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Abstract

Using martingale methods in reliability theory we developed the Barlow and Proschan reliability importance of a
pattern to the system reliability under dependence conditions. We allowed several levels of information to calculate
the importance measure.
� 2005 Elsevier B.V. All rights reserved.
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0. Introduction

There seems to be two main reasons for giving an importance measure of system’s component. Firstly, it
permits the analyst to determine which component merit the most additional research and development to
improve overall system reliability at minimum cost or effort. Secondly, it may suggest the most efficient way
to diagnose system failure by generating a repair checklist for an operator to follow. Birnbaum (1969)
defined the reliability importance of a component in a system as follows. Let T and Ti denote the random
lifetimes of the system and component respectively. Then the importance of Ti for T at time t is
0377-2
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IBði; tÞ ¼ P ðT > tjT i > tÞ � P ðT > tjT i 6 tÞ. ð0:0:1Þ

This measure depends on a given point t in time and it is not quite relevant for most designed or redesigned
decisions. Several times independent importance measures have been suggested, and most of them are
weighted integrals of IB(i, t) over t. Barlow and Proschan (1975) defined the reliability importance of
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component i to the system reliability as
R1

0
IBði; tÞdF iðtÞ where Fi(t) is the absolutely continuous distribu-

tion function of Ti, 1 6 i 6 n which are independent. Iyer (1992) generalizes this quantity considering
dependent components which are jointly absolutely continuous and therefore, rules out ties among the fail-
ure times. In this paper we generalize the definition of Iyer (1992) considering pattern’s failures, that is, fail-
ures of a set of components at the same time t.

It’s well known that there is a bijective relation between the class of all distribution functions and the
class of the It-compensator processes, where It is the natural r-algebra (Norros, 1986a). To consider
the dependence between the components, the structural dependence and the pattern’s failure we use this
relation to formulate the Barlow and Proschan measure through compensator processes.
1. Mathematical formulation

We consider a collection of n components, C1, C2, . . . , Cn. These are often assumed to form a large sys-
tem U. Each component Ci has a positive lifetime Ti after 0, where 0 can be thought of as the time at which
U is installed. We let Ti, 1 6 i 6 n, be random variables in a complete probability space ðX;I; P Þ. The sys-
tem can be represented by the stochastic process (X(t))tP0 where
X ðtÞ ¼ UðXðtÞÞ ¼ min
16j6k

max
i2Kj

X iðtÞ; ð1:0:2Þ
(Xi(t))tP0 is a right continuous stochastic processes with Xi(t) = I (Ti > t), X(t) = (X1(t), X2(t), . . . , Xn(t))
and Kj, 1 6 j 6 k are minimal cut sets, that is, a minimal set of components whose joint failure causes
the system’s failure. U is the system structure function.

The system is monitored at component’s level, that is, at each instant t the observer knows if the events
{Ti 6 t}, 1 6 i 6 n, either occurred or not and if it did, he knows exactly the value of Ti. The mathematical
formulation is given through a family of sub r-algebras of I, denoted ðItÞtP0, where
It ¼ rðIðT i > sÞ; 1 6 i 6 n; s 6 tÞ;
satisfies the Dellacherie’s condition of right continuity and completeness. As in Arjas (1981) we describe the
failures of C1, . . . , Cn as they appear in advancing time, as a stochastic process.

For any outcome T1(w), . . . , Tn(w) of the lifetimes of C1, . . . , Cn let q(w) be the number of distinct values
in the set {Ti(w); 1 6 i 6 n}. We denote the strictly increasing order statistics of this set by T(k), and also let
J ðkÞðwÞ ¼ fi : T iðwÞ ¼ T ðkÞðwÞ; 1 6 i 6 n; g
be the index set of the components failing at the kth smallest failure time T(k).
In general J(k) is a K-valued random variable, where K is the power set of {1, 2, . . . , n}. We call T(k) the

kth failure time and J(k) the kth failure pattern.
The random sequence (T(k), J(k))16k6q (of random length q) describes completely how the components

C1, . . . , Cn fail. Letting T(q+1) = T(q+2) = � � � =1 and J(q+1) = J(q+2) = � � � = ; the failure process of
C1, . . . , Cn, is given by the multivariate point process (T(k), J(k))kP1.

