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ARTICLE INFO ABSTRACT

MSC: In recent years there has been a significant interest in studying discontinuous piecewise differ-
primary 34C07 ential systems, mainly due to the wide range of applications in modeling natural phenomena. To
34C05

understand the dynamics of these systems in the plane one challenge is to control their number

37G15 of limit cycles. In this paper we study the existence of limit cycles in planar discontinuous
Keywords: piecewise linear Hamiltonian systems with three zones separated by the line Y = {(x,y) : x >
Crossing limit cycle Oandy = 0} U {(x,y) : x = Oandy > 0} U {(x,y) : x < Oandy = 0}. We provide the maximum

Linear Hamiltonian system

. . . o R number of crossing limit cycles intersecting each branch of Y in one point, and intersecting
Discontinuous piecewise differential system

two branches of the Y each one in two points. So we have solved the extension of the 16th
Hilbert problem to this class of differential systems.

1. Introduction and statement of the main results

The study of planar discontinuous piecewise smooth vector fields has been a subject of great interest over the last years, specially
because of their great applicability as mathematical models of applied phenomena as relay systems, mechanics, electrical circuits,
among others. The study of them is a problem that started with Andronov, Vitt and Khainkin [1] in the 1920’s, and nowadays is an
important problem in the qualitative theory of the differential systems. Since then, these equations have been extensively studied
due to a new range of applications in other areas such as electronics and economics, to cite a few, for a further discussion see the
books of Simpson [2], di Bernardo et al. [3], the survey of Makarenkov and Lamb [4], and the references therein.

A discontinuous piecewise smooth vector field W with three zones in the plane is composed of three C”, r > 1, vector fields
W = (X,Y,Z) where X,Y and Z are defined in the regions R, R, and R;, respectively, separated by a curve X, and the vector
field W follows the Filippov rules [5] on X. Of course, here R? = RIUR,UR5U X,

We are interested in studying the crossing limit cycles of discontinuous piecewise smooth differential systems. A limit cycle of a
differential system is a periodic orbit of that system for which there is no other periodic orbit in some sufficiently small neighborhood
containing it. And a crossing limit cycle in a discontinuous piecewise differential system is a limit cycle whose intersection with the
separation line are isolated points.

The unsolved XVI Hilbert problem asked for an upper bound on the maximum number of limit cycles that a polynomial
differential systems of degree n can exhibit, see [6]. The extended version of this problem to distinct classes of differential systems is
considered in several papers, in particular, for families of piecewise differential systems with two or more zones. There are several
papers which focus on to determine the maximum number of crossing limit cycles in piecewise systems with two or more regions,
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like one straight line [7], two parallel straight lines [8-11], or conics [12,13], or reducible cubics [14], or irreducible cubics [15],
or two circles [16], or non-regular discontinuous line as in [17-20].

Concerning the piecewise linear Hamiltonian systems in the plane with three zones it is important to mention that they can
be of three distinct classes: the ones without equilibria, the ones with a saddle and the ones with a center. So the combination of
these three classes in the three pieces of the discontinuous piecewise differential systems produce 27 different types of such planar
piecewise differential systems. In this paper we shall investigate all these 27 classes.

The three regions of the discontinuous piecewise differential systems that we are studying are

Ry={(xy):x20,y>0},
Ry={(x,») :x<0,y>01},
Ry={(x,y):y<0},

which are separated by the curve Y = X, U X, U X3, where
> ={(x,y): x>0and y =0},
%, ={(x,y) : x=0and y > 0},

23 ={(x,y) : x<0and y=0}.

And the vector field of the piecewise differential systems that we shall study are

oM, OH,\,
Xxp=(—=—.——— )ifx,»eRr,,
dy ox
oH. 0H, \ .
Wiy =1 Y(x,y) = <a—2——2> if (x,) € Ry, a
y ox
Z(xy) 0H; 0H; if (r.y) € R
=== == )if (x, :
i dy ox oY 3
where
H,(x,y) = a;x + b,y + ¢;x* + d;xy + ¢, 2)

with a;,b;,¢;,d;,e; e R for i =1,2,3.

For these piecewise differential systems we investigate two types of limit cycles. First, the crossing limit cycles which intersect
Y in one point in each X;, for i = 1,2,3. Second, the crossing limit cycles intersecting ¥, and %, in two points. Of course, it is not
necessary to consider the crossing limit cycles intersecting >, and 25 in two points due to the symmetry of the problem.

The main results of this paper are the following two theorems.

