
November 14, 2025 10:55 WSPC/S0219-4988 171-JAA 2541025

OPEN ACCESS

Journal of Algebra and Its Applications
Vol. 24, Nos. 13 & 14 (2025) 2541025 (18 pages)
c© The Author(s)
DOI: 10.1142/S0219498825410257

Tate–Shafarevich results for quartic twists
in characteristic 2

Herivelto Borges ∗,‡, João Paulo Guardieiro ∗,§,
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1. Introduction

One of the early applications of Tate’s famous “proof of the Tate conjecture in the
case of abelian varieties over finite fields” [12], was a less than four pages note [14]
by Tate and Shafarevich. The note explained that elliptic curves E/Fq(t) exist with
arbitrarily high rank of the group of rational points E(Fq(t)), for any finite field Fq

of characteristic �= 2. The proof used quadratic twists over Fq(t), hence the function
fields of hyperelliptic curves over Fq. The analogous result in characteristic 2 was
added by Elkies [5], who used this case to construct (Mordell–Weil) lattices with
very good sphere-packing densities. The exposition in [8, Chap. 13] (in particular,
§13.3.1) included an overview of these Tate–Shafarevich results.

In [2], a variant of the approach was presented, using quartic and sextic twists
instead of the quadratic ones. This means that the hyperelliptic curves in the orig-
inal results are replaced by cyclic degree 4 or 6 covers of P1 [and to allow quar-
tic/sextic twists, only elliptic curves E with Aut(E) �= {±1} are considered]. The
assumption used in [2] was that the characteristic p in which the elliptic curves are
considered is either p ≡ 3 mod 4 or p ≡ 5 mod 6 (to assure that E is supersingular).
At least in the specific example of E : y2 = x3 + tp+1 + 1, this offers an alternative
proof of results by Shioda in [9].

The aim of this paper is to extend the methods in [2] to the case of quartic twists
in characteristic 2. Specifically, we start (characteristic 2) with E : y2 + y = x3 + x

and its order 4 automorphism ι(x, y) = (x+1, y +x). We take a curve C admitting
an automorphism σ of order 4. Then, (E × C)/〈ι × σ〉 → C/〈σ〉 defines an elliptic
surface. We describe this surface and we present the conditions allowing us to find
the Mordell–Weil rank of the given elliptic surface. In particular, this gives rise to
(new) examples over F2n(t) of arbitrarily high rank.

2. Preliminaries

This section reviews the properties of a specific (supersingular) elliptic curve defined
over F2. Moreover, the special case “characteristic 2” of a result by Artin and
Schreier [1] is recalled, describing all field extensions L ⊃ K of degree p2 in charac-
teristic p > 0 that are Galois with a cyclic Galois group. We also cite a consequence
of Tate’s result [12] on endomorphisms of abelian varieties over finite fields impor-
tant in the presented approach. Finally, our rank formula is presented. Its proof
and various examples are described in the remaining sections.

The elliptic curve E/F2 : y2 + y = x3 + x admits the automorphism ι given by
ι(x, y) = (x + 1, y + x). One verifies ι2 = [−1], which implies that ι has order 4. It
is related to the Frobenius endomorphism F on E given by F (x, y) = (x2, y2) via
F = [−1] + ι. As a consequence,

#E(F22n) = deg([1] − F 2n) =

⎧⎪⎪⎨
⎪⎪⎩

22n + 1 if n ≡ 1 mod 2,

(2n − 1)2 if n ≡ 0 mod 4,

(2n + 1)2 if n ≡ 2 mod 4.
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In particular, this shows that E/F22n is maximal precisely when n ≡ 2 mod 4,
respectively minimal if and only if n ≡ 0 mod 4. Recall that a (smooth, com-
plete, geometrically irreducible) curve C/Fq2 of genus g is maximal iff #C(Fq2 ) =
q2 + 1 + 2gq, respectively minimal iff #C(Fq2) = q2 + 1 − 2gq (compare e.g.
[11, Definition 5.3.2]).

The results in this paper use non-constant morphisms C → X defined over
Fq, where C, X are curves and q is a power of 2. This is done assuming that
the corresponding extension Fq(C) ⊃ Fq(X) is Galois with cyclic Galois group
of order 4. In other words, C admits an automorphism σ of order 4 and X = C/〈σ〉
(and the morphism C → X is the quotient map). As a special case of [1, Sec. 2],
Artin and Schreier described all such extensions: take A ∈ Fq(X)\℘(Fq(X)), where
℘ : f 	→ f2 + f . Take any B ∈ Fq(X). Then, Fq(C) = Fq(X)[r, s] with r2 + r = A

and s2 + s = rA + B. In this form, the automorphism σ is determined by

σ(s) = s + r, σ(r) = r + 1. (1)

One has the “intermediate” curve H := C/〈σ2〉 with the function field Fq(H) =
Fq(X)[r], and the morphisms of degree 2

C → H → X.

