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On forms whose total signature is zero mod 2".
Solution to a problem of M. Marshall.

M. A. Dickmann * and F. Miraglia

February, 1997

We give here an affirmative answer to the following problem, posed by M. Marshall in 1974 :

Let F be a formally real, Pythagorean field. Is it true that for every quadratic form ¥ over F'
and any integer n > 1, the following holds :

(MC] If sgnp(®) = 0 (mod 2™) for every order P of I, then ¥ € I"(F).

Here sgnp(¥) denotes the signaturc of ¥ under the order P and I"(F) is the n** power of the
ideal I(F) of the Witt ring W (F)) of F. consisting of all even dimensional forms.

As far as we know, the above question first appeared in print in Marshall’s 1977 paper ([Ma];
Open question 2; p. 575) where it is posed for the more general context of abstract spaces of
orders, as well as in Lam’s lectures [L.2] in the same volume, where it occurs as Open Problem B,
p. 49, for the field case. The aforementioned date (1974) was communicated to us by M. Marshall.

Qur proof is divided in two parts, whose main points are outlined below.

Part I: In the framework of special groups and the related Boolean-theoretic techniques introduced
in [DM1], it is shown that [MC] is equivalent to

(WMC) If 2¢ € I"*I(F), then ¥ € I"(F), for every integer n > 1.

As a matter of fact, both [MC] and [W MC] make sense in the context of formally real special
groups. Here {MC) takes the following form : for every integer n > 1 and every quadratic form ¥
over such a group G

[MC] If sgn.(¥) = 0 (mod 2") for every o € X, then ¥ € I'(G),

where X, denotes the space of orders of G - i.e., the set of special group homomeorphisms from G
to the 2-element special group Z., suitably topologized — and W(G), I(G) have definitions similar
to the field case.

We prove the equivalence of [MC] and [ MC] for formally real special groups G with the
property that 27(1) ¢ I"*(G), for every integer n > 1; we call these groups AP (for Arason-
Pfister). By the Arason-Pfister Hauptsatz, reduced special groups and the special groups of for-
mally real fields are AP groups (Lemma 1.7). Since reduced special groups and abstract order
spaces are {dually) equivalent notions ([Li]; [DM1], § 3), this part of the proof also works for
Marshall’s original formulation of the problem.
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The reduction of [MC] to [WMC] proceeds through the following steps :

(a) First we show that, whenever G is AP, the inductive limit W(G) of the groups I"(G) =
I"(G)/I"*(G) (under the operation induced by the sum of forms in I*(@)), with transition
functions induced by multiplication (i.e., tensor product) by 2 = {1,1), is a non-trivial Boolean
ring. This is also the case, when F' is a formally real field, for the inductive limit &(F) of Milnor’s
mod 2 K-theoretic groups k F, with transition functions induced by multiplication by I(—1)
(Theorem 2.9.(a)). As Boolean algebras, these inductive limits possess a natural structure of
reduced special groups, cf. § 4 in [DMI1].

(b) Furthermore, the natural group homomeorphisms p: G — W(G) and & : G(F) — k(F), are,
in addition, morphisms of special groups, which are injective iff G is reduced and F is Pythagorean,
respectively (Theorem 2.9.(b), (c)). Owing to the universal property of the Boolean hull B, of G
(Theorem 5.7 in [DM1]), these maps extend to Boolean algebra morphisms B(p) : B, — W(G)
and B(x) : B(F) — k(F'), respectively (Corollary 2.13).

{c) The next step is the proof that these Boolean homomorphisms are isomorphisms. Indeed,
they have inverses M : W(G) — B, and ¢ : k(F) — B(F), respectively.

The homomorphism M is defined on the image of I* in W(G) (by the homomorphism e,
given by the inductive limit construction) to be the clopen in X

{o € X, : sgn,(¥) £ 0 (mod 2™1)} (¥ € I"(@)).

M is a Boolean analogue of a map considered by Milnor (§ 3 in [Mi]), induced by the Stiefel-
Whitney invariant of order 2"~ on forms in I". The map ¢, defined on the image of k_F in k(F)
sends (the image of) a generator {(a;)I(a)...!(ay) to the element @, A ay, A ... A a_in B(F).

(d) It follows from the definition of the map M that [MC] holds for a given integer » > 1 if and only
if the map M o «, : I* — B, is injective. And this is the case, if and only if, [W MC] holds at

level n (equivalently, the transition homomorphism T7(G) 2+ T 2+1(G) induced by multiplication
by 2 is injective). A similar statement holds for the map «.

Part II : In the second step of the proof we deal with (formally real) Pythagorean fields properly.
We establish the injectivity of the map T7(G) = I**1(Q) as follows :

(a) If F' is such a field and n > 1 is an integer, write H"(F) for the n** cohomology group of F, with
coeflicients in Z/2Z. In Proposition 5.4 we show that the map (—1) U : H*(F) — H"'(F) is
mjective. This comes from, among other things, the long exact sequence in cohomology associated
to quadratic extensions of F', due to Arason, together with Voevodsky’s recent and celebrated
result ([V]) that the Milnor homomorphisms 27 : k F' — H"(F) are isomorphisms for all n > 1.

(b) The commutativity of the diagram

where the map in upper row is induced by multiplication by I(—1), vields at once that this ho-



momorphism is injective for all n > 1 and every formally real, Pythagorean field F' (Corollary
5.5). It follows that every such field verifies Milnor’s conjecture for the graded Witt ring, i.e., the
homomorphism s_: k F — I*(F) is an isomorphism for all n 2 1.

(c) Finally, the commutativity of the diagram

J I

proves [WMC] and hence, [MC] for all formally real Pythagorean fields.
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1 Introduction

We shall here set down the basic tools needed for the constructions that follow. We work in
the context of special groups (SG), following all notational conventions set down in [DM1].

In all that follows a Pythagorean field will always be considered to be formally real.

The Witt ring of a special group appears in [D], but we recall the main points for the conve-
nience of the reader.

Let {G,=g,—1) be a special group, where =¢ denotes isometry in G. Whenever clear from
context, we drop the reference to G in the notation of isometry. Although G is a group of
exponent 2 (V z € G, z* = 1), being therefore commutative, the group operation in ' is written
multiplicatively. Thus, we write 1 for the neutral element of G. For @ € GG, —a stands for —1-a.

For an integer n> 1, a n-form ¢ over G is a n-tuple ¥ = (ay,...,a,) of elements of G; n is
the dimension of ¥, dim ¥.

A special group G is reduced if 1 # —1 and
[red] For all a € G, {a,a)=¢(1,1) implies a = 1.
A morphism of special groups (&, =¢, —1) &, (H,=pg,—1) is a group homomorphism, such
that f(—1) = —1 and for alla, b, c,d € G
(a,b) =¢ (¢, d) implies {f(a),f(b)) =u (f(e), f(d))-

If ¥ = (ay,...,a,) is a n-form over G, write f » ¥ for the form (flar),..., flan)) over H,*



called the image form of ¥ by f.

For forms ¥, ¥ over G, ¥ is Witt-equivalent to ¥, written ¥ ¢ ¥, if there are integers
n, m > 0 such that

eOn{l,—1)=¢¥@m(l-1).
By Witt cancellation (Proposition 1.6.(b) in [DMI]), this relation can always be written as
eak(l,-1)=% or P=%ak(1,-1),

where k = |dim® — dim®¥|. It is easily verified that ~¢ is an equivalence relation on the set of
forms over G. For forms @, ¥, write ¥ — ¥ for ¢ @ —¥.

Let W((G) be the set of equivalence classes of forms over G under equivalence relation deter-
mined by Witt-equivalence. Write ¥ for the class of the form ¥ in W(G). We have

Lemma 1.1 : Let G be a special group and ¥ a form over G.
a)?® (1,1} =dim® - (1,-1) = "8 (1,-1).
b) Witt-equivalence is a congruence with respect to sum and product of forms.

¢) With the operations P + P=¢ad? ad PP=9pQY, W(G) is a commutative ring

with identity (1), and whose zero is the class of the hyperbolic forms.

d) The set I(G) of (classes of) even dimensional forms is a mazimal ideal in W(G) (the funda-
mental ideal of W(G)). Moreover, W(G)/I(G) is the two element field. <

To keep notation straight, we shall denote
- By #» = {0, 1}, the two element field.
- By Z2 = {1, —1}, the 2-element special group, whose isometry relation is defined by the condition
(a,b) =g, (¢,d) iff a+b=c+d(suminZ)
for a, b, ¢, d € {1, —1}. Z, is a reduced special group.

Let n > 0 be an integer. A Pfister form over G is a form of the type @1, (1,a;}, where
a; € G. The integer n is called the degree of P. Write 2* for the Pfister form ®%, (1,1). Note
that 2° = {1).

Observe that every element of the fundamental ideal 7 is a linear combination of Pfister forms
of degree 1. For an integer n > 0, set I° = W(G) and let I™ be the n** power of I, n > 1. Note
that I™ is generated, as an abelian group, by multiples of Pfister forms of degree n, that is, every
element of /™ is a linear combination of Pfister forms of degree n. Clearly, I*t! is an ideal in I™.

