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DIRECTED GRAPHS WITH LOWER ORIENTATION RAMSEY THRESHOLDS
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Abstract. We investigate the threshold 𝑝𝐻⃗ = 𝑝𝐻⃗(𝑛) for the Ramsey-type property 𝐺(𝑛, 𝑝) → 𝐻⃗,

where 𝐺(𝑛, 𝑝) is the binomial random graph and 𝐺 → 𝐻⃗ indicates that every orientation of the
graph 𝐺 contains the oriented graph 𝐻⃗ as a subdigraph. Similarly to the classical Ramsey setting,

the upper bound 𝑝𝐻⃗ 6 𝐶𝑛−1/𝑚2(𝐻⃗) is known to hold for some constant 𝐶 = 𝐶(𝐻⃗), where 𝑚2(𝐻⃗)

denotes the maximum 2-density of the underlying graph 𝐻 of 𝐻⃗. While this upper bound is indeed the
threshold for some 𝐻⃗, this is not always the case. We obtain examples arising from rooted products
of orientations of sparse graphs (such as forests, cycles and, more generally, subcubic {𝐾3, 𝐾3,3}-free
graphs) and arbitrarily rooted transitive triangles.

Dedicated to the memory of Gabriel Ferreira Barros and to
Professor Jayme Luiz Szwarcfiter on the occasion of his 80th birthday.

Mathematics Subject Classification. 05C80, 05D10, 05C20, 05C55.

Received November 13, 2022. Accepted April 23, 2024.

1. Introduction

Given a graph 𝐺 and an oriented graph 𝐻⃗, we write 𝐺 → 𝐻⃗ to mean that every orientation of 𝐺 contains
a copy of 𝐻⃗. The orientation Ramsey number 𝑅⃗ (𝐻⃗) := inf{𝑛 : 𝐾𝑛 → 𝐻⃗} has been investigated by many
authors (see, e.g., [8, 11, 15–17, 23]). It was noted by Stearns (see, e.g., [9]) that a tournament with 2𝑡 vertices
must contain a transitive tournament of order 𝑡. Therefore, 𝑅⃗ (𝐻⃗) < ∞ if and only if 𝐻⃗ contains no directed
cycle (the “only if” part of the statement follows by considering transitive tournaments).

We study the property 𝐺 → 𝐻⃗ in the context of the binomial random graph 𝐺(𝑛, 𝑝), which is formed from
the complete graph 𝐾𝑛 by deleting each edge independently of all others with probability 1− 𝑝. Our goal is to
find, given an acyclically oriented graph 𝐻⃗, the threshold function 𝑝𝐻⃗ = 𝑝𝐻⃗(𝑛) for the property 𝐺(𝑛, 𝑝) → 𝐻⃗;
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1 Instituto de Matemática e Estat́ıstica, Universidade de São Paulo, Rua do Matão 1010, 05508-090 São Paulo, Brazil.
2 Department of Computer Science, University of Warwick, Coventry CV4 7AL, UK.
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that is, a function satisfying

lim
𝑛→∞

P(𝐺(𝑛, 𝑝) → 𝐻⃗) =

{︃
0 if 𝑝 ≪ 𝑝𝐻⃗ ,
1 if 𝑝 ≫ 𝑝𝐻⃗ ,

where 𝑎 ≪ 𝑏 (or, equivalently, 𝑏 ≫ 𝑎) means lim𝑛→∞ 𝑎(𝑛)/𝑏(𝑛) = 0 (we speak of “the threshold 𝑝𝐻⃗”, since 𝑝𝐻⃗

is unique up to constant factors). We shall say that an event E holds asymptotically almost surely (a.a.s.) if E

occurs with probability tending to 1 as 𝑛 →∞.
Thresholds for Ramsey-type properties have been widely studied (see, e.g., [13, 19] and the many references

therein). If 𝐻⃗ is acyclic, then the property 𝐺(𝑛, 𝑝) → 𝐻⃗ is non-trivial and monotone, and thus has a threshold [5].
Let 𝐻 be a graph. As usual, let 𝑣(𝐻) and 𝑒(𝐻) denote the number of vertices and edges in 𝐻, respectively.

For a graph 𝐻 with 𝑣(𝐻) > 3, let 𝜌2(𝐻) = (𝑒(𝐻) − 1)/(𝑣(𝐻) − 2). Also, let 𝜌2(𝐾1) = 𝜌2(2𝐾1) = 0 and
𝜌2(𝐾2) = 1/2. An important parameter for estimating 𝑝𝐻⃗ is the maximum 2-density 𝑚2(𝐻) of 𝐻, which
is given by 𝑚2(𝐻) = max{𝜌2(𝐽) : 𝐽 ⊂ 𝐻}. We also consider the maximum density 𝑚(𝐻) of 𝐻, given by
𝑚(𝐻) = max{𝑒(𝐽)/𝑣(𝐽) : 𝐽 ⊂ 𝐻}. Analogous definitions are used if 𝐻⃗ is an oriented graph: we denote by 𝐻
the (undirected) graph we obtain from 𝐻⃗ by ignoring the orientation of its arcs, and let 𝑚2(𝐻⃗) = 𝑚2(𝐻) and
𝑚(𝐻⃗) = 𝑚(𝐻).

The following result gives an upper bound for 𝑝𝐻⃗ for any acyclic 𝐻⃗.

Theorem 1. For every acyclically oriented graph 𝐻⃗ with 𝑚2(𝐻⃗) > 1/2, there exists a constant 𝐶 = 𝐶(𝐻⃗)
such that if 𝑝 > 𝐶𝑛−1/𝑚2(𝐻⃗), then a.a.s. 𝐺(𝑛, 𝑝) → 𝐻⃗.

Theorem 1 can be proved using the regularity method (it suffices to combine ideas from Sect. 8.5 of [13]
and, say, [7]). We note that, when 𝐻⃗ is a transitive tournament of order at least four, Theorem 1 is implied
by a theorem of Rödl and Ruciński [21], but for other oriented graphs this implication is no longer clear. It
will be convenient to have a variant of Theorem 1, namely, Lemma 12 (which is a version of Thm. 1 stating
exponentially small bounds on the failure probability). Let us also remark that a version of Theorem 1 also
appeared in a preprint of the second author, with an almost identical proof as the one presented here (the
theorem has not been published elsewhere). For completeness, we note that the condition 𝑚2(𝐻) > 1/2 is
equivalent to ∆(𝐻) > 1.

Readers familiar with the so called “random Ramsey theorem” of Rödl and Ruciński [20, 21] will find it
natural that the edge probability 𝑝 = 𝑝(𝑛) = 𝑛−1/𝑚2(𝐻⃗) appears in Theorem 1, and may even guess that the
threshold 𝑝𝐻⃗ is 𝑛−1/𝑚2(𝐻⃗) as long as 𝐻 is not a forest of stars, as this is the case in the classical Ramsey set-up
involving colourings. This was confirmed in [4] for cycles and complete graphs, with a single exception.

Theorem 2 ([4]). If 𝐻⃗𝑡 is an acyclic orientation of a clique or of a cycle with 𝑡 vertices, then

𝑝𝐻⃗𝑡
=

{︃
𝑛−1/𝑚(𝐾4) if 𝑡 = 3,
𝑛−1/𝑚2(𝐻𝑡) if 𝑡 > 4.

