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1. Introduction

The study of the principal angles between two subspaces is both important and natural for
the understanding the geometry of a Euclidean space E. These were first introduced by C.
Jordan [1] for real subspaces and were considered by many authors for real and complex
subspaces (e.g. [2-6]); and more recently for quaternionic (right) vector spaces in [7,8].
Due to their relevance, the principal angles are being investigated by different authors in
several areas. We highlight the importance of these in the study of Clifford algebras (e.g.
[9-11]), Grassmann manifolds (e.g. [12,13]), statistic (e.g. [14]), among others.

Principal angles arise naturally when dealing with the relative position of a pair of
subspaces in a Euclidean space E. Indeed, they determine the relative position of a pair
(U, V) of subspaces of E in the following sense: two ordered pairs (U, V) and (U, V) of
subspaces of E have the same principal angles if and only if there is an isometry f of E
such that f(U) = U and f(V) = V (see [8,Proposition 3.7]). So, any parameter that deter-
mines the relative position of a pair of subspaces must be a function of the principal angles.
The relative position of two objects, in the sense above, is studied in different contexts.
For example, this was considered for pairs of Lagrangians in a Hermitian complex vector
space in [15], where the author showed that the relative position of a pair of Lagrangian
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subspaces (L}, L) is determined by the characteristic polynomial of a Souriau matrix asso-
ciated to (L1, Ly). Also, it was investigated for pairs of totally geodesic submanifolds of the
real hyperbolic space in [8,Section 4], where the authors showed that the relative position
of a pair of non-asymptotic totally geodesic submanifolds (h;, i) is determined by the
distance between h; and h; and the principal angles between two specific tangent spaces.

In light of many results on relative position of two objects in several context, and more
specially in linear spaces, one may wonder if we can obtain similar results in pseudo-
euclidean spaces of index 1 (vector spaces endowed with an indefinite Hermitian form,
where the maximal dimension of a negative subspace is 1). Motivated by this, we present
a brief study of the relative position of pairs of subspaces with the same signature in a
pseudo-euclidean space of index 1.

We denoted by I the field of real numbers R, the field of complex numbers C or the
algebra of quaternions Q. The structure of paper is as follows.

In Section 2, we review some elementary facts concerning [F-Hermitian forms on (right)
[F-vector spaces. In particular, we review the properties of the E. Moore determinant for
Hermitian matrices that we will use throughout the article. It is necessary because we
include quaternionic vector spaces in our consideration.

Let X be a pseudo-euclidean F-space of index 1 and (U, V) a pair of non-degenerate
subspaces of X with the same signature. Sections 3 and 4 deal with the relative position
of a pair of such subspaces. In particular, we explore the singular value decomposition
of the orthogonal projection P: U — V of U onto V, more precisely, we investigate the
diagonalization of the F-linear map P*P: U — U. If X is a Euclidean [F-space then P*P
is diagonalizable, as it is self-adjoint, and the singular values always exist and are reals.
But when X is a pseudo-euclidean [F-space some difficulties appear. For instance, if U is a
hyperbolic subspace of X and F = C, then a self-adjoint map f : U — U is not necessarily
diagonalizable, and if it is diagonalizable it may have non-real eigenvalues or a degenerate
eigenspace (see [16,Section 4.2]). The situation is even more critical if we consider ' = Q.
So, our first objective is to characterize the pairs of subspaces (U, V), with the same sig-
nature, such that P*P: U — U is diagonalizable and their eigenvalues are real. Next, we
introduce some parameters for such subspaces, which we also call principal angles because
the difference with the principal angles in Euclidean spaces is minimal. Then, we prove
that these principal angles can obtained from the singular values of P : U — V (Propo-
sitions 3.7 and 4.8). The importance of the principal angles is reflected in Theorems 3.9
and 4.10, where we show that they determine the relative position of an important class
of pairs of hyperbolic and elliptic subspaces of X. It is pivotal to notice that the last asser-
tion is not true in general, which is an important difference with the Euclidean case. For
instance, in Example 4.9 we have pairs (U, V) and (U, V) of elliptic subspaces of X with the
same principal angles, but in the absence of an isometry f : X — X such that f(U) = U
and f(V) = V.

In Section 5 we study the duality between principal angles of two subspaces of X and
the principal angles of their orthogonal complements. In particular, we show that the non-
zero principal angles between two subspaces coincide with the non-zero principal angles
between their orthogonal complements. Finally, Section 6 is dedicated to the study of the
relative position of pairs of totally geodesic submanifolds in the F-hyperbolic space H.
If U is a hyperbolic [F-subspace of the pseudo-euclidean space F™! (see Section 6), then
U determines a totally geodesic submanifold Xy of Hy. We show that if U and V are
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two hyperbolic F-subspaces such that U N V is non-degenerate, then the principal angles
between U and V determine the relative position of Xy and Xy in Hy (Theorem 6.3).
Also, we give conditions for the existence and uniqueness of a common perpendicular
[F-geodesic to two such totally geodesic submanifolds Xy and Xy (see Proposition 6.6).
Furthermore, we show that the first principal angle between U and V coincides with the
distance between the totally geodesic submanifolds Xy and Xy, and that the other prin-
cipal angles coincide with the (usual) principal angles between two specific tangent spaces
of £y and Xy. This provides a nice interpretation of the principal angles as geometric
invariants of the hyperbolic space H.

2. Preliminaries

Given a € T, we denote by a the conjugate of a in IF, which is the same as a if a € R, the
complex conjugate if a € C and the quaternion conjugate if a € Q.

2.1. Hermitian forms

Let X be a finite-dimensional (right) F-vector space, an -Hermitian form in X is a map
(-,+) : X x X — F such that

(M,V—I- W) = <u> V) + <u> W>’ (Ll, VA) = <u> V>)" <u> V) = (Va u>>

for u,v,w € X and A € [F. Associated to an [F-Hermitian form (-,-) on X we have a sym-
metric R-bilinear form Re(:, -) on the underlying real vector space of X. Moreover, Re(:, -)
is non-degenerate if (-, -) is.

An isometry (or automorphism) of a vector space X endoweed with an F-Hermitian
form (-, -), is an F-linear map f : X — X satistying (fu, fv) = (u, v) for every u,v € X. The
set of all isometries of X form a group. Let o = (uy,. .., ux) be a k-tuple of elements of
X, then the matrix whose entries are given by (u;, 4;) is called the Gram matrix of &, and
it is denoted by G(«). The following result is a well-known consequence of a theorem by
Hofer [17,Theorem 1].

Lemma 2.1: Let (-,-) be a non-degenerate F-Hermitian form on X. Suppose that o =
(g .05 ty) and B = (vy,.. ., Vy) are k-tuples of elements in X, such that the subspaces
U =span{u,...,u.} and V = span{v,, ..., v} are non-degenerate. Then, there exists an
isometry f of X such that f (u;j) = vj, for 1 < j <k, ifand only if G(a) = G(B).

Let M, (IF) be the set of all n x n matrices with entries in F. A matrix B = [b;;] € M, (IF)

is called Hermitian if it coincides with its conjugate transpose B* = [E]. Let (-,-) bean IF-
Hermitian form on X and {ey, .. ., e,} a basis of X. The matrix A = [a;] in M,,(IF) whose
entries are a;; = (e;, ¢j) is called the matrix of (,-) relative to this basis. Clearly A is a
Hermitian matrix.

At this point it is necessary to digress briefly on the determinant of a matrix. Because
the quaternion multiplication is not commutative, it is impossible to define a function that
extend the determinant on real and complex matrices to quaternionic matrices (e.g. [18]).
But it is possible to define some functions, which also are called determinants, that pre-
serve several rules for manipulation and computation of determinants of real and complex
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matrices (e.g. [18,19]). In the special case of quaternionic Hermitian matrices there is
a determinant, introduced by E.H. Moore [20], which associates a real number to each
quaternionic Hermitian matrix. This determinant coincides with the usual determinant
of real symmetric and complex Hermitian matrices and has similar properties to this. For
more details on the Moore determinant, we refer the reader to the papers [18,19,21]. We
will denote the Moore determinant of a Hermitian matrix A € M, (IF) by det(A). In the
following lemma we recall two elementary results that we will use frequently in the next
sections, where part (1) is immediate and part (2) follows from the Sylvester criterion
(see [21,Theorem 1.1.13]).