The Weak Marshall Conjecture is the following statement :
(WMC] For all forms ¥ and all integers n > 1, 2¥ € I"*! implies ® € I™.

For a special group G, Sat((G) is the saturated subgroup consisting of the elements represented
by 27, for some n > 1 (see section 2 in [DM1]). If G is reduced, then Sat(G) = {1}. The quotient
(F/Sat(G) is a special group and the canonical projection, 7 : G — G/Sat(G), is a morphism of
special groups (Propositions 2.22 and 2.19, [DM1]).

A special group G is formally real if —1 ¢ Sat(G). In this case, 1 # —1 in G/Sat(G) and this



quotient is a reduced special group, indicated by G, ;. It follows from the preceding observations
that every reduced special group is formally real.

Remark 1.2 : We here recall some results which appear in Example 1.7 in [DM1] in a more
genera) setting. Let F' be a field of characteristic # 2. As usual, for a subset S C F
$={zeS:a#0},={z*:z¢ S} and £5? is the set of sums of squares of elements in S.
Recall that if T is a pre-order on F and a, b € F', then
Dr(a,b) = {z € F: As,t € T such that z = as + bt},
is the set of elements represented by {a,b) over T

Set G(F) = F/F*, G, ,(F) = F/SF" and let 7: F — G(F) and 7 : G(F) — G,(F)
be the canonical projections. However, for 1, —1 € F, we shall indicate their class in G(F') and
G ,(F) by 1 and —1, respectively.

The following facts follow from the results in Example 1.7 in [DM1] :

Fact A : a) G(F) and G,.q4(F) are special groups, such that for all a, b, ¢, d € F, the following
conditions are equivalent, where T = v’ (resp., Fz) :

1 (@), 7(8)) Z6p) (7(2), 7(@) (resp., (@, B) =aqr) (7 )

2. w(ab) = m(cd) and Dr(a, b) = Dr(c, d) (resp., ab = ¢d and Dy(a, b) = Dr(c, d)).

3. 7(ab) = n(cd) and Dy(a, b) N Dr(c,d) # 0 (resp., ab = cd and Dr(a, b)) N Dr(c, d) # B).
Thus, 7(a} € Da,, (1, 7(8)) iff a € Dr(1,b) (resp., @ € Dau(l, b) iff a € Dr(1,0))
b) Sat(G(F)) = SF /F°.
¢) G(F) is reduced iff F' is Pythagorean. F is formally real iff Grea(F) is reduced iff G(F) is
formally real. <

This example is at the origin of the notion of formally real special group.

Definition and Remarks 1.3 : (SG-characters; signature; Boolean hull)

a) An SG-character of a special group G is a morphism of spectal groups from G to Zs.
An SG-character o has the following property :

[ker] Foralla € G, a € ker o implies Dg(l, a) C ker o.

Write X, for the space of characters of G. With the topology induced by the product topology
on 2/, it is a Boolean space, that is, Hausdorff and compact, with a basis of clopens constituted
by finite intersections of sets of the type

[a = 8] =4y {0 € X ¢ ola) =8},
where a € G and 6 € {1, -1} = 2.
Fact A : Any formally real special group has a SG-character.

To see this, we first register that, by Corollary 2.7 and Theorem 2.10 in [DM1], any reduced special
group has a SG-character 7. Now, ¢ = 707 is a SG-character of G, where 7 is the canonical

projection G —— G__,.



b) If ¥ = (a1,...,a,) is a n-form over G and ¢ € X, the signature of ¥ at o is the integer
o) =% 0(a;) (€ Z)
Signature commutes with sum and product of forms, that is,
For all forms ¥, ¥ over G and all o € Xas
o(P DY) =a(P)+ o(¥) and (¥ @ ¥) = o(®)o(¥). (*)

Fact B . If P is a Pfister form of degree n > 1, then o(P) is either 0 or 2". If Q is a linear
combination of Pfister forms of degree n > 1, then o(Q) is a multiple of 2".

¢) The Boolean hull of & is the Boolean algebra of clopens in X, written B,. Note that in B,
1L =0and T = X,. When dealing directly with clopens in X, we use standard set-theoretic
notation for the operations in B,. When dealing with generic elements of B, we shall use A, V

to indicate meet and join, while /A will always stand for symmetric difference. The complement of
b € B, will be denoted by —b (= T A b).

There is a complete embedding (Corollary 6.4 in {DM1]) ¢, : G — B, defined by
egla) = [a = —1],
by which we may identify G with its image in B,. Moreover, for all a, b € G :
L. e, is injective and eg(ab) = e (a) A e4(h).
II.eg(1) = Land egx(—1) = T;
IIl. a € De(1,b) il e, (a) < egy(h) (< is the order in B).
(I) and (II) imply that for a € G e {—a) = — e5(a) (complement in B;). <

Lemma 1.4 : For a formally real special group G, the following conditions are equivalent :
1. G verifies [WMC].
2. For all forms ¥ and all integers k, n > 1,
e € IMr implies ¥ € I™.
3. For all forms © over G and all integers n > 1,
v e [t and 29 € I™Y implies ¥ € I™,

Proof : It is clear that 1. ¢ 2. = 3. It remains to verify that 3. = 1. Suppose that ¥ is a form
over (3 such that 2¢ € ™!, for some n > 1. Our first observation is

Fact 1 : If, for somen > 1, 2¢ € I, then dim ¥ is even, that is, ¥ € I.
Proof : For integers p, ¢ > 0, we have
20 @ p(l,-1) =¢ @ ® ¢(l,-1), (1)

where Q is a linear combination of Pfister forms of degree n + 1 over G. Thus, applying any
SG-character o (see Fact 1.3.A) on both sides of (I) and recalling Fact 1.3.B, yields

20(¢) = 0(Q) = o 271,

for some integer o € Z. Thus, o(¥) = « 2" is even, since n > 1. Write ¥ = (a1,...,an ) and set
B = the cardinal of {j < m : o(a;) = —1}. Then,



o(P) = Ty ola) == B+ (m — ) =m — 25,
which clearly forces m = dim ¥ to be even.

To end the proof that 3. = 1., we shall verify by induction on 1 < k < n, that ¥ € I*. Fact
1 takes care of the case k = 1. Suppose our contention is true for ¥ < n. Then, k+2 < n+1 and
so ¢ € I* with 2¢ € I**2, By 3., we conclude that ¥ € J¥*!, completing the induction step. <

Lemma 1.5 : Let G be a formally real special group and G —— G_,, be the canonical special
group quotient map. Let ® be a form over G and 7 % ¥ the image form in G_,;. Then,

a) If o0 € X, then Sat(G) C ker 0. Thus, o factors through = to give a character @ in G,
Moreover, o(¥) = T(m * ¥).

b) The map T — T o 7 is a homeomorphism from X,  onto Xg.

¢) If G verifies [WMC), then G, verifies [WMC].

Proof : a) The property [ker] of Definition 1.3(a) says that ker o is a saturated subgroup of G
(Def. 2.3 in [DM1]). Lemma 2.4(b) of [DM1] shows, by induction on degree, that :

If P is a Pfister form with coefficients in ker o, then Dg(¥) C ker o.

Tt follows Lhat Set((7) C ker o. Hence, the functional equation @ o 7 = ¢ defines a map
7: G4 — {+1}. Routine checking shows that 7 is a SG-morphism in Zs, i.e., 7 € X5 . Using
the preceding equation componentwise gives o(¥) = [7 o 7](¥) = 7(7 * ¥).

b) Since 7 is a morphism of special groups, 7 o 7 is a SG-character of G, for all 7 € X .
Moreover, because 7 is surjective, T — 7 o 7 is injective. That it is also surjective follows directly
from (a). Since we are dealing with compact Hausdorff spaces, 7 +— 7 o & will be a homeomorphism
if it is continuons. To verify continuity, just note that, for @ € G and ¢ € X, the mnverse image
of the clopen [a = 1] in X, is the clopen [x(a) = 1] in X .

¢) Since 7 is a SG-morphism, ¢ € I*(() implies 7% ¥ € I"(@, ;). Since it is surjective, every
form ¥ over G, lifts to G, i.e., there is a form ¥ over G such that 7« @ = ¥,

Assume that 2¥ € I"* (G __,), ¥ a form over G,__;. Thus, there are integers p, ¢, = 0 and a
linear combination, @, of Pfister forms of degree n 4 1 over G, ,, such that

2% @ p(l,~1) =¢,., € ®q(1,-1). (I)

Thus, we may consider a lifting ¥ of ¥ to (¢ and a linear combination 7 of Pfister forms of
degree n + 1 over (3, that is a lifting of Q. By Proposition 2.19 in [DM1], (I) implies that there is
k > 0 such that

2629 @ p(1,-1)) =¢ 2°(T @ ¢(1,-1)),
and so 25t1¢ € T+1((3). Since G verifies [WMC], we conclude that ¥ € I"(G), which in turn
implies 7 % ¥ = ¥ € I'(G,_,), as desired. O

A formally real special gronp G satisties Marshall’s conjecture if for all integers n > 1 and

all forms ¥ = (aq,...,a,) over G

IMC] Il for all SO characters ¢ of (7, o(®) = 0 mod 27, then ¢ € I™

Definition 1.6 : A special group G is said to be AP if it is formally real and for all integers
k> 1, 2+ ¢ IF



Lemma 1.7 : If G is reduced, or is formally real and verifies [WMC), or is the special group of
a formally real field, then G is AP.

