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Abstract—We construct and study singular functions in strong-field QED with two external electromagnetic
fields that represent principally different types of external backgrounds, the first one belongs to the class of
so-called z-potential electric steps (electric-like fields that are switched on and off at initial and final time
instants), and the second one belongs to the class of so-called x-potential electric steps (time-independent
electric-like fields of constant direction that are concentrated in a restricted spatial area). As the first back-
ground (7-constant electric field) is an uniform electric field which acts during a finite time interval 7,
whereas as the second background (L-constant electric field) is a constant electric field confined between two
capacitor plates separated by a large distance L. For the both cases we find in- and out-solutions of the Dirac
equation in terms of light cone variables. With the help of these solutions, we construct Fock-Schwinger
proper-time integral representations for all the singular functions that provide nonperturbative (with respect
to the external backgrounds) calculations of any transition amplitudes and mean values of any physical quan-
tities. Considering calculations in the 7-constant field and in the L-constant field as different regularizations
of the corresponding calculations in the constant uniform electric field, we have demonstrated their equiva-
lence for sufficiently large 7 and L.
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1. INTRODUCTION

Quantum electrodynamics (QED) describes per-
fectly processes with interacting charge particles and
photons. QED with external electromagnetic field is a
convenient model for treating processes with a small
number of such particles against a background created
by a huge number of photons, the totality of which, in

ticle production from the vacuum by strong electric-
like external fields (the Schwinger effect [2] that
attracts attention already for a long time, or the vac-
uum instability) is, in fact, a manifestation of the latter
processes. For time-dependent external electric-like
fields that are switched on and off at initial and final
time instants a perturbation theory with respect to

certain circumstances, can be described semiclassi-
cally [1] and appears in the model as the external field.
Thus in the model the electromagnetic field manifests
itself as the external classical field and photons which
are described in a purely quantum way. Such a model
is called usually strong-field QED (SFQED). The
external field in SFQED cannot be treated perturba-
tively and has to be taken into account exactly, whereas
for processes with charged particles and the photons
one can construct a perturbation theory. In such a per-
turbation theory there appear zero-order processes
without the photons and higher order processes with
the photons. An essential and nontrivial part of the
SFQED is related to the zero-order processes. A par-
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radiative corrections and with exact taking into
account the interaction with strong external back-
ground was elaborated in [3]. The mentioned external
fields of constant direction are called #-electric poten-
tial steps (#-steps in what follows). This perturbation
theory uses essentially special sets of exact solutions of
the Dirac equation with the corresponding 7-steps
(when such solutions can be found and all the calcula-
tions can be done analytically, we refer to these exam-
ples as exactly solvable cases). It includes a technics for
calculating zero-order processes, modified Feynman
rules for calculating scattering amplitudes with charge
particles and photons, and a perturbation theory for
calculating mean values. For simplicity, effects of par-
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ticle creation are usually considered in uniform time-
dependent external electric fields.

Approaches for treating quantum effects in
SFQED with ¢-steps are not directly applicable to the
SFQED with time-independent electric-like external
fields of constant direction that are concentrated in
restricted spatial area), so-called x-electric potential
steps (x-steps in what follows). In [4] a nonperturba-
tive approach for calculating zero-order processes in
SFQED with x-steps was constructed. The corre-
sponding technique is based on using special sets of
exact solutions of the Dirac equation with x-step.
These solutions are stationary plane waves with given
longitudinal momenta p* and pR in macroscopic
regions on the left of a x-step and on the right of a
x-step, respectively (see examples in [4—6]). By anal-
ogy with SFQED with z-steps, one can construct a
perturbation theory for SFQED with critical x-steps
with respect to radiative corrections and with exact
taking into account the interaction with strong field of
Xx-steps.

Spinor field singular function with the correspond-
ing external fields (generalizing well-known singular
functions in standard QED, see e.g. [7]) are key ele-
ments in constructions of the perturbation theories in
SFQED both with z-steps and x-steps. In these theo-
ries, amplitudes of transition processes and mean val-
ues of physical quantities are expressed via the causal
propagator (in-out propagator) S¢(X, X"), the so-called

in-in propagator S;, (X, X') and out-out propagator

Sou (X, X'). In turn, they are connected with in and out
means as follows:

SX,X")
= i(0, out| TP(X)¥' (X ")Y)0,in)/(0, out|0, in),
SE(X, X" = i0,in| TP (X )0, in),
SEL(X, X = 0, out| TP (X )Y, out).

Here ‘i’(X) is the Heisenberg field operator satisfy-
ing the Dirac equation with the corresponding exter-
nal field; X= (X*) = (t,r), 1= X, r= (X*),x= X', u=
0,1,.., D, k=1, .., D; Tdenotes the chronological
ordering operation, and |0, in) and |0, out) are initial
and final vacua. We note that in spite of the fact that
the formal representations (1) hold true in SFQED
both with #-steps and x-steps, in- and out-solutions
are constructed differently, as well as creation and
annihilation operators and the corresponding vacua.

The Dirac equation with an external electromag-
netic field given by the potential 4,(X) in d-dimen-

sional space-time has the form (47 =c = 1):
(P, — my(X) =0,

where y(X) are 2!?l-component spinors and y—are
Dirac matrices,

P, =id, — gA(X),
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YL =20, n" =diag(,-1,...,-1),

d
d=D+1.
q = —e, e > 0, is the electron charge and m its mass.

Note that in the case of the vacuum instability all
the singular functions (1) are different. Differences

between the functions Sj, (X, X") and S, (X, X") and
the causal propagator S°X, X') are denoted by

(X, X') and S? (X, X),
SPX, X' = Si(X, X)) - S(X, X,

_ (2)
SP(X,X") =85, (X, X") - S(X,X").
The commutation function
S, XY = 19X, YT X1, 3

SX, X o = iY°S(r — 1),

is an important characteristic of the Dirac field. The
form of such a function depends significantly on the
structure of the external field. In [3] are formulated
rules for constructing all the necessary singular func-
tions as sums over corresponding exact solutions of the
Dirac equation with z-steps. One can follow the same
ideas for constructing singular functions in SFQED
with x-steps.