Lemma 2.2: Let A be the matrix of an F-Hermitian (-, -) relative to a basis of X. Then the
following holds

(1) (-, -) is non-degenerate if and only if det(A) # 0;
(2) (-,-) is positive if and only if the principal minors of order k of A are positive, for k =
1,...,n

Let f : X — X be an F-linear map and A € F. Then A is called a right eigenvalue of f
if fv = v for some v # 0 in X. In this situation v is called eigenvector of f corresponding
to A. The set I — {0} acts by conjugation on the set of all right eigenvalues. The orbit of a
right eigenvalue A is a singleton if A € R, in this case we simply say that A is an eigenvalue
of f.

If (-, -) isanon-degenerate F-Hermitian formon X and f : X — X is [F-linear, then there
exists a unique [F-linear map f* : X — X such that

(fu,v) = (u,f*v)

for every u, v € X. The map f* is called adjoint of f respect to (-,-). A map f is called self-
adjoint if f = f*. It is easy to see that when we consider f and f* as R-linear maps on the
underlying real vector space of X, then f* is the adjoint (transpose) of f respect to Re(-, -).

Following the terminology on [22,Definition 9.17, p. 264], we say that an [F-vector space
X endowed with a non-degenerate indefinite Hermitian form (., -) is pseudo-euclidean
space. A non-zero vector v € X is called positive, negative or isotropic if (u, u) > 0, (u, u) <
0 or (u, u) = 0, respectively. The sets of all positive, negative or isotropic vectors of X are
denoted by X, X_, Xy, respectively. A subspace U of a pseudo-euclidean space X is called
elliptic, hyperbolic or parabolic if the restriction of (-,-) to U is positive, non-degenerate
and indefinite or degenerate, respectively. Note that if U is an elliptic subspace, then the
restriction of (-, -) to U defines a (Hermitian) inner product itself.

The following lemma describes some situations in which self-adjoint maps are diago-
nalizable. We will use this frequently in the next sections.

Lemma 2.3: Let (-, ) be a Hermitian [F-form on X and f : X — X a self-adjoint map. Then
the following holds.

(1) If(.,-) is positive on X, then there exists a orthonormal basis {uy . . ., u,} such that fu; =
uikiforsomeri e R,i=1,...,n.
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(2) Suppose that F = R and that X endowed with (-, -) is pseudo-euclidean. If (fv,v) # 0
for every isotropic vector v € X, then there exists an orthonormal basis {v1, ..., v,} of X
such that fv; = vid; forsome X, e R,i=1,...,n.

Proof: Part (1) follows from the standard theorems for F = R or C, and from [23,Theo-
rem 4.6] for F = Q. For part (2) see [22,Section 9.24, p. 271]. [ |

The index of a pseudo-euclidean space X is the maximum of the dimensions of
the negative subspaces of X. By the Sylvester’s Law of Inertia (see [24,Satz 12.46, p. 423]),
the index coincide with the number of negative vectors in an orthonormal basis of X. In the
following sections we will study the pairs of subspaces of pseudo-euclidean spaces of index
1. Let us see an example of such spaces. Let F"! be the (right) F-vector space consisting
of (n+ 1)-tuples of elements of IF. In F"*! we consider the F-Hermitian form

(V, W) - Vlwl + 52W2 + e +Vnwn - 1_/”+1Wn+1 (1)

The pseudo-euclidean space thus obtained is denoted by F™!. Again by Sylvester’s Law
of Inertia, it follows that every pseudo-eulidean [F-space X of index 1 is isometrically
equivalent to ™!,

For a practical purpose we introduce a notation. Let X be a pseudo-euclidean space
and u € X. Then |Ju|| will denote the non-negative real number such that ||u|> = (u, u) if
(u,u) > 0,and ||ul|* = —(u, u) if (4, u) < 0. We will say that u € X is unitary if ||u[? = 1.

2.2. Pairs of subspaces of ™

Let F™! be the pseudo-euclidean F-vector space consisting of the space of (1 + 1)-tuples
of elements of IF endowed with the F-Hermitian form given in (1). The isometry group of
™! will be denoted by U(n, 1;F). Note that the orthogonal complement U~ of a elliptic,
hyperbolic or parabolic subspace U of F™! is hyperbolic, elliptic or parabolic, respectively.

From now on the letters U and V will be reserved to denote two non-degenerate
(right) subspaces of ™!, with dimp U =k + 1, dimp V =r + 1 and k < r. Since V is
non-degenerate we have F™»! = V @ V. Also, we denote by P: U — V the Hermitian
orthogonal projection from U onto V, that is, the [F-linear map sending 4 € U to the unique
element Pu € V such that u — Pu € V. Let P* the adjoint of P respect to (-, ). It is easy
to see that P* coincides with the orthogonal projection of V onto U. Considering P as a
RR-linear map, we have that P* is the adjoint of P respect to Re(-, -).

Lemma 2.4: Let U, V be two non-degenerate subspaces of F™! and P : U — V the orthogo-
nal projection of U onto V. Suppose that u € U is an eigenvector of P*P. If W = span{u, Pu},
then the following holds.

(1) The subspaces ut N U and (Pu)* NV are contained in W.

(2) P(utNU) C (Pu)t N V. Moreover, ifuL N U, (Pu): NV and W are non-degenerate,
then the restriction of P to u™ N U coincides with the orthogonal projection of u™ N U
onto (Pu)™ NV, considering these as subspaces of W,
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Proof: (1) Suppose that P*Pu = u) for some A € F. If u and Pu are linearly dependent, we
are done. Therefore, let us assume that u and Pu are linearly independent. First we prove
that u~ N U € W+, For this notice that {u, Pu — uA} is an orthogonal basis for W. Thus,
for v € u' N U we have that

(v, Pu— ul) = (v, Pu) = (Pv, Pu) = (v, P*Pu) = (v,u)A = 0.

This equality implies that u- N U € W+. Now, in order to show (Pu)~ NV € W+ notice
that {Pu, u — Pu} is an orthogonal basis for W. Then, for every v € (Pu)* N V, we have
that

(v,u — Pu) = (v,u) = (v, Pu) =0,

yielding Puw)ytNvcwt
(2) For convenience we set U; = u~ N U and V; = (Pu)~ N V.Ifv € U, then

(Pv, Pu) = (v, P*Pu) = (v,u)A = 0;

showing P(U;) C V;.

For the last assertion of (2) note that due to non-degeneration wLt=ve® (VlL N
W), By part (1), v— Pve W for all v € U. Thus, v— Pve VN W+ Cc vii nwt
for all v € Uj. Therefore, given v € U; we have that Pv € V; and v — Pv € Vll N W In
this way, the restriction of P to U; coincides with the orthogonal projection of U; onto V7,
considering these as subspaces of W+, |

In the following sections, we will investigate the singular value decomposition of the
P: U — V. Asafirst step we characterize the pairs of subspaces U, V such that U possesses
an orthonormal basis of eigenvectors of P*P : U — U. For this we will study separately the
map P*P for pairs of hyperbolic and elliptic subspaces.

Let E be a Euclidean F-space, that is, a [F-vector space endowed with a positive [F-
Hermitian form. At the end of this preliminary section, we recall the definition of principal
angles between subspaces of E, see [8,Definition 3.1].

Definition 2.5: Let S, T be two (right) subspaces of a Euclidean F-space E. Suppose that
dimp S = k, dimp T = r with k < r. The principal angles between S and T are recursively

defined by

cos’ 01 = max{|(x,y)|* | x € S,y € T, |Ixll = |yl = 1} = |{x1, 71)I?
and

cos” 0; = max{|(x,y)|* | x € Siy € Ty, x|l = Iyl = 1} = [(xio yi) I°,

where §; = {x € S| (x,x)) =0,Vj<i—1land T;={y € T| (y,yj) =0,Vj <i— 1} for
1 < i < k. Also, the vectors x;, y; are called principal vectors associated to 6;.

3. Pairs of hyperbolic subspaces in "’

In this section we suppose that the subspaces U and V of F™! are hyperbolic. We explore
the relative position of a pair (U, V) in F™1, For this, first we investigate the singular
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value decomposition of P : U — V, and then we introduce the principal angles between an
important class of hyperbolic subspaces. Thus, we show that the principal angles determine
the relative position of a pair (U, V) of such hyperbolic subspaces.

