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We give here an affirmative answer to the following problem, posed by M. Marshall in 1974 : 

Let F be a formally real, Pythagorean field. Is it true that for every quadratic form (f) over F 
and any integer n ~ 1, the following holds : 

{MC) If sgnp(<.p) = 0 (mod 2n) for every order P of F, then <p E Jn(F). 

Here sgnp(<p) denotes the sip;naturr of 'fl under thP orde1 P and r(F) is the n th power of the 
ideal I(F) of the Wii t ring H (F ) of F . consi::,ting of all even dimensional forms. 

As far as we know, the above question first appeared in print in Marshall's 1977 paper ([Ma]; 
Open question 2; p. 575) where it is posed for the more general context of abstract spaces of 
orders, as well as in Lam's lectures [12] in the same volume, where it occurs as Open Problem B, 
p. 49, for the field case. The aforementioned date (1974) was communicated to us by M. Marshall. 

Our proof is divided in two parts, whose main points are outlined below. 

Part I: In the framework of special groups and the related Boolean-theoretic techniques introduced 
in [DMl], it is shown that [MC) is equivalent to 

[W MC] If 2'P E Jn+l(F), then r.p E r(F), for every integer n ~ 1. 

As a matter of fact, both [MC] and [W MC] make sense in the context of formally real special 
groups. Here [MC] takes the following form : for every integer n ~ 1 and every quadratic form <p 

over such a group G 

[MC] If sgnu('P) _ 0 (mod 2n) for every u E X 0 , then c.p E Jn(G), 

where X
0 

denotes the space of orders of G - i.e., the set of special group homomorphisms from G 
to the 2-element special group Z2 , suitably topologized - and W( G), I( G) have definitions similar 
to the field case. 

We prove the equi , dkncc of [M C] c1.nd [H" )\,1 C] for formally real special groups G with the 
property that 2n( 1) <f_ r+1(G), fpr every integer n ~ l; we call these groups AP (for Arason­
Pfister). By the Arason-Pfister Hauptsatz, reduced special groups and the special groups of for­
mally real fields are AP groups (Lemma 1.7). Since reduced special groups and abstract order 
spaces are (dually) equivalent notions ([Li]; [DMl], § 3), this part of the proof also works for 
Marshall's original formulation of the problem. 
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The reduction of [MC] to [WM C] proceeds through the following steps : 

(a) First we show that, whenever G is AP, the inductive limit W(G) of the groups Jn(G) 
Jn(G)/Jn+1(G) (under the operation induced by the sum of forms in Jn(G)), with transition 
functions induced by multiplication (i.e., tensor product) by 2 = ( 1, 1), is a non-trivial Boolean 
ring. This is also the case, when Fis a formally real field, for the inductive limit k(F) of Milnor's 
mod 2 K-theoretic groups kn F, with transition functions induced by multiplication by l(-1) 
(Theorem 2.9.(a)). As Boolean algebras, these inductive limits possess a natural structure of 
reduced special groups, cf. § 4 in [DMl]. 

(b) Furthermore, the natural group homomorphisms p: G---+ W(G) and K: G(F)---+ k(F), are, 
in addition, morphisms of special groups, which are injective iff G is reduced and Fis Pythagorean, 
respectively (Theorem 2.9.(b), (c)). Owing to the universal property of the Boolean hull BG of G 
(Theorem 5.7 in [DMl]), these maps extend to Boolean algebra morphisms B(p) : BG---+ W(G) 
and B(K) : B(F) ---+ k(F), respectively (Corollary 2.13). 

( c) The next step is the proof that these Boolean homomorphisms are isomorphisms. Indeed, 
they have inverses M: W(G) ---+ BG and e : k(F) ---+ B(F), respectively. 

The homomorphism M is defined on the image of Jn in W(G) (by the homomorphism an 

given by the inductive limit construction) to be the clopen in XG 

(<p E P(G)). 

M is a Boolean analogue of a map considered by Milnor (§ 3 in [Mil) , induced by the Stiefel­
Whitney invariant of order 2n-I on forms in Jn. The map e, defined on the image of knF in k(F) 
sends (the image of) a generator l(a1 )l(a2) ... l(an) to the element a1 /\ a2 I\ . .. I\ an in B(F). 

( d) It follows from the definition of the map M that [MC] holds for a given integer n ~ 1 if and only 
if the map M o an : Jn ---+ Ba is injective. And this is the case, if and only if, [W MC] holds at 

level n (equivalently, the transition homomorphism Jn(G) 2:+ Jn+I(G) induced by multiplication 
by 2 is injective). A similar statement holds for the map €. 

Part II: In the second step of the proof we deal with (formally real) Pythagorean fields properly. 
We establish the injectivity of the map Jn( G) 2:+ Jn+I ( G) as follows : 

(a) If Fis such a field and n ~ 1 is an integer, write Hn(F) for the n th cohomology group of F, with 
coefficients in 'Z/2Z. In Proposition 5.4 we show that the map (-1) U: Hn(F)---+ Hn+l(F) is 
injective. This comes from, among other things, the long exact sequence in cohomology associated 
to quadratic extensions of F, due to Arason, together with Voevodsky's recent and celebrated 
result ([V]) that the Milnor homomorphisms h~ : knF ---+ Hn(F) are isomorphisms for all n ~ 1. 

(b) The commutativity of the diagram 

knF 
l(-1)· 

kn+lF 

hF 
n h~+l 

Hn(F) Hn+l(F) 
(-1) U 

where the map in upper row is induced by multiplication by l(-1), yields at once that this ho-
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momorphism is injective for all n ~ 1 and every formally real, Pythagorean field F ( Corollary 
5.5). It follows that every such field verifies Milnor's conjecture for the graded Witt ring, i.e., the 
homomorphism sn : knF ----4 Jn(F) is an isomorphism for all n ;=::: 1. 

( c) Finally, the commutativity of the diagram 
l(-1) · 

Jn 
2· 

proves [W MC] and hence, [1'-fC] for all formally real Pythagorean fields. 

Acknowledgements: The research leading to the present results was carried out from April 1996 
to January 1997 at Louisiana (USA), Sao Paulo (Brazil), Santander (Spain) and Paris (France). It 
would not have been possible without the support of the exchange program between the Universities 
of Sao Paulo and Paris VII. 

The authors wish to thank E. Becker and M. Marshall for helpful, sometimes illuminating, 
discussions on quadratic form theory - particularly about points in [DMl]. They also express their 
gratitude to B. Kahn for his generous help with matters cohomological. 

1 Introduction 

We shall here set down the basic tools needed for the constructions that follow. We work in 
the context of special groups (SG), following all notational conventions set down in [DMl]. 

In all that follows a Pythagorean field will always be considered to be formally real. 

The Witt ring of a special group appears in [D], but we recall the main points for the conve­
nience of the reader. 

Let ( G, =c, -1) be a special group, where =a denotes isometry in G. Whenever clear from 
context, we drop the reference to G in the notation of isometry. Although G is a group of 
exponent 2 (V x E G, x 2 = 1), being therefore commutative, the group operation in G is written 
multiplicatively. Thus, we write 1 for the neutral element of G. For a E G, -a stands for -l•a. 

For an integer n-;:::: 1, an-form <p over G is an-tuple <p = ( a1, ... , an) of elements of G; n is 
the dimension of I.P, dim l.f). 

A special group G is reduced if 1 -=/:- -1 and 
I 

[red] ForallaEG, (a,a)=a(l,l) implies a=l. 

A morphism of special groups ( G, =a, -1) ~ ( H, =H, -1) is a group homomorphism, such 
that f(-1) = -1 and for all a, b, c, d E G 

(a,b) -G (c,d) implies (f(a),f(b)) =H (f(c),f(d)). 

If <p = ( a1, ... , an) is an-form over G, write f * <p for the form ( f(a1), ... , J(an)) over H, • 
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called the image form of '-P by J. 

For forms 'P, 1P over G, <p is Witt-equivalent to -it,, written <p ~a 1P, if there are integers 
n, m ~ 0 such that 

'P EB n(l,-1) -a 1P EB m (1 - 1). 

By Witt cancellation (Proposition 1.6.(b) in [DMl]), this relation can always be written as 

'PEBk(l,-1)=1P or 'P=1PEBk(l, - 1), 

where k = ldim'P - dim1PI. It is easily verified that ~G is an equivalence relation on the set of 
forms over G. For forms <p, 1P, write <p - 1P for <p EB -1P. 

Let W( G) be the set of equivalence classes of forms over G under equivalence relation deter­
mined by Witt-equivalence. Write <p for the class of the form <pin W(G). We have 

Lemma 1.1 ; Let G be a special group and <p a form over G. 

a) <p 0 ( 1, -1 ) - dim 'P • ( 1, - 1 ) = Lf !:7 "' ( 1, -1 ) . 

b) Witt-equivalence is a congruence with respect to sum and product of forms. 

c) With the operations <p + 1P = <p EB 1P and <p 1P = <p 0 ¢, W( G) is a commutative ring 
with identity ITT, and whose zero is the class of the hyperbolic forms. 

d) The set I(G) of (classes of) even dimensional forms is a maximal ideal in W(G) (the funda­
mental ideal of W(G)). Moreover, W(G)/I(G) is the two element field. ◊ 

To keep notation straight, we shall denote 

- By F2 = {0, 1}, the two element field. 

- By Z2 = { 1, - 1}, the 2-element special group, whose isometry relation is defined by the condition 

(a,b) =z
2 

(c,d) iff a+ b = c + d (sum in Z), 

for a, b, c, d E {1, - 1}. Z2 is a reduced special group. 

Let n ~ 0 be an integer. A Pfister form over G is a form of the type ®i;=t ( 1, ai ) , where 
ai E G. The integer n is called the degree of P. Write 2k for the Pfister form ®7:,,1 ( 1, 1 ). Note 
that 2° = ( 1 ) . 