Another equivalent way to describe the failures is by a multivariate counting process: For each fixed
J 2 K, let TJ and NJ(w; t) be defined by
T J ¼ inffT ðkÞ : J ðkÞ ¼ Jg;
where inf; =1 and
NJ ðw; tÞ ¼ IðT J 6 tÞ ¼
0 if t < T JðwÞ
1 if t P T J ðwÞ.

�
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The stopping times Ti or TJ are rarely of direct concern in reliability theory. One is more interested in
system failures times, which depend on the cumulative pattern of failed components. In more detail, let U a
monotone (or coherent) system with lifetime T. We let
DðtÞ ¼
J ð1Þ [ . . . [ J ðkÞ; if T ðkÞ 6 t < T ðkþ1Þ

0 if t < T ð1Þ

�

be the cumulative pattern of failed components up to time t. The sample paths t! D(w, t) are then right
continuous and increasing in the natural partial order of K. We let D(t�) = lims"tD(s). If
KU ¼ fK1; . . . ;Kk0
g; k0 P k;
is the collection of all the cut sets of U, we clearly have
T ¼ infft P 0 : DðtÞ 2 KUg ¼ minfT ðkÞ : J ð1Þ [ . . . [ J ðkÞ 2 KUg.
We can therefore think that the point process with its only point at T, or equivalently the counting
process
NUðtÞ ¼ IðT 6 tÞ; t P 0;
has been derived from the multivariate point process (T(k), J(k))kP1.
Changing the point of view slightly, we can fix a time t and then look what immediate failure patterns in

dt would result in a system failure. We call the set of such patterns
CUðtÞ ¼ fJ 2 K : DðtÞ 62 KU;DðtÞ \ J ¼ ;;DðtÞ [ J 2 KUg

the set of critical failure patterns at time t. We see that t! CU(t) is increasing in the natural partial order of
K for t 6 T and left continuous. Furthermore,
fT 2; dtg ¼ [J2CUðtÞfT J 2 dtg.
It will be convenient to define the critical level of the failure pattern J, the time from which onwards a
failure of pattern J leads to system failure, that is, the It-stopping time YU(J) by
Y UðJÞ ¼ infft P 0 : J 2 CUðtÞg ¼ infft P 0 : DðtÞ [ J 2 KUg.

We see clearly that
fJ 2 CUðtÞg ¼ fY UðJÞ < t 6 Tg.

A reader familiar with martingale methods in point process theory already expects that the notion of hazard
will be in terms of the stochastic intensity of such processes, or, in an integral form, the compensator of the
counting process (NJ(t); J 2 K)tP0 (or of (NU(t))tP0).

For a fixed pattern J 2 K the It—compensator (AJ(t))tP0 of the univariate counting process (NJ(t))tP0 is
the a.s. unique right continuous increasing predictable process so that, for each k P 1, the difference pro-
cess stopped at T(k)
N J ðt ^ T ðkÞÞ � AJ ðt ^ T ðkÞÞ;
is an ðItÞ-martingale. In view of the fact that T(n+1) = 1 then we have that NJ(t) � AJ(t), is an ðItÞ-
martingale.

The compensator, when understood as a measure on the real line, is well known to have the
interpretation
AJ ðdtÞ ¼ P ðT J 2 dtjIt�Þ.

Intuitively, this corresponds to predicting if TJ is going to occur ‘‘now’’, based on all observations available
up to the present, but not including it. Motivated by this we call (AJ(t))tP0 the hazard process of failure
pattern J and (AJ(t); J 2 K)tP0 the multivariate hazard process.
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We now go on by studying the It-compensator of the counting process (NU(t))tP0 of system failure,
denoting it by (AU(t))tP0. For obvious reasons we call this compensator of the system hazard process.

It is natural to ask what is the contribution of the failure’s component propensity for predicting the sys-
tem’s failure propensity. To answer this question, in Theorem 1.0.1 below, Arjas (1981) characterize the
relationship between the component’s It- compensator and the system’s It-compensator processes.