Using these notations, our main result states the following.

Theorem 1. Let EA,B/Fq2(X) be defined by the Weierstrass equation

y2 + y = x3 + Ax2 + (A + 1)x + A2 + B.

Assume that both C/Fq2 and E/Fq2 are maximal (or both minimal). Then,

rankEA,B(Fq2(X)) = 2g(C) − 2g(H),

where g(C) and g(H) denote the genera of the curves C and H, respectively.

An ingredient in the proof (and similarly in other instances of the Tate–
Shafarevich approach) is the determination of rankE(Fq2(D)) for a curve D/Fq2 ,
assuming that both D and E are maximal over Fq2 (respectively, both minimal).
Identifying E(Fq2 (D)) with MorFq2 (D, E), the Albanese property of a Jacobian,
yields an exact sequence

0 → E(Fq2 ) → MorFq2 (D, E) → HomFq2 (Jac(D), E) → 0.

Hence, rankE(Fq2(D)) = rankHomFq2 (Jac(D), E). The maximality condition on
D and E implies that the characteristic polynomials denoted by fE and fJac(D) in
Tate’s paper [12] equal (T + q)2 and (T + q)2g(D) (and q replaced by −q in the
minimal case). It hence [12, Theorem 1(a)] implies

rankE(Fq2 (D)) = 4 · g(D).
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3. The Quartic Twist

In this section, we explain the explicit equation for EA,B appearing in Theorem 1.
Fix q and curves C, X over Fq and σ ∈ AutFq(C) determined by A, B ∈ Fq(X) as in
Sec. 2. Using moreover the elliptic curve E and its automorphism ι, the projection
E × C → C induces a morphism

(E × C)/〈ι × σ〉 → C/〈σ〉 = X.

We will show that this defines an elliptic surface over X , in fact by establishing that
its generic fiber is the elliptic curve EA,B/Fq(X). This is done by determining the
subfield F of Fq(X)(x, y, r, s) of elements fixed by the action of the automorphism
ι × σ. Since

ι × σ : (x, y, r, s) 	→ (x + 1, y + x, r + 1, s + r),

it is easy to see that x + r, x2 + x belong to F. We then have

Fq(X)(x + r, x2 + x) ⊆ F ⊆ Fq(X)(x, y, r, s).

As a consequence, ι × σ yields an Fq(X)(x + r, x2 + x)-linear map. Consider the
chain of field extensions

Fq(X)(x + r, x2 + x) ⊆ Fq(X)(x, r) ⊆ Fq(X)(x, y, r) ⊆ Fq(X)(x, y, r, s).

Each consecutive extension is of degree 2 (because of the equations for E and C).
Hence, Fq(X)(x, y, r, s) has degree 8 and the basis

{1, x, y, xy, s, xs, ys, xys}
over Fq(X)(x + r, x2 + x). In terms of this basis, the automorphism ι × σ is
represented by the 8 × 8 matrix⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 1 0 x2 + x x + r x2 + r x2 + x (x2 + x)(x + r)

0 1 1 0 1 x + r x + r + 1 x2 + x

0 0 1 1 0 0 x + r x2 + r

0 0 0 1 0 0 1 x + r

0 0 0 0 1 1 0 x2 + x

0 0 0 0 0 1 1 0

0 0 0 0 0 0 1 1

0 0 0 0 0 0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

The eigenspace associated to the eigenvalue 1 (i.e. the elements fixed by the
automorphism) consists of the vectors

(a1, (x + r)as, as, 0, as, 0, 0, 0).

It follows that [F : Fq(X)(x + r, x2 + x)] = 2 and a basis for F over Fq(X)(x + r,

x2 + x) is given by {1, (x + r)x + y + s}. Let

η = (x2 + r) · 1 + 1 · ((x + r)x + y + s) = y + rx + r + s and ξ = x + r.
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Since ξ2 + ξ = x2 + r2 + x + r = x2 + x + A, the elements ξ and η generate the
field F over Fq(X). One computes

η2 = y2 + r2(x2 + 1) + s2 = y2 + (r + A)(x2 + 1) + s2

and

η2 + η = x3 + (r + A)x2 + (r + 1)x + (r + 1)A + B.

Since

ξ3 = x3 + rx2 + r2x + r3 = x3 + rx2 + (r + A)x + (r + 1)A + r,

it follows that

η2 + η + ξ3 = Ax2 + (A + 1)x + r = A(x2 + x) + x + r + B.