Observe that if u is negative vector in U, then Pu is negative vector of V. Also, notice
that u—Pu is a non-negative vector for all u € U, since V= is elliptic. The following result
is an elementary observation.

Lemma 3.1: Suppose that U and V are two hyperbolic subspaces of ™", Then UNV =
{ue U| P*Pu=ul.

Proof: Suppose that u € U is such that P*Pu = u, then
(u — Pu,u — Pu) = (u,u) — (Pu, Pu) = (u,u) — (P*Pu,u) =0,

and since u — Pu € V+and V4% is elliptic, we obtain u—Pu = 0. Hence,u = Pue UN V.
For the converse inclusion suppose u € U N V, which is equivalent to u = Pu. Let v € U,
then we see that

(v, P*Pu) = (v, P*u) = (Pv,u) = (v, u),

and since U is non-degenerate we obtain P*Pu = u. |

We remark that since U is hyperbolic then it is possible that U N V will be degenerate
or non-degenerate (hyperbolic or elliptic). A first goal in this section is to characterize the
pairs of subspaces U, V such that U N V is non-degenerate.

Notice that if there is an orthonormal basis {uy, .. ., ux} of U such that P*Pu; = u;\;,
for some real numbers Ag > --- > Ay, then U N V is non-degenerate. Indeed, it is easy to
see that the set {u; | A; = 1} generates U N V, and since none of these vectors is isotropic it
follows that U N V is non-degenerate. In the next paragraphs we will see that the converse
of this assertion is also true. The case I = R is essentially contained in [8,Lemma 4.4], and
the proof of the general case follows from a modification of this argument. As U N V is non-
degenerate, it follows that U = (U N V) @ U, where U is the orthogonal complement of
U NV in U. Thus P*P induces a self-adjoint map on U. We analyze the cases when U N V/
is hyperbolic and elliptic separately.

First we assume that U NV is hyperbolic. Then U is elliptic. Thus, it follows from
Lemma 2.3(1) that U has an orthonormal basis consisting of eigenvectors of P*P. Putting
together it with an orthonormal basis of U N V, we obtain an orthonormal basis of U
formed by eigenvectors of P*P.

Now we assume that U NV is elliptic or zero. Then U is hyperbolic, since it is the
orthogonal complement of an elliptic subspace. Considering P as an R-linear map, we have
that P*P is a self-adjoint map, respect to Re(-, -), on the underlying real vector space of U.
Suppose that v € U is such that Re(v,v) = 0 and Re(P*Pv,v) = 0, then

(v — Pv,v — Pv) = (v,v) — (Pv, Pv) = (v,v) — (P*Pv,v) = Re(v,v) — Re(P*Pv,v) = 0.

Since v — Py € VL, and V< is elliptic, we must have v = Pv. Hence, it follows that v €
(UNV)NU =0. Thus, if v € U is isotropic we have that Re(P*Pv,v) # 0. Applying
Lemma 2.3(2) to the underlying real space of U endowed with the R-bilinear form Re(-, -},
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we obtain an orthonormal R-basis {u;, ..., u;} of f], such that P*Puj = ujA; for some real
numbers Aj, . . ., A;. Putting together this with an orthonormal R-basis of U N V we obtain
an orthonormal R-basis {uy,...,u;} of U such that P*Puj = ujA; for the real numbers
A0> - - > Ak Suppose that Ag > A1 > -+ > A, are all different eigenvalues of the R-linear
map P*P, and let

Uy = {u € U | P*Pu = uhj}

be the eigenspace corresponding to A;. Since P*P is F-linear it follows that U, is an IF-
vector space, and each u € Uy, is an eigenvector of the F-linear map P*P. Then U is the
direct sum of the F-subspaces Uy, ..., U,,. It is easy to see that U,, is orthogonal, with
respect to {-,-), to U;\j for i # j. Additionally, note that U,xj is non-degenerate, as it is
generated by an orthonormal set of eigenvectors corresponding to A;, and these are not
isotropic. Choosing an orthonormal [F-basis for each Uy, and putting them together we
obtain an orthonormal [F-basis of eigenvectors of P*P for U. We emphasize this analysis in
the following proposition.

Proposition 3.2: Suppose that U, V are two hyperbolic (right) subspaces of F™!. Then, U N
V is non-degenerate if and only if exists an orthonormal IF-basis of U such that P*P is diagonal
and real, that is, P*P is diagonalizable. Moreover, in this case, every eigenvalue of P*P is real.

Let U, V be two hyperbolic subspaces such that U N V is non-degenerate, and let
{ug, ..., ur} be an orthonormal F-basis of U such that P*Pu; = u;)A; for some A; € R,
i=0,...,k Inthis way X;{u;, u;) = (P*Pu;, u;) = (Pu;, Pu;), and then

A = [|Pui|l.

As the signature of U is (k, 1), this basis contains a unique negative vector. Reordering, if
necessary, we can assume that 1 is negative. As V- is elliptic it follows that

0 < (uop — Pug, ug — Pug) = (uo, o) — {Pug, Pug) = —1 + Ao,

and thus X > 1. Setting vo = Pug/||Puo| we have that ||vg]| = 1 and that Pug = vo/Ao.
Moreover, ug, v are (negative) unitary vectors such that

(1o, vo) = —I|Pupll = —+/ Ao.

Let W = span{ug, vo}. Then W+ is elliptic, as it is the orthogonal complement of a hyper-
bolic space. By Lemma 2.4, u(J)- N Uand v(J)- N V are contained in W=, and the restriction of
Pto ug N U is the orthogonal projection of u3 N U onto vy N V, considering these as sub-
spaces of W+, In particular, || Pul| # 0 for every non-zero vector u in u(J)- N U. This allows
estimating A; for i > 1. More precisely, for i > 1 we have that

1= ||Pull* + llui — Puill® = X + llui — Puil?,

as u; — Pu; is non-negative. Thus, we concluded that 0 < X; < 1fori=1,...,k.

IfA; = 0forsomei=0,...,k, then Pu; = 0, or equivalently that u; € V-+. On the other
hand, if A; # 0 then we set v; = Pu;/||Pu;||. It is easy to see that the set consisting of all the
vectors v; is an orthonormal subset of V, and that the subspace generated by it is non-
degenerate, as it contains vo. Thus, we can complete this set to obtain an orthonormal
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basis {vo,...,v,} of V. In this way, we obtain orthonormal bases {uo, ..., u;} of U and
{v1,...,v,} of V satisfying Pu; = vi/Aj fori =0, ... k.

Proposition 3.3: Let U, V be two hyperbolic subspaces of F™! such that U NV is non-
degenerate. Suppose that Lo > --- > Ay are the eigenvalues of P*P, and that {uy, . .., ux}
and {vy, ..., v;} are orthonormal bases of U and V, respectively, satisfying

Puz‘:Vi\/)Ti fOT Z=O,,k

Then

(1) (uo, vo) = —+/Ao and (uj,vi) = Aifori=1,....k
(2) if W = span{ug, vo}, then uoL Nnu, vé NV cwl;
(3) (ui,vj) = Sij\/k_ifor 1 <i<kandl < j<r wheredjis the Kronecker delta.

Moreover, if {ug, ..., ux} and {Vo,...,V,} are others orthonormal bases of U and V,
respectively, satisfying

P =Vi/A for i=1,... .k
then there exists an isometry f € U(n, 1;IF) such that f (u;) = %; andf(vj) = 7]

Proof: Part (1) follows immediately. Now, for all j = 0, ..., k we have that
(P*Pu;i — uiki, uj) = (P*Puj, uj) — Aiui, wj) = (Pui, Puj) — Ai(ui, uj) = 0,

which implies that u; is an eigenvector of P*P. Hence, part (2) follows from Lemma 2.4(1).
To show part (3) we see

(i v) = (Pui,vj) = (vi/Ainvj) = Vaitvi vy) = 85/ his
for1 <i<kandl <j < r. Finally, for the last assertion let
o= (U ...,UsVlr-..»Vy) and & = (Ug,..., UVl .. .5 Vr).