Observe that every element of the fundamental ideal J is a linear combination of Pfister forms 
of degree 1. For an integer n ~ 0, set J0 = W( G) and let r be the n th power of I, n ~ 1. Note 
that Jn is generated, as an abelian group, by multiples of Pfister forms of degree n, that is, every 
element of Jn is a linear combination of Pfister forms of degree n. Clearly, Jn+l is an ideal in In. 

The Weak Marshall Conjecture is the following statement : 

[WMC] For all forms <p a'nd all integers n ~ 1, 2'-P E Jn+I implies '{) E P. 

For a special group G, Sat( G) is the saturated subgroup consisting of the elements represented 
by 2\ for some n ~ 1 (see section 2 in [DMl]). If G is reduced, then Sat(G) = {l}. The quotient 
G / Sat( G) is a special group and the canonical projection, 1r : G ----t G / Sat( G), is a morphism of 
special groups (Propositions 2.22 and 2.19, [DMl]). 

A special group G is formally real if -1 ¢ Sat(G). In this case, 1 =/ -1 in G/ Sat(G) and this 
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quotient is a reduced special group, indicated by Gred' It follows from the preceding observations 

that every reduced special group is formally real. 

Remark 1.2 : We here recall some results which appear in Example 1.7 in [DMl] in a more 

general setting. Let F be a field of characteristic # 2. As usual, for a subset S ~ F 

S = {x ES: X =f- O}, S2 = {x2 : XE S} and "ES2 is the set of sums of squares of elements ins. 

Recall that if T is a pre-order on F and a, b E .F, then 

DT(a, b) = {x E .F': :3 s, t ET such that x = as+ bt}, 

is the set of elements represented by ( a, b) over T. 

• • 2 • • 2 • 

Set G(F) = F/F , GreiF) = F/"EF and let--:: F ~ G(F) and 1r : G(F) ~ GreiF) 

be the canonical projections. However, for 1, -1 E F', we shall indicate their class in G(F) and 

Gred(F) by 1 and -1, respectively. 

The following facts follow from the results in Example 1.7 in [DMl] : 

Fact A : a) G(F) and Gred(F) are special groups, such that for all a, b, c, d E F', the following 

conditions are equivalent, where T = EF2 
(resp., F2

) : 

1. ( 1r(a) , 1r(b)) =ared(F) ( 1r(c), 1r(d)) (resp., (a, b) =a(F) (c, d)). 

2. 1r(ab) = 1r(cd,) and DT(a, b) = DT(c, d) (resp., ab = cd and DT(a, b) = Dr(c, d)). 

3. 1r(ab) = 1r(cd) and DT(a, b) n Dr(c, d) f 0 (resp., ab= cd and Dr(a, b) n Dr(c, d) # 0). 

Thus, 1r(a) E Dared(F)(l, 1r(b)) iff a E DT(l, b) (resp., a E Da(F)(l, b) iff a E DT(l, b)). 

b) Sat(G(F)) = E.F2 /F2
. 

c) G(F) is reduced iff F is Pythagorean. F is formally real iff Gred(F) is reduced iff G(F) is 

formally real. ◊ 

This example is at the origin of the notion of formally real special group. 

Definition and Remarks 1.3 : (SG-characters; signature; Boolean hull) 

a) An SG-character of a special group G is a morphism of special groups from G to Z 2. 

An SG-character a has the following property : 

[ker] For all a E G, a E ker O' implies Da(l , a) ~ ker a. 

Write Xa for the space of characters of G. With the topology induced by the product topology 

on 21a1, it is a Boolean space, that is, Hausdorff and compact, with a basis of clopens constituted 

by finite intersections of sets of the type 

[a=~] =def {a E Xa : o-(a) = 6}, 

where a E G and 6 E {I , - 1} = 2. 

Fact A : Any formally real special group has a SC-character. 

To see this, we first register that, by Corollary 2.7 and Theorem 2.10 in [DMl], any reduced special 

group has a SG-character r. Now, O' = r o 1r is a SC-character of G, where 1r is the canonical 

projection G ~ Gred· 
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b} If <p = ( a1, ... , an) is a n-form over G and o- E X 0 , the signature of <p at Cf is the integer 
rf{<p) = I:f=1 u (a) (E Z). 

Signature commutes with sum and product of forms, that is, 

For all forms <p, 'If over G and all u E XG, 

o-(<p EB 'If) = u(<p) + cr('lf) and cr(<p ® 'If) = o-(<p)<Y('lf). (*) 

Fact B : If 'P is a Pfister form of degree n ~ 1, then Cf ('P) is either O or 2n. If Q is a linear 
combination of PEster forms of degree n 2'. 1, then o-(Q) is a multiple of 2n. 

c) The Boolean hull of G is the Boolean algebra of clopens in X 0 , written B0 . Note that in BG, 
..l = 0 and T = X 0 . When dealing directly with clopens in X 0 , we use standard set-theoretic 
notation for the operations in B0 . When dealing with generic elements of B0 , we shall use A, V 
to indicate meet and join, while 6. will always stand for symmetric difference. The complement of 
b E B0 will be denoted by -b ( = T 6. b). 

There is a complete embedding (Corollary 6.4 in [DMl]) cG : G --+ B0 defined by 

c0 (a) = [a= -1], 

by which we may identify G with its image in BG. Moreover, for all a, b E G : 

I. c0 is injective and c0 (ab) = c0 (a) 6. c0 (b). 

IL c0 (1) = ..l and c0 (-1) = T; 

III. a E Da(l, b) iff c0 (a) ~ ca(b) (~ is the order in B0 ). 

(I) and (II) imply that for a E G c0 (-a) = - c0 (a) (complement in B0 ). ◊ 

Lemma 1.4 : For a formally real special group G, the following conditions are equivalent : 

1. G verifies [WMC]. 

2. For all forms <p and all integers k, n ~ 1, 

2kr.p E r+k implies r.p E In. 

3. For all forms ff> over G and all integers n ~ 1, 

<p E Jn-l and 2<p E Jn+t implies ff> E in. 

Proof : It is clear that 1. {:;} 2. :::} 3. It remains to verify that 3. :::} 1. Suppose that ff> is a form 
over G such that 2'-P E Jn+l, for some n ~ l. Our first observation is 

Fact 1 : If, for some n ~ 1, 2<p E Jn+l, then dim <p is even, that is, <p E J. 

Proof : For integers p, q ~ 0, we have 

2<p ffi p(l, -1) =a Q EB q( 1, -1 ), (I) 

where Q is a linear combination of Pfister forms of degree n + 1 over G. Thus, applying any 
SQ-character u (see Fact 1.3.A) on both sides of (I) and recalling Fact 1.3.B, yields 

2C1(<p) = o-(Q) = a 2n+1, 

for some integer a E Z. Thus, cr(<p) = a 2n is even, since n ~ l. Write <p = ( a1 , ... , am) and set 
(3 = t he cardinal of {j ~ m: u(aj) = -1}. Then, 



a('P) = I:~1 a(aJ = - /3 + (m - /3) = m - 2/3, 

which clearly forces m = dim 'f' to be even. 

7 

To end the proof that 3. =? 1., we shall verify by induction on 1 $ k $ n, that 'f' E Jk. Fact 

1 takes care of the case k = 1. Suppose our contention is true fork < n. Then, k + 2 $ n + 1 and 

so 'f' E Jk, with 2'f' E Jk+2. By 3., we conclude that 'f' E Jk+t, completing the induction step. ◊ 

Lemma 1.5 : Let G be a formally real special group and G ~ Gred be the canonical special 

group quotient map. Let 'f' be a form over G and 1r * 'f' the image form in Gred· Then, 

a) If a E X 0 , then Sat( G) ~ ker a. Thus, u factors through 1r to give a character a in Gred· 

Moreover, u('f') = a (1r * 'f' ). 
b} The map T i-+ T o 7f' is a homeomorphism from X 0 onto X 0 . 

red 

c) If G verifies [W MC], then Gred verifies [W MC]. 

Proof: a) The property [ker] of Definition 1.3(a) says that ker a is a saturated subgroup of G 

(Def. 2.3 in [DMI]). Lemma 2.4(b) of [DMl] shows, by induction on degree, that : 

If P is a Pfister form with coefficients in ker u, then Dc('P) ~ ker u. 

It follows Llw,t Sat( G) ~ ker CJ. Hence, the functional equation a o 1r = a defines a map 

u : Gred -t {±1 }. Routine checking shows that "ii is a SG-morphism in Z2, i.e., "ii E X0 rea.· Using 

the preceding equat ion componentwise gives u (<i?) = [u o 1r]('f') = o'(1r * 'P). 

b) Since ,r is a morphism of special groups, T o 7f' is a SC-character of G, for all r E X 0 . 
r e d 

Moreover, bemuse 1r is surjective, T i-+ T o 1r is injective. That it is also surjective follows directly 

from (a). Since we are dealing with compact Hausdorff spaces, Ti-+ To 1r will be a homeomorphism 

if it is cont in11 011~. To verify continui ty, just note that, for a E G and a E X 0 , the inverse image 

of the clopen [a :=;:: 1] in X 0 is the clopen [7r(a) = I] in X 0 . 
red 

c) Since 1r is a. SC-morphism, r.p E Jn( G) implies 1r * 'f' E r( Gred). Since it is surjective, every 

form 1P over Gred lifts to G, i.e., there is a form <p over G such that 1r * <p = 1P. 