Finally, the relation

x2 + x = ξ2 + ξ + A

results in

η2 + η = ξ3 + Aξ2 + (A + 1)ξ + A2 + B, (2)

which is the defining equation of EA,B over Fq(X). Note that the j-invariant of
EA,B is 0 [as is obvious by construction, namely the degree 4 base change C → X

results in the isotrivial elliptic surface E×C → C with generic fiber E over Fq(C)].
Explicitly, by construction,

E � EA,B,

(ξ + r, η + rξ + A + s) ←� (ξ, η),

(x, y) 	→ (x + r, y + rx + r + s).

(3)

The discriminant of the Weierstrass equation for EA,B equals 1. Hence, only at the
pole(s) of the functions A, B the elliptic surface over X may have singular fibers.

4. The Proof of Theorem 1

The automorphism ι on E induces an automorphism on EA,B which we again denote
by ι, namely

ι : (ξ, η) 	→ (ξ + 1, η + ξ).

Note that ι2 = [−1]. Let C be the curve discussed in Sec. 2 (and in particular, in
Theorem 1). Then,

V = EA,B(Fq2(C)) ⊗ Q

is in fact a Q(i)-vector space, by setting

i · (P ⊗ a) = ι(P ) ⊗ a.

The automorphism σ given in Eq. (1) induces a Q(i)-linear map τ : V → V as
follows: Write

P = (x0 + x1r + x2s + x3rs, y0 + y1r + y2s + y3rs),
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with xj , yj ∈ Fq(X), then

τ(P ⊗ a) = (x0 + x1 + x3A + (x1 + x2)r + (x2 + x3)s + x3rs,

y0 + y1 + y3A + (y1 + y2)r + (y2 + y3)s + y3rs) ⊗ a.

Note that Q(i)-linearity follows from ι ◦ τ = τ ◦ ι on V .
We will use τ to decompose V as the sum of eigenspaces. Since τ4 = idV , the

eigenvalues of τ are contained in {±1,±i}, hence

V = Ker(τ − idV ) ⊕ Ker(τ + idV ) ⊕ Ker(τ − i · idV ) ⊕ Ker(τ + i · idV ).

We will now study each eigenspace:

• Ker(τ −idV ): Comparing the coordinates, one sees that 0 �= P ⊗a ∈ Ker(τ −idV )
if and only if

P ⊗ a = (x0, y0) ⊗ a,

with (x0, y0) ∈ EA,B(Fq2(X)). Therefore, this eigenspace is precisely
EA,B(Fq2 (X)) ⊗ Q. In particular,

dimQ Ker(τ − idV ) = rankEA,B(Fq2(X)).

• Ker(τ + idV ): Here, 0 �= P ⊗ a ∈ Ker(τ + idV ) if and only if

P ⊗ a = (x0, y0 + r) ⊗ a,

with (x0, y0 + r) ∈ EA,B and x0, y0 ∈ Fq2(X). From the isomorphism between E

and EA,B given in Eq. (3), it follows that those points on E correspond to the
points of the form

(x0 + r, y0 + r + rx0 + A + s).

From [10, Proposition A.1.2], we know that the automorphism group of E consists
of the automorphisms

(x, y) 	→ (u2x + α, y + u2α2x + β),

where

u3 = 1, α4 + α = u2 + 1, β2 + β + α3 + α = 0.

Choose u = 1, α ∈ F4\F2 and β any root of β2 +β = α3 +α = 1+α (which is an
element of F16\F4). The assumption that E/Fq2 is either maximal or minimal,
implies that the automorphism given by u, α, β is defined over Fq2 . Composing
it with the isomorphism given in Eq. (3), one obtains

(x0 + r, y0 + r + rx0 + A + s) 	→ (x0 + α, y0 + (α + 1)x0 + β).

The resulting points are invariant under the action of σ, so Ker(τ + idV ) can be
identified with a subspace of Ker(τ − idV ) and therefore,

dimQ Ker(τ + idV ) ≤ dimQ Ker(τ − idV ).

2541025-6

J.
 A

lg
eb

ra
 A

pp
l. 

20
25

.2
4.

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 U
N

IV
E

R
SI

D
A

D
E

 D
E

 S
A

O
 P

A
U

L
O

 o
n 

12
/0

1/
25

. R
e-

us
e 

an
d 

di
st

ri
bu

tio
n 

is
 s

tr
ic

tly
 n

ot
 p

er
m

itt
ed

, e
xc

ep
t f

or
 O

pe
n 

A
cc

es
s 

ar
tic

le
s.



