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The Fokker-Planck Equation (FPE) is a fundamental tool for the investigation of kinematic aspects of a 
wide range of systems. The Plastino-Plastino Equation (PPE) is the correct generalization describing the 
kinematic evolution of complex systems consistent with q-statistics. In the present work, we use this 
particular problem to compare the results obtained with the FPE and the PPE, and discuss the different 
aspects of the dynamical evolution of the system according to the solutions for each equation. We 
observe clear differences in the solutions for all the cases studied here and discuss possible experimental 
investigations that can indicate which of those equations better describes the heavy-quark kinematics in 
the medium. The results obtained here have implications in the study of anomalous diffusion in porous 
and granular media, in Cosmology and Astrophysics. The obtained results reinforce the validity of the 
relation (q − 1)−1 = (11/3)Nc − (4/3)(N f /2), where Nc and N f are, respectively, the number of colours 
and the effective number of flavours. This equation was recently established in the context of a fractal 
approach to QCD in the non-perturbative regime.

© 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons .org /licenses /by /4 .0/). Funded by SCOAP3.
The interest in heavy-quark dynamics as a tool to probe the 
quark-gluon plasma has increased with the High Energy Physics 
(HEP) experiments showing that the interaction of those particles 
with the medium is relevant, as evidenced by the observation of 
jet-quenching and of the collective flow observed through hadrons 
with charm or heavier quarks. Those observations have placed the 
Fokker-Planck Equation (FPE) at the centre of the theoretical in-
vestigations on the heavy-quark dynamics in the medium [1]. This 
equation is a second-order approximation of the Boltzmann Equa-
tion, but it is preferred since it avoids the integral equation by the 
introduction of two transport coefficients, the drift term and the 
diffusion term. A review of the applications of the FPE in HEP can 
be found in Ref. [2].

Although the work performed here was motivated by the study 
of QGP and HEP, the results can be of interest to researchers 
in many areas involving dense strongly interacting matter, such 
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as neutron star [3–6]. Beyond this, there is interest in applying 
lessons gained in the study of strongly interacting particles to 
solar plasma [7] and ionic diffusion [8], for instance. The micro-
calculation of the transport coefficients for hadronic matter has 
been under debate [6], with implications in hydrodynamical mod-
els. The results obtained here imply modifications in both the form 
of the solution for the dynamical equation and on the transport co-
efficients, and can be of interest to researchers in those fields.

The procedure to obtain the FPE from the BE is well known [9], 
and it leads to the second-order differential equation

∂ f

∂t
− ∂

∂ pi

[
Ai(p) f + ∂

∂ p j

(
Bij(p) f

)] = 0 . (1)

Here and below, we use natural units h̄ = c = kB = 1, unless noted 
otherwise. The transport coefficients Ai and Bij have been ob-
tained from microscopic calculations [10], establishing a clear path 
for studying the heavy-quark dynamics. The solution f ≡ f (p, t) is 
the momentum distribution of the heavy quark.

The bulk matter formed at high-energy collisions presents evi-
dence that nonextensive statistical mechanics (based on the non-
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additive entropy Sq) [11] is the correct framework for studying 
the thermostatistical properties of the quark-gluon plasma (QGP). 
Many analyses of the experimental data have been produced in 
the use of the Sq with success to describe multiparticle production 
that results from the decay of the QGP [12,13]. The clearest evi-
dence of Sq is the heavy-tailed momentum distributions observed, 
which can be accurately described by a q-exponential curve in a 
wide range of transverse momentum and several decades of cross-
section, showing the non-extensive behaviour predicted by Sq [14]. 
This different statistical framework imposes the use of the non-
extensive thermodynamics [15] to describe the thermal properties 
of the medium.

The non-extensive thermodynamics of the QGP has its impacts 
also in the heavy-quark dynamics. In systems governed by Sq , the 
correct dynamical equation is not the FPE, but the Plastino-Plastino 
Equation (PPE) [16], which has the form

∂ f

∂t
− ∂

∂ pi

[
Ai(p) f + ∂

∂ p j

(
Bij(p) f 2−q

)]
= 0 . (2)

This equation is a generalization of the FPE that reduces to the 
standard FPE when the entropic index q = 1, otherwise it differs 
from the standard equation. The consistency of the PPE has been 
verified in many works [17–21]. Recently, the relation between the 
Boltzmann Equation for systems with non-local correlations and 
the PPE was established [22]. In the present work, we compare the 
dynamics of the heavy quark in the medium as obtained by the 
FPE and by the PPE. For this comparison, we compute the transport 
coefficients based on microscopic calculations and use the same 
coefficients to find the solutions of the FPE and PPE, comparing 
the results in both cases.

