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cquation,

u(t,x) _ ,0Pull, x) =B e nae
ot = ATpp thu(l- =], t>0,x€(0,1)
du(t,x) 0 (1.1)

~on .
071 5 & = (). l.,

u(t,z) =0

where d, b, 7 and K are positive constants, has been used to model a one-dimensional
herbivorous population and has been studied by many authors, for example Busen-
berg and Huang [1], Friesecke [6, 7], Golpalsamy, He and Sun [8], Green and Stech
[9], Lin and Khan [17], Luckhaus [18], Wu [23], Oliveira [20], Carvalho and Oliveira
[3], Murray [19], Hale [11] to name a few.

Among the interesting questions that can be addressed, the subject of the effect
of population dispersal is a topic of considerable ecological interest, references can be
found in the work of Levin [15, 16] and Murray [19]. In recent years, much attention
has been given to the asymptotic behavior of mathematical models which describe
population dispersal between patches [5, 14, 4, 22|, in particular, the models for
single species dispersal between patches of heterogencous environment with barriers
between patches [22], where questions of permanence, global stability, attractors
and bifurcations are of interest.

In this work, we wish to consider two herbivorous species that are migrating
to an island (where they must compete for resources) and there are barriers to
these migrations. We would like to study the behavior of the populations on this
new environment.  We will assume that the behavior of cach specie is governed
by Hutchinson’s equation (with appropriate parameters) and we will model the
interaction in the island as a coupling between the two equations. More precisely
we will consider the following system of equations

Sis _ B u(t—71)  v(t—p)
af = Au+ ayu (l ———1\,” - — -—[\,12¥ - My (u — v)

v N v(t — 19) u(t — po)
= Av+4aw|]l-—-— —_ - Mo (v —
(77 : o < I\V)| [\"_r_) /\[_([ “)

for all t > 0 and 2 € (0,1), plus either one of the following boundary conditions

9,
:)—;: =0 u =0

(N) or (D) (1::3)
v _ v=>0
on

where (II) € ((],’Xr) X (U 1) 1\>||. [\'1;_), 1\—21, [\'32. @y, g, T1, T2, P1, P2, J\/). /\[‘.I
are positive, and r = max{7y, 72, p1, p2}. In order to be a plausible problem from
the biological point of view, we will only consider the following initial conditions

u(s,x) >0

g, ) > 0 } for all (s,x) € [ ()] ]() l] (1.4)

This problem can be rewritten in abstract form as

o) = (T A) p(t) + flp), t>0 (1.5)
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where T is the identity matrix in R?, A is the Laplacian with the corresponding

houndary condition, ¢y : [-r,0] — L2(0,1) x L*(0,1) denotes the function o (0) =
o(t+6) and f: C([- 7, 0], HY(0,1) x HY(0,1)) — L%(0,1) x L%(0,1) is given by

-3y M 1 (0)
F(or,92) = hipt, pi) +
My —Ma 1 (0)
and
(1.6)
ol (— ,,2 —
wpl(0) (1 - £ED _ et
. Ky, K19
(i, #7) = ., |
azp?(0) (1 - f/r("T'z) Pi ('4/)2)
I\'.Zl [\22

The global existence and uniqueness of solutions of (1.5) (or (1.2)) has already been
established for any initial condition in C([-r,0], H'(0,1) x (0, 1)), and morcover,
(he solutions are classical after time ¢ > r and all solutions are positive ( sce Oliveira
[20] and Wu [23]).

We will be able to show that, if U(t) is the nonlinear semigroup associated with
the solution of (1.5), then U(t) is hounded dissipative, that is, there exists a set
V that attracts any bounded set U under U(t) ( dist(U(t)U,V) — 0, as t — o0)
and furthermore, there exists an invariant set A (U)AC A, fort>0) which is a
compact global attractor, that is, a set A which is a maximal invariant compact set
which attracts each bounded set U (see Hale [10).

The objective is to study the asymptotic behavior of the system as the param-
eters change. We wish to show a synchronization property, that is, if the coupling
parameters My and My are sufficiently large (which means, in the model, that the
barriers to the migrations are sufficiently weak), then asymptotically the solutions
will remain close to the diagonal (namely u = v), and the distance from the diagonal
will be proportional to the difference of the corresponding parameters.

Furthermore, if My = M and My = M + m, we can show that, as M — oo,
the family of attractors of (1.2) {Apn, M > 0} is upper semicontinuous at infinity.
where Ay = {(u,u) 1 v € A} and A; is the olobal attractor of the limit problem

ou 1 w(t—71) ult—p1)
V% — Agpad— (S Sl
Ot aud 2 |:(II” < 1\711 I\]’)

(
| w(t —m2)  ult—p2)
b asu Ko Ko

¢ very nice implications from the biological point of

These results have som
view. One of them deals with the persistence issue. Suppose, as an example, that
pLo= P2 T = T2 » and that u is a species modeled by (1.1) and Dirichlet
boundary conditions hold. We know (see [1]) that: if b is small, then (1.1) has the
sero solution as a global attractor (in other words, the species hecomes extinet ).
But as we couple u with the other species, also modeled by (1.1) but with a larger

parameter b, we get that both species will synchronize and, il the parameter b of

this new species is large enough, the species u will not be extinet.
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Another application is to prove the existence of periodic orbits for (1.2), which
we can get when (1.7) has a stable periodic orbit, and since the existence of periodic
orbits for a simplified version of (1.7) has been widely studied (see for instance [23]
and [1]), we will get a conerete example of (1.2) where we have such orbits.

We also want to mention that the same analysis could be done if we modeled
the population with Lotka-Volterra integral type of equations, that is.