Assume that 21P E Jn+l(Gred), 1P a form over Gred ' Thus, there are integers p, q, ~ 0 and a 

linear combination, Q, of Pfister forms of degree n + 1 over Gred' such that 

21P EB p( 1, - 1 ) = amt Q EB q( 1, - 1 ) . (I) 

Thus, we n,ay rorn:ider a lifting 'P uf 1P to G and a linear combination T of Pfister forms of 

degree n + I over G, that is a lifting of Q. By Proposition 2.19 in [DMl], (I) implies that there is 

k ~ 0 such that 

2k(2'f' EB p( 1, - 1)) - G 2k(T EB q( 1, - 1) ), 

and so 2k+tcp E Jk+n+1(G) . Since G verifies [W MC], we conclu<ie t.hat 'f' E 1'1(G), which in t urn 

implies 7r * 'f' = 1P E Jn ( G red), as ,desired. ◊ 

A formall • l'ln l :;1 ;,•c 1,d g1"1q, ( , ~-,d,i:,fic::; l\.lar~ha ll s c onjedun• if fur all integers n ~ I and 

all forms ,p .c:: ( (t 1 , ... , an ) over CJ 

[MC] If for a.JI SG characters u of 0 , ,1(9?) = 0 mud 2'\ then 'f' E Jn. 

Definition 1.6 : A special group G is said to be A1' if it is formally rl'.al and for all integers 

k ~ 1, 2k ¢ J k+l. 
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Lemma 1.7 : If G is reduced, or is formally real and verifies [W MC], or is the special group of 
a formally real field, then G is AP. 

Proof : If 2k E Jk+l and G is the special group of a formally real field or a reduced special 
group, we apply the classical version of the Arason-Pfister Haupsatz (see Theorem 3.1 in [Ll]) , 
or its reduced special group version (Theorem 7.30 in [DMl]), respectively, to conclude that 2k is 
hyperbolic. But then -1 is represented by 2k, a contradiction. 

If G is formally real and satisfies [W MC], 2k E Jk+1 implies ( 1) E I, a contradiction. ◊ 

2 The inductive limit of graded rings of exponent 2 

Recall that a graded ring is a sequence of abelian groups 

1-l = (H1, H2, ... , Hn, ... ), 

with an associative operation 

Hn X Hm ---+ Hn+m' (x, y) I-+ X * y, 

such that for all x, x' E Hn and y E Hm, 

( x + x') * y = ( x * y) + ( x' * y) and y * ( x + x') = (y * x) + (y * x'). 

n, m 2: 1 

1-l is commutative if* is commutative. The group Hn is called the group of degree n of 1-l. 

Definition 2.1 : A sequence 1-l = (H1 ~ H2 ~ ... Hn ~ Hn+l ... ) is an inductive 
graded ring of exponent two (IGR) if it satisfies, for all n, m 2: 1 

1. Hn is a group of exponent 2, with a distinguished element T n. 

2. hn is a group homomorphism, such that hn(T n) = T n+l. 

3. 1-( is a commutative graded ring. 

4- For 1 ~ s ~ t, define 

IdH. 

ht-1 0 ••• 0 hs+l O hs 

ifs= t 

ifs < t. 

Then, if p 2: n and q 2: m, for all x E Hn and y E Hm, h~(x) * h;,.(y) = h~t~(x * y). 

If 1-{ is an IGR, let lim 1-l = ( H; { 1 n : n 2: 1}) be its inductive limit. For ease of reference, 
--+ 

we register the (well-known) basic properties of this construction in 

Remark 2.2 : For each n 2: 1, we have a group homomorphism 'n : Hn ---+ H, satisfying : 



1. For all n 2:: 1, the following diagram is commutative: 

It follows readily that for all 1 $ n $ m, 1 n = 1 m o h1;:. 

2. H = Un;::1 rn(Hn). 

If w = ,n(x), we say that x E Hn is a representative of w EH. 

H 

3. For all n, m 2: 1 and all x E Hn, y E Hm, the following conditions are equivalent: 

(i) 1 (x) =, (y); 
n m 

(ii) There is k 2: n , m such that h~(x) = h~(y). 

Note that the h 's are injective iff the 1 's are injective. 
n n 

Write J_ for the zero of H. It has O E Hn as representatives. ◊ 

By Remark 2.2, addition in H can be described by representatives as follows : 

9 

For w, z E H, let x E Hn and y E Hm be representatives of w and z, respectively, and let k 

be an integer greater than n and m. Then, 

[sum] 

In particular, k may taken to be max{n, m}. As an inductive limit of groups of exponent 2, His 

an group of exponent 2. 

Remarks 2.3 : a) Recall that a Boolean ring ( cf. § 1.6 in [HBA]) is a commutative ring, R, with 

identity, such that for all x E R, x + x = 0 and x • x = x . R is non-trivial if O =J. l. 

There is a well-known bijective correspondence between non-trivial Boolean rings and Boolean 

algebras, where meet ( /\) and join (V) and complement are defined, in terms of the ring operations 

in R , by 

a/\b =a ·b, aVb=a+b+(a·b) and -a=l+a. (a, b ER) 

Order is defined by 

a $ b iff a • b = a (or iff a V b = b) , 

in which 0 is the lf'ast element of R (bottom, j_) and 1 is its largest element (top, T). For all a, b 

in R, we have 

a + b = (a /\ -b) V (-a/\ b), (I) 

the usual notion of "symmetric difference" . Conversely, a Boolean algebra B = ( B, V, /\, J_ , T) 

gives rise to a Boolean ring by defining product as meet and sum as "symmetric difference", that 

is, by the formula (I). Since in a Boolean algebra 1- =J. T, Bis a non-trivial Boolean ring. 

When dealing with Boolean algebras, we shall use 6 for the operation of symmetric difference. 
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If A, B are Boolean algebras and A ~ B is a map, then f is a Boolean algebra homomorphism 
iff it is a Boolean ring homomorphism. 

b) It is shown in section 4 of [DMl], that any non-trivial Boolean ring (or alg~bra) R carries a 
natural structure of reduced special group, namely (cf. Def. 4.1 in [DMl]) 

- Its domain is the additive group of R, with 1 = ..L and -1 = T; 

- For ·u, v, w, z E R, ( u, v) -R ( w, z) iff u + v = w + z and u • v = w • z. [iso] 

Alternatively, the representation relation a E DR(l, b) is given by the order of R : a $ b. 

Item ( a) and Corollary 4.4 in [DMJ] imply that R is a reduced special group. ◊ 

We now prove 

Theorem 2.4 : Suppose that 1-{ is an IGR such that 

[br OJ: For all n ~ 1, Tn (/. ker hn. 

[br 1] : For all n ~ 1 and all x E Hn, there is k ~ n + 1 such that h~+1(T1 * x) = h~(x). 

[br 2] ; For all n 2:: 1 and all x E Hn, there is k ~ 2n such that h!(x) = h~n(x * x). 

Then1 H = lim 1i is a non-trivial Boolean ring, that is, ..L =/- T =def --yi(T1) (its multiplicative 
--+ 

identity) and for all w E H, w + w = ..L and w • w = w. 

Proof: We start by verifying that His a ring with identity T = --y
1 
(T

1
). 

The graded ring structure in 1i induces a product in H, as follows : 

For w, z E H, let x E Hn, y E Hm be representatives of w, z, respectively. Now set 

[prd] w·z=--y (x*y). n+m 

To show that this is well defined, let x' E HP and y' E Hq be representatives of w, z, respectively. 
By Remark 2.2.(3), there must be k 2:: n, m, p, q such that 

h!(x) = h;(x') and h~(y) = h;(y'). 

By condition 4 in Definition 2.1, we have 

h~tm(x * y) = h!(x) * h~(y) = h!(x') * h!(y') = h;tq(x' * y'), 

and so Remark 2.2.(3) yields "Yn+m (x * y) = 'P+/x' * y'), proving that formula [prd} is independent 
of representatives. Since 1i is commutative, the same will be true of the product ip. H. 

A similar reasoning will show that H is a ring, that is, its product is associative and dis­
tributes over sum, with ..L being its zero. [br l] and Remark 2.2.(3) show that T = --y

1 
(T 1) is the 

multiplicative identity in H, while [br O] guarantees ..L =/- T. Note that by condition 2 in Definition 
2.1, the T n's are representatives of T. 

Since the additive group of H is of exponent two, we have w + w = ..L, for all w E H. That 
the product in His idempotent follows from Remark 2.2.(3) and [br 2]. ◊ 

We register the following consequence of the proof of Theorem 2.4 

Corollary 2.5 : For integers n, m 2:: 1 and x E Hn, y E Hm 1 in H = lim 1i we have, 
--+ 
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◊ 

We shall apply Theorem 2.4 to two situations, namely the mod 2 K-theory of a field of 
characteristic =/- 2, and the graded Witt ring of a special group. 

The contents of Remark 1.2 will be used without further notice. We shall assume that the 
reader is familiar with the contents of [Mi]. If F is a field of characteristic =/- 2, let 

k,..F = (k
1

F, k
2

F, ... , knF, ... ), 

be the graded algebra over F2 corresponding to the mod 2 K-theory of Fas in section 3 of [Mi]. 
It follows directly from the definition of the kn F that they are additive groups of exponent 2. 

A generator of knF will be written l(a1)l(a2) ... l(an), with aj E F'. Recall that k1F is G(F) 
written additively, that isl : G(F) --+ k1F is an isomorphism such that l(ab) = l(a) + l(b). 

Lemma 2.6 : With notation a,c:; above, 

a} Va E F', l(a)l(- a) = 0 and l(a)2 = l(a)l(- 1). 

b) Ifa1, ... ,an, x E F', then in knF, l(a
1

) ••• l(x 2 a;) ... l(an) = l(a
1

) ••• l(an). 

c) If ai, ... ,an E Ji' and <J' be a permutation of {1, . . . , n}, then in knF, 

l(a1) ••• l(an) = l(ao-(l)) ... l(ao-(n)). 

d) Ifa1, ... ,an E F' andI:i=l ai = 0 or 1, then l(a1 ) ••• l(aJ = 0 in knF. 

