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1. Introduction

One of the early applications of Tate’s famous “proof of the Tate conjecture in the

case of abelian varieties over finite fields” [12], was a less than four pages note [14]
by Tate and Shafarevich. The note explained that elliptic curves E/F,(t) exist with
arbitrarily high rank of the group of rational points E(Fy(t)), for any finite field Fy
of characteristic # 2. The proof used quadratic twists over Fy(t), hence the function
fields of hyperelliptic curves over IF,. The analogous result in characteristic 2 was
added by Elkies [5], who used this case to construct (Mordell-Weil) lattices with
very good sphere-packing densities. The exposition in [8, Chap. 13] (in particular,
§13.3.1) included an overview of these Tate-Shafarevich results.

In [2], a variant of the approach was presented, using quartic and sextic twists
instead of the quadratic ones. This means that the hyperelliptic curves in the orig-
inal results are replaced by cyclic degree 4 or 6 covers of P! [and to allow quar-
tic/sextic twists, only elliptic curves E with Aut(FE) # {£1} are considered]. The
assumption used in [2] was that the characteristic p in which the elliptic curves are
considered is either p = 3 mod 4 or p = 5 mod 6 (to assure that E is supersingular).
At least in the specific example of E : y? = 23 4+ tP*! + 1, this offers an alternative
proof of results by Shioda in [9].

The aim of this paper is to extend the methods in [2] to the case of quartic twists
in characteristic 2. Specifically, we start (characteristic 2) with £ : y* +y = 2® +x
and its order 4 automorphism ¢(z,y) = (z+1,y+ x). We take a curve C' admitting
an automorphism o of order 4. Then, (E x C)/{(. x o) — C/(o) defines an elliptic
surface. We describe this surface and we present the conditions allowing us to find
the Mordell-Weil rank of the given elliptic surface. In particular, this gives rise to
(new) examples over Fan (t) of arbitrarily high rank.

2. Preliminaries

This section reviews the properties of a specific (supersingular) elliptic curve defined
over Fo. Moreover, the special case “characteristic 2” of a result by Artin and
Schreier [I] is recalled, describing all field extensions L D K of degree p? in charac-
teristic p > 0 that are Galois with a cyclic Galois group. We also cite a consequence
of Tate’s result [I2] on endomorphisms of abelian varieties over finite fields impor-
tant in the presented approach. Finally, our rank formula is presented. Its proof
and various examples are described in the remaining sections.

The elliptic curve E/Fs : 42 +y = 23 + 2 admits the automorphism ¢ given by
t(z,y) = (x + 1,y + z). One verifies 1 = [—1], which implies that ¢ has order 4. It
is related to the Frobenius endomorphism F on E given by F(z,y) = (22,9?) via
F = [—1] 4+ . As a consequence,

22n 41 if n =1 mod 2,
#E(Fa2n) = deg([1] — F?") = { (2" —1)? if n = 0 mod 4,
(2" +1)? ifn=2mod 4.

2541025-2



J. Algebra Appl. 2025.24. Downloaded from www.worldscientific.com

by UNIVERSIDADE DE SAO PAULO on 12/01/25. Re-use and distribution is strictly not permitted, except for Open Access articles.

Tate—-Shafarevich results for quartic twists in characteristic 2

In particular, this shows that E/Fg2. is maximal precisely when n = 2 mod 4,
respectively minimal if and only if n» = 0 mod 4. Recall that a (smooth, com-
plete, geometrically irreducible) curve C'/F 2 of genus g is maximal iff #C(F2) =
¢* + 1 + 2gq, respectively minimal iff #C(Fp) = ¢* + 1 — 2g¢ (compare e.g.
[LT}, Definition 5.3.2]).