Theorem 1. Consider discontinuous planar piecewise linear Hamiltonian systems with three zones of Y-type as in (1). For these systems
the maximum number of crossing limit cycles intersecting X;, i = 1,2,3 in one point is at most three, and there are systems with three limit
cycles, see Fig. 1.

Theorem 2. Consider discontinuous planar piecewise linear Hamiltonian systems with three zones of Y-type as in (1). For these systems
the maximum number of crossing limit cycles having two intersection points with X, and X, is at most one, and there are systems with one
limit cycle, see Fig. 2.

Theorems 1 and 2 are proved in Sections 2 and 3 , respectively.

Linear Hamiltonian systems can be of three distinct classes: without equilibria, with a saddle or with a center. So the combination
of these three classes of linear Hamiltonian systems in the three pieces of the discontinuous piecewise differential systems that we
want to study produce 27 different types of such piecewise differential systems. From these 27 types in the paper [19] it is study the
type in which the three linear Hamiltonian systems forming the piecewise differential system are without equilibria. So it remains
to study the other 26 types. Moreover the proof of this upper bound in the particular type of piecewise differential systems studied
in the paper [19] is different from the one that we shall provide here and it is specific for the piecewise differential systems formed
by three linear Hamiltonian systems without equilibria. While the proof of Theorem 1 is easier and works for all the 27 types of
piecewise differential systems. So here we complete the other 26 cases did not considered until now.

We must mention that in the paper [21] the authors also study piecewise differential systems separated by the line Y and formed
by linear differential systems, that do not need to be Hamiltonian. Their main result for such kind of piecewise differential is that
a lower bound for the maximum number of crossing limit cycles intersecting X;, i = 1,2,3 in one point is three. In Theorem 1 we
have proved that this lower bound is also the upper bound when we restrict the class of piecewise differential systems to the ones
formed by linear Hamiltonian systems.
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Fig. 1. Example of differential system (1) having 3 crossing limit cycles intersecting X,, i = 1,2,3 in one point.
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Fig. 2. Example of differential system (1) having one crossing limit cycle with two intersection points with X, and %,.

2. Proof of Theorem 1

In what follows instead of saying crossing limit cycle we simple say limit cycle.

We consider the piecewise differential systems W, see (1), formed by three linear Hamiltonian systems with Hamiltonians #;,
for i =1,2,3 given in (2).

If the piecewise differential system W has a limit cycle interesting the discontinuity line Y = ¥, u X, u 25 at the three points
of the form (x,,0), (0,y,) and (x,,0) where x; > 0, y; > 0 and x, < 0, then the coordinates x,, y; and x, must satisfy the following
three equations

E; = H(x1,0) = H{(0,y)) = ayx; +¢;x3 = by —e;y; =0,
Ey = Hy(0,y1) — Hy(x2,0) = —ayx; — €23 + byy + €57 =0,
E; = H;3(x,0) — H3(x1,0) = (x, — x1)(az + c3(x; + x,)) = 0.

As x; # x,, from E; =0 we have F = a3 + ¢3(x; +x,) = 0.
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Fig. 3. A configuration that can produce three limit cycles.

Note that ¢; # 0, otherwise the equation E; = 0 has no solution if a; # 0, or the system E;, = E, = E; = 0 has infinitely many
solutions if a; = 0, and consequently the differential system cannot have limit cycles.
Since ¢; # 0 we get x, = —(a3 + ¢3x1)/c3. So the equations E; = 0 and c§E2 =0 reduce to
- 2_ e =
E\y=aix;+eixy— by —ey; =0, @
E,| = —az(azcy — ayc3) — c3(2az¢y) — aye3)xy — czch? + b2032y1 + c%ezy% =0.
The system E;; = E,; = 0 admits until four zeros (intersection of two conics) what means that there are at most four crossing
limit cycles, but we shall prove that these piecewise differential systems have at most three limit cycles. We shall consider different
cases.

If a5(azc, —ayc3) = 0, then system (3) has the solution (x;, y;) = (0,0). Consequently under this assumption the differential system
has at most three limit cycles.

In what follows we assume that a3(azc, — a,c3) # 0, and we distinguish some cases.

Case 1: ¢; = ¢, = 0. Then system (3) has at most two positive solutions for y;, because the resultant of the polynomial E,; and E,,
with respect to the variable x, is the following polynomial in the variable y, of degree 2

ajayazcy + (aby + albz)c§y1 + c§(a2e1 + alez)yf.
Consequently at most two limit cycles in this case.