Ault,r) Pu(t.x)

0
> =d——F— 4 bu(l — / u(t + s)do(s)), t > 0,20 € (0,1).
()f ().I"' g X

The only difference is that the boundedness of the solutions is easier to get.

Since the computations are very similar for Newmann or Dirichlet boundary
conditions, from now on, we will only consider Newmann boundary conditions.

The paper will proceed as follows: in section 2, we will use the ideas of Luckhaus
[18] to prove that (1.2) is bounded dissipative, where the bounds will be indepen-
dent of the parameter M. With this, we will establish the existence of the olobal
attractors. The uniform boundedness will allow us to prove, in section 3, two results
dealing with synchronization: the first one, following the work due to Rodrigues
[21], will give us an estimate of the distance of the solutions to the diagonal, and
following the results due to Carvalho, Rodrigues and Dlotko [2] and Carvalho and
Oliveira [3], we will study the behavior of the attractors as M goes to infinity. Fi-
nally in section 4, we will show that, under certain conditions, if (1.7) has a stable
periodic orbit so does (1.2).

2 A priori estimates, uniform bounds and global attractors

We will follow closely the ideas found in Luckhaus [18]. The first thing to
be done is a reduction argument to a free boundary. Let M — min{ My, My},
m = |M; — M| and a = maxr{ay,as}.

Lemma 2.1 Let p > 2 and suppose that there exist T > 1 >0 and o € (0,1)
such that any solution of

i< Au+ ayu — My(u —v) : =
6 < Av+azv — Myl — ) in (0,7) x (0,1)

u(t, zjult — r1,2) =0, (t,z)e (1, 1) x (0,1)
v(t, x)v(t — 19,2) =0, (t,z) € (72, T) % (0,1)

(2.1)
du _
T = 0
9 _
an
w, v > ()
satisfies the decay estimate
S| 3|
/ (u’(T,z) + (T, 2)) da < n/ (uP(0,z) + v*(0,x)) dx. (2.2)
J() J )

0 pl
Then there exists a constant K such that the solution of (1.2) with / / (u” 4
J—rJo

5!
o) (t x)dedt < oo must salisfy |iIIIHll])/ (uP + ")t x)de < K.
, 0

t X
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Proof First of all, by comparison, we can assume that K12 = Koo = 00, that
is, we do not have th(\ terms w(t)o(t —py) and v(f)u(l —pa). Let (u,v) be a solution

0
of (1.2) with / / (uP 4 vP)(t, x)dzdt < oo.
|

Multiplying the first equation of (1.2) by u” ' the second by o' we get, for
all £ > 0 and @ € (0,1),

. & —
w I(())% = u’ ' Aut au” <l e i Tl)) My ' (u — )
: ¥

(2.3)
. (4 — 75
ol H()Tll = P LAY+ ag0? (l l(**_ T“)> — Myv* (v —u)

7\2[7

Now if we add the equations above and integrate by parts, we get

= /]( v f I,)(/ )/
v , )axr
I)()’ J0 !

5 S
—(p—1) / (41""'“)|V11|2 + P2 V) (¢ a)de + a / (u? + vP)(t, x)dx
J O J0

o 1
- M / (u? 4 o) (t, x)de + (M +m)/ (WP o +oP )t x)de (2.4)
Jo Jo
Using Young’s inequality, one gets,

( i ! 2 : ) P}
I(? / (u? + vP)(t, x)dx + (p— 1) / (uP 2| Vul® 4 P2 Vo7 (¢, ) da
Jo

p ot Jy g (2.5)
< (a+m) / (uP + vP)(t, x)dx
Jo
and hence

) .1
,(i / (u? + vP)(t,x)de < pla+ m) / (u? + vP)(t, x)dx. (2.6)

ot Jo Jo
At this moment, one can follow the same steps as in Luckhaus [18] and we can
W

sce the result in the same way.

Now is time to verify when the decay estimate (2.2) for the solutions of (2.1)
holds. and, once again, the proof follows closely to the proof found in Luckhans

[18].

Lemma 2.2 Let (u,v) be a solution of (2.1). then

(,:’I'(ul'“ 2 ,,lumu ,I:>> /.l(“/’ | 1"')((),41')41.1'.
J 0

|
/ (u? + vP)(T,z)dx < |e
Jo

Proof The first thing to notice is that in one space dimension we can approx-

imate u and v by Lipschitz functions, satisfying the same inequalities as w and v,

and such that the boundary of its supports are smooth manifolds (just follow an
analogous procedure contained in Luckhaus [18]). Hence we can check the lemma
for the approximations inste wad for u and v. We will still denote the approximations
by« and . '

Lot us denote by C'* the interior of supp(u) in (0,77 > (0. 1) and by {C'"} the

set composed by its connected components. We do the same for . We have that

Cv O (Ot — (11,0)) 0 and C?" N (C" (15,0)) = 0. Thus, as in Luckhaus, one
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gets that C' N (CP — (n71,0)) = ¢ and cyn{cy
components (that is, for all i) and all integers 7.

