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DIRECTED GRAPHS WITH LOWER ORIENTATION RAMSEY THRESHOLDS

GABRIEL FERREIRA BARROS!, BRUNO PASQUALOTTO CAVALAR?Z,
YOSHIHARU KOHAYAKAWA!®, GUILHERME OLIVEIRA MOTA'® AND TAsS1o NA1A®*

Abstract. We investigate the threshold pz = pz(n) for the Ramsey-type property G(n,p) — H,

where G(n,p) is the binomial random graph and G — H indicates that every orientation of the
graph G contains the oriented graph H as a subdigraph. Similarly to the classical Ramsey setting,

the upper bound pz < Cn~Y™2() s known to hold for some constant C' = C(H), where my(H)

denotes the maximum 2-density of the underlying graph H of H. While this upper bound is indeed the
threshold for some H , this is not always the case. We obtain examples arising from rooted products
of orientations of sparse graphs (such as forests, cycles and, more generally, subcubic {K3, K3 3}-free
graphs) and arbitrarily rooted transitive triangles.
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1. INTRODUCTION

Given a graph G and an oriented graph H , we write G — H to mean that every orientation of G contains
a copy of H. The orientation Ramsey number E(ﬁ) = inf{n : K, — ﬁ} has been investigated by many
authors (see, e.g., [8,11,15-17,23]). It was noted by Stearns (see, e.g., [9]) that a tournament with 2¢ vertices
must contain a transitive tournament of order ¢. Therefore, R (ﬁ ) < oo if and only if H contains no directed
cycle (the “only if” part of the statement follows by considering transitive tournaments).

We study the property G — H in the context of the binomial random graph G(n,p), which is formed from
the complete graph K, by deleting each edge independently of all others with probability 1 — p. Our goal is to
find, given an acyclically oriented graph H , the threshold function pg = p(n) for the property G(n,p) — H ;
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that is, a function satisfying

lim P(G(n,p) — H) = {O %fp <P
n—00 L ifp>pg,
where a < b (or, equivalently, b > a) means lim,, .o, a(n)/b(n) = 0 (we speak of “the threshold p5”, since pz
is unique up to constant factors). We shall say that an event £ holds asymptotically almost surely (a.a.s.) if €
occurs with probability tending to 1 as n — oo.

Thresholds for Ramsey-type properties have been widely studied (see, e.g., [13,19] and the many references
therein). If His acyclic, then the property G(n,p) — H is non-trivial and monotone, and thus has a threshold [5].

Let H be a graph. As usual, let v(H) and e(H) denote the number of vertices and edges in H, respectively.
For a graph H with v(H) > 3, let po(H) = (e(H) — 1)/(v(H) — 2). Also, let p2(K1) = p2(2K;) = 0 and
p2(K2) = 1/2. An important parameter for estimating pg is the maximum 2-density mo(H) of H, which
is given by mo(H) = max{p2(J) : J C H}. We also consider the maximum density m(H) of H, given by
m(H) = max{e(J)/v(J): J C H}. Analogous definitions are used if H is an oriented graph: we denote by H
the (undirected) graph we obtain from H by ignoring the orientation of its arcs, and let my(H) = my(H) and
m(H) = m(H).

The following result gives an upper bound for p; for any acyclic H.

Theorem 1. For every acyclically oriented graph H with my(H) > 1/2, there exists a constant C = C(H)
such that if p > Cn=Y/™2H) “then a.a.s. G(n,p) — H.

Theorem 1 can be proved using the regularity method (it suffices to combine ideas from Sect. 8.5 of [13]
and, say, [7]). We note that, when H is a transitive tournament of order at least four, Theorem 1 is implied
by a theorem of Rédl and Rucinski [21], but for other oriented graphs this implication is no longer clear. It
will be convenient to have a variant of Theorem 1, namely, Lemma 12 (which is a version of Thm. 1 stating
exponentially small bounds on the failure probability). Let us also remark that a version of Theorem 1 also
appeared in a preprint of the second author, with an almost identical proof as the one presented here (the
theorem has not been published elsewhere). For completeness, we note that the condition mo(H) > 1/2 is
equivalent to A(H) > 1.

