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ABSTRACT. In this paper we consider the ordinary differential equation of third order

d3u d?u du
— + A° A— + Au =0
a Tt aE T
where 0 < € < p < 1, subject to initial conditions
du d?u
0) = = 0) = el 0) =
w(0) = uo, dt t:O( ) = dt? t:O( )=

where X is a separable Hilbert space, A : D(A) ¢ X — X is an unbounded, linear, closed,
densely defined, self-adjoint and positive definite operator, and A% : D(A%) ¢ X — X
denotes the fractional powers for o € (0,1). We discuss the possibility of these problems
be well posed (here well posedness means that there is a strongly continuous semigroup
associated to the equation) in a suitable phase space and for different choices of 0 < 6 <
0 < 1; namely, 6 + o < 1 (range for which the problem is not well posed), § + o = 1 (range
for which the problem may be well posed) and 6 + ¢ > 1 (range where the problem may be
well posed and the associated semigroup may be analytic). Moreover, we present cases, as
well as, applications of our results for evolutionary equations.
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1. INTRODUCTION

In this paper we consider the ordinary differential equation of third order

d3u d*u du
1.1 —— + A A L Au=0
(1.1) ae T ae T T
where 0 < 6 < p < 1, subject to initial conditions
du d*u
(12) U(O) = Uy, E t:()(o) = Uy, ﬁ t:O(O) = U2

where X is a separable Hilbert space and A : D(A) ¢ X — X is an unbounded, linear,
self-adjoint and positive definite operator, and therefore, A is a positive sectorial operator in
the sense of Henry [20), Definition 1.3.1]. This allows us to define the fractional power A=* of
order a € (0, 1) according to Amann [3, Formula 4.6.9] and Henry [20, Theorem 1.4.2], as a
closed linear operator on its domain D(A~%) with inverse A%, see e.g. Hasse [19, Proposition
3.2.1], Henry [20, Theorem 1.4.2] and Krein [23] Section 1.5.2, Formula (5.8)].

Denote by X* = D(A®) for a € [0,1), taking A° := I on X° := X when a = 0. Recall
that X is dense in X for all o € (0, 1], for details see Amann [3, Theorem 4.6.5]. The
fractional power space X* endowed with the norm

|- llxe =A% - x
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is a Banach space. It is not difficult to show that A% is an unbounded, linear, self-adjoint
and positive definite operator and consequently it is the generator of a strongly continuous
analytic semigroup on X, see Krein [23] and Tanabe [29] for any « € [0,1]. With this
notation, we have X~ = (X?®)' for all @ > 0, see Amann [3] and Triebel [31] for the
characterization of the negative scale.

In recent years, differential equations of third order has been attracting the attention of
many researchers, see e.g. [1], [2], [B], [6], [7], [12], [13], [21], [22], [24], [26], [28] and references
therein. The applicability of the results associated with these equations is very connected to
the Moore-Gibson-Thompson (MGT) equations; namely, equations of the type

T&fu — cApu + a&fu — bApou =0

where 7, ¢, a, b are parameters from physical-mathematical modeling of acoustic waves and
Ap is the Dirichlet Laplacian operator. For more details see e.g. [1I, [2], [7], [12], [13], [21],
[22], [24], [26], [28] and references therein. We also observe regularized MGT equations like

T(?fu — cApu + Ozé’fu — 5ADé’tgu —bApdiu =0

treated in the literature with an analytic semigroup approach, where 7, ¢, o, b, d are param-
eters from physical-mathematical modeling of acoustic waves, see e.g. [14].

Moreover, we also have works on the analysis of abstract differential equations of third
order in time of the type

d>u 2

s + Au + n%Aéu - U%Agu = f(u)
where n > 0 under the point of view of the theory of fractional powers of operators, see e.g
[5, 6] and [16].

Motivated by strictly mathematical questions no physical appeal necessarily, in this paper
we deal with a wide class of abstract differential equations of third order in time as in (|1.1f)-
on the phase space Y4, to be defined below, in the sense of the classical theory of
strongly continuous semigroup, see e.g. [27], and establish the range of the parameters were
the well posedness may be pursued. We treat — in a suitable phase space Y(g, in
different cases for 0 < 6 < p < 1 separately; namely, 6 + o <1, 0+ o=1and 0 + o > 1.

Since well-posed problems (in the sense of semigroups of bounded linear operators) and
regular solutions (analytic semigroups) are characterized by the spectral properties of a linear
operator, the spectral analysis plays a big role to understand problem . The aim of this
paper is to study the spectrum of the operator related to problem ([1.1f) (see and )
and from the localization of the spectrum, we determine the situations for which ill-posedness
surely happens and the situations where the well posedness and/or regularity may happen.
Using a tool from Galois Theory (discriminant of a third order polynomial) we cover the
study of the spectrum in all cases where 0 < 6 < 9 < 1. Thus, for any 0 < 0 < o < 1 we
know if our problem can be well-posed (that is, the localization of the spectrum allows it)
and, in this case, if the solution can be regular.

