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Abstract. Wo considcr two herbivorous spccics wliosc dyuamics are 
rnodclcd by IJ11tclii11s011's equation, anel are migrating 1.o a ucw cnviron­ 
u1e11L, wltcre L11cy will nccd Lo compete We show t.hat, if' Lhe migrauon 
b.uricrs are wcak , tlicn botli species will porsist anel Iurthcrmorc Lhoy 
will a.symptotically bohavc as one specie, that is, t.hcy will syuchrouizc. 

1 Introduction 

A v.uiol.y of u »u.hc: 1w t ical J11ockls for hiologicaI processes me 111os( ,1 ppropri­ 
aLc·ly f'rni,l('d as p;iitial ['II1,cLiollal diflcrc11Lial cq11al.ions. ror ox.uuplc, t.lu- n·acl.ioii­ 
difl'11sio11 Jogist ic <'(!IJHt.ioi, wil JI fi11itc dclay, co111111rnily k11ow11 ;1s I l11Lcl1i11so11's ([l:l]) 

~()()() A/11/l11·11111/i,·., S11/1j1·r·I ('/11.,.'1./if'II./ÚJII. l'ri111itl'.\' :;r,i,,::,7, :l!ill 10, :l!ill 10, :l:,ll 10: s,,,·,l11rlnn· 

!)~j )~:,, !)~j)!i(), 
'1'I,is work is pn1·I iallv ,.,,1pport<'rl liy I ili' pioj<'cl. l'il')K-IHJ:l:Z-C:O:Z-OI ui' 1 J,,, ( 'l('Y'I' (Spni11). 
'I 'Ili' "''('()J 1( 1 ;1111 l ,or w;is p: 1 rl.i:tl ly SI I pporl ('ri li,v I•'/\ I '1•:S 1 '-1 lrnY,i 1, (: l'i\Jll. !JK/O!í():,:l :; it 11<1 ( 'N l 'q­ 

~ l ( "j' Jlr;1zil, (:l'i\tll ;ll)()J:.!:lj!) 1 !) i\11,1 [J11iV<'l'Sil.i1I. f'0Jil,'•c11i1·;i ri<' (:;1l.,t.J1111ya. 
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equation, 

éJu.(t, a;) _ 0 } ân - 
or ,x=0,l, 

u.(t;,:r) = O 

(L.1) 

where cl, b, T and 1( are positive constants, has been uscd to niodcl a onc-dimcnsional 
herbivorous population and has been studicd by many authors, for exaiuplc Bnscn­ 
berg and Huang [l], Friesccke [6, 7], Golpalsamy, Hc anel Sun [8], Crcen anel Stech 
[9], Lin and Khan [17], Luckhaus [18], Wu [23], Oliveira [20], Carvalho anel Oliveira 
[3], Murray [19], Halc [11] to uamc a fow. 

Among the interesting questiona that can be addrcsscd, thc subjcct of thc cllcct 
of population dispersai is a topic of considcrablc ccological intcrcst, rcfcrcuccs can bo 
founcl in the work of Levin [15, 16] anel Murray [19]. ln rcccut ycars, much attcntion 
has been givcn to tho asyrnptotic behavior of inatlicmatical morlcls which dcscribc 
population dispersa! betwccn patchcs [G, 14, 4, 22], i11 particular, the modcls Ior 
single species dispersa! botwcen patchcs of heterogcucous cnvironmcnt, with barricrs 
between patches [22], wherc questions of permancncc, global st.ahilit.y, att.ractors 
anel bifmcations are of interest. 

ln this work, we wish to considcr two hcrbiv01011s spccics Llmt. are t11igrn.ti11g 
to an i::;lancl (where thcy must compete for resomces) and Llicrc are baniers to 
thcse migrations. We would likc to stndy thc bchavior of thc pop1ilat.io11s on tJ,is 
ncw cnvironmcnt. We will assume that the bcbavior of ead1 spccic is govcrncd 
by Hutchinsou's equation (with appropriatc parametcrs) and wc will 11Jodcl tl,e 
intcraction in thc island as a coupling betwecn thc two eq11a.tions. More prcciscly 
we will consicler thc fo11owing system of equatious 

( 
-u(t-Ti) v(t-p1)) 6u + a.1·u l - --- - --- - M1 (u. - v) Kit I<t2 

éJv - ât - 

(1.2) 

for all t > O and :e E (O, 1), pl1ts cithcr one of thc following boundary conclitions 

{ 

81i = 0 ân 
(N) 

éJv - O ân- 

or (D) { u = O 

v=O 
(1.3) 

whcre (t,:r) E (O,oo) x (U,1), I<11, K12, I<21, I<22, a.1, o.2, T1, T2, p1, p2, l\fi, Í\1Í2 

are positive, anel r = max{T1,T2,/JJ,/J2}. In order Lo bc a plansiblc problcm !"ro111 
the biological point of view, wc will 011ly consider thc following i11itial conclitious 

-u(s, 1:) > O } . . ( ) [. ] [ ] , ( . ·) () Jor ali s, X E -1·, Ü X o, J . 
I! s, 1, > 

This prnhlcrn can bc rcwriLtc11 in ahstrncL fonn as 

ip(t,) = (ll A) 1P(t) + ./(1P1), 1 > O 

( 1 .ti) 

( I.G) 
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where li is the identity matrix in JR2 1 A is the Laplacian with thc corresponding 
bouudary condition, <pi: [-r, O]--+ L2(0, 1) x L2(0, 1) denotes tho function cp1(0) = 
cp(t + 0) anel f: C([-r, O], H1 (O, 1) x H1(0, 1))--+ L}(0, 1) x L2(0, 1) is givcn by 

M1 ) ( cp/ (O) ) 

-IVh cpf(O) 

anel 
(1.6) 

J (O) (1 - e.pi( -Ti) - 1PZ ( - pi)) 
a11P1; . JCT f( .\.JI · l2 

Thc global cxistencc anel uniqnencss of solutions of (1.5) (or (1.2)) has already becn 
cstablishcd for any initial couditiou in C([-r, O], H1 (O, 1) x H1(0, 1)), anel rnoreover, 
Lhe soluí.ions are classical aftcr timo t > r anel all solutions are positive ( scc Oliveira 
[20] and w» [23]). 

'vVe will be ablc to show that, if U(t) is thc nonlincar sernigroup associa.teci with 
the solution of (1.5), thcn U(t) is bounded dissipative, that is, there exists a sct 
V that attracts any houndod sct U undcr U(t) ( dist(U(t)U, V) --+ O, as t --+ oo) 
anel furthcrmorc, tlierc exists an invariant set A (U(t)A C A, for t 2: O) which is a 
compact _global atirticior, that is, a set A which is a maximal invariant compact set 
which attra.cts each bouncled set U (see Hale [10]). 

Thc objcctive is to study the asymptotic behavior of the systern as the param- 
etcrs change. Wc wish to show a synchronization property, that is, if the coupling 
paramcters M

1 
anel JYI2 are sufficiently large (which means, in the model, that thc 

barriers to the rnigra.tions are sufficiently weak), then asymptotically the solutions 
will remain close to the diagonal (namcly u = v), anel the distancc frorn the diagonal 
will be proportional to the difference of the corresponeling para.meters. 