By the relations (1)-(3) we have that the Gram matrices G(«) and G(@) (see Section 2.1)
coincide. As the subspaces generated by the vector in & and & are non-degenerate (these
coincide with U + V), Lemma 2.1 produces an isometry f of F™! such that f(u;) =7 and

f) =7 u

Now we have achieved our first goal, that is, we characterize the hyperbolic subspaces U,
V for which there is the singular value decomposition of P : U — V. Moreover, Proposi-
tion 3.3 describes explicitly this decomposition. In the rest of this section we will focus
on our second objective, namely, the introduction of the principal angles between two
hyperbolic subspaces U, V and their relationship with the eigenvalues of P*P.

Consider U as a real smooth manifold, and define the function F : U — R, send-
ing u € U to — Re(Pu, Pu). We will study the restriction of F to the set S={u e U |
(u,u) = —1}. Let us observe that S is a real smooth manifold and that its tangent space
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at point u coincides with the real space T,S = {v € U | Re{u, v) = 0}, that is, T},S is the
orthogonal complement of u in U respect to the R-bilinear form Re(-,-). Additionally,
note that T,S contains the elliptic F-subspace u™ N U. Moreover, U is the direct sum of
T,S and the real subspace generated by u. If u € S then we see that F(u) = ||Pu||?. Since
F is the composition of the maps u — (Pu, Pu) and (v, w) — — Re(v,w), F is differen-
tiable. The derivative of F at u € U is the R-linear transformation F'(u) : U — R defined
by F'(u)v = —2Re(Pu, Pv). By definition, u € S is a critical point of F|s if F'(u)v = 0 for
every v € T,S, that is, if Re(Pu, Pw) = 0 for every w € T,S. The following is a technical
result that will help us analyze the function F. Before this result is stated we recall that the
set of all negative vectors of a pseudo-euclidean space X is denoted by X_.

Lemma 3.4: Suppose that U and V are two arbitrary hyperbolic subspaces of F™!, and that
P: U — V is the orthogonal projection of U onto V. Let F: U — R defined by F(u) =
— Re(Pu, Pu). Then the following holds.

(1) Suppose that U NV is non-degenerate. Then u € S is a critical point of F|s if and only
if it is an eigenvector of the F-linear map P*P.

(2) min F|s exists if and only if U NV is non-degenerate.

(3) If minF|s exists, then minF|s = min{|(,v)|> |u € U_,v € V_, |lul| = ||v| = 1}.
Moreover, if | (tig, vo)|? = min{|(u,v)|*> | u € U_,v € V_, ||ul| = ||v| = 1} then the set
{vo, Py} is linearly dependent and min F|s = F(ip).

Proof: (1) If u is a critical point of F|g, then
0 = Re(Pu, Pv) = Re(P*Pu,v),

foreveryv € T,S. Hence, P*Pu = u for some A € R. For the converse, note thatas U N 'V
is non-degenerate, then Proposition 3.2 implies that P*Pu = ul for some A € R. Thus, for
w € U we have

A Re(u, w) = Re(P*Pu, w) = Re(Pu, Pw).

In particular, if w € T,,S we obtain 0 = A Re{u, w) = Re(Pu, Pw), and it follows that u is a
critical point of F|s. One should observe that we only use that U N V is non-degenerate in
the converse.

(2) Suppose that min F|s = F(up), for some ugy € S. As the minimum of F|g is a critical
point, part(1) implies that P*Puy = ugA, for some A € R. Let v € u(J)- N U, it follows from
the equality

(P*Pv, ug) = (v, P*Pug) = (v, ug)A =0

that P*P induces a self adjoint map on uy- N U. As ug- N U is an elliptic subspace, it follows
from Lemma 2.3(1) that there exists an orthonormal basis of eigenvectors of P*P for u(J)- N
U. Putting together this basis with 19, we obtain an orthonormal basis of eigenvectors of
P*P for U. Thus, by Proposition 3.2 U N V is non-degenerate.

Now we show the converse. As U NV is non-degenerate, again by Proposition 3.2,
there is an orthonormal basis {uy,...,u;} of U, such that P*Pu; = u;A; for A; € R. As
the signature of U is (k, 1), this basis contains a unique negative vector. Reordering, if
necessary, we can assume that ug is negative. Thus, we must have Ao > 1 and Xy > X;
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for i > 1. We claim that F(ug) = Ao = min F|s. For this we will show that ||Pu|?> > ¢
for u € S. Given u € S we write it as u = ugog + - - - + ura, for some «; € IF such that
—lool? + 1| + - - - + |ak]?* = —1. Then Pu = (Pug)arg + - - - + (Pug)a, and as

(Puj, Puj) = (P*Puj, uj) = Ai(uj, u)),
we obtain ||Pu;||*> = A; and (Puj, Puj) = 0 for i # j. Thus
—lI1Pull® = —holarol® + Arlonn|® + - + Aglog|?
< ho(—laol* + loa |* + -+ - + lag|?) = —Ap.

Hence || Pug||> > Ao, as claimed.
(3) Suppose that min F|g = ||Pug||*> for some ug € S. Let u € U_ and v € V_ with
llu]l = ||v]| = 1. Let us consider an orthonormal basis of V of the form {v, v1, ..., v,}, then

Pu=v{v,u) + vi{vi,u) + - - - + v (v, u).
Therefore
—[Puoll> = —[1Pull® = =[{w, V)I* + [, vi) > + - + [, v)[* = —[{u, v)]*.
Now, setting vo = Pug/||Pug|| we have that
Ivoll =1 and [{uo,vo)|* = [|Puol?,

showing that || Pug||?> = min{|{(u,v)|* |u € U_,v € V_, lu| = v = 1}.

It remains to show the last assertion. If Piig = 0 we are done, so we assume that Pty # 0.
Let wo = Fﬁo/”Pﬁo” Then wy is unitary and g + W()(Wo,ﬁ()) =Ty — 17/0||Pﬁ0|| isin VL.
Thus

(1o + Wo (Wo, to)> Vo + Wo (W0, ) = 0.
But this equality implies that (zg, vo) = — (tio, Wo) (Wo, Vo). Hence
2|

. ~ o~ 2y ~ =12
min Fls = [{uo, vo)|” = |{uo, wo)|“[{wo, vo)|”.

If (o, Piip} is linearly independent, then so is {vo, Wo}. Thus, as {vo, Wo} is hyperbolic,
|(#Wo,79)|> > 1. Therefore

. ~ o~ ~ 12
min Flg > [(uo, wo)|” = || Puoll”,

which is a contradiction. Hence {vy, Pt} is linearly dependent. Then |(wy, V)| = 1, and
therefore min F|s = ||Plip|| = F(up). [ |

Lemma 3.4 motivates the following definition.

Definition 3.5: Let U, V be two (right) hyperbolic subspaces of F™! such that U N V is
non-degenerate. Suppose that dimp U = k + 1, dimp V = r 4 1 and k < r. The principal
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angles between U and V are recursively defined by

cosh? 6y = min{|(u, v)|> | u € U_,v € V_, lul| = ||v] = 1} = |{uo, vo)|?

and
cos® 0; = max{|{u, V)|* | u € Upv € Vi, lull = vl = 1} = [{us, v;)|?

where Ui={ue Ul (uwuy)=0Vj<i—1land Vi={ve VI|{ny)=0Vj<i-1}
for 1 <i < k. Also, the vectors u;, v; are called principal vectors associated to 6;.

Let U, V be two hyperbolic subspaces of F™! as in Definition 3.5. Note that due
Lemma 3.4 the principal angle 6y always exists. Besides, since the sets U; and V; of
Definition 3.5 are compact, there are also 61, . . ., .

Lemma 3.6: Let U, V be hyperbolic subspaces of F™! such that U NV is non-degenerate and
let 6y, . .., 0k be the principal angles between U and V. Suppose that Lo > - -- > Ay are the
eigenvalues of P*P. Then cosh® g = Ao and cos® 6; = A fori = 1,. .., k. Consequently, we
have a non-decreasing sequence 61 < - - - < 6.

Proof: By Lemma 3.4(2) min Fg exists, and if min F|s = F(ug) then u is an eigenvector
of P*P. As uy is negative then we have that P*Puy = ugrg. Then

Ao = |[Pu|l* = F(up) = min Fls.
Thus, by Lemma 3.4(3),
Ao = min{|(u,v)|> | u € U_,v € V_, |ul = |[v| = 1} = cosh? 6.