Let
#   „

TT3 be the transitive tournament on 3 vertices. Theorem 2 with 𝑡 = 3 tells us that 𝑝 #  „
TT3

= 𝑛−1/𝑚(𝐾4) =
𝑛−2/3 ≪ 𝑛−1/2 = 𝑛−1/𝑚2(

#  „
TT3). Therefore, the heuristic mentioned above based on the classical colouring case

fails for
#   „

TT3. This phenomenon allows us to give a family of oriented graphs 𝐻⃗ (which are not forests of stars)
for which 𝑝𝐻⃗ ≪ 𝑛−1/𝑚2(𝐻⃗). In order to define this family, we consider rooted oriented graphs 𝐻⃗, that is, oriented
graphs 𝐻⃗ with a distinguished vertex 𝑟, called the root. Given an oriented graph 𝐹 , we denote by 𝐹 ∘ 𝐻⃗ the
rooted product of 𝐹 and 𝐻⃗, defined as 𝐹 ∘ 𝐻⃗ = (𝑉,𝐸) where

𝑉 = 𝑉 (𝐹 )× 𝑉 (𝐻⃗), and

𝐸 =
{︁(︀

(𝑓, 𝑟), (𝑓 ′, 𝑟)
)︀

: (𝑓, 𝑓 ′) ∈ 𝐸(𝐹 )
}︁
∪

⋃︁
𝑥∈𝑉 (𝐹 )

{︁(︀
(𝑥, ℎ), (𝑥, ℎ′)

)︀
: (ℎ, ℎ′) ∈ 𝐸(𝐻⃗)

}︁
.
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Figure 1. A triangle-free subcubic graph 𝐹 , a rooted
#   „

TT3 and their rooted product 𝐹 ∘ #   „

TT3.

See Figure 1 for an example of a rooted product. Rooted products have been considered before for undirected
graphs [2].

In what follows, we shall consider oriented graphs of the form 𝐹 ∘ 𝐻⃗ with 𝐻⃗ a rooted
#   „

TT3. For brevity,
#   „

TT′3 below stands for any rooted
#   „

TT3. We prove that the rooted product 𝐹 ∘ #   „

TT′3 for some oriented graphs 𝐹

is such that 𝑝𝐹∘ #  „
TT′3

≪ 𝑛−1/𝑚2(𝐹∘
#  „
TT′3).

Theorem 3. Let 𝐹 be an acyclically oriented graph with 1 < 𝑚2(𝐹 ) < 2. Then

𝑝𝐹∘ #  „
TT′3

≪ 𝑛−1/𝑚2(𝐹∘ #  „
TT′3). (1)

One can check that if 𝐹 is a {𝐾3, 𝐾3,3}-free graph with maximum degree at most three that is not a forest,
then any acyclic orientation 𝐹 of 𝐹 satisfies the hypothesis of Theorem 3 (see Prop. 11 (b)), and hence (1)
holds. While the hypothesis of Theorem 3 requires that 𝐹 should contain a cycle (𝑚2(𝐹 ) > 1 is required), the
conclusion of Theorem 3 also holds when 𝐹 is a forest: to see this, it suffices to take 𝛿 < 1/6 in the result below.
In fact, the result below is more general in the sense that it allows us to consider forests 𝐹 with growing order.

Theorem 4. Let 𝑝 = 𝑛𝛿−2/3 where 2/21 < 𝛿 6 1/6 is a constant. Then a.a.s. 𝐺(𝑛, 𝑝) → 𝐹 ∘ #   „

TT′3 for every
oriented forest 𝐹 with 𝑣(𝐹 ) 6 𝑏𝑛7𝛿−2/3/(log 𝑛)2, where 𝑏 is some positive absolute constant.

Theorem 4 guarantees the presence of somewhat large oriented trees in every orientation of 𝐺(𝑛, 𝑝). If 𝛿 < 1/6,
then for any oriented forest 𝐹 we have 𝑛𝛿−2/3 ≪ 𝑛−1/2 = 𝑛−1/𝑚2(𝐹∘

#  „
TT′3), and indeed Theorem 4 extends

Theorem 3. Also, if 𝛿 > 2/21, then 7𝛿 − 2/3 > 0 and the forest 𝐹 of Theorem 4 may be chosen to have more
than 𝑛𝑐 vertices for some constant 𝑐 > 0. And if 𝛿 = 1/6, then 𝑣(𝐹 ∘ #   „

TT′3) = Ω(𝑛1/2/(log 𝑛)2).
Lemma 12 (a variant of Thm. 1) and Theorem 3 are proved in Section 3 using lemmas from Section 2.

Theorem 4 is proved in Section 4.
Given a set 𝑉 and a positive integer ℓ, we denote by

(︀
𝑉
ℓ

)︀
the collection of ℓ-element subsets of 𝑉, by 2𝑉 the

collection of subsets of 𝑉 , and by [ℓ] the set {1, 2, . . . , ℓ}. To avoid uninteresting technicalities, we omit floor and
ceiling signs whenever they are not important. All unqualified logarithms are base e (where e denotes Euler’s
constant).

The main results of this work were announced in the extended abstract [3].

2. A container lemma

Let 𝐻⃗ be an acyclically oriented graph. In this section, we derive a container lemma for graphs 𝐺 that admit
𝐻⃗-free orientations from the celebrated container method of Balogh et al. [1] and Saxton and Thomason [22].
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2.1. Preliminaries

We begin with a simple saturation result, somewhat in the spirit of [10].

Lemma 5. Let 𝐻⃗ be an acyclically oriented graph on ℎ vertices, and let 𝑅 := 𝑅⃗(𝐻⃗). The following holds for
every 𝑛 > 𝑅. For every 𝐹 ⊆ 𝐸(𝐾𝑛), if there exists an orientation 𝐹 of 𝐹 such that 𝐹 has at most (2

(︀
𝑅
ℎ

)︀
)−1

(︀
𝑛
ℎ

)︀
copies of 𝐻⃗, then

|𝐸(𝐾𝑛) ∖ 𝐹 | > (2𝑅2)−1 𝑛2.

Proof. For convenience, let 𝜀 := (2
(︀
𝑅
ℎ

)︀
)−1. Let 𝐹 ⊆ 𝐸(𝐾𝑛) be such that there exists an orientation 𝐹 of 𝐹 with

at most 𝜀
(︀
𝑛
ℎ

)︀
copies of 𝐻⃗. Let 𝐾⃗ be an orientation of 𝐾𝑛 which agrees with the orientation 𝐹 of 𝐹 . Let

S :=

⎧⎨⎩𝑆 ∈
(︂

𝑉
(︁
𝐾⃗

)︁
𝑅

)︂
: 𝐸

(︁
𝐾⃗[𝑆]

)︁
⊆ 𝐹

⎫⎬⎭.

