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Abstract
In this paper we introduce Morse Lie groupoid morphisms and study their main properties.
We show that this notion is Morita invariant which gives rise to a well defined notion of
Morse function on differentiable stacks. We show a groupoid version of the Morse lemma
which is used to describe the topological behavior of the critical subgroupoid levels of a
Morse Lie groupoid morphism around its nondegenerate critical orbits. We also proveMorse
type inequalities for certain separated differentiable stacks and construct a Morse double
complex whose total cohomology is isomorphic to the Bott–Shulman–Stasheff cohomology
of the underlying Lie groupoid. We provide several examples and applications.
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1 Introduction

This is a paper devoted to the study of Morse theory on Lie groupoids and their differentiable
stacks. Classical Morse theory is a powerful tool which allows us to extract both geometric
and topological information of a manifold equipped with a Morse function, that is, a smooth
real valued function on the manifold all of whose critical points are non-degenerate. Morse
functions admit a local model around any critical point, this is the content of the Morse
Lemma, which establishes that on a neighborhood of any critical point x ∈ M a Morse
function f : M → R looks like a quadratic form Q f (x) = −(x21+· · ·+x2λ)+x2λ+1+· · ·+x2n .
The integer λ is called the index of the critical point x of f : M → R. As a consequence of
theMorse Lemma one concludes that non-degenerate critical points are isolated. Some of the
main results of Morse theory are: the fundamental theorem of Morse theory which describes
how the topology of critical sub-levels changes after crossing a critical level; the Morse
inequalities give a relation between the Betti numbers of the manifold and the alternate sum
of the number of critical points grouped by their index; the Morse complex which computes
the homology of the manifold. Morse theory has led to several interesting geometric results,
including: the existence of closed geodesics on a Riemannian manifold as well as an infinite
dimensional version of the Morse complex which led to Floer homology.

When dealing with manifolds equipped with a Lie group action, classical Morse theory
is no longer the right setting to extract topological information out of an invariant Morse
function. This is due to the fact that in equivariant Morse theory, critical points come in
orbits hence they are no longer non-degenerate. The right framework to study an invari-
ant Morse function on a manifold is given by Morse–Bott theory. Here, critical points are
arranged in families of submanifolds which are non-degenerate in the sense that the normal
Hessian is non-degenerate. Among the several applications of Morse–Bott theory one finds:
the computation of the cohomology of complex Grassmannians, Bott periodicity theorem or
the Atiyah–Guillemin–Sternberg theorem on the convexity of the image of moment maps for
torus actions on symplectic manifolds.

In many situations a manifold comes with a Morse–Bott function whose critical subman-
ifolds are not necessarily given by the orbits of a Lie group action but they still come from
certain symmetries of the manifold. In this work we are interested in the case of Morse–Bott
functions on amanifold whose critical submanifolds are given by the orbits of a Lie groupoid.

Morse theory on singular spaces given by the orbit space of a Lie groupoid has been
studied by several authors. In this regard, in [37] Lerman and Tolman study torus actions on
symplectic orbifolds, for which they proved some results onMorse–Bott theory on orbifolds.
Similarly, in [30] Hepworth studiesMorse theory on differentiable Deligne–Mumford stacks,
showing for instance the Morse inequalities for orbifolds. Also, Cho and Hong introduce the
Morse–Smale–Witten complex for orbifolds [13]. Another approach known in the literature
suitable for studying Morse theory on certain singular spaces is provided by the stratified
Morse theory of Goresky and MacPherson [28].

Recently, Lie groupoids equipped with geometric structures suitably compatible with
Morita equivalence have been object of intense research. This is due to the fact that such
structures descend to the quotient stack of a Lie groupoid. For instance, in [23] the notion of
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Morita equivalence of VB-groupoids plays a role to define vector bundles over differentiable
stacks; Riemannian metrics on Lie groupoids were introduced in [21] showing that they
behave well with respect to Morita equivalence, hence inducing a Riemannian metric on the
associated quotient stack [22]; Lie algebroids over stacks are modeled by LA-groupoids [61],
the space ofmultiplicative sections of anLA-groupoid [53] has the structure of a Lie 2-algebra
which is Morita invariant and, in particular, the space of vector fields on a differentiable stack
has a natural structure of Lie 2-algebra [8, 53] as conjectured in [31]. Also, invariants of
differentiable stacks can be defined in terms of their groupoid counterparts. As an example,
the equivariant cohomology of a Lie group acting on a differentiable stack was introduced in
[5] by looking at the Bott–Shulmann cohomology of a certain action groupoid encoded by
an equivariant atlas of a G-stack. Another invariant of a differentiable stack is introduced in
[24] by means of the cohomology of a Lie groupoid with coefficients in a representation up
to homotopy of Lie groupoids.

This paper is concerned with Morse theory on differentiable stacks by looking at its
groupoid counterpart. For that, we introduce Morse theory for Lie groupoid morphisms
F : G → R with values in the unital Lie groupoid R ⇒ R. Such morphisms are completely
determined by basic functions f ∈ C∞(M)G , that is, functions satisfying s∗ f = t∗ f and
hence constant along the groupoid orbits. Note that C∞(M)G is clearly Morita invariant
since it coincides with the 0th-degree groupoid cohomology H0

di f f (G). Hence one thinks of
either a Lie groupoid morphism G → R or its corresponding basic function, as a function
on the quotient stack [M/G].

The paper is organized as follows. In Sect. 2 we review the basics on Morse–Bott theory,
Lie groupoids and Riemannian metrics on Lie groupoids as introduced in [21]. In Sect. 3 we
introduce the main objects of study of the paper, namelyMorse Lie groupoid morphisms. We
study their main properties and we show Proposition 3.8 which establishes that the property
of being a Morse Lie groupoid morphism is Morita invariant. In Sect. 4 we give several
examples of Morse Lie groupoid morphisms and we show an existence result for proper Lie
groupoids whose canonical projection onto their orbit space is proper, this is the content
of Theorem 4.11. Then we recall the notion of Hamiltonian actions of Lie 2-groups on 0-
symplectic groupoids [34] and we show that in the case of a foliation Lie 2-group whose base
is a torus the components of the moment map are Morse–Bott Lie groupoid morphisms. In
Sect. 5 by using Morita invariance and the equivariant Morse lemma we show Theorem 5.2
which is our version of the Morse Lemma in the Lie groupoid setting. It is worth mentioning
that such a result can also be obtained bymeans of tubular neighborhoods given by Euler-like
vector fields [9]. In particular, we introduce a notion of index of a non-degenerate critical
subgroupoid as well as their positive and negative normal bundles.We verify that the Hessian
of a basic function along an orbit is invariant by the normal representation, thus obtaining
canonical group actions of the isotropies on the negative normal bundles as well as on their
corresponding disk and sphere bundles when a 2-metric in the sense of [21] comes into the
picture, see Proposition 5.8. In Sect. 6 we study gradient vector fields of real valued Lie
groupoid morphisms with respect to a 2-metric. We show Proposition 6.3 which says the
such gradient vector fields are multiplicative. We also prove Proposition 6.2 which gives
an attaching construction of Lie groupoids whose outcome is a topological groupoid. As a
consequence, we show Proposition 6.5 and Theorem 6.7 which describe critical sub-levels of
Morse Lie groupoid morphisms in terms of attaching groupoids. In Sect. 7 we extend all the
results mentioned above to the differentiable stack context. It is worth mentioning that the
fact that our notion of Morse Lie groupoid morphism is Morita invariant makes the passage
clearer. As an interesting consequence, we get Morse-like inequalities for certain separated
differentiable stacks, see Theorem 7.12. We also establish a bridge between our approach to
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study Morse theory over the orbit space of a proper Lie groupoid and the approach provided
by stratified Morse theory, thus exposing why our focus becomes more suitable, natural and
cleaner for our purposes. This is the content of Sect. 7.2. In Sect. 8 we extend the classical
results of Morse–Smale dynamics to the framework of Lie groupoids. We show Theorem 8.5
which can be thought of as the groupoid version of the so-called stable/unstable manifold
theorem and Proposition 8.8 which says that the moduli space of gradient flow lines has a
natural structure of Lie groupoid. In Sect. 9 we construct a double complex which is the
Lie groupoid analogue of the Morse–Bott complex defined by Austin and Braam [1]. The
main result of this section is Theorem 9.11 which shows that the total cohomology of the
groupoid double Morse complex is isomorphic to the Bott–Shulman–Stasheff cohomology
of the underlying Lie groupoid. In particular, the cohomology of the double groupoid Morse
complex is Morita invariant. We finish this section by introducing an equivariant groupoid
Morse double complex with respect to an action of a Lie 2-group. We prove Proposition 9.19
which establishes that the equivariant cohomology of a Lie 2-group action as defined in [42]
can be computed by means of the cohomology of the equivariant groupoid Morse double
complex.We use this result to describe the equivariant cohomology of toric symplectic stacks
by means of groupoid Morse theoretical tools.

2 Preliminaries

In this section we briefly introduce the basic notions and results on both Morse–Bott theory
and Lie groupoids which will be used throughout this paper. Much of the classical results
about Morse theory may be found for instance in [1, 10, 26, 49, 52]. For the general notions
regarding Lie groupoids, Morita equivalences and Riemannian groupoids we follow [19, 21,
50] closely.

2.1 Morse–Bott functions

Let f : M → R be a smooth function such that Crit( f ) := {x ∈ M : d f (x) = 0} contains
a submanifold C of positive dimension. The choice of a Riemannian metric on M yields a
decomposition

T M |C = T C ⊕ ν(C),

where T C and ν(C) are the tangent bundle and the normal bundle of C , respectively. Let
Hx ( f ) be the Hessian of f at x ∈ C , then Tx C ⊆ ker(Hx ( f )). Indeed, if v,w ∈ Tx C and
w̃ ∈ X(M) is any extension of w, then

Hx ( f )(v,w) = v(w̃ · f ) = 0,

since d f (w̃)|C = 0 because C ⊆ Crit( f ). Therefore, the Hessian Hx ( f ) induces a well
defined symmetric bilinear form on νx (C) referred to as the normal Hessian of f at x ∈ C
and which we shall denote again as Hx ( f ) only if there is no risk of confusion. A critical
submanifold C ⊆ M of f is called non-degenerate if the normal Hessian at every x ∈ C is
non-degenerate. This is equivalent to asking ker(Hx ( f )) = Tx C for every x ∈ C .

Definition 2.1 A smooth function f : M → R is said to be Morse–Bott if Crit( f ) is a
disjoint union of connected submanifolds which are non-degenerate.

123



Morse theory on Lie groupoids Page 5 of 55 46

Examples of Morse–Bott functions include: usual Morse functions [49, 52], invariant
smooth functions by the action of a compact Lie group which have non-degenerate critical
orbits [60], component functions of moment maps associated to Hamiltonian torus actions
on (pre)symplectic manifolds [52, Sect. 3.5], [41], among others.

If C is a connected non-degenerate critical submanifold for f then we may define a
function Q f : ν(C)→ R which is quadratic along the fibers. Namely,

Q f (v) = 1

2
Hπ(v)( f )(v, v), v ∈ ν(C), (1)

where π : ν(C)→ C is the bundle projection. The Morse–Bott lemma establishes that there
exist neighborhoods U ⊆ M of C and V ⊆ ν(C) of the zero section C , together with a
diffeomorphism φ : V → U with

φ|C = id and φ∗ f = Q f . (2)

There is a splitting ν(C) = ν+(C)⊕ ν−(C) where ν+(C) and ν−(C) are spanned by the
eigenvectors of H f with positive and negative eigenvalues, respectively. The index of the
critical submanifold C ⊆ M is defined as

λ(C, f ) := rk(ν−(C)), (3)

the rank of ν−(C).

Remark 2.2 One of the advantages of working with Morse–Bott functions is that they allow
us to get similar results to those obtained with usual Morse functions but without assuming
that their critical point set is formed by isolated points. For instance: we have for them a
similar local linear representation provided by the so-called Morse–Bott lemma [2], they
describe very well the topological behavior of a manifold around a non-degenerate critical
submanifold [10], and using Morse–Bott–Smale dynamics it is possible to recover the de
Rham cohomology of a compact oriented manifold by means of a cochain complex which
is defined in terms of the de Rham complex of the critical point sets and gradient flow line
spaces [1]. The latter fact yields a way to obtain the Morse–Bott inequalities.

Remark 2.3 For future purposes it is worth mentioning that if π : M → N is a surjective
submersion and f : N → R is a Morse–Bott function then f ◦ π : M → R is also a
Morse–Bott function since the formula

Hx ( f ◦ π) = dπ(x)T ·Hπ(x)( f ) · dπ(x), (4)

is satisfied at every critical point x of f ◦ π .

2.2 Lie groupoids

A Lie groupoid G ⇒ M consists of a manifold M of objects and a manifold G of arrows,
two surjective submersions s, t : G → M respectively indicating the source and the target of
the arrows, and a smooth associative composition m : G(2) → G over the set of composable
arrows G(2) = G ×M G, admitting unit u : M → G and inverse i : G → G, subject to the
usual groupoid axioms. The collection of maps mentioned above are called structural maps
of the Lie groupoid.

Special instances of Lie groupoids are given by manifolds, Lie groups, Lie group actions,
surjective submersions, foliations, pseudogroups, principal bundles, vector bundles, among
others. For specific details the reader is recommend to visit the references [19, 43, 50].
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Let us now describe some features concerning the structure of a Lie groupoid. Let G ⇒ M
be a Lie groupoid. For each x ∈ M , its isotropy group Gx := s−1(x)∩ t−1(x) is a Lie group
and an embedded submanifold in G. There is an equivalence relation on M defined by x ∼ y
if there exists g ∈ G with s(g) = x and t(g) = y. The corresponding equivalence class of
x ∈ M is denoted by Ox ⊆ M and called the orbit of x . The previous equivalence relation
defines a quotient space M/G called the orbit space of G ⇒ M . This space equipped with
the quotient topology is in general a singular space, that is, it does not carry a differentiable
structure making the quotient projection M → M/G a surjective submersion.

Given a Lie groupoid G ⇒ M , its tangent groupoid is the Lie groupoid T G ⇒ T M
obtained by applying the tangent functor to each of its structural maps. If S ⊂ M is a saturated
submanifold, i.e. it is given by the union of orbits, thenwe can restrict the groupoid structure to
GS = s−1(S) = t−1(S), thus obtaining aLie subgroupoidGS ⇒ S ofG ⇒ M . Furthermore,
the Lie groupoid structure of T G ⇒ T M induces a Lie groupoid ν(GS) ⇒ ν(S) on the
normal bundles, having the property that all of its structuralmaps are fiberwise isomorphisms.
In particular, if S = O is any orbit, the sourcemapof the normalLie groupoid ν(GO) ⇒ ν(O)

yields a vector bundle isomorphism ds : ν(GO)→ s∗ν(O). In particular,

dt ◦ ds
−1 : s∗ν(O)→ t∗ν(O), (5)

defines a representation of GO ⇒ O on the normal bundle ν(O). As a consequence, for
every x ∈ M the isotropy group Gx has a canonical representation on the normal fiber
νx := νx (Ox ), called the normal representation of Gx on the normal direction.

Definition 2.4 A Lie groupoid morphism between G ⇒ M and G ′ ⇒ M ′ is a pair φ :=
(φ1, φ0) where φ1 : G → G ′ and φ0 : M → M ′ are smooth functions commuting with both
source and target maps and preserving the composition maps.

A Morita map is a groupoid morphism φ : (G ⇒ M) → (G ′ ⇒ M ′) which is fully
faithful and essentially surjective, in the sense that the source/target maps define a fibred
product of manifolds G ∼= (M×M)×(M ′×M ′) G ′ and that the map G ′ ×M ′ M → M sending
(φ0(x)→ y) 
→ y is a surjective submersion, see [19, 50]. An important fact shown in [19] is
that a Lie groupoid morphism is aMorita map if and only if it yields an isomorphism between
transversal data. That is, the morphism must induce: a homeomorphism between the orbit
spaces, a Lie group isomorphism Gx ∼= G ′

φ0(x)
between the isotropies and isomorphisms

between the normal representations Gx � νx → G ′
φ0(x)

� ν′
φ0(x)

.

Definition 2.5 Let G ⇒ M and G ′ ⇒ M ′ be Lie groupoids. We say that G and G ′ are
Morita equivalent if there exists a third Lie groupoid H ⇒ N with Morita maps H → G
and H → G ′.

It is well known that a Morita equivalence can be always realized by Morita fibrations,
that is, Morita maps covering a surjective submersion on objects. For more details see [19,
50].

2.3 Riemannian groupoids

Here we briefly recall the notion of Riemannian metric on a Lie groupoid introduced in [21].
Such a notion of Riemannian metric is compatible with the groupoid composition so that it
plays an important role in our work.We start by recalling that a submersionπ : (E, ηE )→ B
with (E, ηE ) aRiemannianmanifold is said to beRiemannian if the fibers of it are equidistant
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(transverse condition). In this case the base B inherits a metric ηB for which the linear map
dπ(e) : (ker(dπ(e)))⊥ → Tπ(e) B is an isometry for all e ∈ E . If (ηE )∗ denotes the dual
metric associated to ηE then the condition for a Riemannian submersion can be rephrased
as follows. For all e ∈ E the map dπ(e)∗ : T ∗π(e) B → ker(dπ(e))◦ is an isometry, where
ker(dπ(e))◦ denotes the annihilator of the vectors tangent to the fiber. If π : E → B is a
surjective submersion then a Riemannian metric ηE on E is said to be transverse to π if for
all x ∈ B and all e1, e2 ∈ π−1(x) we have that the map

dπ(e1)
∗ ◦ (dπ(e2)

∗)−1 : ker(dπ(e2))
◦ → T ∗x B → ker(dπ(e1))

◦,

is a linear isometry. In this case, there exists a unique metric ηB on B such that π becomes a
Riemannian submersion. Such a metric is defined by the expression ηB(dπ(v), dπ(w)) :=
ηE (v,w) for v,w ∈ ker(dπ)⊥ and is called the push-forward metric. The notation we shall
be using for the previous Riemannian metric is ηB := π∗ηE .

It is well known that given a Lie groupoid G ⇒ M every pair of composable arrows
in G(2) may be identified with an element in the space of commutative triangles so that it
admits an action of the symmetric group S3 determined by permuting the vertices of such
triangles. In these terms, a Riemannian groupoid is a pair (G ⇒ M, η) where G ⇒ M
is a Lie groupoid and η = η(2) is a Riemannian metric on G(2) that is invariant by the S3-
action and transverse to the composition map m : G(2) → G. The metric η induces metrics
η(1) = (π2)∗η(2) = m∗η(2) = (π1)∗η(2) on G and η(0) = s∗η(1) = t∗η(1) on M such that
π2, m, π1 : G(2) → G and s, t : G → M are Riemannian submersions and i : G → G is
an isometry. This is because the S3-action permutes these face maps.

The metric η( j), for j = 2, 1, 0, is called a j-metric. It is important to mention that every
proper groupoid can be endowed with a 2-metric (more generally, an n-metric as defined
below) and if a Lie groupoid admits a 2-metric then it is weakly linearizable. For more
details visit [18, 21].

We finish this section by giving a quick observation that will be very useful when working
with the nerve of a Lie groupoid in Sect. 9.

Remark 2.6 The notion of n-metric on Lie groupoids for n ≥ 3 was introduced in [21]. This
is just a Riemannian metric on the set of n-composable arrows G(n) that is invariant by the
canonical Sn+1-action on G(n) and transverse to one (hence to all) face map G(n) → G(n−1).
We can push this n-metric forward with the different face maps G(n) → G(n−1) to define an
(n − 1)-metric on G(n−1) in such a way these face maps become Riemannian submersions.
One can use this process to obtain r -metrics η(r) on G(r) for all 0 ≤ r ≤ n − 1 so that we
get Riemannian submersions (G(r), η(r))→ (G(r−1), η(r−1)).

3 Morse Lie groupoidmorphisms

Let G ⇒ M be a Lie groupoid. The space of basic functions on M is defined by

C∞(M)G := { f ∈ C∞(M) : s∗ f = t∗ f }.
In other words, a basic function f : M → R is just a function which is constant along the
groupoid orbits. On the one hand, the space of basic functions is Morita invariant since

H0
diff (G) = C∞(M)G ,

where H0
diff (G) denotes 0th-degree groupoid cohomology, which is well-known to beMorita

invariant [14].Hence, one can think of H0
diff (G) = C∞(M)G as the space of smooth functions
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on the quotient stack [M/G]. On the other hand, any basic function f ∈ C∞(M)G induces a
Lie groupoid morphism F : (G ⇒ M)→ (R ⇒ R) given either by F = s∗ f or F = t∗ f . It
is clear that every Lie groupoid morphism F : G → R has this form. Hence one can identify
the space of real valued Lie groupoids morphisms with that of basic functions.

Let us see some elementary examples of real valued Lie groupoid morphisms.

Example 3.1 If M is a smooth manifold and M ⇒ M is its underlying unit Lie groupoid then
C∞(M)M = C∞(M).

Example 3.2 If G is a Lie group acting on a smooth manifold M and G � M ⇒ M is the
corresponding action groupoid then C∞(M)G×M is given by the set of G-invariant smooth
function on M .

Example 3.3 Suppose that π : M → N is a surjective submersion with corresponding
submersion groupoid M ×N M ⇒ M . In this case, C∞(M)M×N M equals the set of smooth
functions on M that are constant on the fibers of π .

Example 3.4 Let G ⇒ M be a proper Lie groupoid with proper Haar measure system {μx }.
For any smooth function f : M → R it follows that the averaging

f μ(x) :=
∫

g∈s−1(x)

( f ◦ t)(g)μx (g), x ∈ M,

defines a basic function on M . Indeed, the properness of theHaar system {μx } ensures that the
integral defining f μ is finite, the smoothness tells us that f μ is also smooth and, moreover,
the right-invariance and the identity t ◦ m = t ◦ π1 imply that for all h ∈ G

f μ(t(h)) =
∫

g∈s−1(t(h))

( f ◦ t)(g)μt(h)(g) =
∫

g∈s−1(s(h))

( f ◦ t)(gk)μs(h)(g)

=
∫

g∈s−1(s(h))

( f ◦ t)(g)μs(h)(g) = f μ(s(h)).

Remark 3.5 A smooth function F : G → R is said to be multiplicative if and only if it
satisfies F(gh) = F(g)+ F(h) for all (g, h) ∈ G(2). These kinds of functions are in one-to-
one correspondence with Lie groupoid morphisms F : (G ⇒ M) → (R ⇒ {∗}). Observe
that multiplicative functions don not allow us to establish a well behaved notion of smooth
function on the stacky quotient [M/G] since, for instance, in the most elementary case of the
unit groupoid M ⇒ M we get that those functions turn out to be trivial. That is, we can not
even recover the usual smooth functions on M in a natural way. Same inconvenient appears
when analyzing other elementary examples.

Let F : G → R be a Lie groupoid morphism covering f : M → R. Note that if x is a
critical point of f then its orbitOx is a critical submanifold of f . Hence the critical point set
Crit( f ) ⊂ M is saturated.