Let W = span{ug, Pup}. By Lemma 2.4(2), the restriction of P to uol N U coincides with the
orthogonal projection of ug- N U onto (Pug) - N V, considering these as subspaces of the
elliptic subspace W+. Therefore, the principal angles 6, . . ., 6x coincide with the (usual)
principal angles between ug- N U and (Pug)® N V as subspaces of W, see Definition 2.5.
Thus, using [8,Proposition 3.4] for the subspaces u(J)- N U and (Pug)* N V, we obtain

c0520i=Ai for i=1,...,k

and the lemma follows. [ |

Combining Lemma 3.6 and Proposition 3.3 (and its proof), we obtain the following
result.

Proposition 3.7: Let U, V be two hyperbolic subspaces of F™! such that U NV is non-
degenerate, and suppose 0y, 01, . . . , 0k are the principal angles between U and V. Then, there
exist orthonormal bases {u, . . ., ux} of U and {vy, ..., v,} of V such that

(1) Pug = vy cosh by and Pu; = vicosb; fori=1,...,k;
(2) (ug,vo) = —cosh 6y and (u;,v;) = cosb; for i =1,...,k; that is, u;,v; are principal
vectors associated with 0;;
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(3) (ui,vj) = djjcosBiforl <i<kandl <j<r;

(4) if W = span{ug, v}, then u(J)‘ Nnu, vé‘ NV C WL. Moreover, 61, . . ., 6 coincide with
the principal angles between uy- N U and (Pug)- N V, considering these as subspaces of
wt.

The following corollary is an immediate consequences of Proposition 3.7, which sum-
marize some important properties of the principal angles.

Corollary 3.8: Let U, V be two hyperbolic subspaces of F™ such that UNV is non-
degenerate. Suppose that 6,61, . . ., Ok are the principal angles between U and V, then

(1) UNVishyperbolic if and only if 6y = 0.

(2) U N Viselliptic if and only if 6y > 0 and 6; = 0 for some i > 1.
(3) UNV =0ifandonlyif0; > 0 foralli=0,...,k.

(4) dm(UNV)=#{6;|6; =0}.

(5) dim(UN VL) =#{6; | 6; =n/2,i > 1}.

The following result reflects the importance of the principal angles between two hyper-
bolic subspaces U, V. This says that the principal angles between U and V, suchthat UN V
is non-degenerate, determine the relative position of the pair (U, V) in Fnl,

Theorem 3.9: Let (U, V) and (U, V) be two pairs of hyperbolic subspaces of F™! such
that dimp U = dlmF U,dimp V =dimp Vand UNV, UNV are non- degenerate. Then,
(U, V) and (U, V) have the same e principal angles if and only if there exists an isometry
f € Un, ;IF), such that f(U) = Uandf(V)

Proof: 1t is clear that if there exists an isometry f of F™! such that f(U) = U and f(V) =
V, then the principal angles of (U, V) and (ﬁ, \~/) coincide. Conversely, let 6y, . .., 6 be
the principal angles between U and V. By Proposition 3.7 there exist orthonormal bases
{uo, . . ., ug} and {vp, ..., v,} of U and V, respectively, and {#, . .., %} and {V, ..., V,} of
UandV, respectively, which verify (1)-(4) of the last proposition. Thus, setting

o= Uy, ... UV ....Vr) and & = (Ug,..., U V0s-. > Vr),

we have that the Gram matrices (see Section 2.1) of these tuples are given by

Gl@) = G@) = ( et Ifl )

where [ = diag(—1,1,...,1), I,4; = diag(—1,1,...,1) and M is the matrix of order
(k+ 1) x (r+ 1) given by diag(— cosh 6, cos 6y, . . ., cos 6). Let us observe that the sub-
spaces generated by the elements of o and «, respectively, are non-degenerate. Thus,
Lemma 2.1 produces an isometry f € U('?i 1;IF) such that~f(ul-) = ujand f(vj) =V fori =

.skandj=0,...,r. Hence f(U) = U and f(V) = V, and the theorem follows. W

4. Pairs of elliptic subspaces in F™

In this section we investigate the relative position of elliptic subspaces U and V of F™!,
Firstly, we saw in Lemma 4.1 that when the subspaces U and V are hyperbolic, then U NV
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coincides with the eigenspace corresponding to the eigenvalue A = 1 of the F-linear map
P*P: U — U. It is interesting to notice that when the subspaces U and V are elliptic, this
is non-necessarily true.

Lemma 4.1: Suppose that U and V are two elliptic subspaces of F™'. We have that U NV C
{u € U | P*Pu = u}, and the equality holds only if U+ V is non-degenerate.

Proof: For convenience let us denote the subspace on the right side of the inclusion by Uj.
Let u € U NV, which amounts to Pu = u. Then, for v € U we have that

(v, P*Pu) = (v, P*u) = (Pv,u) = (v, u).

This forces to P*Pu = u, and thus U N V C Uj. For the last assertion note that (U + V) N
(ULtNVH =0,as U+ Vis non-degenerate. Therefore, in order to show the converse
inclusion it is enough to verify that u — Pue (U+ V)N (UL N V) for every u € Uj.
Given u € U; and v € U, we have that

(u — Pu,v) = (u,v) — (Pu,v) = (P*Pu,v) — (Pu,v) = (Pu, Pv) — (Pu,v) =0

sincePu e VandPv —v € V. Thusu — Pu e Ut N V4 andasclearlyu — Puc U+ V
it follows that u — Pu € (U + V) N (UL N V1), |

The following result is a version of Proposition 3.3 for elliptic subspaces. Before to state
this proposition we recall that by Lemma 2.3(1) the eigenvalues of P*P : U — U are real,
since U and V are elliptic.

Proposition 4.2: Let U, V be two elliptic subspaces of F™"1. Suppose that Ay > - - - > A are
the eigenvalues of P*P, then there exist orthonormal bases {ug, . . ., ux} of Uand {vo, . .., v,}
of V, such that

(1) Puj =vi/Aifori=0,...,k

(2) (uivi)y = Aifori=0,...,k

(3) if W = span{ug, vo}, then 1,40l Nnu, V(J)‘ NV cwl;
(4) (ui,vj) = 8ij/Aifor0 <i<kand0<j<r.

Proof: By Lemma 2.3(1) there exists an orthonormal basis {uy, ..., ux} of U such that
P*Pu; = u;r;. If 0 = A; = ||Pu;||? for some i, then Pu; = 0, which amounts to u; € V.
On the other hand, if A; # 0 then we set v; = Pu;/+/A;. Clearly the vectors v; form an
orthonormal subset of V. Let us complete this set to an orthonormal basis {v, ..., v;} of
V. In this way

Pui:v,-\/): and (u,-,v,-):\/):- for i=0,...,k

showing (1) and (2). Part (3) follows from Lemma 2.4(1). Finally, for 0 <i < kand 0 <
j < r we see that

(i, vj) = (Puivi) = (vi/Ais vi) = V/Ailvi vi) = 8iiv/his
showing part (4). |
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Corollary 4.3: Let U, V two elliptic subspaces of F™1. Suppose that Lo > --- > Ay are the
eigenvalues of P*P. Then the following holds

(1) if U+ Vis elliptic, then Ay < 1;
(2) if U+ Vis not elliptic, then Ay > 1.

Proof: (1) Suppose that U+ V is elliptic. Let up € U an be unitary vector such that
P*Puy = Xoug. Then uy — Pug is a non-negative vector. Thus,

0 < (uo — Pug, tip — Pug) = 1 — ||Pugl|* = 1 — Aq.

(2) Suppose that U+ V is not elliptic, and let us assume that 19 < 1. Then A; < 1 for
i=0,...,k In this situation the sum U+ V is direct, as if u € UN V then P*Pu = u.