The article is organized in the following way. In Section [2| we present general facts about
the spectral behavior of our problem. In Section [3| we consider the problem of the generation
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of strongly continuous and analytic semigroup. Here, we treat — in a suitable phase
space in different cases for 0 < 0 < p < 1 separately; namely, 0 + o < 1, 8 + p = 1 and
6 + o > 1. Moreover, some examples are given. Finally, in Section [4] we explore our results
to present an application associated with the Dirichlet Laplacian operator Ap.

The figure below better illustrates what is happening.
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FIGURE 1. fpo—plane

1.) We have the region 6 + o < 1 (and 0 < 6 < p < 1) in the p—plane, where we show that
the problem is not well posed. This means that the operator —Ag,) (see (2.4)) associated
to ((1.1)) does not generate a continuous semigroup;

2.) In the line segment with endpoints (0,1) and (1, 1) in the §p—plane we show that it is

possible that the operator —A g, generates strongly continuous semigroup of bounded linear
operators, but it does not generate an analytic semigroup of bounded linear operators, for
instance:

2.1.) In (0, 1) we show that it does not generate a strongly continuous semigroup of bounded
linear operators;

2.2.) In (3, 3) we show that it generates a strongly continuous semigroup of bounded linear
operators;

3.) For 1 <0+, 0<20and 20 <6 +1and1 < 6+ pand 20 < ¢ we show that it is
possible that the operator —Ag ) generates strongly continuous semigroup of bounded linear

operators however, it does not generate an analytic semigroup;

4.) We have the region 1 < 0+, 0+1 < 2pand p < 20 (and 0 < 0 < p < 1) in the fp—plane,
where we show that it is possible that —/A ,) can generate an analytic semigroup;
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5.) In the line o = 20 we show that —A ,) can generate an analytic semigroup.

An analysis on the well-posedness and stability of abstract systems with the presence of
fractional powers can be found e.g. in [15] and [I7]. Motived by these works we summarize
our results using the §p—plane in the Figure

2. FUNCTIONAL FRAMEWORK

The problems of the type (1.1))-(1.2)) can be studies in several functional spaces. Motivated
by works [5], [8], [0] and [25] we consider the initial value problem ([1.1))-(1.2)) on the phase
space

Vg = X9x X! x X

endowed with the norm

(2.1) vu=|t]ex, Jul,, = lulke + ol + Jwlk.
We can write the problem (1.1])-(1.2)) as a first order abstract system on Y of the form
du
—+ A =0,t
(2.2) ar T A0on =010,
u(0) = uy,

where v = u;, W = Uy, U = [Z]’ ug = [5}%], and A0y 1 D(A(p,0)) < Yi0,00 = Y(0,0) denotes
the unbounded linear operator defined by

2.3 D(Ajg ) i= X' x X2 x X
(0,0)
and
0 -1 0
2.4 Ap oy = [0 0 _1]
(2.4) (0.0) = |9 9 7
where

PR v
(9’9)[5] T [A¢+A9¢+A9¢]’
for any [%} € D(A,g))-

The choice of space was motived by the previous papers [5] and [6] jointly with the Example
Hwhich treated the case 6 = % and o = %, where Y(%%) = X5 x X5 x X.

Proposition 2.1. Let A, @ D(Ap,) € Yo, — Yo, be the unbounded linear operator

defined in (2.3)-(2.4), then we have all following.

(i) A,p) ts densely defined and closed;
(it) Zero belongs to resolvent set p(A,q)) of Aw,g); that is, it has an inverse /1(’(;9) where

1 |9 Ao—1 A0=1 A-17T & Aol AO—1py A=y
Mool 2= N L = T
©:0)] 0 -I 0 Y —p

¢ . .. .
for any [i] € Yi9,0)- If, in addition, we assume that A has compact resolvent in X

and 0 < 0 < o <1, then A, has compact resolvent in'Y .
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Proof: (i) Firstly, it is not hard to see that A ,) is densely defined. Secondly, if [EZ] €

—¥n
D(Ag,)) converges to [z] € D(Ag,p)) as n — o0 in Yy ,) and [A¢n+A;z:+A9wn] converges to

[%] as n — o in Y(g ), then A", + A %0, + 1), > A7 0% + AePp + 1) as n — oo in X,

and using the fact the A? is a closed operator we guarantee that
Agy + A%, + A%, — Ag + A%p + A%y

and A ,) is closed;
(i) It is not hard to see that zero belongs to resolvent set p(A, o)) of A, and