The results in this paper use non-constant morphisms C' — X defined over
Fy, where C, X are curves and ¢ is a power of 2. This is done assuming that
the corresponding extension Fy(C') D Fy(X) is Galois with cyclic Galois group
of order 4. In other words, C' admits an automorphism o of order 4 and X = C/(0)
(and the morphism C' — X is the quotient map). As a special case of [II, Sec. 2],
Artin and Schreier described all such extensions: take A € Fq(X)\p(F4(X)), where
p: fr f2+ f. Take any B € Fy(X). Then, F (C) = F (X)[r,s] with r? +r = A
and s2 + s = rA + B. In this form, the automorphism ¢ is determined by

o(s)=s+r, o(r)=r+1. (1)

One has the “intermediate” curve H := C/(0?) with the function field F,(H) =
F,(X)[r], and the morphisms of degree 2

¢ —-H—X.
Using these notations, our main result states the following.
Theorem 1. Let E p/F2(X) be defined by the Weierstrass equation
y?+y=2a"+A2® + (A+ 1)z + A*> + B.
Assume that both C/F g2 and E/F 2 are maximal (or both minimal). Then,
vank By p(F,2 (X)) = 29(C) — 2g(H),
where g(C) and g(H) denote the genera of the curves C' and H, respectively.

An ingredient in the proof (and similarly in other instances of the Tate—
Shafarevich approach) is the determination of rank E(F,2(D)) for a curve D/F 2,
assuming that both D and E are maximal over Fg> (respectively, both minimal).
Identifying E(F,2 (D)) with Morg , (D, E), the Albanese property of a Jacobian,
yields an exact sequence

0 — E(Fy2) — Morg , (D, E) — Homg , (Jac(D), E) — 0.

Hence, rank E(Fg2(D)) = rank Homg , (Jac(D), E). The maximality condition on
D and E implies that the characteristic polynomials denoted by fg and fy..(p) in
Tate’s paper [12] equal (T + ¢)? and (T + ¢)*P) (and q replaced by —¢ in the
minimal case). It hence [12] Theorem 1(a)] implies

rank E(F 2 (D)) =4 - g(D).
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3. The Quartic Twist

In this section, we explain the explicit equation for E4 p appearing in Theorem [
Fix ¢ and curves C, X over F, and o € Autg, (C) determined by A, B € Fy(X) as in
Sec. [2l Using moreover the elliptic curve E and its automorphism ¢, the projection
E x C — C induces a morphism

(ExC)/{(txoy—C/{o)=X.

We will show that this defines an elliptic surface over X, in fact by establishing that
its generic fiber is the elliptic curve E4 g/F4(X). This is done by determining the
subfield F of F,(X)(x,y,r,s) of elements fixed by the action of the automorphism
L X 0. Since

txo:(x,y,rs)— (x+Ly+azr+1,s+7),
it is easy to see that x + r, 2 + = belong to F. We then have
Fo(X)(z + 2% + 7) CF C Fy(X)(2,4,7.5).

As a consequence, ¢ x o yields an F,(X)(x + r,2% + x)-linear map. Consider the
chain of field extensions

Fo(X)(z+r2° +2) CF(X)(2,7) CFy(X)(2,9,7) CFy(X) (9,7 5).
Each consecutive extension is of degree 2 (because of the equations for F and C).
Hence, Fy(X)(x,y,r,s) has degree 8 and the basis
{17 xr,Y,xryY,Ss,Ts,yYs, l'ys}

over Fy(X)(z + r,z%> + z). In terms of this basis, the automorphism ¢ x o is
represented by the 8 x 8 matrix

1 1 0 2242 z2+r 22+r 2242 (2®*+2)(z+7r)

0 1 1 0 1 z+r x4+r+1 22+
0 0 1 1 0 0 T+ 2 +r
0 0 O 1 0 0 1 T+
0 0 0 0 1 1 0 2?2 4
0 0 O 0 0 1 1 0
0 0 O 0 0 0 1 1
0 0 O 0 0 0 0 1

The eigenspace associated to the eigenvalue 1 (i.e. the elements fixed by the
automorphism) consists of the vectors

(a1, (x + 1)as, as,0,as,0,0,0).