Proof : If 28 € I*! and G is the special group of a formally real field or a reduced special
group, we apply the classical version of the Arason-Pfister Haupsatz (see Theorem 3.1 in [L1]),
or its reduced special group version (Theorem 7.30 in [DM1]), respectively, to conclude that 2* is
hyperbolic. But then —1 is represented by 2%, a contradiction.

If G is formally real and satisfies [WMC], 2 € I**! implies (1) € I, a contradiction. <

2 The inductive limit of graded rings of exponent 2

Recall that a graded ring is a sequence of abelian groups
H=(H,H,..., H,..),
with an associative operation
Hy x Hp — H ., (z,y)—xxy, n,m>1
such that for all z, 2’ € H_ andy € H_,
(z+a)xy=(z*xy)+(z'*y) and y=*(z+2)=(y*z)+ (y*2z).

H is commutative if * is commutative. The group H_ is called the group of degree n of H.

Definition 2.1 : A sequence H = (H, b, i, shag .. H L, H, ., ...) is an inductive
graded ring of exponent two (IGR) if it satisfies, for alln, m > {

1. H s a group of exponent 2, with a distinguished element T_.

2. h_is a group homomorphism, such that h,(T,) = LI

3. 'H is a commutative graded ring.
4. For 1 < s < i, define

N :{ Idy, ifs =t

h,_ o ...oh_,o0h, if s < t.

t—1 s+1

Then, if p>n and g > m, forallz € H andy € H_, k2(z) = k% (y) = R0YE (2 * y).

IfH is an IGR, let lim H = (H; {y_ : n > 1}) be its inductive limit. For ease of reference,

we register the {well-known) basic properties of this construction in

Remark 2.2 : For each n 2 1, we have a group homomorphism v_: H, — H, satisfying :



1, For all n > 1, the following diagram is commutative : b
H ———— H,,
fYn ’7n+1

It follows readily that for all1 <n < m,y_ =1v_ © A7

2. H = U ’Yn(Hn)
If w=+ (z), wesay that z € I, is a representative of w € H.

3. Foralln,m > 1landallz € H_,y € H,_, the following conditions are equivalent :
(i) v (2) =, (); (i) There is k& > n, m such that k5(z) = h},(y).

Note that the k_’s are injective iff the y ’s are injective.

Write L for the zero of H. It has 0 € H_ as representatives. <

By Remark 2.2, addition in H can be described by representatives as follows :

For w, z € H,let z € H_ and y € H,, be representatives of w and z, respectively, and let &
be an integer greater than n and m. Then,

[sum] w + 2z = 7, (hi(@) + b (y)) = 7, (hE(2)) + 7, (hn(¥)).

In particular, k may taken to be max{n, m}. As an inductive limit of groups of exponent 2, H is
an group of exponent 2.

Remarks 2.3 : a) Recall that a Boolean ring (cf. § 1.6 in [HBA]) is a commutative ring, R, with
identity, such that foralle € R, ¢ +z=0 and z-z=2. R is non-trivial if 0 # 1.

There is a well-known bijective correspondence between non-trivial Boolean rings and Boolean
algebras, where meet (A) and join (V) and complement are defined, in terms of the ring operations
in R, by

aANb=a-b aVb=a+b+t(a-b) and —-a=1+a (a, b € R)
Order is defined by
a<b iff a-b=a (oriff aVvb=2),
in which 0 is the least element of R (bottom, 1) and 1 is its largest element (top, T). For all q, b

in R, we have
a+b=(aA-b)V(~aAbd), (I)
the usual notion of “symmetric difference”. Conversely, a Boolean algebra B = (B,V,A\, L, T)

gives rise to a Boolean ring by defining product as meet and sum as “symmetric difference”, that
is, by the formula (I). Since in a Boolean algebra L # T, Bis a non-trivial Boolean ring.

When dealing with Boolean algebras, we shall use A for the operation of symimnetric difference.
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If A, B are Boolean algebras and A 4, Bisa map, then f is a Boolean algebra homomorphism
iff it is a Boolean ring homomorphism.

b) It is shown in section 4 of [DMI], that any non-trivial Boolean ring (or algebra) R carries a
natural structure of reduced special group, namely (cf. Def. 4.1 in [DM1])

— Its domain is the additive group of R, with 1 = L and —1 =T
- For u, v, w, 2 € R, (u,v) =g {(w,z) if u+v=w+2z and v -v=w- 2. [iso]

Alternatively, the representation relation a € Dg(1, b) is given by the order of R : o < b.

Item (a) and Corollary 4.4 in [DM]1] imply that R is a reduced special group. <&
We now prove

Theorem 2.4 : Suppose that H is an IGR such that
[br O] : Foralln > 1, T_ & ker h,.
[br 1] - For alln > I and all z € H_, there isk > n+1 such that hk_ (T, x z) = kE(2).

[br 2] : Foralln > I and all z € H,, there is k > 2n such that hE(z) = b, (z * z).

Then, H = lzm H is a non-trivial Boolean ring, that is, L # T =y.5 v,(T1) (its multiplicative
identity) and for allw € H w+w=1~1 and w- -w=w.

Proof : We start by verifying that H is a ring with identity T = 4, (T
The graded ring structure in H induces a product in H, as follows :

Forw, 2z € H,let € H_,y € H_ be representatives of w, z, respectively. Now set

[prd] wez =7, (z*y).

To show that this is well defined, let 2’ € H_ and y' € H_ be representatives of w, z, respectively.
By Remark 2.2.(3), there must be k > n, m, p, g such that

ho(z) = hy(a)  and  Af(y) = Ri(y).
By condition 4 in Definition 2.1, we have

R (z * y) = hE(z) * hE (y) = hﬁ(m’) * h;‘(y) = h;‘;ﬁ_q(:):’ * y'),

n4+m

and so Remark 2.2.(3) yields vy, (zxy)= 7p+q(x' * y’), proving that formula [prd] is independent
of representatives. Since H is commutative, the same will be true of the product in H.

A similar reasoning will show that H is a ring, that is, its product is associative and dis-
tributes over sum, with L being its zero. [br 1] and Remark 2.2.(3) show that T = 7](T ) is the
multiplicative 1dent1ty in H, while [br 0] guarantees L # T. Note that by condition 2 in Definition
2.1, the T ’s are representatives of T.

since the additive group of H is of exponent two, we have w + w = L, for all w € H. That
the product in H is idempotent follows from Remark 2.2.(3) and [br 2]. ©

We register the following consequence of the proof of Theorem 2.4

Corollary 2.5 : Forintegersn, m > landz € H ,y € H_, in H = lim H we have,

—_
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Y28} 1Y) =V (E * Y) &
We shall apply Theorem 2.4 to two situations, namely the mod 2 K-theory of a field of
characteristic # 2, and the graded Witt ring of a special group.

The contents of Remark 1.2 will be used without further notice. We shall assume that the
reader is familiar with the contents of [Mi]. If F is a field of characteristic # 2, let

kF = (kF, kP, ..., kF,..),

be the graded algebra over F; corresponding to the mod 2 K-theory of F' as in section 3 of [Mi].
It follows directly from the definition of the k F that they are additive groups of exponent 2.

A generator of k_F will be written I(a,}{(a,)...{(a,), with a, € F. Recall that k, F is G(F)
written additively, that is I : G(F) — k,F' is an isomorphism such that l(ab) = I(a) + I(b).

Lemma 2.6 : With notation as above,
g)Vaek, a)—a)=20 and I(a)? =I(a)l(-1).
b) Ifay,...,an, T € F, then in k F, la,)... l(z%,)...l(a,) = l(a})...l(a,).
¢} If a1,...,an € F and o be a permutation of {1, ..., n}, then in k_F,
lay)... {(a,) = la,qy)--- l(ag(n)).
d) Ifar,...,0n € F and S, a, = 0 or 1, then l(a,)...l(a,) = 0 in k F.
Proof : Item (a) comes from Lemmas 1.1 and 1.2 in [Mi], while (b) and (c) appear in Lemma 1.6
in [EL 1]; (d) is Lemma 1.3 in [Mi]. <

Note that Lemma 2.6.(b) assures that /{a) depends only on the square class of a in F. Thus,
we may write I(c), for ¢ € G(F), or l(@), for a € F.

