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Abstract

Given a smooth bounded domain £ C R3, we consider the following nonlinear Schrodinger-Poisson type
system

—Au+du—ulP2u=wu inrQ,

—A¢p =u? in AQ,
u>0 in A2,
u:(p:O on 8()»9),
figu?dx=p?

in the expanding domain AQ2 C R3,% > 1 and p € (2,3), in the unknowns (u, ¢, ). We show that, for
arbitrary large values of the expanding parameter A and arbitrary small values of the mass p > 0, the
number of solutions is at least the Ljusternick-Schnirelmann category of A2. Moreover we show that as
A — 400 the solutions found converge to a ground state of the problem in the whole space R3.
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1. Introduction

Elliptic systems involving the Schrodinger and the Maxwell equations have attracted a lot of
interest in mathematical physics in the last decades. Many authors have studied this intriguing
problem, which takes into account the interaction of a nonrelativistic particle with its own elec-
tromagnetic field and it is almost impossible to give a complete list of references on the topic.
The huge literature existing deals mainly with the equations settled in the whole space R", while
only few works study the case of bounded domains where boundary conditions may even prevent
the existence of solutions (see the work cited below). We cite here the pioneering paper of Benci
and Fortunato [8] for two reasons: first, it is the inspiration of our paper, and second because it
seems they first gave a deduction of the equations which describe the interaction of the matter
field with the electromagnetic field in the framework of Abelian Gauge Theories, in place of the
usual and classical Hartree and Thomas-Fermi-von Weizsicker Theory of atoms and molecules
(see e.g. [9,10]).

Without entering in details in the physical and mathematical derivation of the equations (be-
side [8], the interested reader is also referred to [3,11,12]) the search of stationary solutions

v, D) =ux)e €eC, ulk), weR,
of the so called Schrodinger-Maxwell system in the purely electrostatic case, i.e.

P, n)=¢(x), Ax,1)=0,

(where (¢, A) is the gauge potential of the electromagnetic field) leads to the following model
problem, known as the Schrodinger-Poisson system:
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—Au+¢u—|ulP2u=wu inQ,
—A¢:M2 in Q,
u,p=0 on 0%2.

It is assumed that the particle is going to be “observed” in a region € in R? where it is confined,
and p is a suitable exponent. Here u and ¢ are unknowns of the problem.

For what concern the number w, the frequency of the wave function, there are two different
points of view, depending on the problem one wants to study:

I. w is a given datum of the problem; this means that one is interested in finding wave functions
with a given frequency. Sometimes this produces restrictions on the values of w in order to
obtain solutions. For the problem in a bounded domain the reader is referred, for example,
to [2,18,23,24].

II. w is not given; in this case the wave function is completely unknown, no a priori value of
the frequency is specified so the unknowns of the problem are u, ¢ and w. In contrast to
the previous case, this arises when the L2-norm of the solutions is a priori fixed. Beside the
paper [8], we cite [19,20] where a Neumann condition on ¢ is considered. The problem in
the whole R¥ is studied in [4,5] (see also the references therein) where the main difficult
was to recover some compactness a la Lions.

We mention also [21] where both cases I. and II. are treated.
1.1. The problem addressed in this paper

In this paper we are interested in the second point of view described above since we believe
it is more natural than the first. Indeed the wave function is usually unknown, so also w has to
be treated as an unknown. This has the following consequences: since the system is variational,
we will find the solutions as critical points of the associated energy functional and the fact that
 is unknown led us to find critical points restricted to the constraint of functions with fixed
L?-norm. Hence o will appear naturally as a Lagrange multiplier. The restriction to functions u
with fixed L2-norm has also a physical consistency since |y (x, 1) |2 = u?(x) and it is known that
the L2-norm of the solutions of the Schrodinger equation is constant in time.

More specifically, our aim in this paper is to show the existence of solutions (u, ¢, w) for the
following system in an expanding domain A2, A > 1,

—Au+¢u—ulP2u=wu inAL,

—A¢p =u? in A2,

u>0 in A2,

u, =0 on d(AQ), (F)
/uzdx = p2.

AQ

The set  C R3 is a smooth and bounded domain, i.e., open and connected. The requirement
u > 0 is very natural, being u# the modulus of the wave function (observe en passant that the
positivity of ¢ in A2 is granted for free).
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It is classical by now (see the approach in [8]) that (P;) can be reduced to a single equation
involving a nonlocal term; indeed calling ¢, € HO] (£2) the unique (and positive) solution of

—Ap=u’> inAQ, ¢=0 ond(rQ)
for fixed u € HO1 (1L2), the problem (P;) can be equivalently written as

—Au+¢uu— ulP2u=wu inAL,

u>0 in A2,

u=0 on d(AL2), (1.1
/uzdx = p2,

L2

to which we will refer from now on. In this way by a (weak) solution of (1.1) we simply mean a
pair (1, ) € H(} (A2) x R with u having (squared) L?-norm equals to p2 for p > 0, such that

VveH()I(AQ):/Vqudx+/¢uuvdx—/|u|p_2uvdx=a)/uvdx.

A2 AQ P59 rQ2

Of course, the solutions will depend on p and A. By standard variational principles we know that
the solutions can be found as critical points of the C! energy functional (it is useful to have the
explicit dependence on the domain considered)

1 ’ 1 ’ 1 »
I(u; A2) :=§ |Vu| dx+Z bult dx—; |u|Pdx
rQ AQ2 A2

on the constraint given by the L>-sphere

M, = {u e H}G.) f wdx = p?}
AQ

and w appears as the Lagrange multiplier. The term ground state is used to refer to the solution
with minimal energy.

To state our result, let us recall that in [4] it has been proved that there exists p1 = p1(p) > 0
such that for any p € (0, p;) the problem on the whole space R? has a ground state solution tv,
and

Coo:= min I(ws; R <0.
ueM,(R3)

Moreover, by the results in [14], the associated Lagrange multiplier w, is negative and the
ground state v is positive and radially symmetric.