Defining Cp = {2 € (0,1): {t,5) e ¢ }. we have that CiH N CY,
all n, and similarly for v. Therefore one gets,

— (n72,0)) =, for all connected

= w. f()l‘

-NnT)

7
/ ICrildt <, ifr <T
Jo

Now, we have (a,s in (2.5)),

10 ' p P\ : P p
])m (’l )< uP 1 Ay +aju’ — MyuP~ (u — )

+oP 1 Ay + agv” — MovP~ ! (y — o)

g
< Z/ u? 1 Ay 4 Z/ "L Av + (a +m)/ (u? + vP)

J0

. ‘Z P ')/ ul? IVHIZ d - /( v 2| V|?

i i,t

1
+(a+m) / (uP + vP),
Jo

‘)

) 2 2o - )
Note that T”] [Vu|* = [Vuz|? and similarly for ¢, Therefore, using Sobolev
estimates, we get

19 &
2l T A Y o)
p ot ./n )

(p—1)r (p— a2 ¢ =
. — ‘III) == _ e - r w
£ Z p“[('“ E /',“J Z PETGTNE /(/ v- 4+ (a + m)./“ (uP + vP)
(p—1)n2 ) — 1)7? i
*Z - E — / N Z 1 — o
~ p*(max; |C¥, )2 p?(max; | ( v Jo
; Bt i
1

+(a+m) / (uP + vP)

J 0

IN

s + p— 1) — ! P I
-l p?(max{max; ]( ,[ max; |CP, L /r) (W7 + o).
-

Let €'y = max{max; [C*,], max; |C?,[} and /~ =

0

g~

7 / . Therefore, using Jensen's
. . v . . L} » ¥ ‘)
mequality, we get the following inequalities.

51
/ uP(T )%'{r”("]'))

’17 ’ ( +n (l)— l)’n-z) /]( P 0 i )

exp | p a+m— — " )

I\ PIGE ) )] f, (0 +27(0))
1)m?

exp (pT{a+m— 22T / u’(0) 4 07 (0))

[ ( ( ;w))] phox ek

0
.1
(u”(
0
) — 1)m27? 1
< (XI) I)/ <u% m ([—' X )} / (u”(0) + 0P(0)) .
JA()

2.3
l).fl...
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(|

which proves the lemma.

Remark 2.3 There are similar versions of Lemmas 2.1 and 2.2 when we have

Dirichlet boundary conditions instead of Neumann boundary conditions, (See [18]).

ablished that (1.2) is bounded dissipative

Remark 2.4 At this point we have est
nt out is that the bounds do

in LP x LP, for any p > 2. One important thing to poi

not depend on M > 0.

In order to prove the existence of global attractors we will need to establish
that (1.2) is bounded dissipative in H' x H', and furthermore, since we want to
establish the synchronization property, the bounds must be independent of M, and

that is exactly what we prove in the following lemma.

There exists a bounded set M c C([-n,0], H'(0,1) x H'(0,1))
([~r,0], H'(0,1) H'(0,1)), under the flow
e taken independent of M.

Lemma 2.5
which attracts each bounded set of C
defined by (1.5). Furthermore M can

Proof To prove the result, we will first make the following change of variables

o) =GBTY s g gy Bt )

wit,r) = ———5—— s (2.7)

that My = M +m and My = M,

without loss of generality,
ping in mind the definition of

We will assume,
y the following system, kee

and thus (w, z) will satis
Iy = (/I].IIQ) n (1()).

%Lfl_ = Ry ,Qlj\[w —mw
— (ha ((z — w)t, (2 + w)y) — ((z — w)t, (2 + w)t))

+
2 (2.8)

0z _ A, + mw

+% (ha (2~ w)e, (2 + w)y) + M ((z —w)e, (2 + w)e))

Observe that if we prove the result for the solutions of (2.8) we are also proving
the results for the solutions of (1.5). i 1 .

Let us consider a hounded set B ('([""l'..()]- H (”’,l) x H'(0,1)). From, Lem-
mas 2.1 and 2.2, there exist K, independent of M and B, and ty > r. such that, for
any (wq, z9) € B,

H(”‘r- ‘:/)Hr'(l 0], L2(0,1) > L2(0,1)) ||(“‘/~3/)H<'([ 7, 0], LA (0,1) % L4 (0,1)) =k, (2.9)

for any + > ¢

(l.i\'vn '\”';\‘ in (1.5), and any 3> 0,let A>0 be the first cigenvalue of A — 1.

Fipst ”'1. 'Il‘l it is casy to see that orbits of hounded set of (2.8) are bounded
' W RE . N > 0, such that, for all —r < s < {,

in finite time, and therefore there exists

”(l{‘(s)- '.("*))Hlll.//l < N. B to) N |
Lot £, > g, be such that ¢ i '
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Let us concentrate now on the first equation of (2.8). Using the variation of

constants formula for this equation, one has

o
“,(/):{,(,\——<,,u21\1|m)/)(ffr(,)w(f“)+/ A= (FH2M 4 m) D) (1—s)
i

YL

(% (ha ((z —w)s, (2 +w)s) — hy (2 — w)s, (2 + w)s)) + ,xi’w(s)) ds.

Taking the H' norm on both sides, one gets

ot

H‘“(/)”II' .7,(,7(,\4!-51"_’/\1fm)(lfl.,lH”,(/“)””I +/ i s) l( (A BH2M +m)(t—s)
<t

1
(2 lh2 ((z = w)s, (2 + w)s) — hy ((z = w)s, (= 4 w)s) 2 + /fH“'(S)H/.-') ds.
(2.10)

From the definition of hy and hy, we get that, if t > ¢, 4+ »

b2 ((z = w)s, (2 + w),) = hy (2 — w),, (z +w)s) || 12
'”21'(5‘) (l vs—T) _ ul(s '/'2))

en 7
~ayugs) (1 - ’“"7\?”&) . U(N/\']._,/”> i
< ol e el Bl e ]
+ay [H'H(»*)H/,: + ””1(;,)1”1"' ””(”“\%:)“L . ”'ff*\}lh ' H“(h.x‘i\'/l)l)ulll}

. I 1 .
< uzh{1+ﬁ+ %ul/\'{u»:'.»-l,}/\-.