Case 2: ¢, =0 and ¢, # 0. Now we have that E|; = 0 reduces to a parabola symmetric with respect to some horizontal straight line,
passing through the origin. The conic E,, = 0 can intersect the parabola only in two points with coordinates y, positive. So the
piecewise differential Eq. (1) has at most two limit cycles in this case.

Case 3: ¢; # 0 and ¢, = 0. This case follows using the same arguments than in Case 2 but now the parabola is E,, = 0.
Case 4: ¢jc; # 0. From E;; = E,; =0 it follows that E; = ¢;c2Ey; + ¢, Ey; =0 and E, = c2e, Ey; + ¢, E5; = 0 become
E, = —ajci(azcy —aye3) — c5(2azci¢c) — ayepe3 — ajcrc)x +
c%(bzcl - b))y — c§(02e1 - clez)y% =0,

_ (€]

E, —az(azc, — ayc3)e; — c3(2aze ¢y — arejc3 — ajeyc3)x | —

c§(02e1 - clez)x% + ci(bzel —byey)y; =0.

If cye; — cje, = 0, then equations Ej; = E,; = 0 are straight lines, and so they have either at most one solution implying that the
piecewise differential system (1) has at most one limit cycle, or a continuum of solutions and the piecewise differential system (1)
has no limit cycles. So in what follows we assume that c,e; — ¢ e, # 0.

If bye, —bye, = 0, from the equation E, = 0, it follows that the system E;; = E,, = 0 only can have at most two positive solutions
for x;, so at most two limit cycles. Therefore in what follows we assume that b,e; — b;e, # 0.

If 2a5¢i¢, — aye c3 — ajcyc; = 0, from the equation E, = 0, it follows that the system E;; = E,, = 0 only can have at most two
positive solutions for y;, so at most two limit cycles. Hence in what follows we assume that 2azc ¢, — aycic3 — ajcyez # 0.

Since (2azc ¢, — ayc c3 — ajcyc3)(bre; — biey) # 0, E; = 0 is a parabola symmetric with respect to some horizontal straight line.
While E, = 0 is a parabola symmetric with respect to some vertical straight line. See for instance Fig. 3, where the three points
of intersection, (x',3') for i = 1,2, 3, between the two parabolas contained in the positive quadrant of the plane p; = (x,y,) satisfy
0<x'<x?<x?and 0 < y' <)? <3 so in principle these three solutions of the system (7) could provide three limit cycles of the
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Fig. 4. Another configuration that at most can produce three limit cycles.
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Fig. 5. (a) At most can produce two limit cycles due to the points p, and p,. (b) At most can produce two limit cycles due to the points p, and
p, or p; and p;. (c) At most can produce three limit cycles due to the points p;,p, and p;.

piecewise differential system (1). Moreover, we have piecewise differential system (1) having three limit cycles, the Hamiltonians

483 ,  [483 37989 20003
H P it -
R T 1057+ 3180 * ¥ * 7180
135 , 15 1983 1, 10589
Hy(x,p) = — 22 52 43¢ 2 xy - 252 Loy TOO0
e TV A VAT RS Tab s R YT

Hs(x,y)=—2x2—2xy—%x—%y2+5y_

has the three limit cycles as in Fig. 1.

Now consider the Fig. 4 where the two parabolas intersect in four points, p; = (x',y') for i = 1,2,3,4, in the positive quadrant
of the plane (xy,y,). It is clear that the coordinates of these four points satisfy 0 < x' < x? < x* < x4 and 0 < y* < y! < )% <)%,
Consequently, these four points cannot provide four limit cycles, because the limit cycle through the points (x*, y*) would intersect
the other limit cycles due to the fact that 0 < y* < y' < % < 3.

Other three configurations of the two parabolas with four intersections points, (x, y*) for i = 1,2, 3,4, in the positive quadrant of
the plane (x,, y,) are possible, see Fig. 5, but similar arguments as the ones of the previous paragraph show that never the coordinates
of these four points can satisfy the inequalities 0 < x! < x? < x3 < x, and 0 < y' < )? < »* < y*, and consequently these four points
cannot provide four limit cycles. This completes the proof of Theorem 1.

3. Proof of Theorem 2

Let W be the piecewise differential system (1). We assume that the intersection points of a limit cycle of W with the discontinuity
set Y = X, U 2, U 2; has four points of the form (x;,0), (0, y,), (0,y,) and (x,,0) where

0<x;<x, and 0<y <y, (5)
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Then the coordinates of these points must satisfy the following four equations

E; = H;(x;,0) — H;(0,y,) =0,

E, = H,(0, ) — H,(0,y) =0,

E; =H(0,y,) —H(x,0) =0,

E, = Hy(x;,0) — Hj(x,,0) = 0.