Let {uo, ..., ur} and {vy, ..., v,} be the orthonormal bases of U and V, respectively, sat-
isfying (1)-(4) from Proposition 4.2. Then, setting W; = span{u;,v;} fori =0, ..., k, and
Wit1 = span{vit1, ..., v}, we have that the subspaces W; are pairwise orthogonal, for

i=0,...,k+ 1. Since the determinant of (-, -) restrict to W; coincides with 1 — ;, it fol-
lows from Lemma 2.2(2) that the subspace W; is elliptic, for i = 0, ... ., k. Furthermore, as
W41 is clearly elliptic, and

U V=WedW PP Wiy,

we conclude that U + V is elliptic, which contradicts the assumption on U + V. |

Suppose that U + V is elliptic and that A9 > A} > - - - > A are the eigenvalues of P*P.
Then we can view P: U — U as the orthogonal projection of U onto V in U+ V. Let
0o . . ., 0k (usual) principal angles between U and V, considering these as subspace of
U + V (see Definition 2.5). Applying Proposition [8,Proposition 3.4] we have that

cos’0;=r; for i=0,... k. (2)

Let us see that in this case the principal angles between U and V, determine the relative
position of the pair (U, V) in F™1,

Proposition 4.4: Let (U, V) and (U, V) be two pairs of elliptic subspaces of F™ ' such that
dlm[p U = dimp U, dimp V = dimp Vand U+V, U+ V are elliptic. Then, (U, V) and
(U, V) have the same principal angles if and only if there exists an isometry f € U(n, 1;F),
such that f(U) = U and f(V) =

Proof: 1t is clear that if there exists an isometry f of F™! such that f(W) = W,-, then the
principal angles of (U, V) and (ﬁ, V) coincide. Conversely, let 6, . . ., 0y be the principal
angles between U and V. By Proposition 4.2, there exist orthonormal bases {uy, . .., ux}
and {vg,...,v,} of U and V, respectively, and {%i, ..., ux} and {vo,..., v} of Uand V,
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respectively; satisfying the relations (1)-(4) of the this proposition. Thus, setting
o= Uy ... UV0r-..»Vr) and & = (Ug,..., U V0s-- > Vr),
and using Equation (2), we have that the Gram matrices (see Section 2.1) of & and « are

given by
v Tk | M
Gla) = G(a) = < M o )

where I;; = diag(1,1,...,1), I,;; = diag(1,1,...,1) and M is the matrix of order (k +

1) x (r+ 1) given by diag(cos 6y, cos 0, . . ., cos 6). Thus, Lemma 2.1 produces an isom-
etry f € U(n, 1;IF) such that f(u;) = %; and f(vj)) =V;, fori=0,...,kand j=0,...,r.
Hence f(U) = U and f(V) = V, and the proposition follows. [ |

It remains to investigate the case which U+ V is not elliptic. For this we have the
following definition.

Definition 4.5: Let U, V be two (right) elliptic subspaces of F™! such that U + V is not
elliptic. Suppose that dimp U = k+ 1, dimp V =r + 1 and k < r. The principal angles
between U and V are recursively defined by

cosh? 6y = max{|[(w, V)|> | u € U,v € V, lull = vl = 1} = |(uo, vo)|?

and
cos? 0; = max{|(u, V)|* | u € Upv € Vi, lull = vl = 1} = |(ui, v;)|?

where Ui={ue U |(wu)=0Yj<i—1}and Vi={ve V| (nv),Vj=<i—1}, for
1 < i < k. Also, the vectors u;, v; are called principal vectors associated to 6;.

Asin the previous section, we investigate the relation between the singular value decom-
position of P: U — V and the principal angles of Definition 4.5. For this we consider U
as a real smooth manifold and we will study the function H : U — R, u — Re(Pu, Pu),
restricted tothe set S = {u € U | (14, u) = 1}. Note that Sis a real smooth manifold and that
its tangent space at point u € S coincides with the real space T,,S = {v € U | Re{(u, v) = 0},
that is, T,S is the orthogonal complement of 4 in U respect to the R-bilinear form Re(-, -).
Since S is compact, the function H|s has a global maximum. As H is the composition of
u + (Pu, Pu) and (v, w) — Re(v, w), H is differentiable. The derivative of Hatu € U is the
R-linear transformation H' (1) : U — R defined by H'(u)v = 2 Re(Pu, Pv). A pointu € S
is, by definition, a critical point of H|g if H' (u)v = 0 for every v € T,,S, or equivalently, if
Re(Pu, Pv) = 0 for every v € T,S. In the following lemma we statement some properties
of the function H|s.

Lemma 4.6: Suppose that U and V are two elliptic subspaces of F™!, and thatP: U — V
is the orthogonal projection of U onto V. Let H : U — R, defined by H(u) = Re(Pu, Pu).
Then the following holds.

(1) A point u € Sis a critical point of H|s if and only if u is an eigenvector of P*P.
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(2) maxHl|s = max{|(u,v)]* | u € U,v € V,|lul = |lv| =1}

Proof: (1) The proof is the same as in Lemma 3.4(1).

(2) Note that due to compactness there are the two maximums in item (2). Suppose that
max H|g = ||Pug||? for some uy € S. Let u € U and v € V such that |Ju|| = ||v|| = 1, and
let us consider an orthonormal basis {v, v1,...,v,} of V. Then Pu = v{v,u) + vy {vi,u) +
<o o+ v (v, u). Thus

1PuglI® > [|1Pull* = [(u, v)1* + [, vi) > + - + [, ve) | > [, v)]2

Setting vo = Pug/||Pug ||, we have that ||vo|| = 1and |(uo, vo)|*> = [|Puo]|. This implies that
1Pug||* = max{|(u,v)|* | u € U,v € V, |lull = |Ivl| = 1}. L

The relationship between the principal angles between U and V and the eigenvalues of
P*P is emphasized in the following lemma.

Lemma 4.7: Let U, V be elliptic subspaces of F™! such that U+ V is not elliptic and let
60, - . . , Ok be the principal angles between U and V. Suppose that Lo > - - - > X\ are the eigen-
values of P*P. Then cosh? @y = Ao and cos® 6; = A; fori = 1,. .., k. Consequently, we have
a non-decreasing sequence 0 < - -+ < 6.

Proof: Suppose that max H|s = H(ug). Then, by Lemma 4.6(1), u is an eigenvector of
P*P. Thus A¢ = ||Puol|?> = H(ug), and by Lemma 4.6(2)

ro = max{|(u,V)|? | u € U,v eV, |lull = |[v| = 1} = cosh? 6.

Now, let Uy = ué NUand V) = V& N V. Then, by Lemma 2.4(1), P(U;) € V}, and thus
the restriction of P to U} coincides with the orthogonal projection of U onto V in Fml. Let
S1 ={u e U | |lul| =1}. By Lemma 4.6(1), max H|s, = H(u;) for some ug eigenvector of
P*P. Thus A; = H(u;), and applying Lemma 2.4(2) to the subspaces U; and V; we have
that

A = max{|(u,W|? |ue Up,ve Vy,|u|l = ||v]| =1} = cos? 6;.

Continuing with this inductive process we obtain cos?0; = rifori=1,...,k. [ |
Combining Lemma 4.7 and Proposition 4.2 we obtain the following result.

Proposition 4.8: Let U, V be two elliptic subspaces of F™! such that U+ V is not ellip-
tic, and suppose 0y,01, . .., 0k are the principal angles between U and V. Then, there exist
orthonormal bases {uy, . . ., ui} of U and {vy, ..., v,} of V such that

(1) Pug = vy cosh by and Pu; = vicosb; fori=1,...,k;

(2) (ug,vo) = cosh6y and (u;,v;) = cos6; for i=1,...,k, that is, u;,v; are principal
vectors associated with 0;;

(3) if W = span{uy, vy}, then ué- Nnu, v(J)- NV cwk;

(4) (ui,vj) = jjcosO;forl <i<kandl <j=<r.
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It is convenient to highlight at this point another difference between the principal angles
between hyperbolic and elliptic subspaces. We should note that when U + V is not elliptic,
the principal angles between U and V do not necessarily determine the relative position of
apair (U, V) in F™! (cf. Theorem 3.9).

Example 4.9: Let U, V be two coincident one-dimensional elliptic subspaces of IF™!; that
is, U = V, and let f], V be two one-dimensional elliptic subspaces of F! such that U + V
is degenerate. Then the (principal) angle between U and V and between U and V are 6 =
6 = 0. Hence, there is no isometry f € U(n, 1;F) such that f(U) = U and f(V) =

Example 4.9 shows that some non-degeneration condition is required to guarantee that
the principal angles determine the relative position of a pair of elliptic subspaces of F™!.
This will be dealt with in the following result. The proof of this is, in essence, the same as
Theorem 3.9.