2Ky = 2Ky
Substituting this in (2.10) one has. if ¢ >t +r,

H“'(/)”/I' _ (.7{,\(J+21\/+ m)(t "')JV

of
+ / (f o ,‘-.‘) ri(,*(/\%-:14»2/\/+m)(l~s) (;[;'+ dl\') ds
t Z

O
2 1 | . i
< 1+(/ sT2e” M HB)syg
(

7 NS ¥ Ja ¥ I : . . . y
where (' is independent of A/, Proceeding in a similar way with =. we get the
result. ]

This uniform bound is actually all that we need to prove the existence of the
global attractor. We get that. if V is a bounded subset of €'(( r O], HY < H') then
Ur-oU(1)V is a bounded subset of H' % 11, where U(t) is the semigroup generated
by (1.5).

Therefore, since the semigroup is precompact, (1.5) has a compact global at-

tractor A (sce Hale [10]).



Synchronization in Herbivorous Population Models with Diffusion and Delays 83

3 Synchronization

In this section we will use the a priori bounds of the previous section to get

synchronization properties.

we get the uniform bounds, we can expect
to the diagonal as the coefficients permit,
We follow some ideas from Rodrigues

3.1 Closeness to diagonal. Once
that the attractor is going to be as close
that is, we can expect synchronization.
[21].

Let us consider a restricted
we define the following set:

set of parameters a, r and m. Let o p, > 0 and

A = {(a,r,m) € R}: 0<a<a,0<7r<p and 0 < m < p}.

From the continuity with respect to the parameters and the results in the
previous section, one can see the following lemma holds.

There exists a bounded set B ¢ C([-p,0], H'(0,1)) such that,
M >0 and M C C([—p,0), H'(0,1) x H'(0,1)), if
My, My} = M and |My — Ms| = m, there exists
c BxB, for cveryt = g and (ug,vg) € M.

Lemma 3.1
for all (a,r,m) € A, bounded,
ay,ag < a, 11,72, P1,P2 ST min{
to > 0 such that (u(t,ug,vo), vt o, Vo))

With this we have the following theorem.

Theorem 3.2 Let (a,r,m) € A and M C C([—p, 0], H'(0,1) x H'(0,1)). If
min{ M, My} =M and | My — My| = m, there exists

ar,ay < @, 7,72, P1,P2 <7 ) :
the solution (u(t,ug,vo), v(t, uo, Vo)) of

ty > 0, such that, for any (u(,.’l't)) eM,
(1.2) belongs to B x B and if M is big enough, we have

A(t=to) | u(to, o, vo) — ulto; o vo)||

5 O o
Koo K2

lo(t, uo, vo) — ult, vo, vo)ll < Ke~

(Y |5 (-
’”‘3] + Ko /\’ll‘

+L <|T| — To| +|p1 — pal + |ay

for every t > t,.

an assume that to = 0. This can be
to. Therefore we will prove that, if
)) € B x B for every ¢ > 0, then

Proof Without loss of generality, we ©

justified by the change of variables, t — t -
‘ : , X
(ug,v) € B x B is such that (ull 1o vo), (t, U, Vo

T i
H“(’. Uy, l'()) 1’(’- U, l‘“)H : I\(‘ ) ||I“ ”“H

| I
f/ (lﬁ f‘_g’ { |/)| /I'_g‘ } |(I| (lg) | I

o) Ky

I-()I‘ overvy

very ¢ > 0. ; Y. SO, o =

To | tl It. we will make, onee again, the change of variables (2.7) and
O prove the result, /¢ g

get that (w, ) satisfy (2.8)-
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Let us concentrate for a moment on the w equation. Adding and subtracting
terms, we get

w = Aw-—2Mw — mw
1 v(t —72)  u(t — po) ’
+§ ((I,g(l s [\,21 T)(l ll)
1 I 1 1
gt =0t = T )(— — ) =il — P} — =
Fagu(—v(t Tz)([\y21 1\'11) u( /)2)(1\’3-_) 1\.[2))
| 1
tagu(———(v(t — ) —v(t — 7)) - —(u(t — p2) — u(t — p1)))
A]l 1\|2
| 1
Fagu((———(t — 7)) —u(t — 1)) — — (u(t — p1) —o(t —p1)))
]\“ ]\]2
wult — u(t —
+ g —au(t - 221wt p))
Ky Ky

Now using the fact that the solution and its time derivative are uniformly hounded
(since they are in B), we have that

W < Aw —2Mw — muw
1 sa
+y (Rl + e + el - u

+%||“H%(|‘“(’ —71) —u(t —7)| 4 lu(t — p1) — v(t — p1)]|)

]\'21 T -I\T‘ o ”“H >0

Fallull o (JJo]]

2 Uhilloe + 00 172 = 7] + [z — pa])

H”Hl

+ |ag — (1‘1’7 (k + |lullos + Hl‘||x)> ;
where k = min{ Ky, K12, K3, K35}, And similarly if we denote w = u — v, thus as
long as u # v we can write, (if w = lu —v|),
w < Aw— (2M 4+ m)w
+o(w + w(t — 1) + w(t — ) + w(t —p1) +w(t — py))

1 1 1
+o [Tl = Tgl + ]/)1 —= /)2‘ + |ay — a2l + | —— — gy = == > 4
( | | o1 Ky Koy  Kip2
Taking M big enough, we finish the proof. O

As mentioned before, the last theorem is a synchronization result in the sense
that the solutions stay close to the diagonal. If the cocfficients for cach equation
were the same (that is, 7 — T2, P1 = P2, a1 = ag, K11 = Ky, and K, = K2), the
solution asymptotically goes to the diagonal, and all the dynamical behavior occurs
on the diagonal (u = v). If this is not the case, we will need stronger results.