It follows from Lemma 2.6.(c) that k. F is a commutative graded ring. For each n > 1, there
is a group homomorphism

w,: kF—k F,

defined on generators as multiplication by I(—1). For each n > 1, we set T, = [(-1)" as the
distinguished element of k_F. Thus, it is clear that the system

K(F) = (k,F <2 kP 22 B F 2% k L F ),

satisfies conditions 1, 2 and 3. in Definition 2.1. Note that for 1 < n < m, W' is multiplication by
I(—1)™"; since graded multiplication is commutative, condition 4 in Definition 2.1 is also satisfied
and so we have

Lemma 2.7 : If F' is a field of characteristic # 2, then K(F) is an IGR. <

If G is a special group, consider the sequence
W(G) = (I/12, I}/ 3, ... I, L),

where I™ is the nt* power of the fundamental 7 of G, as in scction 1. Note that if ¢ € I, then
Y@y =28 c I, showing that I”/I"*! is a group of exponent two under addition. To ecase
exposition, we set 1" = I"/I"*! and write z/n for an element of I*.



12

W(G) inherits a graded multiplication from the tensor product of forms. For z/n € T and
y/m € I™, define

ofn x yjm = (2 ® y)/n+m.
To show that this is well defined, suppose that z — 2’ € I"*! and y — y' € I™*. Then,
(z®y) - @Ry rclz@y) - (@Y @[z 1Y) - (8 Yy
=L@ -yvilely e - ) e,

as needed. It follows directly from the analogous properties of sum and product of forms that
W(G) is a commutative graded ring. For each n > 1, we have group homomorphisms

[ I" — I given by f (z/n) = (2z)/n+1=({1,1) ® z)/n + 1.
Note that for 1 < n < m, f7* is multiplication by 2™~". Thus, setting T = 2"/n € I, it 1s
straightforward to see that we have

Lemma 2.8 : If G is a special group, then W(G) is an IGR. <

Write (W(G); {a, : n21}) =lm W(G) and  (k(F); {5, : n 2 1}) = lim K(F).

n

We now state

Theorem 2.9 : If F is a formally real field and G is an AP group, then

a) k(F) and W(G) are non-trivial Boolean rings.
b) The maps p : G — W(G) and k : G(F) — k(F), defined for a € G and b € G{F) by
pla) = e, ({1, ~a)/1) and x(b) =B (b)),

are morphisms of spectal groups, where k(F) and W(G) have the natural spectal group structure
of a Boolean ring (cf. Remark 2.3(b)).

¢) & and p are injective iff F' is Pythagorean and G is reduced, respectively.

The proof of Theorem 2.9 will require a number of results. We start with the relation between

the IGR K(F) and the Boolean hull of G, ,(F'), to be described in Theorem 2.11.

Remarks 2.10 : a) For a formally real field F, let G,_,(F) =< B(F) be the Boolean hull of the
reduced special group G__,(F'), as in Definition and Remarks 1.3.(c).

b) The Stiefel-Whitney invariants and the multiplicative Horn-Tarski invariants, appearing in the
statement of the next result, can be found in section 3 of [Mi] and section 7 of [DM]1], respectively.
We recall the definition of the latter.

Let ¥ = {ai,...,a,} be a form over a reduced SG, G. For each 1 < k < n, HT ;(¥) and
HT ;(¥) are defined as the following elements of Bg, where G is identified with its image in B,

via €, and S™* is the set of all strictly increasing k-sequences p = {p, < p, < ...< p,} of elements
of {1,...,n}:

HT(P) = V /\i_

esnk

HTLP) = AN N

pesuk

(additive Horn-Tarski invariants)

|

iy %,  (multiplicative Horn-Tarski invariants)
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Theorem 7.1 in [DM1] shows that these are complete invariants for isometry of forms over G. <

Theorem 2.11 : Let F be a formally real field. Then there is a unique graded ring homomorphism
(e )n31 * kP — B(F), such that

1. Foralln > 1 and all aq,... 0, € F,
e, (I(a1).. . l(an)) = ep(m(@)) Aep(m(@)) A ... A ep(m(@y)).
2 Forallnck Fand( €k, F, €., * () =¢n) re,()

3 Foralln>1 € ,,0w =¢

n41 n n'

4. For all forms ¥ = {@1,...,an) over F and all 1 < i < n, g(wi(¥)) ——HT*(EF*W*@),
where w, () is the i*" K- theoretzc Stiefel-Whitney invariant of‘P and HT ey * © + P) is the i
multzplzcatwe Horn-Tarski invariant of the image form £p * ™ x P,

Proof : Notation is as in Remark 1.2 and [Mi]. We shall borrow freely from section 1 in [Mi}]. To
simplify exposition, write f for €, o 7.

Recall that ¥ — K, F is an isomorphism, such that {(a b) = l{a) + i(b), a, b€ F.
Define a map «, from (K, F)" to B(F) by the following rule :

a,(lay), ..., U(a,)) = F@) A f@) A .. A f(@).

Recalling that A distributes over meets in B(F) and the properties of the map e (see 2.10 and
1.3.(c)), we have

a,(l(a)), .., la) +Ue), oy U(a)) = e (Hay), -y Uay - )y oo May)) =
= f(@) A ... A LfE B A /\f(ﬁn)“f(al) AL A[F@) A FENA-AFE,)
= (f@) A A f(@) A f@) A (f@) A AFEIN A SE))
=a_ (l(ay), ..., U(a), ..., l(a,) & e, (l(a), oo lle), -, Hay)),

verifying the n-linearity of a,. Thus, o, induces a homomorphism & _ from the n-fold tensor
product @7, K, F to By, such that l{a )l( ,) ...1(a,) is taken to fa, A fa, A .. A fa,.

To show that & factors through K_F, it must be verified that if n = I(a J(a,) ... Ua,) is
such that a, + a,,, = 1, for some ¢ < n—l then & (n) = L ( =1 in B(F)).

But if a; = 1 — a,,,, then a; € Dr(1, —aip
and Definition 1.3.(c), that f(@:) < f(— (@i+1))
in turn implies & _(7) = L, as needed.

1), where T' = $F°. Tt follows from Remarks 2.10
= - f(ai+1). ThllS, f(&t) A f(ﬁ,-.,.l) = ..L., Wthh

Thus, &, induces a homomorphism g, : K, I" — B(F), taking a generator l(a,){(a,) ...(a,)
to £(@) A @) A - (@) in B(E).
It is clear from the definition of g,, that for alln € K F, ( € K _F,n,m21,
g (1 % €)= 9,(1) A 9,(0), )
and so g = (g,) : K.F — B(F)isa homomorphism of graded rings.
For all n > 1, Remarks 2.10 and Definition 1.3.(c) imply that

g, (1)) = Ai, f(=1) = A, T =T (top in B(F)). (**)
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Ifn =(a,)l(a,) ...l(a,) is such that a, = ¢* € Fg, then
g.(1) = F@) A A L@ A F@A - A F@,) = L,
showing that 2K _F C ker g, for all n > 0. Since k& F = K, F/2K.F, g_ induces a homomorphism
e, k F — B(F),
that maps a generator {(a,)l(a,) ...l(a ) to f(@,) A f(@,)...A f(@,) in B(F).
Item (2) comes directly from (*), while (**) yields (3). With respect to (4), it is clear from
the values of ¢, on the generators of k. F, that ¢,(w,(?)) = HT;(f x?). <
Proposition 2.12 : Let F' be a field and G a special group. For an integern > 1, let g € k F
and x € I™. Then,
a) 2"z — (z - z} € "L, b) Ink, F, I(-1)'np =7 - 7.
Proof: a) Fix z € I"; x is the Witt-equivalence class of a linear combination of Pfister forms of
degree n,say Q = Y%, a.P,, witha, € G, 1 <i < k. Thus, (a) amounts to proving that
?"Q — (Q ® Q) is in [2MH, (1)
Now define 7 = Y5, P, and R=0-7T.
Fact 1 : If assertion (I} holds for T, then it holds for Q.
Proof : Note that R = 15, (ai, —1)P, € I"*1. We also have Q =~ T @ R. Thus,
270 - (Q2 Q=2 TP2"R) - {((THR)® (T & R))
=T —(TRT)P2"R-2TO®R)- (R R).
Since 2"R € I*"*! while (R ® R), 2(7 ® R) € [*"*2, we conclude that Q also satisfies (I).

Fact I tells us that it is enough to verify (I) for sums @ = 2%, P. of Pfister forms of degree
n. The proof will proceed by induction on the integer £ > 1.

Part I: &k =1. Then, Q@ is P = @}, (1, ¢;), with ¢; € G.