Proof: Item (a) comes from Lemmas 1.1 and 1.2 in [Mi], while (b) and (c) appear in Lemma 1.6 
in {EL 1]; (d) is Lemma 1.3 in [Mi]. ◊ 

Note that Lemma 2.6.(b) assures that l(a) depends only on the square class of a in F. Thus, 
we may write l(c), for c E G(F), or l(a), for a E F'. 

It follows from Lemma 2.6.(c) that k,..F is a commutative graded ring. For each n ~ l, there 
is a group homomorphism 

wn: knF--+ kn+1 F, 

defined on generators as multiplication by l( -1 ). For each n ~ l, we set T n = l( -1 t as the 
distinguished element of knF. Thus, it is clear that the system 

JC(F) = (k
1 
F ~ k2F ~ ... knF Wn kn+l F ... ), 

satisfies conditions 1, 2 and 3. in Definition 2.1. Note that for 1 :::; n :s; m, w: is multiplication by 
l(-l)m-n; since graded multiplication is commutative, condition 4 in Definition 2.1 is also satisfied 
and so we have 

Lemma 2. 7 : If F is a field of cjiaracteristic =/- 2, then K,(F) is an IGR. ◊ 

If G is a special group, consider the sequence 

W(G) = (l/l2
, 12//3, ... rJrn+i, ... ), 

where Jn is the n th power of the fundamental I of G, as in section 1. Note that if 'P E Jn, then 
'P EB 'P = 2 (8) 'P E r+1 , showing that Jn / Jn+l is a group of exponent two under addition. To ease 
exposition, we set Jn = Jn / r+1 and write x/n for an element of Jn. 
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W( G) inherits a graded multiplication from the tensor product of forms. For x /n E 1 and 
y/m E Jm, define 

x/n * y/m = (x ® y)/n + m. 

To show that this is well defined, suppose that x - x' E Jn+I and y - y' E 1m+l. Then, 

(x 0 y) - (x' ® y') ~G [(x 0 y) - (x 0 y')] E9 [(x 0 y') - (x' 0 y')] 

= [x 0 (y - y')] E9 [y' 0 (x - x')] E r+m+t, 

as needed. It follows directly from the analogous properties of sum and product of forms that 
W( G) is a commutative graded ring. For each n ~ 1, we have group homomorphisms 

fn : Jn-+ Jn+l, given by fn(x/n) = (2x)/n + 1 = (( 1, 1) 0 x)/n + 1. 

Note that for 1 ::;; n ::;; m , f;: is multiplication by 2m-n. Thus, setting T n = 2n /n E Jn, it is 
straightforward to see that we have 

Lemma 2.8 : !JG is a special group, then W(G) is an IGR. ◊ 

Write (W(G); {an n ~ l}) = lim W(G) and ( k(F); {(,n 
----+ 

n ~ l }) = limK(F). -
We now state 

Theorem 2.9 : If F is a formally real field and G is an AP group, then 

a) k( F) and W ( G) are non-trivial Boolean rings. 

b) The maps p : G -+ W(G) and K : G(F) -+ k(F), defined for a E G and b E G(F) by 

p(a) = a 1((1,-a)/1) and K(b) =/3/l(b)), 

are morphisms of special groups, where k( F) and W( G) have the natural special group structure 
of a Boolean ring (cf. Remark 2.3(b)). 

c) K and p are injective iff F is Pythagorean and G is reduced, respectively. 

The proof of Theorem 2.9 will require a number of results. We start with the relation between 
the IGR K(F) and the Boolean hull of GreiF), to be described in Theorem 2.11. 

Remarks 2.10 : a) For a formally real field F, let GreiF) ~ B(F) be the Boolean hull of the 
reduced special group Gred(F), as in Definit ion and Remarks 1.3.(c). 

b) The Stiefel-Whitney invariants and the multiplicative Horn-Tarski invariants, appearing in the 
statement of the next result, can be found in section 3 of [Mi] and section 7 of (DMl], respectively. 
We recall the definition of the latter. 

Let cp = (a1 , ... ,an) be a form over a reduced SG, G. For each 1::;; k::;; n, HTk('P) and 
HT'Z('P) are defined as the following elements of BG, where G is identified with its image in B 0 
via t:0 and s n,k is the set of all strictly increasing k-sequences p = {p1 < p2 < ... < pk} of elements 
of {1 , ... , n} : 

( additive Horn-Tarski invariants) 

( multiplicative Horn-Tarski invariants) 
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Theorem 7.1 in [DMl] shows that these are complete invariants for isometry of forms over G. ◊ 

Theorem 2.11 : Let F be a formally realfield. Then there is a unique graded ring homomorphism 

(cn)n~l : k.F ~ B(F), such that 

1. For· all n ~ 1 and all a1,• . . ,an E F', 

cn(l(a1) ... l(an)) = cF(7r(a1)) A cF(7r(a2)) A ... A cF(7r(an)). 

2. For all T/ E knF and ( E kmF, €n+m(11 * () = cn(r,) /\ cm((). 

3. For all n ~ 1, cn+1 o wn = en. 

4- For all forms <p = (a1, ... , an) over F and all 1 $ i $ n, ci(wi(I.P)) = 1iT:(cF * 7r * I.P), 

where wJ<p) is the i th K-theoretic Stiefel- Whitney invariant of c.p and rlT';(c F * 1r * <p) is the ith 

multiplicative Horn-Tarski invariant of the image form cF * 1r * c.p, 

Proof : Notation is as in Remark 1.2 and [Mi]. We shall borrow freely from section 1 in [Mi]. To 

simplify exposition, write f for e F o 7r. 

Recall that P ~ K1F is an isomorphism, such that l(a b) = l(a) + l(b), a, b E F'. 

Define a map an from (/(1Ft to B(F) by the following rule: 

an(l(ai), ... , l(an)) = f(a1) /\ J(a2) A ... /\ f(an)-

Recalling that 6 distributes over meets in B(F) and the properties of the map €p (see 2.10 and 

1.3.( c)), we have 

an(l(a1), ... , l(a;) + l(c;), ... , l(an)) = a:n(l(a1), .. . , l(ai • cJ, ... , l(an)) = 

= f(a1 ) A ... A [f(ai •ci)] /\ ... /\ f(an) = f(a1 ) A ... A [f(aJ 6 f (cJ] A ... A f(an) 

= (f(ai) /\ ... A f(aJ A ... /\ f(an)) 6 (f(a1) /\ ... /\ f(c;) /\ .. . /\ f(an)) 

= an(l(a1), .•• , l(aJ, ... , l(an)) 6. an(l(a1), ••• , l(ci), ... , /(an) ), 

verifying the n-linearity of a:n. Thus, an induces a homomorphism an from the n-fold tensor 

product ®f=t K1 F to Bp, such that l(a1)l(a2) ... l(an) is taken to fa1 /\ fa2 /\ .. . /\fan. 

To show that an factors through KnF, it must be verified that if T/ = l(a1 )l(a2) .•. l(an ) is 

such that ai + ai+1 = I , for some i $ n - 1, then an(T'/) = _L ( = 1 in B(F)) . 

• 2 

But if ai = 1 - a i+I, then ai E Dy(l, -ai+1), where T = LJF . It follows from Remarks 2.10 

and Definition 1.3.(c), that f(ai) $ f(- (ai+1)) = - f(ai+d· Thus, J(ai) /\ f(ai+1) = 1-, which 

in turn implies an ( T/) = _L, as needed. 

Thus, an induces a homomorphismgn: Kn.I?--+ B(F), taking a generator l(a1)l(a2) ... l(an) 

to f(a1) /\ f(a2) /\ ... /\ f(an) in B(F). 
I 

It is clear from the definition of 9n 1 that for all 17 E I<.nF, ( E Km F, n, m ~ l , 

9n+m(17 * () = 9n(17) /\ gm((), 

and so g = (gn) : K.F--+ B(F) is a homomorphism of graded rings. 

For all n 2 1, Remarks 2.10 and Definition 1.3.(c) imply that 

gn(l(-lt) = /\~=l f(-1) = /\~=t T = T (top in B(F)). 

(*) 

(**) 
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If 7] = l( a1)l( a2 ) ... l( an) is such that ai = c2 E F'2 , then 

gJ 'ff) = f (a1) /\ .. , /\ [f (c) £:,. f (c)] /\ ... /\ f (an) = _l_, 

showing that 2KnF ~ ker gn, for all n ~ 0. Since k.F = K.F/2K.F, gn induces a homomorphism 

en : knF ---t B(F), 

that maps a generator l(a1 )l(a2 ) .•. !(an) to f(a1 ) I\ f(a2 ) •.. I\ f(an) in B(F). 

Item (2) comes directly from (*), while(**) yields (3). With respect to (4), it is clear from 
the values of ci on the generators of kiF, that ci(w/'P)) = HT7(f * 'P). ◊ 

Proposition 2.12 : Let F be a field and G a special group. For an integer n ~ 1, let 'ff E knF 
and x E Jn. Then, 

Proof: a) Fix x E Jn; x is the Witt-equivalence class of a linear combination of Pfister forms of 
degree n, say Q = I:f=1 a/Pi, with ai E G, 1 s; i s; k. Thus, (a) amounts to proving that 

2nQ - (Q 0 Q) is in pn+I. 

Now define T = I:7=1 P; and R = Q- T. 

Fact I : If assertion (I) holds for T, then it holds for Q. 

Proof: Note that R = I:f=1 ( a;, -1 )P; E Jn+t. We also have Q ~ T EB R. Thus, 

2nQ - (Q 0 Q) ~ (2nT E!:l 2nn) - ((T EB R) 0 (T EB R)) 

= (2nT - (T 0 T)) EB 2nn - 2(T 0 R) - (R 0 R). 

Since 2nn E 12n+1, while (R 0 R), 2(T 0 R) E J2n+2 , we conclude that Q also satisfies (1). 

(I) 

Fact I tells us that it is enough to verify (I) for sums Q = I:f=1 Pi of Pfister forms of degree 
n. The proof will proceed by induction on the integer k ~ 1. 