Theorem 1.0.1. Under the above notation, the It-compensator of M(t) = I(T 6 t) is
AðtÞ ¼
X
J2K
½AJðt ^ T Þ � AJ ðY UðJÞÞ�þa.s.
where [a]+ = max{a, 0}.
2. Importance measures of patterns with dependent components

We are going to use the following notation: For x ¼ ðx1; . . . ; xnÞ 2 Rn and J = {j1, . . . , jr} � {1, . . . , n}
the vector (1J, x) and (0J, x) denote this n-dimensional state vectors in which the components xj1

; . . . ; xjr

of x are replaced by 1’s and 0’s respectively.
A pattern J is critical to the system at time t if
Uð1J;XðtÞÞ � Uð0J;XðtÞÞ ¼ 1
Clearly we have the equivalence
fY UðJÞ < t 6 Tg ¼ fUð1J;XðtÞÞ � Uð0J;XðtÞÞ ¼ 1g. ð2:0:3Þ
On the set {TJ = t} we can define

Definition 2.0.2. The reliability importance of the pattern J (on the set {TJ = t}), to the system’s reliability
at time t is the probability that J is critical to the system at time t, that is
IB
CðJ ; tÞ ¼ P ðY UðJÞ < t 6 T jT J ¼ tÞ.
Remark 2.0.3. If there are no multiples failures, the value of J(k) is one of the singletons {i}, 1 6 i 6 n
and
IB
Cðfig; tÞ ¼ PðUð1i;XðtÞÞ � Uð0i;XðtÞÞ ¼ 1jT i ¼ tÞ;
which appear in Iyer (1992) in the case where the components are dependent with jointly absolutely
continuous distribution. If the components are independent, IB

Cðfig; tÞ the Birnbaum reliability importance
is
IBði; tÞ ¼ PðUð1i;XðtÞÞ � Uð0i;XðtÞÞ ¼ 1Þ.

We apply the notion of criticality to generalize the Barlow and Proschan importance of component’s reli-

ability to the system’s reliability.

Definition 2.0.4. Let T be the lifetime of a coherent system and let TJ be the pattern lifetime with It-com-
pensator processes AJ(t). The reliability importance of a pattern J to the system reliability is defined by
IUðJÞ ¼ E½½AJ ðT Þ � AJ ðY UðJÞÞ�þ�;

where J 2 K and YU(J) is the critical level of pattern J to the system.
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In the case where (TJ) is a totally inaccessible It-stopping time, the It-compensator are continuous and
E½AJ ðT Þ � AJ ðY UðJÞÞ�þ ¼ E
Z T

Y UðJÞ
dAJ ðsÞ

" #

¼ E
Z 1

0

IðY UðJÞ < s 6 T ÞdAJ ðsÞ
� �

.

We have the following proposition:

Proposition 2.0.5. Under the above notation IUðJÞ ¼
R1

0 IB
CðJ ; sÞdF J ðsÞ.

Proof. Firstly we note that
Z t

0

IðY UðJÞ < s 6 T Þd½N JðsÞ � AJ ðsÞ�
is a It-martingale because I(YU(J) < s 6 T) is left continuous and It-predictable. Therefore
IUðJÞ ¼ E
Z 1

0

IðY UðJÞ < s 6 T ÞdAJ ðsÞ
� �

¼ E
Z 1

0

IðY UðJÞ < s 6 T ÞdN JðsÞ
� �

¼ P ðY UðJÞ < T J 6 T Þ

¼
Z 1

0

P ðUð1J ;XðsÞÞ � Uð0J ;XðsÞÞ ¼ 1jT J ¼ sÞdF JðsÞ

¼
Z 1

0

IB
CðJ ; sÞdF J ðsÞ. �
In the above situation we can define:

Definition 2.0.6. Let T = U(T1, . . . , Tn) be the lifetime of a coherent system. If TJ is a totally inaccessible
It-stopping time, the reliability importance of the pattern J to the system is IBP

C ðJÞ ¼
R1

0 IB
CðJ ; sÞdF J ðsÞ.

Remark 2.0.7. Note that, from Theorem 1.0.1, we have
P ðT 6 tÞ ¼ E½AðtÞ� ¼
X
J2K

Z t

0

IB
CðJ ; sÞdF J ðsÞ.a.s.
i.e. we can improve system reliability through
R t

0 IB
CðJ ; sÞdF J ðsÞ. Also we conclude that

P
J2KIBP

C ðJÞ ¼ 1.

Remark 2.0.8. In the case where simultaneous failure are ruled out, the value of J(k) is one of singleton {i},
1 6 i 6 n. If the distribution of T = (T1, . . . , Tn) are jointly absolutely continuous we have
IBP
C ðfigÞ ¼

Z 1

0

P ðUð1i;XðsÞÞ � Uð0i;XðsÞÞ ¼ 1jT i ¼ sÞdF iðsÞ;
and we conclude that IBP
C ðJÞ generalizes the importance measure of Iyer (1992).