Lemma 3.6 There exists a natural topological groupoid structure Crit(F) ⇒ Crit( f ).

Proof Let us suppose that g ∈ G is a critical arrow of F . It is simple to see that both s(g)

and t(g) are critical points of f since both s and t are surjective submersions. This in turn
implies that g−1 is critical arrow of F as well. Also, if x ∈ Crit( f ) one easily sees that
1x ∈ Crit(F). Finally, using the identities s ◦m = s ◦ π2 and t ◦m = t ◦ π1, one concludes
that if (g, h) ∈ G(2) with either g or h a critical arrow of F , then the composition gh is also
a critical arrow of F . ��
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It follows from the previous lemma that s−1Crit( f ) = t−1Crit( f ) = Crit(F). In partic-
ular, if O ⊆ M is a critical orbit of f then GO is a critical submanifold for F so that the
restricted Lie groupoid GO ⇒ O is a critical Lie subgroupoid of G ⇒ M . Furthermore, we
have that O ⊆ M is a non-degenerate critical orbit for f if and only if GO ⊆ G is a non-
degenerate critical submanifold for F . This follows from the fact that ds : ν(GO)→ ν(O)

is a fiberwise isomorphism and Formula (4) holds true.

Definition 3.7 Let F : G → R be a Lie groupoid morphism covering f : M → R. We
say that F is a Morse Lie groupoid morphism if every critical orbit O ⊆ M of f is
non-degenerate.

It is worth noticing that F : G → R is a Morse Lie groupoid morphism if and only if
every critical subgroupoid GO ⇒ O is non-degenerate in the sense that both O ⊂ M and
GO ⊆ G are nondegenerate critical submanifolds.

We show now that the notion of Morse Lie groupoid morphism is Morita invariant. Recall
that a Morita equivalence between G ⇒ M and G ′ ⇒ M ′ yields an isomorphism between
zero degree groupoid cohomology, that is, an isomorphism between the corresponding spaces
of basic functions.More precisely, if K ⇒ N is a Lie groupoid togetherwithMorita fibrations
φ : K → G and ψ : K → G ′, then ψ∗ f ′ ∈ C∞(N )K for every f ′ ∈ C∞(M ′)G ′ . Also,
there exists a unique f ∈ C∞(M)G with φ∗ f = ψ∗ f ′. This defines an isomorphism

C∞(M ′)G ′ → C∞(M)G; f ′ 
→ f . (6)

In particular, the isomorphism (6) yields an isomorphism

HomGpds(G
′, R)→ HomGpds(G, R); F ′ = s∗ f ′ 
→ F = s∗ f , (7)

where f ′ ∈ C∞(M ′)G ′ and f ∈ C∞(M)G are related by (6). Our main goal now is to show
that (6) gives rise to an isomorphism between basic Morse functions, hence between Morse
Lie groupoid morphisms.

Proposition 3.8 Let G ← K → G ′ be a Morita equivalence covering surjective submersions
at the level of objects. The isomorphism (7) preserves Morse Lie groupoid morphisms.

Proof Suppose that f ∈ C∞(M)G allows us to define a Morse Lie groupoid morphism. To
prove that f ′ ∈ C∞(M ′)G ′ induces anotherMorse Lie groupoidmorphism it suffices to show
that φ∗F is a Morse Lie groupoid morphism since φ∗ f = ψ∗ f ′ and both φ0 and ψ0 are
surjective submersions. Indeed, the Lie groupoid morphism φ∗F : (K ⇒ N )→ (R ⇒ R)

is given by the pair (F ◦ φ1, f ◦ φ0). Note that if x ∈ M is a critical point of f ◦ φ0, then
φ0(x) is a critical point of f since φ0 is a surjective submersion. Thus, from Identity (4) we
get at x that

Hx ( f ◦ φ0) = dφ0(x)T ·Hφ0(x)( f ) · dφ0(x).

From [19] we know that if φ is a Morita map then dφ0 : ν(Ox )→ ν(O′
φ0(x)

) is a fiberwise

isomorphism. Thus, as Hφ0(x)( f ) is non-degenerate when restricted to νφ0(x)(O′φ0(x)
) we

conclude that Hx ( f ◦ φ0) is non-degenerate when restricted to νx (Ox ), as desired. ��

4 Examples and existence of Morse Lie groupoidmorphisms

In this short section we mention some examples of Morse Lie groupoid morphisms. Elemen-
tary examples are the following:
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Example 4.1 If M is a smooth manifold then every Morse function f : M → R induces a
Lie groupoid morphism on the unit groupoid M ⇒ M .

Example 4.2 A Lie group bundle is a Lie groupoid G ⇒ M such that s = t . Therefore,
any Morse function f : M → R induces a Morse Lie groupoid morphism on G ⇒ M since
its orbits are points. In particular, on a Lie group G ⇒ {∗} every Lie groupoid morphism
G → R is necessarily constant. Hence, there are no interesting examples of Morse Lie
groupoid morphisms on Lie groups. Combining this with Proposition 3.8 we conclude the
same for any transitive Lie groupoid G ⇒ M since transitive Lie groupoids are always
Morita equivalent to Lie groups.

Example 4.3 Let G be a compact Lie group acting on a smooth manifold M and consider the
action groupoid G � M ⇒ M . Wasserman showed in [61] that the set of G-invariant Morse
functions on M is dense in the set of G-invariant functions. Hence, there always exist Morse
Lie groupoid morphisms on G � M ⇒ M .

Example 4.4 Let (M,F) be a complete transverse parallel foliated connected manifold (see
for instance [51, Sect. 4.5] or [50, Sect. 4.1.2]). Let p : ˜M → M denote the universal
covering map and consider the induced foliation ˜F on ˜M . This foliation is simple so that we
have that X = ˜M/˜F is a Hausdorff manifold and the canonical projection πbas : ˜M → X
is a surjective submersion. It turns out that with this data it is possible to obtain a natural
structure of principal groupoid bi-bundle ( ˜M, p, πbas) : Hol(M,F) � π1(M)� X between
the holonomy groupoid Hol(M,F) ⇒ M and the action groupoid π1(M) � X ⇒ X , that is,
a Morita equivalence. Therefore, if M has finite fundamental group then as a consequence of
Wasserman’s result and Proposition 3.8we get that there existMorse Lie groupoidmorphisms
on Hol(M,F) ⇒ M .

Example 4.5 Suppose that G ⇒ M is a Lie groupoid for which the orbit space M/G admits
a structure of smooth manifold such that the canonical projection π : M → M/G is a
surjective submersion. Any Morse function f̃ : M/G → R induces a basic function f :=
π∗ f̃ : M → R. The fact that every orbitO ⊆ M is non-degenerate follows by applying (4) to
the surjective submersion π : M → M/G. In particular, G has Morse groupoid morphisms.

Example 4.6 Consider the action of Z on S1 given by n · eiθ = ei(θ+2πnα) where α ∈ [0, 1]
is some irrational number. This action is free but not proper. Moreover, every orbit of such
an action is dense in S1. Therefore, if there is a Z-invariant function on S1 then it must be
constant. As a consequence of Morita invariance, the foliation groupoid on the 2-torus T

2

associated to the Kronecker foliation admits no Morse Lie groupoid morphisms different
from the constant functions.

4.1 The proper groupoid case

It is well known that the set of Morse functions over a compact manifold M form a open
and dense subset of C∞(M) with respect to the strong topology. As we mentioned before,
Wasserman showed in [61] a similar result for the set of G-invariant Morse functions placed
inside the set of all G-invariant functions when the Lie group G acting on M is compact. For
the case of orbifolds, Hepworth introduced in [30] a modified strong topology on the set of
functions over an orbifold and proved that the subset of those that are Morse is also open and
dense with respect such a topology [30, Sect. 6].
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Remark 4.7 If G is a non-compact Lie group acting properly on a smooth manifold M then
the strong topology induced on the set of all G-invariant smooth functions on M becomes
discrete, see [36, Proposition 4.7]. As consequence, the set of G-invariant Morse functions
on M can not be dense with respect to the strong topology induced on C∞(M)G .

A simple example in which the previous phenomena occurs is the following.

Example 4.8 Consider the usual free and proper action of Z on R given by translations. In
this case the quotient map (exponential) π : R → S1 is clearly not proper. It follows that
the set of Z-invariant Morse functions on R can not be dense in C∞(R)Z with respect to the
strong topology.

It is well known that if G is a compact Lie group acting on a smooth manifold M then
the canonical orbit projection M → M/G is a proper map. Let us consider a proper Lie
groupoid G ⇒ M . Motivated by Remark 4.7 and Example 4.8 it seems reasonable to further
assume that the canonical projection π : M → M/G is a proper map in order to show that
Morse Lie groupoid morphisms are dense in C∞(M)G with respect to the induced strong
topology. Our aim now is to prove that this is in fact the case. Moreover, if M/G is compact
then we show that they actually form an open subset. Such a result clearly recovers both
the classical and the equivariant cases and partially recovers the case of orbifolds. This is
because the modified strong topology defined by Hepworth only agrees with the classical
strong topology on C∞(M)G when π : M → M/G is proper [30, Proposition 6.5]. Note
that if G is a proper Lie groupoid over a compact manifold M then the previous requirements
are clearly fulfilled. In particular, an interesting example to have in mind is given by the
holonomy groupoid Hol(M,F) ⇒ M induced by a regular Riemannian foliation F over a
compact manifold M .

Lemma 4.9 The set C∞(M)G is a Baire space in C∞(M) with respect to the strong topology.

Proof Let us consider a proper Haar measure system {μx } for G ⇒ M . By taking average
with respect to {μx } we can define a surjective linear continuous operator Pμ : C∞(M)→
C∞(M)G by sending f to f μ as defined in Example 3.4. This is consequence of having that
C∞(M) is a Fréchet space and the average operator Pμ is a projection, i.e. (Pμ)2 = Pμ. In
particular, by the Banach–Schauder Theorem it follows that Pμ is open. Mather proved in
[46, Proposition 3.1] that C∞(M) is a Baire space so that the previous facts imply that the
space of basic functions C∞(M)G is also a Baire space in C∞(M), as claimed. ��

Although the proof of next result uses some terminology to be introduced later on we state
it here because of our purposes in this subsection.

Lemma 4.10 Let GU ⇒ U be an open subgroupoid of G ⇒ M and K ⊂ U/GU ⊂ M/G
be a compact subset. Then the set of basic functions f : M → R such that f |U has no
degenerate critical orbits inside the compact π−1(K ) is an open subset in C∞(M)G.

Proof The proof of this result is a straightforward adaptation of the proof of [4, Lemma 5.32]
by considering instead the coarse differential d F[x] : T[x][M/G] → R and the coarseHessian
H[x](F) : T[x][M/G] × T[x][M/G] → R as defined in Sect. 7. ��
Theorem 4.11 Suppose that G ⇒ M is a proper Lie groupoid such that the canonical
projection π : M → M/G is a proper map. Then Morse Lie groupoid morphisms on G are
dense in the space of all Lie groupoid morphisms G → R. Moreover, if M/G is compact
then they form an open subset.
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Proof It is well known that since our groupoid is proper any x ∈ M has an open neighborhood
Uα in M such that GUα ⇒ Uα is Morita equivalent to the action groupoid Gx � νx (Ox ) ⇒
νx (Ox ), see for instance [18]. Therefore, by Proposition 3.8 combined with theWasserman’s
density result we have that there exist Morse Lie groupoid morphisms on GUα ⇒ Uα and
they are actually dense. Recall that the canonical projection π : M → M/G is an open
map. Thus, we may assume that the open cover {Uα/Gα} of M/G we obtain from above is
countable and it satisfies that for every α there exists a compact subset Kα ⊂ Uα/Gα such
that {Kα} also covers M/G since this is Hausdorff and paracompact.

Let Mα(G) denote the subset formed by basic functions f ∈ C∞(M)G for which f |Uα

has no degenerate critical orbits inside the compact set π−1(Kα). Note that the set M(G)

of all basic functions defining Morse Lie groupoid morphisms on G ⇒ M agrees with
⋂

α Mα(G) since {π−1(Kα)} covers M . If we show that Mα(G) is open and dense for all
α then M(G) will be dense since C∞(M)G is a Baire space. On the one hand, the fact that
Mα(G) is open follows from Lemma 4.10. On the other hand, pick f ∈ C∞(M)G and let
N be an open neighborhood of f . If we prove that N ∩Mα(G) is nonempty then we will
have thatMα(G) is dense. Consider the restriction f |Uα of f on Uα . By taking average with
respect to {μx } it follows that given the closed subset π−1(Kα) and some open neighborhood
Wα ⊆ Uα of π−1(Kα) there exists a basic function φα : Uα → R such that φα ≡ 1 in a
small neighborhood of π−1(Kα) and such that its support is compact and contained in Wα ,
use [15, Proposition 9] with [30, Lemma 3.12]. Also, since φα has compact support it follows
that by using again an average process we can consider the map C∞(Uα)GUα → C∞(M)G

given by g 
→ φ̃αg, where the symbol ˜ denotes smooth G-invariant extension by zero,
compare with [30, Lemmas 3.11 and 6.12]. This map is continuous so that there exists a
small enough open neighborhood N ′ in C∞(Uα)GUα such that f (1 −˜φα) + φ̃αg ∈ N for
all g ∈ N ′. We already know that Morse Lie groupoid morphisms on GUα ⇒ Uα are dense
so that we may assume that there exists g ∈ N ′ defining a Morse Lie groupoid morphism
such that f (1 −˜φα) + φ̃αg ∈ N . Recall that by construction φα ≡ 1 in a neighborhood of
π−1(Kα) ⊂ Uα for which f (1−˜φα)+ φ̃αg restricts to g over such a neighborhood, meaning
that f (1−˜φα)+ φ̃αg ∈ N ∩Mα(G). That is, N ∩Mα(G) is nonempty as claimed.

Finally, if M/G is compact then the intersection M(G) = ⋂

α Mα(G) becomes finite.
This completes the proof. ��

Remark 4.12 Instead of considering the Morita equivalence between GUα ⇒ Uα and Gx �

νx (Ox ) ⇒ νx (Ox ) aswe did abovewe could also have considered the following identification
of GUα which appears in [54, Corollary 3.11]. For a proper Lie groupoid G ⇒ M there is an
open neighborhood Uα of x in M diffeomorphic to O × Vx where O is an open ball in the
orbit Ox centered at x and Vx is a Gx -invariant open ball in νx (Ox ) centered at the origin.
Under this diffeomorphism GUα ⇒ Uα is isomorphic to the product of the pair groupoid
O × O ⇒ O and the action groupoid Gx � Vx ⇒ Vx . The pair groupoid admits Morse Lie
groupoid morphisms since this is Morita equivalent to a manifold and the action groupoid
admits Morse Lie groupoid morphisms as consequence of Wasserman’s result.

4.2 Momentmaps on 0-symplectic groupoids

Our goal now is to show that moment maps for Hamiltonian 2-actions on 0-symplectic
groupoids in the sense of [34] induce Morse–Bott Lie groupoid morphisms. This will be
consequenceof the results proved in [41] forHamiltonian actions onpresymplecticmanifolds.
We start by briefly introducing some necessary terminology which can be found in [34].
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A foliation groupoid is a Lie groupoid G ⇒ M whose space of objects M is Hausdorff
and whose isotropy groups Gx are discrete for all x ∈ M . For instance, every étale Lie
groupoid with Hausdorff objects manifold is a foliation groupoid. The converse is not true,
however every foliation groupoid is Morita equivalent to an étale groupoid. As shown in
[14, 17], being a foliation groupoid is equivalent to the associated Lie algebroid anchor map
ρ : A → T M being injective. As a consequence, the manifold M comes with a regular
foliation F tangent to the leaves of im(ρ) ⊆ T M . Note that if G ⇒ M is source-connected
the leaves of im(ρ) ⊆ T M coincide with the groupoid orbits.

A basic 2-form on a foliation groupoid G ⇒ M is given by a pair of 2-formsω = (ω1, ω0)

with ω1 ∈ �2(G), ω0 ∈ �2(M) satisfying s∗ω0 = ω1 = t∗ω0. We say that ω is non-
degenerate if ker(ω0) = im(ρ) ⊆ T M . A basic 2-form ω = (ω1, ω0) is closed if ω0 is
closed.

Definition 4.13 [34] A 0-symplectic groupoid is a foliation groupoid equippedwith a closed
and non-degenerate basic 2-form.

It is important to point out that this notion of symplectic groupoid differs from that of
Weinstein introduced in [62], since ω1 ∈ �2(G) is not necessarily non-degenerate nor
multiplicative.

It follows immediately from Definition 4.13 that (M, ω0) is a pre-symplectic manifold
with ker(ω0) = TF in the sense of [41, 57]. Additionally, there is a left action of the product
groupoid G×G ⇒ M×M on G along (s, s) given by (g, h) f = g f h−1. The components of
the orbits of this action define a regular foliationF1 of G satisfying TF1 = ker(ds)+ker(dt).
In particular,ω inDefinition4.13 is non-degenerate if andonly if ker(ω1) = ker(ds)+ker(dt).
As a consequence, (G, ω1) is also a pre-symplectic manifold with ker(ω1) = TF1.

To define Hamiltonian 2-actions in this context we need to introduce the notion of Lie
2-group. A Lie 2-group is a Lie groupoid K (1) ⇒ K (0) where both K (1) and K (0) are Lie
groups and all the structural maps are Lie group morphisms. A 2-action of K (1) ⇒ K (0) on
G ⇒ M is Lie groupoid morphism from the product groupoid K (1) × G ⇒ K (0) × M to
G ⇒ M whose component maps are Lie group actions in the usual sense. If we apply the
Lie functor to K (1) ⇒ K (0) then we obtain a Lie 2-algebra k(1) ⇒ k(0), i.e. a Lie groupoid
where k(1) and k(0) are Lie algebras and all the structural maps are Lie algebra morphisms.

It is well known that there exists a bijective correspondence between Lie 2-groups and
crossed modules of Lie groups; see [12]. By a crossed module of Lie groups we mean
a quadruple (K , H , ∂, α) where K and H are Lie groups, ∂ : H → K is a Lie group
morphism, and α : K → Aut(H) is an action of K on H subject to the requirements
∂(α(g)(h)) = g∂(h)g−1 and α(∂(h))(h′) = hh′h−1 for all g ∈ K and h, h′ ∈ H . In
particular, if K (1) ⇒ K (0) is Lie 2-group then its associated crossed module is determined
by the data K = K (0), H = ker(s), ∂ = t |H , and α is the conjugation action of K (1) on H
composed with the identity bisection map u : K (0) → K (1).

Suppose that K (1) ⇒ K (0) is a foliation Lie 2-group with associated crossed module of
Lie groups (K , H , ∂, α) and Lie 2-algebra k(1) ⇒ k(0). In this case we have that Lie(∂) :
h → k = k(0) is injective. As the Lie algebra Lie(∂)(h) ∼= h is an ideal in k then we may
consider the quotient Lie algebra k/h. Let us denote by π : k→ k/h the quotient map.

Lemma 4.14 [34] If K (1) ⇒ K (0) is a foliation Lie 2-group then the pair (π ◦ Lie(t), π) :
(k(1) ⇒ k(0))→ (k/h ⇒ k/h) is a Morita morphism of Lie 2-algebras.

As a consequence of the previous result, the Lie groupoid morphism Ad : (K (1)× k(1) ⇒
K (0) × k(0)) → (k(1) ⇒ k(0)), which is formed by the adjoint actions Ad j of K ( j) on k( j)
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(for j = 0, 1), descends to a well defined 2-action of K (1) ⇒ K (0) on k/h ⇒ k/h. By abuse
of language, we will call this induced 2-action as the adjoint action and denote it by Ad as
well. Accordingly, this notion of adjoint action allows us to speak about the coadjoint action
Ad∗ : (K (1) × (k/h)∗ ⇒ K (0) × (k/h)∗) → ((k/h)∗ ⇒ (k/h)∗) which is nothing but the
2-action whose component maps are the coadjoint actions Ad∗j of K ( j) on (k/h)∗ induced by
the identification we mentioned above.

The final ingredient necessary to define Hamiltonian 2-actions is given by the notion of
fundamental vector field associated to a 2-action.Namely, consider a 2-action of K (1) ⇒ K (0)

on G ⇒ M . It is simple to check that for every ξ ∈ k = k(0) the pair (Lie(u)(ξ)G , ξM ),
formed by the fundamental vector fields of the respective Lie group actions, determines a
multiplicative vector field on G ⇒ M . Therefore, if K (1) ⇒ K (0) is a foliation Lie 2-group
and G ⇒ M is a foliation groupoid then the fundamental vector field associated to the
2-action above is by definition the basic vector field on G ⇒ M determined by the pair
(Lie(u)(ξ)G , ξM ). By applying this procedure it is possible to show that there exists a Lie
algebra anti-morphism from k/h to the Lie algebra of basic vector fields on G ⇒ M ; see [34,
Proposition 6.9.2] for further details.

Definition 4.15 [34] Let (G ⇒ M, ω) be a 0-symplectic groupoid and let K (1) ⇒ K (0) be
a foliation Lie 2-group with associated crossed module (K , H , ∂, α). A 2-action of K (1) ⇒
K (0) on (G ⇒ M, ω) is said to be Hamiltonian if the following conditions hold:

1. the action of K (0) on M is presymplectic, and
2. there is a morphism of Lie groupoids called moment map

μ = (μ1, μ0) : (G ⇒ M)→ ((k/h)∗ ⇒ (k/h)∗),

verifying

(i) for all ξ ∈ k/h it satisfies dμ
ξ
0 = ιξM ω0, and

(ii) μ is equivariant with respect to the 2-action of K (1) ⇒ K (0) on (G ⇒ M, ω) and the
coadjoint action of K (1) ⇒ K (0) on (k/h)∗ ⇒ (k/h)∗.

If all these conditions are satisfied then we say that (G ⇒ M, ω) is a Hamiltonian (K (1) ⇒
K (0))-groupoid with moment map μ.

Some observations about the previous definition come in order. First, as we are work-
ing with a 2-action and ω is basic then we immediately get that the action of K (1) on G
is also presymplectic. Additionally, dμ

ξ
1 = ιLie(u)(ξ)G ω1. This follows from the fact that

(Lie(u)(ξ)G , ξM ) is a multiplicative vector field, ω is basic, and either μ0 ◦ s = μ1 or
μ0 ◦ t = μ1. One also observes that

s∗(μξ
0)(x) = μ0(s(x))(ξ) = μ1(x)(ξ) = μ0(t(x))(ξ) = t∗(μξ

0)(x).

Therefore, for each ξ ∈ k/h we have a well defined Lie groupoid morphism μξ : (G ⇒
M)→ (R ⇒ R) given either by s∗(μξ

0) or t∗(μξ
0). The required condition which will allow

us to ensure that μξ is a Morse Lie groupoid morphism is determined in terms of the notion
of “cleanness” introduced in [41].