Roughly speaking, our result given below states that for small value of the L?-norm, the
number of solutions is influenced by the topology of the domain, at least when the domain is
very large.
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Hereafter for a topological pair Y C X, caty(Y) € N denotes the Ljusternick-Schnirelmann
category; if X =Y we simply write cat X.
The result is the following

Theorem 1.1. Let p € (2,3) and let N = catQ. There exists p1 = p1(p) > 0 such that, for every

p € (0, p1) there is A > 1 such that for any A € (A, +00), the problem (1.1) has at least N
solutions (u* a)/’o,k) e M,(AQ) xR, i=1,...,N. Moreover, for every i, as A — +00,

oA
I(ui)’k; AQ) = ¢ <0, ‘”;),A — weo <0,
and, up to translations,
ul . = e in HI(R3)
P o0 :

Furthermore, if Q2 is not contractible in itself, besides the solutions just found, there is another
one (Up ., Wp 1) With U, ) nonnegative and at a higher energy level.

We remark here, once for all, that the solutions ¥ we will find are indeed solutions in the
classical sense.

1.2. Comparison with known results

Now an explicit comparison with the paper of Benci and Fortunato [8] is in order. In the paper
[8] infinitely many solutions (ux, wi)reN are found for the problem

—Au+¢u=wu inQ,
=0 on 0%2,

<

(1.2)
W =1

b\

in a fixed domain 2. The sequence {uy} consists of critical points at minimax levels (over the
class of sets having arbitrary large Krasnoselskii genus) of the energy functional restricted to
the unit sphere in LZ(Q), on which it is bounded from below. Actually, as it is observed in [18,
Appendix], the same result holds by adding a nonlinearity —|u|”~2u in the left hand side of the
equation in (1.2), for p € (2, 10/3).

Even though Benci and Fortunato work on the unit sphere in L2(), their result is true for
every value of radius p > 0, namely on M ,(£2). Summing up, the result of [8] follows for the
problem

—Au+¢uu— ulP2u=wu inS,

u=0 on 0%2,
/u2=p2
Q

for any p € (2,10/3), p > 0, and they also obtain that
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(a) the solutions uy are possibly sign changing, except of course the solution which minimizes
the related functional 7 (-; Q) restricted to M ,(2),

(b) the sequence of critical levels {I (ux; 2)} is diverging,

(c) the sequence of Lagrange multipliers {wy} is diverging.

Our paper gives a contribution in the sense that solutions different from those found in [8] are
furnished here. Indeed for large (expanding) domains we find solutions that

(a’) are all positive,

(b’) are at a negative level of the energy functional,

(c’) all have negative related Lagrange multipliers,

(d’) when the domain is larger and larger the Lagrange multipliers, as well the solutions u, are
converging to the solutions in the whole space.

However we can prove this just for solutions with small L?-norm and our result just follows
for p € (2, 3) and not in the whole range (2, 10/3).

Our approach is slightly different from that in [8] in the sense that we use another topological
invariant which also adapts to non even functionals and permits to gain the positivity of the
solutions. Indeed, by means of the Ljusternick-Schnirelmann category and the barycenter map
introduced by Benci and Cerami in [6], we are able to find a number of solutions depending on
the “topological complexity” of the domain AS2. The main difficulty here is due to the presence
of a nonlocal term driven by the Green function; in fact, fine estimates have to be found in order
to deal with the Green function and compare suitable infima when the domain is expanding, and
implement the barycenter map on suitable sublevels of the energy functional.

As it will be clear in Section 2, the restrictions on p, p and A in the main theorem are due
to: (i) the boundedness from below of the functional, (ii) the evaluation of the barycenters of
functions in suitable sublevels of the functional 7(-; A€2), and (iii) the radial property of the
ground state solution v, for the limit problem in the whole R3.

We observe that problems in expanding domains have attracted attention in the mathematical
literature and also have been studied in other contexts; see e.g., [1,13]. However this is the first
paper where, besides a multiplicity result, a convergence result is also presented.

1.3. Organization of the paper

The organization of the paper is the following: in Section 2 we introduce basic notations, we
recall some well known facts and give the variational framework of the problem. In Section 3 the
barycenter map is introduced; it will be a fundamental tool in order to employ the Ljusternick-
Schnirelmann theory. Here is seen the role played by large values of A. In Section 4 the proof
of Theorem 1.1 is given. In a final Appendix we show the striking difference between the whole
space and a bounded domain for what concerns the minimum of the functional restricted to the
L?-sphere.

2. Some preliminaries
Let us start by introducing few notations.
In all the paper € C R? is a (smooth and) bounded domain such that 0 € 2. Hereafter the

open ball centred in xo € R? with radius 7 > 0 will be denoted with Br(xo). Note that, for A > 1

6
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and xo # 0, we have A B#(xg) = B;7(Ax0), so that A B7(xo) # By7(xo). We use d(x, D) to denote
the distance between a point x € R3 and D c R3. Also let us fix, from now on, a small r > 0
such that B, := B,(0) C Q2 and, setting

Qf = {x eR?:d(x, Q) §r}
Q= {er:d(x,SQ)ZV},
the sets

Q, @, and 2, are homotopically equivalent. 2.1

ro

This holds thanks to the fact that 9<2 is a smooth compact manifold and the Tubular Neighbour-
hood Theorem applies (see [15, pp. 137-141]).
In particular, for any A > 1, the same is true for

AQ, AQF and AQ;.

In all the paper r will be the fixed value above.

The symbol o5(1) denotes a quantity which goes to zero as s — +o0.

We denote with | - [rq(p) the usual L?-norm, and let H& (D) be the usual Sobolev space
endowed with equivalent (squared) norm

3 ) =/|Vu|2dx.
D

As noted earlier, for every fixed u € H(} (D), the problem

_ —2
{ Ap=u~ inD, 22)

¢=0 on dD

possesses a unique solution ¢, € HOI(D). A list of properties of ¢, can be found e.g., in [2,
Lemma 1.1]. We just observe here that, if (D) denotes the first eigenvalue of the Laplacian in
the domain D,

2 _ 2 2 —1/2 2
f|v¢u| dx—/¢uu dx < |¢u|L2(D)|” |L2(D) Sﬂl (D)||¢M”H0'(D)||MHH(}(D)
D D

and thus,

[ buiar < Ol @3
D

We use the convention that given a function in H(% (D) we will denote with the same letter
the function trivially extended to the whole R>, which then belongs to H'!(R?). In particular, for

7
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ue HO1 (D)Cc H'R?) if ¢, € Hé (D) is the unique solution of (2.2), we also have ¢, € H!(R?)
and

—A¢,=u’inD, ¢,=0inR>\D.