That is, the family S is the collection of all 𝑅-element subsets 𝑆 of 𝑉 (𝐾⃗) such that every arc of 𝐾⃗[𝑆] is contained
in 𝐹 . By definition of 𝑅, every 𝑅-element subset of the vertices of 𝐾⃗ contains at least one copy of 𝐻⃗. This means
that, for every 𝑆 ∈ S, there exists one copy of 𝐻⃗ in 𝐸(𝐾⃗[𝑆]). Moreover, every copy of 𝐻⃗ in 𝐾⃗ is contained in at
most

(︀
𝑛−ℎ
𝑅−ℎ

)︀
𝑅-element subsets. Double-counting the pairs (𝑆, 𝐻⃗ ′) where 𝑆 ∈ S and 𝐻⃗ ′ is a copy of 𝐻⃗ contained

in 𝑆 yields

|S| 6 𝜀

(︂
𝑛− ℎ

𝑅− ℎ

)︂(︂
𝑛

ℎ

)︂
=

1
2

(︀
𝑛−ℎ
𝑅−ℎ

)︀(︀
𝑅
ℎ

)︀ (︂
𝑛

ℎ

)︂
=

1
2

(︂
𝑛

𝑅

)︂
.

This implies that the set S defined as S :=
(︀
𝑉 (𝐾⃗)

𝑅

)︀
∖ S satisfies |S| > (1/2)

(︀
𝑛
𝑅

)︀
. Every set 𝑆 ∈ S induces at least

one arc 𝑒 ∈ 𝐸(𝐾⃗) ∖ 𝐹 . Moreover, every arc 𝑒 ∈ 𝐸(𝐾⃗) ∖ 𝐹 is contained in at most
(︀

𝑛−2
𝑅−2

)︀
𝑅-element subsets.

Double-counting the pairs (𝑆, 𝑒) where 𝑆 ∈ S and 𝑒 ∈ 𝐸(𝐾⃗[𝑆]) ∖ 𝐹 we obtain

⃒⃒
𝐸(𝐾⃗) ∖ 𝐹

⃒⃒
>

|S|(︀
𝑛−2
𝑅−2

)︀ > 1
2

(︀
𝑛
𝑅

)︀(︀
𝑛−2
𝑅−2

)︀ > 1
2𝑅2

𝑛2.

The desired result now follows by observing that
⃒⃒
𝐸(𝐾𝑛) ∖ 𝐹

⃒⃒
=

⃒⃒
𝐸(𝐾⃗) ∖ 𝐹

⃒⃒
. �

We now recall the hypergraph container lemma. We need to introduce some notation first. Let H be an 𝑙-
uniform hypergraph, and let 𝑣 ∈ 𝑉 (H). For each 𝐽 ⊆ 𝑉 (H), we call 𝑑(𝐽) :=

⃒⃒
{𝑒 ∈ 𝐸(H) : 𝐽 ⊆ 𝑒}

⃒⃒
the degree of 𝐽 ,

and write 𝑑(𝑣) for 𝑑
(︀
{𝑣}

)︀
. For each 𝑗 ∈ [𝑙], the maximum 𝑗-degree of 𝑣 is 𝑑(𝑗)(𝑣) := max{𝑑(𝐽) : 𝑣 ∈ 𝐽 ∈

(︀
𝑉 (H)

𝑗

)︀
}.

We also let
𝑑𝑗 :=

1
𝑣(H)

∑︁
𝑣∈𝑉 (H)

𝑑(𝑗)(𝑣),

and note that 𝑑1 is the average degree of H. Finally, for 𝜏 > 0, let

𝛿𝑗 :=
𝑑𝑗

𝑑1𝜏 𝑗−1

and define the co-degree function 𝛿(H, 𝜏) by

𝛿(H, 𝜏) := 2(𝑙
2)−1

𝑙∑︁
𝑗=2

2−(𝑗−1
2 )𝛿𝑗 , (2)

where
(︀
1
2

)︀
= 0. We shall apply the following hypergraph container lemma, given in [12].
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Theorem 6 ([12], Thm. 2.1). Let 0 < 𝜀, 𝜏 < 1/2 and 𝑙 > 2 be given. There exist integers 𝐾 = 𝐾(𝑙) and
𝑠 = 𝑠(𝑙, 𝜀) such that the following holds. Let H = (𝑉,𝐸) be an 𝑙-uniform hypergraph and suppose 𝜏 is such that
𝛿(H, 𝜏) 6 𝜀/(12𝑙!). Then, for every independent set 𝐼 ⊆ 𝑉 in H, there exist an 𝑠-tuple 𝑇 = (𝑇1, . . . , 𝑇𝑠) of
subsets of 𝑉 and a subset 𝐶 = 𝐶(𝑇 ) ⊆ 𝑉 depending only on 𝑇 such that

(a)
⋃︀

𝑖∈[𝑠] 𝑇𝑖 ⊆ 𝐼 ⊆ 𝐶,
(b) 𝑒(H[𝐶]) 6 𝜀𝑒(H), and
(c) |𝑇𝑖| 6 𝐾𝜏 |𝑉 | for every 𝑖 ∈ [𝑠].

Theorem 6 above is a version of Corollary 3.6 from [22]. For completeness, we mention that, in [12], explicit
values are given for the constants 𝐾 = 𝐾(𝑙) and 𝑠 = 𝑠(𝑙, 𝜀): 𝐾 = 800𝑙(𝑙!)3 and 𝑠 = ⌊𝐾 log(1/𝜀)⌋. We now define
the hypergraph on which we shall apply Theorem 6.

Definition 7. Let 𝑛 ∈ N be given. The complete digraph 𝐷⃗𝑛 is the digraph with vertex set [𝑛] and arc
set 𝐸(𝐷⃗𝑛) :=

(︀
[𝑛]× [𝑛]

)︀
∖

{︀
(𝑣, 𝑣) : 𝑣 ∈ [𝑛]

}︀
.

Definition 8. Let 𝐻⃗ be an oriented graph with 𝑙 arcs and let 𝑛 ∈ N be given. The hypergraph D(𝑛, 𝐻⃗) = (V, E)
is the 𝑙-uniform hypergraph with vertex set V := 𝐸(𝐷⃗𝑛) and edge set

E :=
{︂

𝐵 ∈
(︂

V

𝑙

)︂
: the arcs of 𝐵 form a digraph isomorphic to 𝐻⃗

}︂
.

We close this section estimating the quantity 𝛿(D(𝑛, 𝐻⃗), 𝜏) defined in (2) for a certain relevant value of 𝜏 .

Lemma 9. Let 𝐻⃗ be an oriented graph with order ℎ and 𝑙 > 2 arcs. Let 𝜏 := 𝐷𝑛−1/𝑚2(𝐻⃗), where 𝐷 > 1 is a
constant. We have

𝛿
(︁
D

(︁
𝑛, 𝐻⃗

)︁
, 𝜏

)︁
6 2(𝑙

2)ℎℎ−2𝐷−1. (3)

Proof. For convenience, set H := D(𝑛, 𝐻⃗). Note that H is regular, i.e., 𝑑(𝑒) = 𝑑1 for all 𝑒 ∈ 𝐸(𝐻⃗). Given
𝐽 ⊆ 𝑉 (H) with 𝐽 ̸= ∅ and 2 6 |𝐽 | 6 𝑙, let

𝑉𝐽 :=
⋃︁

(𝑎,𝑏)∈𝐽

{𝑎, 𝑏} ⊆ [𝑛].

