using the same arguments than in Case 2 but now the parabola is 𝐸21 = 0.

Case 4: 𝑐1𝑐2 ≠ 0. From 𝐸11 = 𝐸21 = 0 it follows that 𝐸̃1 = 𝑐2𝑐23𝐸11 + 𝑐1𝐸21 = 0 and 𝐸̃2 = 𝑐23𝑒2𝐸11 + 𝑒1𝐸21 = 0 become 

𝐸̃1 = −𝑎3𝑐1(𝑎3𝑐2 − 𝑎2𝑐3) − 𝑐3(2𝑎3𝑐1𝑐2 − 𝑎2𝑐1𝑐3 − 𝑎1𝑐2𝑐3)𝑥1+
𝑐23 (𝑏2𝑐1 − 𝑏1𝑐2)𝑦1 − 𝑐23 (𝑐2𝑒1 − 𝑐1𝑒2)𝑦21 = 0,

𝐸̃2 = −𝑎3(𝑎3𝑐2 − 𝑎2𝑐3)𝑒1 − 𝑐3(2𝑎3𝑒1𝑐2 − 𝑎2𝑒1𝑐3 − 𝑎1𝑒2𝑐3)𝑥1−
𝑐23 (𝑐2𝑒1 − 𝑐1𝑒2)𝑥21 + 𝑐23 (𝑏2𝑒1 − 𝑏1𝑒2)𝑦1 = 0.

(4)

If 𝑐2𝑒1 − 𝑐1𝑒2 = 0, then equations 𝐸11 = 𝐸21 = 0 are straight lines, and so they have either at most one solution implying that the 
piecewise differential system (1) has at most one limit cycle, or a continuum of solutions and the piecewise differential system (1) 
has no limit cycles. So in what follows we assume that 𝑐2𝑒1 − 𝑐1𝑒2 ≠ 0.

If 𝑏2𝑒1−𝑏1𝑒2 = 0, from the equation 𝐸̃2 = 0, it follows that the system 𝐸̃11 = 𝐸̃21 = 0 only can have at most two positive solutions 
for 𝑥1, so at most two limit cycles. Therefore in what follows we assume that 𝑏2𝑒1 − 𝑏1𝑒2 ≠ 0.

If 2𝑎3𝑐1𝑐2 − 𝑎2𝑐1𝑐3 − 𝑎1𝑐2𝑐3 = 0, from the equation 𝐸̃1 = 0, it follows that the system 𝐸̃11 = 𝐸̃21 = 0 only can have at most two 
positive solutions for 𝑦1, so at most two limit cycles. Hence in what follows we assume that 2𝑎3𝑐1𝑐2 − 𝑎2𝑐1𝑐3 − 𝑎1𝑐2𝑐3 ≠ 0.

Since (2𝑎3𝑐1𝑐2 − 𝑎2𝑐1𝑐3 − 𝑎1𝑐2𝑐3)(𝑏2𝑒1 − 𝑏1𝑒2) ≠ 0, 𝐸̃1 = 0 is a parabola symmetric with respect to some horizontal straight line. 
While 𝐸̃2 = 0 is a parabola symmetric with respect to some vertical straight line. See for instance Fig.  3, where the three points 
of intersection, (𝑥𝑖, 𝑦𝑖) for 𝑖 = 1, 2, 3, between the two parabolas contained in the positive quadrant of the plane 𝑝𝑖 = (𝑥1, 𝑦1) satisfy 
0 < 𝑥1 < 𝑥2 < 𝑥3 and 0 < 𝑦1 < 𝑦2 < 𝑦3, so in principle these three solutions of the system (7) could provide three limit cycles of the 
4 
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Fig. 4. Another configuration that at most can produce three limit cycles.