Part I : k = 1. Then, Q is p = ®j=1 (1, cJ, with C; E a. 
The proof of Part I will be by induction on n ~ 1. For n = 1, we have 

2(1,c) - ((1,c) 0 (1,c)) = (1,c) EB (l,c) - (1,c) - (1,c), (II) 

showing that in this case 2Q - ( Q 0 Q) is in fact hyperbolic. Now suppose the conclusion holds 
for n and let Q = P 0 ( 1, c), with P a Pfister form of degree n. Then, using (II), we get 

2n+ l Q - ( Q Q9 Q) = 2n+ l p @ ( 1, C ) - ( p Q9 ( 1, C ) 0 p Q9 ( 1, C ) ) 

= 2np 0 2(1,c) - (P 0 P 0 (1,c) 0 (1,c) 

= 2np 0 2(1,~) - (P 0 P 0 2(1,c)) = 2(1,c}(2nP - (P 0 P)) E J2n+3. 

Part II : Induction step. Let Q = P EB T, where Pis a Pfister form of degree n and Tis the sum 
of less than k Pfister forms of degree n. Then, 

2nQ - (Q 0 Q) = (2np EB 2nT)- ((P EB T) ® (P EB T)) 

= (2np - ('P 0 P)) EB (2nT - (T 0 T)) - 2(P 0 T). 
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Since 2(P @ T) E pn+i, the induction hypothesis and Part I yield (I) for Q, proving (a). 

b) We first prove that (b) holds on generators T/ = l(a1) ... l(an) of knF. Since knF is commutative, 
Lemma 2.6.(a) yields 

l(-ltl(a1 ) ••• l(an) = [l(-l)l(a1)][l(-I)l(a2)] ... [l(-l)l(an)] = l(a1)2l(a2)2 
... l(an)2 = 17 • r,, 

showing that (b) is verified on generators. If we assume that (b) holds for sums of k 2:: 1 generators, 
let T/ = ( + e where ( is a generator of knF and e is a sum of at most k generators. Then, the 
induction hypothesis and the fact that knF is an additive group of exponent two yields 

completing the proof. ◊ 

Proof of ( a) in Theorem 2.9 : We shall verify conditions [br i] in Theorem 2.4, 0 ::; i ::; 2. 

{ 
l(-lt in K(F) 

For each n > 1, T n = 
- 2n in W(G). 

{ 
l(- 1t+1 =/- 0 for K(F) 

Thus, [br O] is equivalent to 
2n+l (/. 1n+2 for W( G). 

If l(-l)n+i = 0 in kn+iF, then, by Theorem 2.11, we would have 

€n+1(l( - It+l) = /\~=I €F(1r(-l)) = cF(1r(-l)) = .l in B(F). 

Since c F is injective, we conclude that 1r( -1) = 1; but then - 1 E E.F'
2 

and F is not formally real. 
Since G is an AP group, it is clear that 2n+l (/. Jn+z. This proves [br O] for K(F) and W(G). 

We register that Theorem 3.2 in [EL l] will give another proof of [br O] for the ring K(F). 

For [br 1], just notice that if x/n E Jn and T/ E knF, then 

J;:tf((l,1) * x/n) = f;/2 (x/n) and w~ti(l(-1) *rt)= w~+2 (TJ). 

The last condition to be verified, [br 2), is a direct consequence of Proposition 2.12. This 
proves that k( F) and W( G) are non-trivial Boolean rings. ◊ 

Proof of (b) in Theorem 2.9. 

I. The case of W(G). The proof will be done in 2 steps : 

1. pis a group homomorphism, with p(-1) = T : For a, b E G, we have 

((1,-a) ffi (1,-b))- (1,-ab) = (1, - a,-b,ab) EB (1,-1) 

= ((1,-a) ® (1,-b)) EB (1,-1), 

proving that (l,-a)/1 + (l,-b)/1 = {l, - ab)/1 in /1. Since a 1 is a group homomorphism, 
this shows that p(ab) = p(a) + p(b). Finally, 

p(-1) = ai(°(l,l)/1) = T. 

2. pis a special group morphism : For a, b, c, d E G, let u = p(a), v = p(b), w = p(c) and 
z = p(d). For p to be a morphism of special groups, it must be shown that 

(a,b) =a (c,d) implies (u,v) -W(G) (w,z). (I) 
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According to equivalence [iso] in Remark 2.3(b), (I) is equivalent to 

( a, b) -G ( c, d) implies u + v = w + z and u • v = w • z. (II) 

It follows from [SG 3] in Definition 1.1 of [DMl] (the discriminant axiom) that ab= ed. Since p 
is a group homomorphism, this equation implies u + v = w + z. By the definition of product in 
W(G), to prove u • v = w •zit is enough to verify that 

((1,-a) 0 (1,-b)) - ((1,-c) 0 (1,-d)) E 13 . (III) 

Because if (III) holds, then ((1,-a) · (l,-b))/2 = ((1 , -c) · (l,-d))/2, and so the value of a 2 

at this point will give u • v = w • z. 

To prove (III), compute as follows, recalling that ( a, b) =a ( c, d) and ab = cd = t : 

((1,-a) 0 (1, - b)) - ((1,-c) 0 (1,-d)) = (1,-a,-b,ab) - (1,-c,-d,cd) 

= (1,-1) EB ((c,d) - (a,b)) EB (t,-t), 

which is hyperbolic, ending the proof that p : G -----+ W( G) is a SC-morphism. 

II. The case of K(F). Since l takes product in G(F) to sum in k1 F and (3
1 

is a homomorphism, 
it is clear that ,., is a homomorphism from G(F) to k(F). For the preservation of -1, just notice 
that l( -1) in k

1 
F is a representative of T E k(F). It remains to prove that r;, is a morphism of 

special groups. Just as above, this reduces to verifying that for a, b, c, d in F', 
(a, b) -G(F) (c, d) =} K(a) + K(b) = K(c) + K(d) and K(a) • K(b) = 11:(c) • K(d). (I) 

Since G(F) is a special group, Lemma 1.5.(a) in [DMl] yields 

(a, b) -G(F) (c, d) iff ab= cd and ac E Da(F)(l, cd). 

By item (a) of Fact 1.2.A, we may restate this equivalence as 

(a, b) =a(F) (c, d) iff :3 x E F' and y, z E F such that ab= cdx2 and ac = y2 + cdz2
• (II) 

It follows from the first equation in (II) and Lemma 2.6.(b) that 

l(a) + l(b) = l(ab) = l(cdx2 ) = l(cd) = l(c) + l(d). (III) 

Since /3
1 

is a homomorphism, the first equation in (I) is verified. 

To complete the proof of (b), note that either y or z in the last equation in (II) must be in 
F. The case of z # 0 is left to the reader, and we treat the case in which y # 0. It follows from 
(II) that ac (1/y)2 + - cd(z/y)2 = 1. Thus, (b) and (d) in Lemma2.6 yield l(ac)l(-cd) = 0 in 
k2F. Now, (III) and Lemma 2.6.(a) yield, 

0 = l(ac)l(-cd) = [l(a) + l(c)] [l(- 1) + l(c) + l(d)] 

= l (a) l ( -1) + l (a)[ l ( c) + l ( d)] + l ( c) l ( -1) + l ( c) [ l ( c) + l ( d)] 

= l(a)l(-l ) + l(a)[l(a) + l(b)] + l(c)l(-1) + l(c)2 + l(c)l(d) 
I 

= l(a)l(-1) + l(a)2 + l(a)l(b) + l(c)l(d) = l(a)l(b) + l(c)l(d). 

Since K(a) • K(b) = {3
2
(l(a)l(b)), it is clear that 11:(a)K(b) = K(c)11:(d), as desired. ◊ 

Proof of (c) in Theorem 2.9. Since any subgroup of a reduced special group must be reduced, 
it is enough to show the "only if' part of the equivalence in (c). So assume that Fis Pythagorean 
and G is a reduced special group. 
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Note that, because F is Pythagorean, the morphism G(F) 2-+ Gred(F) is the identity. 

Suppose that a, b E P are such that K(a) = K(b) in k(F). By Remark 2.2.(3), there is 
n ~ 1 such that l(-l?l(a) = l(-l?l(b) in kn+1F. By Theorem 2.11, en+1 (l(-ltl(a)) = eF(a); 
thus, we have c:F(a) = c:F(b). Since c:F is injective (Remarks 2.10 and Definition 1.3), we conclude 
that K must be injective. It should perhaps be mentioned that Theorem 3.2 in [EL 1] can also be 
used to prove that ,.., is injective. 

Now assume that for a, b E G, p(a) = p(b). Just as above, there is an integer k ~ 1 such that 
2k-1 (1,-a) - 2k-1 (1,-b) E Jk+1 . Note that 

2k-1(1, -a) - 2k-1(1, -b) = 2k-1(1, -1) EB 2k-1( -a, b ), 

and so 2k-l ( -ai b) E Jk+1 . It follows from the reduced special group version of the Arason-Pfister 
Hauptsatz (Theorem 7.30 in [DMl]) that 2k-1

( -a, b) must be hyperbolic. In Proposition 1.6.(e) 
of [DMl] it is shown that the following condition is equivalent to G being reduced: 

- For all forms 7P of even dimension over G, 7P EB 7P hyperbolic =} 7P hyperbolic. 