Readers familiar with the so called “random Ramsey theorem” of Rédl and Ruciriski [20, 21] will find it
n—1/m2(H)

natural that the edge probability p = p(n) = appears in Theorem 1, and may even guess that the

threshold pg is n=1/ma(f) aq long as H is not a forest of stars, as this is the case in the classical Ramsey set-up
involving colourings. This was confirmed in [4] for cycles and complete graphs, with a single exception.

Theorem 2 ([4]). If H, is an acyclic orientation of a clique or of a cycle with t vertices, then
/B =3,
P =\ p1/me(i) i ¢ > 4,
Let ﬁg, be the transitive tournament on 3 vertices. Theorem 2 with ¢ = 3 tells us that pys, = n~l/m(Ks) =

n=2/3 <Ln; 1/2 = p=1/ma(TTs), Therefore, the heuristic mentioned above based on the classical colouring case
falls for TT3 This phenomenon allows us to give a family of oriented graphs H (which are not forests of stars)
for which pz < n =1/m2(H) Ty order to define this family, we consider rooted oriented graphs H , that is, oriented

graphs H with a distinguished vertex r, called the root. Given an oriented graph F , we denote by F o H the
rooted product of F' and H, defined as F'o H = (V, E) where

V =V(F)x V(H), and
E={((f;m, (/') : (5 € BE Y U U {(@m), @ m) s () € B},

zeV (F)
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FIGURE 1. A triangle-free subcubic graph F , a rooted ﬁg and their rooted product Fo T_'fg.

See Figure 1 for an example of a rooted product. Rooted products have been considered before for undirected
graphs [2].

_In what follows, we shall conslder oriented graphs of the form F o H Wlth H a rooted TT3 For brev1ty,
TT/ below stands for any rooted TT3 We prove that the rooted product Fo TT’ for some oriented graphs F

is such that pz 53 < n—1/ma2(FoTT;)
3

Theorem 3. Let F' be an acyclically oriented graph with 1 < mg(ﬁ) < 2. Then

Prorry < n” /PO, (1)

One can check that if F' is a {K3, K3 3}-free graph with maximum degree at most three that is not a forest,
then any acyclic orientation F' of F satisfies the hypothesis of Theorem 3 (see Prop. 11 (b)), and hence (1)
holds. While the hypothesis of Theorem 3 requires that F' should contain a cycle (mg(ﬁ ) > 1 is required), the
conclusion of Theorem 3 also holds when F' is a forest: to see this, it suffices to take § < 1/6 in the result below.
In fact, the result below is more general in the sense that it allows us to consider forests F' with growing order.

Theorem 4. Let p = n°~2/3 where 2/21 < § < 1/6 is a constant. Then a.a.s. G(n,p) — F o ﬁg for every
oriented forest F with v(F) < bn™=2/3/(logn)?, where b is some positive absolute constant.

Theorem 4 guarantees the presence of somewhat large oriented trees in every orientation of G(n,p). If § < 1/6,
then for any oriented forest F we have no~2/3 « n=1/2 = n_l/WZ(ﬁoﬁé) and indeed Theorem 4 extends
Theorem 3. Also, if § > 2/21, then 76 — 2/3 > 0 and the forest F of Tl Theorem 4 may be chosen to have more
than n¢ vertices for some constant ¢ > 0. And if § = 1/6, then v(F o TT’) Q(n'/?/(logn)?).

Lemma 12 (a variant of Thm. 1) and Theorem 3 are proved in Section 3 using lemmas from Section 2.
Theorem 4 is proved in Section 4.

Given a set V and a positive integer ¢, we denote by ( ) the collection of /-element subsets of V, by 2V the

collection of subsets of V', and by [¢] the set {1,2,...,¢}. To avoid uninteresting technicalities, we omit floor and
ceiling signs whenever they are not important. All unqualified logarithms are base e (where e denotes Euler’s
constant).