However, it is important to establish explicitly the difference between ¢, and the unique solution
@, of the problem

—Ap = u?in R3.

We will formulate the relationship between these two functions (see Fact 4 below).

We know that the solutions (u, w) of the problem

—Au+¢uu—ulP2u=wu inD,

u>0 in D,
u=0 ondD,
/uzdx = ,02,

D

in a smooth bounded domain D can be characterized as critical points of the C! functional in
Hy (D)
0

1 2 1 2 1
I(u; D) := = | |Vu|"dx + - | ¢yu-dx — — | |u|Pdx
2 4 p
D D D
restricted to the manifold

My(D) = {ueHol(D):/uzdxzpz}, o> 0.
D

Analogously, in case of the whole space, the solutions (u, w) of the problem

—Au+@uu—ulP2u=wu inR3,
u=>0 in R3,

/uzdx = p2

R3
can be characterized as critical points of the C! functional in H'(R?)

1 1 1
T(u; R?) = > /|Vu|2dx + Z/(puuzdx — —/|u|pdx
R3 R3 pR3

restricted to the manifold
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MP(R3):: {ueHl(RS):/uzdx:pz}, o> 0.
R3

In both cases, the Lagrange multiplier associated to the critical point is the parameter w which
appears in the related problem.

We recall now the following facts that will be fundamental in the whole paper. We limit
ourselves to the case p € (2, 3) which is our interest here, even though some facts are also true
for p € (2,10/3).

Fact 1. For every p > 0, the functional /(-; D) is bounded from below and coercive on
M, (D). This is proved in [4, Lemma 3.1] in the case D = R3, but it is easy to see that it holds
on every domain D (see, for instance, [20, Proposition 3.3]).

Fact 2. For every p > 0, it is

Co:= inf  I(u; ]R3) € (—00,0).
ueM,(R3)

For a proof see [5, pp. 2498-2499]. The inequality co < 0 is strongly based on the fact that
the domain is the whole R3, since suitable scalings are used that are not allowed in a bounded
domain. In fact, in a bounded domain the infimum is strictly positive (at least for small p) as we
will show in the Appendix.

In [4] it has been proved that there exists p; = p1(p) > 0 such that for any p € (0, p1), all the
minimizing sequences for ¢+ are precompact in H'(R3) up to translations, and converging to a
positive ground state v, in H 1(R3), which is the one appearing in the statement of Theorem 1.1,
so that

o= min ;R =1I(ws;R?) € (—00,0).
ueM,(R3)

More explicitly, if {u,} C M p(R3) is a minimizing sequence for ¢y, and vanishing occurs,

then u, — 0 and ||u,| - 0 in H'(R3), since coo < 0. Then the well known Lions’ lemma [17]
implies that

sup /uzdx26>0, for some § > 0.

cR3
Y<B)

Hence there exist {y,} C R? and toy, € ./\/lp(]R3) such that v, :=u, (- + y,) € ./\/lp(R3) and
Uy = W in H'(R?), I (10503 R?) = coo.

Furthermore, |y,| — +00. Indeed, since

8
/u,%(x + yu)dx = / uldx > sup / uzdx — 0, (1) > 5 >0,
By Bi(om) NS

if the sequence {y, } were bounded, for a large R > 0,

9
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)
/uﬁdxz / u,zzdx2§>0, foreveryn e N

Br Bi(yn)

which is a contradiction since u, — 0 in L2(Bg).
Finally, as proved in [14, Theorem 0.1], the ground state tv, is radially symmetric for p €
(0, p1), if necessary by reducing p1.

Fact 3. There is a Lagrange multiplier wo, associated to tv, that satisfies

pza)oo=/|Vmoo|2dx+/<poom§odx—/mgodx, (2.4)
R3 R3 R3

where we have written for simplicity ¢oo := ¢, . Let us recall the argument which shows that
W 18 negative. By [14] we know that, setting

4 2(p=2)
oo = p 430D p(p4-30-2 . ),

v is a radial constrained (to the L2-sphere in H'!(R3)) minimizer for the functional defined on

H'(R3) by
1 ) pa(p) ) 1
J):== [ |Vul"dx + —— | guu°dx — — [ |ulPdx
2 4 p
R3 R3 R3
where
8(3 —
a(p):=ﬁ>0 if 2<p<3.
Then

J(®) =min{J () :u € H'(R?) and |u| 23, = 1}
and v is a solution of the problem

—Av+ p*Pypv— P 2v=wv inR3,
v>0 in R3,

/vzzl,

R3
with w as its Lagrange multiplier, which evidently satisfies
w= /|Vn|2dx —i—p“(”)/(pnnzdx - / vPdx. (2.5)
R3 R3 R3

Possibly by reducing p1, for p € (0, p1) itis w < 0; see [14, Proposition 1.3]. Note that

10
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/|Vmoo|2dx:p”(p)/|VU|2dx and /mgodx:pW)/nde,
R3 R3 R3 R3

where

(= 2=2P =2 i, 3
=————>0 i <p<3,
v(p 03, P

and

/(poomgodx:pa@)w(p)/%uzdx.
R3 R3

Thus, by using (2.4) and (2.5), we infer that

oo :pﬂl’)[/wmzdx+p““’)/%n2dx —/nl’dx}
R3 R3 R3

=p?Py.

Therefore, for p € (0, p1), itis also ws < 0.

Fact 4. Let us consider a smooth bounded domain D C R? and u € HO1 (D). The unique
solution ¢, to the problem

—Ap=u’inD, ¢=00ndD
and the unique solution ¢, to the problem
—Ap = u? in R
are such that

/ Guu’dx = / Quu’dx — / H(x, y; D)u*(x)u’(y)dxdy, (2.6)
D D

DxD

where H (-, -; D) denotes the smooth part of the Green’s function for —A in D (see [16]). This
function has the following relevant properties useful for our purpose.

