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1. Introduction 

· Let 'P = {1, · · · , N} denote a finite population of N units, where N is known. As­

~ociated with the k-th unit of 'P, there are p+ 1 quantities, y1,,x.1:1,··· ,x,.,, where all 

but y,. are known, k = 1, · · · ,N. Let y = (y1 , • • • ,YN), and X =(Xi,·,· ,XN)', where 
z 

X,. = (xk1, · · · , x,.,)', k = 1, · · · , N. Relating the two sets of variables, we consider the 

linear model 

y = X/3+e, {1) 

where e ~ N(O, V). Let tp = (/3, V) denote the parameter in model (1). The Bayes model 

assumes that /3 is a normal random vector with mean vector b and covariance matrix B, · · ·. · 

that is, 

/3 "'N(b,B). (2) 

The Bayes model defined by (1) and (2) is designated by 'PB• 

Let 8(y) be a population quantity of interest. Examples of such quantities are: the 
N N 

populatiqn total, T = LYii the population variance S: = L(Yi - fJN)2/N, where 
i=l i=l 

fJN = T/N is the population mean and the finite population regression coefficient 

(3) 

A sample s of size n is selected from 'P according to some specified sampling plan in order 

to obtain information on some 8(y). Let r = 'P - s. After the sample s has been selected, 

we may reorder the elements of y so that we have the corresponding partitions of y, X 

and V; that is, 

I 

In Section 2 we present the gei:ieral framework for Bayesian prediction, with respect to 

. the normal model T/J B • Sections 3 and 4 are devoted to the Bayesian prediction of the 

population total, T, the population regression coefficient PN and the population variance 

S: . Section 5 presents ha.sic results for minimax prediction of population quantities. In 
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Section 6, we present examples of Bayes and minimax predictors of T, s: and fJ N for 

various regression models. 

2, Bayesian Prediction of Population Quantities 

Let L(B(y,);O(y)) be a loss function for predicting O(y) by B(y,). For a Bayes model 

fPB, the VJB•Baye, prediction risk of B(y,) is defined as 

Notice that the expectation operator in the above expression is performed with respect to 

the joint distribution of y and 1". The Bayes predictor is the one minimizing the 1/J B -Bayes 

prediction risk. In particular, for the squared error loss function, the Bayes predictor of · 

9(y) is 

Bs(y,) = E.,,.[8(y) I y,]. (4) 

The Bayes prediction risk is 

(5) 

The next theorem specifies the Bayes-predictive distribution of Yr given y,, for the case 

where the covariance matrix-Y is known. (Bolfarine et al., 1987). 

THEOREM 1. Under the Baye,ian model 1/)B, the Baye, predictive diatribution of Yr given 

y, , i., multivariate normal with mean vector 

and covariance matrix 

Var.-,.[Yr I y,] = Yr -Yr,Y;1Y,r 

+ (Xr - Yr, Y;1X,)(X~ Y;1 X, + s-1)-1 (Xr - Yr, Y;1X,)', 

2 

(6) 

(7) 



where 

(8) 

A result of Royall and Pfefl'ermann (1982) is a special case of the above theorem, for~ 

"non-informative" prior, obtained as the limit of N(b; B) wh~ a-1 - 0. 
/ 

Suppose now that V = u2 W, where W is known and W r• = 0, but u2 is unknown. 

THEOREM 2. Under the "noninforma;tive" prior di.,tribution of (/J,u2), according to v,hich, 

the prior de,uity i., 

(9) 

the following re.,ult.i hold: 

E.,,. [Yr I y.) = x,.fJ. (10) 

Var.,,.[y,.ly.J= n-p 2a2 {W,.+X,.(X~w;1x.)-1X~}. (11) 
n-p-

where 

2 • , I • a = (y. - X./:1.) w; (y. - X./J.)/(n - p) 

(12) 

(13) 

PROOF: Formula (10} is obtained from (6) and (8) by letting B-1 -t O, since -V,.. = 0. 

Also, from formula (7) we obtain 

Furthermore, 

V~.,.[y,. j y.) = E.,,.{Var.,[y,. I y.,u] I y.} + Var.,,.{E.,[y,. j y.,u) I y.} 

= E.,,.[u~ I y.]{Wr + X,.(X~w;1x.r1x~}. 
· Finally, the result follows from the !a.ct that, 
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3. Baye~ Prediction of Linear Quantities 

Let 8L = l'y, where l' = (l~,l~) is known, be any linear quantity. The next theorem 

follows immediately from (4) and (5). 