The main results of this work were announced in the extended abstract [3].

2. A CONTAINER LEMMA

Let H be an acyclically oriented graph. In this section, we derive a container lemma for graphs G that admit
H-free orientations from the celebrated container method of Balogh et al. [1] and Saxton and Thomason [22].
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2.1. Preliminaries

We begin with a simple saturation result, somewhat in the spirit of [10].
Lemma 5. Let H be an acyclically oriented graph on h vertices, and let R := R(ﬁ) The following holds for
every n = R. For every F C E(K,), if there exists an orientation F of F' such that F' has at most (2(5))_1(2)
copies of ﬁ, then
|E(K,) \ F| > (2R*)™

Proof. For convenience, let € := (2(};))’1. Let F C E(K,) be such that there exists an orientation F of F with
at most 5(2) copies of H. Let K be an orientation of K, which agrees with the orientation F of F. Let

$:={S¢ <V(RK)> :E(E[S}) CF

That is, the family 8 is the collection of all R-element subsets .S of V( ) such that every arc of K S_’j is contained
in F. By definition of R, every R-element subset of the vertices of K contains at least one copy of H. This means
that, for every S € 8, there exists one copy of HinE (K [S]). Moreover, every copy of H in K is contained in at
most (g:;‘b) R-element subsets. Double-counting the pairs (S, H') where S € 8 and H' is a copy of H contained

in S yields -
<) () -3 ) =)

This implies that the set § defined as § := (V(fe)) \ 8 satisfies 8| > (1/2)(}). Every set S € 8 induces at least
one arc e € E(K) \ F. Moreover, every arc e € E(K) \ F is contained in at most (»” ) R-element subsets.
Double-counting the pairs (S, e) where S € § and e € E(K[S]) \ F we obtain

|E(K)\ F| > 8 1 () > 12

= n— = 5 n— Z 55
(r2) ~ 2(rz) ~ 22

The desired result now follows by observing that |E(K,)\ F| = |E(K) \ F|. O

We now recall the hypergraph container lemma. We need to introduce some notation first. Let H be an [-
uniform hypergraph, and let v € V(). For each J C V(H), we call d(J) := |{e € E(H) : J C e}| the degree of J,

and write d(v) for d({v}). For each j € [I], the maximum j-degree of v is d\¥) (v) := max{d(J) : v € J € (V(}Q)}.

We also let
Z d(J)

'UGV

and note that dy is the average degree of HH{. Finally, for 7 > 07 let

4
J leJ_l

and define the co-degree function 6(H, 7) by

l
5(3,7) =21 Y 2 (%), 2)

Jj=2

where (;) = 0. We shall apply the following hypergraph container lemma, given in [12].
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Theorem 6 ([12], Thm. 2.1). Let 0 < &, 7 < 1/2 and I = 2 be given. There exist integers K = K(I) and
s =s(l,e) such that the following holds. Let H = (V, E) be an l-uniform hypergraph and suppose T is such that
O0(H,7) < ¢/(12l)). Then, for every independent set I C V in H, there exist an s-tuple T = (T1,...,Ts) of
subsets of V. and a subset C = C(T) C V depending only on T such that

(@) Uieg i €I CC,
(b) e(H[C]) < ee(H), and
(¢) |T;| < K7|V] for every i € [s].

Theorem 6 above is a version of Corollary 3.6 from [22]. For completeness, we mention that, in [12], explicit
values are given for the constants K = K(l) and s = s(l,&): K = 800[(l!)® and s = | K log(1/¢)]. We now define
the hypergraph on which we shall apply Theorem 6.

Definition 7. Let n € N be given. The complete digraph D,, is the digraph with vertex set [n] and arc

—

set E(Dy) == ([n] x [n]) \ {(v,v) : v € [n]}.