(1) The function H (-, -; D) is nonnegative.
(2) We have

Mp :=|H(-, -; D)|Loo(pxD) < +00. 2.7
(3) If L > 1, then

H(x,y: D) = %H(; %; D), V (x,y) € D) x (AD).

11
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@4 If Dy C Dy C R3 are smooth bounded domains, then
H(x,y; D) < H(x,y; D1), V¥ (x,y)€ D x Dy. (2.8)
As two important consequences, we highlight the following:

i) Given a family {u;},~1 of functions such that u; € M, (AD), using the property (3) of the
function H, we have the estimate

M i M
0< / H(x,y;w)u%(xm%(wdxdysTD( / ui(x)dx) ===t @9)
ADXAD AD

ii) If Dy C D, C R3 are smooth bounded domains, using the trivial extension of functions, if
u € H} (D)), then u € H} (D,), and

f¢1u2</¢2u2,
D D>

where ¢; for i € {1, 2} denotes the unique solution of the problem
—Ap=u’inD;, ¢=00ndD;.
Therefore I (u; D1) < I (u; D»).
3. The role of large A

In this section we consider some interesting and fundamental results which are true specifi-
cally for expanding domains. All the results involve a limit in A and the role of taking a large A
is then evident.

Let us start with few notations. For u € H'(R?) with compact support we define the barycen-

ter map by
/x|Vu|2dx

It is a continuous map.

Forx € R? and 0 <7 < R, Az, = Bg(x) \ Br(x) is the annulus centred in x and radii 7, R;
for A > 1 and x # 0, it holds that )LA,??’X = AM?,A?,M’ from which )LAIQ’?,)C #* A“Q.mx. Ifx =0,
we simply write Az 7. For 2 > 1 and R € (r, +00), where r is the fixed number in the beginning
of Section 2, the set

{ue MoAsrin s B =x]

12
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is not empty and

a(R, 7, x) = inf {13 Ao 10 € My (Argin), B =x]

> inf | 1(u; Asgora) tu € Mp(AAR,M,x)}

—00,

v

where the last inequality is due to Fact 1 with D = A g 3, x-
Note that the above infimum does not depend on the choice of the point x; indeed, for any
x €R3and 0 <7 < R, we have (see Fact 4)

H(y, Z; AR,r,x) = H(y —X,T—X; AR,r), A (y, 7)€ AR,r,x X ZR,r,)c

and then every term in the functional is invariant under translations. Let us set a(R,r, A) :=
a(R,r, A,0). We also use the notations

by = inf  I(u; By,) and c = inf  I(u; AQ2).
ueM,(Bi,) ueM,(AQ)

Of course, the numbers a(R, r, 1), by and ¢, (besides c,) also depend on p > 0. However, we
do not make explicit this dependence in the notation.

Now we use the fact that the families of infima with fixed L2-norm are bounded from below.
Let us choose A > 1 and consider a smooth bounded domain D C R3; if u € M o(AD) (so that
ue /\/lp(]R3)), then there exists m < 0 such that

1 1 1 1
m= [ (5190P = St Jax = [ (19 = i o < rs 20y
2 p 2 p
R3 AD

see [4, Lemma 3.1]. Therefore, for the different kinds of domains in which we are interested,
ie, D=B,,D=Qand D= Ag,,itism <b,,m <cpandm <a(R,r,1) forall A > 1. Asa
consequence,

iminfa(R,r, 1).

m <liminfb,, m <liminfc;, and m <I
A—> 400 A——+00

1
A—400

Remark 3.1. For a smooth bounded domain D C R3 and u € M o(D), we have by (2.6)
1 , 1 1 )
I(u; D) = —|Vu|* — —ul? Jdx + - | ¢ u’dx

2 p 4

D D

= = Vul® + —guu” — —u|? )dx — — H(x,y; D)u”(x)u”(y)dxdy,

2 4 p 4

D DxD

from which

13
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1(u;D)=1(u;]R<3)—;t f H(x,y; D)u®(x)u(y)dxdy. (3.1)

DxD

Using the previous remark, we obtain the following inequalities involving the infima:

Coo < liminfa(R,r, 1), coo <liminfb, and cy <liminfc,. 3.2)
A—~00 A—~00 A—~00

Indeed, by definition there are families {u;}y~1, {va}a>1 and {w; },~1 such that, for every A > 1,
Uy € My(AsRar), Vi € My(Byy), wi € M, (ARQ) (hence uy, vy, w;, € M, (IR?)) and for which
the inequalities

1 1 1
I(uy; Ajgar) <a(R,r, A)+ e I(vy; Byy) < by + e I(wy; AQ) < c) + :

hold. But then, using (3.1) with D = Ay g »,, D = B;, and D = A2, respectively,

1

1
oo < 1 BY) <aRor )+ 5 + f Hx, v Angon i (0ul () dxdy,

AR ar X AR 0r

1 1
oo ST R <by -+ / H(x, y: Bu)v2(0)vd(y)dxdy,

By X Byr

1 1
Coo < I (wy; R3) <cy+ 5 + 7 / H(x,y; XQ)w%(x)w%(y)dxdy,
AQXAQ

and the conclusion easily follows by using (2.9).
The next two propositions will serve as a preparation for the main result of this section, Propo-
sition 3.4. Recall that p; > 0 was previously introduced in Section 2.