November 14, 2025 10:55 WSPC/S0219-4988 171-JAA 2541025

Tate–Shafarevich results for quartic twists in characteristic 2

On the other hand, starting from a point (x0, y0) ⊗ a ∈ Ker(τ − idV ), the same
procedure with the same isomorphisms shows

dimQ Ker(τ − idV ) ≤ dimQ Ker(τ + idV )

and so, one concludes

dimQ Ker(τ + idV ) = dimQ Ker(τ − idV ) = rankEA,B(Fq2(X)).

• Ker(τ − i · idV ): Now, we have P ⊗ a in this eigenspace if and only if

P ⊗ a = (x0 + r, y0 + x0 · r + s) ⊗ a,

with (x0 + r, y0 +x0 · r + s) ∈ EA,B and x0, y0 ∈ Fq2(X). This translates into the
condition that (x0, y0) is an Fq2(X)-rational point on the elliptic curve

EH : y2 + y = x3 + x + A.

As in Sec. 2, let H → X be the curve corresponding to r2 + r = A. Over Fq(H)
we have E � EH , in fact, an isomorphism (and its inverse mapping) is given
by (x, y) 	→ (x, y + r). In other words, EH is a quadratic twist of E/Fq(X), see
e.g. [5; 3, Sec. 3] for similar examples. The assumption that both C and E are
maximal over Fq2 (or both minimal) implies that the same holds for both H and
E. Hence, as explained in Sec. 2,

rankEH(Fq2(H)) = rankE(Fq2(H)) = 4g(H).

The curve EH being a quadratic twist of E/Fq2(X) implies in particular that

rankEH(Fq2(H)) = rankEH(Fq2(X)) + rankE(Fq2(X)),

as is shown by decomposing the group up to a finite index into eigenspaces (with
eigenvalues +1 and −1) for the action of Gal(Fq2(H)/Fq2(X)). Reasoning as
before yields

rankEH(Fq2(X)) = 4g(H) − rankE(Fq2(X)) = 4g(H) − 4g(X),

leading to the conclusion

dimQ Ker(τ − i · idV ) = rankEH(Fq2(X)) = 4g(H) − 4g(X).

• Ker(τ + i · idV ): The last eigenspace is generated by the vectors P ⊗ a such that

P = (x0 + r, y0 + (x0 + 1)r + s) ∈ EA,B,

with x0, y0 ∈ Fq2(X). Using the equation of EA,B, this means that (x0, y0) ∈
E(Fq2(X)). Reasoning as before shows

dimQ Ker(τ + i · idV ) = 4g(X).

The maximality/minimality assumption on C and E implies dimQ V = 4g(C),
hence one concludes

4g(C) = 2rankEA,B(Fq2(X)) + 4g(H) − 4g(X) + 4g(X),

finishing the proof of Theorem 1.
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5. Genera of the Curves C and H

To make the result in Theorem 1 more explicit, we review some results on the genus
of the curves considered, in the special case that X = P1. Then Fq(X) equals the
rational function field Fq(t). We consider the case that A = A(t), B = B(t) are
polynomials in t. In particular, this implies that the elliptic surface over P1 defined
by EA,B has only one singular fiber (namely at t = ∞).

The change of variables (r̃ = r + c, s̃ = s + cr + d) with c, d ∈ Fq[t] brings the
system {

r2 + r = A(t),

s2 + s = rA(t) + B(t)

in the form {
r̃2 + r̃ = Ã(t),

s̃2 + s̃ = r̃Ã(t) + B̃(t),

where Ã(t) = A(t) + c2 + c and B̃(t) = B(t) + (c2 + c)A(t) + c3 + c2 + d2 + d. As a
consequence, for the properties of the curves C, H over Fq, without loss of generality
one may assume that A(t) + A(0), B(t) + B(0) ∈ tFq[t2] (in particular, this results
in polynomials of odd degree). We omit a proof of the following well-known result.

Proposition 2. If A(t) ∈ Fq[t] has odd degree, then the genus of the hyperelliptic
curve

H : r2 + r = A(t)

in characteristic 2 is g(H) = deg A−1
2 .

Considering the curve C, the result is as follows. For convenience, a sketch of
the proof is added.

Proposition 3. If deg A(t) and deg B(t) are odd, then the genus of the curve C is

g(C) = max
{

5 · deg A − 3
2

,
2 · deg B + deg A − 3

2

}
.

Proof. We use the notations as in [11, Proposition 3.7.8] and some Artin–Schreier
theory for our wildly ramified field extensions

F ′ = Fq(t, r, s),

F = Fq(t, r),

K = Fq(t).

There is only one place (called P∞ here) in PF lying over P1/t and above each finite
place Pt−α ∈ PK , where α ∈ Fq, we have two places in PF , denoted by P 0

α and P 1
α.
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The rational function w = A(t) viewed as an element of Fq(t, r) has the divisor

div(w) =
∑

mαP 0
α +

∑
mαP 1

α − 2(deg A)P∞.