Consider a left action of a connected Lie group K on a presymplectic manifold (M, ω)

with foliation F and set n(F) = {ξ ∈ k : (ξM )(x) ∈ TxF for all x ∈ M}. This space is an
ideal in k. Let N (F) be the connected immersed Lie subgroup in K with Lie algebra n(F).

Definition 4.16 [41] The action of K on M is clean if

Tx (ON (F)(x)) = Tx (OK (x)) ∩ TxF,
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for all x ∈ M .

Remark 4.17 Suppose that F : G → R is a Lie groupoid morphism covering a basic K (0)-
invariant function f : M → R. Note that the action of K (0) on M imposes additional
symmetries in M different from the ones we already had associated to the Lie groupoid
structure. This in particular can make the dimension of the connected components of Crit( f )

to increase since they may content more than one groupoid orbit. If this is the case then we
say that F : G → R is a Morse–Bott Lie groupoid morphism if f is aMorse–Bott function
in the usual sense.

Summing up, we are in conditions to state:

Proposition 4.18 Let (G ⇒ M, ω) be a Hamiltonian (K (1) ⇒ K (0))-groupoid with moment
map μ : G → (k/h)∗. Suppose that K (0) is a torus and the action of K (0) on M is clean.
Then, for every ξ ∈ k/h the map μξ : (G ⇒ M)→ (R ⇒ R) is a Morse–Bott Lie groupoid
morphism with even index at every non-degenerate critical submanifold.

Proof Let ξ ∈ k/h be fixed. The fact that μξ is a Lie groupoid morphism implies that the
critical point set of μ

ξ
0 is saturated in M . Thus, when applying [41, Theorem 3.4.5] to our

situation we get that every critical component in Crit(μξ
0) is a non-degenerate saturated

submanifold of even index since the action of K (0) on M is clean. Therefore, μξ is a Morse–
Bott Lie groupoid morphism with the required property. ��

In particular, this result recovers the case of toric actions on symplectic orbifolds studied
for instance in [35].

5 TheMorse lemma

The goal of this section is to state a version of the Morse lemma in the Lie groupoid setting
and to describe some features of the negative normal groupoid over a nondegenerate critical
orbit. Let us start by recalling that given a Morse–Bott function f : M → R and a non-
degenerate critical submanifold C ⊆ M , the Morse–Bott Lemma gives a local normal form
for f around C . Namely, on a suitable neighborhood of C the function f looks like the
quadratic form Q f : ν(C)→ R defined in (1) up to a constant, see for instance [2].

We start by considering a Lie groupoid morphism F : (G ⇒ M)→ (R ⇒ R) associated
to a basic function f ∈ C∞(M)G . Suppose that O ⊆ M is a non-degenerate critical orbit
of f and consider the restricted Lie groupoid GO ⇒ O. As GO ⊆ G is a non-degenerate
critical submanifold for F the construction of (1) applies to both f and F yielding quadratic
forms QF : ν(GO)→ R and Q f : ν(O)→ R.

Lemma 5.1 The pair (QF , Q f ) : (ν(GO) ⇒ ν(O)) → (R ⇒ R) is a Lie groupoid mor-
phism.

Proof Let g ∈ GO be a critical arrow. Then, from identity (4) we get that

Hg( f ◦ s) = ds(g)T ·Hs(g)( f ) · ds(g).

Given that f : M → R is basic we actually have ds(g)T · Hs(g)( f ) · ds(g) = dt(g)T ·
Hx ( f ) · dt(g). Thus, it follows from the definition of QF and Q f that the previous two
identities immediately imply that Q f ◦s = Q f ◦ ds and Q f ◦t = Q f ◦ dt as required. ��
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5.1 Normal form around an orbit

Let G ⇒ M be a proper Lie groupoid and O ⊆ M be an orbit. Denote by GO ⇒ O
the restricted Lie groupoid. A groupoid neighborhood of GO ⇒ O is given by an open
Lie subgroupoid (Ũ ⇒ U ) ⊆ (G ⇒ M) with GO ⊂ Ũ and O ⊂ U . As our groupoid
is proper we can assume that the groupoid neighborhoods are full in the sense that Ũ =
GU = s−1(U )∩ t−1(U ). Let ν(GO) ⇒ ν(O) be the normal groupoid associated to an orbit.
We say that G ⇒ M is linearizable around O if there are full groupoid neighborhoods
(GU ⇒ U ) ⊆ (G ⇒ M) of GO ⇒ O and (ν(GO)V ⇒ V ) ⊆ (ν(GO) ⇒ ν(O)) of
GO ⇒ O seen as the zero section, and a Lie groupoid isomorphism

φ : (ν(GO)V ⇒ V )→ (GU ⇒ U ),

which is the identity on GO ⇒ O. We refer to GU ⇒ U as a full groupoid tubular
neighborhood ofGO ⇒ O. The linearization theorem asserts that every proper Lie groupoid
is linearizable around any of its orbits. It is worth mentioning that this result generalizes other
classical and important results in differential geometry such as the Ehresmann’s theorem for
submersions, the local Reeb stability for foliations, and the tube theorem for proper Lie group
actions. The linearization problem was first addressed by Weinstein in [63] for the case of
regular proper groupoids by reducing it to the fixed point case. A first complete proof of this
result was provided by Zung [64] with the extra assumption of source locally triviality. The
latter hypothesis and variants of it were treated later by Crainic and Struchiner [18]. Other
novel approaches that lead to much more geometric proofs of the linearization theorem are
given in [20, 21, 48].

Suppose that GO ⇒ O is a non-degenerate critical subgroupoid of a Lie groupoid mor-
phism F : (G ⇒ M) → (R ⇒ R) and consider a full groupoid tubular neighborhood
GU ⇒ U as above. The local model of F around GO is defined as the Lie groupoid mor-
phism

F̃ := φ∗F : (ν(GO)V ⇒ V )→ (R ⇒ R). (8)

Note that the zero section is a non-degenerate critical subgroupoid of F̃ .

Theorem 5.2 (Morse lemma) Let F : G → R be a Morse Lie groupoid morphism covering
f : M → R. If G is proper, then around a non-degenerate critical subgroupoid GO ⇒ O
there is a full groupoid tubular neighborhood φ : (ν(GO)V ⇒ V )

∼=−→ (GU ⇒ U ) such that

F̃ = c + QF .

Proof Let x ∈ O. By the Slice Theorem for proper Lie groupoids we know that there is a
transversal T to the orbit O such that the restricted subgroupoid GT ⇒ T is isomorphic to
the action groupoid Gx � B ⇒ B for some open set 0 ∈ B ⊂ νx (O), consult for instance
[18, 19, 54, 64]. Also, it is known that GT ⇒ T is Morita equivalent to GU ⇒ U where
U is the open saturation of T , see [18]. Let us consider the restriction FU : GU → R of
the Morse Lie groupoid morphism F to GU ⇒ U and transfer it to a Morse Lie groupoid
morphism F ′U on Gx � W ⇒ W by using Proposition 3.8. Since G is proper, Gx is compact
so Gx � W ⇒ W is also a proper groupoid. Therefore, by the equivariant version of the
Morse lemma [37, 48, 61], it follows that there is a full groupoid tubular neighborhood
around the corresponding nondegenerate critical orbitO′ on which F̃ ′U agrees up to constant
with QF ′U . Hence, as consequence of Proposition 3.8 and the fact that linearization is Morita
invariant [18, Proposition 3.7 and Corollary 3.9], we get that there is a full groupoid tubular
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neighborhood around O on which F̃U agrees up to constant with QFU . This completes the
proof. ��
Remark 5.3 For the sake of completeness we mention that there are other two possible
approaches to prove the previous result. The first one relies on the proof of existence of
groupoid tubular neighborhoods around an orbit due to Meinrenken [48], combined with his
ideas used to give a proof of the Morse–Bott Lemma. The second one involves the weakly
linearization around an orbit provided by the exponential map of a 2-metric in the sense of del
Hoyo and Fernandes [21], combined with the classical ideas for the proof of the Morse–Bott
lemma that can be found for instance in [26, Appendix B]. Although the latter approach is
less simple that the first one and the one we used above, it has the advantage of not requiring
our Lie groupoid to be proper.

5.2 Negative normal groupoid

Let us suppose that our Lie groupoid G ⇒ M can be equipped with a Riemannian 2-metric
η(2) on G(2) and consider the induced 1-metric η(1) on G and 0-metric η(0) on M . If O is
a groupoid orbit then we can restrict the 1-metric η(1) to ν(GO) and the 0-metric η(0) to
ν(O) and use them to identify ν(GO) ∼= T G⊥O and ν(O) ∼= TO⊥. In particular, if O is
a nondegenerate critical orbit of a Morse Lie groupoid morphism F : G → R covering
f : M → R then Hg( f ◦ s) = ds(g)−1 ·Hx ( f ) · ds(g) for all g ∈ GO , since s : G → M
is a Riemannian submersion. Thus, the indexes λ(GO, F) and λ(O, f ) agree.

Lemma 5.4 The Hessian H( f ) : ν(O) ⊕ ν(O) → R and the fiberwise quadratic form
Q f : ν(O)→ R are invariant under the normal representation (5).

Proof First of all, similar arguments as those used inLemma5.1 show that theHessian H(F) :
ν(GO)⊕ ν(GO)→ R is a Lie groupoid morphism covering H( f ) : ν(O)⊕ ν(O)→ R. In
other words,

H(F) = (ds ⊕ ds)∗H( f ) = (dt ⊕ dt)∗H( f ). (9)

Pick x ∈ O and let g, h ∈ Gx , w1 ∈ TgG and w2 ∈ Th G be such that ds(g)(w1) = v1 and
ds(h)(w2) = v2. Therefore, by using the identities t ◦ π1 = t ◦ m and s ◦ π2 = s ◦ m we
obtain

Hx ( f )(g · [v1], h · [v2]) = Hx ( f )([dt(g)(w1)], [dt(h)(w2)])
= Hx ( f )([dt(g)(w1)], [d(t ◦ π1)(h,h−1g)(w2, (ds(h−1g))−1(ds(h)(w2))])
= Hx ( f )([dt(g)(w1)], [dt(g)(dm(h,h−1g)(w2, (ds(h−1g))−1(ds(h)(w2))])

By Identity (9) = Hx ( f )([ds(g)(w1)], [ds(g)(dm(h,h−1g)(w2, (ds(h−1g))−1(ds(h)(w2))])
= Hx ( f )([ds(g)(w1)], [ds(h−1g)((ds(h−1g))−1(ds(h)(w2))])
= Hx ( f )([ds(g)(w1)], [ds(h)(w2)]) = Hx ( f )([v1], [v2]).

��
It follows immediately from the this lemma that the index of a non-degenerate critical

orbit O ⊆ M is well-defined even if O is not connected.

Definition 5.5 Let F : G → R be a Morse Lie groupoid morphism covering f : M → R.
If O ⊆ M is a nondegenerate critical orbit then any arrow g ∈ GO will be called a non-
degenerate critical arrow of F and its index is defined as λ(g, F) := λ(O, f ).

123



46 Page 18 of 55 C. Ortiz, F. Valencia

Let us fix a nondegenerate critical orbitO of aMorse Lie groupoid morphism F : G → R

covering f : M → R. We can use the Riemannian metrics η(1) and η(0) respectively to split
ν(GO) = ν+(GO) ⊕ ν−(GO) and ν(O) = ν+(O) ⊕ ν−(O) into subbundles which are
fiberwise defined by the eigenvectors corresponding to the positive/negative eigenvalues of
H(F) and H( f ). In these terms we have:

Lemma 5.6 The Lie groupoid structure of ν(GO) ⇒ ν(O) can be restricted to define two
new Lie subgroupoids ν−(GO) ⇒ ν−(O) and ν+(GO) ⇒ ν+(O).

Proof We will show why it is possible to restrict the groupoid structure in the first case since
the second one is completely analogous.We already know thatHg( f ◦s) = ds(g)−1 ·Hx ( f )·
ds(g). If v is an eigenvector of Hg( f ◦ s) with negative eigenvalue c, then

Hx ( f )(ds(g)(v)) = ds(g)(Hg( f ◦ s)(v)) = ds(g)(c · v) = c · ds(g)(v).

That is, ds(g)(v) is an eigenvector of Hx ( f ) with eigenvalue c. Same conclusion may be
obtained by arguing with the Riemannian submersion t . Let v and u be eigenvectors of
Hg( f ◦s) andHh( f ◦s)with respective negative eigenvalues c1 and c2 such that dm(g,h)(v, u)

is well defined. Let us say z
g←− x

h←− y. Thus, by using the formula s ◦ m = s ◦ π2 we get
that

Hgh( f ◦ s)(dm(g,h)(v, u))

= ds(gh)−1(Hy( f )(ds(gh)(dm(g,h)(v, u))))

= ds(gh)−1(Hy( f )(d(s ◦ m)(g,h)(v, u))) = ds(gh)−1(Hy( f )(ds(h)(u)))

= ds(gh)−1(ds(h)(Hh( f ◦ s)(u))) = c2 · ds(gh)−1(ds(h)(u))

= c2 · ds(gh)−1(dsπ2(g,h)((dπ2)(g,h)(v, u)))

= c2 · ds(gh)−1(d(s ◦ m)(g,h)(v, u)) = c2 · dm(g,h)(v, u).

If we assume that F = t∗ f then by using the identity t ◦m = s◦π1 we conclude thatHgh( f ◦
t)(dm(g,h)(v, u)) = c1 · dm(g,h)(v, u). This computation implies that the composition dm :
(ν−(GO))(2) → ν−(GO) is well defined when considering ds and dt restricted to ν−(GO).
The restriction of the unit map as du : ν−(O)→ ν−(GO) is alsowell defined since s◦u = id
holds true. Indeed, if v is an eigenvector of Hx ( f ) with negative eigenvalue c we have that

H1x ( f ◦ s)(du(x)(v))

= ds(1x )
−1(Hx ( f )(ds(1x )(du(x)(v)))) = ds(1x )

−1(Hx ( f )(d(s ◦ u)(x)(v)))

= c · ds(1x )
−1(v) = c · ds(1x )

−1(d(s ◦ u)(x)(v) = c · du(x)(v).

So, du(x)(v) is an eigenvector ofH1x ( f ◦s)with eigenvalue c. Finally, with similar computa-
tions, using the identities t = s ◦ i , s = t ◦ i , andH( f ◦s) = H( f ◦ t), we obtain that if v is an
eigenvector ofHg( f ◦s)with negative eigenvalue c thenHg−1( f ◦s)(di(g)(v)) = c·di(g)(v).

Thus, the restriction of the inverse map as di : ν−(GO)→ ν−(GO) is also well defined. The
properties required to be satisfied by the composition, the inverse, and the unit map follow
from those of ν(GO) ⇒ ν(O). ��

Consider the negative unit disk bundle D−(GO) defined by

D−(GO) = {v ∈ ν−(GO) : ‖v‖1 ≤ 1},
where ‖ · ‖1 is the norm on ν−(GO) induced by η(1). The positive unit disk bundle D+(GO)

is defined accordingly. Also, one has unit disk bundles at the level of objects D−(O) and
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D+(O) defined by the induced metric η(0) on M . As both the ranks of ν−(GO) and ν−(O)

agree and they are actually the index λ of the non-degenerate critical submanifolds, the fibers
of the negative unit disk bundles are λ-dimensional disks. Moreover, the unit disk bundles
define topological groupoids of the (negative) normal groupoid. Indeed:

Lemma 5.7 The Lie groupoid structure of ν−(GO) ⇒ ν−(O) restricts to the unit disk bundle
yielding a topological subgroupoid D−(GO) ⇒ D−(O).

Proof Recall that s, t : G → M as well as π1, m, π2 : G(2) → G are Riemannian sub-
mersions and that the inversion map i : G → G is an isometry. Therefore, if we consider
the norms ‖ · ‖1 and ‖ · ‖0 with respect to the metrics η(1) and η(0) restricted to the normal
bundles ν(GO) and ν(O), respectively, then we get the identities

‖v‖1 = ‖ds(v)‖0, ‖v‖1 = ‖dt(v)‖0, ‖(v, w)‖2 = ‖dm(v, w)‖1 = ‖ds(w)‖0 = ‖w‖1
‖(v, w)‖2 = ‖dm(v, w)‖1 = ‖dt(v)‖0 = ‖v‖1, ‖di(v)‖1 = ‖v‖1, ‖du(v)‖1 = ‖v‖0.

To deduce these formulas it is important to have in mind the identities s ◦ m = s ◦ π2,
t ◦m = t ◦ π1, t = s ◦ i , s = t ◦ i , and s ◦ u = id . Hence, by mimicking the steps followed
in Lemma 5.6 it is simple to see that D−(GO) ⇒ D−(O) is a topological subgroupoid of
ν−(GO) ⇒ ν−(O). ��

The groupoid introduced in Lemma 5.7 will be called the unit disk groupoid of
ν−(GO) ⇒ ν−(O) with respect the 2-metric η(2). Note that this can be thought of as a
Lie groupoid with “boundary”. Namely, the boundary of D−(GO) is the unit sphere bundle

∂ D−(GO) = {v ∈ ν(GO) : ‖v‖1 = 1},
with the natural projection onto GO . The unit sphere bundle ∂ D−(O) is similarly defined by
using instead the norm ‖ · ‖0 induced by η(0). Observe that the fibers of these sphere bundles
are indeed (λ − 1)-dimensional spheres. It is simple to check that there is a well defined
Lie groupoid ∂ D−(GO) ⇒ ∂ D−(O) whose structural maps are the induced ones. This Lie
groupoid will be called the unit sphere groupoid of ν−(GO) ⇒ ν−(O) with respect the
2-metric η(2) and we shall usually refer to it as the boundary of D−(GO) ⇒ D−(O).

Recall that the action groupoid of the normal representation Gx � νx (O) canonically
sits inside the local model ν(GO) ⇒ ν(O) and the inclusion (Gx � νx (O) ⇒ νx (O)) ↪→
(ν(GO) ⇒ ν(O)) is a Morita map. Hence, as consequence of Lemma 5.4 and the fact that
the normal representation acts by isometries when we are equipped with a 2-metric [21], the
following result becomes clear.

Proposition 5.8 The normal representation (5) induces a Lie groupoid representation of
GO ⇒ O along ν−(O) → O and a groupoid (resp. Lie groupoid) action of GO ⇒ O
along D−(O)→ O (resp. ∂ D−(O)→ O). Moreover, the action groupoids of these normal
actions

Gx � ν−(O)x ⇒ ν−(O)x , Gx � D−(O)x ⇒ D−(O)x , Gx � ∂ D−(O)x ⇒ ∂ D−(O)x ,

canonically sit inside their respective local models and the inclusions are Morita. In particu-
lar, there are homeomorphisms between the orbit spaces D−(O)x/Gx ∼= D−(O)/D−(GO)

and ∂ D−(O)x/Gx ∼= ∂ D−(O)/∂ D−(GO).

It is simple to see that same conclusions can be obtained about the groupoids defined in
terms of positive eigenvalues.
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6 Gradient vector field and level subgroupoids

After having described some of the local features of a Morse Lie groupoid morphism around
a non-degenerate critical orbit, in this section we deal with one of the most important results
of Morse theory that, in turn, addresses the topological behavior of a Lie groupoid around
a non-degenerate critical Lie subgroupoid. We start by introducing a notion of attaching
groupoid and then we study multiplicative gradient vector fields.

6.1 Attaching groupoid

In this subsection we quickly explain how to construct topological groupoids by an attaching
procedure between Lie groupoids.

Definition 6.1 Let G ⇒ M be a Lie groupoid. A groupoid attaching data on G consists of:

(i) a Lie groupoid G ′ ⇒ M ′,
(ii) closed submanifolds ∂G ′ ⊂ G ′ and ∂ M ′ ⊂ M ′ such that ∂G ′ ⇒ ∂ M ′ is a Lie sub-

groupoid of G ′ ⇒ M ′, and
(iii) a Lie groupoid morphism (B, b) : (∂G ′ ⇒ ∂ M ′)→ (G ⇒ M).

A groupoid attaching data defines two topological spaces G �B G ′ and M �b M ′ defined
by the usual attaching construction. Namely, the quotient space G �B G ′ is defined by taking
the disjoint union G � G ′ and then identifying g′ ∼ B(g′) for all g′ ∈ ∂G ′. The attaching
space M �b M ′ is defined in the same way.

One immediately observes that there is a natural topological groupoid G �G ′ ⇒ M �M ′
whose structural maps are defined as the disjoint union of the corresponding structural maps
of G and G ′. Our main goal in what follows is to show that this groupoid structure descends
to the attaching spaces giving rise to a topological groupoid G �B G ′ ⇒ M �b M ′. Since
(B, b) : (∂G ′ ⇒ ∂ M ′)→ (G ⇒ M) is a Lie groupoid morphism, it follows that the source
and target maps s � s′, t � t ′ : G � G ′ → M � M ′ pass to the quotient, yielding surjective
open maps

s, t : G �B G ′ → M �b M ′.

As usual, we define the set of composable arrows (G �B G ′)(2) as the fibered product
induced by s and t . Therefore, to define the composition map m : (G �B G ′)(2) → G �B G ′
we have to consider the following four cases. Recall that (1, x ′) ∼ (b(x ′), 2) are the only
kinds of elements related in M � M ′ so that we set

m([(g, 2)]B , [(h, 2)]B) := [(gh, 2)]B , m([(1, g′)]B , [(1, h′)]B) := [(1, g′h′)]B ,

m([(1, g′)]B , [(g, 2)]B) := [(B(g′)g, 2)]B , m([(g, 2)]B , [(1, g′)]B) := [(gB(g′), 2)]B .

It is simple to check that the well definition of this composition follows from the fact that
s and t are also well defined and (B, b) is a Lie groupoid morphism. The associative property
of m is satisfied because we have that m and m′ are associative in G and G ′, respectively and
B : ∂G ′ → G satisfies B ◦ m′ = m ◦ (B × B). Indeed, we only have to be careful when
verifying the following case:

[(1, g′)]B · ([(1, h′)]B · [(g, 2)]B) = [(1, g′)]B · [(B(h′)g, 2)]B = [(B(g′)(B(h′)g), 2)]B
= [((B(g′)B(h′))g, 2)]B = [(B(g′h′)g, 2)]
= [(1, g′h′)]B · [(g, 2)]B = ([(1, g′)]B · [(1, h′)]B) · [(g, 2)]B .
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The case [(g, 2)]B · ([(1, g′)]B · [(1, h′)]B) = ([(g, 2)]B · [(1, g′)]B) · [(1, h′)]B may be
verified in a similar fashion and the other ones follow more directly.

As expected, the unit map u : M�b M ′ → G�B G ′ and the inverse i : G�B G ′ → G�B G ′
are defined by passing to the quotient u�u′ : M�M ′ → G�G ′ and i�i ′ : G�G ′ → G�G ′,
respectively. It follows easily that both u and i satisfy the required conditions of the groupoid
axioms.

Summing up, we have obtained:

Proposition 6.2 There exists a natural topological groupoid G �B G ′ ⇒ M �b M ′ whose
structural maps are given by the ones (s, t, m, u, i) defined as above.