Fmthennorc, if JYI
1 
= M anel JYI2 = M + m, we ca.n show that, as N[ --+ oo, 

tlie family of attractors of (1.2) {AM, M 2: O} is uppcr semicontiuuous at iufi.nity, 
wherc Aoo = { (n, v,) : v, E A,} anel At is the global attractor of thc füuiL problcm 

au 1 
8t = 6Tl + 2 l ( u(t -Ti) 7.l(L- pi)) 

Clj u 1 - f( - }( 
. J J 12 

( 1.7) 

Thcsc rcsults Jiave sorne vcry 11icc irnplicaLious l'rm11 Lhe biological point of 
vicw. Onc of t,ltcrn deals wiLli tlLc pcrsisLcncc issm:. Snpposc, as an cxmnplc, Llmt 
p

1 
= r1

2 
= Ti = T

2 
= ,,. anel Ll1aL 11, is a spccics rnodclecl \Jy (1. L) a11d Diricl1\cL 

ho1111dary co11diLio11s \iold. Wc \rnow (scc 11]) LltaL: il' /1 is s111c1.ll, tltc11 ( 1.1) lias Lltc 
zno soli1Lio11 as a glul1al aLt.rncLor (in 0Ll1cr words, Lhe SJl()c:ics hccrnncs cxLi11ct). 
\311L as wc coupi<' 11, wiL\1 Ll1c uLlicr spcc:ics, also 111odclcd hy ( 1.1) lrnL wiLh a largcr 
parn,111eLt'r /1, wc gd Ll1aL l>oLl1 spccics will sy11d1ro11izc a11d1 if' Llic para111cLcr b of' 
L11is I1('W spccics is \argc c11011glt, Lhe spccics 'li, will 110L bc ('XLi11cL. 
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Another application is to prove tlic cxistcnce of perioclic orbits for (1.2), whích 
wc can gct when (1.7) has a stablo pcríodic orbit, anel síncc thc cxistcnco of poriodic 
orbits for a siiuplificd vcrsion of (1.7) lw.s bccn widcly sí.udicd (scc for iust.anco [23] 
aud [l ]), wc wíll gct a concrel.o cx.uuplc of (1.2) wlu-rc- wc havo sue]: orbits. 

Wc also waut to mcntion that thc sarno analysis could bc clone if wc iuodclcd 
thc population with Lotka-Volt.crra integral typc of cquations, that is, 

éJu.(t, :e) éPu(t, 1;) ( ;·0 (· ) ( ·)) _ ( _) 
e = d 2 + bu 1 - V, /; + s da 8 ' /, > O, ;1: E o, L . õt 8:1.: . -oo 

Thc only diffcrcncc is t.liat thc boundcdncss of thc solutions is casicr to gct. 
Sincc í.ho coinputations are vcry similar for Ncwniann or Dirichlr-í bounclary 

coudit.ious, froin 110w on, wc will only considor Ncwinann bounclary couditions. 
Thc papcr will procood as follows: in soction 2, wc will 11sc thc idcas of L11cklw.11s 

[18] to prove that (1.2) is bmmdccl dissipative, wherc thc bmmds will bc irnlcpe11- 
clcnt of thc parn111ctcr 111. With this, wc will cstalilish Lhe cxistcncc 01· t,\ic glolml 
attracton;. Thc m1iforn1 houndcd1wss will allow 11s l.o prove, i11 S<'cl.ion 3, t,wo rcsnlts 
dcaling wil.h synchrouízation: Lhe first onc, followiug i.lw work duc t.o ílod1ig11cs 
[21], will givc us an cstímatc of tl1c clisLancc of Llic solnt.irnt,; Lo tlw diagonal, anel 
following thc rcsnlts dne to Carval110, Rodrig11cs and Dlotko [2] a1Jcl Carvallm and 
Oliveira [3], wc will st11cly thc hclmvior of thc at.trnctors as ÍI/ goes l.o infi11íLy. Pi­ 
nally in scction 4, wc will show thaL, nnclcr CC'rtai11 coll(litions, if ( l.7) has a st.abk 
pcrioclic orbit so does (1.2). 

2 A priori estimates, uniform bounds and global attractors 

Wc will follow closcly thc iclcas fmmcl iu L11ckltaHS [18]. Tlw [irsL t.!ting Lo 
hc clouc is a 1cd11ctio11 argmncnL to a frcc bonll(]ary. LC'L 111 = mi1J{J111, J\h}, 
·111. = )l\JJ - iH2) aml o.= ma:1:{a1,a2}. 

Lemma 2.1 Leí JJ 2 2 und suppose tha.í theie exist T > , > () unrl C\' E (O, 1) 
s?Lch tha.1. uny solv.tion of 

ú:s;f::i.,11.+a1'1L-J\f1(u-v)}. , _ 
. . m. (O 1) x (0 l) v:S:ti.v+1i2'IJ-J\h(v-v.) ' ' 

11.(t,T)u(t-T1,.r) =0, (t,.1:) E (T1,T) x (0,1) 
u(l,:r)v(/-T2,:1:) =0, (l,.1:) E (T2,T) x (0,1) 

8·u 
~ 

=0 
' 

-o U1Í - 

11,v 2 O 
sal.-isfics /;/1.1~ rlecu.y eslúnule 

/
-I (u7'(T, :r) + 1/'(T, :r:)) rl:r: :S: n 1·1 (11."(0, :i:) + v1J(O, :r:)) d.r. 

. o o 

(2.1) 

(2.2) 

Then l11.1Te e:ás/;s 11, 1:ons/.0:r,,/, 1~- S'11.ch lha/. lhe sol'/1.1.úm. of ( /. 2) w-il.h ;·º ;· 1 ( 11.1' -1 
' ,·. () 
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Proof First of all, by coinparison, we can assume that 1(12 = K22 = 00, that 
is, wc do uot li ave tlic tcrms 1l(/:)v(I; - p1) anel v( f; )v,(t; - p2). Lct ( n, v) bc a solution 

of (J .2) wií.h ./_º, _[ (u1) + vP)(t., :i;)d:uU < oo. 
Mu lí.iplyiug Lhe firsL oquation of ( 1.2) hy v.1'-1

, i.ho sccoud by v1
J- I, wc gct., for 

all 1 > O aud :i: E (ü,l), 

·11/J-10'11. - , 7J[ - 

v1,-1 fJu = 
âT 

1 A , ( u(t; - T1)) "J 1 ·nP- 0·11,+11,1·11/ 1- 
1
_ -J\.11v/- ('ll,-v) 
\ 1 1 

(2.3) 

Now i 1· wc- add Lhe cquatious abovc and iutcgratc by p.ut», wo gct 

ia 1·1 - a·.. (11." + v1')(1, :1:)rl:i: 
]! /, . () 

< 
/

.J ;·1 -(7; - 1) (v,P-2l'v11.l2 + vP-21'vvl2)(1,, :i;)rh + a (11/' + vP)(/, :r:)d:r 
. () . () 

/
-1 ;·1 -A/ (11F + v1,) (!:, :1: )rh + (l\I + '111,) (np-lv + vP-1 v,)(t, 1:)d:r 

