
Brazilian Journal of Physics           (2026) 56:91 
https://doi.org/10.1007/s13538-026-02020-y

understanding ultrasound-driven destabilization of viral
structures. Instead of modeling molecular bonds directly,
we treat viruses as localized uid inclusions and analyze the
resulting acoustic scattering. This approach assumes that
materials with negligible shear velocity behave as uid-like
scatterers [13, 14]. In addition, we also neglect dissipation
in order to highligh the primary eects of acoustic reso-
nances in biological media, following the seminal works
of Epstein & Carhart and Allegra & Hawley, which have
shown that losses primarily broaden the acoustic resonance
without suppressing them [15, 16].
In acoustic scattering theory, small particles relative to

the incident wavelength can strongly inuence the energy
transfer, with signicant contributions arising from the
monopole term. However, higher-order modes can build
additional resonances on par with the ones from the mono-
pole, storing higher internal energy storage and, thus, inter-
nal pressure or stress. These higher-order modes are the
acoustic counterparts of electromagnetic Mie resonances,
which arise when an incoming eld matches the natural
modal frequencies of a sub-wavelength scatterer [17–22].
Such resonances concentrate energy and boost scatter-
ing cross-sections far beyond Rayleigh’s long-wavelength
prediction [23], even with ka ≪ 1 where the wavenumber
k = 2π/λ and a is the radius of the scattering center.
Here we argue that ultrasound-induced stresses, usually

insucient to disrupt 100-200 nm particles, are amplied
by Mie resonances, enhancing internal uid velocities and
stress distributions, potentially destabilizing the structural
integrity of viral scattering centers. By focusing in the inter-
nal energy stored inside the scattering centers, we derive

1 Introduction

The ght against viral infections has long relied on bio-
molecular strategies [1], which typically employ specic
binding proteins to trigger immune responses or block viral
entry into host cells [2, 3]. Their eectiveness stems from
the high specicity of binding to viral proteins [4], but this
feature also makes them vulnerable to mutation-induced
changes at the binding sites [5]. Physical approaches pro-
vide an alternative, since they target generic structural or
mechanical properties that are less sensitive to mutations.
Ultrasound, for instance, has shown potential to inactivate
viruses by exciting resonant modes that compromise viral
stability. Finite element simulations indicate that SARS-
CoV-2 spike-protein bonds support torsional, bending, and
rotational modes and can resonate in the 1–-20 MHz range
[6]. In vitro experiments conrmed that SARS-CoV-2 enve-
lopes rupture under ultrasound in the 5–-10 MHz range [7].
However, the experiments also demonstrated the rupture
of other infectious viruses, including H1N1, reducing the
chances of resonances tied to specic viral proteins.
Building on these observations and well-established

models [8–12], we develop a theoretical framework for
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closed-form expressions for wave-to-scatterer energy trans-
fer. Our ndings reveal that the resonances are driven by
the impedance mismatch between the scatterer and the sur-
rounding uid, suggesting the internal localization of acous-
tic waves characterized by a residence time τWigner, and the
dynamical broadening of resonance peaks. We further dem-
onstrate that higher-order modes amplify local energy den-
sity and scattering strength beyond amonopole-only picture.
The article is structured as follows. In Section 2, we pres-
ent the scattering of acoustic waves by a small uid sphere
in spherical geometry and derive analytical expressions for
the energy transferred in single scattering events. Section3
reports numerical results for the internal energy distribution
in various media for spherical scatterers. Finally, Section 4
oers concluding remarks, relating Mie resonances to the
phenomenon observed in Ref. [7].

2 Acoustic Wave Scattering by a Spherical 
Particle

The propagation of harmonic acoustic waves in an ideal
irrotational uid with density ρ0 is analyzed [11, 24]. Under
these conditions, perturbations in the uid are described by
the scalar potential φ(r), which satisfy the Helmholtz equa-
tion (∇2 + k2

0)φ(r) = 0, with wave number k0 = ω/c0,
angular frequency ω, and sound speed c0 [25, 26]. The pres-
sure eld, p(r, t) = −ρ∂t

[
e−iωtφ(r)

]
, represents the com-

pression and rarefaction of the uid as the wave propagates.
The velocity eld, v(r, t) = e−iωt∇φ(r), describes the
oscillatory motion of uid particles caused by the wave.