This groupoid will be called the attaching groupoid of G ⇒ M with respect to the Lie
groupoid morphism (B, b). A very special case is obtained when taking both G ′ = M ′ = Dλ

a closedλ-disk and ∂G ′ = ∂ M ′ = ∂ Dλ its corresponding (λ−1)-spherewith their underlying
structure of unit groupoids. In this case we attach cells of the same dimension at both arrows
and objects extending the groupoid structure.

6.2 Level subgroupoids

We start this subsection by defining the gradient vector field of a Lie groupoid morphism
F : G → R with respect to a 2-metric. Let G ⇒ M be a Lie groupoid equipped with a
2-metric η(2) and consider a Lie groupoid morphism F : G → R covering a basic function
f : M → R. The gradient of F is defined as the pair ∇F = (∇(s∗ f ),∇ f ), where ∇(s∗ f )

and ∇ f are the gradient vector fields of s∗ f and f with respect to the induced 1-metric η(1)

on G and the induced 0-metric η(0) on M , respectively. We have the following result.

Proposition 6.3 The gradient ∇F is a multiplicative vector field on G.

Proof We know that s, t : G → M as well as π1, m, π2 : G(2) → G are Riemannian
submersions. Thus, the vector fields ∇( f ◦ s) and ∇ f are s-related, ∇( f ◦ t) and ∇ f are t-
related, and∇(( f ◦s)◦m) and∇( f ◦s) arem-related. Here∇(( f ◦s)◦m) denotes the gradient
vector field of ( f ◦ s)◦m with respect to η(2) on G(2) and we have that dm ◦∇(( f ◦ s)◦m) =
∇( f ◦ s) ◦ m. The crucial point is to prove that for (g, h) ∈ G(2) the identity

∇(( f ◦ s) ◦ m)(g, h) = (∇( f ◦ s)(g),∇( f ◦ t)(h)),

holds true as long as ds(g)(∇( f ◦ s)(g)) = ∇ f (s(g)) = ∇ f (t(h)) = dt(h)(∇( f ◦ t)(h)).
However, the vector fields ∇(( f ◦ s) ◦ π1) and ∇( f ◦ s) are π1-related and the vector fields
∇(( f ◦t)◦π2) and∇( f ◦t) areπ2-related. Therefore, as ( f ◦s)◦m = ( f ◦s)◦π1 = ( f ◦t)◦π2

since f is basic, we obtain that

dπ1 ◦ ∇(( f ◦ s) ◦ m) = ∇( f ◦ s) ◦ π1 and dπ2 ◦ ∇(( f ◦ s) ◦ m) = ∇( f ◦ t) ◦ π2,

as desired. This clearly implies that dm ◦ (∇( f ◦ s)× ∇( f ◦ s)) = ∇( f ◦ s) ◦ m which
completes the proof. ��

It is clear thatwe alsomay define the gradient vector field as the pair∇F = (∇(t∗ f ),∇ f ).

Remark 6.4 To have that∇F is amultiplicative vector field it is very important to us since this

is equivalent to requiring that the pair of flows (�∇(s∗ f )
τ ,�

∇ f
τ ) induces (local) automorphisms
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on the Lie groupoid; see [44]. Namely, the following identities hold true

s ◦�∇(s∗ f )
τ = �∇ f

τ ◦ s, t ◦�∇(t∗ f )
τ = �∇ f

τ ◦ t,

�∇( f ◦s)
τ ◦ m = m ◦

(

�∇( f ◦s)
τ ×�∇( f ◦s)

τ

)

.

Let us now define the level subgroupoids of the kind of Lie groupoid morphisms we
are working with. Let F : G → R be a Lie groupoid morphism covering a basic function
f : M → R. Take a ∈ R and consider the level set Ma = {x ∈ M : f (x) ≤ a}. It
is simple to check that s−1(Ma) = t−1(Ma) which is equivalent to saying that Ma is a
saturated submanifold. This implies that Ga = G Ma = s−1(Ma) = t−1(Ma), with Ga

denoting the level set of F below a, so that we get a well defined topological subgroupoid
Ga ⇒ Ma of G ⇒ M that we call the level subgroupoid of F below a. It is important to
notice that Ga ⇒ Ma can be thought of as a Lie groupoid with boundary in the sense that if
∂ Ma = {x ∈ M : f (x) = a} and int(Ma) = {x ∈ M : f (x) < a} then both ∂Ga ⇒ ∂ Ma

and int(Ga) ⇒ int(Ma) are clearly Lie subgroupoids of G ⇒ M .
It is well known that the gradient vector field X = ∇ f of a smooth function f on a Rie-

mannian manifold (M, η(0)) is actually a gradient-like vector field. That is, it satisfies both
Zeroes(X) = Crit( f ) and d f (X) > 0 on M\Crit( f ). Thus, as consequence of Proposition
6.3 we obtain:

Proposition 6.5 Suppose that G ⇒ M is a proper groupoid, [a, b] is a closed interval
which does not contain critical values of f and f −1[a, b] is compact. Then Ga ⇒ Ma and
Gb ⇒ Mb are isomorphic groupoids. Furthermore, Ga ⇒ Ma is a deformation retraction
of Gb ⇒ Mb.

Proof Let us follow some ideas stated in [49, 52] about the proof of this result in the classical
case. It is clear that if f −1[a, b]∩Crit( f ) = ∅, then (s∗ f )−1[a, b]∩Crit(F) = ∅. We know
that ˜X = ∇( f ◦ s) and X = ∇ f are gradient-like vector fields on G and M , respectively.
Thus, consider the smooth function μ : M → [0,∞) which is defined by ‖X f ‖−1 in
f −1[a, b] and that vanishes outside a compact neighborhood of this set. We can similarly
construct a smooth function μ̃ : G → [0,∞) by using instead ˜X and (s∗ f )−1[a, b]. On the
one hand, observe that since ∇F = (˜X , X) is a multiplicative vector field we get that

μ(s(g)) = ‖(X f )(s(g))‖−1 = ‖d f (s(g))(X(s(g))‖−1
= ‖d f (s(g))(ds(g)(˜X(g)))‖−1 = ‖d( f ◦ s)(g)(˜X(g))‖−1
= ‖(˜X F)(g)‖−1 = μ̃(g),

what means that we have μ̃ = μ◦s. On the other hand, let us consider the vectors fields−μ̃˜X
and −μX . From [49, Lemma 2.4] and [16, Lemma 4.4] we obtain that they are complete
vector fields since the pair (−μ̃˜X ,−μX) defines again a multiplicative vector field. Indeed,
as consequence of Proposition 6.3 we get

(ds ◦ μ̃˜X)(g) = μ̃(g)ds(g)(˜X(g)) = μ̃(g)X(s(g)) = μ(s(g))X(s(g)) = (μX ◦ s)(g).

Given that ∇( f ◦ s) = ∇( f ◦ t) we actually have that μ̃ = μ ◦ s = μ ◦ t and thus
we can analogously obtain that dt ◦ μ̃˜X = μX ◦ t . To prove the identity regarding the
composition map observe that the formulas s ◦ m = s ◦ π2 and t ◦ m = t ◦ π1 imply that
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μ̃(m(g, h)) = μ̃(g) = μ̃(h) for all (g, h) ∈ G(2). Therefore,

(dm ◦ (μ̃˜X × μ̃˜X))(g, h) = dm(g,h)(μ̃(g)˜X(g), μ̃(h)˜X(h))

= μ̃(m(g, h))dm(g,h)(˜X(g), ˜X(h))

= μ̃(m(g, h))˜X(m(g, h))

= (μ̃˜X ◦ m)(g, h).

For all τ ∈ R, let ˜�τ : G → G and �τ : M → M denote the respective flows generated
by the pair (−μ̃˜X ,−μX). From [44] we know that (˜�τ ,�τ ) is a Lie groupoid isomorphism
for all τ ∈ R. As in the classical case (see [49, 52]) we get diffeomorphisms

�b−a(Mb) = Ma, �a−b(Ma) = Mb and ˜�b−a(Gb) = Ga, ˜�a−b(G
a) = Gb

so that (˜�b−a,�b−a) : (Gb ⇒ Mb) → (Ga ⇒ Ma) defines a Lie groupoid isomorphism
with obvious inverse (˜�a−b,�a−b). Finally, we can define two deformation retractions H :
[0, 1] × Mb → Mb and ˜H : [0, 1] × Gb → Gb respectively as

H(τ, x) = �τ ·( f (x)−a)+(x) and ˜H(τ, g) = ˜�τ ·((s∗ f )(g)−a)+(g).

Here r+ := max{r , 0} for every real number r . Hence, we obtain again a Lie groupoid
morphism which allows us to conclude that Ga ⇒ Ma is a deformation retraction of Gb ⇒
Mb. ��

Let us now analyze the case in which f −1[a, b] ∩ Crit( f ) �= ∅. The main reference for
the basic ideas we will be following in this case is for instance [26, Appendix B]. LetO be a
non-degenerate critical orbit of f . We will denote by ξ0 : ν(O)→ ν−(O) and η0 : ν(O)→
ν+(O) the twomutually complementary projections. They induce bundlemorphisms between
the bundle projections π : ν(O) → O and π± : ν±(O) → O, respectively. Moreover, for
every v ∈ ν(O) we have that v = ξ0(v)+ η0(v) and the expression

‖v‖20 = −Q f (ξ0(v))+ Q f (η0(v)),

defines a positive definite quadratic form (i.e. a norm) on ν(O). As expected, we can define
respective mutually complementary projections ξ1 : ν(GO)→ ν−(GO) and η1 : ν(GO)→
ν+(GO) which enjoy of similar properties as above. Namely, every ṽ ∈ ν(GO) can be
rewritten as ṽ = ξ1(̃v)+ η1(̃v) and we have the norm ‖̃v‖21 = −QF (ξ1(̃v))+ QF (η1(̃v)) on
ν(GO). Furthermore:

Lemma 6.6 Both (ξ1, ξ0) : (ν(GO) ⇒ ν(O)) → (ν−(GO) ⇒ ν−(O)) and (η1, η0) :
(ν(GO) ⇒ ν(O))→ (ν+(GO) ⇒ ν+(O)) are Lie groupoid morphisms. Moreover, for all
x ∈ O it holds that ξ0 and η0 are Gx -equivariant with respect to the action induced by the
normal representation (5).

Proof If ṽ ∈ ν(GOx ) then we get

(ξ0 ◦ ds)(̃v) = (ξ0 ◦ ds)(ξ1(̃v)+ ξ1(̃v)) = ξ0(ds(ξ1(̃v))+ ds(η1(̃v))) = ds(ξ1(̃v)).

We can analogously prove that ξ0 ◦ dt = dt ◦ ξ1. Now, if ṽ, ũ ∈ ν(GOx ) are such that
dm (̃v, ũ) is defined then

(ξ1 ◦ dm)(̃v, ũ) = (ξ1 ◦ dm)(ξ1(̃v)+ η1(̃v), ξ1(̃u)+ η1(̃u))

= ξ1(dm(ξ1(̃v), ξ1(̃u))+ dm(η1(̃v), η1(̃u))) = dm(ξ1(̃v), ξ1(̃u)),

so that ξ1 ◦ dm = dm ◦ (ξ1 × ξ1).
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The fact that (η1, η0) is a Lie groupoid morphism may be shown in a similar way and the
Gx -equivariance of ξ0 and η0 is consequence of Lemma 5.4. ��

With this in mind we have:

Theorem 6.7 Suppose that G ⇒ M is a proper groupoid and that [a, b] is a closed interval
such that f −1[a, b] is compact and the only non-degenerate critical orbit inside f −1(a, b)

is O. Then Ga ∪B D−(GO) ⇒ Ma ∪b D−(O) is a deformation retraction of Gb ⇒ Mb.

Proof Given thatO ⊂ f −1(a, b) ⊂ M is closed and embeddedwe get thatO is also compact.
Furthermore, (s∗ f )−1[a, b] is also compact since G is proper so that GO is the only compact
non-degenerate critical submanifold inside (s∗ f )−1(a, b).

Consider the mutually complementary projections ξ1 : ν(GO) → ν−(GO), η1 :
ν(GO)→ ν+(GO) and ξ0 : ν(O)→ ν−(O), η0 : ν(O)→ ν+(O) as well as the norms

‖̃v‖21 = −QF (ξ1(̃v))+ QF (η1(̃v)) and ‖v‖20 = −Q f (ξ0(v))+ Q f (η0(v)),

for all ṽ ∈ ν(GO) and v ∈ ν(O). Because of Theorem 5.2 there is a full Lie groupoid

tubular neighborhood φ : (ν(GO)V ⇒ V )
∼=−→ (GU ⇒ U ) such that (φ∗1 F, φ∗0 f ) =

(c + QF , c + Q f ), where c = f (O) = F(GO) is the common value of f and F on GO
and O, respectively. By identifying ν(GO)V ∼= GU and V ∼= U we may think of F on GU

and f on U as respectively given by

F (̃v) = c + QF (̃v) = c − ‖ξ1(̃v)‖21 + ‖η1(̃v)‖21,
f (v) = c + Q f (v) = c − ‖ξ0(v)‖20 + ‖η0(v)‖20.

Let us now follow some ideas stated in [26, 49, 52] about the proof of this result in the
classical case. We choose ε > 0 small enough so that the interval (c− ε, c+ ε) is contained
in [a, b] and all points ṽ ∈ ν(GO) with ‖̃v‖21 ≤ 2ε belong to the neighborhood GU and
v ∈ ν(O) with ‖v‖20 ≤ 2ε belong to the neighborhood U . Similarly to how it was done
in [49, pp. 16–19] we construct two smooth functions which are a modification of the pair
(F, f ). Namely, let μ : R→ R be the smooth function verifying the conditions

μ(0) > ε,

μ(r) = 0 for all r ≥ 2ε,

−1 < μ′(r) ≤ 0 for all r .

Consider the functions F1 : G → R and f1 : M → R which respectively coincide with F
and f outside of GU and U but within those neighborhoods they are given as

F1 (̃v) = F (̃v)− μ(‖ξ1 (̃v)‖21 + 2‖η1 (̃v)‖21) = c − ‖ξ1 (̃v)‖21 + ‖η1 (̃v)‖21 − μ(‖ξ1 (̃v)‖21 + 2‖η1 (̃v)‖21),
and

f1(v) = f (v)− μ(‖ξ0(v)‖20 + 2‖η0(v)‖21) = c − ‖ξ0(v)‖20 + ‖η0(v)‖20 − μ(‖ξ0(v)‖20 + 2‖η0(v)‖21).

These are well defined smooth functions. Let us prove that (F1, f1) : (G ⇒ M)→ (R ⇒
R) is also a Lie groupoid morphism. Since φ is a Lie groupoid isomorphism and (F1, f1)
agrees with (F, f ) outside (GU , U ) we only have to see what happens inside (GU , U ).
As consequence of the classical Morse–Bott lemma we may identify the norms ‖ · ‖1 and
‖ · ‖0 with those norms defined by the restrictions of η(1) and η(0) on ν(GO) and ν(O),
respectively. As s, t : G → M are Riemannian submersions we obtain that ‖̃v‖1 = ‖ds (̃v)‖0
and ‖̃v‖1 = ‖dt (̃v)‖0. It is worth noticing that if we do not identify the norms as we did
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above we can also get the previous statement by using the fact that (QF , Q f ), (ξ1, ξ0), and
(η1, η0) are Lie groupoid morphisms. Therefore, by using again the latter fact we obtain that

(ds
∗

f1)(̃v) = f1(ds (̃v)) = c + Q f (ds (̃v))− μ(‖ξ0(ds (̃v))‖20 + 2‖η0(ds (̃v)‖20)
= c + (Q f ◦ ds)(̃v)− μ(‖ds(ξ1(̃v))‖20 + 2‖ds(ξ1(̃v)‖20)
= c + QF (̃v)− μ(‖ξ1(̃v)‖21 + 2‖η1(̃v)‖21) = F1.

We can analogously prove that dt
∗

f1 = F1 which implies what we desired.
Just as it was proved in [49, pp. 16–19] we have the following assertions.

• The regions F−11 (−∞, c+ ε] and f −11 (−∞, c+ ε] coincide with the regions Gc+ε and
Mc+ε , respectively.

• The functions F and F1 have the same critical arrows. Similarly, the functions f and f1
have the same critical points.
• The sets F−11 [c− ε, c+ ε] and f −11 [c− ε, c+ ε] contain no critical points of F1 and f1,

respectively.

Thus, from Proposition 6.5 we conclude that the level subgroupoid F−11 (−∞, c − ε] ⇒
f −11 (−∞, c − ε] is a deformation retraction of Gc+ε ⇒ Mc+ε .
Let us now consider the negative disk bundle D−(O) = {v ∈ U : ‖ξ0(v)‖20 ≤ ε, η0(v) =

0}. As the value of f1 on any point of D−(O) is less than c−ε we have that Mc−ε∪D−(O) ⊂
f −11 (−∞, c − ε]. Moreover, the intersection D−(O) ∩ Mc−ε coincides with the negative
sphere bundle ∂ D−(O) = {v ∈ U : ‖ξ0(v)‖20 = ε, η0(v) = 0}. Therefore, we can consider
the attaching space Mc−ε ∪b D−(O) with respect to the bundle projection b : ∂ D−(O)→
Mc−ε which actuallywemay be seen as the union Mc−ε∪D−(O) inside f −11 (−∞, c−ε]. As
itwas argued in [49, pp. 18–19],we have that the union Mc−ε∪D−(O) is a deformation retract
of f −11 (−∞, c− ε]. The deformation retraction rτ : f −11 (−∞, c− ε] → f −11 (−∞, c− ε]
is identical outside U but within U it acts as follows.

• In the domain ‖ξ0(v)‖20 ≤ ε (i.e. in D−(O)) the deformation rt is given by the formula

rτ (v) = ξ0(v)+ τη0(v).

• In the domain ε ≤ ‖ξ0(v)‖20 ≤ ‖η0(v)‖20 + ε we define rτ by

rτ (v) = ξ0(v)+ sτ (v)η0(v),

where the number sτ (v) ∈ [0, 1] is defined by sτ (v) = τ + (1− τ)

√

‖ξ0(v)‖20 − ε

‖η0(v)‖20
. The

map r0 takes values in f −1(c − ε).
• Within the domain ‖η0(v)‖20 + ε ≤ ‖ξ0(v)‖20 (i.e. in Mc−ε) we set rτ to be the identity

map, τ ∈ [0, 1].
The expressions above agree on the intersection of the three domains and thus they define a

continuous map rτ so that r1 is the identity map and r0 is a retraction of f −11 (−∞, c−ε] onto
Mc−ε ∩D−(O). As expected, we can similarly define the attaching space Gc−ε ∪B D−(GO)

by using the bundle projection B : ∂ D−(GO) → Gc−ε as well as construct a deformation
retraction r̃τ : F−11 (−∞, c− ε] → F−11 (−∞, c− ε] by using the mutually complementary
projections ξ1, η1 and the norm ‖ · ‖1 to produce same formulas as we did above.

The key point now is to prove that (r̃τ , rτ ) defines a Lie groupoid morphism. As r̃τ and
rτ are the identity outside GU and U , respectively, we only have to check this on the three
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special cases mentioned above. We will use again the fact that (ξ1, ξ0) and (η1, η0) are Lie
groupoid morphisms. In the first domain we have that

(rτ ◦ ds)(̃v) = ξ0(ds (̃v))+ τη0(ds (̃v)) = ds(ξ1(̃v))+ τds(η1(̃v)) = (ds ◦ r̃τ )(̃v).

We can analogously prove that rτ ◦ dt = dt ◦ r̃τ . Now, if ṽ and ũ are such that dm (̃v, ũ) is
defined then

r̃τ (dm (̃v, ũ)) = ξ1(dm (̃v, ũ))+ τη1(dm (̃v, ũ)) = dm(ξ1(̃v), ξ1(̃u))+ τdm(η1(̃v), η1(̃u))

= dm((ξ1(̃v), ξ1(̃u))+ τ(η1(̃v), η1(̃u))) = dm(ξ1(̃v)+ τη1(̃v), ξ1(̃u)+ τη1(̃u))

= dm(r̃τ (̃v), r̃τ (̃u)),

whatmeans that r̃τ ◦dm = dm◦(r̃τ×r̃τ ). To verify the assertion in the second domainwe only
have to check that sτ (ds (̃v)) = s̃τ (̃v), sτ (dt (̃v)) = s̃τ (̃v) and s̃τ (̃v) = s̃τ (dm (̃v, ũ)) = s̃τ (̃u).
These formulas follows from the fact that (ξ1, ξ0) and (η1, η0) are Lie groupoid morphisms
plus the identities

‖dm (̃v, ũ)‖1 = ‖ds (̃u)‖0 = ‖ũ‖1 and ‖dm (̃v, ũ)‖1 = ‖dt (̃v)‖0 = ‖̃v‖1
which can be obtained by either the fact that s, t , m, π1 and π2 are Riemannian submersions
or (QF , Q f ), (ξ1, ξ0), (η1, η0) are Lie groupoid morphisms. The remaining computations
are similar to those done when looking at the first domain. Finally, in the third domain the
assertion directly follows since r̃τ and rτ are the identity maps over there.

In conclusion, the topological groupoid Gc−ε ∪B D−(GO) ⇒ Mc−ε ∪b D−(O) is a
deformation retraction of the level subgroupoid F−11 (−∞, c−ε]⇒ f −11 (−∞, c−ε]which
in turn, as consequence of Proposition 6.5, is a deformation retraction of the level subgroupoid
Gc+ε ⇒ Mc+ε . Hence, Gc−ε ∪B D−(GO) ⇒ Mc−ε ∪b D−(O) is a deformation retraction
of Gc+ε ⇒ Mc+ε . ��
Remark 6.8 It is important to point out that the assumption fromProposition 6.5 and Theorem

6.7 asking for f −1[a, b] to be compact in M may be relaxed just by requiring f
−1[a, b] to

be compact in the orbit space M/G. Here f : M/G → R denotes the underlying continuous
function defined through the basic function f : M → R. This fact will be clarified in Sect. 7
where we will study some Morse theoretical features over differentiable stacks.

It is simple to deduce from the proof of Theorem 6.7 that Theorem 5.2 and Lemmas 5.4
and 6.6 imply that:

Corollary 6.9 Around the local model to the orbit O the deformation retraction rτ is Gx -
equivariant with respect to the action induced by the normal representation (5).