Proposition 3.2. Let 2 < p < 3. For any p € (0, p1) it is

liminfa(R,r,A) > cxo.
A— 400

Proof. Assume by contradiction that, along a subsequence X, — o0 it holds

Iim a(R,r,A;) =Coxo-
A——+00

Besides, consider a sequence {u,} with u, € M/,(Ax, R 1), such that B(u,) =0 and it also
satisfies

a(Rv r, )‘n) S I(“na A}nnR,)nnr) < a(Rv r, )\n) +0n(1)
Hence, using (3.1) with D = A, g 1,r, We have
a(R.r, hn) +o0n(1) < I(un; R?) <a(R, 7, kp) + 0 (1)

14
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so that, by our assumption,
I (un: R?) > coo.
Thus, we may suppose that
{un) C Mp(R3),  BGun) =0 and I (uy; R?) = coo. (3.3)

Due to the coercivity of I(-,R?), the sequence {u,} has to be bounded. Moreover, |ju,| - 0;
otherwise, by using (2.3),

/|Vun|2dx, f%”uﬁdx, /|un|pdx—> 0
R3 R3 R3

and by (3.3)

3 1 2 1 2 1 P
Coo +0p (1) =1(up; R )=5 [Viuy| dx+Z Qu, Uy dx — > [y |Pdx = 0,(1),
R3 R3 R3

we obtain ¢ = 0, in contradiction with ¢ < 0. Hence, as in Fact 2 of Section 2, there exists a
sequence {y,} C R3 with |y,| — 400 such that v, 1= u, (- + y,) € MP(R3) and

Up = oo in HIRY),  T(weo; RY) = oo (3.4)
The convergence in (3.4) can equivalently be written as w, :=u, (- + y,) — s — 0; i.e.,
U (X) = wp (X — yp) + Weo(x — y,)  with w, — 0 in H'(R?).
Since I(-; Ay, R,»,r) 1s rotationally invariant, we can assume that

Yn=(;.0,0) with y, <0.

Claim 1: / |Vu,,|2dx—>f|vmoo|2dx-
B}\nr/Z()’n) R3

In fact, denoting with

Oy = [ |V, |dx = / [V (i (X — Yn) + Woo(x — yu))|*dx,
Bipr2(yn) Bir2(yn)

O = [ 2IVw, (x — y)| | Vivso(x — yu)ldx,
Bir2(yn)

O3 = [ [Vw, (x — yy)[*dx,
Byry2(yn)

15
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04 = / [Viogo (x — yu)[*dx

Byry2(yn)

we have

033y — 020 +04n <015 =<03,+02,+04p. (3.5)

With the change of variable z := x — y, we easily deduce that

1/2
oo = / 2|an||Vmoo|dz52||wn||H1(R3)</|Vmoo|2dx) — 0,
R3

B,z

2 2
ora= [ 1V0nPdz < By s, > 0.

B2

= Vive |*d Vivse |dx
O4pn = [Viveo|“dz = [ [Viveo|“dx.

B2 R3

Thus, by (3.5), we get the claim. On the other hand, setting ©®, := A, g a,r N Bi,r/2(0n), We

have
/ |Vu,,|2dx=/|Vun|2dx+ / |V, [>dx.

Bknr/Z(yn) O, Blnr/Z(yn)\®n

But Bknr/Z(yn) \ O, = Bknr/Z(yn) \ AknR,Anr and, being supp u, C A)»,,R,)L,,r, from Claim 1

|Vup,|[>dx =0

B)Lnr/2 (yn)\®n

holds. As a consequence, /|Vun |2dx — /|Vmoo |2dx. In virtue of this we have
®Il R3
Claim 2: /|Vun|2dx — 0, where Yy, == Ay, R ar \ Bayr/2(n)-
Tn

Indeed, the inequality

/ |Vuy|*dx < / [V, (x — yp)*dx + / 2|V, (x = yp)|[Vieo (x — y,)|dx

AxyRoanr Ay Ronr A Ranr

+ / V1000 (x — y)Pdx

AjuRoanr

can be rewritten as

16
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/ |Vuy|*dx < /Ian(x — y)Pdx +/2|an(x — ¥ |IVioee (x — yu)|dx
R3

Ajn R anr R3

+f|Vmoo(x — ya)I*dx.
]R3

Hence, due to the invariance under translations of the integrals,
2 2 2 172 2
[Vun|"dx < [wallg g3y + 2Mwallgrws)( [ [Vioeo|dx + [ [Vioeo|"dx
AAn R.nr R3 R3

=o0,(1) + /|Vmoo|2dx,

R3
from which
lim sup f |V |?dx < /|Vmoo|2dx.
n—>oo
Ajn R jnr R3
On the other hand,
[ vular= [19uPact [1vupacz [1vupar
A)»,, R.Anr Tn ®n ®n
so that

n—oo
Ajn R anr R3

liminf f |Vun|2dxz/|Vmoo|2dx.

As a consequence,

lim / |Vun|2dx=f|Vmoo|2dx

n—oo
AR R3
and from
24 2 2
/IVunl dx = f [Vuy,| dx—/qun| dx
Tn A}»,,R,)»nr ®n
we have
/ [Vu,|>dx — 0,
Tn

17
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proving the claim.

Finally, since

0=Buy) = / x1|Vun|2dx=/x1|Vun|2dx+/xl|Vun|2dx

A)LnR,)mr [OM Y
(/|Vmoo|2dx +0n(1)) +A,1R/|Vun|2dx
3 Y,

R

< —

Ant
2

we deduce that

-
ﬁ/|me|2dx+on(1)</|wn|2dx,
R3 T}l

in contradiction with Claim 2. The proof is thereby completed. 0O
To prove Theorem 1.1, we will need to deal with radial functions. Since it is not clear if b, is
achieved on a radial minimizer (see e.g., [22, Theorem 1.7]) we introduce the radial setting. For
any p >0, A > 1, let
M (Byy) = {u € M,(Bsy) tu is radial}
— {u € HY (B : lul2gp,,, = p, uis radial}

and

b¥:= inf  I(u; By,). 3.6
A uEM;‘,(BM) ( )»r) ( )

By using the arguments of [8,21], it is easy to see that b} is achieved on a function that we
denoted by m}xr.

Proposition 3.3. Let 2 < p < 3. For any p € (0, p1), it is
lim b, = lim b} = lim ¢) = oo
A— 00 A— 00 A—>00

Proof. Let tuy, be a positive radial ground state solution of the problem in the whole space R3,
and 4 : [0, +00) — [0, 1] a decreasing, C* function such that

1, <1
ht):=3 —
@) 0, t>2.

For T > r/2 consider the function A € Cgo (R3) given by hr(x) := h(|x|/T), and define wr :=
tooohi7. Note that wr — 1o In HI(R3), when T — +00. Also let t7 > 0 be such that trrwr €

M, (Bar).