Remark 2.0.9. If the components are independent, there are no multiple failures and the value of J(k) is one
of the singletons {i}, 1 6 i 6 n. AiðtÞ ¼ � log F iðt ^ T iÞ, where F iðtÞ ¼ 1� F iðtÞ, the survival function of
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component i, is the reliability of component i for a fixed mission time t. In this case the reliability impor-
tance of component i to the system’s reliability is
IUðfigÞ ¼ IBP ðiÞ ¼
Z 1

0

IBði; tÞdF iðtÞ.
Therefore, this measure corresponds to the Barlow and Proschan importance measure when the compo-
nents are independent and absolutely continuous.

Example 1. We analyze a system of two dependent components C1, C2. To this purpose the two-dimen-
sional exponential distribution of Marshall and Olkin with parameters given by b1, b2 > 0 and b12 P 0
is used, with bivariate distribution function given by
P ðT 1 6 s; T 2 6 tÞ ¼ 1� e�ðb1þb12Þs � e�ðb2þb12Þt þ e�ðb1sþb2tþb12ðs_tÞÞ;
where T1 and T2 are the component’s lifetimes. An interpretation of this distribution is as follows. Three
independent exponential random variables Z1, Z2, Z12 with corresponding parameters b1, b2 and b12

describe the time points when a shock causes failure of component 1 or 2 or all intact components at
the same time respectively. Then the components lifetimes are given by T1 = Z1 ^ Z12 and T2 =
Z2 ^ Z12. The three different patterns to distinguish are {1}, {2}, {12}. Note that T{1} 5 T1 as we have
for example T{1} = 1 on {T1 = T2}, i.e., on {Z12 < Z1 ^ Z2}. Calculations then yield
Af1gðtÞ ¼

b1t on fT 1 > t; T 2 > tg

ðb1 þ b12Þt on fT 1 > t; T 2 6 tg

0 elsewhere.

8>><>>:

A{2}(t) is given by obvious index interchanges, and
Af12gðtÞ ¼
b12t on fT 1 > t; T 2 > tg
0 elsewhere.

�

The marginal distributions functions are exponential random variables, P ðT i 6 tÞ ¼ 1� e�ðbiþb12Þs,

i = 1, 2. If the system is series, its lifetime is T = T1 ^ T2 with distribution function P ðT 6 tÞ ¼ 1�
e�ðb1þb2þb12Þt.

The critical level of component 1 is YU(1) = 0 and A1(t) = (b1 + b12)t on {T1 > t}. Therefore
IUð1Þ ¼ E
Z 1

0

Ið0 < s 6 T 1 ^ T 2ÞdA1ðsÞ
� �

¼ b1 þ b12

ðb1 þ b2 þ b12Þ
.

The critical level of pattern {1} is also 0, however
Af1gðtÞ ¼ b1tIðT 1 > t; T 2 > tÞ þ ðb1 þ b12ÞtIðT 1 > t; T 2 6 tÞ
and therefore
IUðf1gÞ ¼ E
Z 1

0

Ið0 < s 6 T 1 ^ T 2ÞdAf1gðsÞ
� �

¼ b1E½T 1 ^ T 2� ¼
b1

ðb1 þ b2 þ b12Þ
.

The critical level of pattern {12} is also 0, and A{12}(t) = b12t I(T1 > t,T2 > t).
IUðf12gÞ ¼ E
Z 1

0

Ið0 < s 6 T 1 ^ T 2ÞdAf12gðsÞ
� �

¼ b12E½T 1 ^ T 2� ¼
b12

ðb1 þ b2 þ b12Þ
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If we consider a parallel system with lifetime T = U(T) = T1 _ T2, the critical level for component 2 is
YU(2) = Z1 and the compensator process is A2(t) = (b2 + b12)tI(T2 > s). The reliability importance of com-
ponent 2 is
IUð2Þ ¼ E
Z 1

0

Ið0 < s 6 T 1 _ T 2ÞdA2ðsÞ
� �

¼ ðb1 þ b12ÞE½T 2 � Z1� ¼ ðb1 þ b12Þ
1

ðb1 þ b12Þ
� 1

b1

� �
.