In the case of a constant uniform electromagnetic
field the causal propagator of an electron S$°(X, X') was
found explicitly in the form of an integral over the
Fock-Schwinger proper time many years ago [2]. This
form is the basis of an effective action method; see [8]
for a review. It is clear that a constant uniform electro-
magnetic field is an idealization which is useful for
describing effects in slowly varying and weakly inho-
mogeneous fields. The case with a constant uniform
electromagnetic field is seen as leading-order approx-
imation of derivative expansion results from field-the-
oretic calculations [9, 10], that is, a locally constant
field approximation (LCFA); e.g., see [ 11—17] and ref-
erences therein.

A constant uniform electric field can be considered
as the limit of a large duration of the 7-constant elec-
tric field (a uniform electric field which acts during a
time interval 7) or as the limit of a large space scale of
the L-constant electric field (a constant electric field
confined between two capacitor plates separated by a
distance L). SFQED in a 7T-constant electric field and
L-constant electric field describes physically different
problems. In this paper, we obtain an explicit form for
all of the above singular functions and show that, in
the limits 7', L — oo, both approaches lead to the same
results.

In this article we construct and study spinor singu-
lar functions in SFQED with T-constant electric field
and in SFQED with L-constant electric field. To this
end, in Section 2 we find in- and out-solutions of the
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Dirac equation with 7-constant electric field in terms
of light cone variables. With the help of these solu-
tions, we construct Fock-Schwinger proper-time inte-
gral representations for all the singular functions that
provide nonperturbative (with respect to the external
backgrounds) calculations of any transition ampli-
tudes and mean values of any physical quantities.
These representations are obtained for an arbitrary
orientation of the external electric field, which non-
trivially generalizes results of [18, 19]. In Section 3, we
find appropriate sets of in- and out-solutions of the
Dirac equation with L-constant electric field in terms
of light cone variables. Using these sets, we construct
Fock-Schwinger proper-time integral representations
for the corresponding spinor singular functions.
Obtained results are discussed in Discussion 4. Con-
sidering calculations in the 7-constant field and in the
L-constant field as different regularizations of the cor-
responding calculations in the constant uniform elec-
tric field, we have demonstrated their equivalence for
sufficiently large 7'and L.

2. SINGULAR FUNCTIONS IN SFQED
WITH T-CONSTANT ELECTRIC FIELD

2.1. In- and Out-Solutions

Here we consider the case of a 7-step which is rep-
resented by 7-constant electric field, which acts
during a large time interval. The 7-constant field is a
possible regularization of a constant uniform electric
field, lifted in the limit 7 — oo. For constructing
spinor singular functions we need two complete sets of
solutions to the Dirac equation, in-solutions {;y,(x)}
and out-solutions {qu,,(x)} with special asymptotics at
t — —oo and t — +oo respectively. The subscript { = +
corresponds to asymptotic electrons and { = — corre-
sponds to asymptotic positrons. Since the explicit
form of the sought solutions nontrivially depends on
the orientation of the electric field relative to the
x axis, we consider below the both possibilities sepa-
rately.

We consider a constant electric field that has only
one nonzero component £, along the axis x. The field
is given by a time-dependent electromagnetic poten-

tial 4, (X),

AX)=ExS, E,=xE, x=zxl, E>0. (4
The case kx = —1 was considered in [18, 19]. We
note that in the case Kk = +1 the field direction coin-
cides with the one used in the general formulation of
SFQED with x-steps presented in [4].
Let us consider a complete set of solutions of the
Dirac equation, having the following form:

Y(X) =P +mdX), X =(xr),
D(X) = &(t, X)@p, (F1)Vy 5

~(d-2)/2
)

¢p,(r)=(Qm exp(ip,r,), (5)
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r =(X2"",XD)’ pJ_:(p2>---,PD)>
’YJ_ :(’Yza"':v’YD)a

where v, ; with x = 1 and 6 = (X, X25 - Xja/21- 1)»
0; = *1, is a set of constant orthonormalized spinors
satisfying the following equations:

’YO'YIVx,U = AVy.oo V;,cvx',c' = SX,X'SG,G"

In fact, functions (5) correspond to states with
given momenta p, in the perpendicular to the axis x
direction. The quantum numbers ) and o; describe a
spin polarization and provide a convenient parametri-
zation of the solutions. Since in (1 + 1) and 2 + 1)
dimensions (d = 2, 3) there are no any spin degrees of
freedom, the quantum numbers a are absent. Note
that in (2 + 1) dimensions, there are two nonequiva-
lent representations for the y matrices which corre-
spond to different fermion species parametrized by
x = *1 respectively. In d dimensions, for any given
momenta, there exist only J,, = 2!9/21 = different spin
states. Note that solutions (5), which differ only by
values ofy are linearly dependent. Without loss of gen-
erality, we set ¥ = 1 and introduce the notation
Vo = Vl,G’

Scalar functions ¢(#, x) satisfy the following equa-
tion:

07 — 92 + 2iexFE1d, ©
+[(eEt) —iex +p, +m’1}o(, x) = 0.

We consider solutions of the Dirac equation with
definite momenta,

Wn(X) = (YP + m)q)n(ta x)(Ppl(l]_)Vm
0,(1,%) = "0,(1),

=0, DW,(X) = poy,(X),

Asymptotics of solutions (7) fork =—1 and Kk = +1
at t — too were studied in [19] and [20] respectively.
Solutions

n= (pxapJ_’G)a (7)

Dy =—i0,.

10,6, %) = C,e™ D_[H(1+)E], K =+],
0,6, %) = Coe™ D, [0 - )], K=+,
20,(6,x) = C,e™ D\ [H(1-DE], k=~

. (3)
iq)n(ta x) = C" elpxxDp—I[i(l + 1)&] ) K= —1,

C, = (4neE) 2™ C, = QnheE) ™",

. 2 2
p=ipXtl p_eBlKp 5 _pitm
2 2 veE eE
of Eq. (6) are used in constructing in-solutions and
out-solutions, namely, the functions (¢,(#, x) corre-
spond to in-solutions {;y,(X)} whereas the functions
Vol. 134
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S,(¢, x) correspond to out-solutions {Sy,(X)}. In
Egs. (8) the functions D (x) are parabolic cylinder
functions. The in- and out-solutions are orthonormal
with respect to the standard inner product,

(Wt V) = C¥,5 W) = 801 = P3P, = P
(yy') = IWT(x)w'(x)dr, dr = dx' - dx’.