. () . o 
Using Yo1111g's iucqnnliLy, 011c gcLs, 

1 D 1·1 
)J Ô/; (J 

and hcncc 

º 11 1·1 -;-- (uP + v")(t;, x)d:r::; p(a, + m,) (uP + vP)(t;, .1:)rl:r. 
8t o . o 

(2.4) 

(2.5) 

(2.6) 

At this morncnt, onc can follow thc sarne stops as in Luckhaus [18] anel wc can 

soo tho rcsult in Lhe sarne way. D 

Now is timc to vcrify whcn the dccay cstiuiatc (2.2) for tlic solul.ious of (2.1) 
holds, anel, oncc agaiu, tl1c proof follows closcly Lo thc prnof fo11ml i11 Lncklm11s 

[18]. 
Lemma 2.2 Let (v,, v) be a solnl,ion oj (2.1 ), /;/i,en 

j·l [ (/JT(ri-1111.-~4))7 ;·I ('LLl'+v'')(1',:1:)ch:c; e ,,- ,- ('/1,''+·11',)(ü,:1:)d:r. 
IJ . () 

Proof Tll(' firsL tlii11g Lo 110Lic:c is LlmL i11 011c spac<' di111<·11:-;i011 wc uw apprnx­ 
i11mLc• ·11, anel v IJ_y Lipscl1iLz h111cLiow,, :-;aLisl·yi11g Lltc s;1,111c i11cqrni.lit.ics ;is ·11. ,111d u, 
a11d s11c:l1 i,liat Llic lJcrnndary of iLs s11ppml.s are smooL\1 ma11il.olcls (.i11st f"ollow a11 

a11alogo11s prnccdmc co11t.ai1wd i11 l,11("klia11s [181). Ilc11cc' wc c-a11 clH'ck t.lic k111rn;1 

fm Lli\' approxi11ial.iu11s i11:-;t.c·ad for ·11, a11d '/!. 'vVc will st.ill d<'110Lc' t.lic apprnxi111at.io11s 

i)_y '/1, i\ 11d 'li. 
I,('(, IIS (\('1101.<· liy (,'" i,li(' i11(.('IÍOI" or S'll,//)!("11.) Íll (O,'/') X (O, 1) a11d liy { C'/'} t.lic 

,,<'L c·o11qiosc·d liy it.s co1111c·ct.c·<I c·o111po11<'11t.s. 'vV(' do t.11<' sa11H' l"m 11. 'vVC' liav<' tlmt 
('" n (C" - (T1,ll)) = 0 a11d C" n (C" - (T2,0)) = 0. Tli11s, ,1:-; i11 L11ckl1,rns. 01H· 
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gets that C," n (C," - (m1,0)) = 0 and c;u n (C]' - (m2,ü)) = 0, for all connected components ( that is, for all i) and all integers n. 
Dcfining e; = {x E (O, 1): (t;, x) E e·}, we have that cr,/, n CI'.t-1n, = 0, for 

all n, anel similarly for v. Thcrcforc one gets, 
·T lo I e;,, 1 dt s r, if r < r 

Now, we have (as in (2.5)), 

p2 , 
Note that 4uP-

2
/'v1i/

2 = /'vu~/2, anel sirnilarly for v. Thcreforc, using Sobolcv 
cstima.tes, wc get 

< ( (p-l)1r2 ) 1i·l . . 
a-/- m - ------------ 11P + vP 

p2(max{maxi ICJ'.tl,max; ICttl})2 . 
0 

( • ) · 

fT 1 iT Lct C1 = max{max; ICI',1;/, rnax, ICf1I} anel = T' . Thcrefore, using Jcnsen's 
. o . o incquality, we gct the following incqualitiss. 

!·J (vY(T) + vP(T)) 
' o 

[ ( f T ( (p _ l)1r2))J ;·l < cxp '", 0 a+ m - p2/Ct/2 . 
0 

(uP(O) + vP(O)) 

< [cxp (pT (a+ m. - (JJ ~"l)1r
2
,) )] ;·I ('11/'(0) + v"(O)) 

p2(j- o ICt/)2 ' () 

< [ ( ( (JJ - l)1r2y2))] 1·1 cxp pT a+ rn. - p2,.2 . 
0 

(u1'(0) + v1'(0)), 
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which proves thc lemrna. o 

Rernark 2.3 Thcrc are similar vorsions of Lcmmas 2.l aud 2.2 whcn we havc 
Dirichlct boundnry condií.ions instcad of Nernrnum houudary couditions, (See [18]). 

Remark 2.4 At t.his point wo havc cstablishcd Lliat (1.2) is boundcd dissipative 
in LP x LP, for any p 2 2. Onc írnportant thiug to point out is that thc bounds do 
uot dcpcnd 011 M > O. 

ln ordcr to prove thc cxistcncc of global attractors wc will nccd to cstablish 
that ( l.2) is boundcd dissipa.tive iu H1 x H1

, and furthcrmorc, sinco we want to 
cstablish Lhe syucl1roni½a.tion propcrty, thc bouuds must bc inclcpemlcnt of M: anel 
í.hat is cxactly what wc prove iu the followiug lomma. 

Lemrna 2.5 Thete exisis a /Jov,nded se/; M C C([-r,O],H1(0,l) x H
1
(0,l)) 

uihicl: aümcts eacli bonnded sei o] C([-'r, O], H 1 (O, 1) x H1 (O, 1)), under ihe [lotu 
defiued by ( t.õ). Furthennore M can be token inclependen/; of M. 

Proof To prove thc rcsult, we will first make thc following changc of variablcs 

v(t,x)-u(t,x) -d (t ,)_v(t,:r:)+u(t,x) 
w(t, :r) = 2 an z 'x - 2 

(2. 7) 

Wc will assume, without loss of generality, that Nft = M + m anel l.Vh = l.Yl, 
anel tlms (w, z) will satisfy the following system, keeping in minei the definition of 

h = (h1, h'2) in (1.6), 

éJw ;\ â[ = uW 

é)z ot=6Z 

-2Mw-mw 
+! (h

2 
((z - w)t, (z + w)t) - h1 ((z - w),, (z + w)1,)) 

2 (2.8) 

+mw 
+! (h

2 
((z - w)t, (z + w)t) + h1 ((z - w)i, (z + w)t)) 

2 
Observe tha.t if we prove thc result for thc solutious of (2.8) wc are also proving 

the rcsults for thc solutious of (1.5). . . . 1 
Lct 11s considcr a bounded sct B C C([-r, O], H1(ü, 1) x 1-1 (O, 1)). From, Lcrn- 

mas 2.1 aucl 2.2, tlicrc cxist [(, indcpmHlcnt of l\![ aud B, aucl to> 1·, such tha.t, for 

auy (wo, zo) E B, 

ll(w
1
, z,) llc([-,,O],L"(º, l)x L2(o,t)), ll(w,, z,) llc([-r,o],L'(O, 1)x L'(O,l)) <::: f{, (2.9) 

l"ora11y/_t.0. . . . 
(
' · /\ · ( 

1 
r:) 1 . 111, /-J > () lct. /\ > O bc Ll1c Íll"SL c1gc11valil(' o1 A - /31. 