It follows that [F : Fy(X)(z + r, 2% + )] = 2 and a basis for F over F (X)(z +r,
2?2 + ) is given by {1, (z + )z +y + s}. Let

n=@*+r)-14+1-(z+nr)z+y+s)=y+re+r+s and &=x+r
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Since €24+ ¢ =22 +r2 + 241 = 22 + v + A, the elements ¢ and 71 generate the
field F over Fy(X). One computes

=yt 4@+ 1)+ 82 =y 4 (4 A 4 1)+ s
and

P 4+n=2"+(+A)2"+ @+ D+ (r+1)A+B.
Since

=3 tr?+r22+r =2 +r* + (r+ Az + (r+ DA+,
it follows that
P +n+E =A2? + (A+ Dz +r=A@? +2) +z+7+B.
Finally, the relation
rr=E+E6+A
results in
P+ =€+ A + (A+1)E+ A% + B, 2)

which is the defining equation of E4 p over F (X). Note that the j-invariant of
E4 p is 0 [as is obvious by construction, namely the degree 4 base change C' — X
results in the isotrivial elliptic surface E x C' — C with generic fiber E over F,(C)].
Explicitly, by construction,

E’:EA7B,
E+rn+rE+A+s) —(§n), (3)
(x,y) — (x+ry+re+r+s).

The discriminant of the Weierstrass equation for £4 g equals 1. Hence, only at the
pole(s) of the functions A, B the elliptic surface over X may have singular fibers.

4. The Proof of Theorem [1

The automorphism ¢ on £ induces an automorphism on E'4, p which we again denote
by ¢, namely

v (&m) = (E+1,n+8).

Note that ¢? = [~1]. Let C be the curve discussed in Sec. 2] (and in particular, in
Theorem [I). Then,

V =Eap[Fe(C)®Q
is in fact a Q(i)-vector space, by setting
i-(P®a)=1P)®a.

The automorphism o given in Eq. ([l induces a Q(i)-linear map 7 : V. — V as
follows: Write

P = (xo + 217 + 225 + 375, y0 + Y17 + Y25 + Y375),
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with z;,y; € Fg(X), then
T(P®a)= (x0+ 21 +x3A+ (1 + 22)7r + (22 + 23)s + 2378,
Yo+ y1 +ysA+ (y1 +y2)r + (v2 + y3)s + yars) ®a.

Note that Q(i)-linearity follows from to7=7o0cv0on V.
We will use 7 to decompose V' as the sum of eigenspaces. Since 7* = idy, the
eigenvalues of 7 are contained in {41, £i}, hence

V = Ker(r —idy) ® Ker(r + idy) @ Ker(r — i - idy ) @ Ker(r + i - idy).
We will now study each eigenspace:

e Ker(r —idy): Comparing the coordinates, one sees that 0 # P®a € Ker(r—idy)
if and only if

P®a= (I07y0)®a7

with (zo,y0) € FEa,(F;2(X)). Therefore, this eigenspace is precisely
E4 B(Fp (X)) ® Q. In particular,

dimg Ker(7 —idy ) = rank B4 p(F 2 (X)).
e Ker(r +idy): Here, 0 # P ® a € Ker(7 + idy) if and only if
P®a=(zo,y0 +7)®a,

with (20,50 +7) € Ea,p and xg,yo € Fp2(X). From the isomorphism between F
and Ea p given in Eq. @), it follows that those points on E correspond to the
points of the form

(xo +7,y0 + 7 +rzo+ A+ s).

From [10, Proposition A.1.2], we know that the automorphism group of E consists
of the automorphisms

(z,y) = (WPr + a,y + u’a’z + ),
where
w=1, ot+a=u’+1, F+B+a*+a=0.

Choose u = 1, a € F4\F3 and 8 any root of 32+ 3 = a® + a = 1+« (which is an
element of Fi6\F4). The assumption that E/F, is either maximal or minimal,
implies that the automorphism given by w,a, 3 is defined over Fg .. Composing
it with the isomorphism given in Eq. [3), one obtains

(zo +7,y0 + 7+ 7130 + A+ 8) = (20 + @, Yo + (0 + 1)wo + ).