Using

div(r) =
∑

mαP 0
α − (deg A)P∞,

it follows that

div(rA(t)) = 2
∑

mαP 0
α +

∑
mαP 1

α − 3(deg A)P∞.

The polynomial B(t) has its only pole in P∞. Therefore, the only possible ram-
ified place at the field extension F ′/F is P∞. We now need to find the smallest odd
value of vP∞(rA(t)+B(t)+ z2 + z), with z ∈ F . For that, choose a local parameter
u at P∞ and write

r = u−deg A · η,

with vP∞(η) = 0. Since deg A �≡ 0 (mod 2), working in the completed local ring at
P∞ one obtains v such that η = v−deg A. Therefore, defining π = u · v, one obtains

r = π−deg A.

Since vP∞(t) = −2, write

t = a−2π
−2 + a−1π

−1 + · · · .

Let

A(t) = αdt
d + αd−1t

d−1 + · · · + α0.

In terms of π, the equation r2 + r = A(t) yields

π−2d + π−d = αd(a−2π
−2 + a−1π

−1 + · · ·)d

+ αd−1(a−2π
−2 + a−1π

−1 + · · ·)d−1 + · · · + α0

= αda
d
−2π

−2d + αda
d−1
−2 a−1π

−2d+1 +
∞∑

α=2

cαπ−2d+α,

where

cα = αda
d−1
−2 aα−2 +

∑
bα,ia

i−2
−2 a

i−1
−1 · · · aiα−3

α−3

with (−2)i−2 + (−1)i−1 + · · · + (α − 3)iα−3 = −2d + α,

where bα,i involves the coefficients of A(t) and binomial coefficients.
This implies

αda
d
−2 = 1; a−1 = 0; and cα = 0 if α �= d.

The latter condition gives an expression of aα−2 in terms of a−2, . . . , aα−3. If α is
odd, we know that any monomial on the expression of cα has at least one coefficient
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of odd index. Starting from a−1 = 0 and using cα = 0 if α �= d, we obtain,
inductively,

a−1 = a1 = · · · = ad−4 = 0 and αda
d−1
−2 ad−2 = 1.

Therefore,

t = a−2π
−2 + a0 + · · · + ad−2π

d−2 + · · · .

Writing

B(t) = βd′td
′
+ βd′−1t

d′−1 + · · · + β0

(of odd degree d′) and using the expansion of t obtained above, we conclude that
the smallest odd power of π appearing on B(t) is

βd′ad′−1
−2 ad−2π

−(2d′−d).

Hence, as above, one finds z ∈ F such that vP∞(B(t) + z2 + z) = 2 deg B − deg A.
Then,

−vP∞(r · A(t) + B(t) + z2 + z) = max{vP∞(r · A(t)), vP∞(B(t) + z2 + z)}

= max{3 · deg A, 2 · deg B − deg A} =: mP∞ .

The genus formula for an Artin–Schreier extension now gives

g(C) = 2g(H) +
mP∞ − 1

2
=

2 deg A + mP∞ − 3
2

= max
{

5 deg A − 3
2

,
2 deg B + deg A − 3

2

}
.

6. Examples

Here, some examples defined over Fq are presented where the conditions in Theo-
rem 1 are satisfied. We always consider F16 ⊆ Fq. In particular, q is a square.

6.1. A genus 6 example

A simple and well-known case of a maximal curve over F16 is the plane quintic

C : y4 + y = x5.

This curve has genus (5 − 1)(5 − 2)/2 = 6. An automorphism σ of order 4 is given
by

σ : (x, y) 	→ (x + c, y + c4x + c),

with c ∈ F16 satisfying c4 + c3 + 1 = 0. Then c5 ∈ F×
4 has order 3, and

σ2 : (x, y) 	→ (x, y + c5).
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One observes that η = c5y2 + c10y and ξ = c2x generate the field of invariants in
the function field F16(C) = F16(x, y) under σ2, with the relation

η2 + η = ξ5.

The action of σ on this subfield F16(ξ, η) = F16(C/〈σ2〉) is given as

σ : (ξ, η) 	→ (ξ + c3, η + c9ξ2 + c12ξ + c10),

and here, the convenient generators for the subfield of elements fixed by σ acting
on F16(ξ, η) are

u := c4ξ · σ(ξ) and v := c10η · σ(η).

Replacing u by u1 = u + 1 and v by w := u1 + (v + 1)/u1 results in new genera-
tors, satisfying w2 + w = u3

1 + u1, the equation of the elliptic curve E considered
throughout this paper.

To conclude, this example results in a case

(E × C)/〈ι × σ〉 → X = C/〈σ〉 = E

over F16 with the base curve X = E of genus 1, and with the Mordell–Weil rank

2g(C) − 2g(C/〈σ2〉) = 12 − 4 = 8.