In addition, a uid-like spherical scattering center is posi-
tioned at the origin (see Fig. 1) with radius a, density ρ1,
sound speed c1, and wavenumber k1 = ω/c1. The incident
acoustic wave, represented by the potential φinc(r), inter-
acts with the scattering center as it propagates through the
surrounding uid. Inside the scattering center, the acoustic

eld is described by a scalar potential φ1(r), while the scat-
tered wave outside is represented by φsc(r). All the pre-
sented potentials satisfy the Helmholtz equation, with the
following boundary conditions:

ρ0(φinc + φsc) = ρ1φ1, (1a)

∂

∂r
(φinc + φsc) = ∂φ1

∂r
. (1b)

For a monochromatic incident plane-wave, the solutions
take the general form:

φinc (k0r, cos θ) = B

∞∑

ℓ=0
(2ℓ + 1) iℓjℓ (k0r) Pℓ (cos θ) , (2a)

φ1 (k1r, cos θ) = B

∞∑

ℓ=0
bℓ (2ℓ + 1) iℓjℓ (k1r) Pℓ (cos θ) , (2b)

φsc (k0r, cos θ) = B

∞∑

ℓ=0
sℓ (2ℓ + 1) iℓh

(1)
ℓ (k0r) Pℓ (cos θ) . (2c)

Here B is the wave amplitude, k0,1 is the wave number in
the surrounding (internal) uid; Pℓ(cos θ) is the Legendre
polynomial, jℓ(z) and hℓ(z) are the spherical Bessel and
Henkel functions, respectively.
In terms of the dimensionless parameters x0 = k0a and

x1 = k1a = mx0 (m = c0/c1), together with the boundary
conditions, the absorption and scattering coecients, bℓ and
sℓ, read:

bℓ = − ix−2
0 (ρ0/ρ1)

h
′ (1)
ℓ (x0) jℓ (x1) − mtj′

ℓ (x1) h
(1)
ℓ (x0)

, (3a)

sℓ = − j′
ℓ (x0) jℓ (x1) − mtjℓ (x0) j′

ℓ (x1)
h

′ (1)
ℓ (x0) jℓ (x1) − mtj′

ℓ (x1) h
(1)
ℓ (x0)

. (3b)

Fig. 1 Schematic of the scattering
setup. A monochromatic acoustic
plane wave (λ0, k0) propagates
along +z strikes a homogeneous
sphere (radius a, density ρ1)
embedded in a uid of density ρ0
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The impedance ratio mt = Z0/Z1 = (ρ0/ρ1)m governs
wave transmission between media, with mt ≫ 1 leading
to strong relfection (bℓ → 0) whereas mt ≈ 1 produces
negligible scattering (sℓ → 0). In biological media, where
ρ1 ≈ ρ0, transmission depends primarily on the medium
organization and the impact on reducing the internal sound
speed [27]. Both coecients share the same denominator
in (3), which may vanish for special combinations of m,
mt, and x0. These divergences are also observed in far-eld
problems [23, 28].
The energy of a system composed of an acoustic wave

interacting with a scattering center is

W =
ˆ

V

|p(r, t)|2
2ρ1c2

1
dV +

ˆ

V

ρ1|v(r, t)|2
2 dV. (4)

The potential energy arises from pressure variations induced
by the sound wave, while the kinetic energy is associated
with the oscillatory motion of uid particles driven by the
passage of the wave. Using the internal scalar potential φ1
from (2b), it is possible to explicitly calculate the potential
and kinetic energy using (4) yielding

2f0WP

Z1 |B|2
= x3

1

∞∑

ℓ=0
|bℓ|2 (2ℓ + 1)

[
j2

ℓ (x1) − jℓ−1 (x1) jℓ+1 (x1)
]

., (5a)

2f0WK

Z1 |B|2
= x3

1

∞∑

ℓ=0
|bℓ|2 (2ℓ + 1)

[
ℓ(2ℓ + 1)

x3
1

I
(ℓ)
1 (x1) − 2ℓ

x3
1

I
(ℓ)
2 (x1) + 1

2
(
j2

ℓ+1 (x1) − jℓ (x1) jℓ+2 (x1)
)]

.