I [g} — [A9_1¢+Ai_1<p+A_lw]
(9,@) w —
o . .
for any [i] € Y. Moreover, if we assume that A has compact resolvent in X, and

[gz] € Y9, is a bounded sequence, then /1(_919)[:?2] is a convergent subsequence in Y ),

n

where 0 < 6 < p < 1.
The figure below better illustrates what is happening.

n

0

1 0

FIGURE 2. Resolvent compactness region

g

Proposition 2.2. Let Ay : D(Aw,)) < Y0 — Yo,0) be the unbounded linear operator
defined in (2.3))-(2.4). If we assume that A has compact resolvent in X and 0 < 0 < o < 1,
then the following assertions are true.

(i) If 0(Aw,)) and op(Ag@,e)) denotes the spectrum and point spectrum of the opera-
tor Ag,q), respectively; then o(Agp,q)) = 0p(A(s,0)) contains at most countably many
ergenvalues A;;

(i4) limypoe || = o0

(iti) For all A\j € 0(Ag,)), then range of \jI — A g is closed and dim Ker(A\jI —Ayg)) =
codimR(N\j1 — Aw,p)) < 0.
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Proof: It is an immediate consequence of the Proposition [2.1] i

To better present our results on spectrum of the operator A ,) we remember the definition
of approxzimate point spectrum, see [30, Chapter V]. If A € C is an eigenvalue of A ), then
there exists an x € D(/A,)) such that |2y, , =1 and Ay ,z = Az.

Definition 2.3. Let Ag ) : D(Aw,)) © Yo, — Yo,0 be the unbounded linear operator
defined in -. We call A € C an approzimate eigenvalue of A, o) if to each € > 0
there corresponds some x € D(/A(,p)) such that |z|y, , =1 and [|Ax — A gy, <€ The
set of all such that X is called the approximate point spectrum of A, -

Remark 2.4. We note that —A ,) is not a dissipative operator on Y{g z, according to Pazy

[27, Definition 4.1, Chapter 1]. Indeed, if u be a non-trivial element in X' and u = [g] €
D(A(QQ)), then

<—A(0,9)uv u>Y - <[7(Au9rz49u)] ’ [8]>Y(9 )

= [ulk. > 0.

Explicitly, this means that —Ag o) is not an infinitesimal generator of a strongly continuous
semigroup of contractions on Y ,).

However, our analysis does not end here. We may know a little more about spectral
behavior of the unbounded linear operator Ay ,) and better understand what can happen in
the sense of theory of strongly continuous semigroup of bounded linear operators.

3. GENERATION OF STRONGLY CONTINUOUS AND ANALYTIC SEMIGROUP

Since our operator —A((;’g) never generates a strongly continuous semigroup of contractions
on Y{y 4, we can analyze the behavior of the spectrum for each 0 < 6 < ¢ < 1 to understand
on which cases the operator can possibly generate a strongly continuous or even an analytic
semigroup provided we change the norm in the vector space Y4 ,). To cover all cases, we
divide them in three sub-cases, where we assume that A has compact resolvent in all of them.

3.1. The case 0 + ¢ < 1. We will show that this is the only case where —A ,) can not
generate a strongly continuous semigroup of bounded linear operator on Y{g ,).

Theorem 3.1. Let A,y : D(Aw,0)) < Yi0,0) = Y(0,0) be the unbounded linear operator defined
in (2.3)-(24). If 0+ o<1 and 0 < 0 < o < 1, then —Ay, does not generate a strongly

continuous semigroup of boundary linear operator on Y(g ,).

Proof: We know that the eigenvalues of —/A ,) are the roots of the polynomial below
(3.1) Pu(A) = N 4+ 1A%+ 2\ + g,

where u,, are the eigenvalues of A with u,, — +o0.
Since the discriminant of (3.1)) is

(32) A = 18/1/9+,Q+1 + lu29+2g o 4luig o 4M39+1 . 27/,6%

n n n
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and 0 + o < 1, we guarantee that the discriminant is negative for large n; that is, has
two distinct complex roots z, and Z,, and one real root x,,.

We will prove that Re(z,) — +00 as n — +00; that is, —A(y,,) does not generate a strongly
continuous semigroup of bounded linear operators.

From Girard’s formula we guarantee that

0 —
(3.3) Re(z,) = “HT%
Take € > 0 such that
(3.4) 0+o0+3<1 and 20+ €< 1.