6.2. Curves C : y2 + y = xq+1

In this subsection, we prove the following.

Proposition 4. Let q = 22n with n odd. Then, for any b0, c ∈ Fq2 such that

b2
0 + b0 = cq+1 and TrFq/F2(c

q+1) = 1,

the elliptic curve

η2 + η = ξ3 +
(

t

c2

)
ξ2 +

(
t + c2

c2

)
ξ +

t2

c4

+ t

⎛
⎜⎝cq−1 +

⎛
⎝b0 +

2n−2∑
j=0

(
t

c2

)2j

(b0 + 1 + b2j+1

0 )

⎞
⎠2/

c

⎞
⎟⎠

has rank q over Fq2(t).

Proof. Consider the curve

C : y2 + y = xq+1.

For convenience, we recall the elementary argument showing that C/Fq2 is max-
imal. Note that Proposition 2 implies that the genus g(C) of C equals q/2. For
any α ∈ Fq2 , the norm ν := αq+1 is in Fq. Hence, the separable (since the
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characteristic is 2) polynomial T 2 + T + ν has two zeros β ∈ Fq2 and this yields
2q2 points (α, β) ∈ C(Fq2 ). Together with the unique rational point at infinity, one
concludes

#C(Fq2 ) = 2q2 + 1 = q2 + 1 + 2g(C)q.

Note that this works for any q = 2m. The condition q = 4n with n odd in the
assumptions of the proposition assures that the maximality/minimality of C and
of E : y2 + y = x3 + x are aligned.

We now show that Fq2(C) can be seen as a cyclic degree 4 extension of Fq2(t).
It is known from [15, Remarks 3.3 and 4.2] that the order 4 automorphisms of

C are given by

ϕc : (x, y) 	→ (x + c, y + b0 + B(x)),

where (c, b0) ∈ C, B(x) =
∑2n−1

i=0 (cqx)2
i

and B(c) = 1. For any such ϕc, one has

ϕ2
c : (x, y) 	→ (x, y + 1),

so ϕ2
c is the hyperelliptic involution on C.

Note that our assumption TrFq/F2(c
q+1) = 1 for c ∈ Fq2 is satisfied for precisely

q(q +1)/2 elements c, as shown below from observing the composition of surjective
maps

Fq2
Norm−−−→ Fq

TrFq/F2−−−−−→ F2.

The condition on c is equivalent to the statement that the point (c, b0) ∈ C(Fq2)
satisfies b0 ∈ Fq2\Fq. Fix such (c, b0). By definition, B(c) =

∑2n−1
i=0 (cqc)2

i

=
TrFq/F2(c

q+1) = 1. Hence, ϕc is an order 4 automorphism defined over Fq2 . The
field of invariants in Fq2(C) = Fq2(x, y) under ϕ2

c is Fq2(x), and the action of ϕc

on Fq2(x) is given by x 	→ x + c. As a result, t := x2 + cx generates the field of
invariants under ϕc in Fq2(C). Denoting r := x

c , one realizes C as

C :

⎧⎪⎨
⎪⎩

r2 + r =
t

c2
,

y2 + y = (c · r)q+1.

Following the proof of [1, Theorem 3] now brings Fq2(C) in Artin and Schreier’s
standard form of a cyclic degree 4 extension of Fq2(t) described on p. 3. In fact,
starting from r2 = r + t

c2 and proceeding by induction shows that

r2i

= r +
t

c2
+

(
t

c2

)2

+ · · · +
(

t

c2

)2i−1

and

(c · r)q+1 = cq−1t + cq+1

(
1 +

(
t

c2

)
+

(
t

c2

)2

+ · · · +
(

t

c2

)q/2
)

r.
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Using cq+1 = b0 + b2
0, one writes

ϕc(y) = y + b0 + B(c · r)

= y + (b0 + bq
0)r

+ b0 +
t

c2
(b2

0 + bq
0) +

(
t

c2

)2

(b4
0 + bq

0) + · · · +
(

t

c2

)q/4

(bq/2
0 + bq

0)︸ ︷︷ ︸
D

.

Since ϕ2
c(y) = y +1, one concludes that b0 + bq

0 = 1. Now, defining s := y +D ·r,
one has ϕc(s) = s + r and

s2 + s = y2 + y + D2 · r2 + D · r

= cq−1t + cq+1

(
1 +

(
t

c2

)
+

(
t

c2

)2

+ · · · +
(

t

c2

)q/2
)

r + D2
(

r +
t

c

)
+ D · r

= t

(
cq−1 +

D2

c

)
+

[
cq+1

(
1 +

(
t

c2

)
+

(
t

c2

)2

+ · · · +
(

t

c2

)q/2
)

+ D2 + D

]
︸ ︷︷ ︸

E

r

︸ ︷︷ ︸
ψ(r)

.

