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Abstract. The purpose of this paper is to study Liouville-type theorems for
the equation 2A, v + Au = 0 in half-spaces. Our main result classifies C''-
viscosity solutions that continuously vanish on the flat boundary and grow
linearly at infinity. This is somehow equivalent to treating a class of equations
in divergence form in Orlicz space without the A, condition. The ingredients
for the proof involve the regularity theory for solutions; the construction of
barriers along the boundary; and new up to the boundary gradient estimates.
These elements allow to implement a Lipschitz implies C1® type approach.
We obtain some applications that encompass the recovery of classical results
like Radd’s zero-level set removability result and Schwarz reflection principle
yielding substantially more regularity.
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1 Introduction

Classification of solutions to elliptic equations plays a pivotal role in studying
problems in partial differential equations, geometric analysis, and geometry.
A classical result from the theory of harmonic functions establishes that if u
is a nonnegative harmonic function in the half-space R} = {(z1,...,z,) €
R"™ : x, > 0}, continuously vanishing on OR?, then u(z) = u(e,)x, for
every ¥ € R’. Possibly this result was first stated by Loomis and Wider
[20]. Afterward, this was considered by Rudin [25] in the higher dimensional
case. For a short proof of this result for harmonic functions in half-space,
we refer the reader to [5] and a textbook proof can now be found in Theo-
rem 7.22 in [1]. In [17], Kilpeldinen et al proved this result for p-harmonic
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function. Similar results were also obtained for the infinity Laplace and the
minimal surface equations. These results can be found in [4] and [12], re-
spectively. The classification theorem for g-harmonic functions in half-spaces
was obtained by Braga and Moreira in [7], and for homogeneous differential
inequalities involving the extremal Pucci operators (/\/lf A) by Braga in [6].
Following [7], let ¢ : [0, +00) — R such that

(g1) g € C°[0,00) N C*0, 00),
(g2) 9(0) =0, g(t) >0 fort>0 and Jim g(t) = +o0.
—00
For g satisfying (g1) and (g2), we define the Lieberman’s quotient by

tg'(t) for t > 0.
g(t)

For 0y > 0, we say that a function g satisfying (g;) and (g9)

Qq(t) ==

g €Csy <= Qu(t) >6 Vt>0.

For a pair 0 < dp < go, we say that the g belongs to Lieberman’s class Cs, 4,
if only if (¢g;) and (g2) are satisfied and

These assumptions on the function g establish for some kind of uniform
ellipticity conditions to operators in divergence form of the type

Lou = div( (|Vu|)‘v ‘) 2)

Let R} = {z = (21,...,2,) € R" 12, > 0}, B} :=={z e R} : |z] <1},
Cop(
Copl
O

) i={ueC’(B}):u=0on B, :=0R NIB},
m):={ueC'(RY):u=0ondR}},
H=|J "B, for ke NU{oc},

0<e<r

Sy

where r > 0, C°(R" ) denotes the set of continuous functions on R}, and the
subscripts ufb and fb stand for vanishing on the flat boundary and the flat
boundary, respectively. In [7], the authors also show that if u € C’Sfb(R’?F) N

wh G(R”) is a nonnegative solution in the sense of distributions to

loc
div (g(||vvi||)Vu) =0in RY, (3)
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where G(t) = fotg(s)ds for t > 0, G(0) = 0, and g € Cs, 4., then u(z) =
u(en )z, for all x € R, In [7] it is also proved a version of this result without
the sign restriction. More precisely, if u € C’Sfb (R%)N VVllo’CG(]R’}r) is a solution
in the sense of distributions to (3) and

u(x) = O(|z]) as |z] = o0, x € RY,

then -
u(z) = uley)x, Vel

The proof of this result in [7] is short but far from immediate. It is the combi-
nation of a quantitative version of the Hopf-Oleinik Lemma [8, Theorem 3.2]
with Carleson estimate, boundary Harnack inequality, and Schwartz reflec-
tion principle in the context of non-negative g-harmonic functions. Also, it
worth observing that if v is a non-negative solution in any of these situations,
then u(x) = O(]z|) at infinity.

The main purpose of this paper is to present a proof of the classification
theorem for functions in half-spaces that vanish continuously on the flat
boundary and are also solutions to the following quasilinear non-uniformly
elliptic equation in nondivergence form

Loou = 2Au+ Au = 0 in R,

where

" Ou Ou  O*u )
Asou = i Or: 0, Do, (D*u(z)Vu(x), Vu(z)).

J=1

This is somehow equivalent to treating (3) for the case where g(t) = 2te’.
In this case g = 1 and gy = oo. Hence, the so called A, condition is violated
in the context of elliptic equations (in divergence form) in Orlicz spaces. To
see this, letting ¢(t) = 2te’”, we have

A0

"0 =1+2t2>1, Vt>0. (4)

Qy(t)

Thus, ¢ € C; and
/
lim P
t—-+o00 ¢(t)
Consequently, ¢ ¢ Cs, 4, for any gy > 1, and the degenerate operator defined
by

= +00.

Ly(u) = div (¢(yvu|)|§—z|> = div (27 V) (5)
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is a quasilinear non-uniformly elliptic operator. A straightforward compu-
tation on the divergence above shows that this operator can be written in
nondivergence form as

Lou = 2e/V {2A ju+ Au} = 2V L. (6)

Hence,
Loyu=0 <<= L u=0.

Motivated by [7], we obtain the following classification result:

Theorem 1.1. Let u € C'(R}) N CYy,(RT) be a viscosity solution to
Lou =0 1n RY. (7)

Assume that
u(xz) = O(|z]) as |z| = 00, z € RY. (8)

Then, o
u(x) = ule,)r, VzeRL

In the proof of Theorem 1.1, we start by showing the equivalence among
C! viscosity, classical, and distributional solutions to (7). In turn, the con-
struction of suitable barriers renders the control of the solution by the dis-
tance up to the flat boundary. Now, the interior gradient estimate kicks
in yielding global Lipschitz regularity up to the boundary. This allows us
to truncate the equation recovering Lieberman’s ellipticity conditions in the
whole half-space. Finally, a Lipschitz implies C'® type result finishes the
proof.