7 The stacky perspective

A stack can be thought of as a generalization of the notion of manifold which allows us to
study higher symmetries and singular geometric features. The aim of this section is to adapt
some of the Morse theory results obtained for Lie groupoids to the setting of differentiable
stacks. It is worth mentioning that the fact that our notion of Morse Lie groupoid morphism
is Morita invariant makes the passage clearer. Furthermore, as an interesting consequence,
we will get Morse-like inequalities for certain separated differentiable stacks. Let G ⇒ M
and G ′ ⇒ M ′ be two Lie groupoids. A fraction ψ/φ : G → G ′ is by definition a pair of
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maps (G ⇒ M)
φ←−∼ (H ⇒ N )

ψ−→ (G ′ ⇒ M ′)where φ is aMorita map. Recall that G ⇒ M

and G ′ ⇒ M ′ are said to be Morita equivalent if there exists a fraction ψ/φ : G → G ′
where both φ and ψ are Morita maps. It is well known that Morita equivalence is in fact an
equivalence relation and that we can always assume that both φ and ψ are Morita fibrations
[19, 50]. Accordingly, a differentiable stack is defined to be a Lie groupoid up to Morita
equivalence and we write [M/G] for the differentiable stack presented by the Lie groupoid
G ⇒ M . Two fractions ψ1/φ1 and ψ2/φ2 are equivalent if there are Morita maps α1 and α2

such that ψ1 ◦ α1 is naturally isomorphic to ψ2 ◦ α2 and φ1 ◦ α1 is naturally isomorphic to
φ2 ◦ α2. This is also a equivalence relation. A class of fractions [ψ/φ] : [M/G] → [M ′/G ′]
is named to be a generalized or stacky map.

We are interested in studying Morse theory for stacky functions. More precisely, stacky
maps from [M/G] to R where we think of R as a differentiable stack presented by the unit

groupoid R ⇒ R. Since R has trivial isotropies every fraction (G ⇒ M)
φ←−∼ (H ⇒ N )

ψ−→
(R ⇒ R) sends arrows over identities so that it descends to a usual Lie groupoidmorphism. In
other words, every stacky function [M/G] → R is completely determined by a Lie groupoid
morphism F : G → R and, in turn, by a basic function f : M → R. This provides us with
a simple way to establish a notion of Morse stacky map over [M/G] as below.

It is well known that Morita equivalences are completely characterized by the transversal
information they carry with, see [19, Theorem 3.4.1]. Such a characterization gives us some
geometric intuition about the notion of stack [M/G]: it is an enhanced version of the orbit
space M/G endowed with certain smooth information which is encoded by the normal
representations Gx � νx . This perspective allows us to think of points in [M/G] as elements
lying inside M/G (i.e. orbits), so that their tangent spaces can be modeled as follows. The
coarse tangent space of the differentiable stack [M/G] at [x] = O is by definition the
coarse orbit space νx (O)/Gx ∼= ν(O)/GO of the action groupoid determined by the normal
representation on the orbit O through x ∈ M (compare [23]). This will be denoted by
T[x][M/G]. Therefore, if F : [M/G] → R is a stacky function presented by a basic function
f : M → R then the coarse differential at [x] ∈ [M/G] is themap d F[x] : T[x][M/G] → R

defined by d F[x]([v]) := d f (x)(v). This is well defined in the sense that for g ∈ Gx and
w ∈ Tx M such that ds(g)(w) = v we have

d F[x](g · [v]) = d f (x)(dt(g)(w)) = d f (x)(ds(g)(w)) = d F[x]([v]),
since f is basic. In consequence,we say that [x] ∈ [M/G] is a critical point of F : [M/G] →
R if d[x]F([v]) = 0 for all [v] ∈ T[x][M/G]. This is clearly equivalent to requiring thatO is a
critical submanifold of f : M → R. We also define the stacky Hessian of F : [M/G] → R

at a critical point [x] ∈ [M/G] as the pairing H[x](F) : T[x][M/G] × T[x][M/G] → R

given by

H[x](F)([v1], [v2]) = Hx ( f )([v1], [v2]),
whereHx ( f ) denotes the restriction of the HessianHx ( f ) to the normal direction of νx (O).
From Lemma 5.4 it follows that the stacky Hessian H[x](F) is a well defined “form” over
T[x][M/G]. Furthermore, it is simple to check that if y ∈ O then for g ∈ G such that t(g) = y
it holds

Hy( f ) = (ds(g) ◦ dt(g)
−1

)T ·Hx ( f ) · (ds(g) ◦ dt(g)
−1

), (10)

so that Hx ( f ) is nondegenerate if and only if Hy( f ) is nondegenerate. This justifies the
following definition.
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Definition 7.1 A critical point [x] ∈ [M/G] of a stacky function F : [M/G] → R is said
to be nondegenerate ifH[x](F) nondegenerate. Accordingly, a Morse stacky function is a
stacky function for which all of its critical points are nondegenerate.

In other words, a stacky function F : [M/G] → R is Morse if and only if it is presented
by a Morse Lie groupoid morphism G → R.

Let us assume from now on that [M/G] is separated (i.e. it is presented by a proper
groupoid). Consider the quadratic form Q[x] : T[x][M/G] → R which is defined by the
expression

Q[x](F)([v]) = 1

2
H[x](F)([v], [v]).

Using the stacky terminology introduced in [22, Sect. 6] we can state a stacky version of the
Morse lemma as follows.

Proposition 7.2 (Stacky Morse lemma) Let [x] ∈ [M/G] be a nondegenerate critical point
of a stacky function F : [M/G] → R. Then there are stacky neighborhoods [V /ν(GO)V ]
and [U/GU ] of [x] in [ν(O)/ν(GO)] and [M/G], respectively, and a stacky isomorphism
ϕ : [V /ν(GO)V ] → [U/GU ] fixing [x] such that

ϕ∗F = c + Q[x](F).

Proof TheLie groupoid tubular neighborhood fromTheorem5.2which is constructed around
the nondegenerate critical orbit O = [x] in such a way f equals c+ Q f near O induces the
desired data. ��

Observe that after shrinking if necessary the stacky neighborhoods mentioned in the
previous proposition we have that [0] ∈ T[x][M/G] is the only critical point of ϕ∗F inside
[V /ν(GO)V ] so that we get:
Corollary 7.3 The nondegenerate critical points of a Morse stacky function are isolated in
M/G.

Furthermore, just as in both the classical and the equivariant cases (compare [61, Propo-
sition 4.2]), from the previous fact it follows that:

Corollary 7.4 If M/G is compact then any stacky Morse function F : [M/G] → R has a
finite amount of nondegenerate critical points.

We define the index data of a nondegenerate critical point [x] of a Morse stacky function
F : [M/G] → R as the pair λ(F, [x]) := (λ( f ,O), Gx ) where λ( f ,O) is the integer
number rk(ν−(O)) for any basic function f : M → R presenting F and Gx is the isotropy
group at x . This is well defined in the sense that if y ∈ O then the normal representations
Gx � νx (O) and G y � νy(O) are isomorphic and the Identity (10) holds. Accordingly,
based on Proposition 5.8, the index of [x] will be defined as

dim ν−(Ox )x/Gx = 2 dim ν−(Ox )x − dim ν−(Ox )x × Gx = λ( f ,Ox )− dim Gx .

Let F : [M/G] → R be a stacky function and fix a ∈ R. We define the stacky level
of F below a as the set [M/G]a = {[x] ∈ [M/G] : F([x]) ≤ a}. One can describe
[M/G]a as a substack with boundary in the following sense. Suppose that H ⇒ N is a
Lie groupoid together with Morita fibrations φ : H → G and ψ : H → G ′. Recall that
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for every f ′ ∈ C∞(M ′)G ′ we have that ψ∗ f ′ ∈ C∞(N )H . Also, there exists a unique
f ∈ C∞(M)G with φ∗ f = ψ∗ f ′. This defines an isomorphism C∞(M ′)G ′ → C∞(M)G

by sending f ′ 
→ f , which actually preserves our Morse–Bott type condition along critical
orbits (see Proposition 3.8). Consider the level set Ma = {x ∈ M : f (x) ≤ a} with its
boundary ∂ Ma = {x ∈ M : f (x) = a}. It follows that Ma is saturated so that we get a level
subgroupoid Ga of G. We can analogously define level subgroupoids Ha and G ′a of H and
G ′, respectively, where Ha is defined by either φ∗ f or ψ∗ f ′. Note that we have well defined
Morita fractions

int(Ga)
φ←−∼ int(Ha)

ψ−→∼ int(G ′a) and ∂Ga φ←−∼ ∂ Ha ψ−→∼ ∂G ′a,

so that we may think of Ga φ←−∼ Ha ψ−→∼ G ′a as a Morita fraction preserving boundaries.

Hence, if F : [M/G] → R is a stacky function presented by a basic function f : M → R

then the stacky level of F below a ∈ R equals

[Ma/Ga] = [int(Ma)/int(Ga)] ∪ [∂ Ma/∂Ga].
TwoRiemannianmetrics η1 and η2 on G ⇒ M are said to be equivalent if they induce the

same inner products on the normal vector spaces over the groupoid orbits [22].More generally,
we define a Riemannian Morita map (resp. fibration) φ : (H ⇒ N ) → (G ⇒ M) as
a Morita map between Riemannian groupoids that induces isometries on the normal vector
spaces to the groupoid orbits νz(OH ) → νφ(z)(OG) (resp. Riemannian submersion at the
level of objects). By using this terminology we have that η1 and η2 are equivalent if and only
if the identity id : (G ⇒ M, η1) → (G ⇒ M, η2) is a Riemannian Morita map. Let us

consider again the Morita fraction G
φ←−∼ H

ψ−→∼ G ′. From [22, Proposition 6.3.1] we know

that if ηG is a Riemannian metric on G then there exists a Riemannian metric ηH on H that
makes the fibration φ : H → G Riemannian. We can slightly modify ηH by a cotangent
averaging procedure so that we get another Riemannian metric η̃H on H which descends to
G ′ defining a Riemannian metric ηG ′ making of the fibration ψ : H → G ′ Riemannian. It
turns out that these pullback and pushforward constructions are well-defined and mutually
inverse modulo equivalence of metrics. This is because ηH and η̃H turn out to be equivalent,
see the proof of Theorem 6.3.3 in [22]. In this case we refer to (G, ηG) and (G ′, ηG ′) as being
Morita equivalent Riemannian groupoids. It suggests a definition for Riemannian metrics
over differentiable stacks. Namely, a stacky metric on the orbit stack [M/G] presented by
a Lie groupoid G ⇒ M is defined to be an equivalence class [η] of a Riemannian metric η

on G. For further details the reader is recommended to visit [22].
The tangent stack of [M/G] is by definition the differentiable stack T [M/G] :=

[T M/T G] that is presented by the tangent groupoid T G ⇒ T M , see [31]. The multi-
plicative vector field defined by the gradient of F : G → R with respect to the groupoid
metric η defines, by means of the Dictionary Lemmas from [7, Sect. 2.6], a stacky vector
field on [M/G] in the sense of [31, Definition 4.14]. By using the identification of the coarse
tangent space T[x][M/G] with the orbit space νx (O)/Gx ∼= ν(O)/GO we may think of this
stacky vector field as a stacky map ∇F : [M/G] → T [M/G] given by [x] 
→ [∇ f (x)],
which is clearly well defined. We shall refer to it as the stacky gradient vector field of
F : [M/G] → R with respect to [η]. Observe that ∇F satisfies

[η](∇F[x], [v]) = [η]([∇ f (x)], [v]) = η(∇ f (x), v) = d f (x)(v) = d F[x]([v]).
Remark 7.5 From the point of view of Lie groupoids, Theorem 4.15 in [31] says that the
category of multiplicative vector fields on G depends, up to equivalence, only on the Morita
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equivalence class of G. If we think of the differentiable stack [M/G] as the equivalence class
of G in the enlarged 2-category of Lie groupoids, principal bi-bundle and isomorphisms then
the category of stacky vector field on [M/G] is equivalent to category of multiplicative vector
fields on G.

Let us consider the underlying continuous map f : M/G → R.

Proposition 7.6 Let [M/G] be a separated stack and [a, b] ⊂ R be a real interval such that

f
−1[a, b] is compact in M/G. If f

−1[a, b] has no critical points of F then [M/G]a and
[M/G]b are stacky isomorphic. Furthermore, [M/G]a is a stacky deformation retraction of
[M/G]b.

Proof We shall follow the proof of [30, Theorem 7.5] closely and apply some of the results
proved in [31] for stacky vector fields and flows. On the one hand, a simple computation
shows that the smooth function ‖∇ f ‖2 : M → R is basic since f is so and the gradient
vector field ∇F on G is horizontal with respect to both Riemannian submersions s and t .
On the other hand, since [M/G] is a separated stack we may construct “stacky” partitions
of unity for [M/G] (see [31, Definition 2.13 and Proposition 2.14]). In consequence, from
[30, Lemmas 3.11 and 3.12] we may find a stacky function ρ : [M/G] → R with compact

support in M/G and with ρ = 1/‖∇ f ‖2 in f
−1[a, b]. Therefore, we can form the stacky

vector field X̃ = ρ∇F on [M/G], which has compact support in M/G, and then take its
stacky flow � : [M/G] × R→ [M/G] by using [31, Theorem 5.12].

The vector field X̃ can, by [31, Theorem 4.15] and the proof of [31, Proposition 4.17],
be presented by a multiplicative vector field X = (X1, X0) on G ⇒ M that is not equal
to the zero section only on a subgroupoid of G whose image in M/G has compact closure.
That is to say, the vector fields X1 and X0 are compactly-supported in F−1[a, b] ⊂ G and
f −1[a, b] ⊂ M , respectively. Thus,motivated by the proof of Proposition 6.5,wemay clearly
identify X1 = ρ̃∇F and X0 = ρ∇ f where ρ : M → R is the compactly-supported smooth
function on M with ρ = 1/‖∇ f ‖2 inside f −1[a, b]. This is clearly basic and ρ̃ : G → R is
given by either s∗ρ or t∗ρ. Observe that ρ̃ is also compactly-supported in F−1[a, b].

Hence, the arguments above allow us to think of the stacky vector field X̃ : [M/G] →
T [M/G] as being determined by the assignment [x] 
→ [X0(x)]. Also, by using the Dic-
tionary Lemmas from [7, Sect. 2.6] as in the proof of [31, Proposition 6.2], the stacky flow
� : [M/G] × R→ [M/G] of X̃ is determined by �([x], τ ) = [ϕ0

τ (x)] where (ϕ1
τ , ϕ0

τ ), for
all τ ∈ R, is the 1-parameter family of Lie groupoid automorphisms on G determined by the
flow of the multiplicative vector field X . In particular, by using these identifications it holds

that if �([x], τ ) ∈ f
−1[a, b] then X̃ · F(�([x], τ )) = 1 so that the result follows either by

proceeding without any chance as in the proof of [49, Theorem 3.1] or by using Proposition
6.5 directly. ��

Let us pick an orbitO of G and denote byOH = φ−1(O) andO′ = ψ(OH ) the respective
orbits of H and G ′. From [22, Proposition 6.4.1] it follows that there is an induced Morita
fraction

ν(GO)
dφ←−∼ ν(HOH )

dψ−→∼ ν(G ′O′).

Observe that if in addition O is a nondegenerate critical orbit then the previous frac-

tion induces a Morita fraction between the negative normal groupoids ν−(GO)
dφ←−∼

ν−(HOH )
dψ−→∼ ν−(G ′O′) (see Lemma 5.6). More importantly, if G and G ′ are the Morita
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equivalent Riemannian groupoids as we described above then there are Morita fractions
between the unit and sphere groupoids:

D−(GO)
dφ←−∼ D−(HOH )

dψ−→∼ D−(G ′O′) and ∂ D−(GO)
dφ←−∼ ∂ D−(HOH )

dψ−→∼ ∂ D−(G ′O′).

The stack eλ[x] := [D−(O)/D−(GO)] will be called stacky λ-cell at [x] and its boundary
∂eλ[x] := [∂ D−(O)/∂ D−(GO)] will be called stacky (λ− 1)-sphere at [x].

Remark 7.7 We may think of the attaching space [M/G]a ∪∂eλ[x]
eλ[x] as being a topological

stack presented by the attaching groupoid Ga ∪B D−(GO). This is because we can consider
the topological Morita fraction between the attaching groupoids

Ga ∪B D−(GO)
φ∪dφ←−−−∼ Ha ∪B D−(HOH )

ψ∪dψ−−−→∼ G ′a ∪B D−(G ′O′).

Whit this notation we have:

Proposition 7.8 Let [M/G] be a separated stack and [a, b] ⊂ R be a real interval such that

f
−1[a, b] is compact in M/G. If f

−1[a, b] contains no critical points besides [x] of index
data λ(F, [x]) then [M/G]b is stacky homotopy equivalent to [M/G]a ∪∂eλ[x]

eλ[x].

Proof We start by noting that by Lemma 5.4 and Proposition 5.8 we may split the coarse
tangent space T[x][M/G] = T−[x][M/G]⊕T+[x][M/G]where T−[x][M/G] = ν−(O)x/Gx and

T+[x][M/G] = ν+(O)x/Gx . In particular, by Lemma 6.6 it follows that the two mutually
complementary projections ξ0 : ν(O)→ ν−(O) and η0 : ν(O)→ ν+(O) descend to define
coordinates over T−[x][M/G] and T+[x][M/G], respectively, and a norm on T[x][M/G] as:

‖[v]‖2 = −Q[x](F)(ξ0([v]))+ Q[x](F)(η0([v])),
which agrees with the norm induced by [η]. Now, by Proposition 7.2 we have that there
are stacky neighborhoods [V /ν(GO)V ] and [U/GU ] of [x] in [ν(O)/ν(GO)] and [M/G],
respectively, and a stacky isomorphism ϕ : [V /ν(GO)V ] → [U/GU ] fixing [x] such that
ϕ∗F = c + Q[x](F). Under the identification [V /ν(GO)V ] ∼= [U/GU ] we may think of F
on [U/GU ] as given respectively by

F([v]) = c + Q[x](F)([v]) = c − ‖ξ0([v])‖2 + ‖η0([v])‖2.
Let us consider the stacky function F1 : [M/G] → R determined by the basic function

f1 : M → R constructed in Theorem 6.7. Such a stacky function can be described in the
way we just did above with F . Therefore, the result follows by following the same steps in
[30, Theorem 7.6] after using Proposition 7.6, Theorem 6.7 together the Dictionary Lemmas
from [7, Sect. 2.6], and Corollary 6.9. ��

Recall that as consequence of Proposition 5.8 we know that the orbit spaces associated to
eλ[x] and ∂eλ[x] are respectively given by D−(O)x/Gx and ∂ D−(O)x/Gx . Thus:

Corollary 7.9 The orbit space (M/G)b has the homotopy type of (M/G)a with a copy of
D−(O)x/Gx attached along ∂ D−(O)x/Gx .
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7.1 Morse inequalities for the orbit space

By following similar arguments as those used byHepworth [30] it is possible to proveMorse-
like inequalities for certain separated stacks. We shall follow [30, Sect. 7.3] closely. Suppose
that [M/G] is a separated differentiable stack with M/G compact and let F : [M/G] → R

be a stacky Morse function presented by a basic function f : M → R. From Corollary
7.3 it follows that the critical points of F are isolated so that we may take a finite sequence
q0 < q1 < q2 < · · · < qr ∈ R such that each interval (q j , q j+1) contains only one
critical value of F and such that all critical values lie inside such intervals. Let us denote by

[x j
1 ], · · · , [x j

k j
] the critical points inside f

−1
(q j , q j+1). Therefore, by an inductive process

it follows from Corollary 7.9 that:

Corollary 7.10 There is a decomposition M/G = ⋃r
j=1(M/G)q j where each (M/G)q j+1

has the homotopy type of (M/G)q j with copies of D−(O
x j

l
)

x j
l
/G

x j
l

attached along

∂ D−(O
x j

l
)

x j
l
/G

x j
l

for l = 1, · · · , k j .

Recall that the Betti numbers of M/G are by definition b j = dim Hj (M/G, R) and the
Poincaré polynomial is given by

Pτ (M/G) =
∑

b jτ
j .

Definition 7.11 A critical point [x] of a stacky Morse function F : [M/G] → R is said to
be orientable if the action of Gx on ν−(O)x from Proposition 5.8 is orientation-preserving.
The Morse polynomial of F is defined as

Mτ (M/G) =
∑

[x]∈Crit( f )o−p

τ dim ν−(Ox )x /Gx ,

where Crit( f )o−p denotes the set of orientable critical points of F .

We are now in conditions to state that:

Theorem 7.12 There is a polynomial Rτ (M/G) with non-negative integer coefficients such
that

Mτ (M/G) = Pτ (M/G)+ (1+ τ)Rτ (M/G).

In particular, if Mτ (M/G) has no consecutive powers of τ then Mτ (M/G) = Pτ (M/G).

Proof The proof of this result is similar to [30, Theorem 7.11]. We shall sketch its main ideas
here for the sake of completeness. It is well known that the function

S j (X , Y ) = dim Hj (X , Y ;R)− dim Hj−1(X , Y ;R)+ · · · ± dim H0(X , Y ;R), (11)

is subadditive in the sense that if Z ⊂ Y ⊂ X then we get S j (X , Z) ≤ S j (X , Y )+ S j (Y , Z).
Thus, from Corollary 7.10 it follows that

S j (M/G,∅) = S j ((M/G)qr , (M/G)q0) ≤
∑

v

S j ((M/G)qv , (M/G)qv−1).

Using again Corollary 7.10 and the excision theorem for relative homology we obtain

Hj ((M/G)qv , (M/G)qv−1;R) = Hj

(

(M/G)qv−1 ∪
⋃

l

D−(Oxv
l
)xv

l
/Gxv

l
, (M/G)qv−1;R

)

=
⊕

l

H j

(

D−(Oxv
l
)xv

l
/Gxv

l
, ∂ D−(Oxv

l
)xv

l
/Gxv

l
;R

)
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where the homology Hj

(

D−(Oxv
l
)xv

l
/Gxv

l
, ∂ D−(Oxv

l
)xv

l
/Gxv

l
;R

)

equals R if [xv
l ] is

orientable and j = dim ν−(Oxv
l
)xv

l
/Gxv

l
.Otherwise, it equals 0.Hence, the sum(11) becomes

S j (M/G,∅) ≤ A j − A j−1 + · · · ± A0, (12)

where Al denotes the number of orientable critical points [x] of F with l = dim ν−(Ox )x/Gx .
However, as consequence of [4, Lemma 3.43] it holds that Inequality (12) is actually equiv-
alent to the claim of the proposition so that the result follows. ��

It is clear that the polynomial equality in the previous proposition only depends on the
Morita equivalence class of G. Therefore, we have actually obtained Morse-like inequalities
for the differentiable stack [M/G].

7.2 Stratified Morse theory

In this short subsection we establish a bridge between our approach to study Morse theory
over the orbit space of a proper Lie groupoid and the approach provided by the well known
stratified Morse theory in the sense of Goresky and MacPherson [28]. Let N be a smooth
manifold and let X ⊆ N be a subset with a Whitney stratification S, visit [15, Sect. 4.1].
For S j ,Sk ∈ S we write S j ≤ Sk to denote the usual ordering given by S j ⊆ Sk . For each
x ∈ X we denote by Sx the stratum of S containing x . Fix a smooth function f̃ : N → R

and set f := f̃ |X . Such an f is simply referred to as a smooth function on X . The stratified
critical point set of f is by definition CritS( f ) := ⋃

j CritS j ( f ) where CritS j ( f ) stands
to denote the usual critical point set of f on S j . For S j we define the conormal space to
S j in N as the vector bundle T ∗S j

N over S j whose fiber at x ∈ S j consist of the covector
in T ∗x N which vanish on the tangent space to S j at x . Note that x ∈ CritS( f ) if and only if
d f̃ (x) ∈ T ∗Sx

N . The set of degenerate conormal covectors to a stratum S j is defined to be

D∗S j
N := T ∗S j

N ∩
⋃

S j <Sk

T ∗Sk
N =

⎛

⎝

⋃

S j <Sk

T ∗Sk
N

⎞

⎠ |S j .