Finally, note that

ψ(r + 1) = ψ(ϕc(r)) = ϕc(ψ(r)) = ϕc(s2 + s) = (s + r)2 + (s + r) = ψ(r) +
t

c2
.

Since ψ is an expression of degree 1 in r, ψ(r + 1)− ψ(r) is the leading coefficient,
namely E, so one obtains

s2 + s = r ·
(

t

c2

)
+ t

(
cq−1 +

D2

c

)
.

So, an Artin–Schreier standard form for C is

C :

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

r2 + r =
t

c2
,

s2 + s = r
t

c2
+ t

⎛
⎜⎝cq−1 +

⎛
⎝b0 +

2n−2∑
j=0

(
t

c2

)2j

(b0 + 1 + b2j+1

0 )

⎞
⎠2/

c

⎞
⎟⎠ .

The proof of the proposition is now an immediate application of Theorem 1,
using that the (hyperelliptic) curve C has genus q/2 and the intermediate curve in
this case is the x-line, of genus 0.

Corollary 5. Given any natural number M, there is a power of 2 denoted q,, and
an elliptic curve defined over Fq2(t) such that its rank over Fq2(t) equals q > M.

Remark 6. It is possible to replace the curve y2 + y = xq+1 in this subsection by
a more general curve y2 + y = xR(x), where R(x) is an additive polynomial, which
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is maximal (respectively, minimal) over odd (respectively, even) degree extensions
of F16. This replacement will provide new families of elliptic curves defined over the
function fields of even characteristic having arbitrarily large Mordell–Weil rank.

This discussion will be presented in João Paulo Guardieiro’s Ph.D. thesis, as
well as the analogous results of this paper in the additional case of function fields of
characteristic 3 obtained from cubic twists of a supersingular elliptic curve defined
over F3.

6.3. Trace examples

For any positive integer m, put Tr(t) := t + t2 + · · · + t2
m−1

so that in particular,
α 	→ Tr(α) is the trace function TrF2m/F2 : F2m → F2.

Proposition 7. Let q = 2m with m odd. Then,

ETr(t),0 : η2 + η = ξ3 + Tr(t)ξ2 + (Tr(t) + 1)ξ + Tr(t)2

has rank q over Fq4(t).

Proof. Note that, for odd m, the curve

H : r2 + r = Tr(t) = t + t2 + · · · + t2
m−1

is rational; explicitly, it is parameterized by

(t, r) = (x2 + x, x + x2 + · · · + x2m−1
).

Consider the Artin–Schreier covering of H given by

C :

{
r2 + r = Tr(t),

s2 + s = r · Tr(t).

Using the parametrization, the genus and the number of points of C can be studied
from the resulting equation:

s2 + s = (x + x2 + · · · + x2m−1
) · Tr(x2 + x)

= (x + x2 + · · · + x2m−1
) · (x2m

+ x)

=
m−1∑
n=0

(x · x2n

+ x2m · x2n

).

Since x2n · x2m ≡ x · x2m−n

mod ℘(F2[x]) with as before ℘ the Artin–Schreier oper-
ator f 	→ f2 + f , one may replace x2n · x2m

by x · x2m−n

in the latter expression.
As a consequence, the curve C is isomorphic to the one with the equation

s2 + s = (x · x2m

+ x · x2m−1
+ · · · + x · x2) + x(x + x2 + · · · + x2m−1

)

= x(x2m

+ x).

Hence, the genus of C equals 2m−1 = q/2. Maximality over Fq4 follows from the
results of [4]. Theorem 1 now finishes the proof.
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Observe that the examples in Secs. 6.2 and 6.3 involve only hyperelliptic curves.
We have not found any non-hyperelliptic curve C with σ ∈ AutFq2 (C) for large q

satisfying both maximality over Fq2 and C/〈σ〉 ∼= P1. Since a potential example
satisfies

q2 + 1 + 2g(C)q = #C(Fq2) ≤ 4 · #P1(Fq2),

it would necessarily have g(C) < 3(q2 + 1)/(2q).

7. The Mordell–Weil Rank via the Shioda–Tate Formula

In what follows, we determine the geometric Mordell–Weil rank of the elliptic curve
EA,B, namely its rank over Fq(t). This is a direct application of the Shioda–Tate
formula and hence depends only on the type(s) of singular fiber(s) of EA,B and
the Picard number of the associated elliptic surface. The former depends only on
the degrees of A(t) and B(t) and is described in Proposition 8, while the latter is
equal to the second Betti number, since EA,B is supersingular. We conclude the
section by comparing the geometric Mordell–Weil rank with that over Fq2 obtained
in Sec. 2.