Definition 8. Let H be an oriented graph with arcs and let n € N be given. The hypergraph D(n, ﬁ) =(V,¢&)
is the [-uniform hypergraph with vertex set V := E(D,,) and edge set

v -
&= {B € (l) : the arcs of B form a digraph isomorphic to H}

We close this section estimating the quantity 8(D(n, H), ) defined in (2) for a certain relevant value of .

Lemma 9. Let H be an oriented graph with order h and |l > 2 arcs. Let T := Dn‘l/mZ(ﬁ), where D > 1 is a
constant. We have

5(@ (nﬁ)T) < 2(&)ph—2p-1, (3)

Proof. For convenience, set H := D(n, H). Note that ¥ is regular, i.c., d(e) = dy for all e € E(H). Given
J CV(H) with J # @ and 2 < |J| < I, let

Vii= | {a.b} Snl

(a,b)eJ

Note that (V, J) is the subdigraph of D,, induced by the set of arcs J. Given J C V(H) and an edge eg € J,
choose a hyperedge F' € E(H) containing ey uniformly at random. By symmetry, V \ eg is a uniformly-chosen
(h — 2)-subset of [n] \ eg. Since J C F implies V; C Vp, we have

d(J) _ P(JCF)<P(V; CVr)= (Z: :“2:) <Z:Z) 71< <Z)|VJ2~ (4)

For all £ € [1], let
f) = min{v(ﬁ/) : H' C H and e(ﬁ’) = é}.

It follows from (4) that, for every 2 < j < [, we have dU)(v)/d; < (h/n)?0)=2 for any v € V(H). Since f(j) < h,
this gives us that

4 _ 1 3 d) 1 S RIO2210) 2 22 10) < 2210,
d v(30) VeV ()
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We furthermore have that

;= daji < W22 10 -0 ph=2p2—F (D +G-1)/ma2(H) pl-j (5)
le] 1

Observe now that, by definition, we have ma(H) > (j — 1)/(f(j) — 2) for all j > 2. From this we may derive
2—fH+0U- 1)/m2( 7) < 0. Therefore, we can conclude from (5) that

5] < hh*Qlej < hh*ZDfl.
We can finally bound the co-degree function §(3H, 7) by observing that

§(3t.7) — 2013 2 C3)5, < 2012 1§2 ) < onp,

which establishes (3). O

2.2. A container lemma for graphs with H-free orientations

Let H be an acyclically oriented graph. Applying Theorem 6 to the hypergraph D(n, H ) from Definition 8
gives us a container lemma for H-free digraphs. We need something a little different: we need a container lemma
for graphs G that admit H-free orientations. This is given in the lemma below.

Lemma 10. Let H be an acyclically oriented graph with at least two arcs. There exist positive real numbers a <
1 and ¢ and a positive integer s such that the following holds for every large enough n. Let r = \_cn2_1/m2(mj.
If G is a graph of order n and G 4 ﬁ, then there exist an s-tuple T = (Ty,...,Ts) € (QE(G))S and a set
€ = C(T) C 2FKn) of size at most 2", depending only on T, such that

(@) Ui Ti € E(G) € C for some C € C,

() Uig T C C for everyCE@

(c) ( 2) \ C| = an? for every C € C, and

(d) U7€HT| <.

Proof. We apply Theorem 6. Suppose H has h vertices and [ > 2 arcs and let o = (2R?)71L, where R := ﬁ(ﬁ)
In what follows, we assume that n is large enough for our inequalities to hold. Set H := D(n,H) and ¢ :=

(2(5)6(93@,1?)))—1 and let 7 := Dn—Y/m2()_ where

1211 2(z) ph—2
-

By Lemma 9, we have §(H, 7) < ¢/(121!). Theorem 6 now gives us numbers K = K(I) and s = s(l, ¢) satisfying
the conclusion of that theorem.