That is, the fiber (D∗Sx
N )x consists of limits at x of conormal covectors to larger strata or,

equivalently, conormal covectors to Sx at x which vanish on limiting tangent spaces from
larger strata.

Definition 7.13 [28] A point x ∈ X is a said to be a nondegenerate critical point of f if
and only if x is a nondegenerate critical point of f |Sx and d f̃ (x) /∈ D∗Sx

N . Accordingly, the
function f is called a stratified Morse function if and only if all of the critical points of f
are nondegenerate.

Remark 7.14 It is worth mentioning that the classical definition of stratified Morse function
also assumes f to be proper and to have distinct critical values. However, because of our
purposes in this subsection such additional conditions will not be required.

Let G ⇒ M be a proper Lie groupoid. It is well known that the orbit space M/G of
G has several natural Whitney stratifications, compare [15, 56]. In particular, in [15] were
given canonical stratifications for both M and M/G by Morita types which generalize the
canonical stratifications induced by a proper Lie group action. Namely, the Morita type
equivalence is the equivalence relation on M given by x ∼M y if and only if the normal
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representations Gx � νx (Ox ) and G y � νy(Oy) are isomorphic. The partition by Morita
types, denoted by PM(M), is defined to be the resulting partition. Each member of PM(M)

is called a Morita type. If [Gx , νx (Ox )] = α denotes the isomorphism class of the normal
representationGx � νx (Ox ) then the element inPM(M) corresponding toαwill be denoted
by M(α) = {x ∈ M : [Gx , νx (Ox )] = α}. We also denote by M(x) the Morita type of a point
x ∈ M . It is simple to see that points in the same orbit belong to the same Morita type
and hence we also obtain a partition by Morita types on the orbit space, PM(M/G). The
orbit projection map π : M → M/G takes Morita types M(α) in M onto Morita types
X(α) = π(M(α)) in M/G. Observe that by its very definition, the Morita type of O ∈ M/G
only depends on Morita invariant information. The canonical Whitney stratification on M ,
denoted by SG(M), is the partition on M obtained by passing to connected components of
PM(M). The canonicalWhitney stratification on the orbit space M/G, denoted byS(M/G),
is the partition on M/G obtained by passing to connected components ofPM(M/G), see [15,
Sect. 4.6]. As important features of these canonicalWhitney stratifications we have that if our
Lie groupoid has only one Morita type then the orbit space M/G is a smooth manifold and
the canonical projection π : M → M/G becomes a submersion whose fibers are the orbits.
More importantly, let G(α) ⇒ M(α) denote the groupoid G(α) = s−1(M(α)) over a fixed
Morita type M(α). It follows that G(α) ⇒ M(α) is a Lie groupoid, X(α) is a smooth manifold
and the the canonical projection π : M(α) → X(α) is a submersion. Furthermore, any Morita
equivalence between two proper Lie groupoids induces an isomorphism of differentiable
stratified spaces between their orbit spaces, visit [15].

Suppose either that the orbit space M/G is compact or has a finite number of Morita
types. In these cases it follows that M/G can be embedded into an affine space R

d , compare
[25] and [15], respectively. We are now in conditions to establish a simple correspondence
between our approach to study Morse theory over the orbit space M/G and the approach
provided by stratified Morse theory. Indeed:

Proposition 7.15 Let G ⇒ M be a proper Lie groupoid having either compact orbit space
M/G or else a finite number of Morita types. There is a natural correspondence between
Morse Lie groupoid morphisms on G and stratified Morse functions on M/G as those defined
in Definition 7.13.

Proof Let F : G → R be a Morse Lie groupoid morphism induced by a basic function
f : M → R and let f : M/G → R denote the corresponding function over the orbit space
M/G. By using the embedding M/G ↪→ R

d we can think of f as a smooth function on M/G
(see [15, p. 827]), so that we may use standard partitions of unity onR

d to construct a smooth
function f̃ : Rd → R such that f̃ |M/G = f . Every critical point [x] of f in M/G belongs
to some stratum X(α) and we have the relation f |X(α)

= f |M(α)
◦ π . This automatically

guarantees that [x] is a stratified nondegenerate critical point of f since f is Morse–Bott
with nondegenerate critical orbits, π |M(α)

is a surjective submersion, and the normal Hessian

of f is invariant under the normal representation. The condition d f̃ (x) /∈ D∗X(α)
R

d follows
from the fact that f : M → R is basic which implies it preserves the stratification S(M/G).
Conversely, if f : M/G → R is a stratified Morse function induced by f̃ : Rd → R then by
taking average with respect to some proper Haar measure system over G as applied in [15,
Sect. 3] we can construct a basic smooth function f : M → R such that f = f ◦ π . So, the
results follow by arguing similarly as above. ��

The following observations are some of the advantages that our approach to study Morse
theory over M/G have.

123



Morse theory on Lie groupoids Page 35 of 55 46

Remark 7.16 Firstly, our focus aims at extending classical Morse theory to the context of
differentiable stacks, so that its study passing through Lie groupoids is more suitable for our
purposes. Also, the latter provides a cleaner way to extract several fundamental results of
Morse theory without assuming properness, compactness or finiteness on the Morita types
equivalences, which are requirements that seems to be necessary in order to guarantee that
the orbit space admits some kind of embedding into an affine space. Evidences of this fact
are mentioned in Remark 5.3, Sect. 4.2, Proposition 5.8. Even though sometimes we further
assume properness for the Lie groupoids we are working with, results as those provided in
Proposition 6.5 and Theorem 6.7 in the groupoid category are clearly natural and easier to
obtain by following the procedure we propose. Secondly, as we will see in next sections, our
approach also provides a way to recover some algebraic/topological constructions underlying
the Lie groupoid structure in a natural way. For instance, the total cohomology of the Bott–
Shulman–Stasheff double complex as well as its 2-equivariant version can be obtained by
using our techniques. The latter construction can be applied to compute the equivariant
cohomology of certain toric symplectic stacks, see Example 9.20. Thirdly, our approach
seems to be applicable to satisfactorily extend other topological and geometrical constructions
derived from classical Morse theory to more general contexts, e.g. Novikov type inequalities
for certain separated differentiable stacks as done in [59].

In [45] it was shown that proper Lie groupoids are real analytic. Hence, after adapting the
results obtained in [15] to the real analytic world we may get as an application of Proposition
7.15 together with the Pignoni’s density result proved in [55] that:

Corollary 7.17 Under the same hypothesis of Proposition 7.15 it follows that the set of smooth
functions R

d → R which restrict to stratified Morse functions on M/G and induce Morse
Lie groupoid morphisms on G form an open and dense subset with respect to the strong
topology on C∞(Rd).

8 Morse–Smale dynamics

Let us now start by adapting some notions of the Morse–Smale dynamics to the Lie groupoid
setting. Our goal here is to define the stable and unstable Lie groupoids of a Morse Lie
groupoid morphism as well as to study some of their elementary properties. For more details
regarding the classical notions see [1, 3, 52] and the references therein. Let F : (G ⇒
M) → (R ⇒ R) be a Morse Lie groupoid morphism induced by a smooth basic function
f : M → R. Throughout this section, apart from assuming that G ⇒ M is proper, we will
also assume that one of either G or M is compact. This automatically implies that the other
one is compact as well. Under these assumptions it is clear that the multiplicative gradient
vector field ∇F is given by a pair of complete vector fields.

Remark 8.1 As consequence of Theorems 4.15 and 5.12 in [31] together with the Dictionary
Lemmas from [7, Sect. 2.6], it follows that the compactness assumption for either M or G
may be relaxed by requiring only that M/G is compact. This is enough to have globally
defined gradient flows since ∇F is a multiplicative vector field. It is worth mentioning that
from Lemma 4.4 in [16] it follows that assuming the completeness of ∇ f would be also
sufficient to have that ∇F is complete, again because it is multiplicative.

Let ˜�τ : G → G and �τ : M → M denote the flow of the vector fields −∇(s∗ f ) and
−∇ f , respectively (descending flows). If x ∈ Crit( f ), then the stable manifold W s(x) and
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the unstable manifold W u(x) of f at x are respectively defined as

W s(x) = {y ∈ M : lim
τ→∞�τ (y) = x} and W u(x) = {y ∈ M : lim

τ→−∞�τ (y) = x}.
(13)

The stable and unstable manifolds of a critical arrow g ∈ Crit(F) are similarly defined by
using the descending flow ˜�τ . Let Sλ ⊆ Crit( f ) denote the set formed by the orbits in M with
same index λ. We may assume that Sλ consists of orbits with the same dimension, otherwise
we split Sλ into components consisting of orbits with the same dimension. Hence, we may
assume that Sλ is a manifold which, being saturated, yields a well-defined Lie groupoid
GSλ ⇒ Sλ defined by the restriction of G ⇒ M to Sλ. It is important to observe that Sλ is
a non-degenerate critical submanifold for f of index λ and as consequence of what we did
before we may conclude that GSλ is also a non-degenerate critical submanifold for F with
same index λ. Thus, as we have that every point in Sλ is a critical point for f we define the
stable and unstable submanifolds of Sλ as the respective disjoint unions

W s(Sλ) =
⋃

x∈Sλ

W s(x) and W u(Sλ) =
⋃

x∈Sλ

W u(x).

The stable and unstable submanifolds W s(GSλ ) are W u(GSλ ) are defined in the same way
since every arrow in GSλ is a critical arrow for F . As a consequence of the multiplicativity
of −∇F = (−∇(s∗ f ),−∇ f ) we obtain the following expected result.

Lemma 8.2 The Lie groupoid structure of G ⇒ M can be naturally restricted to define two
Lie groupoids W s(GSλ ) ⇒ W s(Sλ) and W u(GSλ ) ⇒ W u(Sλ).

Proof We will only show why the Lie groupoid structure may be well restricted for defining
W s(GSλ ) ⇒ W s(Sλ) since the other case follows analogously. This is carried out in the
following steps. First, if h ∈ W s(GSλ ), then h ∈ W s(g) for some critical arrow g ∈ GSλ .
Thus, the identity s ◦˜�τ = �τ ◦ s implies that

lim
τ→∞�τ (s(h)) = lim

τ→∞ s(˜�τ (h)) = s
(

lim
τ→∞

˜�τ (h)
)

= s(g).

This means that s(h) ∈ W s(s(g)) ⊂ W s(Sλ) and therefore s : W s(GSλ )→ W s(Sλ) is well
restricted. As for each critical arrow g ∈ GSλ we have that t(g) ∈ Sλ is a critical point,
then by arguing in the exactly same way with the identity t ◦ ˜�τ = �τ ◦ t we get that
t : W s(GSλ ) → W s(Sλ) is well restricted. Now, let us consider the fibered product space
(W s(GSλ ))

(2) defined through s and t . If (h1, h2) ∈ (W s(GSλ ))
(2) then there exists a pair

of critical arrows (g1, g2) ∈ GSλ × GSλ such that h1 ∈ W s(g1) and h2 ∈ W s(g2). On the
one hand, observe that (g1, g2) ∈ G(2)

Sλ
. Indeed, since s(h1) = t(h2) and (˜�τ ,�τ ) is a Lie

groupoid morphism we obtain

s(g1) = s
(

lim
τ→∞

˜�τ (h1)
)

= lim
τ→∞�τ (s(h1)) = lim

τ→∞�τ (t(h2)) = t
(

lim
τ→∞

˜�τ (h2)
)

= t(g2).

On the other hand, from the identity ˜�τ ◦ m = m ◦ (˜�τ ×˜�τ ) we get that

lim
τ→∞

˜�τ (h1h1) = lim
τ→∞m(˜�τ (h1), ˜�τ (h2)) = m

(

lim
τ→∞

˜�τ (h1), lim
τ→∞

˜�τ (h2)
)

= g1g2.

Given that we know that the composition of two composable critical arrows produces
again a critical arrow we have that h1h2 ∈ W s(g1g2) ⊂ W s(GSλ ). Hence, the composition
map m : (W s(GSλ ))

(2) → W s(GSλ ) is also well restricted. Finally, let us now consider the
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inversion map i : G → G and the unit map u : M → G of the Lie groupoid G ⇒ M . As
(˜�τ ,�τ ) is a Lie groupoid morphism we have that ˜�τ ◦ i = i ◦ ˜�τ and ˜�τ ◦ u = u ◦�τ .
Recall that if g is a critical arrow, then g−1 is also a critical arrow and if x is a critical
point, then 1x is a critical arrow. So, by arguing as in the previous items we obtain that
i : W s(GSλ )→ W s(GSλ ) and u : W s(Sλ)→ W s(GSλ ) are well restricted as well. ��

The Lie groupoids introduced in Lemma 8.2 will be respectively called stable and unsta-
ble Lie groupoids associated to the critical submanifold Sλ. Consider now the smooth
endpoint maps l0 : W s(Sλ)→ Sλ and u0 : W u(Sλ)→ Sλ which are respectively defined
by

l0(x) = lim
τ→∞�τ (x) and u0(x) = lim

τ→−∞�τ (x). (14)

It was shown in [1, Proposition 3.2] that the endpoint maps (14) are smooth locally trivial
fibrations. In order to state the groupoid analogue of this property, we need the following
definition.

Definition 8.3 [43] A Lie groupoid fibration is a Lie groupoid morphism φ1 : G → G ′
covering a surjective submersion φ0 : M → N with the property that

φ̂ : G → G ′ ×N M; g 
→ (φ1(g), s(g)), (15)

is a surjective submersion.

At the level of arrows,we can similarly define smooth endpointmaps l1 : W s(GSλ )→ GSλ

and u1 : W u(GSλ )→ GSλ by using the descending flow ˜�τ . Recall that we have the equality
of indexes λ(GSλ , F) = λ(Sλ, f ) = λ. Thus, as consequence of [1, Proposition 3.2] we
obtain that u1 and l1 are smooth fiber bundles with fibers diffeomorphic to the disks Dλ and
Dk−λ, respectively. Here k = codim(GSλ ) = codim(Sλ) seen as submanifolds of G and M ,
respectively. So, motivated by this and Lemma 8.2 one has the following result.

Proposition 8.4 The endpoint maps l = (l1, l0) : (W s(GSλ ) ⇒ W s(Sλ)) → (GSλ ⇒ Sλ)

and u = (u1, u0) : (W u(GSλ ) ⇒ W u(Sλ))→ (GSλ ⇒ Sλ) are Lie groupoid fibrations.

Proof On the one hand, the fact that both l and u define Lie groupoid morphisms follows by
arguing exactly as we did in Lemma 8.2. Indeed, let us consider for instance the case of u.
As the pair (˜�τ ,�τ ) determines a Lie groupoid morphism we have that

(s ◦ u1)(h) = s

(

lim
τ→−∞

˜�τ (h)

)

= lim
τ→−∞ s(˜�τ (h)) = lim

τ→−∞�τ (s(h)) = (u0 ◦ s)(h).

We can analogously get that t ◦ u1 = u0 ◦ t . If (h1, h2) ∈ (W u(GSλ ))
(2) then

(m ◦ (u1 × u1))(h1, h2)

= m

(

lim
τ→−∞

˜�τ (h1), lim
τ→−∞

˜�τ (h2)

)

= lim
τ→−∞(m ◦ (˜�τ ×˜�τ ))(h1, h2)

= lim
τ→−∞(˜�τ (m(h1, h2)) = (u1 ◦ m)(h1, h2).

On the other hand, let us consider the fibred product given by the diagram below

GSλ ×Sλ W u(Sλ)

π1

π2
W u(Sλ)

u0

GSλ s Sλ.
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Now we show that u has the fibration property (15), that is, the map û : W u(GSλ ) →
GSλ ×Sλ W u(Sλ), h 
→ (u1(h), s(h)), is a surjective submersion. Indeed, since π1 and π2

are surjective submersions, π1 ◦ û = u1 and π2 ◦ û = s, then û is a surjective submersion
because u1 and s are so. Hence, as u0 : W u(Sλ) → Sλ is also a surjective submersion we
conclude that u is in fact a Lie groupoid fibration. ��

It is clear that the canonical projections π−1 : ν−(GSλ ) → GSλ and π−0 : ν−(Sλ) → Sλ

allow us to define a groupoid fibration from ν−(GSλ ) ⇒ ν−(Sλ) onto GSλ ⇒ Sλ. Obviously,
for the positive normal groupoid a similar fibration π+ onto GSλ ⇒ Sλ can be defined.
Therefore, the naturality of the previous result is behind the following interesting fact, which
can be thought of as the groupoid version of the so-called stable/unstable manifold theorem
(see for instance [1, Theorem A.9] or else [4, Theorem 4.15]).

Theorem 8.5 (Stable/unstable groupoid theorem) There exists a Lie groupoid isomorphism
from a full Lie groupoid open neighborhood of the zero section GSλ ⇒ Sλ in ν−(GSλ ) ⇒
ν−(Sλ) and a full Lie groupoid open neighborhood of GSλ ⇒ Sλ in W u(GSλ ) ⇒ W u(Sλ)

which intertwines the groupoid fibrations π− and u. Such an isomorphism behaves as the
identity over GSλ ⇒ Sλ. Analogously, same assertion holds true between the groupoid
fibrations π+ and l onto GSλ ⇒ Sλ.

Proof First of all, it follows that around a base point y ∈ Sλ there are coordinates in an open
neighborhood U ⊂ M such that U ∼= Sλ × ν+(Sλ)s × ν−(Sλ)s so that each element z ∈ U
may be rewritten as z = (z0, z+, z−) [1, Appendix A.3]. We focus on proving the statement
for π− and u since the other asserted case follows in a similar fashion. Pick y ∈ Sλ and
v− ∈ ν+(Sλ)y′ . As consequence of [1, Theorem A.9] (see also [4, Theorem 4.15]) we know
that there exists a unique integral curve c(τ ) = �y′(τ ) := �τ (y′) of−∇ f starting at y′ ∈ M
such that c(0)− = v− and lim

τ→−∞ c(τ ) = lim
τ→−∞�τ (y′) = y. Furthermore, after shrinkingU

if necessary, for varying (y, v−) the map ψ0 sending y 
→ c(0)0 defines a diffeomorphism
between an open neighborhoodU of the zero section Sλ in ν−(Sλ) and an open neighborhood
V of Sλ in W u(Sλ) which intertwines the projection π−0 and endpoint map u0. Again, after
shrinkingU if necessary and by using instead the descending flow of−∇F , wemay similarly
define around g ∈ GSλ an open neighborhood Ũ of the zero section GSλ in ν−(GSλ ) of the
form Ũ = s−1(U ) ∩ t−1(U ) ∼= GSλ × ν+(GSλ )g × ν−(GSλ )g enjoying of the following
properties. Each element z̃ ∈ Ũ may be rewritten as z̃ = (z̃0, z̃+, z̃−) and there is a (uniquely
defined) map ψ1 sending g 
→ c̃(0)0 which defines a diffeomorphism between Ũ and an
open neighborhood Ṽ of GSλ in W u(GSλ ) that intertwines the projection π−1 and endpoint
map u1.

Let us check that ψ = (ψ1, ψ0) defines a Lie groupoid morphism over the open Lie
groupoid neighborhood Ũ ⇒ U of GSλ ⇒ Sλ. This will be consequence of having that ∇F
is a multiplicative vector field. Take g ∈ Ũ , ṽ− ∈ ν−(GSλ )g′ and c̃(τ ) = ˜�g′(τ ) = ˜�τ (g′) as
described above.Weknow that s◦˜�τ = �τ ◦s which in turn yields the identity s◦˜�h = �s(h)

for all h ∈ G. The latter formula implies that s(g) = lim
τ→−∞�s(g′)(τ ) = lim

τ→−∞�τ (s(g
′))

and ds(g′)(ṽ−) = c(0)− where in this case we are denoting c(τ ) = �s(g′)(τ ) = �τ (s(g′)).
Thus, by the uniqueness in [1, Theorem A.9] it follows that

(s ◦ ψ1)(g) = s(c̃(0)0) = (s ◦ ˜�g′)(0)0 = �s(g′)(0)0 = c(0)0 = (ψ0 ◦ s)(g).

The identity t ◦ ψ1 = ψ0 ◦ t can be verified in a similar manner. Let us now consider pairs
g ∈ Ũ , ṽ− ∈ ν−(GSλ )g′ and h ∈ Ũ , w̃− ∈ ν−(GSλ )h′ such that s(g) = t(h), s(g′) = t(h′),
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ds(g′)(ṽ−) = dt(h′)(w̃−) and ã(τ ) = ˜�g′(τ ) = ˜�τ (g′) with b̃(τ ) = ˜�h′(τ ) = ˜�τ (h′)
as described above. It is simple to verify that the equality ˜�τ ◦ m = m ◦ (˜�τ × ˜�τ )

implies the formula m ◦ (˜�h1 × ˜�h2) = ˜�h1h2 for all (h1, h2) ∈ G(2). It follows that
gh = lim

τ→−∞ �̃g′h′(τ ) = lim
τ→−∞ �̃τ (g

′h′) and dm(g′, h′)(ṽ−, w̃−) = ã(0)− with c̃(τ ) =
�̃g′h′(τ ) = �̃τ (g′h′). Hence, again by the uniqueness in [1, Theorem A.9] we obtain that

m(ψ1(g), ψ1(h)) = m(ã(0)0, b̃(0)0) = m(˜�g′(0), ˜�h′(0))0 = ˜�h1h2(0)0 = c̃(0)0 = ψ1(gh).

Observe thatψ is the identity over GSλ ⇒ Sλ since the descending flows fix critical points.
The proof is completed by observing that in a proper groupoid every groupoid neighborhood
contains a full groupoid neighborhood, see for instance [21, Lemma 5.3]. ��

We consider now the notion of moduli space of gradient flow lines in the Lie groupoid
setting. Some of the ideas stated below will be used to construct a double complex which
in turn will allow us to recover the total cohomology of the Bott–Shulman–Stasheff double
complex of the Lie groupoid we are working with. Note that there exists a natural action of
R on W u(Sλ) (resp. on W s(Sλ)) defined by r · y = �r (y) for all r ∈ R. This is well defined
since if y ∈ W u(Sλ) we have that

lim
τ→−∞�τ (r · y) = lim

τ→−∞�τ (�r (y)) = lim
τ→−∞�τ+r (y) ∈ W u(Sλ). (16)

In particular, it is simple to see that these actions induce a well defined free action ofR on any
intersection W u(Sλi ) ∩ W s(Sλ j ) for λi �= λ j . We will refer to this action as action by flow
translation. The moduli space of gradient flow lines in M associated to the non-degenerate
critical saturated submanifolds Sλi and Sλ j is defined as the quotient space obtained from the
action by flow translation:

M(Sλi , Sλ j ) := (W u(Sλi ) ∩W s(Sλ j ))/R.