THEOREM 3. For any linear quantity 8L = l'y, the BayeJ predictor under the Jquared 

error lou and Any t/Js model for which Var;..[Yr I y.} e:mt.,, ia 

The Ba.ye3 ruJ: of thi.s predictor i., 

COROLLARY 1. The Bayes predictor of the population total T under the normal regression 

model "1s and squared error loss function is 

where 

(14) 

The correspond.mg Bayes prediction risk is 

COROLLARY 2. The Bayes predictor of T under the normal regression model ip 11 with 

V = a 2W, where W is .known and Wu= O, and ·noninformative prior (9) on (/J,a2 ) is 

(16) 

The Bayes prediction risk of (16) is 
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Another type of vector valued linear quantity is the population regression coefficient /JN . 

The estimation of fJN was studied by Konijn (1962), Fuller (1975), Hartley and Sielken 

(1975), Sarndal (1982) and others. 

In relation to the model 1/, = ({:J, V), with V,,. = O, one can write 

(18) 

where 

and where /J, is given in (12). /J,. is a weighted least squares "estimator" o£ /J baeed on 

Xr, Vr and Yr• Since Yr hu not been observed, /Jr is treated u an unknown ~tor 

valued quantity. Notice that 

A,.+A. =I,., 

where I, is the p-dimensional identity matrix. 

We consider here a Bayes predictor for /JN with respect to a '1s-g-eneralized predietiOll 

risk given by 

(19) 

' !or some vector ~- A Bayes predictor with respect to (19) is 

(20) 

The corresponding Bayes risk is 

I . (21) 

THEOREM 4. Co?Uitler the Ba:yu normal model '1B with· V n = 0. The Ba1u ,rdidor 

of fJN with re.sped to the generruizel ri,I: (19) ia 

(22) 



The corrt.sponding ¢ B -generalized Ba:ge.s prediction mk i., 

where PB and I:r = Var"8 [Yr I y.) are given by (8) and (7), re.spectively. 

Notice that (22) yields /J. as a limit of Dayes predictors, when B-1 - 0. 

4. Bayes Prediction of ~ 

We present in the present section the general formula of the Bayes predictor of s: , under 

the squared error loss, for the normal regression model 'PB. We start with the expression 

(24) 

where ii• and s: are the mean and variance of y,; y,. and s-:,. are the mean and variance 

of Yr• Accordingly, we should derive the Bayes predictor of S:., + J(y, - Yr)2, Let 

'lr(y.) = E(y,. I y.] as in (6), and let E,. be the covariance matrix (7). The Bayes 

predictive distribution of y,., given y •, is normal with mean 

(25) 

and variance 

D2 1 ,~ 
r = (N - n)21,.Lo,.1,.. {26) 

It follows that the Bayes predictive distribution of J(y,. - ji,)2 , given y,, is like that of 

where 
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x2 [1; ,\) denotes the noncentral chi squared distribution with 1 degree of freedom and 

noncentrality parameter ,\. The above implies that, 

· (27) 

Using the theorem about the expected value of a symmetric quadratic form (see, Seber, 

1977, pp. 13), we obtain 

· (28) 

where 

Er= N ~ n ( Ir - N ~ n Jr) , 
· Ir· is the identity matrix of dimension N - n and lr = lrl~. Substituting (27) and (28) 

above, we obtain 

THEOREM 5. The Baye, predictor of 5= under model t/.•a and aquaretl error lou i, 

j 
S'i,, = E~.[~ I y.] = ;.,; + (1 - ; ) {tr[ErEr] +11r(y.)'Er11r(y.) 

+ ;en~+ (h(y.) - g.)2)}. 

5. Minimax Prediction Of Population Quantities 

(29) 

The notion of minimaz predictor is introduced here. Let 9 be a member of a class 1{ 

of predictors. Assume that the parameter v, of the superpopulation model belongs to a 

parameter space ~. such that 

A predictor 9. is called minimax in 1!, if 
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an~ if 

inf sup R.,[8, 9] = sup ~nf R.,[B, 8]. •e" .-e"' ;,ei' ,e" 
We state here, without proof, several key results on minimax prediction in finite popula-

tions for which there are equivalent results in minimax estimation theory (see Zacks (1971) 

Ch. 6-8; Lehmann (1983) Ch. 4). Let ((1/,) be a prior density (or probability function) 

over i, and let Ba(Y,i () be the corresponding Bayes predictor, having a Ba.yes prediction 

risk p(88 ,(). 

R.EsULT 1. If Ba(y.;() is a Bayes predictor and if .R.[Ba(•;(),8] is independent of 'I/,, 

then, Bs(y,;() is minimax. 