As a matter of fact, the equivalence of solutions mentioned above goes
further dealing with local minimizers of

Jo(u) :/Qe|vu2 dx 9)

The study of the regularity of the solutions to (10) was first considered by
G. M. Lieberman to answer a question posed by M. Giaquinta. In [19],
Lieberman proved that if u is a local minimizer of (9), then u € C*(2) and
it is a classical solution to

Lou=0 in Q. (10)

This way, our equivalence regularity result (Theorem 1.2) can be seen as a
complement to the theory developed by Lieberman in [19]. We should also
mention the paper by Marcellini [22], where the local Lipschitz regularity of

4
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minimizers is established for a more general class of functionals containing
the ones treated here. The results in [22] are also valid for vector valued
maps.

The following result deals with the regularity theory for solutions (see
Definition 2.1) to (10).

Theorem 1.2. Let Q2 is an open subset of R". Assume u € C1(Q). The
following statements are equivalent:

(a) u is a classical solution to (10);
(b) w is a strong solution to (10);
(¢) u is a weak solution to (10);
(d) w is a local minimizer of (9);
(e) u is a viscosity solution to (10).
Moreover, if any of the statements above holds then u € C*(S).

We finish this section with some applications. The first one is the version
of Theorem 1.1 in the whole space:

Theorem 1.3. Let u € CH(R™) be a viscosity solution to
Loou =0 in R". (11)

Assume that
u(z) = O(|z|) as |z| — oc. (12)

Then, u is an affine function.
As an immediate consequence, we have the following.
Corollary 1.4. Let u € C*'(R") be a viscosity solution to
Lou =0 in R". (13)

Assume that
u(z) = O(|z]) as |z| = o0, x € R", (14)

and u is bounded above or below. Then, u is a constant.
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The second application is a Rado-type result. As it is well known, the
classical Radd’s removability result [24] establishes that if f is a complex-
valued continuous function in an open set €2 in the complex plane and f is
holomorphic in Q\{z € Q: f(z) = 0}, then f is holomorphic in the whole €.
For the case of harmonic functions, see [2]. The p-Laplacian case was treated
in [14, 16]. For quasilinear elliptic and parabolic equations, this result was
studied by Juutinen and Lindqvist [15] and for fully nonlinear equations by
Takimoto [27]. For more details, see the references therein.

In this paper, we use the result in [15] to deepen the removability result
on the level set {u = 0} for the equation L.,u = 0 yielding (smooth) classical
solutions. We prove the following corollary.

Corollary 1.5. Let Q C R" be an open set and u € C'(Q) be a viscosity
solution to

Lou=0 in Q\{zxe€Q:u(z)=0}
then uw € C*(§2) and it is a classical solution to (10) in the whole Q.

We observe that the C*' regularity in the theorem above is sharp as can
be seen by the example given by u € C%'(B;) defined as u(z) = |x,]|.

Finally, we reach our last application, the Schwarz reflection principle for
the equation L,u = 0. We highlight that our result also encompasses a
regularity result by showing that C! solution up to flat boundary are indeed
smooth. The result goes as follows.

Corollary 1.6 (Schwarz reflection principle). Suppose u € Cyp,(Bf;) be a
viscosity solution to
Loou=0 in Bf.

Let U be the odd reflection across the flat boundary, i.e.,

/ . !
U, 3,) = u(,:c ,xn) if (¢',x,) € Br, , >0
—u

(', —xy) if (¢ x,) € Bgr, x, <O0.
Then, U € C°(Bg) and it is a viscosity solution to
LU =0 in Bpg.
Moreover, if u € C},(By) then U € C*(Bg). In particular, u € J?E(B_E)

The plan of this paper is as follows: Since the regularity theory for (10)
is used to prove the classification results, we begin by proving Theorem 1.2
in Section 2. In Section 3 a truncation argument is employed to introduce a
suitable Lieberman’s class of functions. Barriers are constructed in Section



Liouville Theorem for Quasilinear Elliptic Equations

4, which are used in Section 5 to prove the boundary gradient estimates.
Section 5 presents a proof of Theorem 1.1. Finally, Section 7 deals with the
proofs of the results regarding the applications.
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2 Proof of Theorem 1.2

In what follows we introduce various concepts of solutions to L,u = 0 that
are used to prove the classification results. This set up the environment for
our regularity result (Theorem 1.2). This will be used on several occasions
in the proof to come.

Definition 2.1. Let Q C R™ be an open set.

1. A function u € C*(Q) is a classical solution to (10) if it satisfies the
equation (10) pointwise everywhere in €.

2. A function u € W2P(Q), 1 < p < 00, is a strong solution to (10) if it
satisfies the equation (10) almost everywhere in €.

3. Let
W(Q) = {u c W Q) / 2elV | Vu| dz < 00 VV CcC Q} .
v
A function u € W(Q) is a weak solution to (10) if

/ 2eV VUV dr =0 Vo e CX(Q),
Q

i.e., u solves Ly(u) = 0 in the sense of distributions, where $(t) = 2tet”
fort > 0.
4. A function uw € C(Q2) satisfies

Loou >0 in (15)
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in the viscosity sense if for every o € C*(Q) such that u— ¢ has a local
mazimum at xog € 2 then Loop(x9) > 0. In this case, we say that u is
a viscosity subsolution to (10) in Q. A function u € C(Q) satisfies

Loou<0 in€ (16)

in the viscosity sense if for every o € C*(Q) such that u— ¢ has a local
minimum at o € Q then Loop(xo) < 0. In this case, we say that u is
a viscosity supersolution to (10) in . If u satisfies (15) and (16), we
say that u is a viscosity solution to (10) in §.

5. A function u € WH1(Q) is a local minimizer of (9) if Jo(u) < oo and
Jv(u) < Jv(u+ @)
for every V- CC Q and for every ¢ € Wol’l(V).