If we prove that p,(—uf — p) > 0, it will follow from
Jim pn(A) = —o0
and by the Intermediate Value Theorem that
T < — (b + ps), for large n

and from (3.3) we will guarantee that Re(z,) — +0o0.
Indeed, it is easy to see that

20+¢ 0+2€ O0+o0  , 0+e€

(3.5) Pl —p — i) = =g = 2u072 — i — T — p8 4 i,
which implies (from (3.4))) that
pu(—pl — 1) > 0, for large n
and we conclude the proof. O

Example 3.2 (Case 0 = o = 0). In this ezample we consider = o = 0, and consequently
the third-order differential equation
v d*u du

oS pAu=o.

(3.6) PTEIRTERT

In this case we have
}/(070) =X xXxX

endowed with the norm given in ((2.1)), and Aoy : D(Aw0) < Y00 — Y0 denotes the
unbounded linear operator defined by

(3.7) D(A(O,O)) = X'x X x X
and

o3 o= (3941
where

) —p
Ao ] = 0]
00| Agtotap

<€

for any [ ] € D(Aw,0))-
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We already know from Theorem that — A0 does not generate a strongly continuous
semagroup of bounded linear operators. The computation below emphasize this result and
show how the spectrum explodes on the right side of the complex plane.

Let

o(p) = {’/3\/5\/2m2 — Mp+ 3427 —17
with € o(A). Note that o,(—A)) is given by

01 U0 VU 03

where
c(p) 2v2 1
— I eR: )\ = _ -
7= PR L T e
) c(p V2(1 +1i4/3 1
02={Ae<c;/\=—(1_7,\/§)6(\3/%+ (3C(M) ) g}’
and
0'320'_2:{X€(C;/\EO'2}.
Indeed, let

]

ASIRCRSS

hunf2] ]

be the eigenvalue problem for —A ). Then

—p = )‘¢7

_¢ = )\@7

A+ o+ =\,
that is
(3.9) NN X—p, =0,

where {i, }nen denotes the ordered sequence of eigenvalues of A including their multiplicity.
We already know that the real root of the equation (3.9)) is equal to

)\1<,Un) . C(Nn) 2\3/5 1

302 3c(ma) 3
and the two complex roots of the equation (3.9) are given by

Ao () = —(1 —iﬁ)cég/%) + %S:(Z:)\/@ +é

and

V- 1
3 c(ttn) 3

Aain) = —(1+ @6(“[; ;
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Note that
lim A (p,) = —o0,
n—00
1
Tim () = (5 + ’?)@7
1 V3
)

T As(in) = (5 -1

The figure below better illustrates what is happening.

Im

A1 (fn) j'. w=arg(3 + z\/Tg)

¢ .)\3 (/v‘n)

FIGURE 3. Eigenvalues of —A g

Example 3.3 (Case # =0 and g = %) In this example we consider 0 = 0 and o = %, and
consequently the third-order differential equation

v d*u 1 du
(310) ﬁ—’_ﬁ—’_A E—FAU—O.

In this case we have
Yo = X2 x X x X

2
endowed with the norm given in (2.1), and A1) D(A

1)) < Yo 1y = Yo 1) denotes the
2 2 2
unbounded linear operator defined by

3.11 DA 1) = X! x X2 x X
0,2)
and
0 —-I 0
(3.12) A1) = [Z 5 Iz].

Once more, it follows from Theorem that — A
group.

1y does not generate a continuous semi-
’2
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Let

(1) = /3VIV/ 1A + 2T + 31+ AT — 9 + 2
with p € o(A). Note that ap(—/l(oé)) is given by

01U 09U 03

where
V2Byr—1)  Be(w) 1
oo {AER;A: T 3w 3R +§}’
02 = {)\ eC A= (L+V3)EyE —1) _a- WS)ely) + 1}7
3. 228¢c(p) 6v/2 3
and
O3 = 09 = {XEC;)\EUQ}.
Indeed, let

“ap|E] =[]

be the eigenvalue problem for _A(o,é)- Then

_80 = )‘¢7

_¢ = )\QO,

A+ Azp + 9 = Xy,
that is
(3.13) N A2 2N — i = 0,

where {in }nen denotes the ordered sequence of eigenvalues of A including their multiplicity.

We already know that the real Toot of the equation (3.13)) is equal to

_ c(pn) 272 1

M) = —
) = 30 " 5 cu) T3
and the two complex roots of the equation (3.13) are given by

1 +iV3)(Byin — 1) (1 —iv3)e(pn) 1

)\Z(ﬂn) = 3. 22/3C<Mn) - 6\3/§ + g
and
Na(p) = L VABVI —1) (At iv3)e(p) | L
S 3-225c( ) 6v2 3
Note that
lim Ay () o0,
1 /3
Jim Ag(pn) = (5 +157)0,
1 /3
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The figure below better illustrates what is happening.