(5b)

with frequency f0 of the incident wave. The value
(2f0/Z1|B|2) normalizes the expressions for kinetic
and potential energy, ensuring they are dimension-

less. The integrals I
(ℓ
1 (x1) =

´ x1
0 j2

ℓ (x)dx and

I
(ℓ
2 (x1) =

´ x1
0 jℓ(x)jℓ+1(x) x dx lack an explicit analyti-

cal expression and thus must be calculated numerically. We
truncate the summation of the partial-wave series at

ℓmax = 3 +
⌊

x
(max)
0 + 4.05

(
x

(max)
0

)1/3
⌋

, (6)

following the numerical analysis in Ref. [29] to ensure the
convergence in scattering calculations. The size parameter
x1 = k1a dictates the number of partial waves required for
accurate results. This formula accounts for higher-order
contributions, such as leaky Lamb waves, and ensures both
accuracy and eciency in the series summation, particu-
larly in cases involving complex resonances. In this analy-

sis, x(max)
0 = 10was the largest value considered, providing

a reference for the upper bound on the size parameter for the
calculations.

3 Results

3.1 Systems with a Impedance Ratio Z1/Z0 ≪ 1

Acoustic impedance characterizes a medium’s resistance to
the transmission of sound waves. A large impedance mis-
match between two media results in a strongly reective
interface, thereby impeding the transfer of acoustic energy.
This mechanism aects not only the incident wave but
also waves generated within a nite scattering center and
propagating toward the surrounding uid. In the absence
of dissipation, such waves can become eectively trapped
inside the scatterer. Resonances arise when the rate of wave
accumulation within the scattering center exceeds the rate in
which energy is emitted into the surrounding medium [21].
The large dierence in acoustic impedance between

medium 0 and medium 1 signicantly aects the energy
distribution inside the scatterer. Here, we study the potential
and kinetic energies within the scattering center, using (5b)
and (5a), the spherical scattering center was represented

by an air bubble - medium 1 (density ρ1 = 1.205 kg/m3

and speed of sound c1 = 343 m/s) - immersed in seawa-
ter - medium 0 (the density ρ0 = 1024 kg/m3 and speed
of sound c0 = 1522 m/s. The interaction between acoustic
waves and the penetrable scatterer is examined as a function
of the dimensionless size parameter x0.

Figure 2 compares the potential and kinetic energies as
functions of the dimensionless size parameter x0 for an air
bubble immersed (left) and a petrol bubble (right) in sea-
water. Figure 2 (left) shows the energy behavior for ℓ = 0,
highlighting key resonance eects. Resonance occurs when
an acoustic wave interacts with a scatterer at specic fre-
quencies, causing constructive interference and a signi-
cant amplication of energy inside or around the scatterer.
These resonance peaks represent points where the acous-
tic wave strongly interacts with the scatterer, leading to
substantial energy deposition. Notably, a resonance peak
appears at x0 ≪ 1, corresponding to the monopole mode.
This peak arises even though the scatterer is much smaller
than the wavelength of the incident wave, primarily due to
the impedance contrast between the air bubble and the sur-
rounding seawater. The resonances vanish for impedance
ratio close to unity, as show in Fig. 2 (right).
The rst monopole resonance, shown in Fig. 2, at

x0 =
√

3/mmt ≈ 0.014, satises

2f0
Z1|B|2 [WK ]Small = m5x5

0
45

[
mt

m

3
(3 − mtmx2

0)

]2
, (7a)

2f0
Z1|B|2 [WP ]Small = 4m3x3

0
3

[
mt

m

3
(3 − mtmx2

0)

]2
. (7b)
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Resonances are classically described by (E − E0 − iΓ/2)−1

with Γ being associated as a damping mechanism. However,
our model has no internal losses: this apparent damping is
purely dynamical. Each cavity mode couples to the contin-
uum of outgoing waves, so the surrounding uid behaves
like an absorbing wall at innity. In Fano’s picture, a trapped
mode interferes with a nonresonant background, turning
ideal δ peaks into nite and often asymmetric proles [20,
21, 30, 31]. Energy is not dissipated inside the inclusion; it
is radiated after an average time τWigner.
In the diraction limit (ka ≫ 1), the solutions (3a)

and (3b) simplify, yielding the µ-th resonance position
Xµ

ℓ = (π/2m) (2µ + 1 + ℓ). From this expression, the
spacing between consecutive resonances is ∆µX = π/m