The critical level for the pattern {2} is also Z1 and
Af2gðtÞ ¼ b2tIðT 1 > t; T 2 > tÞ þ ðb2 þ b12ÞtIðT 1 6 t; T 2 > tÞ.
Therefore
IUðf2gÞ ¼ E
Z 1

0

IðZ1 < s 6 T 1 _ T 2ÞdAf2gðsÞ
� �

¼ b1

1

b1 þ b12

þ 1

b2 þ b12

� 1

b1 þ b2 þ b12

� 1

b1

� �
þ ðb2 þ b12Þ

1

b2 þ b12

� 1

b1

� �
.

3. Importance of patterns with change of information level

In the basic probability space ðX;I; PÞ, let ðItÞtP0, be the pre-t-history which contains all events of I that
can be distinguished up to and including time t. In our context ðItÞtP0 is the natural r-algebra generated by
the components lifetime
It ¼ rðIðT i > sÞ; 1 6 i 6 n; s 6 tÞ.

Let ðAtÞtP0 be another filtration of ðX;I; P Þ which is a subfiltration of ðItÞtP0, that is, At � It for all

t P 0. We can see ðItÞtP0 as the complete information filtration and ðAtÞtP0 as the actual observation on a
lower level. We assume that ðItÞtP0, and ðAtÞtP0 satisfies the Dellacherie’s condition of right continuity and
completeness.

We consider that the lifetime T of the system is totally inaccessible It-stopping time and the process
Nt = I(T 6 t) has a smooth semimartingale representation (SSM), i.e.
N t ¼ IðT 6 tÞ ¼
Z t

0

IðT > sÞdAs þMt; t P 0; ð3:0:4Þ
where M = (Mt)tP0 is a It-martingale with right-continuous paths, left-hand limits and M0 = 0. One of the
advantages of the semimartingale technique is the possibility of studying the random evolution of stochastic
process on different information levels. This was described in general by the projection theorem (Kallianpur
(1980)), which says in which way a SSM representation changes when changing the filtration from It to a
sub-filtration At. This projection theorem can be applied to the lifetime indicator process (Nt)tP0. If the
lifetime can be observed in As, i.e. fT 6 sg 2As for all 0 6 s 6 t then the change of the information level
from It to At leads from (3.0.4) to the representation
N t ¼ E½IðT 6 tÞjAt� ¼
Z t

0

IfT > sgdbAs þMt ð3:0:5Þ
where dbAs ¼ E½dAsjAs� and Ms ¼ E½MsjAs�. Note that A(t) in (3.0.4), is the system’s It-compensator pro-
cess and therefore, from Theorem 1.0.1, (3.0.4) can be represented by
N t ¼ IðT 6 tÞ ¼
X

J2CUðtÞ

Z t

0

IðY UðJÞ < s 6 T ÞdAJðsÞ þMt. ð3:0:6Þ
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If for all J 2 CU(t), YU(J) and T are At-stopping time, t P 0, we can use the projection theorem to
write
Nt ¼ E½IðT 6 tÞjAt� ¼
X

J2CUðtÞ

Z t

0

IðY UðJÞ < s 6 T ÞdbAJ ðsÞ þMt; ð3:0:7Þ
where dbAJ ðsÞ ¼ E½dAJ ðsÞjAs� and Ms ¼ E½MsjAs�. Under these assumptions we can define.

Definition 3.0.10. Let T be the lifetime of a coherent system and let TJ be the lifetime of pattern J with
continuous It-compensator process AJ(t), where ðItÞtP0 is the natural history. Let ðAtÞtP0 a sub-filtration
of ðItÞtP0. If the critical level YU(J) and T are At-stopping time, then we define the reliability importance of
pattern J given At by
bI UðJÞ ¼ E
Z 1

0

IðY UðJÞ < s 6 T ÞdbAJ ðsÞ
� �

: ð3:0:8Þ
Example 2 (In continuation of Example 1). Information about T1, Z2 and T i.e.
At ¼ rfT 1 > s; Z2 > s; T > s; 0 6 s 6 tg
(i) Parallel system (T = U(T) = T1 _ T2 where T1 = Z1 ^ Z12 and T2 = Z2 ^ Z12).The critical level for
pattern {1} is YU({1}) = Z2 and the failure rate process dbAf1gðtÞ is E½d�Af1gðtÞjAt� ¼ E½b1IðT 1 > tÞþ
b12IðT 1 > tÞIðT 2 6 tÞjAt� ¼ IðT 1 > tÞðb1 þ b12 � b12exp�b2tÞ. The reliability importance of pattern {1}
given At is
bI Uðf1gÞ ¼ E
Z 1

0

IðZ2 < s 6 T 1 _ T 2ÞdbAf1gðsÞ� �
¼ ðb1 þ b12Þ

1

b1 þ b12

� 1

b2

� �
þ b12

b2

b1 þ b12

b1 þ b2 þ b12

� 1

b2
2

 !
.