Im

¢ .)‘3 (4n)
FI1GURE 4. Eigenvalues of —/1(07%)

3.2. The case 0 + p = 1. In this case our polynomial
Pn(A) = A* + 1l 0% + 1y N +
has —pY as a real root and therefore (from (3.3))) we guarantee that 2, and %, are imaginary
with -
O(Im(z0))) =

that is, —A(g, does not generate an analytic semigroup but it can possibly generate a
strongly continuous semigroup of bounded linear operators on Y.

Example 3.4 (Case § = 0 and ¢ = 1). In this ezample we consider § = 0 and o = 1, and
consequently the third-order differential equation

Bu d*u du
—+ - +A— + Au=0.
s " ae " Cae
This is perhaps the most familiar case of ordinary differential equation of third order of
the type (1.1)) because it sends us to Moore-Gibson-Thompson equations, see e.g. [1], [2], [1],

[12], [13], [21], [22], [24], [26], [28]. In this case we have
Y(OJ):XIXXXX

endowed with the norm given in (2.1)), and Awy) : D(Aw1)) < Yo1) — Yo denotes the
unbounded linear operator defined by

(3.15) D(Apn) =X"x X' x X

(3.14)

16
IThat is, the term |Im(z,)| has same order of j,,” .
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and

019 ton=[47 2]

Remembering that A has compact resolvent in X, the spectrum of the unbounded linear
operator — A 1y s given by

01U 09U 03

where

o = {—1},

o9 = {)\E(C;)\zi\/ﬁ, we o(A)},
and
UgZU_QZ{XEC;/\EJQ}.

see e.g. [20]. For the sake of completeness, we will reproduce the arguments. Let

“an| 2] =2

be the eigenvalue problem for —Aq ). Then

—p = )‘¢7
_1/] = /\807
Ad+ Ap + 1 = A,
that is
(3.17) N A A+ i = (A + 1)+ ) =0,

where {i, }nen denotes the ordered sequence of eigenvalues of A including their multiplicity.
The real root of the equation (3.17) is equal to

A(pn) = —1
and the two complex roots of the equation (3.17) are given by
)‘Q(Nn) = Uy/[in

and

As3(pn) = —in/Hin.

The figure below better illustrates what is happening.
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Im

FIGURE 5. Eigenvalues of —A 1)

Although the behavior of the spectrum lead us to believe that — /A 1) generate a continuous
semigroup of linear operators, this is not the case. In order to prove that —/A ) does not
generate a strongly continuous semigroup of bounded linear operators on Y{q 1y, consider the
bounded linear operator P 1) : D(A,1)) < Y(0,1) — Y{0,1) given by

e
o
=
|
oo o
oo o
o~

and note that

is given by
0 -1 0
Son=10 0 0
A A T
From
AT A2 0
(M + Sppy) = 0 A 0

—(A2+N)7tA -AT2A N+ 1)
and the fact that A™2I : X — X' is not bounded we proved that S 1) does not generate
a strongly continuous semigroup on X. Consequently, —Ao ;) does not generate a strongly
continuous semigroup of bounded linear operators on Y ).

1

Example 3.5 (Case 0 = % and o = %) In this example we consider 6 = 3

consequently the third-order differential equation

d3u 1 d?u 2 du

and o = %, and
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In this case we have

endowed with the norm given in (2.1), and /1(%%) ; D(/l(%%)) < Y12y = Y1 2 denotes the

unbounded linear operator defined by

(3.19) D(A@12)) == X' x X3 x X5
and
0 -1 0
(320) A(l 2) = |:0 0 7I:|.
373 A A3 A%

Since A has compact resolvent in X, the spectrum of the unbounded linear operator —A 1)
15 grven by

01U 092U O3

where
o1 = {=/u},
o9 = {)\ eCA=1iyp, pea(A)},
and
03 =03 ={Ae C; )\ e oy}
Indeed, let

be the eigenvalue problem for —/l(%%). Then

—p = )\¢7

_w = )‘()07

Ad+ Asp + A3h = Ny,
that is
(3.21) PEe ,ué/\2 + ,ué)\ + py =0,

where {i, }nen denotes the ordered sequence of eigenvalues of A including their multiplicity.
The real root of the equation (3.21)) is equal to

/\l(ﬂn) = —/ln
and the two complex roots of the equation (3.9) are given by
A2(fn) = 1/ tn

and

N(jtn) = —i§/fim.