18
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After fixing T > r/2, the number/)czl):(T) :=2T/r > 1 is such that for every A 2/)\\, Byr C
Bj, C AL2. Then for every A > A, denoting ¢7 := @y, by using (3.1) with D = By, and D =
A2, we have

b, < b} <I(trwr; Bay)

4

3, ! Xy, 2 2

=I(trwr; R )—ﬁ / H(x,x,Br>wT(x)wT()’)dXdy
By X By

and
¢, < I(ttwr; AQ)

4
t Xy
=I(trwr; RY) — ﬁ / H(X’ o Q)w%(x)w%(y)dxdy.

Therefore, using (2.9) with D = B, and D = Q2 respectively,

limsup by, <limsupb} < I(trwr; R3) and limsupc, < I (frwr; RS), YT >r/2. (3.7
A—>—400 A—>—+00 A——+00

Since wr — Wy in L*(R3), by the definition of 17 we have

2
o P

/w% dx

R3

It follows that r7 — 1. In particular, I (f7wr; R3) — I (0o; R3) = (oo a8 T — +00, and then,
by (3.7), we infer that

limsup b, <limsupb} <coo and limsupcy < coo.
A—>+00 A—>+00 A—>+00

We can conclude by (3.2). O

With the above propositions in hand, we can provide a proof of the main result in this section.
Given a number / € R, we define the sublevel set

(- 2Q)] = {u e M,(AQ) 1 [ (u; hR) < l].
For the next proposition, note that Mg, > Mg since B, C €2, in virtue of (2.7) and (2.8).

Proposition 3.4. Let 2 < p < 3. For any p € (0, p1), there exists A = A(p) > 1 such that, for
every A > A it holds that

uell; 21 = Bu) e rQ,

19
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where

Mg, p*
)

L1
[A):=by+ -1+
A
Proof. For any A > 1 there is a function u; € M, (B;,) for which

1
I(uy; Byy) < by + 7

Then, using the fact that the smooth part of the Green’s function on A2 is positive and (3.1) with
D = B;,, we get

1
I(uy; R — 1 / H(x, y; A2)u’ (x)u (y)dxdy < I (uy; R?)
AQ2XAQ

11
<by + Tt / H(x, y; By)ui (x)u3 (y)dxdy,

B, X By,
from which, using (3.1) with D = AQ2 and the estimate (2.9) with D = B, the inequalities

1 Mg p*
ckfl(uA;AQ)<b,\+X+i—’)f)§l(k), (3.8)

hold. Hence, the sublevel is not empty.
We argue now by contradiction. Assume that there exists a sequence of numbers {1,} with

Ap = 400 and u, € M,(£2,) is such that [ (u,; 2,) <I(A,) but x,, := B(u,) ¢ Aan. From
here and until the end of the proof, let

— : — — ¥ . ¥
Qn = )an, R > diam Q, An = A)mR»)LnV,Xn’ Cn = Chrp» bn = b)\n.

Claim: The inclusion £2,, C A,, holds.

Of course, from the chain of implications

Xn gé)»an = d(xp/In, Q) >1 = d(x,,2) > Ayr = By, (x,) N2, =0
- Bknr(xn)mgzn =0

we obtain that
Q, CR*\ By, (xp). (3.9)
Now let y, € €2, be an arbitrary point. Note that
Zn € 2y = |2y — yul < diam Q, = A, diam Q < A, R = z,, € By, r(Yn)-
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Since supp u, C 2, C By, r(yx), this implies that x, = B(u,) € B;,r(yn). Therefore, y, €
B;,, r(xy) and, by the arbitrariness of yj, it follows that

Q, C By, r(xn). (3.10)
From (3.9) and (3.10) we get the Claim.
We assert now that
1 Msgp* 2 Mgp!
a(R,r,)»n,xn)<cn+E+W<bZ+E+W. (3]1)

Indeed, we can take a sequence {v,} with v, € M ,(£2,) such that

1
I(vy; Q) <cp+ )\_

n

Then by the Claim, the fact that the smooth part of the Green’s function on A, is positive, and
(3.1) with D = Q,,, we deduce that

1
I B~ / Hx, v An2(0v2()dxdy < I(un: BY)

ApxAp

1 1
<oty / Hx, y: Qu)u2 ()2 (»)dxdy.
n
QX2

From these inequalities, using (3.1) with D = A,,, the estimate (2.9) with D = 2, and (2.8) with
D1 =B,, Dy =, we get

Mp, p*
dhy

1
a(R,r, Ap,yxp) <1 (vy; Ap) < cp + )L_ +
n

Therefore, in virtue of (3.8) we infer (3.11). But then, since a(R, r, A, x,) = a(R, r, ,), We can
write

2 Mg p*
a(R,r,An)<b;+k—+%
n n

which, together with Proposition 3.3, implies that
liminfa(R, r, Ay) <liminfb} = coo.
n— o0 n—oo

This contradicts Proposition 3.2, so that the proof is ended. O
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We recall that m}ﬂ € M;(B;Lr) denotes a positive, radial ground state; i.e., m"l}“ is such that
1 (w7, ; Bir) =b};

see (3.6). We now consider the continuous map W;, , : AQ” — HO] (1L2), given by

wh, (e —yD. ifx € By (y).

. for every y € A2,
0, if x e AQ\ By, (y),

[Wo,rD](x) = {

Let us fix y € AQ"; keeping in mind the terms of the functional, we make explicit the relation
betwpen integrals involving W, ,(y) and the corresponding integrals involving m’gh. For the
gradient terms we have

/ VLW, ()]0 dx = / [Viog, (lx — yD| dx = f Vioy, (6)[2ds.
A B

By (v) Ar

The nonlinear terms are such that
/ 195, ()10 |Pdx = / 0%, (lx — yD|Pdx = f 0%, (6P,
A2 er(y) By

With respect to the nonlocal nonlinearities, first note that

/ [‘I’x,r(y)]z(X)[‘IJx,r(y)]z(Z)d _

xdz =
lx —z|
AQXAQ
[, (= yDPIoG, (1 —yDP / [0}, (§)P[w7 (g)]zdgdg_
Ix —zl 1§ —¢|
By (y)X By () By, x By,
Then, since

x,0)=E+y.+y) €Bur(y) X By (y) < (§,¢) € Bir X By,
it follows that the terms involving the smooth parts of the Green functions satisfy

o, (y) = f H(x, 2 AQ)[Ws, )P (0) [ W5, (0)]*(2)dxdz
AQXAQ

- / HE +,¢ + v 2w, ©)PIwy, ()Fdédz.