Similarly, the potential energy within the scatterer, as
shown in Fig. 3, exhibits sharp resonance peaks as a func-
tion of x0. For larger values of x0, higher-order modes
resonate, creating a comb-like structure. As x0 increases
further, the frequency of these peaks rises, as all modes
interfere constructively when the scatterer approaches the
wavelength size.
Likewise, the kinetic energy follows a similar trend, as

shown in Fig. 4. Distinct resonance peaks appear as x0
increases, with small-scale resonance clearly visible in the
kinetic energy distribution, reecting ecient energy trans-
fer even for a small scatterer. As x0 increases, the kinetic
energy peaks across dierent values of ℓ become far more
synchronized and broader, with a characteristic linewidth Γ.

Fig. 3 Potential energy distribution, as a function of the dimen-
sionless size parameter x0, for an air bubble immersed in sea-
water. Medium 0 corresponds to the surrounding seawater
(ρ0 = 1024kg/m3, c0 = 1522 m/s), while medium 1 represents the
air bubble (ρ1 = 1.205kg/m3, c1 = 343 m/s). Separate plots are

shown for even (left) and odd (right) values of ℓ. The resonance peaks,
which grow in number as x0 increases, indicate critical points where
the acoustic wave is trapped and energy is deposited within the scat-
tering center

Fig. 2 Potential and kinetic energies as functions of the dimension-
less size parameter x0 for air (left) and petrol (right) in seawater.
Small spherical scatterers resonate with incident acoustic waves at
low impedance ratio (Z1/Z0 ≪ 1), with potential energy dominating

at low x0 by several orders of magnitude. In contrast, the moderate
impedance ratio (Z1/Z0 ≈ 1) in petrol-seawater fail to support reso-
nances entirely

1 3
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3.2 Systems with a Impedance Ratio Z1/Z0 ≈ 1

In this section, we investigate the behavior of both potential
and kinetic energies for a system comprising a petrol bubble
submerged in seawater. The petrol bubble, with an acoustic

impedance of approximately 968 750 kg/m2 · s, is immersed

in seawater,whose impedance isaround1 558 528 kg/m2 · s.
This results in a moderate impedance ratio (Z1/Z0 ≈ 0.62).
Figure 6 illustrates the potential energy for both even and

odd values of ℓ. Subgure (a) displays the results for even
ℓ values (0, 2, 4, 6), while subgure (b) represents the odd
values (1, 3, 5, 7). As x0 increases, the curves for all ℓ val-
ues converge toward a stable potential energy. Notably, no
signicant resonance peaks are observed in either the even
or odd modes, indicating a lack of strong energy trapping
under these specic conditions. This absence of resonance
suggests that the moderate impedance mismatch does not

for xed ℓ, and ∆ℓX = π/(2m) for xed µ. Since
Γ ∼ 1/τWigner [20], it follows that τWigner/τmin ∼ (m/π),
indicating that thewave remains trapped longerwhenm ≫ 1
and minimum cycling time τmin = 2πa/c1. This regime is
relevant for certain viral particles [32], where the contrast
parameter can reachmHIV ≈ o(102).
Figure 5 plots the stored-energy contribution for all mul-

tipoles. Both kinetic and potential energy show that higher-
order modes (ℓ > 0) have signicant contributions even
around resonances. Thus, a monopole-only approximation
is asymptotically exact when x0 ≪ 1; once x0 ≫ 0, omit-
ting ℓ > 0 underestimates the stored energy.
The results highlight pronounced resonance behav-

ior. Both energies show sharp peaks for some values of
x0, including for x0 ≪ 1. The strong impedance mismatch
between the medium and the scattering center leads to sub-
stantial internal energy storage. As x0 increases, resonances
become denser and other modes contributions cannot be
neglacted.