The moduli space of gradient flow lines M(GSλi
, GSλ j

) is equally defined by using the

action induced by the descending flow ˜�τ . Thus, motivated by theMorse–Bott transversality
condition (see [1, 3]) we set up the following definition.

Definition 8.6 AMorse Lie groupoidmorphism F : (G ⇒ M)→ (R ⇒ R) is said to satisfy
the Morse–Smale transversality condition with respect to a 2-metric η(2) on G ⇒ M if
for any two critical non-degenerate saturated submanifolds Sλi and Sλ j with respect to f we
have that W u(y) � W s(Sλ j ) for all y ∈ Sλi .

It is important to notice that, unlike the classicalMorse case, in theMorse–Bott case it is not
always possible to perturb a Riemannian metric to make a given Morse–Bott function satisfy
the Morse–Bott–Smale transversality condition. See [38, Remark 2.4] for an interesting
counterexample. More importantly, such a condition is not always satisfied for G-invariant
Morse functions; compare [38, Sect. 5]. As a consequence, not every Morse Lie groupoid
morphism satisfies the Morse–Smale transversality condition in general. As it is argued in
[1], when assuming the Morse–Smale transversality condition from Definition 8.6, we get
that the spaces W u(Sλi ) ∩W s(Sλ j ) and M(Sλi , Sλ j ) are smooth manifolds since the action
by flow translation is free and proper. The endpoint maps (14) descend to the moduli spaces
yielding new endpoint maps (l0)i

j : M(Sλi , Sλ j ) → Sλ j and (u0)
i
j : M(Sλi , Sλ j ) → Sλi

given respectively by

(l0)
i
j ([x]) = l0(x) and (u0)

i
j ([x]) = u0(x), (17)
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One can see that these maps are well defined in a similar manner as in (16). Also, the endpoint
map (u0)

i
j on the moduli space M(Sλi , Sλ j ) is a locally trivial fibration, see [1].

Lemma 8.7 Let F : G → R be a Morse Lie groupoid morphism having the Morse–Smale
transversality property. Then the non-degenerate critical submanifolds GSλi

and GSλ j
satisfy

the Morse–Smale transversality condition with respect to F.

Proof Let y
g←− x be an arrow in W u(GSλi

) such that g ∈ W u(h) ∩ W s(GSλ j
). Given that

s : G → M is a submersion we have that it is transverse to any submanifold in M so that, in
particular, we obtain that s � W u(s(h)) and s � W s(Sλ j ). Since x ∈ W u(s(h)) ∩ W s(Sλ j )

the Morse–Smale transversality condition with respect to f gives us

TgW u(h)+ TgW s(GSλ j
) = Tg(s

−1(W u(s(h))))+ Tg(s
−1(W s(Sλ j )))

= ds−1g (Tx W u(s(h)))+ ds−1g (Tx W s(Sλ j ))

= ds−1g (Tx W u(s(h))+ Tx W s(Sλ j ))

= ds−1g (Tx M) = TgG.

So, the result follows. ��
As consequence of this elementary observation we can analogously define smooth mani-

foldsW u(GSλi
)∩W s(GSλ j

) andM(GSλi
, GSλ j

) and smoothmaps (l1)i
j :M(GSλi

, GSλ j
)→

GSλ j
and (u1)

i
j :M(GSλi

, GSλ j
)→ GSλi

so that (u1)
i
j has the structure of a locally trivial

bundle.
It is simple to check that by the nature of the structure of our stable and unstable Lie

groupoids we may naturally define a Lie groupoid W u(GSλi
) ∩ W s(GSλ j

) ⇒ W u(Sλi ) ∩
W s(Sλ j ). More importantly:

Proposition 8.8 (Groupoid of gradient flow lines) There exists a unique structure of Lie
groupoid M(GSλi

, GSλ j
) ⇒ M(Sλi , Sλ j ) on the moduli spaces of gradient lines, making

the canonical projection W u(GSλi
)∩W s(GSλ j

)→M(GSλi
, GSλ j

) a Lie groupoid fibration.

Proof The action of R on W u(GSλi
) ∩ W s(GSλ j

) ⇒ W u(Sλi ) ∩ W s(Sλ j ) is given by Lie
groupoid automorphisms. Since this action is free and proper, then the quotient inherits a Lie
groupoid structure with the desired properties. See for instance the proof of Proposition 3.4
in [32]. ��

As an application of Proposition 8.4 we easily get:

Corollary 8.9 The pair of endpoint maps ui
j = ((u1)

i
j , (u0)

i
j ) : (M(GSλi

, GSλ j
) ⇒

M(Sλi , Sλ j ))→ (GSλi
⇒ Sλi ) defines a Lie groupoid fibration.

Note that because of the well definition of index we have that W u(Sλi )∩W s(Sλ j ) does not
contain critical points of f since Sλi ∩ Sλ j = ∅ for λi �= λ j . This in particular implies that
the action by flow translation on this space is free. Namely, the latter statement follows from
the fact that a point is a singularity of a vector field if and only if its flow fixes such a point. In
particular, the gradient vector field of f is nonzero at the regular points of f which implies that
its flow does not fix such points. Same conclusion can be obtained at the arrow level. This key
observation allows us to define the composition map of the Lie groupoid from Proposition
8.8 explicitly. Indeed, the source and target maps are respectively defined by setting s :
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M(GSλi
, GSλ j

)→M(Sλi , Sλ j ) as s[g] = [s(g)] and t :M(GSλi
, GSλ j

)→M(Sλi , Sλ j )

as t[g] = [t(g)]. They are well-defined since our gradient vector field is multiplicative.
Furthermore, if we take [g] and [h] in M(GSλi

, GSλ j
) such that s[g] = t[h] then there

exists r ∈ R such that �r (s(g)) = t(h) which is equivalent to have s(˜�r (g)) = t(h) so
that we can multiply m(˜�r (g), h) = ˜�r (g)h. Thus, we define m : M(GSλi

, GSλ j
)(2) →

M(GSλi
, GSλ j

) as m([g], [h]) := [˜�r (g)h].
Having this in mind, an interesting consequence of Proposition 8.8 is the following.

Remark 8.10 As it can be viewed for instance in [1], theMorse–Smale transversality assump-
tion allows to show that there exists a way for constructing a compactification of these moduli
spaces of gradient flow lines. Without going into too much details, it can be done by applying
a series of fibered products with respect to the endpoint maps u and l. Therefore, as conse-
quence of Proposition 8.8, [1, Lemma 3.3] and [19, Proposition 4.4.1] we may extend the
Lie groupoid structure previously described to the respective compactifications. Here it is
important to have in mind that u and l define Lie groupoid morphisms where u is composed
by locally trivial fibrations.

9 The double complex of a Morse Lie groupoidmorphism

Given a Morse function f : M → R, the Morse–Smale–Witten complex of the pair (M, f )

is a complex whose homology computes the singular homology of the manifold M . In the
setting ofMorse–Bott theory, there are several versions of theMorse–Smale–Witten complex
which compute either the homology or the de Rham cohomology of the manifold.We end the
paper by introducing the groupoid version of theMorse complex. Given aMorse Lie groupoid
morphism F : G → R we construct a double cochain complex whose total cohomology
recovers the total cohomology of the Bott–Shulman–Stasheff double complex associated to
G. Our construction relies on Austin and Braam version of the Morse–Bott complex [1].

9.1 The Austin–Braam complex

Let f : M → R be a Morse–Bott function and pick a Riemannian metric on M . Any non-
degenerate critical submanifold S ⊆ M determines endpoint maps lS : W s(S) → S and
uS : W u(S)→ S defined as in (14). Hence, for non-degenerate critical submanifolds S, S′
for f , one considers the endpoint maps lS′ :M(S, S′)→ S′ and uS :M(S, S′)→ S defined
on the moduli spaces of gradient flow lines (17). It was shown in [1] that the endpoint maps
are locally trivial fibrations.

Denote by Si the set of critical components of index i and by Ci, j := � j (Si ) the set of
j-forms on Si . The cochain complex defined in [1] is built out of certain maps ∂r : Ci, j →
Ci+r , j−r+1 which are the composition of a pullback of forms followed by integration over
the fibers of the endpoint maps on the moduli spaces. This requires the following:

Assumption 9.1 (Austin–Braam)

1. f is weakly self indexing in the sense that M(Si , S j ) = ∅ for i ≤ j .
2. For all i, j and x ∈ Si we have that W u

i (x) := u−1i (x) intersects W s(S j ) transversally.
3. the critical submanifolds Si and the negative normal bundles ν−(Si ) are orientable for all

i .
4. M is compact and orientable.
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With this, Austin and Braam defined the maps ∂r : Ci, j → Ci+r , j−r+1 as

∂r (ω) :=
{

dω, r = 0

(−1) j (ui+r
i )∗(li+r

i )∗(ω), otherwise
(18)

where (ui+r
i )∗ denotes the integration of forms over the fibers of the bundle (17). One of the

main results of [1] establishes that for each j

j
∑

m=0
∂ j−m ◦ ∂m = 0,

hence the maps ∂r fit together into a cochain complex

Ck :=
k

⊕

i=0
Ci,k−i ; ∂ := ∂1 ⊕ · · · ⊕ ∂m (19)

whose cohomology is isomorphic to the de Rham cohomology of M . In the next subsection
we will see the Lie groupoid version of this complex, yielding a double complex whose total
cohomology is isomorphic to the Bott–Shulmann–Stasheff cohomology.

9.2 The double complex

Throughout this section a Lie groupoid is denoted as G(1) ⇒ G(0). Let F1 : (G(1) ⇒
G(0))→ (R ⇒ R) be a Morse Lie groupoid morphism which is induced by a smooth basic
function F0 : G(0) → R. We assume that G(1) ⇒ G(0) is proper and either G(1) or G(0) is
compact (see Remark 8.1).

Let us consider the nerve G(•) of G(1) ⇒ G(0) that is depicted as

G(•) : · · · G(n) · · · G(2) G(1) G(0).

The manifolds G(n) of n-composable arrows are given by

G(n) = G(1) ×G(0) · · · ×G(0) G(1) = {(gn, · · · , g1) : s(g j ) = t(g j−1); j = 2, · · · , n},
and the left arrows represent the face maps dn

k : G(n) → G(n−1) for k = 0, · · · , n. These
are defined as d1

0 = t , d1
1 = s and

dn
k (gn, · · · , g1) =

⎧

⎨

⎩

(gn, · · · , g2) if k = 0
(gn, · · · , gk+2, gk+1gk, gk−1, · · · , g1) if k = 1, · · · , n − 1
(gn−1, · · · , g1) if k = n.

The face maps are surjective submersions and they satisfy the so-called simplicial identities

dn−1
k ◦ dn

k′ = dn−1
k′−1 ◦ dn

k , k < k′. (20)

By our initial assumptions it follows that G(n) is compact since it is closed and is contained
inside G(1) × · · · × G(1). From [21] we know that the Lie groupoid G(1) ⇒ G(0) admits an
n-metric η(n) on G(n). It is important to remember that we can push η(n) forward with the
different face maps dn

k : G(n) → G(n−1) to define an (n− 1)-metric η(n−1) on G(n−1) where
η(n−1) = (dn

k )∗η(n) = (dn
k′)∗η

(n) for all k, k′ and every dn
k : (G(n), η(n))→ (G(n−1), η(n−1))

becomes a Riemannian submersion. One can use this process to obtain r -metrics η(r) on
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G(r) in such a way that dr
k : (G(r), η(r))→ (G(r−1), η(r−1)) is a Riemannian submersion for

every 0 ≤ r ≤ n − 1.
Applying the nerve functor to F1 : G(1) → R yields a simplicial function F• = (Fn)n∈N

between the nerves:

F• : · · ·

· · ·

G(n) · · · G(2) G(1) G(0)

R · · · R R R,

Fn F2 F1 F0

which, for n ≥ 2, it is inductively defined as Fn = (dn
k )∗Fn−1 = (dn

k′)
∗Fn−1 for all

k, k′. These smooth functions are well defined since F1 is a Lie groupoid morphism and the
simplicial identities (20) hold true. Recall that, in our case, the set of critical points of F0 is
given by a disjoint union of finite compact and connected Lie groupoid orbits Crit(F0) = ˙⋃O
since G(0) is compact and G(1) ⇒ G(0) is proper.

Lemma 9.2 There exists a sub-nerve G(•)
i of G(•) formed by non-degenerate critical sub-

manifolds of index i for F• of the form:

G(•)
i : · · · G(n)

i · · · G(2)
i G(1)

i G(0)
i ,

where G(n)
i = ˙⋃{G(n)

O ⊂ Crit(Fn) : λ(Fn, G(n)
O ) = i} and G(n)

O denotes the manifold of
n-composable arrows of GO ⇒ O.

Proof This follows by applying simple arguments from the previous sections since F1 is
a Morse Lie groupoid morphism. Namely, G(0)

i is a saturated submanifold with G(1)
i =

s−1(G(0)
i ) = t−1(G(0)

i ) and all the face maps of G(•) are Riemannian submersions verifying
the simplicial identities (20). ��

Let us now consider the collection of vector fields −∇F• = (−∇Fn)n∈N where −∇Fn

denotes the negative gradient vector field of Fn on G(n) with respect to η(n). As the face maps
dn

k : G(n) → G(n−1) are Riemannian submersions we actually have that −∇F• defines a
simplicial vector field on the nerve G(•) since η(n−1) = (dn

k )∗η(n) so that d(dn
k ) ◦ ∇Fn =

∇Fn−1 ◦ dn
k . It turns out that the collection of descending flows �n

τ : G(n) → G(n), which
are defined for all τ ∈ R since G(n) is compact, verifies the relations

dn
k ◦�n

τ = �n−1
τ ◦ dn

k , k = 0, · · · , n and ∀τ ∈ R, (21)

thus obtaining a simplicial automorphism �•τ : G(•) → G(•) for all τ ∈ R. The
collection of smooth endpoint maps associated to the collection of stable and unstable sub-
manifolds W u(G(n)

i ) and W s(G(n)
i ) will be denoted by ui (n) : W u(G(n)

i ) → G(n)
i and

li (n) : W s(G(n)
i ) → G(n)

i . Recall that these maps are locally trivial fiber bundles respec-
tively defined by sending A 
→ limτ→−∞�n

τ (A) and A 
→ limτ→∞�n
τ (A). It follows

directly from Identities (21) that

dn
k ◦ ui (n) = ui (n − 1) ◦ dn

k and dn
k ◦ li (n) = li (n − 1) ◦ dn

k , (22)

for all k = 0, · · · , n. For indexes i and j we can consider again the moduli spaces of gradient
flow lines

Mn(G(n)
i , G(n)

j ) = W u(G(n)
i ) ∩W s(G(n)

j )/R,

123



46 Page 44 of 55 C. Ortiz, F. Valencia

which are the quotient spaces defined through the action by flow translation.

Lemma 9.3 The simplicial structure of the nerve G(•) may be restricted to define the stable
and unstable sub-nerves W s(G(•)

i ) and W u(G(•)
i ) of the sub-nerve G(•)

i and a topological

sub-nerve structure M•(G(•)
i , G(•)

j ) between the moduli spaces of gradient flow lines.

Proof Note that the first statement follows by flowing to ∞ and −∞ at both sides of Eq.
(21) so that dn

k : W s(G(n)
i ) → W s(G(n−1)

i ) and dn
k : W u(G(n)

i ) → W u(G(n−1)
i ) are well

restricted. Furthermore, the maps dn
k :Mn(G(n)

i , G(n)
j )→Mn−1(G(n−1)

i , G(n−1)
j ) defined

by sending [A]n 
→ [dn
k (A)]n−1 are well defined, open and surjective since dn

k are so. ��
Weare interested in inducingwell behaved structures of smoothmanifold and orientability

over ourmoduli spaces of gradient flow lines. To obtain thiswe require the following analogue
of the Austin–Braam assumption (see Sect. 9.1).

Assumption 9.4 (a) M0(G(0)
i , G(0)

j ) = ∅ if i ≤ j (F0 is weakly self-indexing).

(b) For all i, j and x ∈ G(0)
i we have that W u

i (x) := ui (0)−1(x) intersects W s(G(0)
j )

transversally:

W u
i (x) � W s(G(0)

j ).

(c) Both the critical submanifolds G(0)
i and the negative normal bundles ν−(G(0)

i ) are ori-
entable for all i .

(d) G(n) is orientable for all n ∈ N.

Remark 9.5 Although condition (d) from previous assumption may seem to be somewhat
restrictive there are many cases where such a requirement can be achieved. For instance, if
G(0) is orientable then every manifold conforming the nerve of: the unit groupoid, the pair
groupoid, the action groupoid defined through a smooth action of a Lie group on G(0), and
étale Lie groupoids over G(0), is orientable.

Lemma 9.6 Conditions (a)-(b)-(c) from Assumption 9.4 are satisfied at every level of the
nerve configuration.

Proof First, by Lemma 9.3 and proceeding by induction over n it is simple to check that
Mn−1(G(n−1)

i , G(n−1)
j ) = ∅ if i ≤ j implies that Mn(G(n)

i , G(n)
j ) = ∅ if i ≤ j . The step

n = 1 is consequence of (a) and the well definition of d1
k .

Proceeding again by induction over n, wemayprove that if theMorse–Smale transversality
condition (b) holds true at the level n−1 then it also holds true at the level n. The case n = 1
was argued in Lemma 8.7. The inductive cases follow by arguing in the exactly same way
but with the submersions dn

k .
Finally, let us now look at the orientability requirements (c). On the one hand, by the

Transverse Submanifold Theorem, it is well known that because of conditions (c) and (d)
together the fact that dn

k are submersions with G(n)
i = (dn

k )−1(G(n−1)
i ), it follows that if

G(n−1)
i is orientable then so is G(n)

i . The induced orientation on G(n)
i is the one obtained from

the orientability of G(n), G(n−1) and G(n−1)
i . On the other hand, recall that in Proposition

5.6 we proved that the Lie groupoid structure of ν(G(1)
i ) ⇒ ν(G(0)

i ) can be well restricted

to define a Lie groupoid between ν−(G(1)
i ) ⇒ ν−(G(0)

i ). To do so, it was mainly used the
fact that the structural maps of our Lie groupoid are Riemannian submersions, the simplicial
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identities (20), and the relation between the Hessian forms of F1 and F0. In consequence, by
using Lemma 9.2 we may easily extend some of these arguments to construct a sub-nerve
ν−(G(•)

i ) of ν−(G(•)) where the face maps at every level are the collection of fiberwise

isomorphisms d(dn
k ). Therefore, proceeding again by induction over n we will have that if

ν−(G(n−1)
i ) is orientable, then so is ν−(G(n)

i ). Indeed, by following [29, c. VII] and [40,

c. 8], if ιx : ν−(G(0)
i )x ↪→ ν−(G(0)

i ) denotes the canonical inclusion of each fiber and ω

is an i-form on ν−(G(0)
i ) inducing orientations ι∗xωx at every fiber ν−(G(0)

i )x , then when

pulling ι∗xωx back by the isomorphism dsg : ν−(G(1)
i )g → ν−(G(0)

i )x we get orientations

(ιx ◦ dsg)
∗ωx = (ds ◦ ιg)

∗ωx for each fiber ιg : ν−(G(1)
i )g ↪→ ν−(G(1)

i ) so that ds
∗
ω is

an i-form inducing an orientation on ν−(G(1)
i ). Hence, the other orientations are inductively

obtained by using any of the fiberwise isomorphisms d(dn
k ). ��

The first important consequence of the previous result is that because of (b), for every
n ∈ N the moduli of gradient flow lines Mn(G(n)

i , G(n)
j ) is a smooth manifold where the

new endpoint maps

ui
j (n) :Mn(G(n)

i , G(n)
j )→ G(n)

i and li
j (n) :Mn(G(n)

i , G(n)
j )→ G(n)

j (23)

defined by ui
j (n)([A]n) := ui (n)(A) and li

j (n)([A]n) := l j (n)(A), are well defined smooth

maps such that ui
j (n) has the structure of locally trivial bundle; see [1]. Therefore, as the

action by flow translations is free and proper we get that the maps dn
k are smooth and from

Identities (22) we obtain that the following diagrams are commutative

Mn(G(n)
i , G(n)

j )

ui
j (n)

dn
k Mn−1(G(n−1)

i , G(n−1)
j )

ui
j (n−1)

G(n)
i dn

k

G(n−1)
i

Mn(G(n)
i , G(n)

j )

li
j (n)

dn
k Mn−1(G(n−1)

i , G(n−1)
j )

li
j (n−1)

G(n)
j dn

k

G(n−1)
j

so that we have the commutative identities

dn
k ◦ ui

j (n) = ui
j (n − 1) ◦ dn

k and dn
k ◦ li

j (n) = li
j (n − 1) ◦ dn

k . (24)

In other words, we have obtained simplicial smooth maps

ui
j (•) :M•(G(•)

i , G(•)
j )→ G(•)

i and li
j (•) :M•(G(•)

i , G(•)
j )→ G(•)

j (25)

with ui
j (•) a locally trivial simplicial fibration.

Let us define our double cochain complex. For that, we will define maps which are the
composition of the pullback operation followed by the integration along the fibers via (25).

For each n ∈ N we set Ci, j (G(n)) := � j (G(n)
i ) and define the operator

∂n
r : Ci, j (G(n))→ Ci+r , j−r+1(G(n)) as

∂n
r (ω) =

{

dω if r = 0
(−1) j (ui+r

i (n))∗(li+r
i (n))∗(ω) otherwise,

where (ui+r
i (n))∗ is integration along the fiber of the bundle (23). Let us now set

C p(G(n)) :=
⊕

i+ j=p

Ci, j (G(n)) =
⊕

i+ j=p

� j (G(n)
i ) with ∂n =

∑

∂n
i . (26)
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As it was shown for the classical case in [1], the operator ∂n is a boundary operator, i.e.,
(∂n)2 = 0. Let us now consider the simplicial differentials of the sub-nerveG(•)

i fromLemma
9.2:

δn
i =

∑

(−1)k(dn
k )∗ : Ci, j (G(n−1))→ Ci, j (G(n)).

Lemma 9.7 The following diagram commutes for all i and r

� j (G(n−1)
i )

δn
i

∂n−1
r

� j−r+1(G(n−1)
i+r )

δn
i+r

� j (G(n)
i )

∂n
r

� j−r+1(G(n)
i+r ).