By X By
Summing up, we can write
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onr ()

(W (9); 4) = 1 (w0, 5 RY) — =7

But then, by using (3.1) (first with D = A2, u = W, ,(y), then with D = B, u = mfm), 2.9)
with D = B,., we find that

IV, (»): AQ) < I (w0} R?)

1
=1(m’EM;BM)+Z f H(x,z; B[y, () [w} (2)]°dxdz
By X By

1
=b} + 7 / H(x,z; Byy)[wp, (x)]z[mﬁ)”_ (2)]Pdxdz

Bjr X Bar
Mg, p*
< bt .
Y
<I(A).

Taking A > A, by Proposition 3.4, it follows that (W) .(y)) = y.

Therefore, for A > A, we have the following diagram of continuous maps

v, , _
AT I (1AW L aat ~aqn

and the composition is homotopic to the identity map of A2.

With the above ingredients in hands the next result is standard, but we present the proof for
the reader’s convenience.

Proposition 3.5. Let 2 < p <3 and p € (0, p1). Then, for any . > A (the one given in Proposi-
tion 3.4) it holds

cat[1 (-; AQ)][()‘) > catAQ2 = cat Q2.
Proof. Assume that cat[/(-; A2)]'® = n; thus
(2™ =FU...UF,,

where each F; is closed and contractible in [/ (-; AQ)]I(’\). Hence, for each i € {1, ..., n}, there
exists

hi e (10,11 x Fi, [1¢52)1®)
with
hiO,u)=u and h;i(1,u)=w; € [I(;AD™, YueF.
Note that the sets K; := W;’IF(F,-) are closed and satisfy
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AQ =K U...UK,.
Now we claim that each K; is contractible in )»Qj. Indeed, for any i € {1, ..., n} fixed, the map
gi[0,1] x K; — )\Q;" defined by g;(t,y) := ,B(hi (t, \II)L,,(y)))
is continuous and such that, for all y € K;,

gi(0,y)=B(Yr,(») =y,
gi(l,y)=8(w;) e AQ;” (by Proposition 3.4).
Then, by (2.1),
catQ = cat; ot (A2, ) <n=cat[I(; /\Q)]l(’\).
This concludes the proof. O

4. Proof of Theorem 1.1

Let us recall here a compactness condition useful to implement variational methods. In gen-
eral, if H is a Hilbert space, M C H a submanifoldand / : H - R a C! functional, we say that
I satisfies the Palais-Smale condition on M if any sequence {u,} C M such that

{I(uy)} is convergent and (Ijpq) (un) — 0

possesses a subsequence converging to some u € M. We will also say that / constrained to M
satisfies the (PS) condition.

It is known that our functional 7 (-; AL2) constrained to M ,(A£2) satisfies the (P.S) condition
(see [18, Appendix]); hence by the Ljusternick-Schnirelmann theory and Proposition 3.5, for a
fixed p € (0, p1) and for every A > A = A(p), the functional 7 (-; A2) constrained to M, (A2)
has at least N := cat (AQ2) = cat Q2 distinct critical points {u;, 5 Ji=1,....n with energy satisfying

i=1,...,N, A.1)

Mg, p*
1)

. 1
e < T, ;50Q) < by + X(l +

and the right hand side can be made less than ¢/2 by Proposition 3.3, up to taking a greater
value of A. This means that sup; 5 5 1 (u’p’k; AQ2) < 0. The Lagrange multipliers {a);)’}»},-zl
R are associated to the critical points.

Moreover by (4.1), Proposition 3.3 and (2.9) (with D = Q) itis, foreachi =1,..., N,

,,,,,

. . 1 . .
F 29 = 1), B — | f Hx, y 2, , ol , P()dxdy — cao
AQXAQ
as A — +oo so that, in particular, each family {“;,A}KZ A (extended by zero outside of A€2)
provides a minimizing sequence for ¢, as A — +00. Therefore, up to translations (recall Fact 2

in Section 2), foreachi € {1, ..., N},
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iy, — oo > 0in H'(RY) s & — +oo.

Using (2.4), the solutions also satisfy
ool = [ \Vil Pdx+ [ ¢ [ul 1Pdx — [ |ul ,|Pdx
0A 0,A "‘lp,k 0, 0,
AQ AR AR

=f|Vmw|2dx+/¢wmgodx—/mgodx—i-o;\(l)
R3 R3 R3
= p*woo + 05.(1),
from which, for every i € {1, ..., N}, limy— 400 a)i)’/\ = wso < 0.

Defining, as usual, # ™" := max{u, 0} we see that the whole previous analysis is valid for the
functional

1 1 1
IT(u; Q) = 3 /|Vu|2dx + Z/%uzdx S /(u+)de
A2 A pAQ

restricted to M, (AL2). Then we have, for any fixed p € (0, p1) and A > A, at least cat(AQ2) =
cat§2 solutions (i ), @y ;) of

—Au+¢u—wHP '=wu  inArQ,
u=0 on d(AS2),

with u,, ; nonnegative, / u%’ 3 dx = p? and wp,» < 0. The maximum principle allows to conclude
AQ

thatu, > 0in Q.
The final part of Theorem 1.1 is proved by using the same ideas of [7] if 2 (and hence A2) is

not contractible in itself. Indeed, in this case the compact set K := W, (A2, ) C M,(A2) can
not be contractible in the sublevel [7(-; 22)]'™). Take now & € M, (AR2) \ K such that @ > 0;
thus % = 0. Then I (; A2) > [(X), and the cone

c::{tﬁ+(1—t)u:te[0, 1],ueK}

does not contain the zero function (observe that the functions in K are nonnegative). Then, the
projection of the cone on M, (A2)