The resulting points are invariant under the action of o, so Ker(7 + idy ) can be
identified with a subspace of Ker(r — idy ) and therefore,

dimg Ker(7 + idy) < dimg Ker(r — idy ).
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On the other hand, starting from a point (zg,yo) ® a € Ker(r — idy ), the same
procedure with the same isomorphisms shows

dimg Ker(7 — idy) < dimg Ker(7 + idy)
and so, one concludes
dimg Ker(7 + idy) = dimg Ker(7 — idy) = rank E4 p(F 2 (X)).
Ker(7 — i - idy): Now, we have P ® a in this eigenspace if and only if
Poa=(xo+ryo+zo-r+s) ®a,

with (zo + 7,90 +x0 -7+ 5) € Ea p and xg,y0 € Fy2(X). This translates into the
condition that (xo,yo) is an Fg2(X)-rational point on the elliptic curve

Eg vV’ +y=2+z+ A

As in Sec. @ let H — X be the curve corresponding to r* +r = A. Over F,(H)
we have E ~ FEpy, in fact, an isomorphism (and its inverse mapping) is given
by (z,y) — (x,y + ). In other words, Ex is a quadratic twist of E/F(X), see
e.g. [B Bl Sec. 3] for similar examples. The assumption that both C' and E are
maximal over F 2 (or both minimal) implies that the same holds for both H and
E. Hence, as explained in Sec. 2

rank By (Fp2(H)) = rank E(F 2 (H)) = 49(H).
The curve Ey being a quadratic twist of E/F 2 (X) implies in particular that
rank E (Fp2(H)) = rank Ep (Fp2 (X)) 4 rank E(F 2 (X)),

as is shown by decomposing the group up to a finite index into eigenspaces (with
eigenvalues +1 and —1) for the action of Gal(F,2(H)/F;(X)). Reasoning as
before yields

rank Ep (Fp2 (X)) = 4g9(H) — rank E(Fp2 (X)) = 4g(H) — 49(X),
leading to the conclusion
dimg Ker(7 — i - idy ) = rank Ey (Fp2 (X)) = 49(H) — 49(X).
Ker(7 +1i - idy): The last eigenspace is generated by the vectors P ® a such that
P=(xo+ryo+ (xo+1)r+s) € Eap,

with zo,y0 € Fg2(X). Using the equation of E4 p, this means that (zo,y0) €
E(F,2(X)). Reasoning as before shows

dimg Ker(r + i -idy) = 4g(X).

The maximality /minimality assumption on C and E implies dimg V' = 4¢(C),

hence one concludes

49(C) = 2rank B4 g(F2(X)) + 49(H) — 49(X) + 49(X),

finishing the proof of Theorem [
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5. Genera of the Curves C and H

To make the result in Theorem [[]more explicit, we review some results on the genus
of the curves considered, in the special case that X = P'. Then F,(X) equals the
rational function field F,(t). We consider the case that A = A(t), B = B(t) are
polynomials in ¢. In particular, this implies that the elliptic surface over P! defined
by Ea,p has only one singular fiber (namely at ¢ = co).

The change of variables (7 = r 4+ ¢,5 = s + ¢r + d) with ¢,d € F,[t] brings the
system

r? +r = At),
5?2 +s=rA(t) + B(t)

in the form

where A(t) = A(t) 4+ 2 4+ cand B(t) = B(t) + (2 +c)A(t) + A + 2 +d*> +d. As a
consequence, for the properties of the curves C, H over F,, without loss of generality
one may assume that A(t) + A(0), B(t) + B(0) € tF,[t?] (in particular, this results
in polynomials of odd degree). We omit a proof of the following well-known result.

Proposition 2. If A(t) € Fy[t] has odd degree, then the genus of the hyperelliptic
curve

H:r*4+r=At)

in characteristic 2 is g(H) = —deg;_1~

Considering the curve C, the result is as follows. For convenience, a sketch of
the proof is added.

Proposition 3. If deg A(t) and deg B(t) are odd, then the genus of the curve C' is
~degA—3 2-deg B+ degA—
g(C)_maX{5 eg2 37 eg J; eg 3}'

Proof. We use the notations as in [II], Proposition 3.7.8] and some Artin—Schreier
theory for our wildly ramified field extensions

F' =F,(t,rs),
g :Fq(t,r),
K =T,(t).

There is only one place (called Py, here) in Pr lying over P, ;; and above each finite
place Pi_,, € Pg, where o € Fq, we have two places in Pr, denoted by P? and P!.