3.2 Strong coupling. In this section we want to study the behavior of the
solutions, and more precisely, of the attractors, as the coupling M approaches
infinity. We know from the previous section that we will have synchronization, but
what else can we say? To answer this question we will follow Carvalho, Rodrigues
and Dlotko [2], which studies synchronization in parabolic equations without delays,
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and Carvalho and Oliveira [3] which studies upper semicontinuity of attractors in

parabolic equations with delays.

Abstract results

We will state an abstract result which can be found in [3], and which we will

use to get the behavior of the attractors.

Let v > 0 be a positive parameter, X, be a Banach space and A, : D(A,) C
X, — X, be the generator of a semigroup. Let A denote the fractional power of
A, and X the associated fractional power spaces.

123
Assume that the semigroup {T,,(t), t > 0} generated by A, satisfies

| T, (Hw| xs < Ne m")'ll'u’ll‘\-;;. t>0

&l —a ,—B(v)t].
|7, (w|xo < Nt lw|lx,, t>0,
for any w € X9, where () may depend upon the parameter v and N > 1is a
constant.
Consider the weakly coupled system

g(t) = Ay y(t) + fulye,vr)
(3.1)
o(t) = B o(t) + gu (Y, vi)
Let g C([-r,0],Y*) — Y* be Lipschitz continuous in bounded sets of
C([~7.0],Y®) and assume that
o(t) = B o(t) + g(vt) (3.2)
has a global attractor A in C([-r,0],Y"). Suppose that there exists a constant
K > 0, independent of v, such that the set
B— {ue Of=r,0, X2 x ¥*) ¢ Julloqoraxgxyn <K (33)

—r,0], X¢ x Y*) under the How defined by (3.1).

attracts bounded sets of C(]
C([—r,0],X2xY®) < R. Suppose

Let R > 0, (¢,%) € C([-r, O, X% 2 ¥9), (¢, 0)]
that there exist nonnegative constants My, Ly, depending only on R, such that

||fu(ﬁ/)~"/’)H.\',, < L,/'H‘/’H(‘([ 0, X2) 1 MA/*

and (3.4)

1P, (0, 0)ly < Le@)élleq-roxg) Mp(v),

where P, (¢, 1) = gu(0, ) g(1), and Lp(v), Mp(rv) — 0as v — 0.

Assume also that either of the following conditions is satisfied.

a) The flow defined by (3.1) is asymptotically smooth,

b) My =0 and the fow defined by o(t) = B o(t) + g.(0,v¢) is asymptotically

smooth,

¢) My =0 and Mp =0.

Theorem 3.3 Assume that A is a scctorial operator and that (1) — o0 as
v — 0. Assume also that (3.3) and (3.4) are satisfied and that cither a), b) or ¢)
above is satisfied. Then there exists vy > 0 such that, for 0 < v < vy, the problem
(3.1) has a global attractor A, and the family of attractors {A,, 0 < v <) is
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upper semicontinuous at zero, where Ay := 0 x A. Furthermore, if ¢) is satisfied,
there exists vy, such that A, =0 x A, 0 < v < 1.

Proof One can see [3] (Theorem 1.2) for the proof. L]

Application

We are now able to apply the abstract result of Theorem 3.3 to system (1.2).
We will fix from now on the parameters Ki; = Ky, a1 = ag, 11 = T2, p1 = P2
and m, while letting the coupling parameter M change, and actually we wish it
to tend to infinity. We already proved in the last sections that (1.2) has a global
attractor Ay in C([—r, 0], HY(0,1) x H'(0,1)). We also obtained a priori bounds in
C([=r,0], L>(0,1) x L>(0,1)), independent of M. In order to apply Theorem 3.3,
we will need once again to perform the change of variables (2.7) and get the new
variables (w, z), which satisfy (2.8). Once again, (2.8) has a global attractor Aas.

I order to rewrite (2.8) in the form (3.1), let X = L2(0, 1)and A, : D(A,) C
X — X be the sell adjoint operator defined by

i o 2 (e
lxqu{weuﬂunz}~f(%,/hw/w b, ¥ de DA, (3.5)
()‘II ]

Let X7 denote the fractional power spaces associated to A, endowed with the
graph norm.

Let also Y = L*(0,1) and B : D(B) €Y — Y be the self adjoint operator
defined by

o

D(B) = {(/) e H?(0, L s o ()}. B¢ =0A¢, VY ée D(B). (3.6)

oan

Let ¥ denote the fractional power spaces associated to — 3 endowed with the
graph norm. System (2.8) can now be rewritten in the abstract form

%)!};l - "'ll’”' + fl/(“'h ':I)
(3.7)
(())—/ = Bz + g, (wy, z),

in the space C'([-r,0

X2« YY2) where, as in (1.5) and (1.6), f, : C([-r,0],
,\',],/“) x Y1/2) 5 X and gv : C([-r,0], 4\',],/2 X )"/2) — Y are defined by
o ‘ |
Juld, ) () = —mo(0) + 5 (ho(v) — @, % + @) — hy (v — &, v+ o)) .
and
I
mww%U:mmm+;Mﬂw~¢w+m+hmwgwwwm

which is in the form (3.1) and, morcover, we will consider g() = g,(0,4).
Observing that [|¢|| y < cte-v'/2||¢|

X125 and using the uniform bounds in L™
that we got in the previous sections, we have that (3.4) is true with My = 0, and
Lp(v) — 0 as v — 0. Therefore we can apply Theorem 3.3 to obtain the upper
semicontinuity of the attractors {A| ,0<r< m,} at zero, or {AM, M < } at
infinity, where A, — {(0,2), z € .,4} and A is the global attractor of the problem

)z

| v
()7 = AZ t 2(/12(’./.;,) { /1|('./“,’,)).
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Thus, changing back to (u,v) we get the following.