P(Q) := { — Y we et} C M, (AQ),

0
lwlrzoa)
is well defined. Let

m(A) :=max I(-; 1) >[()).
P(¢)
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Since K C P(€) C M,(A2) and P(€) is contractible in [/(:; A" we infer that K is
also contractible in [7(-; 12)]"™. On the other hand, recalling that K is not contractible in
[(-; AQ2)]'™ and the Palais-Smale condition is satisfied, we conclude that there is another non-
negative critical point i, ; for the functional with energy level between /(1) and m(2); hence
another Lagrange multiplier @, ;, which is associated to i, ;. In other words, there is another
solution (i[p, s cT)p, ) to the problem with i[p, » nonnegative. However, we cannot guarantee as
before the positivity of this additional solution ), », since we do not know if it is at a nonpositive
level of the functional and if the associated Lagrange multiplier @, ; is negative.
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Appendix A
The aim of this section is twofold.

i) On one hand, we show the strike difference between the case of the whole space R3 and the
situation for a bounded domain D, from the point of view of the minimum of the functional
with fixed L2-norm equal to p. In fact, while in R3 the minimum of the constrained func-
tional is negative (see Fact 2) for any p > 0, in the bounded domain the minimum is positive
for p < pp, a constant depending on the same domain.

ii) On the other hand, we show that if the domain is expanding (namely we consider A D with
A — 400), then p)p — 0. As a consequence, when p is fixed, if the domain is expanding we
will have p, p < p and then the computations which led to get the positivity of the minimum
are not allowed.

To address the first issue, let D be a smooth bonded domain. Let us start by recalling that

Lemma 5.1. (see [20, Lemma 3.1 and Remark 3.2]) If D C R3 is a smooth bounded domain,
p € (2,6)andr € (0, p), then for every u € HY(D) it is

p—r

p p—r
|M|LP(D) = CD ||u||H](D)|u|22(D)

where

26



E.G. Murcia and G. Siciliano Journal of Differential Equations 444 (2025) 113571
lul 2p-n
—r
Cp= sup _LZ Dy,

ueH'(D)\{0} ||”||H1(D)

In particular, for every u € HOl (D) it holds

p—r 1 pT r
|M|LP(D) C 1+ MI(D) |VM|L2(D)|M|L2(D)’

where (1 (D) is the first eigenvalue of the Laplacian in HOl (D).

By choosing r = p — 2 the Lemma furnishes, for u € M (D),

l f—
|M|LP(D) CD<1+ (D))|V”|L2(D)|”|L2(D) CDIVule(D)pp 2, (A.])

From (A.1) it follows that for a suitable small p, for example

p \Ve?
< = y A2
p= ( 2 CD) D (A.2)

it is |u|L,,(D) <7 2\Vul|? and therefore

L%(D)

2

1
I D) > S| Vul}, SVl )~ 11V = (D) > 0. (A3)

(D)~ |”|LP(D> =5

The constant pp is not optimal; however, the above arguments show the following result that we
were not able to find in the literature.

Proposition 5.2. Let D C R? be a bounded and smooth domain. There is a constant pp > 0 such
that, for any p € (0, pp], it is

min I(u; D) > 0.
ueMy,(D)

The fact that the infimum is achieved is standard and follows since we have compactness
being in a bounded domain.

We stress that in the above result the value pp depends on the domain. Furthermore, the
statement of Proposition 5.2 does not hold when we fix the L?-norm a priori and consider the
minimum of the constrained functional on a family of expanding domains.

To see this, let D be a smooth bounded domain, and fix p € (0, pp]. We have the following

Claim: with the above notations

{Cip}a=1 isdivergingas A — +oo.
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Assuming the Claim for a moment, since p is fixed and A is increasing, we get that pyp < p,
for a suitable large A. Thus (A.2) is violated and we cannot guarantee anymore neither the second
inequality in (A.3) nor the subsequent positivity of the infimum on an expanding domain.

In fact, we have seen in Proposition 3.3 that with p fixed, considering the expanding domains
B), and A2, the infimum of the functional is negative for large values of A. It is not surprising
then, since we can see R3 in some sense as the limit of B;, as A — 00, that ¢ < 0 (see Fact
2).

Let us show the Claim; in first place, taking any u € Hé (D) \ {0} and X > 1, the function
defined by

1
xeAD +—  v(x):= mu(x/)») eR

is such that v € H& (AD). Since

1
fvzdxzfuzdx and /le|2dx=ﬁf|Vu|2dx,
D

AD D D
we have
2 2
s e,
l’l“l( )_ |U|2 _)\.2 |u|2 .
L2(AD) L2(D)
By the arbitrariness of u, this implies that
1
ni1(AD) < ﬁm(D)- (A.4)

On the other hand, let us choose a point xg in D and 6 > 0 such that Bs(xg) C D. Also we fix a
function w € Cgo(Bg (x0)) such that w > 0 in Bs(xp). For any A > 1, Bs(Axo) C Bjs(Axg) C AD,
and the function

x€Bs(Axg) FH— wu(x):=wkx—A-—1Dxp)eR

/ wfdx: / wPdx, / w%dx: / wdx,

is such that

Bs(Axo) Bs(x0) Bs(Axo) Bs(x0)
and
/ |Vw, |?dx = / [Vw|?dx.
Bs(\xg) Bs(xo)

Hence w; € H'(AD), and (being 2(p — r)/(2 — r) = 4/(4 — p) € (2,6))
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lw|p4/4-p (B [wilpara-p (s | p4/4-p) 3D
(Bs(x0)) __ (Bs(Axp)) < sup (D) —Cyp.

lwll g1 B (xo)) lws L g1 (B (axo)) wer'o.onjoy  Nlla1Gip)

where the expression in the right hand side of the last inequality is the optimal constant in the
embedding H (D) — L¥@=P) (D). But then, recalling the definition of C)p and (A.4) we
find that

2
i Bo=, im0 (14 55) 2, 0m, 0 (14 15 ) = o
which proves the Claim.
Data availability
No data was used for the research described in the article.
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