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ABSTRACT. The theory of characteristic functions is well known in Probability Theory and the cha• 
racteristic function is a useful tool for the determination of moments of random variables and for the 
derivation of asymptotic distributions of sequences of random variables. In this paper we give 1he first 
steps in the theory of Walsh characteristic functions, connected with the concepts of Walsh functions 
and dyadic differentation. 

RESUMO. Sobrefunfoes caracteristicas de Walsh. A 1eoria das funcoes caracteristicas e bem conhcci­
da na Tcoria das Probabilidades ea funcl!o caracteristica e uma ferramenta util para se dcterminarem 
momcntos de vari:lveis aleat6rias e distribuic0es limites de seq0encias de variaveis aleat6rias. Neste ar­
tigo damos os primeiros passos para uma teoria de func0es caracteristicas de Walsh, relacionada com 
os conceitos de fun,oes de Walsh c diferenciabilidade didatica. 

WALSH FUNCTIONS 

In the last deo:ade 1he Walsh functions have become 
increasingly important and many applications have 
been proposed, especially in the field of communica­
tions engineering. See Bass (1970) and Schreeber 
(1974), for example. These functions appear to be 
ideal to analyse linear, time-variable circuits based 
on binary digital components, as opposed 10 linear, 
time-invariant networks, where the complex expo­
nentials are the natural tools. See Moreuin (1973) 
and Pichler (1970) for applications of Walsh func• 
tions in linear system theory. According to Harmuth 
(1972), among the proposed uses, it seems that the 
areas of digital filtering and digital multiplex equip­
ment are the most promising. 

The Walsh functions were first introduced by 
Walsh (1923). Fine (1949), Chrestenson (1955) and 
Morgenthaler (1957) have developed a theory of 
Walsh-Fourier series and most of the results parallel 
those of the classical trigonometric series theory. We 
denote by l,/,(n,x), n = 0, I, 2, ... , 0 s x < 11 the or­
thonormal system of Walsh funct ions in the sense of 
Fine (1949). These functions are periodic, of period 
I and the fir~t eie,h1 are il lustrated in fieure I. 

The generalized Walsh functions were introduced 
by Fine (1950). Let t and x non-negative real num­
bers and consider their dyadic expansions .. .. 
t= 1: t;•i-•,x= 1: x, · 2 1, 

J • - 1' J • - M 

t,.x, E 10,IJ. (I) 

Define the addition modulo 2 by .. 
t@x = l: (1; $ x,)2- i, 

I• - L 
(2) 
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where L = max IN,MI and 1, EBxJ is the usual (com­
poncntwise) addition modulo 2 for the integers 0 and 
1, that is, 

0$0 = I EB I= o. I $0 = 0$1 = I. 

Then, we define the generalized Walsh functions 
1,/,(t,x), t ;.:: 0, x ;?, 01, by 

'1 .- I 

,/,(t,x) = exp lri ~ i.,x, • • I 
l - N 

(3) 

where t and x have dyadic expansions given by (I). A 
useful property is that, for each y and almost all x, 

,/,(t,x e y) = ¢-(1,x),/,(1,y), (4) 

the exceptional x being those for wich x e,; y is a dya­
dic rational. For further details see the above mentio­
ned papers of Fine. 

DYADIC DERIVATIVES 

The theory of dyadic differentiaiion was initiated 
by Gibbs and Millard (1969) for the discrete case and 
expanded by Pichler ( 1970) for real-valued functions 
of a continuous, non-negative real variable. Ir is 
such a function, we attach to r a function f1' 1 given 
by 

flll(t) = ~ (f(t) - f( t EB 2- •12•- 2 
l - ., 

(5) 

If 1111 exists, we call it the firs/ dyadic derivative 
off. In general, define 

flll(t) = flll(tl' - IJ(t)}, 

k = 2,3,4, ,., I• follow in particular that 

,/,lll(t,x) = X. ,/,(t,x), 

(6) 

(7) 
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Figure I. The first eigh Walsh functions. 

for all 1,x .:: 0. This is similar 10 

(8) 

Relation (7) shows that the Walsh functions are 
eigenfunctions of the dyadic differential operator, 
satisfying 

f1 11 - xf = o. 