The proof of Part I will be by induction on n > 1. For n = 1, we have
2(],6) - ((116) @ (lvc)) = (176) & (156) - (1,0) - (]-?C)a (H)

showing that in this case 2@ — (@ ® @) is in fact hyperbolic. Now suppose the conclusion holds
forn and let @ = P @ (1,c), with P a Pfister form of degree n. Then, using (II), we get

QY _ (Q@ Q) =2MP o (L) — (P (Le)®@P®(1c))
=P @2Le) - (POP®(lc)®(lc)
— PR 2Le) - (PP ®2Lec)) =21} (2P — (P ® P)) € P,

Part II : Induction step. Let @ = P @ 7, where P is a Pfister form of degree n and 7 is the sum
of less than k Pfister forms of degree n. Then,

70-QeQ)=2Pas27)-(PeT)g(PeT))
=2P-(POP)D®2T - (TeT) -2PeT).
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Since 2(P ® 7) € I***!, the induction hypothesis and Part I yield (I) for Q, proving (a).

b) We first prove that (b) holds on generators n = {{e,) ...l(a ) of k_F. Since k_F'is commmutative,
Lemma 2.6.(a) yields

{(=1)"(a,) ... Ua,) = U(=1)l{a)](-1)l(a,)] ... [(=1)la,)] = U{ax)*I(az)* ... U(an)* =7 - 7,

showing that (b) is verified on generators. If we assume that (b) holds for sums of £ > 1 generators,
let 7 = ¢ + € where ( is a generator of k_F' and { is a sum of at most & generators. Then, the
induction hypothesis and the fact that £_F is an additive group of exponent two yields

(=DM =10+ O =U-D"C+U-1)" = (- O+ (£-H=((+£)-((+ &),
completing the proof. <
Proof of (a) in Theorem 2.9 : We shall verify conditions [br 7] in Theorem 2.4, 0 <7 < 2.
(-1)* in K(F)
2n in W(G).
I(—1)™ £ 0 for K(F)
2l 1M for W(G).

Foreachn > 1, T = {

Thus, [br 0] is equivalent to {

If {(—~1)** = 0in k, F, then, by Theorem 2.11, we would have

T

Eup (H(=1"1) = A, ep(m(=1)) = ep(n(=1)) = L in B(F).

Since g, is injective, we conclude that 7(—1) = 1; but then —1 € 5F and F is not formally real.
Since G is an AP group, it is clear that 21 ¢ I™*2, This proves [br 0] for X(F') and W(G).

We register that Theorem 3.2 in [EL 1] will give another proof of [br 0] for the ring K(F).
For [br 1], just notice that if £/n € I" and n € k_F, then
FE(L1) * efn) = f7*%(z/n)  and  wi1I(H(=1) * ) = W} (n).

The last condition to be verified, [br 2], is a direct consequence of Proposition 2.12. This
proves that £(F) and W(G) are non-trivial Boolean rings. <

Proof of (b) in Theorem 2.9.
I. The case of W((G). The proof will be done in 2 steps :
1. pis a group homomorphism, with p(--1) = T : For a, & € (7, we have
((1,—a) ® (1,-b)) — (1,—ab) = (1, -a,—bab) & (1,-1)
= ((1I,—e) ® (L,-b)) & (1,-1),

proving that (1,—a}/1 4+ (1,-b)/1 = (1, —ab}/1 in T%. Since @, is a group homomorphism,
this shows that p(ab) = p(a) + p(b). Finally,

p(1) = o,((L,—1)/1) = L and p(~1) = a({L,1}/1) = T.

2. p is a special group morphism : Yor a, b, ¢, d € G, let u = p(a), v = p(b), w = p(c) and
z = p{d). For p to be a morphism of special groups, it must be shown that

{a,b) =¢ (c,d) implies (u,v) =w(g) {(w,z). (I)
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According to equivalence [iso] in Remark 2.3(b), (I) is equivalent to
(a,b) =¢ {¢,d) 1implies u+v=w-+2z and u-v=w-z. (1T}
It follows from [SG 3] in Definition 1.1 of [DM1] (the discriminant axiom) that ab = ¢d. Since p

is a group homomorphism, this equation implies © + v = w + z. By the definition of product in
W(G), to prove u - v = w - z it is enough to verify that

((1,—-&)@(1,—5))*((1,—6) ®<17_d))613' (IH)
Because if (II) holds, then ({1,—a) - (1,—b0})/2 = ({1,—¢) - (1,—d})/2, and so the value of «,

at this point will give u - v = w - z.

To prove (II1), compute as follows, recalling that {a,b) =¢ (¢, d) and ab=cd =1t :
((1,—a} ® (1,-6%) — ({1,—¢) ® (1,—d)) = (1,—a,—byab) — {1, —¢,—d, cd)
=(1,-1) & ({(e,d) = (a,b)) & (¢, 1),
which is hyperbolic, ending the proof that p : G — W(G) is a SG-morphism.

II. The case of K(F). Since [ takes product in G(I") to sum in k; F and 3, is a homomorphism,
it is clear that & is a homomorphism from G(F) to k(F). For the preservation of —1, just notice
that I(—1) in k F is a representative of T € k(F). It remains to prove that « is a morphism of

special groups. Just as above, this reduces to verifying that for a, b, ¢, d in I,
(@, b) =qiry (6, d) = «&(a) + £(d) = r(c) + £(d) and x(a) - &(b) = r(c) - &(d). ()
Since G(F) is a special group, Lemma 1.5.(a) in [DM1] yields
(@, b) =gr) (¢, d) iff ab=cd and @ € Dgr)(l, cd).
By item (a) of Fact 1.2.A, we may restate this equivalence as
(@,b) =y (&, d) iff Iz € Fandy, z € F such that ab = cdz? and ac = y* + edz?®. (II)
It follows from the first equation in (II} and Lemma 2.6.(b) that
l(a) + I(b) = l{ab) = l(cdz?) = l(cd) = I(c) + {(d). (IIT)
Since 3, is a homomorphism, the first equation in (I) is verified.

To complete the proof of (b), note that either y or z in the last equation in (II) must be in
F. The case of z # 0 is left to the reader, and we treat the case in which y # 0. It follows from
(IT) that ac (1/y)® + —ed(z/y)? = 1. Thus, (b) and (d) in Lemma 2.6 yield I(ac)l(—cd) = 0 in
k,F. Now, (III) and Lemma 2.6.(a) yield

0 = lac)l(—cd) = {i(a) + ) [I(=1) + (c) + I(d)]

= l(a)l(=1) + i(a}[i{c) + Ud)] + Ue)(—1) + U(e)[l(c) + Ud
{a)l(=1) + Ua)[i(a) + 1(O)] + Ue)(-1) + U(c)* + Ue)l(d

= l(a)l(=1) + {(a)® + Ua)I(D) + I(c)i(d) = {(a)l(b) + Uc)I(d).

Since &(a) - £(b) = ﬂz(l(a)l(b)), it is clear that x(a)x(b) = k(c)x(d), as desired. &

e

]

R

Proof of (c) in Theorem 2.9. Since any subgroup of a reduced special group must be reduced,
it is enough to show the “only if” part of the equivalence in (c¢). So assume that F' is Pythagorean
and G is a reduced special group.



17

Note that, because F' is Pythagorean, the morphism G(F)) —— G, _,(F') is the identity.

Suppose that a, b € F' are such that «(a) = &(b) in k(F). By Remark 2.2.(3), there is
n > 1 such that I[(—1)"l(a) = {(—=1)™(b) in k,,,F. By Theorem 2.11, ¢, ,,({(=1)*!(a)) = £x(a);
thus, we have £,(@) = £,(b). Since & is injective (Remarks 2.10 and Definition 1.3), we conclude
that &« must be injective. It should perhaps be mentioned that Theorem 3.2 in [EL 1] can also be
used to prove that « is injective.

Now assume that for a, b € G, p(a) = p(b). Just as above, there is an integer & > 1 such that
2k=1(1,—a) — 2¥-3(1,—b} € I**1. Note that

2-1(1 —a) — 2511, =b) = 26°1{1,-1) @ 2"} —a,b),
and so 2-1( —a,b) € I**'. It follows from the reduced special group version of the Arason-Pfister

Hauptsatz (Theorem 7.30 in [DM1)) that 2¥~1(—a,b) must be hyperbolic. In Proposition 1.6.(e)
of [DM1] it is shown that the following condition is equivalent to G being reduced :

_ For all forms ¥ of even dimension over G, ¥ @ ¥ hyperbolic = % hyperbolic.

This result and straightforward induction shows that {—a,b) must be hyperbolic, that is,
(—a,b) =¢ (1,-1). It follows from the discriminant axiom [SG 3] in Definition 1.1 of [DM1] that
—ab = —1; thus, @ = b, ending the proof the proof of Theorem 2.9. <

As a direct consequence of Theorem 5.7.(3) in [DM] and Theorem 2.9 we get the important

Corollary 2.13 : Let G be a reduced special group and let ' be a Pythagorean field. Then, the
SG-embeddings G = W(G) and G(F) = k(F) of Theorem 2.9 have unique extensions to
Boolean algebra homomorphisms B(p) : B, — W(G) and B(x) : B(F) — k(F), such
that the following diagrams are commutative :

G — 5, B, . G(F) T B
p B(p) K B(x)
W(G) k(F)
Moreover,
1. If{at-j c1<€<i<k 1<j<n}CGanda = Afﬂ /\;;1 egla;;), then
B(p)(a) = an(P/n), (5G)

where ¢ = Y5 &7, (1,—ai;) € I™.
2. IfIf{a; : 1<i<k 1<j<n} CGF)anda = A’f_l /\;;1 eplay;), then

B(x){a) = B.(n), (KT)
where n =25 lag)l(aw) .. l(ain) € K F.