The figure below better illustrates what is happening.
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Im

Re

FiGURE 6. Eigenvalues of —A(%%)

In this case we can show that there exists a strongly continuous semigroup of bounded
linear operator on Y(%%). Remember that Y(%%) = X3 x X3 x X and define

2= Uy + A%u
Note that
A%u

Aéut] we have % = MYV, where

1
A3z

and denoting V =

Since M = B + D, where B is the bounded linear operator given by

000
Bz[om]
000

and D is the linear operator given by

which is dissipative using an equivalent norm on X x X x X, we guarantee that our original
problem ([2.2)) has a solution U = [ itt ] € X3 x X3 x X in the sense of the theory of strongly
continuous semigroup of bounded linear operators.
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Example 3.6 (Case 0 = % and o = %) In this example we consider 6 = p = %, and
consequently the third-order differential equation
d3u y dPu v du
3.22 — +A2—+ A2— + Au =
(3.22) dt? az " a T

In this case we have

endowed with the norm given in (2.1), and A1 : D(A(o,%)) < Y11y = Y 1y denotes the
unbounded linear operator defined by

(3.23) D(Aq 1)) = X' x X2 x X>
and

(3.24) Aa,

where.
If we assume that A has compact resolvent in X, then the spectrum of the unbounded linear
operator _A(%,é) 18 given by
01U 092U O3

where

o1 = {~/ltn; € 0(A)}},

02 = {i/fin; 1 € o(A)},
and

03 =03 ={\e C; )€ 0y}
Indeed, let

~Agp[2]=27]

be the eigenvalue problem for —/1(%7%). Then

—p = >\¢7
_77Z) = )‘907
A3 (A6 + o+ ) = M,
that is
(3.25) N 2N 2N+ = A+ pd) (A2 + pd) = 0,

where {i, nen denotes the ordered sequence of eigenvalues of A including their multiplicity.
The real root of the equation (3.25)) is equal to

)‘l(ﬂn) = T/ Hn
and the two complex roots of the equation (3.25) are given by

)‘2(,Un) = 1/ lin
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and

As(pn) = =i/t

The figure below better illustrates what is happening.

Im

FiGure 7. Eigenvalues of —A(%,%)

3.3. The case 0 + o > 1. We will show that in this sub-case there exists the possibility of

the operator —A ) generate an analytic semigroup on Y{,). First of all, remember that
when A < 0 the real solution of (3.1)) is given by

i Sw) V2005 — )
3 392 3f (1)

and one of the complex solution z, is

(3.26) Ty =

o ey f ) - (Bug — 1)
(3.27) =g (1 —iV3) 672 + (1 +4v/3) XTI
where
(3.28) fpn) = {/9ufl+g —2u30 — 27, + V—27TA .

We will divide the sub-case 6 + o > 1 into two sub-cases:
Sub-case ¢ < 260: Remember that in this case we have

O(94,"8 = 24 = 2Tpan) = =2y,

n
Now we divide this sub-case in the following possibilities:

a) 0+ 1 = 2p: In this sub-case we have

36+
2

36+3
(3.29) A= 14p,2 =350 — 2742

n
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and since 36 + 1 > ‘%’2—” we guarantee that A < 0 for large n. Moreover, note that

30 + 1 is the larger exponent in (3.29)); that is,
O(A) _ _3M39+1

n

30+1 20+ 20

5 5 < 360 we have

and from

O(f (1)) = =2 .
Hence, it follows from (3.26]) and (3.27)) that

O(z,) = u;% (#) and O(x,,) = —u:?e.

b) 0 + 1 > 2p: Note that in this sub-case we have
O(A) _ _4[u39+1

n )

which ensures that A < 0 for large n.

1
Note that from 6 + p > 1 and p < 20 we must have 6§ > 5; that is,

0+1
3+<39.

Thus
O(f(/lm)) = _\3/5 ) :ufz
and following as in case ([3.3]) we guarantee that

o—0 20-20\ 3
O(Re(z)) = 2=, O(Im(z)) = <u;9 Ny )

and

%A
O(xn) = —qu + ,U,_B

n
c) 0+ 1 < 2p: In this case the discriminant A in (3.2)) is positive for large n (the larger
exponent is 260 + 2p); that is, p, has three distinct real roots. From ({3.1)) it is easy to
see that all roots are negative for large n.

Sub-case ¢ = 260: In this case we have

A = =3u8 + 143 — 2742

n

and the larger exponent of A is 66, which guarantees that A < 0 for large n; that is, p, has
two complex roots.
Moreover, from

Opty ™ — 23 — 2Tpuy = Ty — 27pi

we have

O(f (pn)) = V16 - 415
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With some algebraic manipulation we obtain that

O(z) = ) (%ﬁ) and O(s,) = "

Sub-case ¢ > 20: In this case the larger exponent of A is 3¢ again, which guarantees that

A < 0 and p, has two complex roots. Now will not proceed as the previous cases, since

the highest order of f(u,) vanishes and make the computations harder. Our approach will

consist in use the Intermediate Value Theorem together with to guarantee that —A )

can not be sectorial but can generate a continuous semigroup of bounded linear operators.
Remember that z,, < 0 for large n and from (3.3|) we have