2541025-8
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The rational function w = A(t) viewed as an element of Fy(¢,7) has the divisor

div(w Z maPY + Z ma P, —2(deg A) P
Using
div(r) = > mqo Py — (deg A) Py,
it follows that
div(rA(t)) =2 ZmaP + Z ma Pl —3(deg A) Py,

The polynomial B(t) has its only pole in P.,. Therefore, the only possible ram-
ified place at the field extension F’/F is Ps,. We now need to find the smallest odd
value of vp_ (rA(t) + B(t) + 22 + z), with 2z € F. For that, choose a local parameter
u at Py, and write

—deg A

T=1u =1,

with vp_ (1) = 0. Since deg A # 0 (mod 2), working in the completed local ring at
P, one obtains v such that 7 = v=9°¢ 4, Therefore, defining 7 = u - v, one obtains

r =g degd
Since vp__ (t) = —2, write
t= a_27r_2 +a_gm 4
Let
A(t) = agt + ag 1t 4+ -+ ap.

In terms of 7, the equation r? 4+ = A(t) yields

2 417 = ag(a_gn 2+ agm 4 0)d

tag1(aor 2 4+a 7 14 )4 44

o0
— adaiQTFZd + adaigla,lﬂfmﬂ + g caw72d+a,

a=2

where
Co = ada‘iglaa,g + Z ba,iai:;ai:f .. ~aif‘:§'
with (=2)i_o+ (—=1)i_1 + -+ 4+ (@ — 3)ig—3 = —2d + a,

where b, ; involves the coefficients of A(¢) and binomial coefficients.
This implies

ada‘i2:1; a_1=0; and ¢, =0 if a#d.

The latter condition gives an expression of a,_s in terms of a_s,...,aq—3. If a is
odd, we know that any monomial on the expression of ¢, has at least one coefficient

2541025-9
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of odd index. Starting from a_; = 0 and using ¢, = 0 if o # d, we obtain,
inductively,

a_1=a1=---=aqg—4 =0 and ada‘Slad_g =1.
Therefore,

t:a,2ﬂ72+a0+~~+ad,27rd72+~'.

Writing
B<t) = Bd’td/ + ﬁd/_ltd/_l + -4+ 5o

(of odd degree d') and using the expansion of ¢ obtained above, we conclude that
the smallest odd power of 7 appearing on B(t) is

! ’
6d’aig_lad72ﬂ'7(2d —9,

Hence, as above, one finds z € F such that vp__(B(t) + 2% + 2z) = 2deg B — deg A.
Then,

—vp_(r- A(t) + B(t) + 2° 4+ 2) = max{vp_(r - A(t)),vp, (B(t) + 2% + 2)}
=max{3-degA,2 -degB —deg A} =:mp,_.
The genus formula for an Artin—Schreier extension now gives

mp,_ —1 . 2degA+mpoo -3
2 N 2

o {SdegA—S 2degB+degA—3}
X .
2 ’ 2

9(C) =29(H) +

6. Examples

Here, some examples defined over F, are presented where the conditions in Theo-
rem [I] are satisfied. We always consider F14 C F,. In particular, ¢ is a square.

6.1. A genus 6 example
A simple and well-known case of a maximal curve over Fy¢ is the plane quintic
C:y*+y=2a"
This curve has genus (5 — 1)(5 — 2)/2 = 6. An automorphism o of order 4 is given
by
o:(z,y) — (z+c,y+clz+c),
with ¢ € Fyg satisfying ¢! + ¢ +1 = 0. Then ¢® € F has order 3, and

o (z,y) = (2,9 + ).

2541025-10
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One observes that n = c®y? + ¢!% and ¢ = c?z generate the field of invariants in
the function field F16(C) = Fi4(z, y) under o2, with the relation

n:+n=¢5.
The action of o on this subfield F16(&,n) = F16(C/{0?)) is given as
o:(&n) — (E+En+PC + P+ 1),

and here, the convenient generators for the subfield of elements fixed by ¢ acting
on Fi6(&,n) are

ui=c* o) and v:=c"y-o(n).