, 1\/('ll i\S 111 .,l , ali( ,l. . ' , 

1
,. t 

1
- li -

1 
· . 1 '('<' t li·il rJrhíL;; oí" ho111Ldcd ;;ct. oí" (2.8) are hou11dl'd 

'll"S, O a, 1, JS ('i!S.\' ,O:-, · ',,, . . 
'1
11 

1· -
1 

· 
1 1 

1· . t lir·i·c' <'xists N > O, s11c:l1 IJ1aL, lor ali _,,. < s < 1.11 
1111 ,(' i.1111(', ;\,li( t, 1('1"<' ()\(' ' ' ,. - - ' 

ll(w(s),z(s))llu'xll' _N. ) , (,\ 11,)(1,-1., N < 1. 
Lei / 1 > /o, IH' s11cli t.liaL r 
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LcL us COH<.:c11Lratc now 011 thc Iirst cquation of (2.8). Using tlie variation of 
constants formula for t.his cquation, ouc lias 

w(t;) = e(A-(!3-/-2i11-l m)t)(t-111)w(t;o) +;·/e(/\ (/J+:21\/+111)/)(1-.-) . 
. /,() 

( ~ (/i2 ((z - w )s, (z + w )s) - h1 ( (,:: - W)" (z + w )s)) + /:fw(s)) tls . 

Takiug thc H I norui ou lJotlt si eles, onc gct.s 

llw(l)IIH' = c-(À+fJ+2Ar+m)(l-111) jjw(/.o)II li' + ;·/; (! - s)-i e-(,\ 1 /J+2At+111)(1-,) 
. tu 

(~ llh'.2 ((.:: - w)" (:: + w)s) - h-: ((z -w),, (z + w)s)jl,,, + /ijlw(s)llc::) tls. 
(2. 1 O) 

Froui thc clcíinition of hI anel h2, wc gcL í.hat, il" / 2'. 11 + r 

S11hstiLuti11g í.liis i11 (2.10) ono lias, ili 2'.1
1 
+r, 

llw(t)ill/1 e-P+11+2At+11,)(1-111) N 

+ ;·1 (t - .s)-½e-(À+/3+21\f+m)(i-s) (~[( + /31() eis 
t11 2 

< l + e ;·Oü .<;-~('-(À-/-{3)sr1s, 
. () 

whru«: C is indcpcndont of J\f. Prncccdi11g in a similar way wit.l: 
rcxulí.. 

.,, wo g<'L Lhe 
o 

Tl1is tmifonn bouud is act ually ali í.hat wc 11C'cd (,o prove- t li<' <·xist.c11(·(' ol t.!tc 
global at.t.racto,. Wc gct í.hat, il V is a bounck-d s11hs<'L of C'((-r, O], 111 x 111) (il('II 
u,::-'uU(l.)V is a boundod s11lisl'l, of !11 x II 1, wlior« U(t) is í.hr- S<'111igrn11p g<'tl('J,it<'cl 
hy (LS). 

TlicrdorC', siucc Llw sc111ignmp is pn·rn111pact, ( 1.!í) 11:is ;i co111pact glolJal at­ 
t.rnctur A (se(' flal<' [JO]). 
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3 Synchronization 

Iu Lhis sccí.ion we will use thc a priori bounds of thc previous section to gct 
synchronization propertics. 

3.1 Closeness to diagonal. Oncc wc gct tho uniform bounds, wc cau cxpcct 
that thc attractor is goíng to bc as closc to thc diagonal as Lhe cocfficiouts porruil., 
that is, wc can oxpcct synchronization. Wc follow some idcas frorn Rodrigues 

[21]. 
Lei. 11s considcr a rcstrictcd sct of pararnctcrs a, 1· anel m. Lct n, p, /l > O anel 

wc define thc following sct: 

3 [ J\ = { (a, ·1, m) E lR : O :S: a :S: n:, O :S: r :S: p anc O:::: 1n:::: 11.}. 

Frou: t.hc contiuuity witlt rcspoct to the pararnetcrs and the rcsults 111 tlie 
provious sccLio11, 011c cai, scc thc Followiug lcmma holds. 

Lcmma 3.1 Ttiere e1;ísls a uonndecl set B C C([-p, O], J-11(0, l)) such. that, 
for «u (n., 1, .,,,.) E A, honncled, M > O anel M C C([-p, O], J-11(0, 1) x J-!

1 
(O, 1)), íf 

º·i,a2 :S: o., T
1
,T

2
,p

1
,p

2 
:S: 1·, rnin{j\.f1,M2} = M and l.i\lf1 - .iVhl = m, there exisis 

to > O sucu iluii ( 11,( /:, v.o, vo), v(L, u0, v0)) E B x B, for every t 2'. to anel (11,0, vo) E ;vi. 

With this wc lmvc tlie following theorem. 

Theorem 3.2 Let (a, r, m) E A and M C C([-p, O], H
1
(0, 1) x H.

1
(0, 1)). If 

01,Cl2:::: a, Tt,T2
,p1,p2 :S: r, min{.iVfi,M2} = j\,1 anel )M, -J\lh) = rn, there e.ús/.s 

to 2' O, such that, for- any (uo, vo) E M, the sol·ution (u(t, ·uo, vo), v(t, uo, vo)) of 
( 1. 2) belongs to B x B and íf M ·is bíg enmigh, we have 

llv(t,v.
0
,v

0
)- ·u(t,u

0
;vo)II :S: Ke_,,(J-to)l)v(to,·uo,vo) - ·u(to,110,vo)II 

+ L () T1 - T2 I + 1 fJ 1 - P2 I + 1 a 1 - a.21 + 1 r/2, - ~ 1-1 r/22 - -d;; 1) 

for every t 2' t0. 

Proof vVil.hollL luss of gc,ierality, wc c,u1 assrnllc t\1at /,11 = O. This can lw 
j11st,ificd liy i.lH' cliallgc or variablcs, /. H /. - 10. Tltcrdórc wc will prove 1.1,at., i!' 
(11-0, ·110) C B x B is s11cl1 Lliat ('11,( /,, no, Vu), v(I,, ·11-0, V11)) E B x B lor cvc,y 1 2: O, Ll1cH 

)1·11.(/, 11,0, 110) - 11(1, 110, v0)11 :S: /(1 ,,, l)vo - 110)) 

1 /, (ir, r,I I lfl, - ,,,1 e I<>-, - n,I + 1 !,~,- - r.-',, 1-1,L ,L 1) · 

i·m <'vcI·11 1 , O. . . 'I' · I lt ·11 11,.11'<' 011cc agni11, 1.1,c clm11gc ol var,ables (2.7) alld 
o prove 1. 1<' r<'Sll ,, w<' w1 ··' , 

g<·t. t.hat ( 111,:::) sal.isl'y (2.8). 
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Let us concentrate for a morncnt on the w equation. Adding and subtracting 
tcrms, we get 

w = 6.w - 21VI w - mw 

1 ( . v(t - T2) v.(/; - P2) )( ) + ~ 0.2 ( l - y - J( V - U 
2 '\ 2 l .· 22 

l l l 1 
+a211(-v(t-T2)(}( -}1/ )-u(t-p2)(l(· -

1
.( )) 

. 21 ~ll 22 12 
1 1 +a.2u(--·-(v(t - T2) - v(t - Ti)) - }( (u(I; - P2) - u(t; - pL))) 

K11 12 

1 1 
+a2u((-~(v(/; - Ti) - ti(/; - Ti)) - ~(u(t - pi) - v(t - ()1 ))) tc., K12 

u(t-Ti) v(t-pi)) + (a.2 - o.i)v.(l - K11 - K12 ) . 