In this paper, by a modulus of continuity we mean a nondecreasing func-
tion w : [0,00) — [0,00) such that lim; ,o+ w(t) = w(0) = 0. We now recall
the definition of the rank one map. Let p,q € R", we denote p ® ¢ the linear
map from R" to R™ given by p ® q(v) = {(q,v)p for all v € R". It is easy to
observe that ||[p®g¢|| = [|p|||l¢||. In matrix terms, p®q = (a;;), i, j = 1,...,n,
a;; = piq;, where p = (p1,...,pn) and ¢ = (¢1,...,¢,) are the coordinates
representation in the canonical basis of R™. For more details we refer the
reader to the Notation Section in [21] on page xviii.

For future use, we now present equivalent definitions of viscosity solutions
in the next lemma, which is inspired by Proposition 2.4 in [10].

Lemma 2.2. Let QQ C R"™ be an open set. Then, the following are equivalent
a) wis a viscosity subsolution to L (u) =0 in €.
b) If zg € Q, A is an open neighborhood of xy, v € C*(A) such that
u<g@inA and u(xg) = @(xg). (17)
Then Loo(¢)(xg) > 0.
c) Same as b) with ¢ € C*(A) replaced by ¢ is a paraboloid.

Proof. We start by proving that a) implies b). Indeed, since A is a neigh-
borhood of zg, there exists Bas(zg) C A for some 6 > 0. Now, we con-
sider a cut-off function £ € C*°(R™) such that so that £ = 1 in Bs(xg) and
supp(§) C Bas(xg). Now, ¢ := ¢ - & € C?(Bas(xg)). This way, denoting
by 1* the extension of ) by zero outside Bas(wg), we see that ¥* € C?(Q).

8
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Now, once 9* = ¢ in Bs(zg), u — ¢* has a local maximum at zy. Thus, once
D**(z9) = D?*p(0) and Vip* () = V(z0) and u is a viscosity subsolution
to Loo(u) = 0 in Q, we conclude that, Lo(¢)(z9) = Loo(¥*)(x9) > 0. This
proves b). It is immediate that b) implies ¢). Now let us prove that ¢) implies
a). Indeed, let ¢ € C?(2) such that u — ¢ has a local maximum at xy. By
Taylor’s expansion, we have

90(1;) :P$0<m)+0(|x_$0|2> as T — To,

where P, (2) = @(x0) + V(o) - (x — 20) + 5 (2 — 20)" D*¢(20) (2 — 20). From
this, for small € € (0, 1) given, there exists a 0 = d(¢) > 0 such that

p() < Ppy(2) + elr — 20> =: P, (z) V€ Bs(xo). (18)
Now, reducing 6 > 0 if necessary, by assumption, we have
u(®) - p(x) < u(wo) — p(xo), Vo € By(xo).
This implies,
u(®) < o) + (u(wo) — (x0)) Vo € By(xo).

Inequality above together with (18) implies that for all x € Bs(zo),

u(z) < @(@) + (u(@o) — ¢(x0)) < Ppy () + (ulzo) — ¢(20)) =2 Q3 (2)
Clearly,
D*Q; (z) = D°P; (z) = D*Py () +2el,, V. (x) = Vp(xg)+2e(x —1x0)
Since ¢) holds, we conclude that

0< LOO( 2())(‘750) = ‘COO(P;(])(IO)
= 2A(P;, ) (o) + AP (70)
= 2{(D?p(x0) + 2¢1,,) - Vo(x0), Vio(z0)) + Ap(xg) + 2ne
= Lo (@) (m0) + 42|V (20)|* + 2ne.

Letting e — 07, we obtain L..(¢)(x¢) > 0. This finishes the proof.
O

Lemma 2.3. Let Q C R™ be an open set, and let X € C°(;R™) N L>(Q)
be a vector field satisfying

[ X(2) = X(y)| Sw(lz—yl) Va,ye,
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where w is a modulus of continuity. Set

where by I, we mean the n x n-identity matriz and X, ..., X, are the com-
ponents of X, i.e., X(x) = (X1(x),..., Xn(x)), € Q. Then,

1. Ais a uniformly elliptic (symmetric) matriz with ellipticity constants
given by 1 and (1 + ||X||200(Q)>, i.e.,

€] < (A(@)€,€) < (L+ [ X|Ze() € V2 € Q€ R™

2. |A(z) — A()|| < 2[|X||pe(@) - w(lz —y|) YVa,yeQ.

Proof. For item (1), we observe that for every £ € R™, we have

(A(@)€,€) = (X(2) ® X (2), &) + €]
Thus,

(XN () + DIEP > (X (@) + DIEP > (X (2) @ X ()€, ) +[€]* > [¢]*
For item (2), for every x,y € Q, we have

JA@) - Ay)] = [X(2) © X (2) - X(y) © X ()]

< X (2) ® X(2) - X(2) @ X ()] + | X (2) © X(y) = X(y) ® X ()]
— [ X(2) ® (X(x) — X)I| + (X (2) - X (1)) ® X(9)]

— [X(@)]1X () - X(3)] + (X (2) - X)X W)

< 21X g0y - (] — ).

]

Lemma 2.4. Let V. C R™ be an open set, u € W'P(V) N L>(V), where
1 <p<oo, and F € CY(R). Then the composite function F(u) € W'P(V)
and (F(u))y, = F'(u)ug, a.e. on'V fori=1,... n.

Proof. Let L = |lu||r(vy and ¢, € C*(R), satisfying 0 < ¢, < 1, ¢ =1
on [—2L,2L], supp(pr) C (—3L,3L) and |¢}| < 2/L. Set F, = F - p. We
then have F;, = F on [—2L,2L], supp(Fr) C (—3L,3L), F;, € CY(R), and
Fi =F'-p,+ F-¢}. Since

2
|Fillze® < sup [F'| + 7 sup |F| < oo,
(—3L,31) (—3L,31)]

10
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by the chain rule [11, Theorem 4.4, Fy(u) € W'?(V) and
(Fr(u))z, = Fy(u)u,, ae.onVfori=1,... n.