Let G be a graph on n vertices such that G /4 H. There exists an orientation G of G that is H-free. Therefore,
the set E(G) is an independent set of H. Let T = (T, ...,Ts) be an s-tuple of sets of arcs and C = C(T) a set
of arcs such as given by Theorem 6 applied to E(G). For i € [s], let T} be the set of underlying (undirected)
edges of the arcs in T;. Let

T=(T,,...,T)) € (2E<Kn>)s. 6)

Define C' analogously from C_", i.e., let C' be the set of edges that we obtain by replacing each arc of c by
its underlying edge (we remark in passing that it may happen that |C] < \6 |, as C may contain digons). By
Theorem 6 (a), we have

UrncE@GCcc (7)

1€[s]
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Clearly, e(D(h, H )) is the number of copies of H in any subset of h vertices of D,,, whence

(00 = (1 )e(n(n. 7).

Therefore, by Theorem 6 (b) we conclude that C' spans at most ce(H) = (2(};))’ (}) copies of H. Let F be an

orientation of C' such that F C C (equivalently, let F be obtained from C by dropping an arbitrary arc from
each digon in C) Note that the number of copies of H in F is at most the number of copies of H in C. Since
the underlying graph of F is C, Lemma 5 gives, by the choice of a, that

|E(K,)\ C| > an?. (8)

Finally, by letting ¢ := sK D, we get by Theorem 6 (c) that

YTl < smax|Ti| < [sKro(30)] < [cn%l/m(ﬁ)J —r (9)
1€[s]

We are supposed to produce a set € = C(T) C 2P(En) with |€] < 27 satisfying (a), (b), (¢) and (d) of our
lemma. Note that, because of (7), if C' € €, we are in good shape with respect to (a) in our lemma. Owing
to (9), we are also fine with respect to (d) in our lemma. We shall now see how to produce €.

We know that €' = C (f ) depends solely on T, and we have produced C C E (K,,) from C. Hence C depends
only on T'. However, in the procedure above, T as defined in (6) may arise from other s-tuples 77 = (T7,...,T")
with C(T") # C(T), and hence we cannot say that C is solely determined by 7. The solution is simple: we
consider all possible T/ = (T7,...,T") that give rise to 7' and for which C(T") is defined, to produce the set €
of all the corresponding containers ¢! C E(K,,) coming from C(T" ) Owing to (9), the number of such 7' [ is at
most 2" (each edge {z,y} in each T; in T can be oriented as Zy or yZ to produce T’ in 7" and T’ cannot contain

both 77 and 7). Hence the set € of the corresponding containers €’ coming from all the C(T”) is such that
|€] < 2". Because of (8), condition (c) of our lemma is satisfied. Finally, any other s-tuple 7" that gives rise
to T is such that ;e Ti = U;e T7 € €', where €7 € € is the container produced by T’. This implies (b).
Therefore, there is an s-tuple T" and a set € = C(7T") that depends only on T with the desired requirements. [

3. SMALL GRAPHS WITH LOW THRESHOLDS
We prove Theorem 3 in this section. We begin with a simple proposition.

Proposition 11. The following statements hold.
(a) Let F be an oriented graph with my(F) < 2 and let TT’ be a rooted TT3. Then

meo (ﬁ o ﬁg) =
(b) Let F be a {K3, K3 3}-free graph F with A(F) < 3 that is not a forest. Then
1<me(F) <2

Proof. Let J be a graph with v(J) > 3 and pa(J) = (e(J) — 1)/(v(J) — 2) < 2 and let T be a K3 with
V() NV(T)| < 1. Let JJ = JUT’ where T" is a subgraph of T. One can check that ps(J’) < 2 (roughly
speaking, J' can be obtained from J by adding h new vertices and at most 3h/2 edges for some h, and hence
p2(J') < 2 follows from a simple calculation). If v(.J) = 2, it is again true that ps(.J’) < 2. These observations
imply that my(F o TT/) < 2 for any F as in (a) of our proposition. Since my(F o TT3) > mg(TT’) 2,
assertion (a) follows.
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Now let F' be as in (b). Since F' contains a cycle, we have mo(F) > 1. Using the fact that F is { K5, K3 3}-free,
one can check that mq(F) < 2 if v(F) < 6. For any order ¢ graph J with A(J) < 3, we have pa(J) < f(t),
where f(t) = (3t/2 —1)/(t — 2). It now suffices to observe that f(6) = 2 and that f(t) is a strictly decreasing
function. O

We shall need the following variant of Theorem 1.