Now using the fact that thc solution anel its tirnc clcrivative are uniforrnly boundcd 
( sincc they are in 13), wc have that 

w < 6.w - 21Vfw - tru» 

wherc k = min{I<u, K12, K21, K22}. Anel similarly if wo denote w = u - v, thus as 
longas u. =/ v wc can write, (if w = l·li -vi), 
w < 6.w - (2M + rn.)w 

+ó(w + w(t - Ti)+ w(I; - T2) + w(t - pi)+ w(t - P2)) 

+a (1T1 -T2I + IP1 - P2I + la1 - 0.21 + 1-1
- - -

1-1-1-1- - }(l 1) 
K21 tc., K22 12 

Taking lVI big enough, we Iinish thc proof. o 
As rncntioncd bcforc, the last Lhcorcrn is a synchronization rcsult iu thc sensc 

that thc solutions stay dose to thc diagonal. lf the cocfficicnts for cach equatioJJ 
wcrc thc sarne (that is, T1 = T2, p1 = p2, a1 = a2, !(11 = 1(21 and 1(12 = K22), tlic 
solution asyrnptotically gocs to thc diagonal, anel all thc dynamical bchavior occurs 
on thc diagonal ( u = v). If this is not the case, wc will ueccl stroHgcr rc:-rnlLs. 

3.2 Strong coupling. In tl1is section wc want Lo sL11dy LhC' lwlmvior of Llic 
solutions, anel rnme prcciscly, of Llw aLtrn.cLors, as Lhe co1,pli11g J\J approaclics 
iufinity. Wc know from thc prcvio11s sccLio11 LliaL wc will ltav(' sy11cl1rn11izaLio11, IJiii, 
what clse can wc say? To answcr this qnesLíou wc will follow Carvall10, ll.odrig11cs 
anel Dlotko [2], which stndics syncl1rouizatio11 i11 paraliolir eq11al.io11s wit.lio11L dC'lays, 
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and Carvalho and Oliveira. [3] which studics uppcr semicontinuíty of attractors in 
parabolic oquations with dclays. 

Abstract results 

Wc will statc an abstract rcsult which can bc Iound i11 [3], anel which we wíll 
use to gct Lhe bchavior of thc attractors. 

Lct 11 > O be a positive parameter, X,,, be a Banach space anel A,, : D(A,;) e 
X,; -, X; be the genera.tor of a semigroup. Let A~ denote thc fractioual power of 
A,/ anel X,~· the associatcd fractional powcr spaccs. 

Assume that thc sornigroup {T;,( t), t 2 O} gcneratcd by A,1 satisfies 

IIT,;(t)wllx;; S Ne-{:J(u)tllwllx;;, t 2 O 

IITu(t)wllx;; S N/;-c'e-{3(,;)tllwllx,,, t > O, 
for auy w E X,~, whcrc (J(I/) uiay dcpend upon thc para.meter 11 aud N 2 1 is a 

constant. 
Considcr tlic wcakly couplod systcm 

{ 

y.· (t) = Au y(t) + JAYt, vi,) 
(3.1) 

v(t) = B v(t) + g,,(y1, vt) 
Lct g C([-r, O], yc,) -> Yª be Lipschitz continuous in bounded sets of 

C([-r, O], Yº) anel assume that 
·ú(t) = B v(t) + g(vt) (3.2) 

has a global attractor A in C([-r, O], Yª). Suppose that there exists a constant 
/C > O, inclepenclent of 11, such that the set 

l3 = {u E C([-r, O], X,~ X Yª) : llullc([-r,O],X;; xY'') S /C} (3.3) 
attracts bounclecl sets of C([-r, O], X,~ x Yª) under thc flow clcfineel by (3.1). 

Let R > O, ( e/;, 'ljJ) E C([-r, O], X,~ x Yª), li ( cp, 1/;) llc([-,,O],X;7 x Y'') S R. Supposc 
that there exist nonnegati ve constants l\llr, L f, clcpending only on R, snch that 

llf,,(çb,1/;)llx,, S Lrll<Pllc([-r,ül,X;;) + M1, 

anel (3.4) 

IIP,,(c/;, 1/J)IIY S Lp(1J)ll</>llc(l-,,0J,X;;') + Mr(u), 
whcrc P,;(c/J, 1/J) = q,;(</>, ·1/J) - _q(1/J), aud Dr(1J), Mf,(11) _, O as 11-> O. 

J\ss1uuc also Lliat eítl1cr of Llic following condiLions is sal.isficcl. 
a) Thc fiow clcfiucd hy (3.1) is asyu1ptol.ically :-nuooth, 
h) Mr = O anel Lhe flow dcfü1ed hy i;(t,) = D v(I) + .'),,(O, v,) is asyu1ptot,ically 

s1uootli, 
e) A!r = O a11d J\!I' == O. 
Thcorern 3.3 Ass'fl'lli.l' /Jw.1, 11 ·is 11. ser:/,o·rú1,I op<'m,1,m· nnd 1./w.l. (J(1J) -, oo 11.s 

11-, O. Jls.m.711,1' nlso lhn.1. (iJ.:J) 11.nd (:Li) 11.n: s11./,isfúd u.nd /Jw,/, !'-it./1,rT a), b) or 1') 
nbmw ·1,., s11.1.isfi:ed. '/ 'hen t./1.rTe 1,:ásls 1111 > O snch lhn/,, fo'/' O < 11 S 1/iJ, 1.he 1nobie111. 
(,'J. /) lw.s o. 9lolml u,/,lnu:l,o'I' A,/ 0.11.d lhe fo:mily o./ a/;lro.dors { A,,, O S 11 S 110} is 
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upper semiconiinuous at zero, uihere Ao := O x A. Furthermore, if e) is satisfied, 
tliere exists 1/o, sucli tluit Au = O x A, O < 1/ -:; 1Jo. 

Proof One can see [3] (Thcorcrn 1.2) for thc proof. o 

Application 

We are now ablc Lo apply thc abstract rcsult of Tlicorcm 3.3 Lo systom (1.2). 
\i\!c will fix from now ou tho paramctcrs I<1J = K2;, a1 = ci2, T1 = T2, PL = P2 
anel tti, whilc letting thc coupling paramotcr J..,J clrnngc, anel actually wc wish it 
to tem! to infinity. Wc already proved iu thc last scctions that (1.2) lias a global 
at.t.ructor A1\f in C([-r, O], l:T1(0, 1) x H1(0, 1)). W(' also obtainod a priori bounds in 
C([-r, O], L00(0, 1) x L00(0, 1)), indcpcudcnt of M. ln ordcr to apply Thcorcm 3.3, 
wc will nccd 011cc again to pcrforrn thc change of variablcs (2.7) aud gcL thc,:1cw 
variablcs (-w, z), which satisíy (2.8). Oncc again, (2.8) lias a global atl.ractor ÂAI. 

ln ordcr to rcwiito (2.8) in thc fonn (3.1), lcL X= L2(0, 1) anel Au : D(A,1) C 
X -+ X bo the sclf adjoint opcrator dcfincd by 

D(A ) { 
, 1 .. 12( ) De/) } 2 

·u = qJE ~ 0,1: -[) =0, A,;cp=t::.cp--c/J,\/c/JED(A,1) 
n I/ 

(3.5) 

Lct X,~' denote thc fractional powcr spaccs associatccl Lo -A,
1 
cnclowccl wit.lt Lltc 

grn.ph uonn. 