Theorem 3.4 The family of attractors {Ay;. M < oo} of (1.2) is upper semi-
continuous at infinity where As = {(u,u) + u€ At and Ay is the global attractor

of the limit problem

w(t) = Ault) + = (hy (e, we) 4 ho (g, uy)) -

2
4 Persistence of periodic orbits

As mentioned in the introduction, if (1.7) has a stable periodic orbit, then we
will be able to show that (1.2) also has a periodic orbit. In order to simplify the
notation, and therefore the presentation, we will consider the following simplified
version of system (1.2), in which we can guarantee that (1.7) has a stable periodic
orbit. For the general case the same results applies but we will not know that the
limit equation has a stable periodic orbit. We consider the problen.

%!,4(:‘..:') — Au(t,x) + aju(t,x) (1 u(t —7,2)) — M(u(t,x) —v(t, )

(4.1)
(i;(/’(/‘.;-) =  Awv(t,z)+agu(t,z) (1 —v(t—7,2)) - M(v(t, x) — u(t, x))
for all + > 0 and x € (0,1), where ay,as, M and 7 are positive constants, plus the
following boundary condition
u(t,0) = u(t, 1) =0
(D) (4.2)
v(t,0) =v(t,1) =0

where t € (0,00). We will continue to consider only the following initial conditions

::((::))i(()) } for all (s,z) € [7,0] x [0, 1]. (4.3)

From the previous section, the problem is well posed in 2 x 2, where Z =
C((—7,0), HL(0,1)). We will denote by || - llas || - [l and || - flo the norms in Z,
H1(0,1) and L?(0,1), respectively. Moreover, we have that there exists a bounded
absorbing set M € Z x Z, independent of M, and from now on we will suppose
in this absorbing set, and also that M will indicate

that the initial conditions are
the bound in Z x Z, uniformly in M. Once again, if we consider the change of

variables
w— v
W="=g u=w-+2z
or (ll)
o e u+v v 2 w
) 2
we get the following system
%’;‘(/..r) Aw(t,x) — Muw(t,r) Ho-(w + (t,x) (1 = (w+ 2)(t —7,2))
%2 (z —w)(t,x) (1 - (2 —w)(t - 7,2))
?))‘(/..1') Azt z) L (w 4 2)(t,x) (1 — (w+ 2)(t —7,7))
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Denote by Ay the operator —A+ M1 in H}(0,1), and let Ay be its principal
eigenvalue. Also let
flw,z2) = T;J,(m +2)(t ) (1 = (w+ 2)(t — 7,2))

and e

glw, z) = ,:):,(,: —w)(t,x) (1 - (z —w)(t —T,2)).

V4

In order to prove the persistence of periodic orbits, we will need some estimates.
Estimate on |Juw|,
We have that [[wllo = sup [Jw(t + 60, 2)|;, and thus using the variation of

oe(—7,0)
constant formula, we get

ot )l < =0ty )
it - ) ;
4 MO0 ) f(w, 2) — gluw, 2 fods
of ;
< (,7/\/\1(1 I“)M“F[\’l(”lJ’z»M)/ e A (t '“)([*.%‘v) 2ds
Jty
'/\.\I(/ to) 1 )
= g sl +[\-I(”‘I«”‘2‘JM)/ CT N8 B ds
Jo
O
—An(t—tg) - s : i
< e M "M+ Ki(ay,ay, M) e A8 2ds
Jo

. —1 [
= e Am(t I”).M + [\[((I],(I‘Q.M)/\A[:l‘ (9) =

where I denotes the gamma function.
Therefore, for ¢t > 7, and assuming that ¢, = 0, we have

. 1 1 g
lwilla < e METIAL 4 Ky(ay, ag, M)A, 2T <;> : (4.6)

Estimate on

EN

In order to estimate z, we will introduce the limit equation

Y

Dy 11+ a .
((%(/..I') = Ag(t,z) 4 ”f'.;-g.l/(t-r) (1 —glt = r,z)], (4.7)

obtained by taking w = 0 in the second equation.

Let us compare 2 and y in Z, that is let us compute z1(20) — yi(yo)|lo, where
zo and gy are initial conditions in M (regarded as an absorbing set in Z). We will
drop the dependence on the initial condition in the notation bellow. But first note
that

flw, 2) = f(w,0) + £(0, z) — (f; (w(t)z(t — 1) + 2(H)w(t — 7))
and ”IU
g(w, z) = g(w,0) 4 g(0, z) e (w(t)z(t — 7) + z(H)w(t 7)) .

2
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Thus, for any t > t;, we have

z(t,x) —y(t, x)|
ﬂuﬂ“muwnamw

o
'%/ A=) (f(w,z) + g(w, 2) — f(0,y) - g(0,y)) ds|
I(l

< g Mol I”)”Z’()(()>*!/(l(())“l

of
(e [ oo
2 Jto

z(s)w(s — 7)|ods

v ay + as
b [ et B o) - S~ s

V4

t
1 / M=) (1 — ) 2| £(0,2) — F(0, ) lods

to
| / Ao(t=s8) (¢ — s) 'EH'(/((). z) = 9(0,y)lods
to

< e Ml 124(0) — yo(0)[[1

ot
+(@ +”‘~’>/ e M9 (¢ — g) 72 ||z(s)w(s — 7)lods

7

ol
=2 / e~ Mo(t—8) (¢ — S)/%[\"z((lrl«(L2’M)||'“’(-"‘)||1(ZS
I”