Note that (𝑉𝐽 , 𝐽) is the subdigraph of 𝐷⃗𝑛 induced by the set of arcs 𝐽 . Given 𝐽 ⊆ 𝑉 (H) and an edge 𝑒0 ∈ 𝐽 ,
choose a hyperedge 𝐹 ∈ 𝐸(H) containing 𝑒0 uniformly at random. By symmetry, 𝑉𝐹 ∖ 𝑒0 is a uniformly-chosen
(ℎ− 2)-subset of [𝑛] ∖ 𝑒0. Since 𝐽 ⊆ 𝐹 implies 𝑉𝐽 ⊆ 𝑉𝐹 , we have

𝑑(𝐽)
𝑑(𝑒0)

= P(𝐽 ⊆ 𝐹 ) 6 P(𝑉𝐽 ⊆ 𝑉𝐹 ) =
(︂

𝑛− |𝑉𝐽 |
ℎ− |𝑉𝐽 |

)︂(︂
𝑛− 2
ℎ− 2

)︂−1

6

(︂
ℎ

𝑛

)︂|𝑉𝐽 |−2

. (4)

For all ℓ ∈ [𝑙], let

𝑓(ℓ) := min
{︁

𝑣
(︁
𝐻⃗ ′

)︁
: 𝐻⃗ ′ ⊆ 𝐻⃗ and 𝑒

(︁
𝐻⃗ ′

)︁
= ℓ

}︁
.

It follows from (4) that, for every 2 6 𝑗 6 𝑙, we have 𝑑(𝑗)(𝑣)/𝑑1 6 (ℎ/𝑛)𝑓(𝑗)−2 for any 𝑣 ∈ 𝑉 (H). Since 𝑓(𝑗) 6 ℎ,
this gives us that

𝑑𝑗

𝑑1
=

1
𝑣(H)

∑︁
𝑣∈𝑉 (H)

𝑑(𝑗)(𝑣)
𝑑1

6
1

𝑣(H)

∑︁
𝑣∈𝑉 (H)

ℎ𝑓(𝑗)−2𝑛2−𝑓(𝑗) = ℎ𝑓(𝑗)−2𝑛2−𝑓(𝑗) 6 ℎℎ−2𝑛2−𝑓(𝑗).
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We furthermore have that

𝛿𝑗 =
𝑑𝑗

𝑑1𝜏 𝑗−1
6 ℎℎ−2𝑛2−𝑓(𝑗)𝜏1−𝑗 6 ℎℎ−2𝑛2−𝑓(𝑗)+(𝑗−1)/𝑚2(𝐻⃗)𝐷1−𝑗 . (5)

Observe now that, by definition, we have 𝑚2(𝐻⃗) > (𝑗 − 1)/(𝑓(𝑗) − 2) for all 𝑗 > 2. From this we may derive
2− 𝑓(𝑗) + (𝑗 − 1)/𝑚2(𝐻⃗) 6 0. Therefore, we can conclude from (5) that

𝛿𝑗 6 ℎℎ−2𝐷1−𝑗 6 ℎℎ−2𝐷−1.

We can finally bound the co-degree function 𝛿(H, 𝜏) by observing that

𝛿(H, 𝜏) = 2(𝑙
2)−1

𝑙∑︁
𝑗=2

2−(𝑗−1
2 )𝛿𝑗 6 2(𝑙

2)−1ℎℎ−2𝐷−1
𝑙∑︁

𝑗=2

2−(𝑗−1
2 ) 6 2(𝑙

2)ℎℎ−2𝐷−1,

which establishes (3). �

2.2. A container lemma for graphs with 𝐻⃗-free orientations

Let 𝐻⃗ be an acyclically oriented graph. Applying Theorem 6 to the hypergraph D(𝑛, 𝐻⃗) from Definition 8
gives us a container lemma for 𝐻⃗-free digraphs. We need something a little different: we need a container lemma
for graphs 𝐺 that admit 𝐻⃗-free orientations. This is given in the lemma below.

Lemma 10. Let 𝐻⃗ be an acyclically oriented graph with at least two arcs. There exist positive real numbers 𝛼 <

1 and 𝑐 and a positive integer 𝑠 such that the following holds for every large enough 𝑛. Let 𝑟 = ⌊𝑐𝑛2−1/𝑚2(𝐻⃗)⌋.
If 𝐺 is a graph of order 𝑛 and 𝐺 ̸→ 𝐻⃗, then there exist an 𝑠-tuple 𝑇 = (𝑇1, . . . , 𝑇𝑠) ∈

(︀
2𝐸(𝐺)

)︀𝑠 and a set
C = C(𝑇 ) ⊆ 2𝐸(𝐾𝑛) of size at most 2𝑟, depending only on 𝑇 , such that

(a)
⋃︀

𝑖∈[𝑠] 𝑇𝑖 ⊆ 𝐸(𝐺) ⊆ 𝐶 for some 𝐶 ∈ C,
(b)

⋃︀
𝑖∈[𝑠] 𝑇𝑖 ⊆ 𝐶 for every 𝐶 ∈ C.

(c)
⃒⃒
𝐸(𝐾𝑛) ∖ 𝐶

⃒⃒
> 𝛼𝑛2 for every 𝐶 ∈ C, and

(d)
⃒⃒⋃︀

𝑖∈[𝑠] 𝑇𝑖

⃒⃒
6 𝑟.

Proof. We apply Theorem 6. Suppose 𝐻⃗ has ℎ vertices and 𝑙 > 2 arcs and let 𝛼 = (2𝑅2)−1, where 𝑅 := 𝑅⃗(𝐻⃗).
In what follows, we assume that 𝑛 is large enough for our inequalities to hold. Set H := D(𝑛, 𝐻⃗) and 𝜀 :=(︀
2
(︀
𝑅
ℎ

)︀
𝑒(D(ℎ, 𝐻⃗))

)︀−1 and let 𝜏 := 𝐷𝑛−1/𝑚2(𝐻⃗), where

𝐷 :=
12 𝑙! 2(𝑙

2)ℎℎ−2

𝜀
·

By Lemma 9, we have 𝛿(H, 𝜏) 6 𝜀/(12𝑙!). Theorem 6 now gives us numbers 𝐾 = 𝐾(𝑙) and 𝑠 = 𝑠(𝑙, 𝜀) satisfying
the conclusion of that theorem.

Let 𝐺 be a graph on 𝑛 vertices such that 𝐺 ̸→ 𝐻⃗. There exists an orientation 𝐺⃗ of 𝐺 that is 𝐻⃗-free. Therefore,
the set 𝐸(𝐺⃗) is an independent set of H. Let 𝑇 = (𝑇1, . . . , 𝑇𝑠) be an 𝑠-tuple of sets of arcs and 𝐶⃗ = 𝐶⃗(𝑇 ) a set
of arcs such as given by Theorem 6 applied to 𝐸(𝐺⃗). For 𝑖 ∈ [𝑠], let 𝑇𝑖 be the set of underlying (undirected)
edges of the arcs in 𝑇𝑖. Let

𝑇 = (𝑇1, . . . , 𝑇𝑠) ∈
(︁

2𝐸(𝐾𝑛)
)︁𝑠

. (6)

Define 𝐶 analogously from 𝐶⃗, i.e., let 𝐶 be the set of edges that we obtain by replacing each arc of 𝐶⃗ by
its underlying edge (we remark in passing that it may happen that |𝐶| < |𝐶⃗|, as 𝐶⃗ may contain digons). By
Theorem 6 (a), we have ⋃︁

𝑖∈[𝑠]

𝑇𝑖 ⊆ 𝐸(𝐺) ⊆ 𝐶. (7)
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Clearly, 𝑒(D(ℎ, 𝐻⃗)) is the number of copies of 𝐻⃗ in any subset of ℎ vertices of 𝐷⃗𝑛, whence

𝑒(H) =
(︂

𝑛

ℎ

)︂
𝑒
(︁
D

(︁
ℎ, 𝐻⃗

)︁)︁
.