Replacing u by u1 = u+ 1 and v by w := u; + (v + 1)/u;y results in new genera-
tors, satisfying w? + w = u? + uq, the equation of the elliptic curve E considered
throughout this paper.

To conclude, this example results in a case

(ExC)/(txo)—=X=C/{o)=E
over [F1 with the base curve X = E of genus 1, and with the Mordell-Weil rank
2g(C) —29(C/{0?)) =12 -4 =8.

6.2. Curves C :y? +y = 91!

In this subsection, we prove the following.

Proposition 4. Let ¢ = 22" with n odd. Then, for any bg,c € Fy2 such that
by +bo=c" and Trg e, (7T =1,

the elliptic curve

t t+ c? 2
n2+ng3+(c—2>52+( 3 )§+—4

C

2

2n—2 27
t -
+t | et + b0+z<c—2) (bo+1+02") /c
j=0

has rank q over F(t).

Proof. Consider the curve
C:y?+y=aitt

For convenience, we recall the elementary argument showing that C/F, is max-
imal. Note that Proposition 2] implies that the genus g(C) of C' equals ¢/2. For
any a € g2, the norm v := a1l is in F,. Hence, the separable (since the
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characteristic is 2) polynomial T2 + T + v has two zeros 3 € F,» and this yields
2¢* points («, ) € C(F2). Together with the unique rational point at infinity, one
concludes

#C(Fp2) =2¢°+1=¢* +1+29(C)gq.

Note that this works for any ¢ = 2". The condition ¢ = 4™ with n odd in the
assumptions of the proposition assures that the maximality /minimality of C' and
of E:y? +y =23+ 1 are aligned.
We now show that Fg2(C) can be seen as a cyclic degree 4 extension of 2 (t).
It is known from [I5, Remarks 3.3 and 4.2] that the order 4 automorphisms of
C are given by

pc i (,y) = (x+ ¢,y +bo + B(z)),
where (¢,bo) € C, B(x) = Y75 " (¢42)?" and B(c) = 1. For any such ¢, one has

o2 (z,y) — (z,y + 1),

so ¢? is the hyperelliptic involution on C.

Note that our assumption Trg, /p, (c71) =1 for ¢ € F 2 is satisfied for precisely
q(q+1)/2 elements ¢, as shown below from observing the composition of surjective
maps

Tr F
Norm Fq/Fo
F, F, —/2 F

q

2.

The condition on ¢ is equivalent to the statement that the point (c,by) € C(Fy2)
satisfies by € Fp2\F,. Fix such (c,bg). By definition, B(c) = Y2"0"(c9¢)? =
Trr, /¥, (c?t1) = 1. Hence, ¢, is an order 4 automorphism defined over F,2. The
field of invariants in F2(C) = F2(x,y) under ¢? is F2(z), and the action of ¢,
on Fp(x) is given by z — x + c. As a result, t := 22 4 cx generates the field of
invariants under ¢, in F,2(C). Denoting r := £, one realizes C' as

Yty =(c-r)rth

Following the proof of [I, Theorem 3] now brings F,2(C) in Artin and Schreier’s
standard form of a cyclic degree 4 extension of Fy2(t) described on p.[Bl In fact,

starting from r? = r + C% and proceeding by induction shows that

i—1

RN AS £\
T —7‘+C—2+ 6_2 + -+ 6_2
t £\? £\9?
(cor)?tt =071 4 ot 1+<c—2)+(c—2) +---+(C—2) r.
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Using ¢ = by + b, one writes
pe(y) =y +bo+ Blcr)
=y + (bo +bg)r

t t\’ £\
+bo + 2(b3+bg)+(c—2) (b§+bg)+~~+(c—2) (b8 +53).

C

D

Since ¢2(y) = y+1, one concludes that by + bf = 1. Now, defining s := y+ D -,
one has ¢.(s) = s +r and

52+s:y2+y+D2~7‘2+D-7‘

a1, o qtl ¢ t\2 t\9/? ) ¢
=c' t+c l+{s)+(=) ++(= r+D°|r+-)+D-r
c c c c
2
:t<cq_1+%>+

P(r)
Finally, note that
Y0+ 1) = lpelr)) = 9el(r)) = els® +5) = (s 7 + (5 +7) = Y1) + 5.