It is also convenient to work with solutions of
Eq. (6) that depend on the light-cone coordinates x, =
t £ x. The solutions are parametrized by a set n_ =
(p_, p,, ©) of quantum numbers and have the follow-
ing form:

50, (t,x)=C,. exp{—ie%(% X

e
- [% exp(—%te(lc))}},

C, = (4neE) "’

. 9
xexp{i[(2k10g2+n)1<+75(1+i7u)]}, ©)
2 2
x:M’ T :p_+eKE_x_‘
eE

For the convenience, we have introduced here the

notations:
N
o, -0,
—K¢_ —
+¢5 K= _1’

where %) and ¢¢ are different sets of functions. Here p_
is momentum of the continuous spectrum and the
eigenvalue of the operator 2i(d/dx,). The signs *tx

K=+1

assigned to the functions ‘{0, (7, x) are matched with
those of the kinetic momentum 7m_ at x_ — oo, In
what follows we show that these states have needed for
our constructions special asymptotics as t — too.

The sets of solutions (9) and (8) are related by an
integral transformation

+oo

750, %) = @meE) ™ [ M¥(p,, p)7%0, (1, )dp_, W)

Mp.p) = exp{—4"e—‘<E[<p, +2p) - 2<px>21}.

The back transformation reads:

+oo

720, (t,%) = QreE) " [ M(p,, p)750,(t,x)dp,. (11)

We note that in the case of a constant uniform elec-
tric field transformations (10) and (11) were consid-
ered in [21].

As was mentioned above, the functions "¢, (¢, x)
correspond to out-solutions **y,(X), whereas the
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functions _.0,(#, x) correspond to in-solutions
_V,(X). Transformations (11) allow one to construct

in- and out-solutions _ vy, (X) and +K\un_(/\’) respec-
tively with quantum numbers #_:

W (X) = (YP + m)_50,, (1, )¢, (1)Vo.

At this stage, we introduce different sets of solu-
tions:

K=+
{+¢n(h x) = 8(+7.)"0, (1, x)g("],)
"0, (t,%) = 6(-1)_0, (1, )0g( ),
K=-1
{*m_(r, X) = 8(+1.),0, (,0)g(")
L0, (t,%) = B(-1)", (1,08 1.),

where 6(x) is the Heaviside step function. One can
verify that the following relation holds true:

(12)

+oo

@reE) " [ M*(p, p)750, (4 x)dp- = 50,(8,%).

The functions ~*¢,(¢, x) correspond to out-solu-
tions ~*y,,(X), whereas the functions ,0,(#, x) corre-
spond to in-solutions ., (X). Transformations (11)

allow one to construct in and out-solutions _ .\, (X)

and _Kq}m (X) respectively with quantum numbers #_:

W (X) = (YP + m) 50, (1, X)9, (1 )V,

Thus, we have constructed in- and out-solutions
for two different directions of the electric field Kk = 1.
There are exist mutual decompositions of these solu-
tions:

W, () =y, (NG + 2w, (D),
CWIL (X) = +Wn, (X)g(+|§) + _Wn,(X)g(_k)
Where coefficients g are:

) = Jrhexp(—mh/4)
W= raZioyy (13)

(L) =—g('L) = xexp(-mA/2).

2.2. Proper-Time Representations

Using representations of singular functions as cer-
tain sums of solutions of the Dirac equation con-
structed in [3, 19], one can find their proper-time rep-
resentations. Thus, proper-time representations for
Vol. 134
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the singular functions (X, X') and S” (X, X' follows
from expressions:

SP(X,X")

=ifdp_ | dp. Yy v, (DI T, (X)),
oo R42 o=*1 B (14)
SP(X, X"

==i[dp_ [ dp. Y v, DL (DIW, (X).

—oo R92 o=xl

Note that the singular functions (14) were denoted
differently in [19], namely: as —S“X, X') and
—S?P(X, X") respectively. Taking into account Egs. (13)
and (12), we obtain:

SP(XX") = =k [ dp_O(+xm). Y (X, X'; p.),

SP(X, X') = +x j dp_O(—x ) Y (X, X"; p),

Y(X,X'5p)
. o (15)
=i [ dpY v, (0.9, (0,
Rd—z o
Y X5p)

=i [ dp.Y v, ()Y, (X).

Rd—2 (o}

According to [19], the causal propagator and the
commutation function can be represented as:

SCCX, XYY = (YP + mA“(X, X,
(16)
AKX = [ £ X s,
T,
S(X,X') = (yP + mACX, X",
(17)
AX, X') = sgn(t — 1) j F(X, X':5)ds,
r

where sgn(f — 1) = 0(t — ') — 6(f — r), and the function

F(X,X';s) = exp(—ekEYY's) fV(X, X s 9),

el
s“"P2sinh(eEs)

FOX,X5s5) = —(;—;)m

(18)

.2, ] '
Xexp[—zsm +1eA+4L|rl -r
s

—ieE coth(eEs)(y; — y; )}
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Fig. 1. Contours of integration I'y, I'5, I's, T, Fp.

is the Fock-Schwinger kernel [2, 22]. Here and in what

follows we use the four-vector y, = X, — X}i, YVo=t—1,
Yy, =x—x.

The function f{X, X'; s) satisfies the following dif-
ferential equation and the initial conditions:

—z‘diﬂx,X';s) = (P> —m* +ieEY"Y) f(X, X';5),
S
li_)llqof(X,X';s) = iiS(X - X").

Note that only term A in Eq. (18) is a gauge depen-
dent quantity which can be represented as an integral
along a line the points X and X,

X

A=-— j A (X)dX", (19)
I

In the gauge under consideration, the electromag-

netic potential 4,,(X) is given by Eq. (4), such that we
have A = xEy,(t + 1)/2.