_ p + 2052, + a7

Re(z,)? =
(=) ;
and
Im(z)\? A,
3.30 = _1.
330 (7o) = b=
Hence, if we show that
Ay,

— +00
26 2,0 3
—Tp 5l — 2x2 18 — 1)

we guarantee that —A, can not be sectorial. Note that from 1 < 6 + o and 20 < o we

2
must have 3 < p. Moreover, it holds

(3.31) 1+ 60 < 2.
1
Indeed, if 0 < 3 we have
4
1+6< § < 20
1
and if 0 > —
3

140 < 46 < 2.
Fix € > 0 such that
(3.32) 1+60+e<20, 1+e<b+0, 2+3e<3p and 20+ €< p.

It is easy to see that
pu(—pn ) <0
which implies, together with p,(0) > 0 that z,, > —ul~¢*¢. Therefore

— Ty — 2wy — < gy RO 4 2l TATReR R g BB
that is,
— Tty = 2wy, — < Ay O
and
4

=
T+20—ote"
—xp 20 — 22210 — a3 200t
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It follows from (3.32)) that
1+20—p0p+e<1

and from we conclude that
4fin
—Tnpy — 20541 — T
From we guarantee that —/A ,) can not be sectorial. On the other hand 1 < 0 + ¢
implies that p,(—p,0) < 0 and consequently

— +00.

—ul <z, <0.

Therefore, from ([3.3) we obtain that Re(z,) < 0 and, since x, < 0, —A(y,,) can generate
a strongly continuous semigroup of bounded linear operators.

Example 3.7 (Case 0 = % and o = 1). In this ezample we consider 0 = % and o = 1, and

consequently the third-order differential equation

d3u y d*u du
3.34 —+ A2—+ A— + Au=0.
(3:34) as e T T
In this case we have
Y(%,l) =X'x X2 xX
endowed with the norm given in (2.1), and A(%,I) : D(A,
unbounded linear operator defined by

1)) = Y(%,l) - Y(%’l) denotes the

1
27

(3.35) D(Aqy) = X' x X! x X2
and

0—-1 0
(3.36) Ay = [i 0 ;]

Since 0+ 0 > 1 and o = 20, we already know that —A(%J) can be a sectorial operator. The
following Theorem shows how the spectrum behaves, more specifically, how it explodes on the

left side of the complex plane.
Let

c(p) = \3/7u3/2 + A/ —378p%2 + 8113 + 72942 — 2T
with p € o(A). If we assume that A has compact resolvent in X, then the spectrum of the
unbounded linear operator —/1(%71) s given by

01 U0V 03

where
el V2 cn) Ve
o= {AeRix- o 305 3},
B V20 +iV3) (w1 —iv3)  Vu
02—{)\6((3,/\— o) 75 3},
and

03 =03 = {Ae C; )\ e 0y}
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Indeed, let

gl £] =[]

be the eigenvalue problem for —/1(%71). Then

—p = )\¢7

_77Z) = /\(707

A3(A3g+ b+ ) = M,
that is

1
(3.37) DERTED SRR T 1}

where {i, }nen denotes the ordered sequence of eigenvalues of A including their multiplicity.

From and we know that the real root of the equation (3.37)) is equal to

_ 2#71\3/5 i c(pn) . Vi

M) ) a8

and the two complex roots of the equation (3.37) are given by

2Wn) =57 c(pn) 6v/2 3

and

ey = 20V )18 i
s\ 3 (i) 6+/2 3

Moreover, it holds

lim A () = —1,

n—0o0

1 3
lim Ao(pn) = (—= + ii)oo,
s S

1
lim Ag(pn) = (—= — iig)oo.
s 2 '

and the figure below better illustrates what is happening.
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A1 (Nn)

. Im

A2 (Nn) .

A3 (Pm). ¢

FiGURE 8. Eigenvalues of —/1(%’1)

Re

23

Therefore, we can conclude that —1 belongs to the approximate point spectrum of A 1y

Remark 3.8. Note that if A > 0 for large n then p, has three real roots and it follows easily

that they are all negative at the infinity; that is,

—A,0) can be sectorial in this cases.

When A < 0 we know that f(p,) # 0 since f(u,) = 0 if, and only if all roots of p, are
0

real and equal to —%.

Therefore we can use expressions

3.20,

and

3.27

appropriately.

3.4. Conclusion. The tables below summarize our results, where v'means that it is pos-
sible to generate the respective strongly continuous semigroups of bounded lin-
ear operators on Y, and ¥ means that it it not possible to generate the respective
strongly continuous semigroups of bounded linear operators on Y.