Lemma 12. For every acyclically oriented graph H with ma (ﬁ) > 1/2, there are constants B and 3 > 0 such
that if p = p(n) = Bn=Ym2(H) then

P(G(n,p) + ﬁ) < e Pmn?, (10)

Proof. We first show that there exist constants A and v > 0 such that if ¢ = ¢(n) = An~1/ma(H) (note the
equality) then

IP’(G(mq) A H') L eI’ (11)

Let H as in the statement of our lemma be given. Let «, ¢ and s be as given by Lemma 10 for H. Examining
the statement of Lemma 10, one sees that we may suppose that ¢ > e25%2. Let A be such that
log A
ogd _ a c

< d A> ,
A S M 9s—1

(12)

and let ¢ = ¢g(n) = An~Y/m2(H) We show that if v = «/2, then (11) holds for every large enough n. Let
7= |en? Y/m2(H) | and note that  — 0o as n — 0o because mo(H) > 1/2.

Let G be a graph on [n] such that G 4 H. By Lemma 10, there exist an s-tuple T = (Ty,...,T,) € (2E(Kn))s
and a set C(T) C 2P(K») with |@(T)| < 2", depending only on T, such that Lemma 10 (a), (b), (c¢) and (d) hold.
Let C € €(T) be as in Lemma 10 (a). Then

Urce@Ccc (13)
i€[s]

and
|E(Kn)\ C| = an?.
Let D¢ := E(K,) \ C. Since E(G) C C, we have
E(G)N D¢ = @. (14)

For convenience, let G be the family of all graphs G on [n] such that G 4 H. Let us summarise what we did
above: given G € G, we found certain objects T = (T1,...,T,) € (2FK))s e(T) C 28K and C € C(T).
Let T,, be the set of all T that arise in this fashion when we consider all G in §. By construction, for each
T € T, we have a certain associated family of sets C(T).

We now proceed as follows. For T'= (T1,...,Ts) € Ty, let

m:={Ge€§:T; C E(G) for all i € [s]}.
For any C C E(K,), let
Gt :={GeS:EG)NDc =g}
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Our constructions above of T' € T,, and C € C(T') given G € § (see, in particular, (13) and (14)) show that

s U U sinse

TeT, CeC(T

For any T € T,, the sets T; occurring in T' and the D¢ for C € C(T) are disjoint (see Lem. 10 (b)). Therefore,
the events {G(n,q) € 9%} and {G(n,q) € G} are independent for any T' € T;, and any C € C(T'). We conclude
that

P(G(n,q) €G)< Y. Y P(G(n.q) € §7) P(G(n,q) € §4).

TeT, CeC(T)

Since |D¢| = an? for every C € Ureg, C(T), we have

P(G(n,q) € §&) < (1 - @) < exp(—an’q).
Moreover, we also have

5 PG ) < 3 et
T€eT, TeTy
Since |C(T)| < 27, it follows that

]P’(G(n,q) S 9) <2" eXp(foznzq) Z q|U7te[s] T,

TET,

We now proceed to bound the sum in (15). For every integer k with 0 < k < r, let

=}

Note that T,, = Upcr<, Tn(k). Observe that [T, (k)| < ((%))(2s —1)*. Indeed, there are ((l’g)) ways of choosing k
edges from E(K,), and (2° — 1)¥ ways of assigning each of those edges to the sets T; of the s-tuples T =
(Th,...,Ts). Therefore,

> qlVien ™ = ZT:\Tn(kﬂq’“ < Z <(Z>> 1+Z( €2* 1n2q> _ (16)

TeT, k=0 k=0

T (k) == {T: (T1,...,Ts) € T : ‘Uze

Let b = 2°71n2g and f(z) = (eb/z)* for all z > 0. Observe that f is unimodal and achieves its maximum
at © = b. Moreover, by (12) we obtain

r= {cn%l/m?(ﬁ)J < 95=1 Ap2-—1/ma(H) _ 257 1n%g = b.