Fig. 5. (a) At most can produce two limit cycles due to the points 𝑝1 and 𝑝2. (b) At most can produce two limit cycles due to the points 𝑝1 and 
𝑝2 or 𝑝1 and 𝑝3. (c) At most can produce three limit cycles due to the points 𝑝1, 𝑝2 and 𝑝3.

piecewise differential system (1). Moreover, we have piecewise differential system (1) having three limit cycles, the Hamiltonians

𝐻1(𝑥, 𝑦) = − 483
218

𝑥2 −
√

483
109

𝑥𝑦 + 37989
2180

𝑥 − 𝑦2 + 20003
2180

𝑦,

𝐻2(𝑥, 𝑦) = − 135
314

𝑥2 + 3
√

15
157

𝑥𝑦 − 1983
628

𝑥 − 1
2
𝑦2 + 10589

3140
𝑦

𝐻3(𝑥, 𝑦) = − 2 𝑥2 − 2 𝑥𝑦 − 22
5

𝑥 − 1
2
𝑦2 + 5 𝑦.

has the three limit cycles as in Fig.  1.
Now consider the Fig.  4 where the two parabolas intersect in four points, 𝑝𝑖 = (𝑥𝑖, 𝑦𝑖) for 𝑖 = 1, 2, 3, 4, in the positive quadrant 

of the plane (𝑥1, 𝑦1). It is clear that the coordinates of these four points satisfy 0 < 𝑥1 < 𝑥2 < 𝑥3 < 𝑥4 and 0 < 𝑦4 < 𝑦1 < 𝑦2 < 𝑦3. 
Consequently, these four points cannot provide four limit cycles, because the limit cycle through the points (𝑥4, 𝑦4) would intersect 
the other limit cycles due to the fact that 0 < 𝑦4 < 𝑦1 < 𝑦2 < 𝑦3.

Other three configurations of the two parabolas with four intersections points, (𝑥𝑖, 𝑦𝑖) for 𝑖 = 1, 2, 3, 4, in the positive quadrant of 
the plane (𝑥1, 𝑦1) are possible, see Fig.  5, but similar arguments as the ones of the previous paragraph show that never the coordinates 
of these four points can satisfy the inequalities 0 < 𝑥1 < 𝑥2 < 𝑥3 < 𝑥4 and 0 < 𝑦1 < 𝑦2 < 𝑦3 < 𝑦4, and consequently these four points 
cannot provide four limit cycles. This completes the proof of Theorem  1.

3. Proof of Theorem  2

Let  be the piecewise differential system (1). We assume that the intersection points of a limit cycle of  with the discontinuity 
set 𝑌 = 𝛴1 ∪ 𝛴2 ∪ 𝛴3 has four points of the form (𝑥1, 0), (0, 𝑦1), (0, 𝑦2) and (𝑥2, 0) where 

0 < 𝑥 < 𝑥 and 0 < 𝑦 < 𝑦 . (5)
1 2 1 2

5 
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Then the coordinates of these points must satisfy the following four equations
𝐸1 = 1(𝑥2, 0) −1(0, 𝑦2) = 0,
𝐸2 = 2(0, 𝑦2) −2(0, 𝑦1) = 0,
𝐸3 = 1(0, 𝑦1) −1(𝑥1, 0) = 0,
𝐸4 = 3(𝑥1, 0) −3(𝑥2, 0) = 0.

As 𝑥1 ≠ 𝑥2 and 𝑦1 ≠ 𝑦2 we get the following system 
𝐸1 = 𝑎1𝑥2 + 𝑐1𝑥22 − 𝑏1𝑦2 − 𝑒1𝑦22 = 0,
𝐸21 = 𝑏2 + 𝑒2(𝑦1 + 𝑦2) = 0,
𝐸3 = −𝑎1𝑥1 − 𝑐1𝑥21 + 𝑏1𝑦1 + 𝑒1𝑦21 = 0,
𝐸41 = 𝑎3 + 𝑐3(𝑥1 + 𝑥2) = 0.