o= Mot=9) (¢ — )73 £(0,2) — f(0,)llods

-

+/ oMt (¢ — )2 g0, 2) — g(0,)llods,

and finally using the estimate on lw(s)||l1, we get

2(t,x) —y(t,z)|h
S e Ao(t- Iu)”:“(()) — U(;(U)”l

tas) [ .
+<ﬂ7g>/”kw”w~ﬂzwuww—ﬂmm
Jitg

ot e s o} 5
4 ,\-.,M/ e~ Mot=9) (p — )"z M) dg 4 K KAt Ay P T

& 1 ;
+/ oM (= g) | £(0,2) = F(O,) lods
Ill

o
i/ oMol (¢ — )72 g(0, 2) — g(0, y)llds.
Jito

1/2)

89
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atelv. First. we have for any
Separating terms, let us compute each term separately. First, we have for an
o< b1 €14,

s
/ (}'A(I(f/ ")(/ o H) ‘I:(' >)‘A’('\'71“)(IS
Ly

o ' Ao(t—s) N3 o= An(s—to) g
= + / C (t—s)"2¢ ds
./1] S

1 t4ty

(,A‘,('._,")<fll> / P Am(s—to) g (4.9)
2 i
b 1
gt
;|__(,*>\I\I(”;z” 1(,)/ (J*/\(l(ffs)(,78)7%(15‘
e §

< q’(f./().f[,]”)%‘\l’(/,f“,h.ﬂl),

IA

where

=AMt —t) ,— Ao (t I|)/2((, — ¢ ) A))f]/‘_z /.2)
; ‘ L= Aar(t—t1)
DOt ty, b1, M) = — ,‘/\7/\’77 .,,,7/ o (l e AM I

g
Lt ‘
Wt to, b, M) = ¢ A (Ht—to) / e~ Rolt=9) (4

|

8)” 2ds.
!llL

b

(4.10)
Remark 4.1 Observe that for any tg < t; < {, we have that

. ; . s antiable for
I. ® and ¥ are continuous for ¢ € [t1,00) and continnously differentiable |
t € (ti,o0);

2. Oty to, tr, M) = W(ty,to,ty, M) = 0; .
3. D(t,ty, ty, M) and W(t, ty, ty, M) are positive and bounded, for any ¢ =~ {13
4. lim O(¢, tg, ¢, M) = lim W(t, to, by, M) =0,

t—o0 t—o00
-
5

. There exists a t* = *(to, ¢, M), with * - ti, such that ®(t*, tg, t1, M) =
max (1, g, £y, M);
1>t
6. There exists a £** = t**(ty, ¢, M), with t** > ¢, such that Wt to. t, M)
= 111;}}( W(t, ty, t1, M);
2t

t

7. lim "= lim D(t*, by, 11, M) = 0;
M—00 M—ox

8 lim " = lim W(t** ¢, t1,M) =0.
M—oc M—oo

With this, we can take care of the next term.
for a moment that 0 <t—ty < 7. Then

ot
ay -+ ay —Ao(t—s) i
( > >/,( s el

< I\';;((l,l,(lg.M)Huu,H,,)\“ I(1/2).

‘ se
In order to do that let us suppos

2(s)w(s — ls
(s)u 7)|loc (1,]])
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On the other hand, if t — ty > 7, we get
ay -+ as ¥ |
< — “> / e~ Mot=8) (4 _ §)72||2(s)w(s - 7)|lods
. = Jtg
do+T ol
a1 + a: _ & |
= <l)_“)> </ 4 / e~ M0t=8) (¢ g)72||z(s)w(s — T)||”(l.s'>
- Jty Jtg+T
— 31 /e
< 1\;;”{1’()”“/\“ 41 (l/z)
g ‘ ' T ) |
FICy / e~ Mot=8) (¢t — 5)72 ((- Am(s—to) A 4 /\l/\A,Jl‘(I/Z)) ds
Jto+T
- .l, \ - - 7-1) \2 ¢
1\:‘““»“““/\” 2] (1/2) + 1\;;/\ 1/\[\[' | “(l/l) (112)
. 1 .
M [ eIt - s) eI s
Jilo+T

< Kallwollar 2T(1/2) + K3 KiAp2T2(1/2)
+ Ky M(®(t" (to, to + 7. M), Lo, to + 7 M)

S (Lo, to + 7, M), Loy to + T, M)).

Thus combining (4.11) and (4.12) we can write, for all £ > fg,

ay +ag [* L
% '2/ o Rolt=9) (1 — ) H|[=(s)w(s — 7)lods

¢
2 Jto

1 ST ‘
< Kallwollaro *T'(1/2) + Yty prtoo) (D E A TE(1/2) (4.13)
LMD to, to + 7, M) + Wt to, to + 7, M))),

where y; denotes the characteristic function on 1.
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For the last terms, once again, let us first assume that 0 <t—1tp < 7. Then

ol
/ e M=) (¢ — §) 2| £(0,2) — £(0,y)|lods

to

ot
+ / e — 5) 72 1g(0, 2) — g0, y)[lods

J it
1t
- s Lay + ap
= / e Aot s)(f - S) 2 By
Jio =

()X = 2(s = 7)) = y(s)(1 = y(s — 7)), ds

ot
_ e 2 (1
_ / e Ao(t -*)(It - .S‘)ié 1t l;)

P
Lo 2

(=) = y(5)) = 2(s)2(s — 7) + 2(s)y(s — 7) (4.14)

—z2(8)y(s = 7) + y(s)y(s — 7)||ods

1+ as A o 1
<( 1 ; G ) l/’“ oot .)(, —§) 2 (H:(*) . ‘!/(-*)Hl

+M

IN

20 = Yolla + Ml2(s) = y(s)|, )ds

. — Lo
Ky(ay, ag, M)A, “T'(1/2)]1z0 — yolla

IA

.t
+Ks5(ay, az, M) / gmuli~E) iy 8)" 2 1z(s) — y(s)|l1ds.
t

v Lo

Ift —ty > 7, then we Just use the Lipschitz continuity of f and ¢ to get

/ et — 5) 721 £(0,2) — £(0,y)[lods

v Lo

"t
+ / g roR—a)fy .5‘)7‘1’ 190, 2) — g(0, y)|lods (4.15
'

bl 0]

ads.