Thus, by (16),

T

r s—1,,2 s T
Uiers) | <1 +T(eb) =147 62—% < 27~<82 A) . (17)
’" J

Lcnzq/mz(H c

> g

TeET,

Recalling (15), we obtain

25 A " 28+2A r
P(G(n,q) € ) < 2’“+1re—a"2q<e) < e_an2q<e )

& &

. n2q n2
< Arefan2q < (Ach’l/mZ(H)/nzqefa) _ (AC/A 704) q. (18)
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Owing to (12), we have A/4e™® < e~*/2. Thus, equation (18) tells us that
P(G(n,q) € §) < e~ (@/2n*1 — g=n%a,

as promised in (11).

To conclude the proof, we show, using a standard multiple exposition argument, that Lemma 12 follows
from (11) with B = 24 and 3 = /2. Let p > Bn~Y/"2(H) = 2¢. Note that G £ H is a decreasing property
in G. Let t = |p/q| > |B/A] =2 and let G = Gy U -- UGy, where each G, is an independent copy of G(n, q).
It is a simple fact that G is a G(n,p’) with p’ < p. Also since p/q > 2, we have that t > p/q — 1 > p/2q. Thus

p(G@Lp)fyﬁ)23p0;¢»ﬁ)23p (]{Gifeﬁ} t IIP(Gi%»H) < exp(—taqn?)

i€ft] i€t]
< exp(—apn2/2)
= exp(—fpn?),
where (T) follow by monotonicity and (f) follows from the independence of the G;. This concludes the proof of
Lemma 12. ([l

The strategy for proving Theorem 3 is simple: we find many vertex-disjoint copies of TT3, and then locate a
copy of F in the subgraph induced by the roots of those copies. For the first step, since Ky — TT3, it suffices
to find many vertex-disjoint copies of Kj.

Lemma 13. If 0 < § < 1/6 and p > n®~ V™K = n9=2/3 then a.a.s. G(n,p) contains at least cn® wvertez-
disjoint copies of Ky, where ¢ > 0 is an absolute constant.

Lemma 13 is a particular case of Theorem 4 in [14] (see also [13], Thm. 3.29). For the second step in the
proof of Theorem 3, we apply Lemma 12.

Proof of Theorem 3. Let F Dbe as in the statement of the theorem. By Proposition 11 (a), we have mg(ﬁOﬁg) =
2. We will show that there exists I
p < n? = pt/ma(FeTT:) (19)

such that a.a.s. we have G(n,p) — Fo T_’fg Since mg(ﬁ) < 2, we can fix positive constants v and € such that

1—7:%m2(ﬁ)+5>%m2(ﬁ). (20)
Let
1 6e
5= 1—m2<ﬁ> : (21)

By choosing € small enough, we may suppose that
60 >1—r. (22)

Let B a{ld (8 be the constants given by Lemma 12 for ﬁ and let ¢ be the constant in Lemma 13. Let B’ =
¢~ Y/m2(F) B We may assume that B’ > 1. Let p = p(n) = B'n~(1="/m2(F) and note that, by (20), relation (19)
holds. We show that this choice of p will do.