The integration contours of the above integrals are
shown on Figs. 1 and 2. The contours I', and T, are
placed just below the real axis everywhere outside of
the origin. The function f @ (X, X"; s) has two singular
points, on the complex plane between the contours
I'.— T and I', — I';. Namely, they are situated at the
imaginary axis: s, = 0 and eEs, = —iT.

The contour I' connects the points s = +0 and s =
e, it is situated in the lower part of the complex
plane s in a small enough neighborhood of the point
s = 0. Note that the integral over the contour I'" in
Eq. (17) can be related to an integral over a contour
I'.— I, — T';. It can be seen that the kernel AX, X'; 5)
has no other peculiarities in a sufficiently small neigh-
borhood of the point s = 0. Taking this into account
and closing the integration contour I', — I', — T’} as
Res — *oo, one can transform it into the contour I'.

We note that representation (16) has the Schwinger
form [2]. Representation (17) has an universal struc-
ture inherent to the proper-time representation for the
Vol. 134
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Im(s)

Re(s)

------ ~7/(eE)
r

=

Fig. 2. Contours of integration I', 1"11,.

commutation function (see [18]). This implies that
integral (17) satisfies the Dirac equation and the stan-
dard equal-time initial condition S(X, X),-, =
i°3(r — r'). In turn this proves the completeness of

both sets {,y, (x)} and {i\u,,f(x)} on the ¢ = const
hyperplane.

Following the procedure presented in [19] and tak-
ing into account that Ey = kEy!, we can represent sin-
gular functions (15) as proper-time integrals:

S’(X,X') = (YP + mA"(X,X"),
S7(X,X') = (YP + m)A" (X, X"),

“AP(X, XYY = j FX, X5 5)ds
b (20)
+9(Ey)J‘ FOX, X';5)ds

L,

~AP(X,X') = j FX, X' 5)ds
FP

+6(-Ey) j F(X, X"; 5)ds.

Ty

Here the integration contour l“lp (with its radius
tending to zero) connects the points s = e*0 — in/(eE)
and s = +0 — in/(eE). Note that the integral over the
contour l"lp in Eq. (20) can be related to an integral
over the contour I'; + I'; — I',. Closing the integration
contour I'; + I'; — I', as Res — £ oo, one can transform

it into the contour FL.
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Using Eq. (20), one obtains proper-time represen-
tations for singular functions S;, ., (X, X),
Si;/out(X,X') = S”/E(X,X')+SC(X,X'). 21)

Representations (16), (17), and (20) can be easily
written in a covariant form by using the field tensor £,
(see, e.g., [18, 19]). For example, in the case d =4, one
obtains:

FX,X'55) = exp(—i[Y“,YV]IiWS)f(o)(X,X';s),
¢’EB exp(—ieA'")
(4m)’ sinh(eEs) sin(eBs)

SOXXs) =

| (22)
Xexp [—imzs - iquF coth(qu)y},

X
A== [ (AL B + AP (R)ax”,
3

where E and B are electric and magnetic eigenvalues of

the field tensor F,,, Af + Af are potentials of electric
(E) and magnetic (B) components, respectively, and

the integral is taken along the line.
As it follows from Egs. (18) and (20), for the func-

tions §””(X, X') (and for Sj, (X, X') as well), the
change E, = E — E, = —FE is equivalent to the change
x — —x, x' = —x', and y' — —y'. Wherein the projec-
tion Ey/E = (E,/E)y' of the displacement vector y =
(72, ..., ¥?) on the field direction and the function
AX, X'; s) do not change, this implies that the mean

current of created particles remains directed along the
electric field.

Note that the integration contours in the proper-
time representations of the causal propagator and the
commutation function are insensitive to the direction of
the electric field. However, the integration contours in
the proper-time representations for singular functions

S”?(X, X") do depend on the projection Ey. It is natural
since namely these singular functions determine the
influence of the external electric field on electric cur-
rents of created particles. Such an observation was not
possible to extract from representations obtained in [ 18,
19] for particular choice of the coordinate system.

3. SINGULAR FUNCTIONS IN SFQED
WITH L-CONSTANT ELECTRIC FIELD

3.1. In- and Out-Solutions

Here we construct spinor singular functions in
SFQED with L-constant electric field. The field has
only one nonzero component E, along the axis x,

() = {0, x € (=o0,—L /2] U[L/2,0)

E, xe 8, =(-L/2,L/2), L>0.

Vol. 134 No. 2 2022
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We assume that corresponding potential step is suf-
ficiently large, eEL > 2m (i.e., it is critical). In this
case the field E,(x) and leading contributions to vac-
uum mean values can be considered as macroscopic
physical quantities. In this sense the L-constant elec-
tric field is weakly inhomogeneous and characteristics
of the vacuum instability have some universal features
(see [15]). This effect of particle creation is due to the
extensive Klein zone. We stress that in the limit L — oo
the L-constant electric field is one of a possible regu-
larization for a constant uniform electric field.

Some characteristics of the vacuum instability, in
particular, deformations of spinor singular functions
in SFQED with L-constant electric field for large L,
can be approximately calculated in SFQED with a
constant uniform electric field. The latter problem
itself is important and its solution in the framework of
the consistent QFT formulation [4] is given below, see
also results obtained in [5] for the L-constant electric
field.

We chose the following electromagnetic potentials
to describe the constant uniform electric field E
directed along the axis x:

A(X) =—Ex, A/(X)=0. (23)

Let us consider a complete set of stationary solu-
tions of the Dirac equation with electromagnetic field
(23), having the following form:

v, (X) = (yP + my®, (X),
q)nO(X) = (pno(ta x)(ppl(ll)vx,o’ ny = (P()a pJ_,G), (24)
0,1, %) = 2m)"? exp(=ipyh)@,, (x),

where @, (r,) andyv, ; are given by Eq. (5). Using rea-
sons presented in Section 2, we choose % = 1. The sca-
lar functions ¢, (x) obey the second-order differential
equation:

{pr —iU'(x) = [po — U
+pl +m, (x) =0, U(x) = —eAy(x).