Therefore, by Theorem 6 (b) we conclude that 𝐶⃗ spans at most 𝜀𝑒(H) = (2
(︀
𝑅
ℎ

)︀
)−1

(︀
𝑛
ℎ

)︀
copies of 𝐻⃗. Let 𝐹 be an

orientation of 𝐶 such that 𝐹 ⊆ 𝐶⃗ (equivalently, let 𝐹 be obtained from 𝐶⃗ by dropping an arbitrary arc from
each digon in 𝐶⃗). Note that the number of copies of 𝐻⃗ in 𝐹 is at most the number of copies of 𝐻⃗ in 𝐶⃗. Since
the underlying graph of 𝐹 is 𝐶, Lemma 5 gives, by the choice of 𝛼, that

|𝐸(𝐾𝑛) ∖ 𝐶| > 𝛼𝑛2. (8)

Finally, by letting 𝑐 := 𝑠𝐾𝐷, we get by Theorem 6 (c) that∑︁
𝑖∈[𝑠]

|𝑇𝑖| 6 𝑠 max
𝑖∈[𝑠]

|𝑇𝑖| 6 ⌊𝑠𝐾𝜏𝑣(H)⌋ 6
⌊︁
𝑐𝑛2−1/𝑚2(𝐻⃗)

⌋︁
= 𝑟. (9)

We are supposed to produce a set C = C(𝑇 ) ⊆ 2𝐸(𝐾𝑛) with |C| 6 2𝑟 satisfying (a), (b), (c) and (d) of our
lemma. Note that, because of (7), if 𝐶 ∈ C, we are in good shape with respect to (a) in our lemma. Owing
to (9), we are also fine with respect to (d) in our lemma. We shall now see how to produce C.

We know that 𝐶⃗ = 𝐶⃗(𝑇 ) depends solely on 𝑇 , and we have produced 𝐶 ⊆ 𝐸(𝐾𝑛) from 𝐶⃗. Hence 𝐶 depends
only on 𝑇 . However, in the procedure above, 𝑇 as defined in (6) may arise from other 𝑠-tuples 𝑇 ′ = (𝑇 ′1, . . . , 𝑇

′
𝑠)

with 𝐶⃗(𝑇 ′) ̸= 𝐶⃗(𝑇 ), and hence we cannot say that 𝐶 is solely determined by 𝑇 . The solution is simple: we
consider all possible 𝑇 ′ = (𝑇 ′1, . . . , 𝑇

′
𝑠) that give rise to 𝑇 and for which 𝐶⃗(𝑇 ′) is defined, to produce the set C

of all the corresponding containers 𝐶 ′ ⊆ 𝐸(𝐾𝑛) coming from 𝐶⃗(𝑇 ′). Owing to (9), the number of such 𝑇 ′ is at
most 2𝑟 (each edge {𝑥, 𝑦} in each 𝑇𝑖 in 𝑇 can be oriented as # „𝑥𝑦 or # „𝑦𝑥 to produce 𝑇 ′𝑖 in 𝑇 ′ and 𝑇 ′𝑖 cannot contain
both # „𝑥𝑦 and # „𝑦𝑥). Hence the set C of the corresponding containers 𝐶 ′ coming from all the 𝐶⃗(𝑇 ′) is such that
|C| 6 2𝑟. Because of (8), condition (c) of our lemma is satisfied. Finally, any other 𝑠-tuple 𝑇 ′ that gives rise
to 𝑇 is such that

⋃︀
𝑖∈[𝑠] 𝑇𝑖 =

⋃︀
𝑖∈[𝑠] 𝑇

′
𝑖 ⊆ 𝐶 ′, where 𝐶 ′ ∈ C is the container produced by 𝑇 ′. This implies (b).

Therefore, there is an 𝑠-tuple 𝑇 and a set C = C(𝑇 ) that depends only on 𝑇 with the desired requirements. �

3. Small graphs with low thresholds

We prove Theorem 3 in this section. We begin with a simple proposition.

Proposition 11. The following statements hold.

(a) Let 𝐹 be an oriented graph with 𝑚2(𝐹 ) < 2 and let
#   „

TT′3 be a rooted
#   „

TT3. Then

𝑚2

(︁
𝐹 ∘ #   „

TT′3
)︁

= 2.

(b) Let 𝐹 be a {𝐾3, 𝐾3,3}-free graph 𝐹 with ∆(𝐹 ) 6 3 that is not a forest. Then

1 < 𝑚2(𝐹 ) < 2.

Proof. Let 𝐽 be a graph with 𝑣(𝐽) > 3 and 𝜌2(𝐽) = (𝑒(𝐽) − 1)/(𝑣(𝐽) − 2) < 2 and let 𝑇 be a 𝐾3 with
|𝑉 (𝐽) ∩ 𝑉 (𝑇 )| 6 1. Let 𝐽 ′ = 𝐽 ∪ 𝑇 ′ where 𝑇 ′ is a subgraph of 𝑇 . One can check that 𝜌2(𝐽 ′) < 2 (roughly
speaking, 𝐽 ′ can be obtained from 𝐽 by adding ℎ new vertices and at most 3ℎ/2 edges for some ℎ, and hence
𝜌2(𝐽 ′) < 2 follows from a simple calculation). If 𝑣(𝐽) = 2, it is again true that 𝜌2(𝐽 ′) < 2. These observations
imply that 𝑚2(𝐹 ∘ #   „

TT′3) 6 2 for any 𝐹 as in (a) of our proposition. Since 𝑚2(𝐹 ∘ #   „

TT′3) > 𝑚2(
#   „

TT′3) = 2,
assertion (a) follows.
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Now let 𝐹 be as in (b). Since 𝐹 contains a cycle, we have 𝑚2(𝐹 ) > 1. Using the fact that 𝐹 is {𝐾3, 𝐾3,3}-free,
one can check that 𝑚2(𝐹 ) < 2 if 𝑣(𝐹 ) 6 6. For any order 𝑡 graph 𝐽 with ∆(𝐽) 6 3, we have 𝜌2(𝐽) 6 𝑓(𝑡),
where 𝑓(𝑡) = (3𝑡/2 − 1)/(𝑡 − 2). It now suffices to observe that 𝑓(6) = 2 and that 𝑓(𝑡) is a strictly decreasing
function. �

We shall need the following variant of Theorem 1.