We first claim that, a.a.s., G = G(n,p) is such that

(A) any U C V(@) with |U| > en®® is such that G[U] — F.
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Indeed, let ¢t = cn'~” and note that p = B'n~(=/ma(F) = prel/ma(F)p=1/ma(F) = p=1/ma(F), By our choice
of B and 3, for each W C V(G) with |W| = t, we have

P(GIW] £ ) <e P, (23)
Moreover, the number of W C V(G) with [W| =t is (}) < n'. Since ma(F) > 1, we see that

Opt? = ﬂtB'nf(lfw)/m"’( ) enl=7 = = BB’ ctn'~ N (1-1/m2(F)) 5, tlogn. (24)

Therefore, inequalities (23) and (24) and the union bound tell us that, a.a.s., for every W C V(G) with |W| = ¢,
we have G[W] — F. This implies that G[U] — F for every U with |U| > ¢n®®, because t = cn'~7 and we
have (22), concluding the proof of claim (A).

Now note that, by (20), we have p = B'n~=n/ma(F) 5 p=(1=7/ma(F) = p=1/2=¢/m2(F) By (21), we have
—1/2 —¢/ma(F) = 6 — 2/3 = 6 — 1/m(K,). Thus, Lemma 13 tells us that, a.a.s.,

(B) G contains at least cn® vertex-disjoint copies of Kj.

Suppose G satisfies (A) and (B). We show that G — ﬁOﬁ/ - Since (A) and (B) hold a.a.s., this will conclude
the proof. Let G be an orientation of G. Noticing that K, — TTg7 property (B) 1mp11es that G contains cn%
vertex-disjoint copies of TT’ Let U C V(G) be the set of en%? roots of those copies of TT’ Since (A) holds,
there is a copy of F in G[ ]. Therefore, G contains a copy of Fo TT3 This shows that G — Fo TT
required. D

4. ROOTED PRODUCTS WITH LARGER TREES

We now prove Theorem 4. We shall use the following corollary of Theorem 3 from [18].
Theorem 14 ([18]). If G is a graph and T is an oriented tree of order |x(G)/[logy v(G)]], then G — T.

Proof of Theorem 4. Let b = c(log2)/4, where c is the _constant in Lemma 13. Recall that p = n%~2/3 and
that 2/21 < § < 1/6. Let F be an oriented tree with v(F) < bn™2/3/(logn)2. As in the proof of Theorem 3,
it suffices to prove that, for p = n’~2/3 as in the statement of Theorem 4, a.a.s., G = G(n,p) has the following
two properties:

(A) G[U] — F for any U C V(G) with |U| > cn5
(B) G contains at least cn® vertex-disjoint copies of Kj.

The fact that (B) holds a.a.s. is Lemma 13. We derive that (A) holds a.a.s. from Theorem 14. An easy
application of the first moment method shows that a.a.s. a(G) < 3p~!logn, and hence we suppose that this
inequality holds for G. Fix U C V(G) with |U| > en%®. Then

\U| Cnﬁ‘sp cn76—2/3
> = : 2
X(GIU)) a(G(n,p)) ” 3logn 3logn (25)

Thus, for any large enough n,

x(G[U]) (25 onT0-2/3 Lo (clog2 nT6-2/3  pp1o-2/3
[log, [U] 3(logn)(logyn+1) =~ \ 4 J(logn)?  (logn)?

Therefore o(F) < ™23 /(logn)? < x(G[U))/[logy(G[U])] and Theorem 14 tells us that, indeed,
G[U] — F. O
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5. CONCLUDING REMARKS

We believe that finding the threshold pg for the property G(n,p) — H for a given acyclically oriented

graph H is a natural problem. Methods developed in this general line of research show that p; < n—1/me(H ),

—1/m(H)

but we have shown here that we may have pz < n for certain H. It would be interesting to characterise

those H for which PG = p—1/ma(H)

A related problem is establishing sharp thresholds for the case in which H is a fixed-size oriented tree T'.
Indeed, it can be shown that pz = ©(1/n) (this follows from a theorem of Burr [6]: if T' is an oriented tree

of order ¢t and G is a graph with chromatic number (t — 1)2, then G — f) And yet, determining the precise
constant for an arbitrary tree might be challenging, possibly even for paths. We remark that the orientation
of T plays a role in the threshold, as distinct orientations of a t-vertex path can be shown to have distinct
thresholds (this shall be discussed in future work by a subset of the authors).
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