(6)

If 𝑥21𝑦22 − 𝑥22𝑦
2
1 ≠ 0 from system (6) we obtain that 

𝑎3 = −𝑐3(𝑥1 + 𝑥2), 𝑐1 =
𝑏1𝑦1𝑦2(𝑦2 − 𝑦1) + 𝑎1(𝑥2𝑦21 − 𝑥1𝑦22)

𝑥21𝑦
2
2 − 𝑥22𝑦

2
1

,

𝑏2 = −𝑒2(𝑦1 + 𝑦2), 𝑒1 =
𝑎1𝑥1(𝑥1 − 𝑥2)𝑥2 + 𝑏1(𝑥22𝑦1 − 𝑥21𝑦2)

𝑥21𝑦
2
2 − 𝑥22𝑦

2
1

.

(7)

Putting these coefficients into the differential system (1), this system has a limit cycle passing through the points (𝑥1, 0), (𝑥2, 0), (0, 𝑦1),
(0, 𝑦2).

Now we shall prove that system (1) can have at most one limit cycle intersecting the discontinuity line 𝑌  in two points in 
the half positive 𝑥-axis and two points in the half positive 𝑦-axis. Indeed, assume that there is a second limit cycle intersecting the 
discontinuity line in the points (𝑋1, 0), (𝑋2, 0), (0, 𝑌1), (0, 𝑌2). Then the coordinates of these points must satisfy the following equations:

𝐸̃1 = 1(𝑋2, 0) −1(0, 𝑌2) = 0,
𝐸̃2 = 2(0, 𝑌2) −2(0, 𝑌1) = 0,
𝐸̃3 = 1(0, 𝑌1) −1(𝑋1, 0) = 0,
𝐸̃4 = 3(𝑋1, 0) −3(𝑋2, 0) = 0.

(8)

As 𝑋1 ≠ 𝑋2 and 𝑌1 ≠ 𝑌2 we get the following system 
𝐸̃1 = 𝑎1𝑥22𝑋2𝑦21 − 𝑎1𝑥2𝑋2

2𝑦
2
1 + 𝑏1𝑋2

2𝑦
2
1𝑦2 − 𝑎1𝑥21𝑋2𝑦22 + 𝑎1𝑥1𝑋2

2𝑦
2
2 − 𝑏1𝑋2

2𝑦1𝑦
2
2

− 𝑏1𝑥22𝑦
2
1𝑌2 + 𝑏1𝑥21𝑦

2
2𝑌2 + 𝑎1𝑥21𝑥2𝑌

2
2 − 𝑎1𝑥1𝑥22𝑌

2
2 + 𝑏1𝑥22𝑦1𝑌

2
2 − 𝑏1𝑥21𝑦2𝑌

2
2 = 0,

𝐸̃21 = 𝑒2(𝑦1 − 𝑌1 + 𝑦2 − 𝑌2) = 0,
𝐸̃3 = 𝑏1(𝑥22𝑦1(𝑦1 − 𝑌1)𝑌1 + 𝑥21𝑌1(𝑌1 − 𝑦2)𝑦2 +𝑋2

1𝑦1𝑦2(𝑦2 − 𝑦1))
+ 𝑎1(𝑥1𝑥2(𝑥2 − 𝑥1)𝑌 2

1 +𝑋2
1 (𝑥2𝑦

2
1 − 𝑥1𝑦22) +𝑋1(−𝑥22𝑦

2
1 + 𝑥21𝑦

2
2)) = 0,

𝐸̃41 = −𝑐3(𝑥1 −𝑋1 + 𝑥2 −𝑋2) = 0.

(9)

taking into account that 𝑥21𝑦22 − 𝑥22𝑦
2
1 ≠ 0. After some easy but tedious computations the solution of system (9) with respect the 

variables 𝑋1, 𝑋2, 𝑌1, 𝑌2 is

𝑋1 = 𝑥1, 𝑋2 = 𝑥2, 𝑌1 = 𝑦1, 𝑌2 = 𝑦2 and 𝑋1 = 𝑥2, 𝑋2 = 𝑥1, 𝑌1 = 𝑦2, 𝑌2 = 𝑦1.