Proof : Only formulas (SG) and (KT) remain to be checked. By Remark 2.3.(a), B(p) and B(x)
take symmetric difference to sum and meet to product in W(G) and k(F), respectively.
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To verify (SG), set P, = ®7_, (1, —a;; }; then Corollary 2.5 yields
B(p)(eqla)) = A:;l sy B(p)(EG(aé_j)) =i, [Tiss P(a‘ij)

= T Iih o ((1,—ai5)/1) = Ty @, (Pi/n) = «,(P/n).

For (KT ) write n, = {(an)l(ai) ... I(a:); by Corollary 2.5,
B(k) A H (&) (ep(a; )) pon ITisy "“(aij)
. Ei:l i1 61(1(“@)) =~ ?:1 ﬂn(’?i) = /6n(7?)- 1%

Remark 2.14 : In [DM2] we have a basic version of an algebraic K-theory for special groups,
showing that it is possible to live without addition. We also show that if a special group comes
from a field, then our K-theory is isomorphic to Milnor’s. With the results in [DM2] it would
be possible to phrase Theorems 2.11 and 2.9, as well as Corollary 2.13, in the language of special
groups. We chose to deal directly fields in the case of K-theory in order to avoid having to spell
out the constructions in [DM2] at this time. <

3 The isomorphisms k(F) ~ B(F) and W(G) ~ B

In this section we prove the isomorphisms in title for Pythagorean fields and reduced special
groups. In this section F will stand for a Pythagorean field and G for a reduced special group.

We first treat the case of a Pythagorean field F. One should keep in mind that G(F) =
G _4(F), that is, the canonical projection 7 is the identity.

Since k(F) = lim K(F'), Theorem 2.11.(b) implies that the sequence of homomorphisms
(€, )n>1 induces a homomorphism ¢ : k(#) — B(F'), that can be described as follows :

For z € k(F), let n = . (a:1)l(ai) ... l{ain) € k_F be a representative of z. Then,

e(z) =&, () = AL N,

The map ¢ also makes the following diagram commutative, for all n > 1 :

ch——-—-————-—w

Theorem 3.1 : Let F be a Pythagorean field. Then, the map ¢ : k(F) — B(F) is a Boolean
algebra isomorphism, whose inverse is the map B(x) of Corollary 2.13.

Proof : We shall show that (I} € o B(x) = Idg(ry and (II) B(k) o € = Idyy.
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Proof of (I) : Since

— B(x) and ¢ are Boolean algebra homomorphisms;

~ B(k) extends & (Corollary 2.13); and

—~ G(F) generates B(F) as a Boolean algebra (Proposition 5.1 in [DM1]), that is, for all u € B(F),
There is n > 1 and finite subsets F; C G(F),1 < i < n, such that u = \/:;1 /\aGF; ep(a),

it is enough to show that for all a € G(F), e(k(a)} = ex(a). But we have, by the commutative
diagram above and Theorem 2.11,

e(x(a)) = £(8,(l(a)) = &,(I(a)) = epla)-

Proof of (1) : For z € k(F), let n € k_ F be a representative of z, that is, z = B
n = 2F lan)l(a). .. (ain). To prove (II), it is enough to show that B(x){(e(z)) =
this follows directly from formula (KT) in Corollary 2.13. <

(n). Write
ﬂn(n) But

We now turn to the case of a reduced special group G. Notation will be as in sections 3 and
4 of [DM1]. To ease exposition, we include the following :

Facts 3.2 : By Fact 1.3.B, for any Pfister form P = Qi, (1,a;) we have :
Fact A : {0 € X, : o(P) =0} =UL, [o;,=—1] = \/:;1 eg(a;), aclopenin X.
Fact B: {c € X, : o(P)=2"} = — \/:;1 eqle;), aclopenin Xg.
Note that for ¥ = {a1,...,@n),
Fact C: HT1(¥) = \/:;1 a; and HT(®)= /A" @, (= the discriminant of ®).

T

For Pfister forms of degree n > 1, P = ®/-; (1,a;) we have, by Theorem 7.18 in [DM] :
Fact D : HT1(P) = \/:;1 a,.
In this notation, we can rewrite Facts C and D as :
Fact E: If P = ®, (1,a;) is a Pfister form of degree n, then
{0€Xy:o(P)=0} =HT(P) and {o€X;:0(P)=2"} =~ HT(P) = \._, —ai-

Let » > | be an integer. If ¥ and ¥ are Witt-equivalent forms in G, then for all o € Xg,
o(®) = o(¥). Thus, if z € I"* and 0 € X, we may define the signature of z at o, (), as the
signature of any form ¥ such that @ = z.

Formula (*) and Fact 1.3.B, yield

Fact F: Foralln > 1, allz € I" and all0 € X, o(x) = 0mod 2". <

For z € I", define
p (2) = {og € X; : o(z) is not congruent to 0 mod 271},

Lemma 3.3 : With notation as above,

a) For alln > 1 and z € I", pa(z) € By.
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b) For all integers 1 < n, m < kand allz € I" andy € I™
k=ng — 2F-my € M implies  pn(z) = pm(y).
¢) Let P be a Pfister form of degreen > 1. Fore € G and x = aP € I™,
pn(z) = ~HT(P).

Proof : a) Let z = Q, with @ = Y%, ¢,P,, where ¢; € G and P, = ®7_, (1,6;;) are Pfister

it

forms of degree n. Suppose ¢ € p_(z), that is, ¢(2) # 0 mod 2**'. Consider the clopen
U =N {lby= o)l 1Si<p1<i<n} A N{la=ole)]:1<i<p)

It is clear that o € U, as well as that for all 7 € U we have 7(Q) = o(Q). But this means that
U is a clopen neighbourhood of & contained in p (z). The same reasoning will show that the
complement of y _(z) is open.

b) It must be shown that for all o € X,
o(z) = 0 mod 2°*" iff o(y) = 0 mod 2™+,

For ¢ € X, formula (*) and Fact 1.3.B yield, together with our hypothesis, that for some
integer p > 0 the following equation holds in Z :

2b-ng(x) — 26 ma(y) = p2ktL, (I)
Now suppose that o(z) is a multiple of 2", say o(z) = ¢2"*'. Then, (I) gives
q2k+1 . 2k—m0.(y) — p2k+1’

which clearly implies o(y) = 0 mod 2™*+!. A similar reasoning will show that o(y) = 0 mod 2™+!
implies o(z) = 0 mod 2"*'.

c) Since P — aP € ™, (c) yields p. (P) = p_(z). By Fact 1.3.B and Fact 3.2.E we have
p,(P)= {0 € X,;:o(P)#0mod 2"} = {7 € X, : o(P) = 2"} = — HT+(P). &
It follows from Lemma 3.3 that for each n > 1 we have a map ,_ : I® — B, defined by
bal2/m) = ().
We now define a map M : W(G) — B, as follows :
For w € W((), let z/n be a representative of w. Then
M(w) = i (z).
It follows from Remark 2.2.(3) and Lemma 3.3.(b) that the definition of M is independent of

representatives. The main result of this section reads

Theorem 3.4 : The map M : W(G) — B, is an isomorphism of Boolean algebras, whose
inverse is the homomorphism B(p) of Corollary 2.13.

As part of the proof of Theorem 3.4, we first establish :

Proposition 3.5 : With notation as above, let n > 1 be an integer.

a) M is a Boolean algebra homomorphism.
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b) Forz/n € I*, let w = a, (z/n) and & = 0, where Q = ¥, a/P, is a linear combination of
Pfister forms of degree n. Then,

M(w) = AP ~HT:(P) = (-1F AP HT:(P).

Proof : a) By Lemma 3.3.(c), we have
M(T) = p,((1,1)) == HT({L,1))=—L=T and M(1)=p({1,-1))=-T= L
By Remark 2.3, we have to show that for w, z € W(G),
M(w + 2) = M(w) & M(z) and M(w - 2) = M(w) A M(z). (1)

Let z/n, y/m be representatives of w and z, respectively. We may suppose that m 2 n. Then,
M(w + z) = g, (2" "z + y).

In any Boolean algebra — (a & b) = (a A b) V (—a A —b). Thus, if ¢ = 2™ "z + y, the
verification the first equation in (I) reduces to showing that for all 0 € X4,

o(t) = 0mod 27 & 0 € (u,(2) N (1) U (= (@) O =, (9))- (I)

The proof of (I1) is in two steps. For o € X, write o(x) = a2™ and o(y) = B2™, for integers
a, B > 0 (Fact 3.2.F). Then,

~ If o(t) = p2™*t1, then
p2mHl = o(t) = 27 "o(z) + o(y) = 272" + B27 = (a + B)27,

and so o« + B3 = 2p. Thus, o, § are both even or both odd. If a, § are even, then
o€ —p(c) N —p, (y) Ifthey are both odd, then ¢ € g _(z) N g, (y), proving part (=) of
the equivalence.