WALSH CHARACTERISTIC FUNCTIONS 

Let X be a rando m variable (r .v.) defined on a 
probability space fl,A,P) with values in (<R . , IB . , 
P, ), where <R • is the set of non-negative real num­
bers, {3 • is the Borel field on <R and P, is the proba­
bility measure induced by X. 

We define the Walsh characteristic function 
(WCF) of the r.v. X, or of the probability measure 
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Px, or of the corresponding distribution function 
(d.f.) Fx of X, to be 

f(t) = E(if,(t,X)I = l,J,(t,X(w)dP(w) = 

=<R t ,J,(t,x)dPx(x) = j: ,J,(t,x)dFx(x), 

We see immediately that: 

(i) f(0) = ~ dP(w) = I, I f(t)I :s I = f(0); 

(ii) fis uniformly W-continuous•, since 

(10) 

(II) 

l f(t EB h) - f(t) I :s 1;1 ,J,(t EB h,x) - ,J,(t,x) ldFx(x) 

(4) 1; I f(t,x) 1 lf(h,x) - I I dFx(x) - 0, ash -
0, independent oft, since (,t,(t,x)I = I and l ,J,(t,x) 
- I I :s 2, using the Lebesgue dominated convergence 
theorem; 
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0 ll(t) = E~ (j., ,J,(t,x) df'x(x) - j
0
"' ,J,(t EB 2- •, x) 

k • - 8 0 
dfx(x)J21- - 2 = 
= t ;~ .. ll; ,J,(t,x) dfx(x) - l; ,J,(1,x) ,f,(2- •,x) 

dFx(x)J2t - 2 

= E., (j
0
"',t,(t,x) I I - v,(2- t, x)I dFx(x))2• - 2. 

k • - o. 

Now, by (3), 
,t,(2-• ,x) = exp(1ri x1 _•I, 

and 

Therefore, 

0ll(t) = E°' IIN(t,x)x, _ • dfx(X))2k - 1, 
1r. - - <ID 

or 

(iii) If y = axe b, then fy(I) = f(t,b) f.x(t). 0IJ(t) = I" E.. x, - k 2k - 1,J,(t,x) dfx(X). 
0 .. . - - • 

Let X1, X2 be r.v. 's with d.f. ' s F,, F2, respective- By the substitution· I _ k = j, we obtain (13): 
ly. Define their dyadic convolution by 

(12) 

With an argument similar 10 that of Chung, 
1968, page 134, we can prove the following 

Theorem 1 - Let X1 $ X2 be the dyadic sum of X1 
and X2. If X1 and X2 are independent, with d.f. ' s F1 
and F2, respectively, then the d .f. of X1 EB X2 is F, EB 
F2 , • 

We have also the result that follows. 

Theorem 2- If X1 and X2 are independent r.v. ' s, 
the WCF of X1 EB X2 is the product of the individual 
WCF of X1 and X2. 

Proof - immediate, since 

fx1 e x2 (t) = E (,J,(t, X, EB X2)1 = E(,J,(1,X1),t,(t,X2)1 
= E( ,J,(l,X1)l E(\f,(t,X,i) I = fx1 (t)fx2 (1). The second 
equality follow by (4) al'ld the third by the indepen­
dence of X1 and X2. 

We now show that n1J(t) can be computed in a si­
milar way of 

f ' (t) = ( .. e;"'(ix)dFx(x), 

for the usual characteristic function . 

Theorem 3- If X isa r.v. with WCF f(t), then 

011(t) = 1: x • ,J,(t,x) dFx(x). 

Proof - By definition (5), 

(13) 

• The function f(·) of period I is W-continuous at x E 10, I) 
if given & > 0, there is o(&, x) > 0 such that f(x Gl y -
f(x) I < &, whenever O :S y < o(&, x). Sec Morgenthaler 
(1957). 

It is easy to see that , in general, we have 

tltl(t) = l°'x•,J,(t,x) dfx(x), 
0 

k = I, 2, 3, ... 