Therefore the second possible limit cycle coincides with the first one.
Assume now that 𝑥21𝑦22 − 𝑥22𝑦

2
1 = 0. Then, from (5) we have that 𝑦2 = 𝑥2𝑦1∕𝑥1, and the solutions (7) become

𝑎3 = −𝑐3(𝑥1 + 𝑥2), 𝑏1 = 𝑎1𝑥1∕𝑦1, 𝑏2 = −𝑒2(𝑥1 + 𝑥2)𝑦1∕𝑥1, 𝑒1 = 𝑐1𝑥
2
1∕𝑦

2
1.

Substituting these coefficients into the piecewise differential system (1), such a system has one limit cycle passing through the points 
(𝑥1, 0), (𝑥2, 0), (0, 𝑦1), (0, 𝑦2). We shall prove that this piecewise differential system has at most one limit cycle.

Indeed, assume that there is a second limit cycle intersecting the discontinuity line 𝑌  in the points (𝑋1, 0), (𝑋2, 0), (0, 𝑌1), (0, 𝑌2). 
Then the coordinates of these points must satisfy system (8). As 𝑋1 ≠ 𝑋2 and 𝑌1 ≠ 𝑌2 system (8) reduces to the system 

𝐸̃1 = (𝑋2𝑦1 − 𝑥1𝑌2)(𝑎1𝑦1 + 𝑐1𝑋2𝑦1 + 𝑐1𝑥1𝑌2) = 0,
𝐸̃21 = 𝑒2(𝑥1𝑦1 + 𝑥2𝑦1 − 𝑥1𝑌1 − 𝑥1𝑌2) = 0,
𝐸̃3 = (𝑋1𝑦1 − 𝑥1𝑌1)(𝑎1𝑦1 + 𝑐1𝑋1𝑦1 + 𝑐1𝑥1𝑌1) = 0,
𝐸̃41 = −𝑐3(𝑥1 −𝑋1 + 𝑥2 −𝑋2) = 0.

(10)

taking into account that 𝑥1, 𝑥2, 𝑦1, 𝑦2 are positive. Again after some easy but tedious computations the solution of system (10) with 
respect the variables 𝑋1, 𝑋2, 𝑌1, 𝑌2 is

𝑋 , 𝑋 = 𝑥 −𝑋 + 𝑥 , 𝑌 = 𝑋 𝑦 ∕𝑥 , 𝑌 = (𝑥 −𝑋 + 𝑥 )𝑦 ∕𝑥 .
1 2 1 1 2 1 1 1 1 2 1 1 2 1 1
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Therefore we have a continuum of solutions varying 𝑋1 ∈ R. Hence the piecewise differential system (1) has no a second limit cycle. 
In Fig.  2 we have provided one limit cycle of this kind for the piecewise differential systems here studied, this example is realized 
by the differential system (1) with the Hamiltonians

𝐻1(𝑥, 𝑦) = − 157135
223671

𝑥2 −
√

314279
223671

𝑥𝑦 + 17072429
4473420

𝑥 − 1
2
𝑦2 + 720859

213020
𝑦,

𝐻2(𝑥, 𝑦) =
5𝑎

935457583046
𝑥2 + 1

2
𝑦2 − 18

5
𝑦 − 1

10651

√

5𝑎
4123

𝑥𝑦 +
( 704
133

− 𝑎
140670313240

)

𝑥,

𝐻3(𝑥, 𝑦) = − 242
81

𝑥2 + 22
9
𝑥𝑦 + 71027

4050
𝑥 − 1

2
𝑦2 − 𝑦,

when 𝑎 = 782031760005 − 556339
√

1459934861005.
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