Solutions of the Dirac equation with well-defined
left and right asymptotics we denote as .y, (X) and

v, (X),

(25)

X —> —oo, C = Sgn(pL)5

Do, (X) = p" oy, (X),

P oW, (X) = PRy, (X), x> 4o, §=sgn(p").

The solutions .y, (X) and Q\uno (X) describe asymp-
totically particles with given momenta p* as x — —oo
and pR as x — +oo respectively. One can see that the

solutions , (X) and c\p,,ﬂ(X) have form (24) with

functions @, (x) denoted here as @, (x) or C(p,,o(x)
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respectively. The latter functions have the following
asymptotics:

(9 () = Cexplip"x], x — —,

C(pnﬂ(x) =5C exp[ipr], X —> oo,
Here CC and °C are normalization constants.

The solutions y, (X) and “y, (X) satisfy the fol-
lowing orthonormality relations on x = const hyper-
plane:

(W ¢ W) = 888,
(Yo "W = 68 S

”Ua”(‘),

, , (26)
W), = [ oYYy (Xdrar,,
6,,0,,,{') = G560y — PP —P.)-
Their mutual decompositions have the form:
g _ 5¢ 15y _ 50 16
W, (X) =, (XNECS) — 2w, (X)EC), 27)

Wi, (X)) =", (NECT) = "W, (X0EC),
where expansion coefficients are defined from the
relations:
(W "W, (), = 8B,
8¢l = &

We note that coefficients g differ from the g that
appear in SFQED with #-steps; see Section 2. The
coefficients g satisfy the following unitary relations:

I = BCDP,
G = BCDP,
gD _ &)
& &y

GCOF =18GIF = 1.

Now we return to solving Eq. (25). It can be rewrit-
ten as follows:

(28)

d’ 2
d—gz+§ +i=A|@,(x)=0,
éz.eEx—p0 :pi+m2

JeE '’ eF

The general solution of Eq. (29) is completely
determined by an appropriate pair of linearly indepen-
dent Weber parabolic cylinder functions (WPCFs),
either Dy[(1 — &) and D_, _ol(1 + NE] or Dy[—(1 —
HEland D_; _ [—(1 + )], where p = —id/2 — 1.

(29)
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Using asymptotic expansions of WPCFs, one can
classify by signs of the momenta p™ and pR. As a result,
we obtain four sets of solutions of Eq. (29)

49, (x) =,CD__[-(1+DE] ~ e,
£ e

- (30)
@, (x) =_CD,[~(1 - )E] ~ &,
£ — —oo,
"0, (x) = "CD,[(1 = DE] ~ ¢ 72,
g — oo, an
0, (x)=CD__ [0+ NHE] ~ e—t’éz/z,
§ — oo,

“<C = «C = (eE)—l/zenx/g [}5(1 FO 41— C}—1/2 |

This allows us to construct the corresponding
Dirac spinors that are in- and out-solutions,

in-solutions: _y, (X), y,(X), (32)
out-solutions: ,y, (X), "y, (X).
The coefficients & have the form:
=2 =e" (33)

According to rules of the general formulation (see
[4]), differential mean numbers of created pairs have
the form:

Ny =B =™

)

In the same manner, that was used in Section 2 to
construct the spinor singular functions (1) and (2) we
will construct complete sets of solutions of the Dirac
equation with well-defined left and right asymptotics
in terms of light-cone variables x, = ¢ = x. To this aim,
we consider Dirac spinors Vs, (X) that are parame-
trized by quantum numbersn_= (p_, p,, 6). The spin-
ors represented as:

v, (X) = (yP + m)®, (X),
D@, (X) = 0, (1, X))@ (1),

where functions @, (¢, x) satisfy the following equa-
tion:

(34)

{p2 —iU'(x) [P —UX)T

5 5 (35)
+p. +m}, (t,x) =0.

Now we construct nonstationary solutions of
Eq. (35). We note that this equation admits integrals of

motion Ya, o =0, 1, 2, 3 that are linear differential
operators of the first order,
Yl = ata

Y, = ie, Y, =0, +ieFt,
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Y, = x0, + 19, +%(t2 +x7%).

The operators )9(1 form a four-dimensional Lie

algebra & with the following nonzero commutation
relations:

IV,hl=EY, [V,hl=0, [hYl=1
Equation (35) can be considered as an equation for
the eigenfunctions of the Casimir operator K =
2EVYs =1+ 1Y,
Ko, (1,x) = (0L +m"), (t,x), [K,Y,]=0.

This fact allows us to use a non-commutative inte-
gration method [23—25] to construct complete sets of
solutions based on the symmetry of the equation.
Namely, we define an irreducible A-representation
of Lie algebra in the space of functions of the variable

p_ € (—oo, +o0) by the help of the operators € ,(p_,
d,,0),00=0,1,2,3;j€ (0, o),

€0(p—3ap,9j) = iea

el(p—aap,aj) = _eEah +é[7_>

€y(p_,0,,))=eEd, + ép_,

€3(P,,ap7,j) = _p—ap, + U - 1’

e%(p—: apJ .]) - 622(p—3 apJ .I)
—2E€(p_,9,,)5(p_,0, ,)) = (2eE)j.
Integrating the set of equations

Y, +€u(p-,9,, N9, (,%) = 0
together with Eq. (35), we obtain the algebraic equa-

tion j = —\/2 and two complete sets _@, and "¢, of
solutions of the latter equation. These solutions are
parametrized by a set of quantum numbers n_:

T, (t,x) = C'ex [ieg(lxz—tz)
¢, (t,X) plieZ |3

i . ¥ [
—(A=2)In==-Zpx }
2( ) N

JeE

n_=p +eEx.