Since |u(x)| < L a.e. on V, it follows that F(u) = F(u) on V, and then we
conclude the proof of the lemma. n

Proof of Theorem 1.2. Let us prove that
(a) = (b) = (¢c) = (d) = (a) <= (e),

which will establish the theorem.
We first prove that (a) = (b). For this, we only observe that C*(Q) C
Wi (2).

We now prove that (b) = (c). Assume that u € W2>P(Q),1 < p < o0, is a

loc

strong solution to (10). Let ¢ € C(Q2) and V' CC Q such that suppy C V.
Using Lemma 2.4 to F(t) = e, we obtain elV** € W'2(V) N L>(V). For
each i € {1,...,n}, since u,, € W'(V) N L®(V), we have eV u, €
WP(V) N L=(V), by Leibniz’s rule in Sobolev space (see Theorem 4.4 in
[11]). Using Lemma 2.4 once more, we have

n
2 2 } : )
(e\Vu| u%) = 6|Vu| (2 Ugy Ugpz; Uz, + uzzzz> ) Vie {17 T 7n}'
T
k=1

Adding the identities above, we arrive at
—div (e‘V“FVu) = —eV" QA u+Au) =0 ae inV.

Hence,
0= —/ ediv <6|V“‘2Vu) dr = / e'V“‘QVUV<P dx,
1% Q

which proves (c).
In order to show that (¢) = (d), assume that u is a weak solution to (10).
Let V CC €2 be an open set and
Jv(v) = / VP dz, v e WhH(V),
v

whenever Jy (v) is finite. Let v € W'(V) such that v —u € W, (V). Using
the convexity of the function F'(£) = elé’| ¢ € R", we obtain

Jy(v) = / eVl dr > / eVl dy +/ 2eV VUV (v — u) da. (19)
v v v

11
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Since v — u € Wy (V), there exists ¢, € C°(V) such that ¢, — v — u in
WH(V) as k — oo. Once u is weak solution to (10), we have

/V 2eV’ VUV dr =0 Yk €N.
Letting £ — oo, we obtain
/VQeV“FVuV(U —u)dx = 0. (20)
Combining (19) with (20) yields
Jy(v) = /VeW”2 dx > Jy(u)

for every v € WHH(V) such that v — u € W, ' (V). This finishes the proof of
(d).

We now prove (d) = (a). Suppose u is a local minimizer of (9). From
the main result in [19], it follows that u € C?*(Q) and is a classical solution
to (10).

It remains to prove that (a) <= (e). We first prove that (a) = (e).
Assume that u € C*(Q) is a classical solution to (10). Let ¢ € C?(Q) be such
that u—¢ has a local maximum at xg, then Vu(zy) = V(o) and the Hessian
matrix D?(u — ¢)(zo) is negative-semidefinite, that is, D?u(z¢) < D%*p(z).
Thus,

Looip(0) = 28500(20) + Aip(0)
= 2(D*p(0) Vip(wo), Vip(o)) + Ap(20)
> 2(D*u(xo)Vu(zo), Vu(wo)) + Au(r)
= Loou(zo)
=0,
therefore u is a viscosity subsolution to (10). If we now assume that u — ¢

has a local minimum at g, then Vu(zo) = V() and D?*u(zg) > D?*p(z0).
Repeating the argument above, we find

Loop(xo) < Loou(zg) =0,

which implies that w is a viscosity supersolution to (10). Hence, u is a
viscosity solution to (10), and (e) is proved. We now prove that (e) = (a).
Let u € C'(Q) be a viscosity solution to (10). We observe that the equation
(10) can be written as

Tr (A(z)D*u(z)) =0, z €,

12
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where A(x) = X(z) ® X(x) + I,, with I,, being the n X n-identity ma-
trix, X (r) = v/2Vu(zr), and Tr is the trace operator. Let V CC Q, oy :=
dist(V,0Q), and W = {x € Q : dist(z,0V) < dy/4} CC Q. Sinceu € C*(Q),
Ly = ||Vu||pew) < 00. By item 1 of Lemma 2.3, A is uniformly elliptic in
W with ellipticity constants given by 1 and 1+ 2L%,. Set

w(r):=v2  sup |Vu(z) — Vu(y)|.

YW, |z—y|<r
Applying Lemma 2.3 to X in W, we have
|A(z) = A()| < 2Lw - w(|z —yl), YVa,yeW.

As a consequence, for every xy € V' and for every r < ry := dy /4, we have

(7{%@ A(z) - A(xo)|”dx) " < oLy - w(r),

Hence,

lim (][ |A(x) — A(xo)|" dx) ) uniformly for zy € V.
Br(z0)

r—0t

Now Caffarelli’s C''*-regularity theorem (Theorem 8.3 in [10]) implies that
solution u is C**(V) for every a € (0,1), with C''**-estimates in W depend-
ing on W itself and a. Since A € C%(W), By Caffarelli-Schauder theory
(Theorem 8.1 and Remark 3), u € C>%(W) with estimates. Since u € C?(V)
and is a viscosity solution, Lemma 2.5 in [10] implies that u is a classical
solution. Combining this with the classical bootstrap argument, we conclude
that w € C>*(V). As V CC Q is arbitrary, we obtain that u € C*°(2). This

finishes the proof of (a). O

3 Truncated equation

We begin with a truncation argument to introduce a suitable Lieberman’s
class. The purpose here is to recover the uniform ellipticity for Lipschitz
solutions.

Proposition 3.1. Let g € Cs for some d > 0 and L > 0. Set

[ d@), 0<t<L
DL(t) T { i/(L)7 t> L.

13
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Then Dy, € L'0,t] for every t > 0. Assume now that

sup Qq(t) =: M, < +o0,
te(0,L]

and define
t
g, (1) ::/ Dr(s)ds, t>0.
0
Then g, € Cs, g with 6p := min{1,0} and g% = max{1, M. }.
Proof. We start with the observation that 0 < Dy € L (0,00). In order to

loc

prove the first claim, it is enough to show that Dy € L'[0, L]. Indeed, let
0 <e < L. Then

/j |DL(s)|ds = /EL g (s)ds = g(L) — g(e).