This result and straightforward induction shows that ( -a, b) must be hyperbolic, that is, 
( -a, b) =a ( 1, -1 ). It follows from the discriminant axiom [SG 3] in Definition 1.1 of [DMl] that 
-ab= -1; thus, a = b, ending the proof the proof of Theorem 2.9. ◊ 

As a direct consequence of Theorem 5. 7.(3) in [DM] and Theorem 2.9 we get the important 

Corollary 2.13 : Let G be a reduced special group and let F be a Pythagorean field. Then, the 
SC-embeddings G ~ W(G) and G(F) ~ k(F) of Theorem 2.9 have unique extensions to 
Boolean algebra homomorphisms B(p) : BG -----+ W(G) and B(,..,) : B(F) -----+ k(F), such 
that the following diagrams are commutative : 

G 
C:p 

G(F) ----

W(G} k(F} 

Moreover, 

1. If {aij : 1 :5 i :5 k, 1 :5 j :5 n} ~ G and a = 6:=t /\;=l c:a(a), then 

B(p )(a) = o:n(<p /n), 

where <p = I:7=1 ®j=l ( 1, -aij ) E r. 

B(F) 

2. If If {aij : 1 :5 i :5 k, 1 :5 j :5
1 

n} ~ G(F) and a= 6:=l /\;=I eF(aij), then 

(SG) 

B(K)(a) = /3n(TJ), (KT) 

Proof: Only formulas (SG) and (KT) remain to be checked. By Remark 2.3.(a), B(p) and B(K) 
take symmetric difference to sum and meet to product in W(G) and k(F), respectively. 



To verify (SG), set Pi = &i'J=1 ( 1, -aij }; then Corollary 2.5 yields 

B(p)(c:a(a)) = 6.:=1 ni=l B(p)(cc(aij)) = E7=1 ni=l p(ai) 

= L7=1 TI?:1 a:1((1, -aij }/1) = L7aa1 a:n(P)n) = a:n('-P/n). 

For (KT), write 'f/i = l(ai1)l(ai2 ) ..• l(ain); by Corollary 2.5, 

B(K)(cp(a)) = 6.:=1 rri=l B(K)(c:p(aij)) = Lfaa1 ni=l K(ai) 

= L7=1 ni=l /3/l(aij)) = Ef:1 /3n('T/J = /3n(ry). ◊ 
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Remark 2.14 : In [DM2] we have a basic version of an algebraic K-theory for special groups, 
showing that it is possible to live without addition. We also show that if a special group comes 
from a field, then our K-theory is isomorphic to Milnor's. With the results in [DM2] it would 
be possible to phrase Theorems 2.11 and 2.9, as well as Corollary 2.13, in the language of special 
groups. We chose to deal directly fields in the case of K-theory in order to avoid having to spell 
out the constructions in [DM2] at this time. ◊ 

3 The isomorphisms k(F) ~ B(F) and W (G) ~ Ba 

In this section we prove the isomorphisms in title for Pythagorean fields and reduced special 
groups. In this section F will stand for a Pythagorean field and G for a reduced special group. 

We first treat the case of a Pythagorean field F. One should keep in mind that G( F) = 
GreiF), that is, the canonical projection 1r is the identity. 

Since k(F) = lim K(F), Theorem 2.11.(b) implies that the sequence of homomorphisms 
--+ 

(c:n)n21 induces a homomorphism€ : k(F) ---4 B(F), that can be described as follows : 

For z E k(F), let 'f/ = L7=t l(ai1)l(ai2) ... l(ain) E knF be a representative of z. Then, 

c:(z) = c:n(77) = f::,_k /\~_ Ep(ai1·). iaal J-1 

The map c: also makes the following diagram commutative, for all n 2 1 : 

k(F) 

B(F) 

Theorem 3.1 : Let F be a Pythagorean field. Then, the map c: : k(F) ---4 B(F) is a Boolean 
algebra isomorphism, whose inverse is the map B(K) of Corollary 2.13. 

Proof: We shall show that (I) co B(K-) = IdB(F) and (II) B(K) o c: = Idk(F)· 
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Proof of (I) : Since 

- B( K) and c are Boolean algebra homomorphisms; 

- B(1,,) extends 1,, (Corollary 2.13); and 

- G(F) generates B(F) as a Boolean algebra (Proposition 5.1 in [DMl]), that is, for all u E B(F), 

There is n ~ l and finite subsets F; ~ G(F), 1 $ i $ n, such that u = v;=l Aa.EF; c:F(a), 

it is enough to show that for all a E G(F), c(K(a)) = cp(a). But we have, by the commutative 

diagram above and Theorem 2.11, 

Proof of (II) : For z E k(F), let TJ E knF be a representative of z, that is, z = /3,,,,(TJ). Write 

TJ = E7=:1 l(a;1)l(ai2) ... l(a;n)· To prove (II), it is enough to show that B(/\:)(c:(z)) = {3n(TJ), But 

this follows directly from formula (KT) in Corollary 2. 13. ◊ 

We now turn to the case of a reduced special group G. Notation will be as in sections 3 and 

4 of [DMl]. To ease exposition, we include the following : 

Facts 3.2 : By Fact 1.3.B, for any Pfister form P = ®f=1 ( 1, ai) we have : 

Fact A : {o- E XG : o-(P) = O} = ui=l [a;= -1] = v;=l ca(ai), a clopen in XG. 

Fact B : { u E Xa : o-(P) = 2n} = - v ~;,l ca( a;), a clopen in Xa· 

Note that for 'P = ( ai, ... , an ), 

and HT; ( 'P) = 6, ~ a; ( = the discriminant of 'P). 
i=l 

For Pfister forms of degree n ~ 1, P = ®f=1 ( 1, ai) we have, by Theorem 7.18 in [DM} : 

Fact D: HT1(P) = V~ a .. 
i=l t 

In this notation, we can rewrite Facts C and D as : 

Fact E : If P = ®f=t ( 1, a;) is a Pfister form of degree n , then 

{ o- E X 0 : o-(P) = O} = HT1(P) and { o- E X0 : o-(P) = 2n} = - HT1(P) = /\;=l -a; . 

Let n ~ I be an integer. If 'P and 1P are Witt-equivalent forms in G, then for all o- E X0 , 

o-('P) = o-(1P). Thus, if x E r and o- E X 0 , we may define the signature of x at o-, o-(x), as the 

signature of any form 'P such that 'P = x. 

Formula (*) and Fact 1.3.B, yield 

Fact F: For all n ~ 1, all x Er and all o- E X 0 , o-(x) = 0 mod 2n. ◊ 

For x E Jn, define 

µn(x) = {o- E X 0 : o-(x) is not congruent to O mod 2n+1 }. 

Lemma 3.3 : With notation as above, 

a) For all n ~ 1 and x E r, µn(x) E BG. 
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b) For all integers 1 ::; n, m ::; k and all x E In and y E Im 

2 k-nX _ 2k-my E Jk+l • z· ( ) ( ) imp zes µn X = µm Y , 

c) Let P be a Pfister form of degree n ~ 1. For a E G and x = aP E Jn, 

Proof: a) Let x = Q, with Q = I:f=1 aiPi, where ai E G and Pi = ®J=1 ( 1, bij) are Pfister 
forms of degree n. Suppose (J E µn ( .T ), that is, (J( Q) "¢ 0 mod 2n+t. Consider the clopen 

U = n {[bij = a(b;j )] : 1 ::; i::; p, 1::; j::; n} n n {[ai = a(ai)]: 1::; i::; p}. 

It is clear that a E U , as well as that for all T E U we have T(Q) = a(Q). But this means that 
U is a clop en neighbourhood of CT contained in µn ( T). The same reasoning will show that the 
complement of µn(x) is open. 

b) It must be shown that for all c, E X0 , 

a(x) = 0 mod 2n+i iff O'(y) = 0 mod 2m+l. 

:For (J E X 0 , formula (*) and Fact 1.3.B yield, together with our hypothesis, that for some 
integer p ~ 0 the following equation holds in Z : 

2k-na(x) - 2k-ma(y) = p2k+1 . (I) 

Now suppose that a(x) is a multiple of 2n+1, say <1(x) = q2n+l. Then, (I) gives 

q2k+l _ 2k-m<1(y) = p2k+l, 

which clearly implies a(y) = 0 mod 2m+1. A similar reasoning will show that a(y) - O mod 2m+1 

implies a( x) = 0 mod 2n+i. 

c) Since P - aP E r+1
, (c) yields µn(P) = µn(x). By Fact 1.3.B and Fact 3.2.E we have 

µn(P) = {o- E X 0 : a(P) "¢ 0 mod 2n+I} = {a E X 0 : a(P) = 2n} = - 1iT1(P). ◊ 

It follows from Lemma 3.3 that for each n ~ I we have a map µn : Jn ---t B0 , defined by 

µn(x/n) = µn(x). 

We now define a map M : W(G) ----+Baas follows: 

For w E W(G), let x/n be a representative of w. Then 

M(w) = µn(x). 

It follows from Remark 2.2.(3) and Lemma 3.3.(b) that the definition of Mis independent of 
representatives. The main result of this section reads 

Theorem 3.4 : The map M : W (G) ----+ Ba is an isomorphism of Boolean algebras, whose 
inverse is the homomorphism B(p) of Corollary 2.13. 

As part of the proof of Theorem 3.4, we first establish : 

Proposition 3.5 : With notation as above, let n ~ 1 be an integer. 

a) M is a Boolean algebra homomorphism. 
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b) For x/n E Jn, let w = an(x/n) and x = Q, where Q = I:f=1 a/Pi is a linear combination of 

Pfister forms of degree n. Then, 

M(w) = 6~:;
1 

-1iT1(PJ = (-l)P 6:=
1 

1iT1(PJ. 

Proof: a) By Lemma 3.3.(c), we have 

M(T) = µ1 ((1,1)) = - HT1((l,l)) = - j_ = T and M(j_) = µ 1((1,-1)) = - T = J_, 

By Remark 2.3, we have to show that for w, z E W( G), 

M(w + z) = M(w) 6 M(z) and M(w • z) = M(w) A M(z). (I) 

Let x/n, y/m be representatives of wand z, respectively. We may suppose that m? n. Then, 

M(w + z) = µm(2m-nx + y). 