Since 1) is an expression of degree 1 in r, ¥(r 4+ 1) — ¢(r) is the leading coefficient,
namely E, so one obtains

t D?
52+5T~<—2)+t(cq_1+—>.
c c

So, an Artin—Schreier standard form for C' is

2 —
T+’I’—C—2,
¢ t 22\ 41 :
52+s:rc—2+t A+ b0+2(c—2) (bo+14+02") /c
3=0

The proof of the proposition is now an immediate application of Theorem [I]
using that the (hyperelliptic) curve C' has genus ¢/2 and the intermediate curve in
this case is the z-line, of genus 0. O

Corollary 5. Given any natural number M, there is a power of 2 denoted q,, and
an elliptic curve defined over Fp(t) such that its rank over F 2 (t) equals ¢ > M.

Remark 6. It is possible to replace the curve y? + y = 297! in this subsection by
a more general curve y% +y = xR(x), where R(z) is an additive polynomial, which
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is maximal (respectively, minimal) over odd (respectively, even) degree extensions
of F16. This replacement will provide new families of elliptic curves defined over the
function fields of even characteristic having arbitrarily large Mordell-Weil rank.

This discussion will be presented in Joao Paulo Guardieiro’s Ph.D. thesis, as
well as the analogous results of this paper in the additional case of function fields of
characteristic 3 obtained from cubic twists of a supersingular elliptic curve defined
over 3.

6.3. Trace examples

For any positive integer m, put Tr(t) ==t + > +--- + 2" 50 that in particular,
a+— Tr(a) is the trace function Trg,,, /p, : Fom — Fa.

Proposition 7. Let ¢ = 2™ with m odd. Then,
Ervy0 07 +n = € + Tr(t)g” + (Tx(t) + 1)¢ + Tr(t)?

has rank q over F(t).

Proof. Note that, for odd m, the curve
H:r? 47 ="Tr(t) =t 242
is rational; explicitly, it is parameterized by

27n—1

(t,r)= (2 4+, 2+ +- +2z

).
Consider the Artin—Schreier covering of H given by
r? +r =Tr(t),
C:
s +s=r-Tr(t).

Using the parametrization, the genus and the number of points of C' can be studied
from the resulting equation:

s2+s:(w+x2+---+x2M7l)-Tr(x2+:v)
:(w+x2+---+x2M7l)-(:E2m+x)
m—1

= Z (x- 22" 2" x2n).
=0

n
Since z2" - 22" =z -2?" " mod p(Fy[x]) with as before p the Artin-Schreier oper-
ator f — f2+ f, one may replace z2" - 22" by x - 22" "
As a consequence, the curve C is isomorphic to the one with the equation

in the latter expression.

32+s:(x'x2m+x'x2m71+~'+x~:172)+x(:17+x2+~~+:172m71)

=z(2®" + ).

Hence, the genus of C' equals 2™~ ! = ¢/2. Maximality over Fga follows from the
results of [4]. Theorem [Il now finishes the proof. O
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Observe that the examples in Secs. and involve only hyperelliptic curves.
We have not found any non-hyperelliptic curve C with o € Aut[pq2 (C) for large ¢
satisfying both maximality over F» and C/(o) = P'. Since a potential example
satisfies

¢* +1+29(C)g = #C(Fye) <4 #P'(Fpe),

it would necessarily have g(C) < 3(¢® +1)/(2q).