Tt is clear that if ¢ € —p_(z) N — p,, (), then o(t) =0 mod 2™+, If o € p_(z) N p,,(¥), then
the integers a, B are both odd, say o = 2s + 1, 8=2r + 1. Then,

o(t) = 2728 + 1)2° + (2r 4+ 1)27™ =25 + 27 + gm+ly 4 2™ = () mod 2™,
ending the proof of (II).

For the second equation in (I), we have M{(w - z) = p, .. (2 - y). Set t = z - y; by the same
argument as above, the desired conclusion is equivalent to verifying that for all o € X,

o(t) = 0mod 2"+ & o€ —p (z)U - u (y). (III)
Fix o € X; as above, o(z) = 2" and o(y) = 82™. Then,

- If o(t) = o(az)o(y) = p2™t*, let r, s be the largest integers > 0 such that 27 divides o(z)
and 2° divides o(y). We haver + s 2 m+n+1; thus, either r > n+ 1 or s > m + 1, showing

that o € — p,(z) U — g, ().
~ o € —pu,(z), then & must be even, say o = 2p. Consequently,
o(t) = o(z)oly) = 202 B2 = pBI"H,
Similarly, if o € — g, (y), then o(t) is a multiple of 2"+,

b) Lemma 3.3.(c) gives p (a,P;) = — HT (P,). For 1 <i < p, set z; = /P, and w; = a,(z;).

Then, z = Y0, z, and w = T, w;. Since M is a homomorphism, we get

M{w) = et M(w,‘) = Yt ,un(:r:i) = ALI — HT\(P)). %
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The method of proof of Proposition 3.5 will also give

Proposition 3.6 : Lel G be a reduced special group. Then, for elln > 1,
a) pi, is a group homomorphism from T to B, such that p, (2""'(1,1)/n) = T.

b) The following diagram is commutative :

I'n ___,___,‘,_ In+1

¢) Foralla/meI* andy/meI™, p. . (zy/n+m)=p(z) A p,(y)

d) Ifz = Q where @ = Y%, a,/P, is a linear combination of Pfister forms of degree n, then
b(&) = AP ~HTs(P) = (=17 A" HT:(P,).

¢) G satisfies WMC)] iff for alln > 1, f, is injective. <

Proposition 3.6 can be used to give an alternative proof of Proposition 3.5.
Proof of Theorem 3.4 : We prove that (I) M o B(p) = Idg, and (II) B(p) o M = Idw ().

Proof of (I} : Exactly as in the proof of (I) in Theorem 3.1, it is enough to show that for all
a € G, M(p(a)) = e5(a). But Lemma 3.3.(c) yields

M(p(a)) = M({1,=a}/1) = w ({1, ~a)) = = HT:({1,—a)) = —eg(—a) = g5(a),
as needed.
Proof of (I1) : For w € W(G), let z/n be a representative of w, that is, w = «, (z/n).

Let @ = Y%, @.P,. be a linear combination of Pfister forms of degree n, such that z = = Q.
Lety =7, with 7 = Z 1 P,. Since @ ~ T € I"*', y/n = z/n. Thus, Lemma 3.3.(c) gives

M(w) = i, () = 5, ).

To prove (I1), it is therefore enough to show that B(p)(M(w)) = e, (y/n). For 1 < ¢ < p, write
P, =Q®, (1,b;), with bij € G. By Fact 3.2.E,

— HTL(P,) = A\_, —bi-
By Proposition 3.5.(b), we have
Mw)= A’ - HT:(P) = AP AL, ~bi
Now, formula (SG) in Corollary 2.13 ylelds
B(p)(M(w)) = BN A" Ay —bis) = 0, (T/n) = a,(y/n) = w,
ending the proof of Theorem 3.4. <&
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4 The equivalence of Marshall’s conjecture to the Weak
Marshall conjecture for AP groups.

We start with a result for reduced special groups.

Theorem 4.1 : Let G be a reduced special group. The following conditions are equivalent :
1. G satisfies [MC].
2. For alln > 1 and for ally € I,
Ifforallc € X, o) =0 mod 2™, then ¢ € I™tL
3. Foralln > 1,y : I" — By is injective.
4. G satisfies [ WMC].

Proof : It is clear that 1. = 2.

2. = 1. : Let ¥ be a form over G such that o(¥) = 0 mod 2%, for all 0 € X;. If n =1, Fact 1
in the proof of Lemma 1.4 tells us that ¥ € I, verifying [MC]. So assume that n > 2. We shall
verify by induction that for all 1 <k < n—1,9 € I**!. For k = 1, since¥ € I and n > 2, we
have

Vo€ X, (o(®) = 0mod 2") implies Vo € Xg (o(¥) = 0 mod 4),
and so 2. implies ¥ € I2. Now assume that that ¥ € I¥, for & < n — 1. But then, just as above,
Vo e X, (o(®) =0mod 2") implies ¥ o € X, (o) = 0 mod 2¢+1),
and so another application of 2. yields ¢ € I**1.
2. = 3. : If @ verifies 2., suppose that for z/n € I", we have g (z/n) = 0. This means that for

all o € ng a(z) =0 mod 2"+l and so 2. guarantees that :c/n e I™* that is, z/n = 0 in I",
Since p, is a homomorphism (Proposition 3.6.(a)), ¢, must be injective.

3. = 4. : By the commutativity of the diagram in Proposition 3.6.(b), if 4, is injective for all ,
the same is true of all the f’s. But this is equivalent to [W MC], according to Propesition 3.6.(e).

4. = 2. : For an integer n > 1, assume that ¢ € I™ satisfies o(¥) = 0 mod 2™t for all o € X,.
Let w € W{(G) be given by «_(z/n), where z = ¥. Then, M(w) = L in B; since M is injective
(Theorem 3.4), we conclude that w = L in W(G). Thus, e, (z/n) = L = &, (2"7'(1,-1}). By
Remark 2.2.(3), there must be & > n such that

2k—nip . 2k-ngn-l(] 1) = 2k np — 2F1(] 1) € IFL

Thus, 25~"% € [**1. By Lemma 1.4.(2), [WMC] yields ¥ € I"*?, as needed. <

Theorem 4.2 : If G is an AP special group, then
G verifies [MC] iff G verifies  WMC].

Proof : It is readily verified that [MC) implies [WMC].

Now suppose ( satisfies [WMC] and ¢ is a form over G such that o(¥) = 0 mod 2", for all
o in X,,. By items (a) and (b) of Lemma 1.5, we conclude that
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Forall 7 € X, , 7(7 *¥)=0mod 2" (D

Lemma 1.5.(c) guarantees that G, _, also verifies [WMC], and so by Theorem 4.1, G__, satisfies
[MC]. Thus, (I) implies that 7 x ¥ € I"(G, ;). With the same argument as in the proof of part
(c) of Lemma 1.5, there is a linear combination 7 of Pfister forms of degree n over (G such that
T % ¢ is Witt equivalent, in G__,, to # « 7. By Proposition 2.19 in [DM1], there is £ > 0 such
that 2%¥ is Witt equivalent to 2F7, that is, 25¢ € I"**(G). Since G verifies [WMC], we get
¥ e I"((), as desired. <

Note that a formally real field satisfying [WMC] must be Pythagorean. To see this, it is
enough to verify that G(F) is reduced (Fact 1.2.A(c)). Let ¥ be a form of dimension 2p over
G(F), such that 2¥ is hyperbolic. Then, 2¥ € I*?*?, and so [WMC] yields ¥ € I?**!, Now the
Arason-Pfister Hauptsatz implies that ¥ must be hyperbolic. This implies that G(F) is reduced
(Proposition 1.6.(¢) in [DML1]; see also proof of 2.9.(c)). In spite of this observation, we state the
application of our results to fields as

Corollary 4.3 : A formally real field verifies [MC| iff it verifies [ WMC]. O

5 Marshall’s conjecture for Pythagorean fields

In this section we show that all Pythagorean fields verify Marshall’s conjecture (Theorem 5.6).

We start with a result on the K-theory of quadratic extensions. This result is a consequence
of Corollary 5.3 in [BT], which in turn comes from Theorem 2.3 in [Mi]. However, since the part
that we need has a simple proof, we include it.

Lemma 5.1 : Let F be a field of characteristic # 2 and E = F(d'/?) be a quadratic extension
of F'. Let n be an integer > 2. Then, for each n € k_E, there is a finite set of indices I together
with ai, A a:;_l € Fandb € E, i € I, such that

N = Lier Ha}) ... i{a,_I(¥)

n—1

Proof : Clearly, it is enough to prove the statement for generators {(21)l(22)...l(2,) in k_E. We
show that the result holds for n = 2 and a straightforward induction will give the desired conclusion
foralln > 2.