Letting ¢ — 07 and using the Monotone Convergence Theorem and the
continuity of g at 0, we conclude that Dy € L'[0, L]. Furthermore, by the
absolute continuity of the Lebesgue integral (Proposition 1.12 in [26]), we
have

9,(0) = lim g,(t) = 0.

t—0t

Hence, g, € C°[0,00). Now, by the Fundamental Theorem of Calculus,

/ /(t>, O0<t< L
9L<t) = { ;]’(L), t> L.

Hence g, € C'(0,+00) and g, satisfies (g;). Furthermore,

t
g,(t) = / Dp(s)ds >0 ift>0
0

and for ¢ > L we have

g () = /0 Dy()ds + | Di(s)ds

= /o g'(s)ds —i—/L g (L)ds
=g(L)+ 4 (L)(t - L) (21)
> g'(L)(t — L).

Hence,
lim g, (t) = 400,

t——+00

and we conclude that g, satisfies (g2). We now observe that

14
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(A)

15

For 0 <t <L, g,(t) fo (s)ds = g(t) and

t)
tg. (t) tDL(t) _ tg'(t)
9, g, @)  g) —
(

Moreover, by assumption Qg

§<Q, (t) <M, Vte(0,Ll.

Qq, (1) =

For t > L, by (21), we have

tg, () _ tg'(L)

Qo= = s+ gD - L)

Now,

Do Lg' (L) g(L)
%0 = gy = or (e )
There are two cases to consider:
9(L)
(@) Lg'(L) —
9(L)
(b) Lg'(L)

If (a) holds then @, is increasing in [L, o0). Thus,

. Lg'(L)
te%[l?f;o) Qg (t) = th%le QgL( )= QgL( )= (L) >0,
Sup )Qg (t) = lim Q, (1) = 1.

If (b) holds then @, is decreasing in [L,c0). Thus

inf Qg (t) = lim QQL (t) =1,

te[L,00)
— L) < M;.
teS[EEo) Qg (t) = . HEL QgL( )= QgL( ) < M,
Consequently,

min{l,d} < @y, (t) < max{l, My} Vt> L.
Now (22) and (23) together imply
0L < Qy, (1) < gy Vit>0,

and g, € Cs, 4o as required.

t) < My, for every t € (0, L]. Hence

(22)

(23)
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[
Remark 3.2. We observe that for ¢(t) = 2te’”, by (4),
Qs(t) =1+2t>>1=:6.

In particular,

My, == sup Q4(t) =1+ 2L
te(0,L]

Therefore, the truncated function ¢, € Cumings,1},max{1,mr} = C1,:y -
Now, we show the equivalence of solutions with the truncation equation.
Proposition 3.3. Let g € Cs for some § > 0 and assume that for some

L >0, we have

My = sup Q,(t) < +o0.
te(0,L]

Assume that for some open set V.C R™ the function u € WH (V) with
||Vu||L°°(V) S L
Then, u is a weak solution to

L,(u) = div (%w) —0inV

if only if u is a weak solution to the truncated equation

Ly (u) = div (%VU) =01inV,

where g, € Cs, 4z

Proof. Since u € Wh*°(V), we have g(|Vu|) € L>*(V). Now, for every
v € C§P(V), we have

/ IV G0 e = [/ +/ } 9IVU) G de
v |Vl vogvasry  Jvogvu<ey) 1Vl

(24)
Since u € Wh>(V) and ||Vul| vy < L, it follows that [V N{|Vu| > L}| = 0.
Thus, once g(|Vu|)|[Vp| € L'(V), we have

/ MVUVQD dx = 0. (25)
Vn{|Vu|>L}

[Vl

The proposition follows now from the identity

/ —g(|vu|)Vqu0dx:/ —gL<|VU|)Vqu0dx.
V{|Vu|<L} [Vul v |Vul

The proof is complete. 0

16
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4 Barrier

In this section, we construct barriers by borrowing ideas from the arguments
employed in the proof of Theorem 1.7 in [23]. They are supersolutions for
the operator L.,. Moreover, we show they possess similar geometry as those
barriers constructed in [8, 9], except they are flipped upside down.

Proposition 4.1. Assume p € (0,1), R >0 and A, g := Bg \ B,r. Given
M >0, there exists T € C*(A, r) such that:

) M =M and T¥ =0,
(i) T 0Bg ane S+ oB,r

(17) There exists a constant C > 0 depending only n and p such that
M [
EooFﬂ\f < _Cﬁ <0 inA,g;
(1ii) There exist Cy,Cy > 0 depending only on n and p such that

M M -
ClEd(x,ﬁBpR) S Ff([ﬂ) S OQEd(ZE,aBpR) Vo € Ap,R;

M

OlR

< IVIY()| < G Vo eAon
Proof. The proof follows very closely the proof of Theorem 1.7 in [23]. Let
I'Y(z) =M T} (), x€A,g, (26)
where T'¥ is the function given by Theorem 1.7 in [23], i.e.,
[7(x) =v(R—a]), =€ A, (27)

where v(t) := a(ef! — 1), t € R, and

M 2(n—1)
Clearly, I} € C(A, ). Moreover, since I'} |95, = 0 and T} |sp,, = M, we
have '} ‘ = M and T¥ ‘ = 0, which proves (). By (ii) of Theorem
BBR 8BpR

1.7 in [23], there exists a constant C' > 0 depending only on n and p such
that

M
L T¥ > Crz 20 A g

17
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Consequently,
M
LTV =L (M-T(2)) < Oz <0 inAp,
which shows that (i7) holds. Now, we prove (7ii). We set
P(t)=M—-v(R—-1t), teR (29)