(14) 

P uuing I = 0 in (14), for k = I and k = 2 we ha­
ve 

flll(0) = 1:x,J,(0,x) dFx(x) = 1;xdfx(x) = E(X), 

fl2l(0) = j°'x2dfx(x) = E(X2), 
0 

from what follows that the varjance of X is 

Var(X) = fl>J(0) - [flll(0))l. (15) 

From (14) we obtain the k-th moment of X as 

E(X•) = flk) (0). (16) 

k = I, 2, 3, ... 

COMMENTS 

These are the first steps in this theory. To be ope­
rational, delicate theorems as the uniquess and conti­
nuity theorems have 10 be established. A topic for 
further study is 10 use the concept of strong derivati• 
ve, introduced by Butzer and Wagner (1973), which 
generalizes the concepts of dyadic derivative presen­
ted here. 
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COMPORT AMIENTO REPRODUCTOR ABERRANTE EN Columbo Livia 
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RESUMEN. Sc describe una sucuencia de compor1amientos interpretados como ofrenda nupcial y 
comportamiemo constructor en una pareja de palomas Columbo livia. Sc trata de un aporte de ele­
mentos metalicos (clavos, tomillos y alambres) efectuado por el macho, recibidos y tirades fuera del 
nido por la hem bra, lo que signific6 un aporte de 551 objetos metalicos con un peso de 1kg, 343g. 
Durante el periodo de nidificaci6n la pareja cont ruy6 pane de su nido con ese mismo tipo de materia• 
les metalicos, cumpliendo pues1as e incubaci6n normal. 

ABSTRACT. Aberrant reproduclor behavior in Columba livia. A sequence of behaviors interpreted as 
nuptial gift and construc1ive behavior in a couple of Columbo /ivia is described . It deals wi1h the car• 
rying of metallic objects (nails, screws, wires) by 1he male, to the nest, and received a nd thrown by the 
female, 1otalling 551 metallic objects with a weight of 1.343kg. 

During 1he nesting period, the couple built par! of i1s nest with the same kind of metallic materials, 
performing normal egg-laying and incubation. 

RESUMO. Compertamemo reprodutor aberrante em Columba livia. Descreve-se uma seqiiencia de 
comportamen1os intcrpretados como oferenda nupcial e comportamento construtor num casal de 
pombas Columbo livia. Tra1a-se de uma con1ribui,;.lo de elementos metalicos (pregos, parafusos e 
arames) efetuada pelo macho, recebidos e atirados fora do ninho pela femea, o que significou uma 
contribui,;.lo de 551 obje1os metalicos com um peso de I kg, 343 g. Durante o periodo de nidifica,;ao o 
casal construiu parte de seu ninho com esse mesmo tipo de materiais metalicos cumprindo as posturas 
ea incubae.lo normalmente. 

I. INTRODUCCJ6N 

En la presente comunicaci6n cxponemos un caso 
panicular de comportamicnto, en relaci6n con el sc• 
xual y rcprod uc1or, obs« vado por azar en una· pare• 
jade palomas , en el 2? piso de la Facultad de Huma­
nidades y Cicncias. 

II . OBSERVACIONES 

La parcja en cucs1i6n - duran1e el 010110 - eli• 
gi6, para nidil'icar, la minuscula plat a for ma pro1egi• 

da situada en una de las columnas metillicas de Smts. 
56 de altura, que soponan el 1echo dcl corrcdor del 
2! piso. Los cuatro eorredores de cada piso cncua• 
dran los pa1ios abienos del edificio. Tai ubicaci6n 
del nido nos fue advenida por las deyecciones caidas 
al piso desde la col um na . 

Observamos asi, quc ambos in1egrantcs de la pa• 
reja. quc permanecian largo rato en la indicada re• 
ducida plataforma cfectuaban frecuentes viajes en 
espacio abieno, especialmemc has1a la azotea <lei 
3er. piso. Al regresar se posaban sobre dicha plata­
forma, segurame111e en 1ales condiciones que se cum-
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