Lct also Y = L2(0, 1) aud JJ : D(B) e Y -+ Y bc Lhe sclf adjoi11t OJl('1aLor 
ddiuccl by 

D(B) = { cp E !12(0, 1) : it =O}, B c/J = t::.cp, \/</;E D(B). (J.G) 

Let yc, denote tbc fractimial powcr spaces associaLccl to - }] ell(]owccl witb Llic 
grapli nonn. SysLclll (2.8) can llOW bc rcwritten in thc abstrnct forrn 

aw 7J[ = Auw + f,;('IU1, zt) 
(3.7) 

Dz 7J[ = Bz + .iJu(W1,Zt), 

i11 tl1c spacc C([-1·, O], X,;12 x Y 112), whcrc, as in (1.5) a11d (1.6), f,; : C([-'1·, O], 
x,~12 X yt/2)-+ X a11cl .911 : C([-'1,0],X,~12 X Y112)-+ y are dchuecl oy 

f,/ ( c/J, ·i/J )(:1:) = -mcp(O) + 1 (h2 (1/J - cp, ,/J + cp) - h1 (·ij.; - c/J, 1/J + cp)) , 
anel 

1 
9u(</), 1/J)(.,;) = nu/J(O) + 2 (/1,2(1/.J - cp, 'ljJ + <P) + h1 (JJ - rp, 1/,1 + c/J)) 

whicl1 is in tlic fon11 (3.1) a11cl, 111orcovcr, wc will considct g(·1/J) = 9,;(0,·1/J). 
Obscrvi11g tlmt 114illx-:; cte · u1/2ll</Jllx,'.12, anel 11si11g thc 1rnil'on11 bo11uds i11 CX) 

that wc got in tltc prcvio11s scctions, wc liavc tlrnt (3.4) is l.rnc wíLh Mj = O, a11d 
Lp(u) -+ O as u -+ O. Tl1crdorc W<' caii apply Tlicorcu1 :~.:; Lo oliLai11 t.11<' 11pJH'1 

sem íconti1m i ty ~- Lltc attractors { ~.'. , O -:; ~/ -::: u0} aL zero, or { ÃM, 1\/ ~ 00} aL 

inhuity, whcrc A00 = {(O,z), z E A} a11d A is t.l1c glolml al.Lrnc:l.or of' t.li(' prolJl('111 

D::, 1 

~ = t::.z + - (h2(z1, z,) + h1 (z,, z, )) . ul 2 
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Thus, changing back to (n, v) wc gct the íollowiug. 

Theorem 3.4 Ttie fanály of attractors {AM, M ~ oo} o] (1.2) is npper semi­ 
cotitinuous at ú1,fin'ity ioliere A00 = { (u, v.) : u E A1} anrl A1 'is ih.e global aiiractor 
o] lhe littiii problem 

ú(t) = 6u(i.) + ~ (h1 (11.1, 11,1) + /l.2(n1, u1)). 

4 Persistence of periodic orbits 

As iucní.ioucd iu Lhe introduction, if (1.7) lias a stablc pcriorlic orbit, thcu we 
will bc ablo to show tliat (1.2) also lias a pcrioclic orbit. ln arder to simplify tlio 
notatiou, anel thcrcíorc thc prcscntation, wc wil] considcr thc íollowing simplifiod 
vcrsiou of syst.cui (J .2), i11 wliich wc can guarantcc that (1.7) has a stablo pcriodic 
orbit. For tlic general case thc sarne rcsults applics but wc will not know that thc 
lu nit cquatiou has a stablo pcriodic orbit. Wc considcr Lhe problcui. 

{ 

ôu 7J[(t, :i:) = 
Dv (t· ·1·) - 7J[ , .. - 

6u(t,:i;) + n1v.(t,:i:) (1-u(t.-T,:r:))- l\I(?L(t,:i:) - v(l,:i;)) 

6v(t, :i:) + a2u(t;, x) (1 - v(t - T, :i:)) - J'11[(v(t, :r) - 1i(t;, :r)) 
( 4.1) 

for all t > O anel x E (O, 1), whcre a1, a2, J'vl anel T are positive constants, plus the 
followiug bom1clary conclition 

(D) { v.(t, O)= v.(t, 1) = O 

v(t, O)= v(t, 1) = O 
(4.2) 

wherc t E (O, oo). Wc will continue to consiclcr only thc following initial conclitions 

v.(s, x) > O } for all (s, :.e) E [-T, O] x [O, l]. 
v(s,x) > O 

(4.3) 

From thc previam, scction, thc problem is well posecl in Z x Z, whcrc Z = 
C((-T, O), HJ(O, 1)). We will denote hy li · llm li · 111 aucl li · llo thc uonns in Z, 
Hc\(O, 1) anel L2(0, 1), rcspcctivcly. Morcovcr, wc havc thnt tl1crc cxists a bonnclccl 
absorbing sct M E Z x Z, indepenclent of J\;f, anel frou1 now 011 wc will s11pposc 
that the initial c011ditions are in this absorbing sct, anel also that M ,vill imlicatc 
the bound in Z x Z, uniforruly in NJ. Once again, if wc considcr tltc cliangc of 

variables 
'11,-'U 

w=-2- u=w+z 
Ol' (4.1) 

n-1-v V= Z-W 
z-=:: -2- 

wc gr,t, tlté' [ollowing systcrn 

t (i, .r) = 6w(t., :r) - Mw(t:, :1:) 

iJ:: (! ,·) ;\ ~(/ ,·) TJT '. Ll- ·,. 

+7(111 + z)(/,:1:) (l- (w + z)(I- T,.r)) 
-qf (z - w)(I., .1) ( 1 - (z - w)(t. - T, .r)) 

+7(1u I z)(t., 1) ( 1 - (w + z)(i - T,.r)) 
1-~C: -w)(i,.r) (1 - (z-w)(I -T,.r)). 

(-l.;)) 
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Denote by A/11 the oporator -6. + MI in HJ(O, 1), anel let ÀAI be its principal 
eigenvaluc. Also let 

a 1 
f(w, z) = 2(w + z)(t, :e) (1 - (w + z)(t - T, :1:)) 

anel 
a2 g(w, z) = 2(z - w)(l, :1;) (1 - (z - w)(t - T, :e)). 

ln order to prove tho pcrsistence of periodic orbits, wc wiJl necd sorne cstiruatcs. 