Eqs. (1) and (2) correspond, in momentum space, to the Fokker-
Planck and Plastino-Plastino equations in the coordinate space. Ob-
serve that, in the absence of external forces, the drift coefficient is 
Ai = 0, and Eq. (1) reduces to the heat equation, first proposed 
by Joseph Fourier in 1822. Under the same conditions, Eq. (2) re-
duces to the porous media diffusion equation [23], which has been 
investigated in Refs. [24,25].

For the microscopic calculation of the transport coefficients we 
follow Ref. [10], and define double-average of an undetermined 
function F (p′) as

〈〈F (p′)〉〉 = 1

2ωp

∫
d3 p′

(2π)32ωp′

∫
d3q

(2π)32ωq

∫
d3q′

(2π)32ωq′
|M|2

× δ4 (
(p′ − p) − (q − q′)

)
f̂ (q)F (p′) ,

(3)

where the matrix elements |M|2 are calculated in second-order 
approximation. The distribution f̂ (p) represents the medium mo-
mentum distribution, and is given by1{

f̂ (p) = e−p/T , for BG statistics

f̂ (p) = expq[−p/T ] for q-statistics .
(4)

The coefficients can be calculated from the expression above by{
Ai(p) = 〈〈(p − p′)i〉〉
Bij(p) = 1

2 〈〈(p − p′)i(p − p′) j〉〉 .
(5)

The calculation of the transport coefficients can be facilitated 
by defining A(p2), B0(p2) and B1(p2) such that

A(p2) = pi Ai(p)

p2
= 〈〈1〉〉 − 〈〈p · p′〉〉

p2
, (6)

1 The q-exponential function is defined as expq[x] = [1 − (q − 1)x]−
1

q−1 .
2

and

B0(p2) = 1

2

[
δi j − pi p j

p2

]
Bij(p) , B1(p2) = pi p j

p2
Bij(p) , (7)

where p2 ≡ |p|2. Then, the coefficients may be decomposed as

Ai(p) = pi A(p2) , (8)

Bij(p) =
(

δi j − pi p j

p2

)
B0(p2) + pi p j

p2
B1(p2) . (9)

For the computation of the coefficients using the matrix elements 
given in Ref. [10], we need to make a Lorentz transformation to 
the centre-of-momentum (CM) frame. This is done by using the 
transformation{

p̂ = γcm(p − vcm E) − (γcm − 1)
(
p − vcm(vcm · p)/v2

cm

)
Ê = γcm(E − vcm · p) ,

(10)

where γcm ≡ 1/
√

1 − v2
cm . It is easy to see that under this trans-

formation Ê2 − p̂2 = m2 is invariant.
The description above shows the main ingredients in the com-

putation of the transport coefficients. Notice that we have multi-
plied the gluons matrix elements by a factor −1/(4π), and those 
for quarks by 1/(2π). These modifications take into account the 
information, in Ref. [10], of a multiplicative factor in the calcula-
tion of the matrix elements.

The coefficients B0(p2) and B1(p2) obtained in the last sec-
tions differ by a negligible amount, so we use the approxima-
tion B0(p2) = B1(p2) ≡ B(p2), and in this case we have Bij(p) =
δi j B(p2). We also notice that A(p2) and B(p2) are slowly increas-
ing with p in the relevant region of the present study, so we 
approximate both to constants A and B , respectively. These ap-
proximations were discussed in some detail in Ref. [26].