REsULT 2. Let {(•; k = 1,2, · · •} be a sequence of prior densities over '11, and let 
~ 

{Bs(·;(i), k = 1,2,···} and {p(Bs;(•), k = 1,2,···} be the corresponding Bayes pre-

dictors and Bayes rislcs. If 9(-y •) is a predictor such that 

tben 8 is 11- minimax predictor. 

REsULT 3. If the prediction risJc of 6 is constant over W, ·and if there exists a sequence 

{(',; k = 1,2, • • •} of prior distributions over IP, such that 

diea 8 is a. minimax predictor. 

As shown by Royall (1976), the minimum variance linear unbiased predictor of the. 

population total, TeLUP, is of the form 

In the following theorem we prove that, when Yr, = O, the BLUP of T ia a minimax 

predictor. 
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THEOREM 6. Con.,ider the normal .Juperpopulation Baye, model 'PB, with V n = 0. The 

minim/1% predictor of T U1ith reaped to the aquared error lo.,., u 

· (30) 

1Dith prediction ri.,k 

(31) 

PROOF: Consider a sequence of prior distributions N(b; B1) such that 11B1II = k, where ,, 
thenormofthecovariancematrix Bis 11B11 = LB;;. ThecorrespondingBayespredictors 

TB. converge, as le -+ oo, to the Best Linear Unbiased Predictor, BLUP, (see Royall, 1976) 

Moreover, from (5) and (15), the Bayes prediction risks p(TB•; b, Bi) converge, as le -+ 00, 

to the predicition risk of 7'sLUP, namely 

Since this prediction risk is independent of fJ, 7'sLUP is, according to Result 2, a rinimax 
predictor of T. 

The following result from the theory of minimaxity allows us to show that the above 

minimax predictors of T are minimax also for distribution free auperpopulation models, 

with bound~ variances (could be unknown). 

RESULT 4. Let 111, • • • , y N be jointly distributed according to the dist_ribution F, belo1J8-

ing to a family of distributions :Fi . Suppose that TM is a minimax predictor of T when 

FE:FoC:F1. H 
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t.ben TM, is minimax for :Fi. 

TUEROEl.l 7. Under the 1uperpopulation model (1), if the diagonal element, of V belong 

to a cumd inten1al (0, M), 0 < M < oo, then TM given by (30) i., minimu. 

Results 2 and 4 can be extended to vector valued linear predictors, by considering the 

tJ,-generalized risk function (19). We obtain then that /J. is a minimax predictor of f3N, 

with respect to (19). Minimax predictor of s: can be obtained from (29), by letting 

s-1 
- 0, as will be shown in some examples. 

6. Examples 

In the present section we provide several examples in which Bayes and minimax predic­

tors are derived £or =me special normal regression models. 

Example 1. Consider the location model under normality in which V = a-21, where u2 

is known, X = lN, fJ is a scalar with prior distribution N(b; B). The Bayes estimator of 

/J, iJa is given by 

L Yi/0'2 + b/B 
~ iE• 
Pa= n/u'J + 1/B 

Thus, in this special case, 'lr(Y.) = Palr and 

Moreover, h(y.) = Pa, 



Substituting all these terms into (29), we obtain that the Bayes predictor of S: is 

I 

· in the case of "noninformative" prior we obtain as a limiting case (when B -+ oo ), 

(33) 

In addition, if a 2 is also unknown, the noninformative prior (0) yields the Bayes predictor 

• N-3 n 2 
S, = -r n - 3 ",· 

This predictor was derived by Ericson (1969) and Zacks and Solomon (1981). 

We show here that the predictor {33) of S: is minimax, £or the squared error loss. Under 

this model, the unknown parameter is /J ( a2 is known). For this purpose we derive the 

Bayes prediction risk p(.51,,; b, B). As shown above, the Bayes predictive distribution of 

y,., given y., is N(Psl,-; I:,.), where E,. = u2(I,.+J,./(n +u2/ B)) . The Bayes prediction 

risk of S'l,, is the expected value of the posterior variance of .S:, i.e., 

Let y' Ay be a symmetric quadratic form and l'y be a linear form. We have 

(i) y' Ay ~ x2 (p; l) if, and only if AI: is idempotent of rank p. Moreover, l = !P' Aµ. 

(ii) 1£ AEl = 0, then y' Ay and l'y are independent. 