In any Boolean algebra - (a 6 b) = (a I\ b) V (-a I\ -b). Thus, if t = 2m-nx + y, the 

verification the first equation in (I) reduces to showing that for all u E Xe, 

u(t) = 0 mod 2m+1 
{:} u E (µn(x) n µm(y)) U (- µn(x) n - µm(y)) . (II) 

The proof of (II) is in two steps. For u E Xe, write u( x) = a2n and u(y) = /32m, for integers 

a, /3 ? 0 (Fact 3.2.F). Then, 

- If c,( t) = p2m+l , then 

p2m+l = u(t) = 2m-nu(x ) + o-(y) = 2m-na2" + /32m =(a+ /3)2m, 

and so a + /3 = 2p. Thus, a, /3 are both even or both odd. If a, /3 are even, then 

o- E - µn(x) n - µm (y ). If they are both odd, then u E µn (x) n µm (y ), proving part ( =>) of 

the equivalence. 

- It is clear that if c, E - µn ( x) n - µm (y), then u( t) = 0 mod 2m+1. If u E µn ( x) n µm (y ), then 

the integers a, /3 are both odd, say a = 2s + 1, /3 = 2r + l. Then, 

o-(t) = 2m-n(2s + 1)2n + (2r + 1)2m = 2m+ls + 2m + 2m+1r + 2m = 0 mod 2m+1, 

ending the proof of (II). 

For the second equation in (I), we have M(w • z) = µm+n(x • y) . Sett= x • y; by the same 

argument as above, the desired conclusion is equivalent to verifying that for all o- E Xe, 

c,(t) = 0 mod 2m+n+l {:} CT E - µn(x) U - µm(y) . (III) 

Fix c, E X 0 ; as above, o-(x) = a2n and c,(y) = /32m. Then, 

- If u(t) = u(x)cr(y) = p2m+n+1, let r, s be the largest integers? 0 such that 2r divides u(x) 

and 2-' divides u(y). We haver + s ? m + n + I; thus, either r ? n + I ors ? m + l, showing 

that u E - µn(x) U - µm(y). 

- If er E - µn( x), then a mus.t be even, say a= 2p. Consequently, 

u(t) = u(x)u(y) = 2p2n(32m = p(32n+m+l. 

Similarly, if CT E - µm (y ), then u(t) is a multiple of 2n+m+l. 

b) Lemma 3.3.(c) gives µn(aiPJ = - 1iT1(PJ. For 1 :=:; i :=:; p, set xi= aiPi and wi = an(xJ 

Then, x = I:f=t xi and w = I:f=1 wi. Since M is a homomorphism, we get 

◊ 
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The method of proof of Proposition 3.5 will also give 

Proposition 3.6 : Let G be a reduced special group. Then, for all n 2: 1, 

a) µn is a group homomorphism from Jn to B0 , such that µn (2n-l ( 1, 1) /n) = T. 

b) The following diagram is commutative : 

c) For all x/n E Jn and y/m E Jm, µn+m(xy/n + m) = µn(x) I\ µm(y). 

d} If x = Q where Q = I:f==1 a/Pi is a linear combination of Pfister forms of degree n, then 

µn(x) = D/ -HT1(P;) = (-l)P 6,P HT1(Pi). 
i==l i==l 

e) G satisfies [W MC] iff for all n 2: 1, fn is injective. ◊ 

Proposition 3.6 can be used to give an alternative proof of Proposition 3.5. 

Proof of Theorem 3.4 : We prove that (I) Mo B(p) = IdBa and (II) B(p) o M = Idw(G)· 

Proof of (I) : Exactly as in the proof of (I) in Theorem 3.1, it is enough to show that for all 
a E G, M(p(a)) = c:0 (a). But Lemma 3.3.(c) yields 

M(p(a)) = M((l,-a)/1) = µ1 ((1,-a)) = - HT1((l,-a)) = -c:0 (-a) = c0 (a), 

as needed. 

Proof of (II) : For w E W(G), let x/n be a representative of w, that is, w = an(x/n). 

Let Q = I:f=t aiPi be a linear combination of Pfister forms of degree n, such that x = Q. 
Let y = T, with T = I:f=t Pi. Since Q - T E r+1, y/n = x/n. Thus, Lemma 3.3.(c) gives 

M(w) = µn(x) = µn(y). 

To prove (II), it is therefore enough to show that B(p)(M(w)) = an(y/n). For 1 s; i ~ p, write 
Pi = ®i=l (1, bij ), with bij E G. By Fact 3.2.E, 

1-lT1('PJ = /\~=l -bij• 

By Proposition 3.5.(b), we have 

M(w) = 6_~ - 1-lT1('PJ = 6_~ j\~_1 -b;i· 
i=l •=1 •-

Now, formula (SG) in Corollary 2.13 yields 

B(p)(l\1(w)) = B(p)(6,:=l /\:1 -b;j) = an(T/n) = an(y/n) = w, 

ending the proof of Theorem 3.4. ◊ 
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4 The equivalence of Marshall's conjecture to the Weak 
Marshall conjecture for AP groups. 

We start with a result for reduced special groups. 

Theorem 4.1 : Let G be a reduced special group. The following conditions are equivalent : 

1. G satisfies [MC]. 

2. For all n ~ 1 and for all 'P E Jn, 

If for all u E X 0 , u('P) = 0 mod 2n+l, then 'P E Jn+l. 

3. For all n ~ 1, µn : Jn ----4 B 0 is injective. 

4- G satisfies (WM C]. 

Proof: It is clear that 1. ⇒ 2. 

2. ⇒ 1. : Let (f) be a form over G such that u('P) = 0 mod 2n, for all u E X0. If n = 1, Fact 1 
in the proof of Lemma 1.4 tells us that <p E I, verifying [MC]. So assume that n ~ 2. We shall 
verify by induction that for all 1 S k S n - 1, 'P E Jk+l. For k = 1, since 'P E J and n ~ 2, we 
have 

Vu E X
0 

(o-('P) _ 0 mod 2n) implies Vu E X0 (u('P) = 0 mod 4), 

and so 2. implies <p E / 2 . Now assume that that 'P E Jk, for k S n - 1. But then, just as above, 

Va E X
0 

(a('P) = 0 mod 2n) implies Vu E X 0 (u('P) - 0 mod 2k+l), 

and so another application of 2. yields 'P E Jk+i. 

2. ⇒ 3. : If G verifies 2., suppose that for x/n E Jn, we haveµ (x/n) = 0. This means that for n -
all o- E X

0
, o-(x) - 0 mod 2n+1 and so 2. guarantees that x/n E r+\ that is, x/n = 0 in Jn. 

Since µn is a homomorphism (Proposition 3.6.{a)), µn must be injective. 

3. ⇒ 4. : By the commutativity of the diagram in Proposition 3.6.(b ), if µn is injective for all n, 
the same is true of all the fn's. But this is equivalent to [W MC], according to Proposition 3.6.(e). 

4. ⇒ 2. : For an integer n ~ 1, assume that (f) E Jn satisfies a('P) - 0 mod 2n+I, for all a E X 0 • 

Let w E W(G) be given by an(x/n), where x = (f). Then, M(w) = ..Lin B0 ; since Mis injective 
(Theorem 3.4), we conclude that w = ..L in W(G). Thus, an(x/n) = ..L = an(2n-l ( 1, -1) ). By 
Remark 2.2.(3), there must be k ~ n such that 

2k-nip _ 2k-n2n-1(1,-l) = 2k-n'{) _ 2k-l(l,-l) E Jk+l . 

Thus, 2k-n'{) E Jk+l. By Lemma 1.4.(2), [W MC] yields <.p E 1n+1, as needed. ◊ 

Theorem 4.2 ; If G is an AP special group, then 

G verifies [MC] iff G verifies [W MC]. 

Proof: It is readily verified that [MC] implies [W MC]. 

Now suppose G satisfies [W MC] and 'Pis a form over G such that a('P) - 0 mod 2n, for all 
u in X 0 . By items (a) and (b) of Lemma 1.5, we conclude that 
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For all r E X 0 , r(1r * cp) _ 0 mod 2n. 
red 

(I) 

Lemma 1.5.(c) guarantees that Gred also verifies [W MC], and so by Theorem 4.1, Gred satisfies 
[MC]. Thus, (I) implies that 1r * cp E Jn(Gred). With the same argument as in the proof of part 
( c) of Lemma 1.5, there is a linear combination T of Pfister forms of degree n over G such that 
1r * cp is Witt equivalent , in Gred' to 1r * T. By Proposition 2.19 in [DMl], there is k 2 0 such 
that 2kcp is Witt equivalent to 2kT, that is, 2kcp E r+k(G). Since G verifies [WMC], we get 
cp E Jn(G), as desired. ◊ 

Note that a formally real field satisfying [W MC] must be Pythagorean. To see this, it is 
enough to verify that G(F) is reduced (Fact 1.2.A(c)). Let ¢ be a form of dimension 2p over 
G(F), such that 2¢ is hyperbolic. Then, 2¢ E J 2P+2 , and so [WMC] yields 'Ip E J2P+1 . Now the 
Arason-Pfister Hauptsatz implies that ¢ must be hyperbolic. This implies that G(F) is reduced 
(Proposition 1.6.(e) in [DMl]; see also proof of 2.9.(c)). In spite of this observation, we state the 
application of our results to fields as 

Corollary 4.3 : A formally real field verifies [MC] iff it verifies [WMC). ◊ 

5 M arshall's conjecture for Pythagorean fields 

In this section we show that all Pythagorean fields verify Marshall's conjecture (Theorem 5.6). 

We start with a result on the K-theory of quadratic extensions. This result is a consequence 
of Corollary 5.3 in [BTJ, which in turn comes from Theorem 2.3 in [Mi]. However, since the part 
that we need has a simple proof, we include it. 