Theorem 4.10: Let (U, V) and (U, V) be two pairs of elliptic subspaces of F™ such
that dimp U = dlm[F U, dimp V = dimp Vand U+ V, U+ V are non- degenerate. Then,
(U, V) and (U, V) have the same e principal angles if and only if there exists an isometry
f € Un, 1;IF), such that f(U) = Uandf(V)

5. Principal angles and orthogonal complements

In this section we will investigate the relation between the principal angles of U and V
and their orthogonal complements U and V. For this we suppose that U and V are
hyperbolic (and thus Ut and V- are elliptic) with dimp U = k+ 1, dimp V =r + 1 and
k < r. We denote by

P :F" U, PP v, B:F - Ut and Py FM s vE

the orthogonal projections of F! onto U, V, U+ and V=, respectively. Notice that for
every u € F™! we have that u = Pyu + Pyu and u = Pyu + Pyu. Also, if P = P;|y and
P = P;|y1 then P* = P;|y and P* = P,|1.

Proposition 5.1: Suppose that u € U, with u € V, is a non-isotropic eigenvector of P*P.
Then Pyu is an eigenvector of P*P with the same eigenvalue as u. Conversely, assume that
v e VY, withv ¢ UYL, is an eigenvector of P*P. Then Pyv is an eigenvector of P*P with the
same eigenvalue as v.

Proof: First note that Pyu # 0, as u & V. Suppose that P*Pu = Au for some A € F. Since
u is non-isotropic, the equality

(Pv, Pv) = (v, P*Pv) = (v,vA) = (v, »)A
implies that A € R. Thus, the first assertion follows from the equality
ﬁzﬁlﬁzu = ﬁzﬁl (u — qu) = —ﬁzﬁleu = —ﬁz(qu — P1P2u) = ﬁz(Pleu) = )\,ﬁzu.

For the converse note that Pjv # 0, as v & U-L. Also, as UL and V1 are elliptic, the eigen-
values self-adjoint map P*P : V1L — V= are reals. Hence, if P*Py = puv for i € R, then
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the second assertion follows from the equality
P1P,P1v = P1Py(v — P1v) = —P1P,Piv = —Py(P1v — P,P1v) = P1(P,P1v) = uPyv.

Corollary 5.2: Let U, V be two hyperbolic subspaces of F™ such that UNV is non-
degenerate. Then, the eigenvalues of P*P different from 1 coincide with the eigenvalues of
P*P different from 1.

Proof: We saw in Section 3 that U N V coincides with the eigenspace for the eigenvalue
A =1 of P*P. Also, as U* + V< is non-degenerate, Lemma 4.1 implies that U+ N V+
coincides with the eigenspace for the eigenvalue A = 1 of P*P. Thus, the corollary follows
from Proposition 5.1. u

Corollary 5.3: Let U, V be two hyperbolic subspaces of ™ such that UNV is non-
degenerate. Then, the non-zero principal angles between U and V coincide with the non-zero
principal angles between V- and U~L. Moreover, these coincide with the principal angles
between (UNV)-NUand (UNV)ENV.

Proof: The first assertion it follows at once from Corollary 5.2. The second assertion
follows from to observe that P((UN V)T NU) C (UN V)L N V. [

Remark 5.4: It is important to note that if we consider configurations of subspaces other
than those studied so far, we encounter some difficulties. For instance, if U and V are
respectively an elliptic and a hyperbolic subspaces of F™! and P : U — V is the orthogo-
nal projection of U onto V,then UNV = {u € U | P*Pu = u} and P*P is diagonalizable.
However, we have no control over the signature of the subspace P(U) and this makes a
general analysis very difficult. On the other hand, if U and V are respectively a hyperbolic
and an elliptic subspace of F™>!, we have that UNV = {u € U | P*Pu = u}, but we have
no guarantee that P*P is diagonalizable. The situation is even more critical if we consider
U or V parabolic, because a lot of fundamental results used for the definition of principal
angles are not necessarily valid.

6. Pairs of totally geodesic submanifolds

Let X = [F™!. We recall that X is the vector space consisting of (n + 1)-tuples of elements
of F endowed with the F-Hermitian form (-, ) given in Equation (1). In X — {0} define
the following equivalence relation: u ~ v if and only if u = vA for some non-zero A € F.
Denote by FIP" the set of equivalence classes [u], u € X, endowed with the quotient topol-
ogy, and by 77 : X — {0} — FIP" the natural projection. The hyperbolic space Hy, is defined
as the projection of the set of all negative vectors of X, that is, Hg = 7(X_). It is easy to
see that Hig = (X_1), where X_; = {u € X | (u,u) = —1}. Note that X_; is a real man-
ifold, and that the tangent space of X_; at point u is the real subspace T, X_; = {v e X |
Re(u,v) = 0}.

Let B" = {(v1,...,vn) € F" | [v1|> + - - - + |vu]? < 1} be the unitary open ball in F”.
The map ¢ : Hz — B", sending [u1,. .., u,41] to (ulu;il, e, unu;il), is a well defined
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homeomorphism between Hy and B”. As B” is a smooth manifold, Hy is a smooth
manifold with the differential structure induced by the map ¢. With this differential struc-
ture ¢ becomes a diffeomorphism. It is shown in [25,Section 2.3] that 7 : X ;| — Hf is
smooth, and that 7' (u) : T,X_; — T, )H}; maps ut isomorphically onto Ty, H.

The metric p in H is given by the expression
|{u, v) |2

) _ w9~
cosh” (p([u], [v])) = (u,u) (v, v)’

(see [25,Proposition 2.2.4]). The group U(n, 1;F) acts in the projective space FIP" leaving
H]'Bl invariant. But, since this action is not faithful, U(n, 1; F) does not act by isometries on
Hg. Then, passing to the quotient by the kernel of this action, we can view the projective
group PU(n, 1;IF) = U(n, 1;F)/Z(n, 1;F), where Z(n, 1;IF) is the center of U(n, 1;IF), as
a subgroup of the isometry group of Hiy. More precisely, given f € U(n, 1;IF) we have an
isometry? of H defined by7([u]) = [f(w)], u € X_. Moreover, applying the chain rule to
the equality (7 o) (u) = (7 o f)(u), we obtain

Ful) o' (w) = 7' (Fw) o f (u) = 7' (F(w)) o f, (3)

since f is linear. Thus,f’ ([u]) = 7' (f(w)) o f o /(u) ! is an isomorphism between T, Hi
and T[f(u)]Hﬂ]}" forue X_.

Recall that X denotes the set of all isotropic vector of X. Given w; and w; in Xj, we
can assume, after normalizing, that (w;, w;) = —1. Let ¥ : R — X be the path defined
by ¥ (t) = wye'/? + wye™"/2. Then, it follows from [26,Proposition 5.1] that t — [y (t)]
is a geodesic of Hl parametrised by arc length . On the other hand, given two point
[u], [v] € Hf, there exists a geodesic arc joining [u] to [v]. Indeed, normalizing if neces-
sary, we can assume that ||| = ||v|| = 1 and (4, v) = — cosh 6, for some 6 € R. If % is the
vector determined by the equation

%sinh @ + ucosh6 = v,

then the path [0,0] — HJ, defined by ¢ = [usinh t + ucosh ], is a geodesic arc joining
[u] to [v].

A submanifold ¥ of H; is called totally geodesic if it contains every geodesic of Hly which
is tangent to it. If U is a hyperbolic F-subspace of F™! then 7 (U_), the projection of the
negative vectors of U, is a totally geodesic submanifold of Hf; (see [25,Proposition 2.5.1]).
For practical purposes, we say that 7 (U_) is an F-totally geodesic submanifold of Hy and
denote it by Xy. It follows from [25,Proposition 2.5.1] that if ' = R, then every totally
geodesic submanifold of Hy; is an [F-totally geodesic submanifold. Observe that if U_; =
{ue U| (u,u) = —1}, then Xy = w(U_,). For each [u] € Ty we have that 7’ (1) maps
T}, Zu isomorphically onto u N U. An F-totally geodesic submanifold Xy is called [F-
geodesic if dimy U = 2.