Lemma 12. For every acyclically oriented graph 𝐻⃗ with 𝑚2(𝐻⃗) > 1/2, there are constants 𝐵 and 𝛽 > 0 such
that if 𝑝 = 𝑝(𝑛) > 𝐵𝑛−1/𝑚2(𝐻⃗), then

P
(︁
𝐺(𝑛, 𝑝) ̸→ 𝐻⃗

)︁
6 e−𝛽𝑝𝑛2

. (10)

Proof. We first show that there exist constants 𝐴 and 𝛾 > 0 such that if 𝑞 = 𝑞(𝑛) = 𝐴𝑛−1/𝑚2(𝐻⃗) (note the
equality) then

P
(︁
𝐺(𝑛, 𝑞) ̸→ 𝐻⃗

)︁
6 e−𝛾𝑞𝑛2

. (11)

Let 𝐻⃗ as in the statement of our lemma be given. Let 𝛼, 𝑐 and 𝑠 be as given by Lemma 10 for 𝐻⃗. Examining
the statement of Lemma 10, one sees that we may suppose that 𝑐 > e2𝑠+2. Let 𝐴 be such that

log 𝐴

𝐴
6

𝛼

2𝑐
and 𝐴 >

𝑐

2𝑠−1
, (12)

and let 𝑞 = 𝑞(𝑛) = 𝐴𝑛−1/𝑚2(𝐻⃗). We show that if 𝛾 = 𝛼/2, then (11) holds for every large enough 𝑛. Let
𝑟 :=

⌊︀
𝑐𝑛2−1/𝑚2(𝐻⃗)

⌋︀
and note that 𝑟 →∞ as 𝑛 →∞ because 𝑚2(𝐻⃗) > 1/2.

Let 𝐺 be a graph on [𝑛] such that 𝐺 ̸→ 𝐻⃗. By Lemma 10, there exist an 𝑠-tuple 𝑇 = (𝑇1, . . . , 𝑇𝑠) ∈ (2𝐸(𝐾𝑛))𝑠

and a set C(𝑇 ) ⊆ 2𝐸(𝐾𝑛) with |C(𝑇 )| 6 2𝑟, depending only on 𝑇 , such that Lemma 10 (a), (b), (c) and (d) hold.
Let 𝐶 ∈ C(𝑇 ) be as in Lemma 10 (a). Then ⋃︁

𝑖∈[𝑠]

𝑇𝑖 ⊆ 𝐸(𝐺) ⊆ 𝐶 (13)

and

|𝐸(𝐾𝑛) ∖ 𝐶| > 𝛼𝑛2.

Let 𝐷𝐶 := 𝐸(𝐾𝑛) ∖ 𝐶. Since 𝐸(𝐺) ⊆ 𝐶, we have

𝐸(𝐺) ∩𝐷𝐶 = ∅. (14)

For convenience, let G be the family of all graphs 𝐺 on [𝑛] such that 𝐺 ̸→ 𝐻⃗. Let us summarise what we did
above: given 𝐺 ∈ G, we found certain objects 𝑇 = (𝑇1, . . . , 𝑇𝑠) ∈ (2𝐸(𝐾𝑛))𝑠, C(𝑇 ) ⊆ 2𝐸(𝐾𝑛), and 𝐶 ∈ C(𝑇 ).
Let T𝑛 be the set of all 𝑇 that arise in this fashion when we consider all 𝐺 in G. By construction, for each
𝑇 ∈ T𝑛, we have a certain associated family of sets C(𝑇 ).

We now proceed as follows. For 𝑇 = (𝑇1, . . . , 𝑇𝑠) ∈ T𝑛, let

G′𝑇 := {𝐺 ∈ G : 𝑇𝑖 ⊆ 𝐸(𝐺) for all 𝑖 ∈ [𝑠]}.
For any 𝐶 ⊆ 𝐸(𝐾𝑛), let

G′′𝐶 := {𝐺 ∈ G : 𝐸(𝐺) ∩𝐷𝐶 = ∅}.
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Our constructions above of 𝑇 ∈ T𝑛 and 𝐶 ∈ C(𝑇 ) given 𝐺 ∈ G (see, in particular, (13) and (14)) show that

G ⊆
⋃︁

𝑇∈T𝑛

⋃︁
𝐶∈C(𝑇 )

G′𝑇 ∩ G′′𝐶 .

For any 𝑇 ∈ T𝑛, the sets 𝑇𝑖 occurring in 𝑇 and the 𝐷𝐶 for 𝐶 ∈ C(𝑇 ) are disjoint (see Lem. 10 (b)). Therefore,
the events {𝐺(𝑛, 𝑞) ∈ G′𝑇 } and {𝐺(𝑛, 𝑞) ∈ G′′𝐶} are independent for any 𝑇 ∈ T𝑛 and any 𝐶 ∈ C(𝑇 ). We conclude
that

P(𝐺(𝑛, 𝑞) ∈ G) 6
∑︁

𝑇∈T𝑛

∑︁
𝐶∈C(𝑇 )

P(𝐺(𝑛, 𝑞) ∈ G′𝑇 ) P(𝐺(𝑛, 𝑞) ∈ G′′𝐶).

Since |𝐷𝐶 | > 𝛼𝑛2 for every 𝐶 ∈
⋃︀

𝑇∈T𝑛
C(𝑇 ), we have

P(𝐺(𝑛, 𝑞) ∈ G′′𝐶) 6 (1− 𝑞)𝛼𝑛2
6 exp

(︀
−𝛼𝑛2𝑞

)︀
.

Moreover, we also have ∑︁
𝑇∈T𝑛

P(𝐺(𝑛, 𝑞) ∈ G′𝑇 ) 6
∑︁

𝑇∈T𝑛

𝑞|
⋃︀

𝑖∈[𝑠] 𝑇𝑖|.

Since |C(𝑇 )| 6 2𝑟, it follows that

P(𝐺(𝑛, 𝑞) ∈ G) 6 2𝑟 exp
(︀
−𝛼𝑛2𝑞

)︀ ∑︁
𝑇∈T𝑛

𝑞|
⋃︀

𝑖∈[𝑠] 𝑇𝑖|. (15)

We now proceed to bound the sum in (15). For every integer 𝑘 with 0 6 𝑘 6 𝑟, let

T𝑛(𝑘) :=
{︁

𝑇 = (𝑇1, . . . , 𝑇𝑠) ∈ T𝑛 :
⃒⃒⃒⋃︀

𝑖∈[𝑠] 𝑇𝑖

⃒⃒⃒
= 𝑘

}︁
.