Lemma 5.1 : Let F be a field of characteristic=/=- 2 and E = F(d112
) be a quadratic extension 

of F. Let n be an integer 2 2. Then, for each rJ E kn E, there is a finite set of indices I together 

with a~, ... , <-i E .F and bi E .E, i E I, such that 

Proof: Clearly, it is enough to prove the statement for generators l(z1)l(z2) ... l(zn) in knE. We 
show that the result holds for n = 2 and a straightforward induction will give the desired conclusion 
for all n 2 2. 

Let w = a + b✓d and z = x + y✓d be elements of F( d1l2
), with a, x E F and b, y E P. Then, 

Claim : There are s, t E .F such that sw + tz is either O or 1. 

Proof: We have w/b - z/y = a/b - x/y = a E F. If a = 0, we are done, withs = 1/b and 
t = -1/y; if a E .F, then sets = 1/ab and t = -1/ay, to get sw + tz = 1. 

The Claim and Lemma 2.6.(d) yield 

0 = l(sw)l(tz) = [l(s) + l(w)][l(t) + l(z)], 

from which it follows that l(w)l(z) can writen in the desired form. ◊ 

In section 6 of [Mi] , Milnor presents the construction, due to H. Bass and J. Tate, of a graded 
ring homomorphism from the mod 2 K-theory of a field F to the mod 2 cohomology ring of F. 
We recall the main points succintly. 
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For a field F, let F
8 

be the separable closure of F and G be the Galois group of F
8 

over F. 
Fs is a G-module under the operation x i-+ a-( x), for a- E G. The exact sequence of G-modules 

(I) 

leads to a long exact sequence in Galois cohomology (Proposition II.4.4, p. 115 in [Ri]) whose first 
terms are 

(II) 

where 8 is the connecting homomorphism associated to the exact sequence (I). By Hilbert's The­
orem 90 (Proposition V.1.2, p. 246 in [Ri]), H 1 (G, F's) = 0. Moreover, since H 0 is the subgroup 
of fixed points of the G operation on F's, the sequence in (II) yields, with Z/2Z in place of {±1}, 
the exactness of 

(III) 

Since F/F2 
may be identified with k1F vial, the map l(a) E k1F i-+ 8(a) E H1 (G, Z/2Z) is an 

isomorphism. We shall conform to standard practice and write (a) for 8(a). Note that for all 
x E F', (ax2 ) = (a) (compare Lemma 2.6.(b)). 

By Lemma 6.1 in (Mi], the isomorphism l(a) 1-+ (a) extends to a graded ring homomorphism 

hF = (h:)n~l : k*F -t H*(G, Z/2Z), 

that sends a generator l(ai)l(a2) ... l(an) to (a1) U (a2) U ... U (an) =def (a1, ... ,an), the cup 
product of the a/sin Hn(G, Z/2Z). 

To simplify exposition, write Hn(F) for Hn(G, Z/2Z) and H*(F) for H*(G, Z/2Z). 

At the end of 1995, V. Voevodsky announced the proof of 

Theorem 5.2 {Theorem 1.1 in [V]) : If F is a field of characteristic =/:- 2, then h~ is an iso­
morphism, for all n 2: 1. ◊ 

Among the many consequences of this beautiful result, we register 

Corollary 5.3 ; Let F be a field of characteristic =/:- 2. Then 

a) H* (F) is generated, as a graded ring, by H 1 {F ), that is, for all n 2: 1, if rJ E Hn(F), there is 
a finite set of indices J and elements a{, ... , a~ E F' such that 

r, = ~jEJ (a{, ... , a~) 

b) Let E = F ( d112) be a quadratic extension of F. Then, for all n 2: 1 and all /3 E Hn {E), there 
is a finite set of indices I together with a~, ... , a~_

1 
E P and bi E .E, i E J, such that 

Proof: Item 1 follows directly from the fact that h; is an isomorphism and that every element 
in knF is a sum of generators of the type l(a1)l(a2) ... l(an), taken by h; to (a1, ... , an) in Hn(F). 
Item 2 follows from Lemma 5.1 and the fact that h~ is an isomorphism. ◊ 

We now prove 

Proposition 5.4 : Let F be a Pythagorean field. Then, (-1) U (·) ; Hn(F) ~ Hn+1(F) is an 

injection, for all n 2: 1. 
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Proof : Let E = F( d112
) be a quadratic extension of F. By Corollary 4.6 in [A], there is a long 

exact sequence of mod 2 cohomology, which for each n ;:::: 0 consists of 

(Q) 

where µ stands for cup product with ( d), while Res and C or are the restriction and corestric­
tion maps in Galois cohomology , respectively. We have (see paragraph before Theorem 4.1 and 
paragraphs before Theorem 4.4 in [A]) : 

1. With the identification originating from the sequence (III) above, Res : H 1 (F) --+ H 1 (E) is 
given, for each a E F', by (a) f-+ (a ); 

2. The corestriction C or: H 1 (E) --+ H 1 (F) is given, for each b E E, by (b) f, (NE/F(b)) , where 
NE/Fis the field norm, that is, if b = x + y✓d, then NE;F(b) = x2 

- y 2d E F'. 
Moreover, the maps Res and C or have the following properties : 

3. For f/ E JIP (F) and ( E Hq(F), Res(T/ U () = Res("l) U Res((). 

(Proposition III.7.3, p. 191 in [Ri] or§ 2.6.(a), p. I-14 in [S]). 

4. For f/ E HP (F) and ( E Hq(E ), Cor(Res("l) U () = f/ U Cor((). 

(See paragraph before Theorem 4.4 in [A], Proposition III.7.5, p. 192 in [Ri] , or§ 2.6.(a), p. I-14 
in [S]). 

For j3 E Hn(E), we may write, by Corollary 5.3.(b) , 

fJ = LiEI (a~, ... ,a~-1,bi), 

with a~ E F', for 1 :$ k :$ n - 1 and all i E J. Write 'f/i = (a~, ... , a~_1) Then, recalling items L, 
2., 3. and 4. above 

Cor(/3) = Cor(LiEI Res(T/J U bi) = Lie! Cor(Res(r,) U bi) 

= L ie! 1Ji U Cor(bi) = EieI 'fl; U (NE/F(bi)). 

Now notice that if d = -l, then, for each i E J, NE;F(bi) is a non-zero sum of squares in 
F. Since Fis Pythagorean, there is xi E F' such that NE;F(bi) = xf, for all i E J. But, for each 
i E J, we have (xl) = (1), the zero of H 1(F). It follows that Cor is the zero map from Hn(E) to 
Hn(F). Now, the exactness of the sequence (Q) yields that cup product with (-1) is an injection 
from Hn(F) to Hn+l (F), as claimed. ◊ 

Recall that in section 2 we defined the homomorphisms w n : kn F --+ kn+ 1 F, consisting of 
multiplying by l( - 1). It is clear from the above considerations that the following diagram is 
commutative, for all n ;:::: 1 : 

kF n 

µ 

hF 
n+l 

where µ is cup product by ( -1 ). Thus, Theorem 5.2 and Proposition 5.4 yield 



27 

Corollary 5.5 : knF w,. kn+I F is injective, for all Pythagorean fields F and all n ~ 1. ◊ 

We now prove 

Theorem 5.6 : Every Pythagorean field verifies [MC ]. 

Proof : In section 4 of [Mi], Milnor constructs, for each n ~ 1, a group homomorphism 

sn: knF ~ r /Jn+l = Jn, that sends a generator l(a1)l(a2) ... l(an) to the class of the Pfis­

ter form ®f;a:1 ( 1, - ai ) modulo Jn+l. 

Since the wn are injective for all n, it follows from Remark 4.2 in [Mi] that sn is an isomorphism, 

for all n ~ l. Now notice that, for each n ~1 , the following diagram is commutative: 

Jn ----► Jn+l 
ln 

where f n is multiplication by 2 = ( 1, 1 ), as in section 2. Corollary 5.5 and the fact that the sn's 

are bijective imply that fn is injective for all n, i.e., F satisfies [W MC]. But then Theorem 4.1 

(or Corollary 4.3) guarantees that F verifies [MC]. ◊ 

For a Pythagorean field F , let B(F) be the Boolean hull of G(F) as in Remark 2.10. For each 

n ~ l, write B(F)(n) for the subgroup of B(F) (under 6), generated by the meets of at most n 

elements of G(F ). We can then state 

Corollary 5. 7 : Let F be a Pythagorean field. Then, for all integers n ~ 1, 

a) The homomorphism c:n of Theorem 2.11 is an isomorphism from knF onto B(F)(n) . 

b) The homomorphism µn of Proposition 3.6 is an isomorphism from Jn onto B(F)(n). 

c) Hn(F) is isomorphic to B(F)(n) . 

Proof: a) It follows from the construction of c:n that its image is B(F)(n) . With notation as in 

sections 2 and 3, we have a commutative diagram 

k(F) 

B(F) 

Now, each f3 is injective, because the same is true of each wn (Corollary 5.5). Since c: is an 
n 

isomorphism (Theorem 3.1), we conclude that en is also injective, as asserted. 
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b) By Facts 3.2.D and E and Proposition 3.6.(d), the image of µn is precisely B(F)(n). But 
Theorems 5.6 and 4.1.(3) tell us that µn is injective for all n ~ l. 

c) Clear, by Theorem 5.2 and item (b). ◊ 

In [AEJ] the question was raised of characterizing, for a Pythagorean field F and a given 
integer n ~ l, the kernel of the "total signature" map : 

T : Jn(F) -----+ f1uEx(F) /'t( Fu), 

given by : 

r(Cf) = ( Cf 0 Fuf Jn+l(Fu) : u E x(F) ), 

where x(F) is the space of orders of F, and Fu denotes the real closure of ( F, u ). Marshall's 
conjecture for F obviously entails that ker(r) = 1n+1(F), proving this "local-global" principle as 
well. Thus, Theorem 5.2 implies that it also holds for the graded cohomology ring of F . 
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