Proof Observe that if r = 0 then

δn
i+0 ◦ ∂n−1

0 = ∂n
0 ◦ δn

i ⇐⇒ δn
i ◦ d = d ◦ δn

i ,

since the simplicial differential already commute with the de Rham differentials. Otherwise,

(∂n
r ◦ δn

i )(ω) = ∂n
r

(
∑

(−1)k(dn
k )∗(ω)

)

=
∑

(−1)k∂n
r ((dn

k )∗(ω)),

where, as consequence of the base-change formula of the integration along the fiber operation
together with Identities (24), we obtain

∂n
r ((dn

k )∗(ω)) = (−1) j (ui+r
i (n))∗(li+r

i (n))∗((dn
k )∗(ω))

= (−1) j (ui+r
i (n))∗(dn

k ◦ li+r
i (n))∗(ω)

= (−1) j (ui+r
i (n))∗(li+r

i (n − 1) ◦ dn
k )∗(ω)

= (−1) j (ui+r
i (n))∗(dn

k )∗((li+r
i (n − 1))∗(ω))

= (−1) j (dn
k )∗(ui+r

i (n − 1))∗((li+r
i (n − 1))∗(ω))

= (dn
k )∗((−1) j (ui+r

i (n − 1))∗((li+r
i (n − 1))∗(ω)))

= (dn
k )∗(∂n−1

r (ω)).

Thus, we have that

(∂n
r ◦ δn

i )(ω) =
∑

(−1)k∂n
r ((dn

k )∗(ω)) =
∑

(−1)k(dn
k )∗(∂n−1

r (ω)) = (δn
i+r ◦ ∂n−1

r )(ω).

��
Having the previous fact in mind we define δ

n : C p(G(n−1))→ C p(G(n)) as

δ
n
(ω) =

{

δn
i (ω) if w ∈ � j (G(n−1)

i )

0 otherwise.

This operator may be thought of as δ
n =

∑

δn
i verifying δn

i ◦ δn
i ′ = δn

i ′ ◦ δn
i = 0 since if

i �= i ′ then δn
i ◦ δn

i ′ = 0 by definition and if i = i ′ then (δn
i )2 = 0 also holds because δn

i is a

simplicial differential of the sub-nerve G(•)
i . In particular, we have that (δ

n
)2 = 0.

Note that we have defined two boundary operators ∂ and δ verifying ∂2 = 0, δ
2 = 0 and,

moreover, from the commutativity property stated in Lemma 9.7 we get that they also satisfy
∂ ◦ δ = δ ◦ ∂ .

Summing up, we have obtained that:
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Proposition 9.8 The triple (C•(G(•)), ∂, δ) determines a double cochain complex which may
be depicted as

C0(G(0)) C0(G(1)) C0(G(2)) · · ·

C1(G(0)) C1(G(1)) C1(G(2)) · · ·

C2(G(0)) C2(G(1)) C2(G(2)) · · ·

...
...

...

δ δ δ

δ δ δ

δ δ δ

∂

∂

∂

∂

∂

∂

∂

∂

∂

We can make a total complex out of this double cochain complex by setting Cn
T (G) =

⊕

p+q=n

C p(G(q)) and defining the total differential ∂T : Cn
T (G)→ Cn+1

T (G) as

∂T (ω) = (δ + (−1)q∂)(ω), ω ∈ C p(G(q)).

The sing change is introduced in order that ∂2T = 0.

Definition 9.9 The groupoid Morse cohomology associated to the Morse Lie groupoid
F1 : (G(1) ⇒ G(0)) → (R ⇒ R) and the n-metric η(n) on G(n) is defined to be the
cohomology of (C•T (G), ∂T ).

Finally, we exhibit a morphism of double complexes between the Bott–Shulman–Stasheff
double complex of G(1) ⇒ G(0) and the double complex constructed above. The Bott–
Shulman–Stasheff double complex (�•(G(•)), d, δ) may be depicted as

�0(G(0)) �0(G(1)) �0(G(2)) · · ·

�1(G(0)) �1(G(1)) �1(G(2)) · · ·

�2(G(0)) �2(G(1)) �2(G(2)) · · ·

...
...

...

δ δ δ

δ δ δ

δ δ δ

d

d

d

d

d

d

d

d

d
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where the vertical differential is the de Rham differential and the horizontal differential is
the simplicial differential associated to the nerve G(•) of G(1) ⇒ G(0). We can similarly
define a total cohomology for this double complex which is usually denoted by H•d R(G).

Let us consider the collection of maps�• := {�n}n∈N constructed as follows. Recall that
for each n ∈ N the map ui (n) : W u(G(n)

i )→ G(n)
i has the structure of locally trivial bundle.

Thus, by using again integration along the fiber, we define �n
i : �p(G(n))→ Ci,p−i (G(n))

as

�n
i (ω) := (ui (n))∗

(

ω|
W u(G(n)

i )

)

ω ∈ �p(G(n)),

and �n = ⊕

�n
i : �p(G(n)) → C p(G(n)). As consequence of the results due to Austin

and Braam [1] we have that �• ◦ d = ∂ ◦�• and, more importantly, this collection of maps
induces isomorphisms between the cohomology groups

H•(C•(G(n)), ∂) ∼= H•d R(�•(G(n)), d).

To see that the collection �• defines a morphism of double complexes it remains to check
that �• ◦ δ = δ ◦�•. This will be consequence of showing the following identity.

Lemma 9.10 For all i and n, the following holds

�n
i ◦ δ = δ ◦�n−1

i .

Proof Because of Identities (22), which in turn allow us to conclude that every face map dn
k

is well restricted to the stable/unstable manifolds, and by using the base-change property of
the integration along the fiber operation, we obtain that

(�n
i ◦ δ)(ω) = �n

i

(
∑

(−1)k(dn
k )∗(ω)

)

=
∑

(−1)k�n
i ((dn

k )∗(ω))

=
∑

(−1)k(ui (n))∗
(

(dn
k )∗(ω)|

W u(G(n)
i )

)

=
∑

(−1)k(dn
k )∗(ui (n − 1))∗

(

ω|
W u(G(n−1)

i )

)

= (δ ◦�n−1
i )(ω),

for all ω ∈ �p(G(n−1)) as desired. ��
So, �• defines a morphism of double complexes between (�•(G(•)), d, δ) and

(C•(G(•)), ∂, δ) inducing isomorphisms between the vertical cohomologies of the com-
plexes. Therefore, as consequence of all the facts stated above, by using a usual argument of
spectral sequences (see for instance [11, p. 108]) we conclude:

Theorem 9.11 The total cohomology of the double complex (C•(G(•)), ∂, δ) is isomorphic
to the total cohomology of the Bott–Shulman–Stasheff double complex of G(1) ⇒ G(0):

H•T (G, ∂T ) ∼= H•d R(G).

In particular, the total cohomology on the left hand side is Morita invariant, something
that should be expected since the notion of Morse Lie groupoid morphism we are working
with is also Morita invariant. Additionally, by arguing as before, it is simple to check that if
G ← H → G ′ is aMorita equivalence between compact properLie groupoids such thatG(n),
H (n), and G ′(n) are orientable for all n ∈ N then Assumption 9.4 is preserved by Proposition
3.8. This key fact can be used to compute the Bott–Shulman–Stasheff cohomology of certain
Lie groupoids by using elementary examples of Morse Lie groupoid morphisms.

123



Morse theory on Lie groupoids Page 49 of 55 46

Example 9.12 Let M be a smooth manifold and f : M → R be a smooth function satisfying
Assumption 9.1. From [1] it follows that the groupoid Morse complex associated to the
induced Morse Lie groupoid morphism F : (M ⇒ M) → (R ⇒ R) is the standard
Morse complex of (M, f ). Also, the Bott–Shulman–Stasheff complex of M ⇒ M is the
ordinary de Rham complex of M . Therefore, as explained above, the computation of the
Morse complex can be used to obtain the Bott–Shulman–Stasheff cohomology of those
compact and orientable Lie groupoids which are Morita equivalent to M . See [1, Sect. 3.6]
for explicit computations in the standard case.

Example 9.13 Suppose that G is a compact Lie group acting on a compact oriented manifold
M . Let f : M → R be aG-invariantMorse function satisfying theMorse–Smale transversal-
ity condition. The Bott–Shulman–Stasheff cohomology of the action groupoid G � M ⇒ M
is isomorphic to G-equivariant cohomology associated to the Cartan complex, i.e. the equiv-
ariant cohomology of the action [6]. Once again, from [1] we get that the groupoid Morse
complex of the induced Morse Lie groupoid morphism F : (G � M ⇒ M) → (R ⇒ R)

recovers the standard G-equivariant cohomology of the action. This fact can be viewed as a
particular instance of the construction in Sect. 9.3. Consult [1, Sect. 5.4] and [38, Sect. 5] for
explicit computations.

Example 9.14 If G ⇒ M is a proper and étale Lie groupoid then its Bott–Shulman–Stasheff
cohomology agrees with the basic cohomology of G, which turns out to be isomorphic to the
singular cohomology H•(M/G, R), compare [54, 58]. Thus,Morse Lie groupoidmorphisms
on G ⇒ M verifying Assumption 9.4 allow us to recover the singular cohomology of the
orbit space M/G. A particularly interesting instance of this fact was recently checked in [13,
39] for the case of effective orientable orbifolds by providing an explicit isomorphism. Let G
be a compact connected Lie group acting on a compact oriented manifold M by orientation
preserving diffeomorphisms. If the action is effective and locally free then the quotient space
M/G has the structure of an effective orbifold, so that the differentiable stack [M/G � M]
represented by the action groupoid G � M ⇒ M can be thought of as an orientable orbifold.
Hence, the groupoid Morse cohomology associated to a Morse Lie groupoid morphism
(G � M ⇒ M)→ (R ⇒ R) verifying the Morse–Smale transversality condition equals the
singular cohomology H•(M/G, R) since the action is locally free, see [39].

Remark 9.15 Fukaya [27] gave a construction which is similar to Austin–Braam’s model, but
using singular chains instead of differential forms.One of themain features of his construction
is that it can be directly generalized to the infinite-dimensional case so that it allowed him
to address problems in Floer homology. We plan to apply Fukaya’s approach to our setting
with the hope of starting the study of Floer homology in the context of Lie groupoids and
differentiable stacks.

9.3 2-Equivariant cohomology

Under certain some additional assumptions andmotivated by theAustin–Braam’s equivariant
Morse complex (see [1, Sect. 5.1]), we apply the constructions from the previous section to
recover the equivariant cohomology associated to a 2-action on a Lie groupoid as defined in
[42]. Let us consider a Lie groupoid G(1) ⇒ G(0) and a Lie groupoidmorphism F1 : (G(1) ⇒
G(0))→ (R ⇒ R) induced by a basic function F0 : G(0) → R. Suppose that K (1) ⇒ K (0)

is a Lie 2-group, with K (1) compact, determining a 2-action on G(1) ⇒ G(0) such that F0

is K (0)-invariant. We further assume that F1 is a Morse–Bott Lie groupoid morphism (see
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Remark 4.17), satisfying the assumptions we considered in the previous section. The set of
n-composable arrows K (n) inherits a canonical Lie group structure from the direct product
(K (1))n and the 2-action above allows us to define a smooth left action of K (n) on G(n) in
a canonical way. In other words, we have a well defined simplicial left action of the nerve
K (•) on the nerve G(•). It is simple to check that the face maps (dn

k )K : K (n) → K (n−1) and
(dn

k )G : G(n) → G(n−1) satisfy the equivariant relations

(dn
k )G(k · g) = (dn

k )K (k) · (dn
k )G(g), (27)

for all k ∈ K (n) and g ∈ G(n). This is consequence of the simplicial identities on G(•)
and the fact that we are working with a 2-action. Therefore, Formula (27) implies that the
simplicial function F• is K (•)-invariant in the sense that Fn is K (n)-invariant for all n since
F0 is K (0)-invariant. Let us now consider an n-metric η(n) on G(n).

We need to use a notion of isometric Lie 2-group action on a Riemannian groupoid which
was introduced in [32].

Definition 9.16 The 2-action of K (1) ⇒ K (0) on G(1) ⇒ G(0) is said to be isometric if the
action of K (n) on (G(n), η(n)) is by isometries.

A detailed study of several geometric aspects concerning isometric 2-actions as well
as the structure of Riemannian groupoids (for instance, existence, 2-equivariant groupoid
linearizations, 2-equivariant tubular neighborhoods, transversal isometries, Lie 2-algebra of
weakKilling vector fields, among other things), are provided in [32]. As it was proven therein,
the fact that K (n) acts on (G(n), η(n)) isometrically is enough to ensure that the action of K (r)

on (G(r), η(r)) is isometric for all 0 ≤ r ≤ n − 1. For our purposes, it is important to
mention that when K (1) is compact and G(1) ⇒ G(0) is proper then invariant n-metrics in
the sense of Definition 9.16 there always exist [32]. So, let us assume that our 2-action is
by isometries. Given that the functions Fn are K (n)-invariant it follows that their negative
gradient vector fields −∇Fn are K (n)-invariant so that their descending flows �n

τ are K (n)-

equivariant. Note that the saturated submanifold G(0)
i which is formed by the non-degenerate

groupoid orbits of G(1) ⇒ G(0) having index i is K (0)-invariant since the fact that F0 is
K (0)-invariant implies that Crit(F0) is formed by Lie group K (0)-orbits. In consequence, it
is simple to check that for each n ∈ N it holds that G(n)

i is K (n)-invariant, thus obtaining
that the endpoint maps ui (n) and li (n) are K (n)-equivariant since our descending flows are
K (n)-equivariant.More importantly, if we consider the left action of K (n) onMn(G(n)

i , G(n)
j )

defined by k · [A]n = [k · A]n then we get two new K (n)-equivariant endpoint maps ui
j (n)

and li
j (n).

Remark 9.17 As it was commented in [1], it follows that due to the K (0)-equivariance of F0

our weakly self-indexing requirement from Assumption 9.4 is implied by the transversality
assumption. Similarly, the assumption asking the endpoint maps to induce fibrations is an
immediate consequence of the presence of a transitive K (0)-action on the components of the
critical point set.

Let us briefly introduce the notion of equivariant cohomology associated to a Lie 2-group
action on a Lie groupoid as defined in [42]. The 2-action naturally allows us to define a

123



Morse theory on Lie groupoids Page 51 of 55 46

double Lie groupoid

K (1) × G(1) G(1)

K (0) × G(0) G(0),

where the horizontals are given by action groupoids and the verticals are Lie groupoid prod-
ucts. If we consider the nerve configuration associated to this double Lie groupoid then we
obtain a bisimplicial smooth manifold so that we may work with the triple complex C•,•,•
where

Cn,p,q = �p((K (n))q × G(n)),

with differentials given by the de Rham differential, the simplicial differential associated to
the actions groupoids, and the simplicial differential associated to the product groupoids.

Definition 9.18 [42] The equivariant cohomology of the 2-action of K (1) ⇒ K (0) on
G(1) ⇒ G(0) is defined to be the total cohomology determined by the triple complex men-
tioned above. This will be denoted by H•K (G).

Two important features of this cohomology is that it is Morita invariant and can be recov-
ered by the Cartan model as follows. Let us consider the nerve configuration k(•) associated
to the Lie 2-algebra k(1) ⇒ k(0) of K (1) ⇒ K (0). The notion of simplicial equivariant forms
introduced in [47, Appendix C] comes from a double complex (C•,•C M , dK , δK ) given by

Cn,k
C M = �k

K (n) (G
(n)) =

⊕

k=2p+q

(S p((k(n))∗)⊗�q(G(n)))K (n)

, (28)

where (k(n))∗ denotes the dual vector space of theLie algebra k(n),dK is theCartan differential,
and δK : �k

K (n) (G
(n))→ �k

K (n+1) (G
(n+1)) is defined by δK = δk⊗ δG with δk the simplicial

differential of k(•) and δG the simplicial differential of G(•). As it was proven in [42], the total
cohomology of this double complex is isomorphic to the equivariant cohomology H•K (G)

since K (1) is assumed to be compact.
We claim that it is possible to recover the equivariant cohomology defined above by

following the ideas from [1] together with what we did in the previous section. For that, we
consider a Morse–Bott Lie groupoid morphism F1 : G(1) → R covering a basic function
F0 : G(0) → R which is K (0)-invariant. Using the Cartan model we define the equivariant
version of the double complex (26):

C p(G(n)) =
⊕

i+r=p

�r
K (n) (G

(n)
i ) =

⊕

i+ j+2v=p

(� j (G(n)
i )⊗ Sv((k(n))∗))K (n)

, (29)

with differential operators ∂n
K and δ

n
K defined as follows. On the one hand, as before we

split ∂n
K : C p(G(n)) → C p+1(G(n)) as the sum ∂n

K =
∑

v(∂
n
K )v where, for ω ⊗ φ ∈

(� j (G(n)
i ) ⊗ Sv((k(n))∗))K (n)

, we have that (∂n
K )0(ω ⊗ φ) = dK (ω ⊗ φ) is the Cartan

differential and for v > 0 we set (∂n
K )v(ω ⊗ φ) = ∂n

v ω ⊗ φ. On the other hand, we define
δ

n
K : C p(G(n))→ C p(G(n+1)) as δ

n
K (ω⊗ φ) = δ

n
ω⊗ δgφ. It is simple to check that these

two operators ∂K and δK commute and that δ
2
K = 0. Moreover, from [1] we also get that
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∂2K = 0. Therefore, we have actually obtained a double cochain complex (C•(G(•)), ∂K , δK ),
as claimed above.

Finally, let us now exhibit a morphism of double complexes between the double complex
(C•,•C M , dK , δK ) which is obtained by using the Cartan model (28) and (C•(G(•)), ∂K , δK )

defined in (29). Let �• : C•(G(•)) → C•,•C M be formed by a collection of maps {�n}n∈N
defined by �n(ω ⊗ φ) = �n(ω) ⊗ φ. From a straightforward computation it follows that
�• ◦ δK = δK ◦ �•. Also, as a consequence of what it was proven in [1] we have that
�• ◦ dK = ∂K ◦�•, and, more importantly, this collection of maps induces isomorphisms
between the cohomology groups

H•(C•(G(n)), ∂K ) ∼= H•(�•K (n) (G
(n)), dK ) = H•K (n) (G

(n)), n ∈ N.

Here H•
K (n) (G

(n)) denotes the equivariant cohomology obtained through the Cartan model

associated to the action of K (n) on G(n). So, �• defines a morphism of double complexes
between (C•,•C M , dK , δK ) and (C•(G(•)), ∂K , δK ) inducing isomorphismsbetween the vertical
cohomologies of the complexes. Just as in the non-equivariant case, by means of a spectral
sequence argument, we conclude that:

Proposition 9.19 The total cohomology H•T (G, ∂T K )of the double complex (C•(G(•)), ∂K , δK )

is isomorphic to the total cohomology of double complex determined by the Cartan model
associated to the 2-action of K (1) ⇒ K (0) on G(1) ⇒ G(0). That is,

H•T (G, ∂T K ) ∼= H•K (G).

Toric symplectic stacks [33] are presented by 0-symplectic groupoids with a Hamiltonian
action of a 2-torus [34]. Hence, as an application of Proposition 9.19 one may compute the
equivariant cohomology of a toric symplectic stack by means of groupoid Morse theory.

Example 9.20 (Equivariant cohomology of toric symplectic stacks) Let G(1) ⇒ G(0) be a
0-symplectic groupoid equipped with a Hamiltonian (K (1) ⇒ K (0))-groupoid 2-action with
moment map μ verifying Proposition 4.18. For every ξ ∈ k/hwe have a Morse Lie groupoid
morphism μξ : (G(1) ⇒ G(0)) → (R ⇒ R) for which μ

ξ
0 is K (0)-invariant since K (0)

is abelian. Therefore, if there exists ξ ∈ k/h such that μξ verifies Assumption 9.4, then
Proposition 9.19 allows to compute the equivariant cohomology associated to the 2-action
of the foliation Lie 2-group (K (1) ⇒ K (0)) on the 0-symplectic groupoid G(1) ⇒ G(0)

by using the equivariant version of the groupoid Morse cohomology. However, this is in
general a difficult task since powerful tools as a 2-equivariant version of the Atiyah–Bott
localization theorem are necessary to compute 2-equivariant cohomology groups [42]. Let
us visualize this situation in the simplest case. Let (G(0), ω) be a compact S1-Hamiltonian
pre-symplectic manifold with moment map μ : G(0) → R satisfying the Morse–Smale
transversality condition, see [41, 57]. Assume that the S1 action is clean and denote by F
the foliation of G(0) associated to ker(ω). From [41] we know that the critical point set of μ

equals the set of fixed leaves L of F by the S1 action

Crit(μ) := G(0)(F)S1 = {L : k · L = L for all k ∈ S1} = {x ∈ G(0) : ∂θ (x) ∈ TxF}.
Here ∂θ stands for the fundamental vector field of the S1 action. We denote the set of leaves
of index i by G(0)(F)S1

i . Recall that i is always even. Let us check that (∂0
S1

)v = 0 for all

v > 0, provided that the S1 action fixes the points of the critical leaves. Firstly, the moduli
spaceM0(G(0)(F)S1

j+v, G(0)(F)S1
j ) inherits an S1 action which commutes with the endpoint
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maps. But such an action fixes the endpoints, so that

ι∂θ (l(0)
j+v
j )∗(β) = (l(0) j+v

j )∗ι∂θ (β) = 0, β ∈ �•(G(0)(F)S1
j ).

Secondly, the vectorfield ∂θ is tangent to thefiber ofu(0) j+v
j :M0(G(0)(F)S1

j+v, G(0)(F)S1
j )→

G(0)(F)S1
j+v and therefore

∂0v (β) = (u(0) j+v
j )∗(l(0) j+v

j )∗(β) = 0.

Hence, ∂
(0)
S1
= (∂

(0)
S1

)0 and H•
S1

(G0, ∂
(0)
S1

) = ⊕

i H•−i
S1

(G(0)(F)S1
i ). This is exactly the

equivariant Morse complex associated the unit Lie 2-group S1 ⇒ S1 acting over the unit
0-symplectic groupoid G(0) ⇒ G(0).

We can use the previous data to obtain a more interesting Hamiltonian Lie groupoid.
Indeed, Theorem 7.2.1 in [34] shows how to build a Hamiltonian Lie groupoid from a Hamil-
tonian pre-symplectic manifold. In the specific case described above we recover the unit Lie
2-group S1 ⇒ S1 and any source-connected foliation Lie groupoid G(1) ⇒ G(0) integrating
F . That is to say, a Lie groupoid whose orbits in G(0) agree with the leaves of F and the Lie
2-group action of S1 ⇒ S1 on G(1) ⇒ G(0) is obtained by extending that of S1 on G(0). In
particular, one may choose G(1) to be the Holonomy groupoid associated to the foliation F .
Additionally, we get an S1-invariant Morse–Bott Lie groupoid morphism μ1 : G(1) → R by
setting μ1 = s∗μ. We endow G(1) ⇒ G(0) with a groupoid Riemannian metric, so that F
becomes a Riemannian foliation. This implies that G(1) is proper since each leaf has a finite
holonomy group (see Theorem 2.6 and p. 141 in [50]). Hence, under these assumptions our
constructions apply and we can similarly check that (∂n

S1
)v = 0 for all n ≥ 1 and v > 0.
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