Accordingly, since S2,.. = y',.E,.y,./(N - n), with E,. = (I,. - J,./(N - n)), and since 

: 2 E,.E,. = (I,. - J,./(N - n)) (I,.+ n + ~2 /BJ,.) 

is idempotent of rank N - n, t:he Bayes predictive distribution of S2,.., given y., is like 

that of (.V~n)X2 (N - n - 1). Indeed, 

· 1 "2 I l == 2a2 /J8 1,.E,.l,. = 0. 
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Moreover, since iir = l~Yr/(N - n}, and ErErlr = O, S~.,, and iir are conditionally 

independent, given Y•. Thus, 

It remains to compute Var,t,.[(ii. -iir)2 I y.). The Bayes predictive distribution of fir-ii•, 

given y •, is normal with mean and variance given, repsectively, by 

• 0'2 0'2 

/Js -ii• and -N + 2/B" -n n+u 

Therefore, 

_ _ 2 2 ( 1 1 ) 2 [ (Ps - ti.)2 
] 

(:vr-:V•) jy.~u N-n+n+<T2/B X 1, :i( 1 1 ) • (34) 
20' 1v-n+ ri+JTlI 

It follows that 

Taking the expected value of (35) with respect to the marginal distribution of y., we 

.obtain from (32)-(34) that, the Bayes prediction risk of~. is 

- 2 ( n )
2 

2<T' { p(S8 ,;b,B)= 1- N (N-n)2 N-n-1 

+ - 1 + --- 1 +·-----'-----'---- . ( n )2 ( N -n )
2 ( 2(N - n} ) } 

N n + <T
2 

/ B 172 ( 1 + n~;.js) ( v: + B) 

Hence, 

(36} 

Finally, the right hand side of (36) is the risk function of the predictor (33), and is inde­

pendent of /J. Hence, according to Result 2, .Sl,-
1 

ia a minimax predictor of ~. 
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Example 2. Suppose that the superpopulation model (1) is such that X = (zi,• • • ,ZN)' - . 
and-that V = a2diag(z11 • • • , ZN), where a 2 is known. COW1idering a noninformative prior 

on /3, it follows that the posterior distribution of /3 is normal with mean and variance given, 

respectively, by 

. ii, • 0'2 
/3, = i, and V(,8) = I:zi. 

iE• 

It can be shown, after some algebraic manipulatioDS that 

D2 _ u 2 N iir 
r - n(N - n) i• ' 

h(y.) - ii, = /J,ir - ii,, 

where z is the mean of X, z. is the mean of X., fr and S~,. are the mean and variance 

of ~r• Collecting all the above results, it follows from (29) that 

(37) 

Let Zr= w;112yr, where Wr = diag(zi,i Er), then 

where Qr = X~/2
• Hence according to Seber (1977), 

with 
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This expression is reduced to 

where m~f = L:r:~11 /(N - n), j = 2,3, Furthermore, since 
iEr 

with 

( - - )2 2 (i• fr ) 2[l , •] 11, - 1/r ~ <T n + N - n X 'A , 

it Collows that 

,, [(- - - )2) - 2 4 (z• + ---3..!._)2 (1 + 2p2(z, - z,.)2 ) var., y, y,. - <T N ( ) . 
. n - n <T2 ~ + N'!.,. 

~imilarly, it can be shown that 

and 

C [,32 c- - )2] 2<T4 + 4o-2p2 c- - ) ovt/, ~,; '//.-Yr = - 2 -- :r:, -:;:,. . 
n n 

Collecting all the above results, we obtain that the prediction risk of 51,, is, for large N, 

This prediction risk is minimized by a sample maximizing E:r:;. If <T2 is unknown and 
iE• 

the noninformative prior (9) is used for (/J,<T2), the Bayes predictor of S: is as given by 

(37) with c,2 replaced by 

n -1 A2 A2 - l L 1 ( ;; )2 
-- <T where <T = -- - Iii - p,:r:i . 
n - 3 ' n - 1 iE• :r:, 
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Example 3. Consider the superpopulation model (1) with X = (zi,"· ,:.r:N)' and V = 
u 2IN, where IN is the identity matrix of dimension N. With noninformative prior on 

/3, it follows that the posterior distribution of /3 is nonnal with mean and variance given 

respectively by 

• ai 
and V(P.) = L . 

Thus, in this special case, f7r(Y,) = Xr/J. and 

%2 • 
iE• 

Di 2 { l i~ } [E -r- ] 2 { 1 1 S~ } r =- q N _ n + Ex? and tr r"r = q - N _ n + I:>: . 
iE• iE• 

It follow11 from (29), that the Bayes predictor of s; is 

(38) 

(39) 

where p, and V(P,) are given in (38). If u2 is unknown, the Bayes predictor of s;, unaer 

the noninfonna.tive prior (9), ia again given by formula. (39), with /J, and 172 (/J,) given in 

(38) and 172 replaced by 
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