Fig. 5 Relative modal contribution. Total potentail (black, dashed) and
kinetic (red, full) energy in the small (right) and large (left) particle
limit, highlighting the resonances. (inset) Although the monopole

remains as the most signicant mode overall, the energy histogram
reveals a signicant contribution from other modes

Fig. 4 The kinetic energy distribution as a function of the dimensionless size parameter x0 for the air bubble in seawater. As with the potential
energy, the resonance peaks reect regions of high energy concentration within the scatterer

1 3
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4 Conclusion

In this study, we present an analytical approach to the acous-
tic scattering by spherical objects, based on internal energy
analysis. The motivations comes from experiments on iso-
thermal viral inactivation by ultrasound (5–10 MHz), driven
primarily by structural resonances in absence of bubble cavi-
tation or related eects. Our ndings are consistent with this
hypothesis, demonstrating that resonances appear for materi-
als with contrasting acoustic impedance. For materials with
similar densities, resonances are supported only if the sound
speed of the scattering center is much smaller than that of the
surrounding uid c1 ≪ c0, implying a softer medium with
reduced bulk modulus. Advances in acoustic metamateri-
als have shown that folded materials exhibit reduced sound
speeds, owning to their less rigid, spring-like structure, in
agreement with the organization of viral nucleoproteins.

induce substantial energy localization within the scattering
center.
Figure 7 presents the kinetic energy for the same range

of x0 values, distinguishing between even and odd ℓ values.
The trends mirror those observed in the potential energy
curves, with kinetic energy remaining relatively stable, lack-
ing pronounced oscillations or resonance peaks. Although
minor uctuations occur, the curves ultimately converge as
x0 increases.
For both potential and kinetic energy (see Fig. 2 bottom),

the absence of signicant resonance peaks emphasizes the
role of the impedance ratio in controlling energy distribu-
tion. The lack of pronounced energy localization for either
even or odd ℓ values supports the conclusion that moderate
impedance dierences between media prevent strong reso-
nance eects, which are typically observed when there is a
larger contrast in acoustic properties.

Fig. 7 The kinetic energy as a function of x0 for the petrol bubble in seawater shows no signicant resonance peaks, similar to the potential energy

Fig. 6 Potential energy as a function of x0 is given by (5a), plotted
for even (ℓ = 0, 2, 4, 6) and odd (ℓ = 1, 3, 5, 7) modes. The system
consists of seawater (medium 0: ρ0 = 1024 kg/m3, c0 = 1522 m/s)

and a petrol bubble (medium 1: ρ1 = 968.75 kg/m3, c1 = 343 m/s).
No signicant resonance peaks are observed
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Our numerical ndings also suggest the emergence of
dynamical dissipation mechanisms, even in absence of viscos-
ity, driven by the internal localization of compressional waves.
Analogous phenomena are well-documented in optics: once
trapped, the waves escape after a characteristic delay τWigner,
broadening and limiting resonances. As a result, the internal
pressure eld near resonances receives signicant contribu-
tions from various modes, with the dominant one character-
izing the center of the peak in the small particle regime. This
behavior contrasts with the usual monopole-only approxima-
tion, which accounts only for radial deformations. Higher-
order modes introduce heterogeneous deformations and
associated shear forces. In the diraction regime, even (odd)
modes contribute nearly equally, producing a comb-like pat-
tern, conrming that ℓ > 0must be taken into account.
Our model disregards viscosity as a rst approximation,

although it is a key aspect in low Reynold ows such as bio-
logical systems. Introducing viscosity η aects our model
in several ways. First, the wave number k becomes a com-
plex to capture the energy loss and a frequency-dependent
sound speed c = c(k). Second, the scattering center behaves
as a viscoelastic material, capable of both storing and dis-
sipating energy. The internal stress σ1 acquires a non-triv-
ial spatial distribution, strongly dependent on the velocity
eld v1(r, t). In general, the stress decays according to the
relaxation time τrelax = η/E where E is the Young modu-
lus. When the stress exceeds the molecular forces that bind
them structure together, the medium breaks apart which
may explain the experimental evidence reported in [7].
The framework developed here provides a foundation for

further investigations into more complex scattering geome-
tries, such as core-shell structures, where interactions between
materials could enhance energy localization.Another approach
is to explore multiple scatterers, non-ideal uid dynamics, or
non-linear eects. These developments would expand the
model’s applicability and deepen the understanding of wave
scattering across diverse physical contexts. Furthermore, the
inclusion of dissipation to our current model would be bene-
cial for applications in biological settings, where non-inertial
forces and stress propagation play crucial roles.
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