The critical level for pattern {12} is YU({12}) = 0 and the failure rate process dbAf12gðtÞ is
E½dAf12gðtÞjAt� ¼ E½b12IðT 1 > tÞIðT 2 > tÞjAt�dt ¼ b12IðT 1 > tÞexp�ðb2þb12Þt. The reliability importance
of pattern {12} given At is

bI Uðf12gÞ ¼ E
Z 1

0

Ið0 < s 6 T 1 _ T 2ÞdbAf12gðsÞ
� �

¼ b12

b2 þ b12

1� ðb1 þ b12Þ
ðb1 þ b2Þ

� �
.

(ii) Series system (T = U(T) = T1 ^ T2 where T1 = Z1 ^ Z12 and T2 = Z2 ^ Z12).The critical level for
pattern {1} is YU({1}) = 0 and the failure rate process dbAf1gðtÞ is E½dAf1gðtÞjAt� ¼
E½b1IðT 1 > tÞ þ b12IðT 1 > tÞIðT 2 6 tÞjAt�dt ¼ b1IðT 1 > tÞ. The reliability importance of pattern {1}
given At is
bI Uðf1gÞ ¼ E
Z 1

0

Ið0 < s 6 T 1 ^ T 2ÞdbAf1gðsÞ� �
¼ b1

b1 þ b2 þ b12

.

The critical level for pattern {2} is YU({2}) = 0 and the failure rate process dbAf2gðtÞ is
E½dAf2gðtÞjAt� ¼ E½b2IðT 2 > tÞ þ b12IðT 2 > tÞIðT 1 6 tÞjAt�dt ¼ b2 þ b12IðT 1 6 tÞ. The reliability
importance of pattern {2} given At is

bI Uðf2gÞ ¼ E
Z 1

0

Ið0 < s 6 T 1 ^ T 2ÞdbAf2gðsÞ� �
¼ b2

b1 þ b2 þ b12

.
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The critical level for pattern {12} is YU({12}) = 0 and the failure rate process dbAf12gðtÞ is E½dAf12gðtÞjAt� ¼
E½b12IðT 1 > tÞIðT 2 > tÞjAt� ¼ b12IðT 1 > tÞ. The reliability importance of pattern {12} given At is
bI Uðf12gÞ ¼ E
Z 1

0

Ið0 < s 6 T 1 ^ T 2ÞdbAf12gðsÞ
� �

¼ b12

b1 þ b2 þ b12

.

4. Importance of a module and of a minimal cut set

We consider the structure function U represented by its series-parallel decomposition
UðXðtÞÞ ¼ min
16j6k

max
i2Kj

X iðtÞ; ð4:0:9Þ
where Kj, 1 6 j 6 k are minimal cut sets.
Intuitively, a module of a coherent system is a subset of components which behaves as a ‘‘supercompo-

nent’’. More technically, the coherent structure U of n components can be represented by
UðXðtÞÞ ¼ W½vðXMðtÞÞ;XMcðtÞ�; ð4:0:10Þ
where M is a subset of {1, . . . , n} with complement Mc over {1, . . . , n}, v is a coherent system of the com-
ponents in M, W is a coherent structure. Then (M,v) is a module of U and W is the organizing structure.

We denote by IW(v) the importance of the module (M,v) for the structure W. To calculate IW(v) we need
the following Lemma.

Lemma 4.0.11. Let (M,v) be a module of the coherent system U with organizing structure W and let L � M.

Then the pattern L is critical to the system U at time t if, and only if, L is critical to the module (M,v) and the
module (M, v) is critical to the organizing structure W at time t.

Proof. The pattern L is critical to the system U at time t if, and only if,
Uð1L;XðtÞÞ ¼ 1 ¼ W½vð1L;XMðtÞÞ;XMcðtÞ�
and
Uð0L;XðtÞÞ ¼ 0 ¼ W½vð0L;XMðtÞÞ;XMcðtÞ�.