(36)

Then the quantum number p_ is an eigenvalue of

the symmetry operator i(Y1 + 1;2):

i+ 1) e, (%) = pLo, (1,%).
In this case solutions of the Dirac equation have
form (34) with functions (36),
T, (X) = (P + m) @, (X),

+ + (37)
—q)n,(X) = 7(pn, (ta x)(ppL(rJ_)VG'

Vol. 134 No. 2 2022



SPINOR FIELD SINGULAR FUNCTIONS

It is useful to construct a direct and inverse integral
transformation that relate functions (36) to functions
(30) and (31). To this end we look for solutions of
Eq. (25) in the form

+oo

"9, (t.%) = 2meE) " [ M¥(py, p) "0, (t,x)dp- (38)

—oo

that also satisfy the equation

ﬁO t(pno(l" X) =D t(pno(t’ X). (39)

Substituting (38) into (39) with account taken of
the condition

[at —eEd, + %p_}(p,,_(t,x) =0,

we see that the function M (py, p_) must be a solution
of the following equation:

—i(—eEap, + ép) M(po, p-) = poM(po, p-)-

We choose its particular solution

M(py, p.) = exp——=(p> —4p_p, +2p;),
4e

which satisfies the orthogonality relation
400

J. M*(py, p_YM(py, p')dp, = 2meE(p_ — p).  (40)
The inverse transformation reads:

f(p,,ﬁ (t,x)

[ : (41
= meE) ™ [ M(py, )0, 0 x)dp

To make transformation (38) and (41) consistent,
we have to
C'= 2ik/4enx/4(4neE)—1/2
in Egs. (30), (31).
The inverse transformation (41) shows that the
functions @, (1, x) are expressed via functions
f(p,,o(t, x) with well defined left and right asymptotics.

The transformations (38) and (41) imply similar
relations for solutions of the Dirac equation,

+oo

"y, (X) = reE) " [ M¥(po, p )00, (X)dp,

+oo

9, (X) = QreE)™ [ M(po, )00, (X)dp,

(42)

where ill’n{, (X) are given by Eq. (24) with the functions

@, (x) denoted as ‘@, (x) and ", (X) are given by
Eq. (37). As it follows from the second transformation
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in Eq. (42) and from relation (40) spinors "\, (X) sat-
isfy orthonormality relations on the hyperplane x =
const,

(tq!n,a twnL)x = _6

n_,n.

According to Eq. (32), function +lTI,L (X) describes
out-solution and function _V, (X) describes in-solu-
tion. Coefficients g(_|") given by Eq. (33) do not
depend on p, or p_ and are the same for 'y, .

One can form two complete and orthonormal sets
of solutions of the Dirac equation: {,{, (x)} and

{i\TIn_ (x))} using Eq. (37); additional sets of solutions
we choose as follows:

P, (X) =-6(r ), (X)E(]),

. . (43)

A, (X) = -0(-1.)" @, (X)EC],).

They can be represented as:
WV, (X) = (P +m), D, (X),
@, (X) =,9, @, )0, (r)V,s, (44)
+0, (1,%) = 2m) ™ exp(=ipy); 9, (x),
where

_(P,,_(t, X) = _e(n—)—(pn_(t! X)g(—l_)’ (45)

+(pn,(t7 x) = _e(_n—)+(pn,(t> x)g(+|+)'

Applying an integral transformation of type (38) to
solutions (45) we obtain:

+oo

@reE) " [ M¥(py, p)" @, (6, X)dp- =", (1,),

+oo

@reE) " [ M*(p, )1, (6, X)dp_ = .9, (1, ).

Then
v, (X) = reE) ™ [ N¥(py, )00, (X)dp,
- (46)

+oo
0, (X) = QreE)™ [ M(po, 0w, (X)dp,

where Ly, (X) are given by Eq. (24) with the functions

¢,,(x) denoted as @, (X) and ., (X) are given by
Eq. (44).

Using the second transformation from Eq. (46) and
relations (26), we see that the following orthogonality
relations hold:

(0, ") = 0.

(+\Dn,9 71T1n'7)x = O’
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One can see that
+\T’n,(X )=0 if
.0 =0 if
Using Egs. (42) and (46), and taking into account
that coefficients &' do not depend on p,, we find from
relations (27) that
20, (X = 20D, (0ECD
+ V9, (X]=0, if

T >0,

m_<0.

T >0,

—1r+ .~

U, (X =gCl) [, (X&)
+.9,(X)]=0, if = <O.
Thus Egs. (43) hold true with any g(_|~) and g(,|")
satisfying relations (28).
Note that similar sets of solutions of the Klein-
Gordon equation for scalar particles confined between
two capacitor plates were obtained in [26]. These solu-

tions are related by an integral transformations similar
to (42) and (46).

3.2. Proper Time Representations

Spinor singular functions in SFQED with x-steps
are defined by Egs. (1)—(3). In the case of L-constant
electric field, they can be found as sums over the above
constructed solutions (see [4]). We note that for L —
oo it is sufficient to consider these sums over the Klein
zone only. In this zone, solutions (30) and (31) satisfy
the following orthonormality relations on the 7= const
hyperplane:

(W e¥,) = (s “w)
= 85,5:0(py — Pp)d(PL — P,
(W "W,) =0,
W) = [y Oy nar,

M, =1gCDF =™

Taking all that into account, the singular functions
can be represented as:

SX, X)) =0(t—1)S (X, X)) - 0(t'- 1S (X, X"),

STXX) =i M,

)

x "y, (X )§(+I_)§(’I_)’1’WHO(X D, 47)
STXX) =i M)
X, (XECNEC ) 9, (X);
SX,X) =S5 (X, X)+S5(X,X"); (48)
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Sic;l/out(X’X')
= e(t - Z")‘511:1/out(1Ya/Y') - e(t'_ t)Si;/out(XaX')s

St X, X =My, ()T, (X)), (49)

Srjou X, XY = D" Moy, ()2, (X ),

— 0
v=v'y.
Using relations (27), we represent the singular

functions $*(X, X') and S” (X, X') given by Eq. (2) as
follows:

S'X,X) = i) Moy, (NDFCL)Y T, (X,

" (50)
ST, XY ==y MG, (0FG) L, (X0).

)

‘We stress that both functions vanish in the absence
of the vacuum instability.