Zg — l/s|

ot
< [\r(i((lvl.(lyg.M)/ e ’\”“'”)(l‘ — .9)75
t

Lo

)
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Thus putting these inequalities all together, we get

|2(t, z) — y(t, z)|1
< e M=) 24(0) — yo(0)[l1 + KllwollaAg *T'(1/2)

77‘! 12 ¢
+\(“l‘,r.J{,‘xl)(l)lV[\':‘]\']/\l‘]‘-l )(1/2)
FEM (D(t*, o, to + 7, M) + (", to, to + 7, M))]

+ KoM (Ot (to, to, M), to, to, M)+ W(t**(to, to, M), to, to, M)
+ K1 KX, N 2T3(1/2) (4.16)
+\[’(v,in+rl ([\1)\(7 ! I‘( 1/2)”:“ - y“““‘

+Ks / e M) (1 — )72 [l2(5) — y(5)1ds)

Jto

ol
. . S .
*"\(/',—or.+r\c)1‘“/ e MU= (¢t — 5)7 2 ||2g = slads.

Jito
In order to simplify the notation above, let us denote by:
4
My = e+ Kyh, *T(1/2);
— & 21w ; -1
Mi(M, |lwolla) = Ka KXy T (1/2)+ Ks||lwollaXg 2T(1/2)

F KM (D to, to + 7, M) + V(™ Lo, to + 7, M))

+I"2M (q)(t*v th t()» AJ) Tt \I’(t**’ Lo, t()v A[)) (417)

1

4 Kb Sy PTALE2R

M, = Ks+ Ke.

Therefore, for any t = to, we have that

ot
M()HZ()",’/()||u+]\'71(]\"[» [wolla) + Mo / (t—s)" 2]z —Ysllads. (4.18)

H’ZI — Ut ||(v .<
0

Now, applying Lemma 7.1.1, page 188, from [12], we get that, given T" > 0, and
for any to <t < T, we have

Zt — ‘!hH,. < (Mpl|zo — !/n||” b My (M, H'”’()Hu)) 19‘1/2((/\121‘“/2))2’). (4.19)

where
X STf2

Bpal2) = 2 T(n/2+1)

n—>_0

Estimate on De(w, 2)(t)
i Y ad ” - AP AP -
Let us consider an initial condition § (wy, zo) for (4.5), and the corresponding
solution w(t, ty, €). We want to estimate

|| De (w, 2)(t, to, &) (wy,wa) — (0, D.,y(t, to, z0)w2l zx z-
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We know that for cach w; € Z, (U, V) = De(w, z)(t, ty, &) (wy, ws) is a solution
of
d ) > .
(—H(/ + AU = {7 (I-—(w+2)(t—7))+ > (1—¢ w)(t — 7‘))}
Ul(t
- {% ((w+2)(t)) + ”72 ((z—u )(I))} Ut —71)
I - (1o
*{%”'*“W~W~Tﬁf§(“+«zuwfﬂﬁ
V(¢ N

d., B WA 2)t—7)) = 22 (1 = (5 — an\(4 —
G/ A = A=) - 2 (- G- - )
U(t)
{5 (0t 20) - 2 wyen}ue - 1)
{“{{"?I(l “((1 1 ,)(/ T))+ (;:,(l ( 7”1)(/ T))}
V(1)
{5 @)+ 2w} v -
) 3 (4.20)
plus the initial conditions
Ulto) = w
V(to) = wy
Similarly, Y = D_ y(t. t,, Zo)ws 18 a solution of

/ = +’ 0D = 9
Y TAY =TTy - DR v )
dt 2 2

plus the initial conditions
)'(/“) = Wa.

Once again, proceeding as in the last subsection, we can make
H/)g(“’~ z)(t, to, f)(u«‘l«w'z) — (08 D, y{t, to, Ctl)w‘;’)HZy Z

small, uniformly in ¢ and (w,w,), making [[wy || small, and M large.

The Poincaré map

Now let us suppose that the limit equation, that is (4.7), has a periodic orbit
p(t) with period 7', and let us suppose that it is stable. Then, following [12] (page
259), we can define a “surface section” § and a Poincaré map &. With this we can
extend this section S to the product space and get a new section (for a eiven ¢ > 0)
S = B.(0) x 5. Since we can take ¢ small (that is [Jwg || small) and M large. we
have that (foliating this neighbourhood) this is still a surface section, and we have
a Poincaré map well defined for (1.2). Using the fact that the derivatives are closed
and that & is a contraction (pis stable), we get that this new Poincaré map is a
contraction and thus has a periodic orbit.

Therefore, we had just proved the following theoren.
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Theorem 4.2 Let us suppose that (4.7) has a stable periodic orbit. Then for

M sufficiently large, (4.1) has a periodic orbit which is close to the diagonal, and

to the periodic orbit of the limal cquation.

(1]

[2

3

]

=2 31

(7
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