We say that an F-geodesic £y meets ortogonally a F-totally geodesic submanifold v
at [u] if T, Xy is orthogonal to T7,) Xy, with respect to the [F-Hermitian form (-, -).

Definition 6.1: Let (X, X)) be an ordered pair of F-totally geodesic submanifolds of
Hg. Then (Xy, Zv) is called
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(1) reverseift ZyNXy =Wand UNV = {0};

(2) ultra-parallel if Xy N Xy = Pand U N V is elliptic;

(3) asymptoticif Xy N Ly = P and U N V is parabolic;

(4) concurrent if Xy N Ty # @, thatis, U N V is hyperbolic.

Remark 6.2: The pairs of F-totally geodesic submanifolds of Hf; called reverse in this
paper are called skew in geometry.

Theorem 6.3: Let (Xy, Xv) and (X, i) be two non-asymptotic pairs of [F-totally
geodesic submanifolds of Hy, such that dimp U = dimp U and dimp V = dimyp V. Then,
there existsf € PU(n, 1;TF) such thatf(ZU) =Xy andf(EV) = Xy if and only if (U, V)
and (U, V) have the same principal angles.

Proof: First suppose that (U,V) and (U,V) have the same principal angles. By
Theorem 3.9 there exists an isometry f € U(#n, 1;F) such that f(U) = U and f(V) = V.
Thus,

fEy) =frU) = n(f(U-)) = n(U) = =p,

and analogously?(i)v) =Xy _ _

Corlyersely, suppose that f € PU(n, 1;IF) satisfies f(Xy) = Zgy and f(2y) = Z.
Then, f'([u]) : TpHg — T(f(u))Hf maps T(,) Xy isomorphically onto Tis(,)) Xg, for u €
U_. Thus, Equation (3) implies that

funU) = 7' F@)] " o f ((u]) o’ W NU) =fwy nT.

This allows to conclude that f(U) = U. Analogously we can show that f(V) = V. Hence,
again by Theorem 3.9, we have that (U, V) and (U, V) have the same principal angles. W

Definition 6.4: The distance between two [F-totally geodesic submanifolds X; and Xy, is
given by p (X, X)) = min{p(p,q) | p € X;»q € Xy}, when this minimum exists.

Note that the existence of the minimum in Definition 6.4 is equivalent to the existence of
a common perpendicular geodesic to Xy and Zy. Clearly, if Xy N Xy # ¢ this geodesic
exists, but in general it is not unique. We will show that if (Xy, Xy) is a non-asymptotic
pair of [F-totally geodesic submanifolds, then there exists a unique common perpendic-
ular F-geodesic to Xy and Xy. This implies, in particular, the existence of a common
perpendicular geodesic to £y and Ey. If F = R, the existence and uniqueness of this com-
mon perpendicular F-geodesic are well understood, see [27,Sections VIIIL.3 and VIIL.4] for
n = 2, 3 and [8,Section 4] for the general case.

Lemma 6.5: Let (X, Xy,) be an ordered pair of F-totally geodesic submanifolds of H.
Then, the distance p (X, Xv,) exists if and only if (X;, Xy,) is non-asymptotic. Moreover, in
this case, p(Xy;, Xy,) coincides with 6y, the first principal angle between U and V.



808 (&) J.L VILCARODRIGUEZEETAL.

Proof: Notice that since Xy = n(U_;) and Ty = 7 (V_y), then

costh(EU, Xy) = min{cosh? p([u],[v]) | u € U_,v e V_, |lul| = ||v|| = 1}

= min{|(w,v)|* | u € U_,v € V_, |lul| = |v| = 1}.

By Lemma 3.4 the minimum above exists if and only if U N V is non-degenerate, and the
first assertion follows. Moreover, in this case, it follows at once from Definition 3.5 that
p (X Zy) = 6. [ |

For the following result we recall that P : U — V denotes the orthogonal projection of
U onto V (see Section 2.2).

Proposition 6.6: Let (X, Xy,) be a reverse or ultra-parallel pair of IF-totally geodesic sub-
manifolds of Hy. Then, there exists a unique common perpendicular F-geodesic to Xy and
Ty

Proof: By Lemma 6.5
| {10, v0)|* = cosh®(Zy, By) = min{[(w,v)* | u € U,v € V, Jull = v = 1},

for some ug € U and vp € V. Since that (X;, /) is reverse or ultra-parallel, we have that
[uo] # [vo], thatis, ug and vy are linearly independent. Setting W = span{uy, vo}, we have
that ¥ = 7 (W_) is an [F-geodesic. We claim that ¥ meets orthogonally £y at [ug] and
Yy at [vg]. For this note that

T Zu=uy NU and  TpZ = uy NW.
Thus, since W = span{ug} + (u(J)‘ N W), Lemma 2.4(1) implies that
up NUC W C (u nw)t,

Hence ¥ meets orthogonally Xy at [up]. Analogously it is shown that ¥ meets orthogo-
nally with Zy. So, we have shown the existence.

Let us focus on the uniqueness. Suppose that ¥ is another F-geodesic which meets
orthogonally Ty at [#] and Ty at [v]. Then we have that

[(uo, vo)|* = (%, W)]* = cosh?(Zy, Zy)

= min{|(u,v)|> |u e U_,ve V_, |u| = |v| = 1}.

Combining Lemma 3.4 and Lemma 6.5, we have that 1 and % are eigenvectors of P*P
corresponding to the eigenvalue Ao = cosh? 6. As the index of F"! is 1, the eigenspace
{u € U | P*Pu = ul¢} has dimension 1 over IF. Then, 1 and  are linearly dependent, and
5o [ug] = [u]. Moreover, it follows from Lemma 3.4(3) that [vy] = [Pug] and [v] = [Pu].
Hence [vy] = [V], and the uniqueness follows. [ |

Let U, V be two hyperbolic subspaces of F™land 6y, ..., 0 the principal angles between
U and V. Lemma 6.5 provides a geometric interpretation 6y in terms of the geometry of
Hz. We will see that 6, . . ., 6 also have a such geometric interpretation. Firstly suppose
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that (2y, Xv) is reverse or ultra-parallel pair of F-totally geodesic submanifolds, and let
uy € U and vy € V such that

p(Zu, Zv) = p([uol, [vol).

Then, by Lemma 3.4 it follows that ug is an eigenvector of P*P corresponding to the
eigenvalue Ao = cosh? 6. Thus, by Proposition 2.4 it follows that T(,,, Xy = ug N U and
T Zv = V(J)‘ NV are contained in W, where W = span{ug, vo}. As W is elliptic,
01, . . ., Ok coincide with the (usual) principal angles between T7,,) £y and Ty, v, consid-
ering these as subspaces of W= (see Definition 2.5). So, the parameters 6y, . . ., 6 depend
only on the geometry of Hy. Now, if (Xy, Xv) is a concurrent pair and u € U N V, then
Tj,; Xy and T, v are contained in the elliptic subspace u". In this situation we have the
following proposition.

Proposition 6.7: Let (Xy, Xv) be a concurrent pair of F-totally geodesic submanifolds, and
let u be a fixed (but arbitrary) point of U N'V. Then, 01, . . ., 0 coincide with the principal
angles between Tj,; Xy and Tj, Dy, considering these as subspaces of u™.

Proof: As Ti,1 Xy N Ty Zv = ut N (U N V), we have that
UNV =span{u} ® (T, Zv N T 2v),
and thus (UN V)L =ut N (T 2u N Ty > v)L. This implies
UNUN V)t =T, Zu N (T Zu N Ty Sv)*t

and
VN UMV = TyZv N (T Zu N T Sv) ™

Corollary 5.3 implies that the non-zero principal angles between T[,)Xy and T[, Xy
coincide with the non-zero principal angles between U and V. On the other hand,
dim(T(,) Xy N Tjy)Xv) coincides with the number of principal angles between Tj,) Xy
and Tp,)Zv equals to 0, and Corollary 3.8(4) says that dim(UN V) = #{6; =0 | i > 0}.
Thus the #{6; = 0 | i > 1} coincides with the number of principal angles between Tj,) Xy
and T|,) Zv equals to zero. This shows the proposition. |
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