7. The Mordell-Weil Rank via the Shioda—Tate Formula

In what follows, we determine the geometric Mordell-Weil rank of the elliptic curve
E4 g, namely its rank over F,(¢). This is a direct application of the Shioda-Tate
formula and hence depends only on the type(s) of singular fiber(s) of E4 p and
the Picard number of the associated elliptic surface. The former depends only on
the degrees of A(t) and B(t) and is described in Proposition [§, while the latter is
equal to the second Betti number, since E'4 p is supersingular. We conclude the
section by comparing the geometric Mordell-Weil rank with that over IF;» obtained
in Sec.[2

Proposition 8. Let A, B € F,[t] be the polynomials of odd degree. Consider the
elliptic surface E4 p given in [@). The only singular fiber of this surface is at
infinity, and its type can be found in the following table:

Condition on the degrees | Fiber type
3deg A(t) > deg B(t) I}, m = 2-min{deg A(t),3deg A(t) — deg B(t)}
3deg A(t) < deg B(t) =1 (mod 6) I~
3deg A(t) < deg B(t) = 3 (mod 6) I
3deg A(t) < deg B(t) =5 (mod 6) I

Proof. Consider

Eap:n*+n=8+AM)E + (A@t)+ 1)E+ A + B(1).
ag(t)

The discriminant of this equation is A = 1. Therefore, the only possible singular
fiber is at infinity. To study its behavior, we denote by n the Euler number of the
associated elliptic surface, i.e. the smallest integer such that

deg A(t) <2n and deg(A(t)> + B(t)) < 6n.

More precisely, we have

1
% if deg B(t) < 3-deg A(t),
n =
7deg3<g) T if deg B(r) > 3-deg A(t) and deg B(f) = —m (mod 6).
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Let
§ Ul

T=n YT Ge

1
and s= -,
t

and divide the equation of E4 g by t%". We obtain

y2 + SSny — 3 + g2n—deg A(t)A(S)IQ + $4n7ngA(t)Z(S):Z? + Sﬁnfdcgaﬁ(t)dG(S)

)

where
st A(s), A(s), ae(s).
Then, the quantities as in [10, Sec. III.1] are as follows:
by =by =0, bg=5" bg=s"7dAM) f(5) 4 Sn—2des A A(s),

This puts one in a position to apply Tate’s algorithm [I3] to find the type of the
fiber at infinity (which is now the fiber at s = 0). Since by = 0, the singular fiber
is of additive type. If 3deg A(t) > deg B(t), then, following Tate’s algorithm, one
shows that the fiber is of type I} . Otherwise, the specific type depends on the
congruence class of the degree of B(¢) modulo 6. O

Remark 9. The phenomenon described in Proposition B, namely the presence of
a unique singular fiber in a nontrivial elliptic fibration, is particular to fields of
characteristics 2 and 3 and described, for instance, in [6] for the rational elliptic
surfaces with Mordell-Weil rank zero. More surprisingly, Proposition [} shows that
there are examples of arbitrarily high Mordell-Weil rank such that all fibers are
irreducible and only one of them is singular. Indeed, the ones given by an equation
of the form E4 p as in () with 3deg A(t) < deg B(t) and deg B(t) =5 mod 6 are
of such type.

As a corollary of the proof of Proposition 8] we obtain the following.

Corollary 10. The second Betti number of the elliptic surface Ea p is

12 {degTB(t)—‘ —2 if deg B(t) > 3deg A(t),
by = (4)

12 {degTA(t)-‘ —2 if deg B(t) < 3deg A(t).

Proof. This follows from [7, Sec. 6.10] for elliptic fibrations with rational base
combined with the proof of Proposition [8 O
Theorem 11. Let r be the geometric Mordell-Weil rank of Ea g. Then,
2deg B(t) if deg B(t) > 3deg A(t),
r=—24 ¢ 6deg A(t) — 2 - min{deg A(t), (5)
3deg A(t) — deg B(t)} if deg B(t) < 3deg A(t).
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Proof. Since E4 g is supersingular, the rank of the Néron-Severi group p of the
elliptic surface associated to E'4 g is equal to the second Betti number of the sur-
face, by. This combined with the information about the singular fiber of E4 p
given in Proposition [§] puts us in a position to apply the Shioda—Tate formula (see
[7, Corollary 6.13]) and obtain the desired equality for r. m|

We can finally interpret the results of this section in the light of the previous
ones.

Corollary 12. If the curves C and E, as in Sec. 2 are both mazximal or minimal
over IF 2, then the geometric Mordell-Weil rank of Ea p is attained over F .

Proof. This is a combination of Theorems [l and [[1] and Proposition Bl O
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