Using Egs. (42), (46), and (43), we obtain the fol-
lowing integral representations:

SXX) =Y j dp.dp,

8+ )e ™, (X)_, (X)),

(SD)
STXX) ==Y j dp_dp,
(- )e ™7, &)*\TfnxX'),
S' (X, X') = —izjdp_dm
O+ )e ™, (X)_F, (X, )

SP(X,X") =iy [ dp_dp,
[

8- )e ™, (X)), (X))

Using Egs. (37) and (43), and taking into account
the following sums over spin polarizations

- 1
ZVLGVITG = Z(Vl,c ® Vchs) =5, = 5(1 + ,YO,YI)’
c I

we can rewrite representation (51) as follows:

S*X XY = [8GROY (X, X5 p)dp,

Y(i)(X,X';p_) = L{YO +wj|5+
41 T

Xl:,YO + (m+ F'YJ_f)'f):| 'YO:—Fn
T
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. . 2 12
F=—' _expilleE| =22 2 442
+ d-2 "1

(2m) {2{ ( 2

- p(x, — xL)} - imzza},

1, = [expl-iapl +i(r, = r)p. Jdp,.
1 — LAl

a = —{In(Ff_) — [In(HiFT) [,

v =5 AR ~ [InGEA)

f_=mn_/NeE, % =m_/JeE.

For the complex variable [a, we chose the main
branch of the logarithm, i.e.,

- 1, I
Re(Ca) = ——In|—|
(a) 2eE |

b

TU_

Im( a) = 3 )6(—m, 7).
m(,a) +2eEsgn(n)(nn)

Calculating the Gaussian integral /,, we obtain:

u 1
g 2
CFOGXp) =i | exp it Ty,
4m.a 4
+ieA — i+_am2 + +.|rl — ri|2 , (33)
4.a

A =—Eyy(x +X)/2, =% —X;.

Taking into account this result, we can write the
functions S*(X, X') in the following form:

S*(X,X") = F(YP + mAT(X, X"),
N(X,X) = [ dp 0GR, f(X, X5 ),
LS X' p) = exp(—eEYy ), £

- (0) — a2 =2 - 2
o =—(—n) Ca)? exp{—z;am

R-TT’“ y, +ieA (54)

++|‘l - li|2 —1i
La

1 . —i ) 1%
_E{m(_,_m_) + [In(Fin))] }}-

Assuming y_ # 0, we perform the change of the
variable s = ~a in the integral A*(X, X') and the change
of the variable s = ,a in the integral A=(X, X'):
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A'(X,X') = I 0(-r) f(X,X'; p_)dp_
— [ 7x x eFEds
ljzf( ’ ’s)sinh(eEs)
eEds

F(X, X' s)—S248
ASE ’s)sinh(eEs)’

—0(+y.)

r,-T,-T,

+oo
NX) = [ OG), £ Xs p)dp.
7 . Eds
= | JOX, X9 =2
1:[f( )sinh(eEs)
eLEds

F(X, X' s)—S248
ACE ’s)sinh(eEs)’

- 0(-y.)

r.-T,-T,
FX,X'5s)

iV . 5
= _(_l) ~exp {—eE’y 'yls + ieA — ism
4ms s

+L e, =P = LeE coth(eEs) (v — yf)}.
4s 4

All the integration contours are shown in Fig. 1.
Closing the integration contour I', — I, — I'; as Res —

+oo, one can transform it into the contour I" (see
Fig. 2).
As a result, we obtain:

SHX,X") = (YP + m)A* (X, X",

FAT(X,X') = J.f(X,X';s)ds (55)
.

—0(y.) j FX, X' 5)ds.
T

The Fock-Schwinger kernel fAX, X'; s) is given by
Eq. (18) with the gauge dependent term A given by
Eq. (53). Note that this term can be represented as an
integral along a line (19), where in this case 4,(X) is
the potential given by Eq. (23).

It was demonstrated in [18] that

J.F(X,X';s)ds =0, yo* <0,
T

which implies that integrals AT(X, X') in Eq. (55) can
be written as:
FAK,X) = [ XX 5)ds
fe (56)
=0ty [ £(X, X5 )ds.
r
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Thus, we have derived the Schwinger integral rep-
resentation (16) for the causal propagator (47) in the
case under consideration and have demonstrated that
the commutation function (48) has the universal
structure (17):

SYX, X" = (yP + mA“(X, X"),
AKX = [ £ X s)ds,
SX,X") = (y;; + mAX, X"),
AX, X') = sgn(t — 1) j F(X, X';5)ds.
r

In fact the above result represents an indirect prove
that sets of solutions constructed above are complete
on the 7-const hyperplane. Representation (56) holds
true for arbitrary X and X' in spite of the fact that the
change of variables in integral (54) was performed
under the condition y_ # 0. All this justifies that repre-
sentation (56) is equivalent to (47).

In the same manner, we represent the singular
functions (X, X') and S” (X, X) given by Eq. (52) as:

SP(X,X') = J' dp_6(+m )Y (X, X'; p_),

SP(X,X) = [ dp 8P X, X p),

Y(i)(X,X';p,) — i|:ryo + (m — YLpL):l E+
47 T

T

X{YO Lm+ W'(Lﬁ'f):l VFO,

= _ til,

. 2 0
= e exp {é{eE (x_ —2x_ 7+ t'2J
T
—p(x, — x;)} - i(bi - %) mz},

_ ey AT\ o2
Iz—J.exp[ l(bJ_r 2eE)pL+l(rL TL)PL}dPL,

by = (In(xift_) — [In(xift)) [¥)/(2eE).