Estima te on llwt li o: 
We have that llw1 lln = sup llw(i + 0, :1:)111, anel thus using thc variatiou of 

OE(-T,0) 
constant formula, we get 

llw(t, :r) lln :S e-.\M (t;-tu) llw(to, .:i;) li 1 

< e->." (t-tu) M + E<1 (ai' a2, M) l-: (t-s) (t. - 8 )-½ ds 
lr, 

< e->.,"(t;-to)M + I<t(a1,a2,M) ;·oo e-">.A/s-½ds 
.() 

e-.\M(l-tu)M+I< (a a M)\-117(~) . 1 , l) 2) "!li 2 ) 

wherc r denotes tho garnrna function. 
Thcrefore, for t 2'. T, anel assurning that t0 = O, wc havc 

llwilln :S e->.,,r(t-T)Jvt + K1(a1,a2,M)>.;}r (i) · ( 4.6) 

Estimate on llz1lln 
In order to cstiinatc z, wc will introcluce thc lirnit cquation 

iJy ª1 + ª2 ) ~(/,J;) = 6.y(t,::c) + --y(l,:c) (1-y(t -T,:i;)), (4.7 ot 2 
obtained by taking w = O i11 thc sccoud cquation, 

Let us compare z and y i11 Z, that is let us computo llzt(z0) - y1(yu) llm wlicrc 
zo aud Yo are initial conditions iu M (regarded as an absorbing set in Z). Wc will 
clrop thc clcpcndcncc on thc initial condition iu the notation bcllow. f3tiL hrst 11otc 
that 

anel 
f(w, z) = f(w, O)+ f(O, z) - 1~1 (w(l,)z(I - T) + z(l,)w(/. - T)) 

02 g(w, z) = g(w, O)+ g(O, z) - 2 (w(t)z(I, - T) + z(l)w(I T)). 
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Thus, for any t ::O: t0, wc have 

llz(t,x) - y(/;,x)ll1 
= lleA(t-t."l(zo(O) - Yo(O)) 

+ lt eA(t-s) (f(w, z) -1- g(w, z) - f(O, y) - g(O, y)) dsl\1 
f,o 

< e-Au(L-tu)\lzo(O) -yo(O)\h 

+ (ª1; a2) f1 e-Ao(1-sl(t - 8)-½ llz(s)w(s - T)llocls 
.Jf;o 

11. . , • u1 + a2 + e-,\o(t-sl(I; - s)-2 \\f(w, O)+ g(w, O) - 2 w(s)z(s - T)\\ucls 
/,o 

+ f e-,\o(l,-sl(t- s)-½\\f(O,z) - f(O,y)\\ods 
i; 

+ /1 e-Au(t-.sl(t - s)-½ \\g(O, z) - g(O, v)\lods 
./1,0 

< e-Au(/,-lnl\\zo(O) -yo(0)\\1 

+ (ª1; ª2) f1 e-Au(t-s) (t - s)-½ \\z(s)w(s - T)\\0ds 
.}lo 

+ /1 e-Ao(t-.sl(t- s)-½K2(a1,a21M)\\w(s)\\1cls 
.f to 

+ f e-,\o(L-s)(t - s)-½ \lf(O, z) - f(O, Y)l\ods 
.f to 

+ 1·t e-Ao(l;-s)(/; - s)-½ \\g(O, z) - g(O, y)\\ods, 
to 

and finally using the estimate on l\w(s)lli, we gct 

\\z(t,:r) -y(t,x)\li 
< e-Ao(t-tol\\zo(O) -Yo(O)l\1 

+ (ª1 + ª2) f1 e-Ao(t;-s)(t- s)-i\\z(s)w(s -T)\\0cls 
2 .fto 

+ J(
2
M f t e-,\u(l.-s) ( t - s )-½ e-,\Ai(s-to) ds + K1I<2/\ ;/ /\~ ½ f2 ( 1 /2) 

, lo 

+ /'1 e-,\n(t.-,)(1.- s)-à\\f(O,z) - f(O,y)\\uds (11.8) 
J.,() 

+ f· e-,\o(l-5)(1. - s)-½ \ly(O, z) - ,r;(O, y)\\orls . 
i. 
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Scparating tcrrns, lct us compute cach term separatcly. First, wc havc for any 
to < t1 < t, 

(4.9) 

< <I>(l, to, t1, M) + \f1(L, lo, li, /\I), 
where 

e-ÀA1(l1-to)e->-o(L-L1)/2((t _ 1,i.)/2)-1/:Z / ) 
( 1\1) 'Ar (1 - !,-,\A1(1-1,) 2 <I> t:, to, t1, / = "' 

iJJ(t,to,ti,M) = !/. 
e-ÀA1(~-lo) (,-Ào(l-.s)(·/ _ .'·) 11 

. ' ( .. ½. 

~ 
(4. 1 O) 

Remark 4.1 Observe that for any t0 S t1 S 1., wc havo t.hat, 
1. iJ> and iJJ are continuons for t E [t.1, oo) anel co11Li1111ow-;ly diílc1c11Liahlc for 

LE(/;1,00); 
2. <I>(t1, to, l1, M) = iJJ(t1, to, t1, /\I) = O; 
3. <I>(t, to, t1, !VI) anel iJJ(t, to, L1, J\vl) are positive anel boundcd, [or any 1 2: 11; 
4. lim iJ>(t, to, t1, M) = lirn iJJ(L, to, l:1, l\f) = O; 

t-----+CX) 1;---..CX) 

5. Thoro cxists a t* = t*(to,t1,!VI), with t* > ti, such that <I>(t*,1.o,11,1\f)::::: 
rnax <I>(t, to, t1, A1); 
L>l1 

6. T11crc cxists a t** = t**(to, L1, l\I), with t** > 11, such that \Ji(I**, lo, L1, M) 
= rnax,[i(t,to,l1,M); 

1.?:_l, 

7. Iirn t* = lim <I>(l*,lo,1,1,AI) = O; 
/11 ->oo A/ ->oo 

8. lirn t**= lirn iJJ(t**,to,t1,M)=O. 
M>«:»: /lf-,oo 

With this, wc can takc caro of thc ncxt Lerrn. ln ordcr to elo that lct us snpposc 
for a momcnt that O S t - t0 S T. Thcu 

( 4. J l) 
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On thc other hand, if /; - to 2 T, wc gct 

( 
-j ) (/'/IJ+T j'/ ) < ª1 ; ª2 .. + . c,-,\,,(i-,)(t;- s)-½ llz(s)w(s - T)lloiis 

· lu 1.u+T 
1 

< Killwol]nÀ~"r(]/2) 

r 1 

< J\.ê)]]wo]\,,À~2 ru /2) + K..,,K1 ,\;/r2(1/2) (4.12) 

+I(iM (<P(t* (/;o, to+ T, M), to, to+ T, M) 

+w(t**(/;0, t0 + T, M), to, to+ T, M)). 