We observe that
b(pR) =0,
') =0 (R—1t) = aBe’ B >0Vt € R,
Y'(t) = —af?P B <0, vt e R.
Therefore, 9 is a (strictly) concave function, which implies for all ¢ € R
b(t) < P(pR)+¢'(pR)(t—pR) = ¥/ (pR)(t—pR) = afe’ " (t—pR). (30)
By (26), (27), and (29),
P¥(2) = M - o(R— |of) = (jal), Vo€ A n
This way, by (28) and (30), we obtain
I (x) = ¢(jz]) <¥'(pR) - (J2| = pR)
= ape? VPR . dist(z,0B,r)
2(n — 1)e2=D0=P)l/p\ M .
( p(e2=D0-p/p — 1) | "R d(@,0Byn), Vi € A

On the other hand, given ¢ € (pR, R), by the mean value theorem, there
exists & € (pR,t) such that

W(t) = P(t) = b(pR) = ¢'(&)(t — pR)
= afe’(t — pR) > af(t - pR). (31)

Hence, by (31), we have
Y (x) = y(jz]) > aB(jz| — pR)
2(n—1) M
= (p(eQ("l)(lp)/p _ 1)) "R d(z,0B,r), Yz € A,r.

In order to show the gradient estimates in (iii), by (#ii) of Theorem 1.7 in
[23], we have
2(n—1 M 2n — 1)e2=10A=p)/p pf
O i < wri) < 2 e u
p[@2(n—1)(1—p)/p — 1] R p[e2(n—1)(1—p)/p —1] R

for every x € A, g. Since |VI'¥ ()| = |VI'¥ (z)|, this finishes the proof. [

18
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5 Boundary gradient estimates

The boundary estimates used in this paper are gathered in the following
proposition. We single out item (b) as it corresponds to the interior gradient
estimate established in [23] and serves as the key element for establishing the
classification result.

Proposition 5.1 (Gradient estimates on the boundary). Let u € C*(B}) N
Cop(Bg) be a viscosity solution to

Loou =0 in Bf.
Then, the following estimates hold

HUHLoo(B;) " B
(a) |u(z)] < C — 5 | Vz € By, and for some C' = C(n) > 0.

||UHL<>0(B;)

(b) HVUHLOO(B;M) <C (1 + T) for some C' = C(n) > 0.

(c) If
lu(z)] < K|z| Ve Bj, (32)
then u € C’OO(BEM) and it is a classical solution to Loo(u) = 0 in BE/4.
Moreover, there ezist « = a(K,n) € (0,1) and C = C(K,n) > 0 such
that
4y < Ol 3
where
lullg

Clva(Bi) = HUHLOO(B,T) + THVUHLW(B,T) + r1+a[Vu]Co,a(B;L).

Proof. We begin by proving the proposition for the case where R = 1. In-
voking Theorem 1.2, the function u is a classical solution to

Lou=0in Bf.
Let M := ||u| oo (py)- For simplicity of notation, we write z = (2', z,,) instead
of v = (z1,...,2p_1,2,). Define

3 1
Q:{x:(:v',xn)eRi:|x'|§Z, O<xn<1}.

19
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Given zy = (z}, —=) with |z/| < 3, consider the function 'Y € C*(A
00 16 0 4 +

)

Gl

1
29

given by Proposition 4.1, where A1 » = B2 (20) \ By (x0). Thus,

716 16

u(z) <TH(z) vzed <Bl(l‘0) N Ri) :

16

and
LT <0=Lou in Bz (zo) NRY.

Due to the regularity theorem (Theorem 1.2), here we are entitled to use the
comparison principle for classical solutions to quasilinear equations, namely,
Theorem 10.1 in [13], to conclude that

u(z) <TH(z) Vze Bl%(xo) NRY.

Thus, for every & = ({, x,), where 0 < z,, < =, we have z € B%(xo) NR?.

By Proposition 4.1 (7i7), we have
u(x) < TV (z) < CoMd(x, 0B 1 (7o) = C2M |z — (z4,0)| = CoMay,

for some constant Cy = Cy(n) > 0. As Lo(—u) = —Lu, we have L (Fu) =
0 in B;. The argument above can also be applied to —u. Consequently, we

conclude that
u(@)] < CoMa, Vo€ Q" (34)

where

w

* n 1
Q :{x:(:c’,xn)G]R+:]x'|§zl, 0<xn§1—6}.
We claim that there exists 6’; > 0 such that
lu(z)| < CoMz, V€ QT, (35)

where

Q

[N

1 1
:{x:(a:/,xn)ERizlz’lgﬁ, 0<xn§§}.

Indeed, let z € Q7, we have two cases:
2

. 1.
(1) 0<£n§ﬁ7

(il) @, > .

20
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For the case (i), z € Q*, and thus, |u(z)| < CoMx, by (34). For the case

(i), if 7 € Q1
2
M

Taking Cy = max{Cy, 16}, we obtain (35), as claimed. In particular, since

Bfr/Q C Q; we have
lu(z)| < CoMa, V€ BT/Q.

which proves (a) in the case R = 1.
In order to prove (b), let yo = (v}, yo,,) € Q1, where
4

1 1
= {x:(x’,a:n)eRﬁ:W]gl—l, O<xn§1}.

Q1
4
Applying the interior gradient estimates (Theorem 1.5 in [23]) in By, (yo)
we obtain
ll 2= (3,1, (w0
Vu(yo)| < [Vl (B4, o)) < Co { 1+ ;o (36)
“Z Yo,

where Cy = Cp(n) > 0. It is easy to see that the following inclusion holds:
(yo) C Q7 for every yo € Q1. Indeed, let z = (2, z,) € By, (yo). Thus
2 4

Byon

<2 <2 L
Zn S n > e
Yo 1 5

Moreover, and
1 1
=5

' < 12" = 9ol + 196l < 12 = yol + [96] < yon + lvol < 7+ 5
Hence By, (yo) C Q_J%r By (35), for every x € By, (yo), we have

[u(x)| < CoM, < Cy M2y,

Consequently,
[ull L= (B, (wo0)) <20,
Yon

From (36) and (37), we have
Vul)| < OO+ M) Vo€ Q7
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where C' := Cy(1 4 2C3). Since BT € QT we have
4 4
|Vu(y)| < C(1+ M) Vye€ Bf.
4
Hence,