As x| # x, and y; # y, we get the following system
E;=a;x+¢;x3 = by, —ey; =0,
Ey = by +ey(y; +3,) =0,

(6)
- 2 2 _
Ey = —aix; —cixi+ by +ey7 =0,
Ey = a3+ c5(x; +x,) =0.
If x2y2 — x2y? # 0 from system (6) we obtain that
by (v = 1)+ ay (X2 = x193)
a3 ==X +x), ¢ = >3 33 ,
X1V =X

@

ayx (x; —x9)xy + bl(xgyl - x%yz)
by =—es(y1 +y,), e = o) o] .
X1 T XN

Putting these coefficients into the differential system (1), this system has a limit cycle passing through the points (x,0), (x,,0), (0, y;),
0, ).

Now we shall prove that system (1) can have at most one limit cycle intersecting the discontinuity line Y in two points in

the half positive x-axis and two points in the half positive y-axis. Indeed, assume that there is a second limit cycle intersecting the

discontinuity line in the points (X, 0), (X5, 0), (0, Y,), (0, Y5). Then the coordinates of these points must satisfy the following equations:

E; = H,(X,,0)— H,(0,Y,) =0,
E, = H,(0,Y,) — H,(0,Y;) = 0,

> ®
E; =H,0,Y))—H{(X,,0)=0,
E, = H3(X,,0) — Hy(X,,0) = 0.
As X, # X, and Y; # Y, we get the following system
E = alngLV% - alsziy? + leiyfyz - “1X%X2Y§ + alx1X§Y§ - b1X§y1y§
- blxgy%Yz + blx%ngz + alx%szzz - alxlngzz + blxgyl Y22 - blx%yzYzz =0,
ENEI = ey Y +y,-Y)=0, ©)
Ey = bl(X§Y1 1 —YDY + x%Yl(Yl = yn+ X%J’]J’z()’z -y
+a;(x Xy (Xy = XDYP + X700t = x133) + X (=x37 + x113)) = 0,
Ey= —c3(¢—X;+x,—X,)=0.

taking into account that x%y% - x%y% # 0. After some easy but tedious computations the solution of system (9) with respect the
variables X, X,,Y,.Y, is

Xi=x, Xo=x, Y=y, L,=pand X, =xp, X, =x1, Y1 =y, v, =y,.

Therefore the second possible limit cycle coincides with the first one.
Assume now that x?y2 — x2)? = 0. Then, from (5) we have that y, = x,y, /x,, and the solutions (7) become

2,2
a3 =—c3(x1 +x3), by =a;xi/y;, by =—ey(x; +x)y1 /%1, er =i x7/yy.

Substituting these coefficients into the piecewise differential system (1), such a system has one limit cycle passing through the points
(x1,0), (x7,0),(0,y,), (0, y,). We shall prove that this piecewise differential system has at most one limit cycle.

Indeed, assume that there is a second limit cycle intersecting the discontinuity line Y in the points (X, 0), (X,,0),(0,Y)), (0, Y;).
Then the coordinates of these points must satisfy system (8). As X, # X, and Y; # Y, system (8) reduces to the system

E| = (Xoy1 — xo)(ayy; + ¢ Xop; +¢xY5) =0,
Ey = ey(x 1y + X291 — X Y] —x1Y5) =0,

Ey = X1y, —x; Y a1y, + ¢, Xy +¢yx,.Y)) =0,
Eq = —c3(x; = X; + x5 — X,) = 0.

10)

taking into account that x, x,, y;, y, are positive. Again after some easy but tedious computations the solution of system (10) with
respect the variables X, X,,Y,.Y, is

X, Xy =x1 =X, +xp, Y] =Xy /x, Yo =(x) — X| +x)y, /).
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Therefore we have a continuum of solutions varying X, € R. Hence the piecewise differential system (1) has no a second limit cycle.
In Fig. 2 we have provided one limit cycle of this kind for the piecewise differential systems here studied, this example is realized
by the differential system (1) with the Hamiltonians

157135 ,  [314279 17072429 1 , 720859
Hy(x.y) =~ —/ )
16 == 5561 ™ 361w~ 3t 500"

5a 2,1, 18 1 Sa 704 4
H = —— = - =Y T z1 1172 122~ TA0670212040
205N =g3sssmoas” T2V "5 T Toest Vas Yt ( 133 140670313240)"’
242 5 022 71027 1
H3(x,y)=—§x2+3w+ 2050 x—zyz—y,

when a = 782031760005 — 556339+/1459934861005.
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