For 6 + o < 1 we have the following results:

Analytic Semigroup

Strongly Continuous Semigroup

TABLE 1. Case 0 + o< 1

For 6 + ¢ = 1 we have the following results:

Analytic Semigroup

Strongly Continuous Semigroup

K

v

TABLE 2. Case 0§ + 0=1

For 6 + ¢ > 1 we have:
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Cases Analytic Semigroup | Strongly Continuous Semigroup
0<20and 0+ 1=2p v v
0<20and 0 +1> 20 b v
o<20and +1<2p v v

0 =20 v v

0> 20 e v

TABLE 3. Case 0 + 0> 1

Note that we did not characterize all cases where —A ,) is the generator of a strongly
continuous semigroup or an analytic semigroup. However, despite the difficulties encountered
in the non-convered cases, we have the following conjecture:

Conjecture: Assume that 0 < <p<1and 1 <6+ p. Then:

(1) If 1 <6+ 0, 0< 20 and 0 + 1 < 29, then —A(y,) generates an analytic semigroup;
(2) If 0 = 20, then —Ay ,) generates an analytic semigroup;

(3) If 20 < o, then —Ay ,) generates a Gevrey semigroup;

(4) If o <20 and 20 < 6 + 1, then —Ay ,) generates a Gevrey semigroup,

for more details on Gevrey class semigroups, see e.g. [11].
Moreover, it is possible to get asymptotic eigenvalue expression for the § — p unit square.
The partition of the parameter region rely on this, see e.g. [4] and [I8].

4. APPLICATIONS

We can consider a bounded domain 2 < RY with smooth (at least C*%) boundary and
N e N. Let A = —Ap be the unbounded linear operator, where Ap denotes the Laplacian
operator with homogeneous Dirichlet boundary condition. Its L?(2)-normalized eigenfunc-
tions are denoted wj, and its eigenvalues counted with their multiplicities are denoted A;;
that is,

(4.1)

— Apwj = pjw;.

It is well know that 0 < g < pro < --- < p; <---, pj — 0 as j — o0, and that —Ap is a
positive self-adjoint operator in L*(Q2) with domain D(—Ap) = H?*(Q) n H}(2), and that
Ap generates a compact analytic C°-semigroup in L?*(2), see Henry [20].

This allows us to define the fractional power A=* of order a € (0, 1) according to Amann
[3, Formula 4.6.9] and Henry [20, Theorem 1.4.2], as a closed linear operator on its domain
D(A~%) with inverse A%*. Denote by X* = D(A?%) for a € [0, 1]. The fractional power space
X endowed with graphic norm

|- llxe =A% - x

is a Banach space; namely, e.g., if ma is an integer, then

X = D((=Ap)*) = H™(Q) ~ H(Q)
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with equivalent norms, see Cholewa and Dlotko [10, Page 29] and Henry [20, Pages 29 and
30].

With this notation, we have X~ = (X®)’ for all & > 0, see Amann [3] for the characteri-
zation of the negative scale.

The scale of fractional power spaces {X*},ecr associated with Ap safisty

X*c H™(Q), ael0,1],

where H?*({)) are the potential Bessel spaces, see Cholewa and Diotko [10, Page 48].
From Sobolev embedding theorem, we obtain

2N N
X< L"(Q), f <—,0< —,
c L"(Q), for any r N 1o o<
X - 12(),
2N N
L*(Q) c X, f > — —— <0,
(Q) c X¢, for any s N 1o 4<04 0

with continuous embeddings.

Let « € (0, 1]. We recall that the fractional powers of the negative Laplacian operator can
be calculated through the spectral decomposition: since X = L?(Q) is a Hilbert space and
A = —Ap with zero Dirichlet boundary condition in €2 is a self-adjoint operator and is the
infinitesimal generator of a Cy-semigroup of contractions on X, it follows that there exists
an orthonormal basis composed by eigenfunctions {¢,},en of A. Let v; be the eigenvalues of
A = —Ap, then (v, p;) are the eigenvalues and eigenfunctions of A% = (=Ap)®, also with
zero Dirichlet boundary condition, respectively.

It is well know that the fractional Laplacian A® : D(A%) ¢ X — X is well defined in the
space

oe} 0
D) = X = {u =Y ajp; € Q) : ) a2 < 0},
j=1 7j=1
where
0
A%y = Z viajpj, ue D(AY) =X
j=1

Finally, we apply all our results from previous sections to boundary-initial value problem
of the type

Ou+ (—Ap)u+ (—=Ap)?d?u + (—Ap)20u = 0, reQ, t>0,
u(x,()) = u0<£€), &tu(x,O) = ul(x)a &fu(x,()) = uQ(x)a re, t>0.
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