We note that if v(XM(t)) = 1, then UðXMðtÞ;XMcðtÞÞ ¼ Uð1M ;XMcðtÞÞ and if v(XM(t)) = 0 then

UðXMðtÞ;XMcðtÞÞ ¼ Uð0M ;XMcðtÞÞ.
Now, v(1L, XM(t)) = 1, because if it is not, v(1L, XM(t)) = 0 and the first expression above implies that
1 ¼ Wð0;XMcðtÞÞ ¼ Uð0M ;XMcðtÞÞ 6 Uð0L;XðtÞÞ ¼ 0
which is a contradiction.
Also v(0L, XM(t)) = 0 because if it is not, the second expression implies that
0 ¼ Wð1;XMcðtÞÞ ¼ Uð1M ;XMcðtÞÞP Uð1L;XðtÞÞ ¼ 1;
which is a contradiction too. Therefore L is critical to module (M,v) at time t. As Wð1;XMcðtÞÞ ¼ 1 and
Wð0;XMcðtÞÞ ¼ 0 the module (M,v) is critical to the organizing structure W at time t. Obviously, the reverse
holds. h

In what follows we consider that, for all J 2 K, TJ are totally inaccessible It-stopping time.
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Theorem 4.0.12. The reliability importance of the module v to the system reliability is
IUðvÞ ¼
X

L2KM

E
Z 1

0

IðY UðLÞ < s 6 T ÞdALðsÞ
� �

¼
X

L2KM

IUðLÞ;
where KM is the powerset of M.

Proof. We denote by Tv the lifetime of v, Av(t) its corresponding It-compensator process; denote by Yv the
critical level of the module (M,v) to the system and by Yv(L) the critical level of pattern L for v.

By definition
IUðvÞ ¼ IWðvÞ ¼ E
Z 1

0

IðY v < s 6 T ÞdAvðsÞ
� �

.

Using Theorem 1.0.1 we have
AvðsÞ ¼
X

L2KM

Z s^T v

Y vðLÞ
dALðtÞ
and
dAvðsÞ ¼
X

L2KM

IðY vðLÞ < s 6 T vÞdALðsÞ;
therefore
IUðvÞ ¼
X

L2KM

E
Z 1

0

IðY v < s 6 T ÞIðY vðLÞ < s 6 T vÞdALðsÞ
� �

.

Applying Lemma 4.0.11 we get
IUðvÞ ¼
X

L2KM

E
Z 1

0

IðY vðLÞ < s 6 T ÞdALðsÞ
� �

. �
A minimal cut set is a minimal set of components whose joint failure causes the system to fail.Given a
minimal cut set Kj we define the minimal cut set structure UKjðXðtÞÞ ¼ maxi2Kj X iðtÞ and its lifetime
SKj ¼ maxi2Kj T i.

Theorem 4.0.13. The reliability importance of the minimal cut set Kj to the system reliability is
IUðKjÞ ¼
X

L2KKj

E
Z 1

0

IðY UðLÞ < s 6 T ÞdALðsÞ
� �

¼
X

L2KKj

IUðLÞ;
where KKj is the power set of Kj.

Proof. Using Theorem 1.0.1 we have
dAKjðsÞ ¼
X

L2KKj

IðY UKj
ðLÞ < s 6 SKjÞdALðsÞ;
where Y UKj
ðLÞ is the critical level of the pattern L to the cut structure UKj with lifetime SKj .

Also, we observe that the cut set structure is in series with the structure function U and therefore the
critical level of the cut set for the system is 0. Follows that
IUðKjÞ ¼ E
Z T^SKj

0

dAKjðsÞ
� �

¼ E
Z T^SKj

0

dN KjðsÞ
� �

¼ P ðSKj 6 T Þ.
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As P ðSKj P T Þ ¼ 1, in the set fSKj ¼ T g, using Lemma 4.0.11 we have
IUðKjÞ ¼ E
X

L2KKj

Z 1

0

Ið0 < s 6 T ÞIðY UKj
ðLÞ < s 6 SKjÞdALðsÞ

24 35
¼ E

X
L2KKj

Z 1

0

IðY UðLÞ < s 6 T ÞdALðsÞ

24 35 ¼ X
L2KKj

IKjðLÞ. �
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