For the 3-dimensional solution of the FPE we use the ansatz

f (p, t) = λ3(√
2πσ(t)

)3
exp

[
− (p − pM(t))2

2σ(t)2

]
, (11)

where λ is a multiplicative factor which has dimensions of energy. 
This general function is a solution to the FPE if⎧⎪⎨
⎪⎩

pM(t) = po exp[−At]
σ(t) = σo

√(
1 − B

Aσ 2
0

)
exp[−2At] + B

Aσ 2
0

,
(12)

where po is a constant vector corresponding to the heavy-quark 
initial momentum, while σo is the initial width of the distribu-
tion.2 The width in equilibrium is σ∞ ≡ limt→∞ σ(t) = √

B/A. 
Notice that σo can have any positive value, even larger than σ∞ .

For the 3-dimensional solution of the PPE we use the ansatz

f (p, t) = λ3(√
2πχqσ(t)

)3
expq

[
− (p − pM(t))2

2σ(t)2

]
, (14)

which is a solution of the PPE if the parameter pM(t) is given by 
the first line of Eq. (12), while σ(t) is

σ(t) = σo
[
(1 − κ)exp

[−(5 − 3q)Aqt
] + κ

] 1
5−3q , (15)

2 The second line of Eq. (12) can be written also in the form

σ(t) =
√

B

A
(1 − exp[−2A(t + λ)]) , (13)

where the constant λ can be determined by the initial condition σo ≡ σ(t = 0) =√
B
A (1 − exp[−2Aλ]).
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Fig. 1. Left panels: Plots of the distribution functions integrated out in transverse momenta, f̄ (pz, t) ≡
∫ ∞
−∞ dpxdp y f̄ (p, t) with f̄ (p, t) ≡ f (p, t)/λ3, as a function of pz . We 

display the distributions for several values of t . Middle panels: Widths of the distributions as a function of time. Right panels: Widths of the distributions in equilibrium, 
σ∞ ≡ limt→∞ σ(t), as a function of q. In these panels, solid lines correspond to q = 1.10 and dashed lines to q = 1. We have considered the initial momentum for the 
heavy quark to be po = 0.47 GeV in the z-direction, the initial width σo = 0.2 GeV, while (A = 0.0820 fm−1, B = 0.0216 GeV2/fm) for T = 200 MeV (upper panels) and 
(A = 0.381 fm−1, B = 0.228 GeV2/fm) for T = 500 MeV (lower panels). We have considered λ = 1 GeV for the multiplicative factor of the distribution function.
with

κ ≡ (2 − q)
(
2πχq

) 3
2 (q−1) Bq

Aqσ
2
o

(σo

λ

)3(q−1)

, (16)

and

χq ≡ 1

q − 1

⎛
⎝�

(
1

q−1 − 3
2

)
�

(
1

q−1

)
⎞
⎠

2
3

, (17)

where Aq and Bq refer to the transport coefficients calculated with 
non-additive distributions. The width of the distribution in equilib-
rium

σ∞ = σo κ
1

5−3q =
[
(2 − q)

(
2πχq

) 3
2 (q−1) Bq

Aqλ3(q−1)

] 1
5−3q

(18)

is independent of σo , and it diverges for q → 5/3. The fact that 
σo and λ are independent is related to the fact that the initial 
width can be chosen at will, while the width of the stationary state 
distribution depends on the system dynamics. It is straightforward 
to see that the solution of the PPE given by Eq. (14) tends to the 
solution of the FPE of Eq. (11) in the limit q → 1, and in particular 
χq →

q→1
1. Both distributions are normalized as

∫
d3 pf (p, t) = λ3 . (19)
3

We display in Fig. 1 (left) the distributions obtained with the 
FPE and the PPE for two different values of the medium temper-
ature: T = 200 MeV (upper panels) and 500 MeV (lower panels). 
We adopt λ = 1 GeV as the value of the multiplicative factor of 
the distribution functions. The behaviours of the widths as func-
tions of time are displayed in the middle and right panels of this 
figure for both q = 1.10 (Sq) and q = 1 (Boltzmann). The values of 
the constants A and B have been computed, and they turn to be 
in agreement with those shown in Ref. [10].

We note that the use of the same parameters A and B for the 
PPE is inconsistent, since the distributions obtained in this case are 
q-exponentials, while we used exponentials in the calculations of 
the transport coefficients. The difference in the behaviour of the 
parameters when the non-extensive momentum distributions are 
used can be observed in Fig. 2, where we see that both A(p2) and 
B(p2) increase as q increases with respect to the value q = 1, when 
the Boltzmann case is recovered. However, the ratio B/A increases, 
so the width of the distribution at the stationary regime increases 
with q.