HVUHLOO(B"' )y < C{1+ HUHLOO(B“') ) (38)
1/4 1

which proves (b) in the case R = 1.
Now, we prove (c¢). By (32), we have

sup |u| < K. (39)
Bf

Combining (b) with (39), we obtain
IVl gy < € (1 lllmsy) S CO+E) = L. (40)
By Theorem 1.2, u is a weak solution to
Ly(u) = div(2eV"*Vu) =0 in By,

where ¢(t) = 2te”. Using Remark 3.2 with L := C(1 + K), we have ¢, €
Ci,m, - By Proposition 3.3 implies that u is a weak solution to the truncated
equation

¢, (IVul)

Ly (u) = div < Yl Vu> =01in BYM,

and u € WH(B{,) N C)p(B)),). By using the Schwarz reflection principle
(Proposition 2.1 in [7]), the odd reflection @ € W*(B;4) and it solves

¢, (IVal)

Ly, (@) = div < va va> =0 in By, (41)

in the distributional sense. By Lieberman’s Ch®-regularity theory [18, The-
orem 1.7], there exists @ = a(K,n) € (0,1) such that a € C"*(By/s) and

Hﬂ’HCl’o‘(Bus) < CHaHLOO(Bl/U = CHUHLOO(BI*'M)a
where C'= C(K,n) > 0. Once @ = u in B}, we have

1/4)

lullore sty < Nalloves, s < Cllall=st, ) = Cllull p=s7,,- (42)
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This proves estimate (33) in the where R = 1. Finally, due to (41) and (40),
the function @ € C*(Byy4) with ||V z~(s,,,) < L. By Proposition 3.3, the
function u is a weak solution to

i
L) = div (%va) = 0in By

By Theorem 1.2, i € C*°(By/4) and it is classical solution to L (%) = 0 in

By /4. The same can be said about u in Bf/4.

Let us prove the general case R > 0. Theorem 1.2 gives that u € C*°(B})

and it is a classical to Lo (u) =0 in B};. Now define the rescaled function
u(Rz)
U(Z) - R )

Thus, v € C%(B;") N Cy,(By). Moreover, since
Lo(v(2)) = RL(u(Rz)) Vze Bf.

z € Bf.

Thus, v € C'(BY") N Cp(BY) and it is classical solution to Lo (v) = 0 in
Bi". In particular, v is a viscosity solution to L, (v) = in Bj". We are now in
a position to apply the previously discussed case when R = 1 to the function
v. Items (a) and (b) applied to v give the following estimates

[0()| < Cllollmziyzn V2 € By, (43)
IVl ey < € (14 lollpmgay) (44)
Now we observe that
1
||U||Loo(Bl+) = EHUHLOO(BE)‘ (45)

Hence, (a) and (b) follow readily translating back the estimates (43) and (44)
taking into account (45). Regarding the item (c), we observe that v satisfies
the growth condition (32). Now, (¢) applied to v, yields v € C“(ﬂ).
This clearly implies that u € C“(@) since they differ essential by scaling.
Additionally, item (c¢) applied to v gives

[llgne (52, < Cllolim (o),

Finally, once more estimate (33) follows translating back the estimate above
in terms of u and recalling (45) and

1 *
lollorasgy = Fhulness

This finishes the proof of (¢) in the case R > 0. O
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6 Proof of Theorem 1.1

Proof of Theorem 1.1. Let u € C*(R) N Cgfb(M) be a viscosity solution to
(7) satisfying (8). We claim that there exists L > 0 such that

sup |Vu| < L.
R”’L

+

Indeed, the claim is trivial if w = 0. Suppose u Z 0. By (8), there exist
K > 0 and Ry > 0 such that

lu(z)] < Kl|z| VaeRY, |z| > Ro. (46)

For every R > Ry, Proposition 5.1 (b) gives a positive constant Cy = Cy(n)
for which

HUHLOO(B+)
HVUHLOO(BEM) S C() (1 + TR . (47)

By the regularity theorem (Theorem 1.2), u is a classical solution to (7).
Now, we can use the classical maximum principle for quasilinear equations
(Theorem 10.3 in [13]). This way, since u # 0, there exists g € B} NR™
such that
max [u] < max Ju] = Ju(¢p)] (48)
BE 88;

From (46) and (48), it follows that
max |u| = |u({r)| < K|¢r| = KR VR > Ro. (49)
T

Br

Combining (47) with (49), yields

KR
IVl ey, ) < Co (1 t ?) =Co(1+K) VR>R,

Letting R — oo, we obtain

This finishes the proof of the claim. For every z = (2',7,) € RY, let 7 =
(2',0). By the mean value theorem, we have, for some ¢, € [z,z] C R”,

()] = |u(z) = u()] = [Vu(&) - (z = 7)| < La, < Lfx]. (50)

Let R > 0 and @ € B};. Due to estimate (50), we can use Proposition 5.1 (c)
to obtain

R1+a[vu]()a(3§/8) < C“U”Loo(Bj,g) < CLR,
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where C' = C(n, L) > 0. Thus,

CL
[VU]Ca(Bg/S) < R

Letting R — 0o, we obtain [VU]Ca(Rz) = 0, and hence u is affine, that is,
u(z) = A-x+0b, with A = (A4;,...,A,). Since b =u(0) =0, then u(z) = A-z
for every x € Rf. Once 0 = u(e;) = A-¢; = A; fori = 1,...,n — 1. This
way,

u(z) = Apr, = ulen)r, Yz €RY.

This finishes the proof of Theorem 1.1. ]

7 Proof of the results in the applications

This section is devoted to proving the results in the applications.

Proof of Theorem 1.3. Due to the regularity theorem (Theorem 1.2), u is
a classical solution to (13) in R™. Moreover, the interior gradient estimate for
equation (13) (Theorem 1.5 in [23]) gives a universal constant Cy = Cy(n) > 0
such that

wl| o0
IVull Lo (B, < Co (1 + HHLT(BR)> ' (51)

By (12), there exist positive real numbers K and Ry such that
lu(z)] < Klz| whenever x € R™, |z| > R,.