Let w = a + by/d and z = z + y+/d be elements of F(d'/?), with a, € F and b, y € F. Then,
Claim : There are s, t € F such that sw + tz is either 0 or 1.

Proof : We have w/b — z/y = a/b — z/y = o € F. If @ = 0, we are done, with s = 1/b and
t=—1/y;if a € F, thenset s = 1/aband t = —1/ay, to get sw + tz = 1.

The Claim and Lemma 2.6.(d) yield
0 = l{sw)l(tz) = [i(s) + Ww)]{I(2) + U(=)],
from which it follows that I(w)l(2) can writen in the desired form. <

In section 6 of [Mi], Milnor presents the construction, due to H. Bass and J. Tate, of a graded
ring homomorphism from the mod 2 K-theory of a field F' to the mod 2 cohomology ring of F.
We recall the main points succintly.
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For a field F', let F, be the separable closure of F' and G be the Galois group of F, over F.
F_ is a G-module under the operation z — o{z), for ¢ € G. The exact sequence of G-modules

1 — {£1) — B, 5 f o, (1)

leads to a long exact sequence in Galois cohomology (Proposition I1.4.4, p. 115 in [Ri]) whose first
terms are

moc, ) 9 roG, F) 5 BY(G, {£1}) — H,(G, F), (11)

where § is the connecting homomorphism associated to the exact sequence (I). By Hilbert’s The-
orem 90 (Proposition V.1.2, p. 246 in [Ri]), H(G, F, ) = 0. Moreover, since H® is the subgroup
of fixed points of the G operation on Fy, the sequence in (II) yields, with Z/2Z in place of {*1},
the exactness of

YOS E S, gye, 2/22) — 0. (I11)
Since F/F2 may be identified with k, F' via I, the map {(a) € k, F + §(a) € H'(G, Z/2Z) is an

isomorphism. We shall conform to standard practice and write (a) for 6(a). Note that for all
z € F, (az?) = (a) (compare Lemma 2.6.(b)).

By Lemma 6.1 in [Mi], the isomorphism I(a) — (a) extends to a graded ring homomorphism

that sends a generator l(al)l(az)...l(an) to (al) U (a,) U...U (an) =ges {ar,...,an), the cup
product of the a.’s in H*(G, Z/2Z).

To simplify exposition, write H*(F) for H™(G, Z/2Z) and H*(F) for H*(G, Z/2Z).
At the end of 1995, V. Voevodsky announced the proof of

Theorem 5.2 (Theorem 1.1 in [V]) : If F is a field of characteristic # 2, then hf is an iso-
morphism, forelln > 1. &

Among the many consequences of this beautiful result, we register

Corollary 5.3 : Let F' be a field of characteristic # 2. Then

a) H*(F') is generated, as a graded ring, by H! (F), that is, for alln 2 I, if n € H*(F), there is
a finite set of indices J and elements a?, ..., a’ € F such that

N =Lies (6,..-,al)

b) Let E = F(d*/?) be a quadratic estension of F. Then, for alln 2 I and all 8 € H*(E), there
is a finite set of indices I together with af, ..., az € Fand¥ € E, i € I, such that

B =l (a;,...,a;_l,b").

Proof : Item 1 follows directly from the fact that A7 is an isomorphism and that every element
in k_F is a sum of generators of the type {(a1){(a2) ... !(axn), taken by RE to (ay,...,as) in H™(F).
Item 9 follows from Lemma 5.1 and the fact that hE is an isomorphism. <

We now prove

Proposition 5.4 : Let F be a Pythagorean field. Then, (—=1) U (-) : H*F) — H"*'(F) is an
injection, for alln > 1.



26

Proof : Let E = F(d'/?) be a quadratic extension of . By Corollary 4.6 in [A], there is a long
exact sequence of mod 2 cohomology, which for each n > 0 consists of

- HNF) B g ey S grEy 2 gen () Bes (Q)

where p stands for cup product with (d), while Res and Cor are the restriction and corestric-
tion maps in Galois cohomology , respectively. We have (see paragraph before Theorem 4.1 and
paragraphs before Theorem 4.4 in [A]) :

1. With the identification originating from the sequence (IIl) above, Res : H'(F) ~— HY(E) is
given, for each a € F, by (a) — (a);

2. The corestriction Cor : H'(E) — H'(F) is given, for each b € E, by (b) ~— (Ng;r(b)), where
Ny is the field norm, that is, if b = = + y\/d, then Ng/p(b) = 2* — y?d € F.

Moreover, the maps Hes and Cor have the following properties :
3. For p € HP(F) and ( € HU(F), Res(n U () = Res(n) U Res{().
(Proposition II.7.3, p. 191 in [Ri] or § 2.6.(a), p. I-14 in [S]).
4. For 7 € H?(F) and ¢ € HY(E), Cor{Res(n) U £} = n U Cor({).

(See paragraph before Theorem 4.4 in [A], Proposition IIL.7.5, p. 192 in [Ri], or § 2.6.(a), p. I-14
in [S]).

For # € H"(E), we may write, by Corollary 5.3.(b),
ﬂ = EiEI (aia s +He 7ai_lybi):

with af,'c € F for1<k<n-—1andalliel Write n, = (ai,. . ai_l) Then, recalling items 1.,
2., 3. and 4. above
Cor(B) = Cor(Ties Res(n,) U b') = iy Cor(Res(n,) U b)
= Yier 1; U Cor(b) = Tigr n, U (Ngyr(b)).

Now notice that if d = —I, then, for each ¢ € 1, NE/F(bi) is a non-zero sum of squares in
F. Since F is Pythagorean, there is z; € F' such that Ng/p(b') = 2%, for all ¢ € /. But, for each
i € I, we have (z7) = (1), the zero of H'(F). It follows that Cor is the zero map from H™(E) to
H™(F). Now, the exactness of the sequence (Q) yields that cup product with (—1) is an injection
from H"(F) to H*'(F), as claimed. <

Recall that in section 2 we defined the homomorphisms w, : k F — k_, F, consisting of
multiplying by {(—1). It is clear from the above considerations that the following diagram is
commutative, for all n > 1 :

kF ——— & F
hf hf+1

HYF) . H"™\(F)
i

where g is cup product by (—1). Thus, Theorem 5.2 and Proposition 5.4 yield
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Corollary 5.5 : k F = k__ F is injective, for all Pythagorean fields F and alln 2 1. <
We now prove
Theorem 5.6 : Every Pythagorean field verifies [MC].

Proof : In section 4 of_[_Mi], Milnor constructs, for each n > 1, a group homomorphism
s, : k F — I"/I™ = I, that sends a generator I(a1)l(az)...!(as) to the class of the Pfis-

T

ter form ®%, (1, —a;) modulo I™*!.

Since the w_ are injective for all n, it follows from Remark 4.2 in [Mi] that s_is an isomorphism,
for all n > 1. Now notice that, for each n >1, the following diagram is commutative :

w‘ﬂ.
k F—— &

F

77— [

Ja

where f, is multiplication by 2 = (1,1}, as in section 2. Corollary 5.5 and the fact that the s ’s
are bijective imply that f_ is injective for all n, i.e., F satisfies [WMC]. But then Theorem 4.1
(or Corollary 4.3) guarantees that F verifies MC]. <

For a Pythagorean field F, let B(F') be the Boolean hull of G(F) as in Remark 2.10. For each
n > 1, write B(F)(n) for the subgroup of B(F) (under A), generated by the meets of at most n
elements of G{F). We can then state
Corollary 5.7 : Let F be a Pythagorean field. Then, for all integers n > 1,
a) The homomorphism ¢, of Theorem 2.11 is an isomorphism from k F onto B(F)(n).
b) The homomorphism p,, of Proposition 3.6 s an isomorphism from I™ onto B(F)(n).
¢c) H*(F) is isomorphic to B(F)(n).

Proof : a) It follows from the construction of ¢, that its image is B(F')(n). With notation as in
sections 2 and 3, we have a commutative diagram

ﬂ'ﬂ
k P ———— k(I")
B(F)

Now, each §_ is injective, because the same Is true of each w, (Corollary 5.5). Since ¢ is an
isomorphism (Theorem 3.1), we conclude that ¢_ is also injective, as asserted.
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b) By Facts 3.2.D and E and Proposition 3.6.(d), the image of p_ is precisely B(F')(n). But
Theorems 5.6 and 4.1.(3) tell us that p_ is injective for all n > 1.

c) Clear, by Theorem 5.2 and item (b). <

In [AEJ] the question was raised of characterizing, for a Pythagorean field F and a given
integer n > 1, the kernel of the “total signature” map :

7 I(F) — [Lexr) T(F,),
given by :
() ={¥ @ F,/[I""(F,) : o € x(F)),

where Y(F') is the space of orders of F', and F, denotes the real closure of { F,¢). Marshall’s
conjecture for F' obviously entails that ker(r) = I**1(F), proving this “local-global” principle as
well. Thus, Theorem 5.2 implies that it also holds for the graded cohomology ring of F.
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