Comparing the results in Fig. 2, we observe that the coefficient 
A decreases with the quark mass, m0, while the coefficient B in-
creases. Therefore, the ratio B/A, and consequently the width at 
the stationary regime, increases with the quark mass.

Observe that, while the FPE solution is a Gaussian with time-
dependent parameters, the solution for the PPE is a q-Gaussian. 
In both cases, the system approaches asymptotically the equilib-
rium, and for t → ∞, the heavy-quark momentum occupies a 3D 
region around the null momentum region, with a distribution that 
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Fig. 2. Plot of the drift coefficient A(p = 0) (left panels), diffusion coefficient B(p = 0) (middle panels), and width of the distribution in equilibrium σ∞ (right panels) as a 
function of the temperature. We have displayed the results for m0 = 1.5 GeV (upper panels) and m0 = 3 GeV (lower panels), and for q = 1, 1.07 and 1.14. We have considered 
αs = 0.6 for the strong coupling constant, and μ = T for a regulator introduced into the internal gluon propagator in the t-channel-exchange diagrams to include the effects 
of Debye screening, cf. Ref. [10] for details. In the right panels, we have considered the initial width σo = 0.2 GeV and the multiplicative factor λ = 1 GeV.
is isotropic and follows a Gaussian or a q-Gaussian, in the cases of 
the FPE and of the PPE, respectively.

Walton and Rafelski [26] had compared the FPE with a non-
linear Fokker-Planck Equation in order to introduce the Sq and 
found that the results by Svetitsky for the FPE were well repro-
duced by a q-Gaussian with q = 1.1. The results in Fig. 1 clarify 
the agreement found by those authors: with that value for the en-
tropic index the Boltzmann distribution is reproduced also by the 
non-extensive result.

The fact that the PPE leads to q-exponential distributions is in 
agreement with the experimental data from HEP laboratories. This 
result shows that PPE should be used instead of FPE. It is interest-
ing to observe in Fig. 1 that for temperatures around T = 200 MeV
the PPE solution approaches the stationary value more slowly, but 
the distribution width is asymptotically similar to that of the FPE 
solution if 1 < q < 1.15. For values of q above that range, the width 
of the non-extensive distribution increases fast as the entropic in-
dex increases. For higher temperatures, though, the width of the 
non-extensive distributions is always larger than the distributions 
obtained from the FPE.

One interesting quantity is the length of the heavy-quark path 
in the medium, which can be calculated by using

m v M(t) = pM(t) = po e−At , (20)

where m = m0/(1 − v2
M(t))1/2, and m0 is the rest mass of the heavy 

quark. The path length until equilibrium is given by


M =
∞∫

dt v M(t) , (21)
0

4

resulting in


M = 1

A
arcsinh(po/m0) . (22)

Observe that for po small compared to m0, this result can be ap-
proximated to


M = po

m0

1

A
, (23)

which corresponds to the non-relativistic result 
M = voτM , with 
vo being the initial velocity of the heavy quark, and τM = 1/A – 
the relaxation time. The different evolution of the parameters of 
the distribution for the different values of the entropic index, q, is
displayed in Fig. 3. Observe that, for any value of q, the behaviour 
of pM(t) is always exponential, as given by Eq. (12). This results 
from the fact that the behaviour of the parameter pM(t) in the 
solutions depends only on the drift term of Eqs. (1) and (2), and 
not on the diffusion term. Setting Bij = 0 in those equations results 
in the same equation for both cases, and the general solution to 
the new equation is

f (p, t) = λ3(√
2πσ(t)

)3
F

[
(p − pM(t))2

2σ(t)2

]
, (24)

where F is any analytical function, and the time-dependent pa-
rameters are{

pM(t) = po exp[−At]
σ(t) = σo exp[−At] . (25)
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Fig. 3. Plots of pM (t)/po and σ(t) as functions of time. We keep for σ(t) the PPE solution with q = 1.07, while comparing the effects that produce in these parameters the 
q-dependence in A and B computed in Boltzmann-Gibbs statistics (q = 1) and in q-statistics (q > 1). In the right panel, we have considered the initial width σo = 0.2 GeV
and the multiplicative factor λ = 1 GeV.
The q-exponential and the exponential functions are particular so-
lutions of the simplified equation.