In particular,
suplul < KR VYR >Ry (52)
Br

Combining (51) with (52), yields

KR
||VUHL°°(BR/2) <y (14-?) =Co(1+K) VRZ>R,.

Letting R — oo, we obtain

By Theorem 1.2 and Proposition 3.3, u is a weak solution to the truncated
equation

Ly (u) = div (%VU) =0in R",
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where ¢, € Cyar,, with My = 1+ 2L? (Remark 3.2). In particular, u €
Whe(R") € WH®L(Bg), where & (t) = fot ¢, (s)ds. From Lieberman’s C'°-
regularity (Theorem 1.7 in [18]), there exist & = «(L,n) € (0,1) and C' =
C(L,n) > 0 such that

4000 (5 ) S Cllellie (53)

From (12) and the maximum principle (Theorem 10.3 in [13]) applied to
,COOU, =01in BR,

ullz= (B = O(R) = o(R'**) = R"™0(1) as R — oo. (54)

Due to (53),
R Vtloa () < Clulli ). (55)

From (54) and (55), we obtain
[VU]CO@(BR/Q) =o0(1) as R — 0.
Let z € R™. Take R > 0 so that |z| < R/2. Then,
|Vu(x) — Vu(0)] < [VU]OOva(BRm)’%\a'

Letting R — oo in the estimate above, we obtain Vu(z) = Vu(0) for every
x € R", and, as a consequence, u is affine. This finishes the proof of Theorem
1.3. O

Proof of Corollary 1.5. Let u € C*(Q2) be a viscosity solution to
Lou=0 in Q\{zeQ:u(z)=0}

By Theorem 2.3 in [15], u is a viscosity solution in the whole 2. By Theorem
1.2, u € C*°(Q) and it is a classical solution to (10) in the whole . O

Proof of Corollary 1.6. The proof is inspired by Proposition 7.1 in [3].
We begin by proving that LU = 0 in Bpg in viscosity sense. It is enough to
test the definition of viscosity solutions in points belonging to B. We only
treat the subsolution case since the supersolution one is analogous. For that,

let zo € B_;?J A be an open neighborhood of xy, and ¢ € C*(Bpg) such that
o) > Ux) YaeA, o) =Ulxo) (56)

We now divide the proof in two cases as follows.
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Case 1 (zg € By): Let § > 0 such that Bs(zg) CC By. Clearly
¢(x) > U(zx) V€ Bs(xo), é(xo) = Ul(xo).

Now, we put R the reflection R(2', z,,) = (2/, —x,,) and set ¢ : Bs(zg) — R
by ¥(2',x,) = —¢(R(2',x,)) = —¢p(a, —x,,). Clearly, R(R(x)) = z for all

z € R". Now, we claim that 1) satisfies
Y(x) Su(e) Va € B5(R(z0)), ¥(R(20)) =u(R(xo)).  (57)
Indeed,
P(R(z0)) = —d(R(R(0))) = —Ul(ao) = —(—u(R(z0))) = u(R(o)).

Moreover, for all x € Bs(R(xo)) CC Bj,, we have R(z) € R(Bs(R(z0))) =
Bs(zp). This way, for every x € Bs(R(xg)), we have

b(x) = =o(R(x)) < —U(R(2)) = —(=u(R(R(x)))) = u(x).

By (57) and the fact that u is a viscosity solution, an immediate computations
show

0> Lo (R(o)) = —Lood(x0).
This finishes the proof of Case 1.

Case 2 (xg € 0By N{x, = 0}): Let § > 0 such that Bs(zg) C A. We start
observing that

d(xo) =0and ¢(z) > U(2) =0 Vz e Bs(xg) N{x, =0} =: Bi(xy).

This way, z is a local minimum of ¢ on Bj(zo). In particular

An10(20) = Y Gy, (20) > 0. (58)

Moreover, direct computation shows that

Asod(0) = Pz, (70)(Pa, (20))*.

From this, we obtain

Lood(x0) = 202,12, (70) (¢, (xo))2 + An19(70) + Papa, (T0)
Z 2¢xnxn (xO)((bxn (Qfo))2 + ¢xnxn (*TO)
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In order to conclude the Case 2, it is enough to show that ¢, ., (xo) > 0. We
now start to do this. Let 0 <t < §. By Taylor’s expansion, we have

w(zo + te,) = U(xg + te,) < ¢z + te,) = ¢u, (xo)t + %gbznzn (z0)t? + o(t?).
(59)
Now

U~ ten) < 820 — ten) = =60, (20)t + 30me,(2) + o). (60)

On the other hand, by definition of U and (59), we have

Ulxg —te,) = —u(zo + te,) > —ou, (xo)t — %gbxnzn (zo)t? —o(t?).  (61)

From (60) and (61), we obtain

¢xnxn (xO) Z 0(;;) - 0(1)

Letting ¢t — 07 in the last inequality, it follows that ¢, ., (x¢) > 0. This
finishes the proof of Case 2.

For the second part, it is enough to prove that U € C*(Bg). Clearly, U €
CY(B;) N C'(Bg). Hence, it only remains to prove that U is differentiable
and the gradient is continuous on every point belonging to Bj. In order to
do that, let us take zo € Bjy. Since u € Cy(Bg) N CY(Bj_,) for every
0 < € < R, we have

u(z) = Uy, (x0)xy + o(|x — 20]) V€ Bf. (62)

Thus, if z € By then R(z) € Bf,. By (62), we have
W(R(2)) = te, (20)(—20) + o|R(z) — w0]) ¥ € By
As U(z) = —u(R(z)) for x € By, we have
U(x) = ug, (xo)xn + o |[R(x) — x0|) Va € Bj.

Since |R(x) — xo| = |z — x|, we obtain

U(x) = uy, (xo)z, +o(lx —x0|) Va e By. (63)
From (62) and (63), we arrive at

U(x) = Uy, (xo)z, + o|r — xo]) if = (2/,2,) € Br, x, #0.

From this, the conclusion of the corollary follows easily. O
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