Assuming y_ # 0, we perform the change of vari-
abless=b_— in/(2eFE),

b

Re(s) = ﬁ log

ul
TC

N _
Im(s) = 5o [B(+T ) + O(—1_)],

in the integral $?(X, X') and s = b, — in/(2eFE) in the
integral S” (X, X'),
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TT_
—,

1
Re(s) =—1o
(s) of 8

e T

Im(s) = —kiE[e(—n_) +0(-1)].
Then

SP(X,X") = —j FX, X' 5)ds
1—‘I’

—6(=y.) S(X, X";5)ds,
I,+15-T, (57)
SP(X,X") = —I f(X,X";s)ds
L,
-0(+y.) f(X,X";s)ds.
[+15-T,
Closing the integration contour I', + I'; — T', as

Res — *oo one can transform it into the contour 1"1,
(see Fig. 2) with its radius tending to zero. As a result,
we arrive at the equation:

S’(X,X") = (yP + mA"(X,X"),

AP(X,X'") = —j FX, X' 5)ds
rl’

—0(-y) [ £X, X3 )ds;

L,

SP(X,X") = (YyP+ mAT (X, X"),

AP(X,X') = — j F(X, X' 5)ds (58)
rP

—e(+y_)j FX, X'; 5)ds.
)

Note that in the limit s — +0 — iw/eE one has that

lim  f(X,X';s5) = ££.(X, X)8(")3("),

s—10-in/eE

d-2
SUX, XY = =i (e_Ez) 2
. 41 (59)
.01 wmm eF 2
xexp| im — ==, - |
p( Y o 1

Taking Eq. (59) into account, one can localize sin-
gularities in the integral in Eq. (58):

[ FO0 X5 9ds = 007 - yDARX, X,

T,
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AR, X) = [ F(X X5 5)ds.
%
Here T'% is a clockwise circle around the point s =
—im/eE with a small enough radius R, inside of which

the function f(x, x', s) does not have any other singu-
larities.

The final forms for singular functions .S* 7 are:

SPP(X,X') = (yP + mATP(X, X,

“A(X,X') = j F(X, X';5)ds
rP

+00) [ £X, X 9)ds, (60)

Ty

“AP(X,X') = j FX, X' 5)ds
rl’

+0-) [ £, X5 5)ds.
l

Note that the contour Flp can be transformed into
the contour I'; + I'; — T',. The step function 0(£y') can
be represented as a function O(yE/E) of the projection
yE/E on the field direction of the displacement vector y.

Using Eq. (60), we obtain proper-time represen-
tations for singular functions S (X, X) and
Sinjout (X, X)),

SijouX, X" = SP7(X, X') + S(X, X"),
Sifl/out(X,X') =FS”7(X, X))+ ST(X, X").

Note that the change of variables in integral (57)
was performed under the condition y_ # 0. However,
representations (52) hold true for any y_.

(61)

One can verify that representations (60) and there-
fore Eq. (61) are valid for arbitrary X and X'. To this
end, one needs to check that (60) satisfy the same
Dirac equation as (50) for any X and X'. First we verify
that integrals (60) satisfy the Dirac equation for any X
and X'. Then, we verify that Cauchy conditions for dis-
tributions (50) coincide with (60) at =1

We note that the corresponding scalar singular
functions can be derived from representations for the
spinor functions AT(X, X'), A«(X, X), A(x, x"), and

A”'? (X, X') was putting formally all the y-matrices to
Zero.

In this consideration for the L-constant electric
field, the electric field is directed along the axisx, E, =
E. It is clear that choosing the opposite direction cor-
responds to the reflection x — —x, x' — —x', and to the
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change y' — —'. Therefore, it is sufficient to consider
the case of the one direction of the electric field. We
see that representations (60) and (61) coincide up to a
field gauge with representations (20) and (21). They
can be easily written in a covariant form by using the
field strength tensor F,; see Eq. (22). We recall that
the latter were found for a constant electric field given
by the time-dependent potential in the framework of a

general formulation of QED for such a case [3].

4. DISCUSSION

In this article we have constructed and studied sin-
gular functions in SFQED with 7T-constant electric
field and in SFQED with L-constant electric field.
For both cases we find in- and out-solutions of the
Dirac equation in the special forms of light cone vari-
ables. With help of these solutions, we construct the
Fock-Schwinger proper-time integral representations
for all kinds of singular functions needed for calcula-
tion of probability amplitudes of processes and average
values of physical quantities. The Fock-Schwinger
proper-time integral representations for singular func-
tions in SFQED with L-constant electric field are
obtained for the first time. The representations for sin-
gular functions in SFQED with T-constant electric
field are obtained for an arbitrary orientation of the
external electric field, which non-trivially generalizes
results of [18, 19].

After standard ultraviolet regularization and renor-
malization, all physical quantities that can be obtained
using a causal propagator S*(X, X') are finite in the
limit L — oo and T — oo. For example, it can be seen
for the vacuum matrix element of an energy-momen-
tum tensor,

(T,,)* = (0,0ut|T;,0,in)c;"

Tpv = %(T:van + T\ﬁfn)a

can 1
Tu\/ = Z
+HRWT OOV, v, P01
that can be presented as

<7—le>€ = itr[AvaC(XaX')HX:X‘a

XY, 7, R

Ay = i”ﬂ”’v + B+ 7, (B + B,

It is natural that the vacuum instability problem
and its manifestation are completely different in the
L-constant field and the 7-constant field for finite
intervals 7and L. However, in the limits 7, L — oo,
the corresponding characteristics of the vacuum insta-
bility turn out to be the same. In particular, this fact
can be interpreted as follows: both cases represent dif-
ferent regularizations of the vacuum instability in the
idealized case of the constant uniform electric field.
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However, this equivalence may be absent for the aver-
age values of physical quantities, which can be

obtained using singular functions Sy, (X, X'). For
example, vacuum mean values of an energy-momen-
tum tensor,

(Tw)injou = (0,in/out|T,,[0,in/out)

can be presented as
<T;1V>in/out = itr[AHVSiLrll/out(Xs X')] |X:X';

where contributions of §”/? (X, X") are involved. Such
contributions grow indefinitely in the limit of either
T — oo or L — oo (see [5, 20]). This is due to unlimited
growth of number density of created pairs of electrons
and positrons. Hence it follows that in such problems
there is an essential physical difference between 7-con-
stant and L-constant fields.

Nevertheless, in cases where the corresponding

contributions to the Feynman diagrams are finite, one
can use the obtained proper-time representations of

S?’? (X, X'). In these cases a regularization for a con-
stant uniform electric field by the L-constant field is
equivalent to the regularization by the 7-constant field
if T, L — oo,
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