Thus combining (4.11) and (4.12) wc can wríte, for all t 2 to, 

+K3M(<i>(t*, to, to+ T, M) + w(i,**, to, tu+ T, J\J))], 

whcrc x1 denotes the cbaractcristic fuuctiou on J. 
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For the Iast terrns, once again, lct us first assume that O <::; t - t0 <::; T. Then 

t e-Ào(t-s!(t - s)-½ [[f(O, z) - f(O, y)[[ocls .f to 

j•t 

+ e-Ào(l-s) (t - .s )-½ [[g(O, z) - g(O, y) [[ods 
to 

· [[z(s)(l - z(s - T)) -y(s)(l -y(s -T))[[0ds 

·ll(z(s) - y(s)) - z(s)z(s - T) + z(s)y(.s - T) 
-z(s)y(s - T) + y(s)y(.s - T)[[0d.s 

(4.14) 

+M [[zo - Yol/o: + Ml[z(s) - y(s) li 1 )ds 

+Ks(a1, a2, M) (t e-Ào(t-s\t - s)-½ [[z(s) - y(s)[[1ds . .f to 
If t - to 2': T, thcn we just use the Li pschitz continui ty of f and g to gct 

l~t e-Ào(t-s)(t - s)-½ [[f(O, z) - f(O, y)[[ods 

/

·l 

+ e-Ào(t-s\t - s)-½ [[g(O, z) - 9(0, y)[[oâs 
. to 

(4.15) 

'S: K6(a1, a2, M) /·t e-Ào(t-s)(t - .s)-½ [[z, - '.'JsllncLs. 
· to 
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Thus putting these inequalities all together, we gct 

llz(t,x) -y(t,x)ll1 
< e-Ào(l-t;o)llzo(O) -vo(O)ll 1 + K:illwollc,À~½r(l/2) 

1 

+X(lu+r,+oo) (J;) [KiI<1 \~/ 1'2 (1/2) 
+I<3M (<T>(t*, to, tu+ T, M) + w(t**, to, to+ T, M))] 

+I<2M (<!>(t*(to, to, M), to, lo, M) + w(t**(to, to, M), t0, t0, M)) 

( 4.16) 

1 

+X[t
0
,t11+r] (K4À~21'(1/2)//zo -volla 

+J(
5 
( e-Ào(t-s)(t - s)-½ jjz(s) - y(s)ll1ds) 
J,.o 

1
/; 

. -Ào(t-s) . _l 
+X(t,r/-r,+00/(5 e (t - s) 2 Jlzs - Ysllüds. 

lo 

In ordcr to simplify the notation above, lct us denote by: 
l 

Mo = e,\oto + K1À~21'(1/2); 
j_ 1 

J\111 (M, llwoll°') = K3f<1Ã~2r2(1/2) + K,llwoll°'À~2r(1/2) 

+K3M (<l>(t*, to, to+ T, M) + w(t**, t0, t0 + T, M)) 

+I<2M (<l>(t*, to, to, M) + w(t**, to, to, M)) (4.17) 

Thercfore, for any t 2 t0, we have that 

llzi-Ytlla ~ Mollzo-Yoll°'+M1(M,jjwolla)+Nh f\t-s)-½JJzs-y,jj°'cls. (4.18) ./1,u 
Now, applying Lernrna 7.1.1, pagc 188, from [12], wc get that, givcn T 2 O, and 

for any t0 ~ t < T, wc havo 
llz1 - '.1/1.llu ~ (Mollzo - Yollr, + l\lfi(Nl, llwoll,,)) B1;2((M21'(1/2))

2
i:), (4.19) 

whcro 00 ·11/'2 

E1;2(z) = ~ r(n~2 + l). 
n=Ü 

Estimate on Dt_(w, z)(t;) 

Lct 11s considor a11 initial co11diLirn1 ~ = (wu, zo) Cor (4.5), and thc corrcspondiug 
xolu í.iou w(I., /.o, O- We wanl. Lo esLilllatc 

jjDt_( w, z) (t,, Lo, O (w1, w2) - (O, DzuY( /;, to, zo)w2 llz x z. 
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of 
Wc know that for cach w; E Z, (U, V) = De(w, z)(t, t0, ç)(w1, w2) is a solut.ion 

d 
-V +Ao V .u 

= r~ (1 - (w + z)(t - T)) + c;2 (1 - (z - w)(/ - T))} · 
U(t) 
{ ª1 ª2 ) } ) - 2 ((w + z)(l)) + 2 ((z - w (t;)) U(i - T 

+ { ~I ( 1 - (w + Z) ( /. - T)) - (;2 ( 1 - ( Z - W) ( / - T))} . 
· V(t) 

_ { ª1 ((w + z)(I)) - ª2 ((z - w)(i, - T))} V(! - T) 
2 2 

= { ª;1 
(1 - (w + z )( L - T)) - r;2 ( L - (z - w )(! - T))} · 

-U(t:) 

{ 
ª1 (/,2 } - 2 ((w + z)(t)) - 2 ((z - w)(I.)) U(l - T) 

{ (1, 1 ( ) ª2 ) ( ) ) } + - l - (w + z)(/; - T ) + - (1 - (,: - w / - T · 2 2 
· V(t) 

{ ª1 ª2 } - 2 ((10 + z)(t)) + 2 ((z - 10)(1)) V(! - T) 

plus tho initial conditious 

{ 

U(i:o) = w1 

V(t0) = w2 
Similarly, Y = D211y(L, to, zo)w2 is a solution of 

cl . CL J -/- a2 . {l 1 + C/,2 _:_y + AoY = , (1 - y(t - T)) Y(i) - --y(t)Y(t; - T) dt 2 2 
plus thc initial conclitions 

( 4.20) 

(4.21) 

011cc agaiu, procccding as iu Lhe lasL subscction, wc can makc 

small, unifornily in /; anel ( w 1, w2), making li Wo li small, and M largo. 

The Poincaré map 

Now lct 11s supposc Llial. thc liiuit cqnatiou, that is (4.7), has a pcriodic orbit 
p(I.) with pcriod T, aud Ict us supposo that it is si.abl«. Thcu, íollowiug [12] (pagc 
25<J), wc cau define a "surlacc scction" S' anel a Poincaré map e!>. WiU1 Lliis wc c:an 
oxtcnd this scct.ion S' to Lhe procluct spacc anel gct a uow scc:l,i011 (ror a giVl'll E > O) 
6 = Bs(O) x S. Sincc wc can takc E sinall (l.haL is llwoll s111all) anel J\f larg(', W(' 

l1avc thaL ([oliatiug this 11ciglilJOmhood) Lltis is sLill a s111fac<' S('dirn1, ,wd W(' l1;iw 
a Poincaré lllap wcll clcfiucd for ( L.2). Usillg Lll(' la<:L L11aL lhe dnivaLiv<'s ,1n' closl'd 
awl that <f> is a coJJLrn.cLio11 (p is sLalJk), wc gcL l.!1aL Lliis ll<'w Poi11caré 111ap is ª 
co11Lrac:tion awl LJ111s lms a pcriodic orhiL. 

Tltcrdon', wc liad .insL prowd tlic followi11g Ll1cor('111. 



Synchronization in Herbivorous Population Models with Diffusion and Delays 

Theorem 4.2 Lei, us suppose tluit (4- 7) lias a siaole periodu: orbii: Then for 
!II sufficiently larqe, (4 .1) lias a periodu: orbil; wlârh is elos e /;o thc diagonal, tuul 
to ihe 1Hériodic 01·/1ü of ilie lituii equalion. 
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