Note that T𝑛 =
⋃︀

06𝑘6𝑟 T𝑛(𝑘). Observe that |T𝑛(𝑘)| 6
(︀(𝑛

2)
𝑘

)︀
(2𝑠−1)𝑘. Indeed, there are

(︀(𝑛
2)
𝑘

)︀
ways of choosing 𝑘

edges from 𝐸(𝐾𝑛), and (2𝑠 − 1)𝑘 ways of assigning each of those edges to the sets 𝑇𝑖 of the 𝑠-tuples 𝑇 =
(𝑇1, . . . , 𝑇𝑠). Therefore,

∑︁
𝑇∈T𝑛

𝑞|
⋃︀

𝑖∈[𝑠] 𝑇𝑖| =
𝑟∑︁

𝑘=0

|T𝑛(𝑘)|𝑞𝑘 6
𝑟∑︁

𝑘=0

(︂(︀
𝑛
2

)︀
𝑘

)︂
(2𝑠)𝑘

𝑞𝑘 6 1 +
𝑟∑︁

𝑘=1

(︂
e2𝑠−1𝑛2𝑞

𝑘

)︂𝑘

. (16)

Let 𝑏 = 2𝑠−1𝑛2𝑞 and 𝑓(𝑥) = (e𝑏/𝑥)𝑥 for all 𝑥 > 0. Observe that 𝑓 is unimodal and achieves its maximum
at 𝑥 = 𝑏. Moreover, by (12) we obtain

𝑟 =
⌊︁
𝑐𝑛2−1/𝑚2(𝐻⃗)

⌋︁
6 2𝑠−1𝐴𝑛2−1/𝑚2(𝐻⃗) = 2𝑠−1𝑛2𝑞 = 𝑏.

Thus, by (16),

∑︁
𝑇∈T𝑛

𝑞|
⋃︀

𝑖∈[𝑠] 𝑇𝑖| 6 1 + 𝑟

(︂
e𝑏
𝑟

)︂𝑟

= 1 + 𝑟

⎛⎝ e2𝑠−1𝑛2𝑞⌊︁
𝑐𝑛2−1/𝑚2(𝐻⃗)

⌋︁
⎞⎠𝑟

6 2𝑟

(︂
e2𝑠𝐴

𝑐

)︂𝑟

· (17)

Recalling (15), we obtain

P(𝐺(𝑛, 𝑞) ∈ G) 6 2𝑟+1𝑟e−𝛼𝑛2𝑞

(︂
e2𝑠𝐴

𝑐

)︂𝑟

6 e−𝛼𝑛2𝑞

(︂
e2𝑠+2𝐴

𝑐

)︂𝑟

6 𝐴𝑟e−𝛼𝑛2𝑞 6
(︁
𝐴𝑐𝑛2−1/𝑚2(𝐻⃗)/𝑛2𝑞e−𝛼

)︁𝑛2𝑞

=
(︁
𝐴𝑐/𝐴e−𝛼

)︁𝑛2𝑞

. (18)



3616 G.F. BARROS ET AL.

Owing to (12), we have 𝐴𝑐/𝐴e−𝛼 6 e−𝛼/2. Thus, equation (18) tells us that

P(𝐺(𝑛, 𝑞) ∈ G) 6 e−(𝛼/2)𝑛2𝑞 = 𝑒−𝛾𝑛2𝑞,

as promised in (11).
To conclude the proof, we show, using a standard multiple exposition argument, that Lemma 12 follows

from (11) with 𝐵 = 2𝐴 and 𝛽 = 𝛾/2. Let 𝑝 > 𝐵𝑛−1/𝑚2(𝐻⃗) = 2𝑞. Note that 𝐺 ̸→ 𝐻⃗ is a decreasing property
in 𝐺. Let 𝑡 = ⌊𝑝/𝑞⌋ > ⌊𝐵/𝐴⌋ = 2 and let 𝐺 = 𝐺1 ∪ · · · ∪𝐺𝑡, where each 𝐺𝑖 is an independent copy of 𝐺(𝑛, 𝑞).
It is a simple fact that 𝐺 is a 𝐺(𝑛, 𝑝′) with 𝑝′ 6 𝑝. Also, since 𝑝/𝑞 > 2, we have that 𝑡 > 𝑝/𝑞 − 1 > 𝑝/2𝑞. Thus

P
(︁
𝐺(𝑛, 𝑝) ̸→ 𝐻⃗

)︁ (†)
6 P

(︁
𝐺 ̸→ 𝐻⃗

)︁ (†)
6 P

⎛⎝ ⋂︁
𝑖∈[𝑡]

{︁
𝐺𝑖 ̸→ 𝐻⃗

}︁⎞⎠ (♯)
=

∏︁
𝑖∈[𝑡]

P
(︁
𝐺𝑖 ̸→ 𝐻⃗

)︁ (11)

6 exp
(︀
−𝑡𝛼𝑞𝑛2

)︀
6 exp

(︀
−𝛼𝑝𝑛2/2

)︀
= exp

(︀
−𝛽𝑝𝑛2

)︀
,

where (†) follow by monotonicity and (♯) follows from the independence of the 𝐺𝑖. This concludes the proof of
Lemma 12. �

The strategy for proving Theorem 3 is simple: we find many vertex-disjoint copies of
#   „

TT3, and then locate a
copy of 𝐹 in the subgraph induced by the roots of those copies. For the first step, since 𝐾4 →

#   „

TT3, it suffices
to find many vertex-disjoint copies of 𝐾4.

Lemma 13. If 0 < 𝛿 6 1/6 and 𝑝 > 𝑛𝛿−1/𝑚(𝐾4) = 𝑛𝛿−2/3, then a.a.s. 𝐺(𝑛, 𝑝) contains at least 𝑐𝑛6𝛿 vertex-
disjoint copies of 𝐾4, where 𝑐 > 0 is an absolute constant.

Lemma 13 is a particular case of Theorem 4 in [14] (see also [13], Thm. 3.29). For the second step in the
proof of Theorem 3, we apply Lemma 12.

Proof of Theorem 3. Let 𝐹 be as in the statement of the theorem. By Proposition 11 (a), we have 𝑚2(𝐹 ∘ #   „

TT′3) =
2. We will show that there exists

𝑝 ≪ 𝑛−1/2 = 𝑛−1/𝑚2(𝐹∘ #  „
TT′3) (19)

such that a.a.s. we have 𝐺(𝑛, 𝑝) → 𝐹 ∘ #   „

TT′3. Since 𝑚2(𝐹 ) < 2, we can fix positive constants 𝛾 and 𝜀 such that

1− 𝛾 =
1
2
𝑚2

(︁
𝐹

)︁
+ 𝜀 >

1
2
𝑚2

(︁
𝐹

)︁
. (20)

Let

𝛿 =
1
6

⎛⎝1− 6𝜀

𝑚2

(︁
𝐹

)︁
⎞⎠· (21)

By choosing 𝜀 small enough, we may suppose that

6𝛿 > 1− 𝛾. (22)

Let 𝐵 and 𝛽 be the constants given by Lemma 12 for 𝐹 , and let 𝑐 be the constant in Lemma 13. Let 𝐵′ =
𝑐−1/𝑚2(𝐹 )𝐵. We may assume that 𝐵′ > 1. Let 𝑝 = 𝑝(𝑛) = 𝐵′𝑛−(1−𝛾)/𝑚2(𝐹 ) and note that, by (20), relation (19)
holds. We show that this choice of 𝑝 will do.