Hence, for the same initial momentum, the length will be pro-
portional to A−1. Since, as shown above, the non-additive statistics 
leads to larger values of A as q increases, the minimal size of the 
medium for allowing the heavy quark to reach the stationary state 
diminishes with q. The experimental data from high energy col-
lisions indicate that the heavy quark reaches the stationary state 
inside the medium before the freeze-out. These indications are the 
momentum distributions of the heavy hadrons and the collective 
flow observed through heavy hadrons, which are similar to those 
observed for pions.

The results presented in the previous section indicate that the 
best situation to compare the results associated with heavy quark 
time or distance travelled to reach the stationary state, corresponds 
to relatively low-mass quarks as this is better to distinguish be-
tween FPE or PPE. This is because A decreases with the quark 
mass, so the length 
M is larger in this case.

The investigation of those physical quantities associated with 
the width of the distribution can be suitably studied by observing 
the properties of heavier quarks. In particular, the difference in the 
stationary distribution width as a function of the entropic index q
is enhanced for heavier quarks. The results obtained above open 
an opportunity to test the number of degrees of freedom (ndof ) 
relevant to the interaction of the heavy quark with the medium. 
The number of colours, Nc , and the number of flavours, N f , are 
related to the number of degrees of freedom by [28]

ndof = 1

q − 1
= 11

3
Nc − 4

3

N f

2
. (26)

Considering Nc = 3 and N f = 6, we get ndof = 7 and q = 8/7 

1.14. However, the theory that leads to Eq. (26) assumes that the 
masses of the quarks are negligible. In the case where the quark 
masses become relevant, due to the q-exponential behaviour of the 
distributions, their contributions to the thermalization of the quark 
can be neglected, which corresponds to a reduction of the number 
of effective flavours in the process. If we use N f = 2 in Eq. (26), 
we get ndof = 29/3 ∼ 9.7 and q = 32/29 
 1.10. If one considers 
N f = 3, then q = 10/9 
 1.11. We display in Fig. 4 the behaviour 
of the entropic index q with N f as given by Eq. (26).

Walton and Rafelski [26] used a non-linear FPE associated with 
the non-additive statistics to compare with Svetitsky’s calcula-
tions [10], and found q = 1.1, which is in agreement with the 
scenarios for N f = 3 and for N f = 2. In Fig. 4 we plot the value 
for q as a function of N f for Nc = 3. The shaded area corresponds 
5

Fig. 4. Plot of the entropic index q as a function of N f (solid blue line), as given by 
Eq. (26) with Nc = 3; for N f = 2, 3, 6 we respectively obtain q = 32/29 
 1.10, 
q = 10/9 
 1.11 and q = 8/7 
 1.14. The experimental LHC/CERN value [27] is 
q = 1.14 ± 0.01, while the Walton-Rafelski value [26] is q = 1 + 1/8.8 
 1.114
(red dashed line). We display as a shaded (red) area the region corresponding to 
q = 1.14 ± 0.01 and, as horizontal lines, the values of q for N f = 2, 3 and 6.

to the interval for q that results from experimental data analysis 
by HEP experiments where the QGP deconfined quark regime is 
attained. Calculations that consider only two or three flavours, as 
those carried out here, lead to different values for q, in accordance 
with the predicted in Eq. (26).

The meaning implied by Eq. (26) can be clearly understood in 
face of the present results. That formula was obtained in Ref. [28], 
where the quark masses are considered negligible. For processes 
at relatively low energy, where the quark masses become rele-
vant, the finite mass effects must be taken into account, and one 
consequence is the dump of the heavy quark contributions due 
to the q-exponential behaviour of the particle spectra in the QGP. 
A phenomenological method for taking this effect into account is 
by reducing the effective number of flavours for the process, as 
commonly used in QCD calculations. The results obtained in the 
present work and that obtained in Ref. [26] confirm the predic-
tions given by that equation.
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Table 1
Table of physical quantities for T = 200 MeV and m0 = 1.5 GeV. We have assumed 
vo = 0.3c as the initial velocity of the heavy quark in the computation of 
M . The 
quantities σ∞ and 
M are calculated according to Eqs. (18) and (22), respectively, 
and τM = 1/A. Here, A and B are defined in Eqs. (8) and (9), and considered to be 
approximately constant.