Proposition 8. Let A, B ∈ Fq[t] be the polynomials of odd degree. Consider the
elliptic surface EA,B given in (2). The only singular fiber of this surface is at
infinity, and its type can be found in the following table:

Condition on the degrees Fiber type

3 deg A(t) ≥ deg B(t) I∗m, m = 2 · min{deg A(t), 3 deg A(t) − deg B(t)}
3 deg A(t) < deg B(t) ≡ 1 (mod 6) II ∗

3 deg A(t) < deg B(t) ≡ 3 (mod 6) I∗0
3 deg A(t) < deg B(t) ≡ 5 (mod 6) II

Proof. Consider

EA,B : η2 + η = ξ3 + A(t)ξ2 + (A(t) + 1)ξ + A(t)2 + B(t)︸ ︷︷ ︸
a6(t)

.

The discriminant of this equation is Δ ≡ 1. Therefore, the only possible singular
fiber is at infinity. To study its behavior, we denote by n the Euler number of the
associated elliptic surface, i.e. the smallest integer such that

deg A(t) ≤ 2n and deg(A(t)2 + B(t)) ≤ 6n.

More precisely, we have

n =

⎧⎪⎪⎨
⎪⎪⎩

deg A(t) + 1
2

if deg B(t) ≤ 3 · deg A(t),

deg B(t) + m

6
if deg B(t) > 3 · deg A(t) and deg B(t) ≡ −m (mod 6).
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Let

x =
ξ

t2n
, y =

η

t3n
and s =

1
t
,

and divide the equation of EA,B by t6n. We obtain

y2 + s3ny = x3 + s2n−deg A(t)Ã(s)x2 + s4n−deg A(t)A(s)x + s6n−deg a6(t)ã6(s),

where

s � Ã(s), A(s), ã6(s).

Then, the quantities as in [10, Sec. III.1] are as follows:

b2 = b4 = 0, b6 = s6n, b8 = s8n−deg A(t)Ã(s) + s8n−2 deg A(t)A(s).

This puts one in a position to apply Tate’s algorithm [13] to find the type of the
fiber at infinity (which is now the fiber at s = 0). Since b2 = 0, the singular fiber
is of additive type. If 3 deg A(t) ≥ deg B(t), then, following Tate’s algorithm, one
shows that the fiber is of type I∗m. Otherwise, the specific type depends on the
congruence class of the degree of B(t) modulo 6.

Remark 9. The phenomenon described in Proposition 8, namely the presence of
a unique singular fiber in a nontrivial elliptic fibration, is particular to fields of
characteristics 2 and 3 and described, for instance, in [6] for the rational elliptic
surfaces with Mordell–Weil rank zero. More surprisingly, Proposition 8 shows that
there are examples of arbitrarily high Mordell–Weil rank such that all fibers are
irreducible and only one of them is singular. Indeed, the ones given by an equation
of the form EA,B as in (2) with 3 deg A(t) < deg B(t) and deg B(t) ≡ 5 mod 6 are
of such type.

As a corollary of the proof of Proposition 8, we obtain the following.

Corollary 10. The second Betti number of the elliptic surface EA,B is

b2 =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

12
⌈

deg B(t)
6

⌉
− 2 if deg B(t) > 3 deg A(t),

12
⌈

deg A(t)
2

⌉
− 2 if deg B(t) ≤ 3 deg A(t).

(4)

Proof. This follows from [7, Sec. 6.10] for elliptic fibrations with rational base
combined with the proof of Proposition 8.

Theorem 11. Let r be the geometric Mordell–Weil rank of EA,B. Then,

r = −2 +

⎧⎪⎪⎨
⎪⎪⎩

2 deg B(t) if deg B(t) > 3 deg A(t),

6 deg A(t) − 2 · min{deg A(t),

3 degA(t) − deg B(t)} if deg B(t) ≤ 3 deg A(t).

(5)
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Proof. Since EA,B is supersingular, the rank of the Néron–Severi group ρ of the
elliptic surface associated to EA,B is equal to the second Betti number of the sur-
face, b2. This combined with the information about the singular fiber of EA,B

given in Proposition 8 puts us in a position to apply the Shioda–Tate formula (see
[7, Corollary 6.13]) and obtain the desired equality for r.

We can finally interpret the results of this section in the light of the previous
ones.

Corollary 12. If the curves C and E, as in Sec. 2, are both maximal or minimal
over Fq2 , then the geometric Mordell–Weil rank of EA,B is attained over Fq2 .

Proof. This is a combination of Theorems 1 and 11 and Proposition 3.
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