We first claim that, a.a.s., 𝐺 = 𝐺(𝑛, 𝑝) is such that

(A) any 𝑈 ⊆ 𝑉 (𝐺) with |𝑈 | > 𝑐𝑛6𝛿 is such that 𝐺[𝑈 ] → 𝐹 .
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Indeed, let 𝑡 = 𝑐𝑛1−𝛾 and note that 𝑝 = 𝐵′𝑛−(1−𝛾)/𝑚2(𝐹 ) = 𝐵′𝑐1/𝑚2(𝐹 )𝑡−1/𝑚2(𝐹 ) = 𝐵𝑡−1/𝑚2(𝐹 ). By our choice
of 𝐵 and 𝛽, for each 𝑊 ⊂ 𝑉 (𝐺) with |𝑊 | = 𝑡, we have

P
(︁
𝐺[𝑊 ] ̸→ 𝐻⃗

)︁
6 e−𝛽𝑝𝑡2 . (23)

Moreover, the number of 𝑊 ⊂ 𝑉 (𝐺) with |𝑊 | = 𝑡 is
(︀
𝑛
𝑡

)︀
6 𝑛𝑡. Since 𝑚2(𝐹 ) > 1, we see that

𝛽𝑝𝑡2 = 𝛽𝑡𝐵′𝑛−(1−𝛾)/𝑚2(𝐹)𝑐𝑛1−𝛾 = 𝛽𝐵′𝑐𝑡𝑛(1−𝛾)(1−1/𝑚2(𝐹)) ≫ 𝑡 log 𝑛. (24)

Therefore, inequalities (23) and (24) and the union bound tell us that, a.a.s., for every 𝑊 ⊂ 𝑉 (𝐺) with |𝑊 | = 𝑡,
we have 𝐺[𝑊 ] → 𝐹 . This implies that 𝐺[𝑈 ] → 𝐹 for every 𝑈 with |𝑈 | > 𝑐𝑛6𝛿, because 𝑡 = 𝑐𝑛1−𝛾 and we
have (22), concluding the proof of claim (A).

Now note that, by (20), we have 𝑝 = 𝐵′𝑛−(1−𝛾)/𝑚2(𝐹 ) > 𝑛−(1−𝛾)/𝑚2(𝐹 ) = 𝑛−1/2−𝜀/𝑚2(𝐹 ). By (21), we have
−1/2− 𝜀/𝑚2(𝐹 ) = 𝛿 − 2/3 = 𝛿 − 1/𝑚(𝐾4). Thus, Lemma 13 tells us that, a.a.s.,

(B) 𝐺 contains at least 𝑐𝑛6𝛿 vertex-disjoint copies of 𝐾4.

Suppose 𝐺 satisfies (A) and (B). We show that 𝐺 → 𝐹 ∘ #   „

TT′3. Since (A) and (B) hold a.a.s., this will conclude
the proof. Let 𝐺⃗ be an orientation of 𝐺. Noticing that 𝐾4 →

#   „

TT3, property (B) implies that 𝐺⃗ contains 𝑐𝑛6𝛿

vertex-disjoint copies of
#   „

TT′3. Let 𝑈 ⊂ 𝑉 (𝐺) be the set of 𝑐𝑛6𝛿 roots of those copies of
#   „

TT′3. Since (A) holds,
there is a copy of 𝐹 in 𝐺⃗[𝑈 ]. Therefore, 𝐺⃗ contains a copy of 𝐹 ∘ #   „

TT′3. This shows that 𝐺 → 𝐹 ∘ #   „

TT′3, as
required. �

4. Rooted products with larger trees

We now prove Theorem 4. We shall use the following corollary of Theorem 3 from [18].

Theorem 14 ([18]). If 𝐺 is a graph and 𝑇 is an oriented tree of order ⌊𝜒(𝐺)/⌈log2 𝑣(𝐺)⌉⌋, then 𝐺 → 𝑇 .

Proof of Theorem 4. Let 𝑏 = 𝑐(log 2)/4, where 𝑐 is the constant in Lemma 13. Recall that 𝑝 = 𝑛𝛿−2/3 and
that 2/21 < 𝛿 6 1/6. Let 𝐹 be an oriented tree with 𝑣(𝐹 ) 6 𝑏𝑛7𝛿−2/3/(log 𝑛)2. As in the proof of Theorem 3,
it suffices to prove that, for 𝑝 = 𝑛𝛿−2/3 as in the statement of Theorem 4, a.a.s., 𝐺 = 𝐺(𝑛, 𝑝) has the following
two properties:

(A) 𝐺[𝑈 ] → 𝐹 for any 𝑈 ⊆ 𝑉 (𝐺) with |𝑈 | > 𝑐𝑛6𝛿.
(B) 𝐺 contains at least 𝑐𝑛6𝛿 vertex-disjoint copies of 𝐾4.

The fact that (B) holds a.a.s. is Lemma 13. We derive that (A) holds a.a.s. from Theorem 14. An easy
application of the first moment method shows that a.a.s. 𝛼(𝐺) < 3𝑝−1 log 𝑛, and hence we suppose that this
inequality holds for 𝐺. Fix 𝑈 ⊆ 𝑉 (𝐺) with |𝑈 | > 𝑐𝑛6𝛿. Then

𝜒(𝐺[𝑈 ]) >
|𝑈 |

𝛼(𝐺(𝑛, 𝑝))
>

𝑐𝑛6𝛿𝑝

3 log 𝑛
=

𝑐𝑛7𝛿−2/3

3 log 𝑛
· (25)

Thus, for any large enough 𝑛,⌊︂
𝜒(𝐺[𝑈 ])
⌈log2 |𝑈 |⌉

⌋︂
(25)
>

𝑐𝑛7𝛿−2/3

3(log 𝑛)(log2 𝑛 + 1)
− 1 >

(︂
𝑐 log 2

4

)︂
𝑛7𝛿−2/3

(log 𝑛)2
=

𝑏𝑛7𝛿−2/3

(log 𝑛)2
·

Therefore 𝑣(𝐹 ) 6 𝑏𝑛7𝛿−2/3/(log 𝑛)2 6 𝜒(𝐺[𝑈 ])/⌈log2(𝐺[𝑈 ])⌉ and Theorem 14 tells us that, indeed,
𝐺[𝑈 ] → 𝐹 . �
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5. Concluding remarks

We believe that finding the threshold 𝑝𝐻⃗ for the property 𝐺(𝑛, 𝑝) → 𝐻⃗ for a given acyclically oriented
graph 𝐻⃗ is a natural problem. Methods developed in this general line of research show that 𝑝𝐻⃗ 6 𝑛−1/𝑚2(𝐻⃗),
but we have shown here that we may have 𝑝𝐻⃗ ≪ 𝑛−1/𝑚2(𝐻⃗) for certain 𝐻⃗. It would be interesting to characterise
those 𝐻⃗ for which 𝑝𝐻⃗ = 𝑛−1/𝑚2(𝐻⃗).

A related problem is establishing sharp thresholds for the case in which 𝐻⃗ is a fixed-size oriented tree 𝑇 .
Indeed, it can be shown that 𝑝𝑇 = Θ(1/𝑛) (this follows from a theorem of Burr [6]: if 𝑇 is an oriented tree
of order 𝑡 and 𝐺 is a graph with chromatic number (𝑡 − 1)2, then 𝐺 → 𝑇 ). And yet, determining the precise
constant for an arbitrary tree might be challenging, possibly even for paths. We remark that the orientation
of 𝑇 plays a role in the threshold, as distinct orientations of a 𝑡-vertex path can be shown to have distinct
thresholds (this shall be discussed in future work by a subset of the authors).
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