FPE PPE
Eq. (1) Eq. (2) with q = 1.10

A = 0.0820 fm−1 A = 0.0820 fm−1

Eqs. (8), (9) B = 0.0216 GeV2/fm B = 0.0216 GeV2/fm
σ∞ = 0.513 GeV σ∞ = 0.510 GeV

with q = 1 τM = 12.20 fm/c τM = 12.20 fm/c

M = 3.78 fm 
M = 3.78 fm

A = 0.129 fm−1 A = 0.129 fm−1

Eqs. (8), (9) B = 0.0486 GeV2/fm B = 0.0486 GeV2/fm
σ∞ = 0.613 GeV σ∞ = 0.629 GeV

with q = 1.10 τM = 7.74 fm/c τM = 7.74 fm/c

M = 2.39 fm 
M = 2.39 fm

One of the main differences in the solutions of the FPE with 
respect to the solutions of the PPE is the width of the distribution, 
which becomes larger for the PPE than for the FPE as soon as the 
interaction between the heavy-quark and the medium starts, and 
increases continuously until the stationary regime is reached.

The heavy quark dynamic has implications in many aspects of 
the high-energy collisions [29,30]. The jet quenching [31,32] and 
the heavy hadron suppression [33] are phenomena that can bene-
fit from the results obtained here. Due to the different relaxation 
times and displacement in the medium, the different behaviours 
of the additive and non-additive solutions can be important for 
determining the dynamical effects in small and large systems.

Table 1 summarizes the results obtained in the analysis per-
formed here, displaying the calculations of the physical parameters 
σ∞ , τM and 
M corresponding, respectively, to the stationary dis-
tribution width, the relaxation time and the characteristic distance 
travelled by the heavy quark till the equilibrium. The results for 
FPE and for PPE are shown. The top-left and the bottom-right 
panels show fully consistent calculations: the first corresponds to 
additive coefficients used in the additive FPE. The second corre-
sponds to non-additive coefficients and non-additive PPE.

In this work, we have studied the dynamical properties of 
heavy quarks in the medium as predicted by the Fokker-Planck 
Equation and by its non-additive counterpart, the Plastino-Plastino 
Equation. The transport coefficients were obtained for both the 
additive and the non-additive statistics through a microscopic 
second-order calculation of the heavy quark interaction with the 
light quarks and gluons in the medium.

We observed different dynamical characteristics in the results 
of the additive and non-additive equations. The main effect of in-
troducing the Plastino-Plastino equation is a broader distribution in 
the stationary regime, which is obtained even when the transport 
coefficients calculations do not include the non-additive features.

When the non-additive effects are included in the transport 
coefficients, by considering the non-extensive distributions, the dif-
ferences in the dynamics of the quarks are more evident. Not only 
the width of the distribution is broader, but also the relaxation 
time and the quark displacement until the stationary regime is 
reached are smaller than the equivalent quantities in the additive 
case. We emphasize that the only fully consistent calculations are 
those with FPE and transport coefficients calculated with q = 1, 
and the PPE equations using the transport coefficients calculated 
with the same value for q �= 1. These cases correspond to the top-
left and bottom-right cases in Table 1. The comparison between 
the results obtained here and that performed in Ref. [26] corrob-
orates the findings of Ref. [28], where the fractal approach to the 
non-perturbative QCD led to Eq. (26) relating the entropic index q
to the number of colours, Nc and the number of flavours, N f .
6

This work opens new questions regarding the connections be-
tween the Boltzmann Equation and the Plastino-Plastino Equa-
tion. The effective role of the parameter λ in the solution of the 
Plastino-Plastino equation deserves further analysis and will be ad-
dressed in future work.

The results obtained here have implications in the study of sev-
eral aspects of high-energy collisions. Phenomena like jet quench-
ing and heavy hadron suppression depend on a careful description 
of the quark dynamics and can benefit from these results. The 
study of the momentum distribution of jets is a way to investi-
gate the phenomenon, and this will be calculated in future work.
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